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Abstra ct. W e form ulate the fundamen tal com binatorial problems in geomet-

ric constrain t solving that ha v e emerged in the past 15 y ears within the me-

c hanical CAD con text. W e discuss recen t progress on these problems and

iden tify future directions along with promising tec hniques from related areas.
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1. Bac kground

Geometric constrain t systems ha v e b een studied in the con text of v ariational con-

strain t solving in CAD for nearly 2 decades [ VLL81, Nel85 , T o d89, Rol91 ,

Kra92, LM96 , MR97 , SAK93 ] [ BFH

+

95, F ud95 , HV95, HJa97, HLS97a ]

[ HLS98a, HLS01a , HLS01b, HLS99 ] [ HY00 , HC01 , HLS99, GC98a, GC98b,

Ow e91 ] [ Ow e93 , Bru86, Ow e, P ab93 , AJM93 ] [ HSY04 , LS04, OSMA01 ,

Key wor ds and phr ases. Geometric constrain t solving, Algorithms, Rigidit y theory , Geomet-

ric mo deling, Mec hanical computer aided design.
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Figure 1. T ypical 3D sk etc her: icons sho w rep ertoire of ob ject

and constrain t t yp es

Sit04b ]. F or recen t reviews of the extensiv e literature on geometric constrain t

solving see, e.g, [ HLS98a, Kra92, F ud95 ].

A ge ometric c onstr aint system consists of a �nite set of geometric ob jects and a

�nite set of constrain ts b et w een them. See Figure 1. The constrain ts can usually b e

written as algebraic equations and inequalities w hose v ariables are the co ordinates

of the participating geometric ob jects. F or example, a distance constrain t of d b e-
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Most of the constrain t solv ers so far deal with 2D constrain t systems, although

some of the new er approac hes including [ HLS97b, HLS98b , HLS01a, HLS01b ]

[ HLS99 , Bru86, Ow e ] [ HSY04, LS04, OSMA01 , Sit04b ], extend to 3D con-

strain t systems. A solution or r e alization of a geometric constrain t system is the

(set of ) real zero(es) of the corresp onding algebraic system. In other w ords , the

solution is a class of v alid instan tiations of (the p osition, orien tation an d an y

other parameters of ) the geometric elemen ts suc h that all constrain ts are sa tis�ed.

Here, it is understo o d that suc h a solution is in a particular geometry , for example

the Euclidean plane, the sphere, or Euclidean 3 dimensional space. A constrain t

system can b e classi�ed as over c onstr aine d , wel l-c onstr aine d , or under c onstr aine d .

W ell-constrained systems ha v e a �nite, alb eit p oten tially v ery large n um b er of rigid

solutions; th eir solution space is a zero-dimensional v ariet y . Underconstrained sys-

tems ha v e in�nitely man y solutions; their solution space is not zero-dimensional.
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Ov erconstrained systems do not ha v e a solution unless they are c onsistently over-

c onstr aine d . W ell or o v erconstrained systems are called rigid systems.

1.0.1. Sc op e. Geometric constrain ts ha v e b een used as succinct, minimal rep-

resen tations of geometric comp osites in man y other applications b esides CAD, suc h

as rob otics, molecular mo deling and teac hing geometry . As a result, there is a v ast

b o dy of literature related to geometric constrain t solving. This man uscript's scop e

is restricted to com binatorial metho ds for geometric constrain t solving, sp eci�cally

within the CAD application con text.

T ec hnically , geometric constrain t solving straddles com binatorics, algebra and

geometry . Sp eci�cally , it o v erlaeps com binatorial rigidit y theory , geometric meth-

o ds for kinematics, rob otics and mec hanisms, automated geometry theorem pro v-

ing, geometric in v arian t theory , and computational algebraic geometry (solving

sp eci�c classes of p olynomial systems arising from geometric constrain ts).

The question: to what extent c an ge ometric c onstr aint pr oblems b e appr o ache d c om-

binatorial ly? is highly non-trivial and imp ortan t. It pro vides a framew ork for a

systematic discussion of progress in the area and leads to a natural organization of

the problems to b e discussed in this pap er.

1.1. Constrain t Graphs and Degrees of F reedom. A geometric con-

strain t graph G = ( V ; E ; w ) corresp onding to geometric constrain t system is a

w eigh ted graph with v ertex set (represen ting geometric ob jects) V and edge set

(represen ting constrain ts) E ; w ( v ) is the w eigh t of v ertex v and w ( e ) is the w eigh t

of edge e , corresp onding to the n um b er of degrees of freedom a v ailable to an ob ject

represen ted b y v and n um b er of degrees of freedom (dofs) remo v ed b y a constrain t

represen ted b y e resp ectiv ely .

F or example Figures 2, 3, 4 sho w 2D and 3D constrain t systems and their

resp ectiv e dof constrain t graphs. Sev eral more 3D constrain t systems whose graphs

ha v e v ertices of w eigh t 3, 5 and edges of w eigh t 1,3 can b e found in Figures 9, 8, 5,

6, 7.

Note that the constrain t graph could b e a hyp er gr aph , eac h h yp eredge in v olving

an y n um b er of v ertices. A subgraph A � G that satis�es

X

e 2 A

w ( e ) + D �

X

v 2 A

w ( v )(1.1)

is called dense , where D is a dimension-dep enden t constan t, to b e describ ed b elo w.

F unction d ( A ) =

P

e 2 A

w ( e ) �

P

v 2 A

w ( v ) is called density of a graph A .

The constan t D is t ypically

�

d +1

2

�

where d is the dimension. The constan t D

captures the degrees of freedom of a rigid b o dy in d dimensions. F or 2D con texts

and Euclidean geometry , w e exp ect D = 3 and for spatial con texts D = 6, in

general. If w e exp ect the rigid b o dy to b e �xed with resp ect to a global co ordinate

system, then D = 0.

Next, w e giv e some purely com binatorial prop erties of constrain t graphs based on

densit y . These will b e later sho wn to b e related to prop erties of the corresp onding

constrain t systems.

A dense graph with densit y strictly greater than � D is called over c onstr aine d .

A graph that is dense and all of whose subgraphs (including itself ) ha v e densit y at

most � D is called wel lc onstr aine d. A graph G is called wel l-over c onstr aine d if it

satis�es the follo wing: G is dense, G has atleast one o v erconstrained subgraph, and

has the prop ert y that on replacing all o v erconstrained subgraphs b y w ellconstrained
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Figure 2. Left: An underconstrained 3D example with 1 extra

dof and its dof constrain t graph: eac h of 4 rigid ob jects has 6 dofs,

B, C, D are constrained b y incidence with the housing A, whic h

remo v es 5 dofs in eac h case, so that eac h of the pairs AB, A C, AD

is underconstrained and has one extra degree of freedom. The re-

maining 2 pairs BC and CD are connected b y distance constrain ts,

whic h remo v e 1 dof eac h. Righ t: A 2D constrain t system with

p oin ts or �xed radius circles and distance constrain ts, except for A

and J whic h are line segmen ts with a p erp endicularit y and distance

constrain t b et w een them. In the constrain t graph, all unn um b ered

v ertices ha v e w eigh t 2 and unn um b ered edges ha v e w eigh t 1. Be-

lo w: A 2D example, constrain t graph, DR-plan.

subgraphs (in an y manner), G remains dense. A graph that is w ellconstrained or

w ell-o v erconstrained is called cluster . A dense graph is minimal if it has no dense

prop er subgraph. A graph that is not a cluster is said to b e under c onstr aine d . If

a dense graph is not minimal, it could in fact b e an underconstrained graph: the

densit y of the graph could b e the result of em b edding a subgraph of densit y greater

than � D .

1.2. Inadequacy of a pure dof analysis. Note that all minimal dense sub-

graphs are clusters but the con v erse is not the case.

T o illustrate the c hallenge in v olv ed, w e need to discuss ho w the graph theo-

retic prop erties describ ed ab o v e based on de gr e e of fr e e dom (dof ) analysis relate to

corresp onding prop erties of the corresp onding constrain t system . F or this, w e need

to in tro duce the notion of genericity . Informally , a constrain t system is generically

rigid if it is rigid (do es not 
ex or has only �nitely man y non-congruen t, isolated

solutions) for most of c hoices of co e�cien ts of the system. More formally w e use

the notion of genericit y of e.g, [ CLO98 ]. A prop ert y is said to hold generic al ly for
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Figure 3. Tw o more 2D constrain t systems examples; constrain t

graphs; DR-plans; all unn um b ered v ertices and edges ha v e dof

w eigh ts 2 and 1. Left: v ertices L1, L2, L3 in constrain t graph rep-

resen t the line ob jects; solution sho wn at b ottom. Righ t: Example

of V ariable radius Circle, Arc and Ra y ob jects, Angle, P aralellism

and T angency constrain ts

Figure 4. Simple 3D constrain t system dra wn on 2D can v as with

p oin ts and distances and DR-plan

p olynomials f

1

; : : : ; f

n

if there is a nonzero p olynomial P in the co e�cien ts of the

f

i

suc h that this prop ert y holds for all f

1

; : : : ; f

n

for whic h P do es not v anish.

Th us the constrain t system E is generically rigid if there is a nonzero p olynomial

P in the co e�cien ts of the equations of E - or the parameters of the constrain t

system - suc h that E is solv able when P do es not v anish. F or example, if E
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Figure 5. Constrain t dep endences in 3D: constrain t system

dra wn on a 2D can v as; corresp onding constrain t graphs ha v e v er-

tices of w eigh t 3 and edges of w eigh t 1

consists of distance constrain ts, the parameters are the distances. Ev en if E has no

o v ert parameters, i.e, if E is made up of constrain ts suc h as incidences or tangencies

or p erp endicularit y or parallelism, E in fact has hidden parameters capturing the

exten t of incidence, tangency , etc., whic h w e consider to b e the parameters of E .

A generically rigid system alw a ys giv es a cluster, but the con v erse is not alw a ys

the case. In fact, there are w ell-constrained, dense clusters whose corresp onding

systems are not generically rigid and are in fact generically not rigid due to the

presence of generic c onstr aint dep endenc es . Consider for example Figures 5, 6, 7

that illustrate the \bananas" problem of [ GSS93 ] caused b y generic constrain t

dep endence. This problem is also presen t in Figure 9, and can b e detected as

the ro ot cause b eneath large class of com binatorial misclassi�cations, although this

detection is non trivial.

A com binatorial dof analysis of the 3D constrain t system in Figure 6(top

) w ould correctly rep ort the left and righ t subsystems ( P 1 ; P 2 ; P 3 ; P 4 ; P 5 and

P

1

; P

6

; P

7

; P

8

; P

5

resp ectiv ely) and the whole system to b e w ellconstrained clusters.

Figure 7 (b ottom) has the same n um b er of constrain ts, but a dof analysis

w ould correctly rep ort b oth that the left subgraph as o v erconstrained and the

whole as underconstrained. Figure 5 (left) also has the same n um b er of constrain ts

and app ears to b e a w ellconstrained cluster according to a dof analysis. Ho w ev er,

while the left and righ t subsystems are (in fact) w ellconstrained clust ers, the whole

system is generically o v erconstrained. In a w ell-de�ned sense, this is an o v ercon-

strain t that is not explicit , but is caused b y a constrain t dep endenc e that is not

detectable b y a dof or densit y coun t. Ho w ev er, when restricted to consisten tly

o v erconstrained situations (those c hoices of distances - suc h as in this example -

that are guaran teed to admit a solution), the system in Figure 5 (left) is generically

underconstrained, although the system on Figure 5(righ t) is generically w ellcon-

strained.
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Figure 6. Mo di�cations to 3D system in Figure 5: Com binatori-

ally w ell con strained (DR-plan has single source, top) and under-

constrained (DR-plan has man y sources, b ottom)

In fact, a constrain t system has a constrain t dep endence if the common o v erlap

of an y subset of its w ellconstrained clusters is underconstrained. The ab o v e \ba-

nanas" is a sp ecial case of this. Ho w ev er, among these situations, the dof analysis is

inaccurate only in the \bananas" case. T o date, there is no kno wn, tractable c har-

acterization of generic rigidit y of systems for 3 or higher dimensions, based purely

on com binatorial prop erties of the constrain t graph [ Whi97 ], [ GSS93 ], although

sev eral conjectures exist.

Ho w ev er, it should b e noted that in 2 dimensions, according to Laman's the-

orem [ Lam70 ], if all geometric ob jects are p oin ts and all constrain ts are distance

constrain ts b et w een these p oin ts then an y minimal dense cluster represen ts a gener-

ically rigid system. But there are no kno wn com binatorial c haracterizations of

2D rigidit y , when other constrain ts b esides distances are in v olv ed. F or metho ds

that address 2D systems with angle and incidence constrain ts, see Section 8 and

[ JJO04 ].

Note. In this man uscript, w e will nev ertheless rely on the ab o v e dof analy-

sis, augmen ted, ho w ev er, to c hec k for man y t yp es of constrain t dep endence (in-

cluding the bananas situation and others suc h as the so-called \hinge" situation

[ Cra79, Cra82 ]). Since a complete description of this augmen ted prop ert y of a

cluster (called mo dule-rigidity ) [ SZ04b ] is in v olv ed and outside the scop e of this

pap er, from no w on w e will use the terms rigid system and the de�nition of cluster
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Figure 7. Com binatorially or explicitly o v erconstrained clusters

in w ell (single source in DR-plan) and underconstrained (m ultiple

sources in DR-plan) graphs

in terc hangeably . In Section 4 ho w ev er, w e will sk etc h an in tuitiv e, simple algorithm

that appro ximates a c hec k for mo dule-rigidit y .

2. Basic Input-Output requiremen ts of a geometric constrain t solv er

The generic input to an e�ectiv e geometric constrain t solv er for CAD applica-

tions consists of the follo wing.

(1) A 2D or 3D geometric constrain t system (see Section 1), S , i.e, a set of primitiv e

geometric ob jects, eac h of a sp eci�ed t yp e, and constrain t t yp es relating pairs (or

larger subsets) of these ob jects. See Figure 1. Some constrain t t yp es ha v e a metric

v alue sp eci�cation, for example, a distance constrain t b et w een 2 p oin ts and a v alue

for the distance; or a torsion angle constrain t b et w een a pair of line segmen ts in
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Figure 8. 3D constrain t system dra wn on 2D can v as with line and

p oin t ob jects and distance and angle constrain ts (graph has v er-

tices of w eigh t 3(p oin ts and lines ); edges of w eigh t 3 (incidences)

and 1 (distances and angles). Solution (righ t)

3D and a v alue for the angle. The v alues asso ciated with the constrain ts could b e

constan ts or v ariables related to other suc h v alues in the case of so-called r elational

or engine ering c onstr aints or navigation c onstr aints , see Section 5. In addition, in-

terv als of v alues are p ermitted for some of the incidence or in tersection constrain ts

whic h are e�ectiv ely c hiralit y or orien ted matroid constrain ts, declaring (non) in-

tersections of con v ex h ulls of subsets of geometric ob jects, and used primarily for

na vigation of the solution space, for example, the constrain t that 2 line segmen ts

should or should not in teresect. The constrain t system, also in 3D, is often sk etc hed

on a 2D can v as. See Figures 9 and 8.

(2) An input partial decomp osition of the constrain t system P obtained from one

or more views of a feature, part or subassem bly design hierarc h y . The features

or subassem blies are no des of directed acyclic graph ( dag ) and are in tended to b e

manipulated indep enden tly within their o wn lo cal co ordinate systems, as w ell as

mo v ed around relativ e to eac h other in the co ordinate system of a higher lev el

feature or subassem bly . There could b e a priority or der giv en to the resolution of

the features or subassem blies: a linear order degenerates to so-called parametric

constrain t solving. See Figure 10.

(3) Some of the features or subassem blies in the input hierarc h y ma y ha v e b een

already solv ed and ma y b e c hosen from a rep ertoire of commonly o ccuring suc h

features, parts or subassem blies. In this case, they ma y not b e input as constrain t

systems; they should b e 
agged and treated en-blo c as already solv ed rigid b o dies.

(4) Additions, c hanges, up dates to all of the ab o v e. See Figure 28.

(5) Other in teractiv e user input requested b y the geometric constrain t solv er during

solution space na vigation.

A geometric constrain t solv er's desired outputs are the follo wing.

(1) Classi�c ation of the input constrain t system S as (generically) w ellconstrained,

o v erconstrained or underconstrained. Classi�cation of eac h feature or subassem bly

in the hierarc h y P as w ellconstrained, o v erconstrained or underconstrained. See

Figures 6, 7, 5.
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Figure 9. 3D constrain t system (with generic constrain t dep en-

dence not detectable b y a simple dof coun t), sk etc h on a 2D can v as;

it is w ellconstrained for the giv en set of distances; corresp onding

DR-plan

(2) In the case the system is classi�ed as w ellconstrained, a metho d for systemat-

ically navigating the solution space with or without user in terv en tion, sp eci�cally ,

steering through the v arious solutions, realizations or conformations of eac h of the

w ellconstrained features, parts and subassem blies of the asso ciated input partial

decomp osition P , in priorit y order (if one is giv en) See Figures 20, 21, 22, 23, 24.

(3) In case com binatorially o v erconstrained, p oten tially inconsisten t, features, parts,

subassem blies or subsystems are presen t, see Figures 7, for an y requested collection

of them, giv e a complete, na vigable represen tation of the w ellconstrained r e duc-

tions ; for example an exhaustiv e list of existing constrain ts an y one of whic h can

b e remo v ed without generically making the en tire system or an y of the subsystems

- i in the collection - underconstrained. F or eac h suc h remo v al, a second exhaustiv e

list of constrain ts that can b e remo v ed, and so on, resulting in a sequence of lists.

(4) In case of those (sub)systems classi�ed as underconstrained ( am biguous ), a

complete decomp osition in to maximal clusters (i.e., where all the maximal clusters

are presen t). In addition, a complete, tractable, na vigable represen tation of its

w ellconstrained c ompletions . This question again has a w ell-de�ned in terpretation

using rigidit y matroids whic h w e omit here. One suc h na vigable represen tation

could b e an exhaustiv e list of constrain ts (participating ob jects and t yp e of con-

strain t, but not v alue) that can b e added without generically making the system

o v erconstrained. F or eac h suc h addition, a second exhaustiv e list of constrain ts

that can b e added, and so on, resulting in a sequence of lists.
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Figure 10. Left: input partial decomp ositions for 3D constrain t

system sho wn in Figure 8; groups are features or subassem blies.

Righ t: 3 di�eren t DR plans incorp orating corresp onding input de-

comp osition. F eatures app ear as clusters or, if underconstrained,

their complete set of maximal clusters. F eatures ma y (not) in ter-

sect on (non) trivial subgraphs.

(5) A metho d of e�cien tly up dating the output when incremen tal c hanges are made

to the input. F or example: a constrain t v alue is c hanged, a constrain t is added or

remo v ed, an ob ject is added or remo v ed, a feature is added etc. These could b e

o�ine or online up dates (see settings of a t ypical constrain t solv er b elo w).

2.1. The need for decomp osition: DR-plans and their prop erties.

The o v erwhelming cost of solving a geometric constrain t system is the size of the

largest subsystem that is solv ed using a direct algebraic/n umeric solv er. This size
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Figure 11. 2D constrain t graph G1 and DR-plan; all v ertices

ha v e w eigh t 2 and edges w eigh t 1

dictates the practical utilit y of the o v erall constrain t solv er, since the time com-

plexit y of the constrain t solv er is at least exp onen tial in the size of the largest suc h

subsystem.

Therefore, an e�ectiv e constrain t solv er should com binatorially dev elop a plan

for (recursiv ely) decomp osing the constrain t system in to small subsystems, whose

solutions (obtained from the algebraic/n umeric solv er) can b e (recursiv ely) recom-

bined b y solving other small subsystems. Suc h a recom bination is straigh tforw ard,

pro vided all the subsystems are generically rigid (ha v e only �nitely man y solutions).

The DR-planner is a graph algorithm that outputs a de c omp osition-r e c ombination

plan (DR-plan) of the constrain t graph . In the pro cess of com binatorially construct-

ing the DR-plan in a b ottom up manner, at stage i , it lo cates a w ellconstrained

subgraph or cluster S

i

in the curren t constrain t graph G

i

, and uses an abstract

simpli�c ation of S

i

to to create a transformed constrain t graph G

i +1

.

Although recursiv e decomp ositions w ere used for geometric solving from the

v ery b eginning, DR-plans and their prop erties w ere formally de�ned for the �rst

time in [ HLS01a ]. See Figures 3, 2, 4. F ormally , a DR-plan of a constrain t graph

G is a directed acyclic graph (dag) whose no des represen t clusters in G , and edges

represen t con tainmen t. The lea v es or sinks of the dag are all the v ertices (primitiv e

clusters) of G . The ro ots or sources are all the maximal clusters of G . There could

b e man y DR-plans for G . See Figures 10 and 11. An optimal DR-plan is one that

minimizes the maxim um fan-in. The size of a cluster in a DR-plan is its fan-in (it

represen ts the size of the corresp onding subsystem, once its c hildren are solv ed).

Besides solving e�ciency purp oses, it is straigh tforw ard that a DR-plan is re-

quired for the classi�cation problem (the output requiremen t (1) ab o v e) and for

the underconstrained detection and completion problem (output requiremen t (4)

ab o v e). In addition, it will b e clear from Sections 8 and Section 7, that it is indis-

p ensable also for na vigation, dealing with o v erconstrain ts and for e�cien t up dates

(output requiremen ts (2), (3) (5) ab o v e).

A few other prop erties of DR-plans are of in terest. W e w ould lik e the width

i.e, n um b er of clusters in the DR-plan to b e small, preferably linear in the size of

G : this re
ects the complexit y of the planning pro cess and a�ects the complexit y

of the solving pro cess that is based on the DR-plan. In addition, it is desirable

for DR-plans to ha v e the cluster minimality prop ert y . I.e., the c hild clusters of an y

giv en cluster are guaran teed to b e maximal prop er sub-clusters that form a minimal
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co v ering set for the cluster { this prop ert y is used b oth in determining rigidit y ev en

using pure dof analysis [ LS04 ], and for building stable algebraic systems of lo w

complexit y corresp onding to the clusters [ SAZK04, SPZ04 ].

A b ypro duct of the augmen ted de�nition of cluster of [ SZ04b ], describ ed in

Section 1 and discussed in Section 4 is that a somewhat mo di�ed de�nition of a

DR-plan is used that incorp orates another partial order called the solving priority

or der , whic h is consisten t with the DR-plan's dag order, but could b e more re�ned.

The in ten t is that clusters that app ear later in the order are not self-con tained,

but dep endent and need to b e solv ed after the clusters that app ear earlier. These

clusters b ecome w ellconstrained clusters only in the transformed constrain t system

after earlier clusters in the solving order are already solv ed. This t yp e of priorit y

order can b e lev eraged for assem bly constrain t systems, or to express pro cedural

histories where later features are dep enden t up on geometric ob jects that are not

initially presen t, but are the results of op erations applied to earlier features.

Another imp ortan t, related prop ert y is that the DR-plan inc orp or ate an input

p artial de c omp osition . I.e., giv en an input dag P whose no des are subgraphs of G

and whose edges represen t con tainmen t, a DR-plan of ev ery no de in P should b e

em b edded in the output DR-plan for G . This is discussed in [ SZ04a ].

All prop erties de�ned ab o v e for DR-plans transfer as p erformance measures

of the DR-planners or DR-planning algorithms. It is sho wn in [ LS04 ], that the

problem of �nding the optimal DR-plan of a constrain t graph is NP-hard, and

appro ximabilit y results are sho wn only in sp ecial cases. Nonappro ximabilit y results

are not kno wn. See Section 9. Ho w ev er, most DR-planners mak e adho c c hoices

during computation (sa y the order in whic h v ertices are considered) and w e can

ask of ho w w ell (close to optimal) the b est computation path of suc h a DR-planner

w ould p erform (on the w orst case input). W e call this the b est-choic e appr oximation

factor of the DR-planner.

2.2. A geometric constrain t solv er's phases, solving options, mo des

and settings. As discussed in Section 1, an e�ectiv e constrain t solv er has a plan-

ning phase, whic h is purely com binatorial, mainly graph theoretic resulting in a

DR-plan; and a solving phase where the p olynomial systems corresp onding to the

no des of the DR-plan are actually solv ed using an algebraic-n umeric solv er. In the

latter phase, t w o solving options should b e a v ailable. The autosolve option in whic h

the constrain t solv er searc hes and displa ys a solution or realization of the en tire in-

put system (in case it is w ellconstrained) There could b e exp onen tially man y suc h

solutions, the pro cess is not steered b y the user and eac h solution is displa y ed as it

is found. See for example the full solution displa y ed in 8. In the navigate option, the

user should b e p ermitted to guide the pro cess closely b y pic king one of the a v ailable

solutions (displa y ed on a separate windo w) for eac h subsystem app earing as a no de

in the DR-plan, whic h should include all the maximal w ell or w ell-o v erconstrained

subsystems of the user's input conceptual feature, part or subassem bly hierarc h y .

Bac ktrac king starting at an y subsystem of the DR-plan should b e allo w ed, and

partially solv ed systems should b e displa y ed. See Figures 10, 20, 21, 22, 23, 24. A

constrain t solv er's gener ate mo de is used when the input is new; the up date mo de

is used when incremen tal c hanges are b eing made to an y of the part of an earlier

input; the underlying algorithms of the planning and solving phases p ermit e�cien t

up dates for the c hanged input. See Figure 28. One imp ortan t adv an tage of mo du-

larizing the phases is that in the up date mo de, the DR-planning phase is en tirely
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omitted when, for example, only v alue c hanges are made to existing constrain ts {

these do not generically c hange the DR-plan. A constrain t solv er's o�ine setting

w ould b e used if the en tire input is constructed (sk etc hed using the GUI) b efore

the planning and solving phases are b egun. The online setting is used when an

instan t resolution of eac h constrain t is required ev en as it is b eing input, t ypically

b y sk etc hing on the GUI screen. See Figure 29.

Note. This man uscript is illustrated b y screenshots of the FR ONTIER constrain t

solv er's sk etc her. FR ONTIER is an op ensource 3D geometric constrain t solving

soft w are suite dev elop ed b y the author's group at the Univ ersit y of Florida.

3. The Decomp osition-Recom bination (DR) planning problem

Although decomp osition algorithms based on constrain t graphs ha v e b een pro-

p osed since the early 90's, [ FH97 , Ow e91, Ow e93 , Ow e ] [ LM96 , MR97 ],

[ P ab93, AJM93 ]. prior to [ HLS01a ], the DR-planning problem and appropriate

p erformance measures for the planners w ere not formally de�ned.

In this section, w e giv e a table comparing 3 main t yp es of DR-planners, with

resp ect to the input-output requiremen ts of Section 2 and expand on the latest

of the 3 DR-planners, [ HLS01b, HLS99, LS04, OSMA01 , SAZK04, SZ04b,

Sit04b , Sit04a, SZ04a , SPZ04 ] the F ron tier v ertex Algorithm (F A) whic h whic h

w as designed sp eci�cally to excel sim ultaneously in these strongly comp eting re-

quiremen ts.

3.1. Tw o early DR-planners. W e concen trate on t w o primary t yp es of early

algorithms for constructing DR-plans using constrain t graphs and geometric degrees

of freedom.

Note. W e lea v e out constrain t solving metho ds suc h as [ CH88, Ha v91 , Hsu96 ]

not only b ecause they do not �t the graph based DR-planner description but also

since they are nondeterministic and rely on sym b olic computation, or they are

randomized or generally exp onen tial and based on exhaustiv e searc h.

The �rst t yp e of algorithms, whic h w e call SR for c onstr aint Shap e R e c o gnition

(e.g.[ FH96b , Ow e91, Ow e93, BFH

+

95 ], [ HV94 , HV95 , FH96b , FH97 ]),

concen trates on recognizing sp eci�c w ellconstrained subgraphs of kno wn shap e,

most commonly , patterns suc h as triangles. Suc h graphs are called triangle de c om-

p osable . The second t yp e, whic h w e call MM for gener alize d Maximum Matching

(e.g. [ AJM93, P ab93 , LM96 , Kra92 ], [ TW85, Hen92 ]) is based on �rst iso-

lating certain w ellconstrained subgraphs b y transforming the constrain t graph in to

a bipartite graph and �nding a maxim um generalized matc hing, follo w ed b y a con-

nectivit y analysis to obtain the DR-plan. This is related to rigidit y matroid based

metho ds (generally only for 2D constrain t systems with p oin ts and distances) as

discussed brie
y in 1, see [ GSS93 ]. measures de�ned in the previous section.

Informally , one inheren t dra wbac k of the SR algorithms is their inabilit y to

p erform a generalized degree of freedom analysis. F or example, SR w ould re-

quire an in�nite rep ertoire of patterns (common ones are listed in [ HV94 , HV95 ],

[ FH96a ]). Similarly , a decomp osition of underconstrained constrain t graphs in to

w ellconstrained comp onen ts is p ossible for SR algorithms but only sub ject to the

pattern limitations. In man y cases, MM algorithms do not satisfy cluster mini-

malit y , i.e., will output DR-plans with larger, nonminimal subgraphs S

i

that ma y
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con tain smaller w ellconstrained subgraphs. This a�ects the b est-c hoice appro xi-

mation factors adv ersely . Most signi�can tly , neither is able to incorp orate input

partial decomp ositions, deal with algebraically o v erconstrained subgraphs that of-

ten arise in 3D (or in 2D in the presence of angle constrain ts), or giv e a complete

decomp osition of underconstrained graphs in to maximal clusters.

Belo w is a formal p erformance table of SR, MM and the F A (F ron tier v ertex)

algorithms { c ho osing a represen tativ e algorithm (t ypically the b est p erformer) in

eac h class { using the p erformance measures giv en ab o v e. The F A DR-planner is

sk etc hed later.

3.2. Comparing p erformance.

P erformance measure SR MM F A

Generalit y No Y es

y

Y es

Underconstrained decomp osition No(Y es

�

) No Y es

Incorp orate Design decomp osition No(Y es

� ; �

) No Y es

Cluster minimalit y No(No

�

) No Y es

Best-c hoice appro ximation factor 0 ( O (

1

n

)

�

) O (

1

p

n

) O (

1

2

)

Complexit y(all ha v e O ( n ) width) O ( s

2

)

�

O ( n

D +1

s ) O ( n

3

s )

Note. The v ariable s in the complexit y expressions denotes the n um b er of v ertices,

n , plus the n um b er of edges, m , of the constrain t graph. Recall that the constan t D

refers to the n um b er of degrees of freedom of a rigid ob ject in the input geometry .

}

The sup erscript `*' refers to narro w classes of DR-plans: those that require the

clusters to b e based on triangles or a �xed rep ertoire of patterns. The sup erscript

` y ' refers to general 2D systems, but not 3D. The sup erscript ` � ' refers to a strong

restriction on the design decomp ositions that can b e incorp orated in to DR-plans

b y SR.

3.3. The F ron tier V ertex DR-plan (F A DR-plan). In tuitiv ely , an F A

DR-plan is built b y follo wing t w o steps rep eatedly:

1. Isolate a cluster C in the curren t graph G

i

(whic h is also called the cluster

gr aph or 
ow gr aph for reasons that will b e clear b elo w). Chec k and ensure

a complete, maximal, dof rigid decomp osition of C .

2. Simplify C in to T ( C ), transforming G

i

in to the next cluster graph G

i +1

=

T ( G

i

) (the recom bination step).

3.3.1. Isolating Clusters. The isolation algorithm, �rst giv en in

[ HLS97a, HLS98a ] is a mo di�ed incremen tal net w ork maxim um 
o w algorithm.

The k ey routine is the distribution of an edge in the constrain t graph G . F or eac h

edge, w e try to distribute the w eigh t w ( e ) + D + 1 to one or b oth of its endp oin ts

as 
ow without exceeding their w eigh ts, referred to as \distributing the edge e ."

This is b est illustrated on a corresp onding bipartite graph G

�

: v ertices in one of

its parts represen t edges in G and v ertices in the second part represen t v ertices in

G ; edges in G

�

represen t incidence in G . As illustrated b y Figure 12, w e ma y need

to redistribute (�nd an augmen ting path).

If w e are able to distribute all edges, then the graph is not dense. If no dense

subgraph exists, then the 
o w based algorithm will terminate in O ( n ( m + n )) steps

and announce this fact. If there is a dense subgraph, then there is an edge whose

w eigh t plus D + 1 cannot b e distributed (edges are distributed in some order, for

example b y considering v ertices in some order and distributing all edges connecting
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Figure 12. F rom Left. Constrain t graph G with edge w eigh t

distribution. D is assumed to b e 0 (system �xed in co ordinate

system); A corresp onding 
o w in bipartite G

�

. Another p ossible


o w. Initial 
o w assignmen t that requires redistribution

a new v ertex to all the v ertices considered so far). It can b e sho wn that the searc h

for the augmen ting path while distributing this edge marks the required dense

graph. It can also b e sho wn that if the found subgraph is not o v erconstrained, then

it is in fact minimal. If it is o v erconstrained, [ HLS97a, HLS98a ] giv e an e�cien t

algorithm to �nd a minimal (non-trivial, if one exists) dof cluster inside it. Then

[ LS04 ] giv es a metho d to ensure a complete, maximal, dof rigid decomp osition of

C .

The found cluster then needs to b e c hec k ed for p ossible dof misclassi�cation

due to the presence of constrain t dep endences and rotational symmetry as describ ed

in Section 1 and [ SZ04b ]. An in tuitiv e and simpli�ed v ersion of these c hec ks are

describ ed in Section4.

3.3.2. Cluster Simpli�c ation. This simpli�cation w as giv en in [ HLS01b , HLS99 ].

The found cluster C in teracts with the rest of the constrain t graph through its fr on-

tier vertic es ; i.e., the v ertices of the cluster that are adjacen t to v ertices not in the

cluster. The v ertices of C that are not fron tier, called the internal vertic es , are

con tracted in to a single c or e v ertex. This core is connected to eac h fron tier v ertex

v of the simpli�ed cluster T ( C ) b y an edge whose w eigh t is the the sum of the

w eigh ts of the original edges connecting in ternal v ertices to v . Here, the w eigh ts

of the fron tier v ertices and of the edges connecting them remain unc hanged. The

w eigh t of the core v ertex is c hosen so that the densit y of the simpli�ed cluster is

� D , where D is the geometry-dep enden t constan t. This is imp ortan t for pro ving

man y prop erties of the F A DR-plan: ev en if C is o v erconstrained, T ( C )'s o v erall

w eigh t is that of a w ellconstrained graph, (unless C is rotationally symmetric and

trivial, in whic h case, it retains its dof or w eigh t). T ec hnically , T ( C ) ma y not b e

w ellconstrained in the precise sense: it ma y con tain an o v erconstrained subgraph

consisting only of fron tier v ertices and edges, but its o v erall dof coun t is that of a

w ellconstrained graph.

Figure 13 illustrates this iterativ e simpli�cation pro cess ending in the �nal

DR-plan of Figure 11.

The graph transformation p erformed b y F A is describ ed formally in [ HLS01b,

HLS99 ] using simpli�er maps that pro vide the v o cabulary for pro ving certain prop-

erties of F A that follo w directly from this simpli�cation mec hanism. Ho w ev er, other

prop erties of F A require details of the actual DR-planner that ensures them. The

F A algorithm w as dev elop ed in stages; it and the data structures for its implemen-

tation can b e found in [ Sit04b , OSMA01 , LS04, Sit04a, SZ04a, SZ04b ]. The

c hallenge met b y F A is that it pro v ably meets the sev eral comp eting requiremen ts
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Figure 13. F rom left: F A's simpli�cation of graph givin DR-plan

in Figure 11; clusters are simpli�ed in their n um b ered order: C4 is

simpli�ed b efore C7 etc.

of the table ab o v e. Some of these requiremen ts are discussed in the next section.

Others, suc h as incorp orating an input feature hierarc h y [ SZ04a ], are omitted.

3.4. The F ron tier V ertex DR-planner (F A DR-planner). Note: a de-

tailed pseudo co de of the F A DR-planner (the existing v ersion, as w ell as incorp orat-

ing the mo dule-rigidt y algorithm of this pap er) can b e found in [ Sit04b ], [ Sit04a ].

The pseudo co de has b een implemen ted as part of the do wnloadable, op ensource

FR ONTIER geometric constrain t solv er [ OSMA01 ], [ Sit04b ], [ Sit04a ], [ Sit04c ].

The basic F A algorithm is based on an extension of the distribute routine for edges

(explained ab o v e) to v ertices and clusters in order for the isolation algorithm to

w ork at an arbitrary stage of the planning pro cess, i.e, in the cluster or 
o w graph

G

i

.

First, w e brie
y describ e this basic algorithm. Next, w e sk etc h the parts of the

algorithm that ensure 3 crucial, in ter-related prop erties of the output DR-plan:

(a) ensuring cluster minimalit y - this is needed to ensure true clusters ev en just

according to the dof-based de�nition of Section 1;

(b) for underconstrained graphs: outputing a complete set of maximal clusters as

sources of the DR-plan;

(c) con trolling width of the DR-plan to ensure a p olynomial time algorithm.

Three datastructures are main tained. The curren t 
ow or cluster gr aph , G

i

the

curren t DR-plan (this information is stored en tirely in the hierarc hical structure of

clusters at the top lev el of the DR-plan), and a cluster queue , whic h is the top-lev el

clusters of the DR-plan that ha v e not b een distributed so far, in the order that

they w ere found (see b elo w for an explanation of ho w clusters are distributed). W e

start with the original graph (whic h serv es as the cluster or 
o w graph initially ,

where the clusters are singleton v ertices). The DR-plan consists of the leaf or sink

no des whic h are all the v ertices. The cluster queue consists of all the v ertices in an

arbitrary order.
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The metho d DistributeV ertex distributes all edges (calls DistributeEdge) con-

necting the curren t v ertex to all the v ertices considered so far. When one of the

edges cannot b e distributed and a minimal dense cluster C is disco v ered, its sim-

pli�cation T ( C ) (describ ed ab o v e) transforms the 
o w graph. The 
o ws on the

in ternal edges and the core v ertex are inherited from the old 
o ws on the in ternal

edges and in ternal v ertices. Notice that undistributed w eigh ts on the in ternal edges

simply disapp ear. The undistributed w eigh ts on the fron tier edges are distributed

(within the cluster) as w ell as p ossible. Ho w ev er, undistributed w eigh ts on the fron-

tier edges (edges b et w een fron tier v ertices) ma y still remain if the fron tier p ortion

of the cluster is sev erely o v erconstrained. These ha v e to b e dealt with carefully .

(See discussion on dealing with the problems caused b y o v erconstrain ts in Section

7.) The new cluster is in tro duced in to the DR-plan and the cluster queue.

No w w e describ e the metho d DistributeCluster Assume all the v ertices in the

cluster queue ha v e b een distributed (either they w ere included in a higher lev el

cluster in the DR-plan, or they failed to cause the formation of a cluster and

con tin ue to b e a top lev el no de of the DR-plan, but ha v e disapp eared from the

cluster queue). Assume further that the DR-plan is not complete, i.e., its top lev el

clusters are not maximal. The next lev el of clusters are found b y distributing the

clusters curen tly in the cluster queue. This is done b y �lling up the \holes" or the

a v ailable degrees of freedom of a cluster C b eing distributed b y D units of 
o w. The

PushOutSide metho d successiv ely considers eac h edge inciden t on the cluster with

1 endp oin t outside the cluster. It distributes an y undistributed w eigh t on these

edges + 1 extra w eigh t unit on eac h of these edges. It can b e sho wn that if C is

con tained inside a larger cluster, then atleast one suc h cluster will b e found b y this

metho d once all the clusters curren tly in the cluster queue ha v e b een distributed.

The new cluster found is simpli�ed to giv e a new 
o w graph, and gets added in the

cluster queue, and the DR-plan as describ ed ab o v e.

Ev en tually , when the cluster queue is empt y , i.e, all found clusters ha v e b een

distributed, the DR-plan's top lev el clusters are guaran teed to b e the complete set

of maximal dof rigid subgraphs of the input constrain t graph. See [ LS04 ] for formal

pro ofs.

Note : Throughout, in the in terest of formal clarit y , w e lea v e out ad ho c, but

highly e�ectiv e heuristics that �nd simple clusters b y a v oiding full-
edged 
o w.

One suc h example is called \sequen tial extensions" whic h automatically creates

a larger cluster con taining a cluster C and a v ertex v pro vided there are atleast

D edges b et w een C and v . These can easily b e incorp orated in to the 
o w based

algorithm, pro vided certain basic in v arian ts ab out distributed edges is main tained

(see b elo w).

This completes the description of the bac kb one of the basic F A DR-planner.

Next w e consider some details ensuring the prop erties (a) { (c) ab o v e.

3.4.1. Ensuring Cluster Minimality. First w e in tuitiv ely explain wh y cluster

minimalit y is a crucial prop ert y . In Figure 14, after C

1

and C

2

are found, when C

1

is distributed, C

1

and C

2

w ould b e pic k ed up as a cluster, although they do not

form a cluster. The problem is that the o v erconstrained subgraph W in tersects C

1

on a trivial cluster, and W itself has not b een found. Had W b een found b efore

C

1

w as distributed, W w ould ha v e b een simpli�ed in to a w ellconstrained subgraph

and this misclassi�cation w ould not ha v e o ccurred.
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Figure 15. Ensuring Cluster Minimalit y: E is a set of essen tial

clusters that m ust b e presen t in an y subset of the c hildren of C

that form a cluster. In this case, E itself forms a cluster. C

0

is a

cluster made up of a prop er subset of at least 2 of C 's c hildren

It has b een sho wn in [ LS04 ] that this t yp e of misclassi�cation can b e a v oided

( W can b e forced to b e found after C

2

is found), b y main taining three in v arian ts.

The �rst t w o are describ ed here. The third is highly related to prop ert y (b) and is

describ ed in the next subsection.

The �rst is the follo wing in v arian t: alw a ys distribute all undistributed edges

connecting a new found cluster C (or the last distributed v ertex that caused C to b e

found), to all the v ertices distributed so far that are outside the cluster C . Undis-

tributed w eigh t on edges inside C are less crucial: if they b ecome in ternal edges of

the cluster, then this undistributed w eigh t \disapp ears" when C is simpli�ed in to

a w ellconstrained cluster; there is also a simple metho d of treating undistributed

w eigh t on fron tier edges so that they also do not cause problems - the metho d and

pro of can b e found in [ LS04 ]).

The second in v arian t that is useful for ensuring cluster minimalit y is that for

an y cluster in the DR-plan, no prop er subset of atleast 2 of its c hild clusters forms a

cluster. F A ensures this using a generalization of the metho d Minimal of [ HLS97a,

HLS98a ] whic h �nds a minimal dense subgraph inside a dense subgraph lo cated

b y DistributeV ertex and DistributeEdge .

See Figure 15. Once a cluster C is lo cated and has c hildren C

1

; : : : ; C

k

, for

k � 2, a recursiv e metho d clusMin remo v es one cluster C

i

at a time (replacing

earlier remo v als) from C and redo es the 
o w inside the 
o w graph restricted to

C , b efore C 's simpli�cation. If a prop er subset of atleast 2 C

j

's forms a cluster

C

0

, then the clusMin algorithm is rep eated inside C

0

and thereafter in C again,
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replacing the set of c hild clusters of C that are inside C

0

b y a single c hild cluster

C

0

. If instead no suc h cluster is found, then the remo v ed cluster C

i

the essential .

I.e., it b elongs to ev ery subset of C 's c hildren that forms a cluster. When the set

of clusters itself forms a cluster E (using a dof coun t), then clusMin is called on C

again with a new c hild cluster E replacing all of C 's c hildren inside E .

3.4.2. (b) Finding a c omplete set of maximal clusters in under c onstr aine d gr aphs.

While the DR-planner describ ed so far guaran tees that at termination, top lev el

clusters of the DR-plan are maximal. It also guaran tees that the original graph is

dof underconstrained only if there is more than one top lev el cluster in the DR-plan.

Ho w ev er, in order to guaran tee that al l the maximal clusters of an underconstrained

graph app ear as top lev el clusters of the DR-plan, w e use the observ ation that an y

pair of suc h clusters in tersect on a subgraph that reduces (once incidence constrain ts

are resolv ed) in to a trivial subgraph (a single p oin t in 2D or a single edge in 3D).

This b ounds the total n um b er of suc h clusters and giv es a simple metho d for �nding

all of them. Once the DR-planner terminates with a set of maximal clusters, other

maximal clusters are found b y simply p erforming a Pushoutside of 2 units on ev ery

v ertex (in 2D) or ev ery v ertex and edge (in 3D), and con tin uing with the original

DR-planning pro cess un til it terminates with a larger set of maximal clusters. This

is p erformed for eac h v ertex in 2D and eac h edge in 3D whic h guaran tees that all

maximal clusters will b e found. See [ LS04 ] for pro ofs.

d
c

 b

a

e

C5

C3

C4

C2C1

b d g hec ifa

i

h

gf

Figure 16. Prev en t accum ulation of clusters

3.4.3. (c) Contr ol ling width of the DR-plan. F A ac hiev es a linear b ound on

DR-plan width b y main taining the follo wing in v arian t of the cluster or 
o w graph:

ev ery pair of clusters in the 
o w graph (top lev el of the DR-plan) at an y stage

in tersect on at most a trivial subgraph . F A do es this b y rep eatedly p erforming 2

op erations eac h time a new p oten tial cluster is isolated.

The �rst is an enlar gement of the found cluster. In general, a new found cluster

N is enlarged b y an y cluster D

1

curren tly in the 
o w graph, if their nonempt y

in tersection is not a rotationally symmetric or trivial subgraph. In this case, N

neither en ters the cluster graph nor the DR-Plan. Only N [ D

1

en ters the DR-

plan, as a paren t of b oth D

1

and the other c hildren of N . It is easy to see that the

sizes of the subsystems corresp onding to b oth N [ D

1

and N are the same, since

D

1

w ould already b e solv ed.

F or the example in Figure 16, when the DR-plan �nds the cluster C

2

after C

1

,

the DR-planner will �nd that C

1

can b e enlarged b y C

2

The DR-planner forms a

new cluster C

4

based on C

1

and C

2

and puts C

4

in to the cluster queue, instead of

putting C

2

to cluster queue.

The second op eration is to iterativ ely c ombine N [ D

1

with an y clusters D

2

; D

3

; : : :

based on a nonempt y o v erlap that is not rotationally symmetric or trivial. In this
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case, N [ D

1

[ D

2

, N [ D

1

[ D

2

[ D

3

etc. en ter the DR-plan as a staircase, or

c hain, but only the single cluster N [ D

1

[ D

2

[ D

3

[ : : : :: en ters the cluster graph

after remo ving D

1

, D

2

, D

3

: : : .

Ofcourse, b oth of these pro cesses are distinct from the original 
o w distribution

pro cess that lo cates clusters.

4. Correcting the 3D dof misclassi�cations

As p oin ted out in Section 1 (see also Section 9), it is not kno wn despite sev-

eral conjectures and heuristics in the com binatorial rigidit y literature [ GSS93 ],

whether a tractable, purely com binatorial analysis exists to correctly classify a 3D

constrain t system (or 2D constrain t graph with other constrain ts b esides distance

constrain ts) as generically rigid. The few constrain t solv ers that deal with 3D sys-

tems for example the proprietary , commercial D-cub ed solv er [ Ow e ], whic h handles

certain 3D constrain t systems suc h as the \pip e routing problem" and FR ONTIER

[ OSMA01 , Sit04b , Sit04a , LS04, SZ04b ], whic h deals with fairly general 3D

systems, m ust grapple with this problem in some systematic fashion.

In this section, w e discuss an in tuitiv e simpli�cation of a metho d used b y the

FR ONTIER constrain t solv er [ SZ04b ] that uses a concept called mo dule-rigidit y

to rectify dof misclassi�cation of a large class of 3D constrain t graphs. Rotationally

symmetric, trivial subgraphs and clusters underlie these misclassi�cations. Belo w

w e discuss b oth their direct and indirect in v olv emen t in suc h misclassi�cations and

ho w to rectify them - the latter is esp ecially non trivial (see Figures in Section 1

concerning the \bananas" problem) and b oth are complicated b y the presence of

incidence constrain ts.

Metho ds for handling other common misclassi�cations discussed in 1 caused b y

2D angle constrain ts are discussed only brie
y in Section 8, under the con text of

online solving.

4.1. Rotationally symmetric, trivial subgraphs. Some common 3D ex-

amples of rotationally symmetric, trivial subgraphs are: a single p oin t in 3D or

2D (do es not cause an y misclassi�cations); 2 p oin ts in 3D inciden t on a line; 2

p oin ts in 3D and a distance constrain t b et w een them, along with other inciden t

p oin ts, line segmen ts and lines, reducing to a trivial �xed-length line segmen t clus-

ter. Here are some examples of dof analysis problems directly in v olving the latter

t w o t yp es of subgraphs and ho w they are recti�ed b y the FR ONTIER constrain t

solv er's F A-based DR-planner [ Sit04b , Sit04a, SZ04b ].

4.1.1. Dete cting r otational symmetric and under c onstr aine d trivial sub gr aphs.

F or the 3D example in Figure 17, the p oin ts a and b are inciden t to the line l . The

whole ob ject has 6 degrees of freedom. It w ould b e deemed a cluster in the usual

dof analysis. Ho w ev er, it is underconstrained and should not b e pic k ed up as a

cluster. In tuitiv ely , the ob ject loses one degree of freedom b ecause of its rotational

symmetry - a ge ometric prop ert y , whic h comp ensates for its underconstrainedness,

thereb y \fo oling" the simple dof coun t in to classifying it as w ellconstrained.

T o solv e this problem, in 3D, after a new subgraph is found to b e a cluster b y

dof analysis b y the DR-planner, it c hec ks whether it is a trivial, rotationally sym-

metric subgraph. Detecting this in v olv es organizing p oten tially n umerous incidence

constrain ts: these are divided in to 3 groups, those ob jects that are inciden t on the

left endp oin t, the righ t endp oin t and on b oth. Once the rotational symmetry is de-

tected, if this subgraph has 6 degrees of freedom, then it is not a cluster and should



22 MEERA SITHARAM

i

i
a

b
l

,

C2

a

b c

d

e
f g

h

d

ddi

i i

i i

ii

C1

Figure 17. Rotationally symmetric ob ject: detecting b y organiz-

ing incidences (left); sp ecial case of F A simpli�cation (righ t); d

denotes distance and i incidence constrain t

b e discarded. If it has 5 or few er degrees of freedom (reducing to a �xed-length line

segmen t in 3D), it is k ept as a cluster and mark ed as rotationally symmetric, as a

crucial help during na vigation of its solution space b y as discussed in Section 5.

4.1.2. Enlar ging and c ombining clusters b ase d on nontrivial overlap. One of the

imp ortan t features of an y general, tractable DR-planner that a v oids a com binatorial

explosion is that it restrict the width or n um b er of clusters in the DR-plan. F or

this purp ose, w e no w sho w that the c hec k for rotational symmetry - b y organizing

incidences - giv en in subsection 4.1.1 is crucial.

As describ ed in Section 3, F A ac hiev es a linear b ound on DR-plan width b y

main taining the follo wing in v arian t of the cluster or 
o w graph: ev ery pair of clus-

ters in the cluster graph at an y stage in tersect or o v erlap on at most a rotationally

symmetric or trivial subgraph. This is done b y enlarging and com bining clusters

based on non trivial o v erlap.

F or the example in Figure 18, the o v erlapp ed part of D

1

= C

1

and N = C

2

has a

DR-plan whic h has 2 source clusters, ab and cd . Once the incidences are organized,

the o v erlap is seen to b e a trivial rotationally symmetric subgraph (alb eit not a

cluster) and hence N w ould not b e enlarged b y D

1

.

In one sp ecial case, clusters should b e enlarged ev en when their o v erlap is a

trivial rotationally symmetric cluster. F or example, as in Figure 18, either N or D

1

is a rotationally symmetric cluster and they o v erlap on a rotationally symmetric

cluster, then N can in fact b e enlarged b y D

1

(ev en without an y other constrain t

b et w een them). Here, N = C

2

is a rotationally symmetric cluster and can b e

enlarged b y D

1

= C

1

.

4.1.3. R otational symmetry and over c onstr aints. F or the 3D example in Fig-

ure 17 (righ t) the line segmen t C

1

, with 5 degrees of freedom, is an o v erconstrained

cluster based on dof. T o retain man y of their prop erties, F A and other DR-planners

w ould ha v e to simplify suc h clusters (see Section 3) in to a w ellconstrained cluster

with 6 dof 's. In this case, ho w ev er, suc h a simpli�cation w ould cause F A or an y
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Figure 18. Enlarging clusters: organizing incidences to (left) de-

tect rotationally symmetric subgraphs in o v erlap and (righ t) detect

a rotationally symmetric participating cluster

standard dof analysis to fail to �nd this simple triangle as a cluster! Since lineseg-

men ts and triangles are basic building blo c ks of constrain t systems, this problem

needs to b e corrected.

T o solv e this problem. when the DR-planner detects a rotationally symmetric

cluster with 5 degrees of freedom, it not only marks it as rotationally symmetric,

but simpli�es it in to cluster that main tains its 5 degrees of freedom. In tuitiv ely , w e

view the loss of 1 dof due to rotational symmetry as y et another t yp e of o v ercon-

strain t a ge ometric o v erconstrain t (distinct from the com binatorial and constrain t

dep endences discussed in Section 5). These clusters b eha v e in man y w a ys lik e

w ellconstrained ev en though they p ossess 1 less degree of freedom.

4.2. The \Bananas" Problem. W e no w discuss a classic case where dof

analysis fails to correctly classify a large class of constrain t graphs due to the con-

strain t dep endence caused b y the indirect in v olv emen t of rotationally symmetric,

trivial clusters or subgraphs. Some example �gures illustrating this w ere giv en in

Section 1. These errors m ust b e c hec k ed for as so on as a p oten tial cluster is iso-

lated b y 
o w during the F A DR-planning pro cess. W e brie
y describ e an in tuitiv e

simpli�cation of ho w the FR ONTIER constrain t solv er ([ Sit04b, SZ04b ]) handles

these errors, thereb y correctly classifying a large class of graphs for whic h a pure

dof analysis is inadequate. As men tioned in Section 1, complete pro cess in v olv es

ensuring an augmen ted notion of rigidit y called mo dule-rigidit y and can b e found

in [ SZ04b ].

4.2.1. Pr oblem Description. F or the 3D example in Figure 5, if the DR-planner

op erates purely b y dof analysis, it will lo cate this graph as a cluster. In fact, the

graph is generically o v erconstrained since the distance b et w een the 2 o v erlap p oin ts

in the cen ter is determined indep enden tly b oth b y the left and righ t clusters. The

graph (righ t) ho w ev er is com binatorially underconstrained: If these distances w ere

consisten t (equal), then the graph w ould b e underconstrained. It has a dof of 6

(app ears to b e w ellconstrained) b ecause its underconstrainedness is comp ensated

b y its o v erconstrainedness.

The example in Figures 7, 6 is v ery similar to the ab o v e example, except that

it has a distance constrain t b et w een the t w o o v erlap p oin ts. In this case, the
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left and righ t clusters are com binatorially o v erconstrained and will b e simpli�ed

in to w ell-constrained clusters. The com bined cluster will not b e pic k ed up b y dof

analysis unless there is one more constrain t b et w een the t w o clusters, sa y a distance

constrain t as in Figures 7, 6 (left). In b oth of these cases, the dof classi�cation is

in fact correct.

In fact, as p oin ted out in Section 1, the constrain t system has constrain t de-

p endences, if the common o v erlap O of an y subset of its w ellconstrained clusters

is underconstrained; the undetermined edges in the o v erlap are indep enden tly de-

termined b y eac h of the clusters, whic h is the source of the o v erconstrain t - i.e,

man y equations with dep enden t or ev en iden tical left hand sides, but generically

indep enden t righ t hand sides. The ab o v e \bananas" is a sp ecial case of this, where

the o v erlap is a rotationally symmetric trivial subgraph that is not a cluster. This

t yp e of constrain t dep endence causes the dof analysis to b e inaccurate only in this

sp eci�c \bananas" case. See Claim 1 b elo w.

Di�eren t resp onses are p ossible when an constrain t dep endence is detected.

(a) The user could b e ask ed to correct the o�ending underconstrained o v erlap O

b y adding explicit constrain ts to the o v erlap. This w ould no w cause explicit com-

binatorial o v erconstrain ts, whic h can b e detected and corrected (see Section 7,

[ HSY04 ]). This could also cause new subgraphs to b ecome self-con tained clusters,

where previously they w ould ha v e b een directly made part of larger clusters.

(b) W e assume that the source of constrain t dep endence is in ten tional and kno wn

to the user who has otherwise ensured that the o v erconstrain t is consisten t (the

righ t hand sides ha v e the same dep endence as the left hand sides of the corre-

sp onding equations). In this case, the user, after b eing informed of an constrain t

dep endence, ma y c ho ose not to correct it. I.e, it is desirable that all constrain t de-

p endences (atleast those within clusters lo cated b y the 
o w algorithm or other dof

analysis) b e detected, since they could cause it is su�cien t to tr e at only those cases

of constrain t dep endence that actually cause a misclassi�cation b y a dof analysis.

4.2.2. A r e cursive solution. When a new cluster C is found in 3D, w e describ e

ho w it is c hec k ed for dof misclassi�cation and ho w it is treated {in the case when it

consists of exactly 2 c hild clusters whic h ha v e b een correctly classi�ed. Addressing

this case is su�cien t b ecause of the follo wing 2 claims.

Claim 1: Let C b e a cluster in 3D detected b y 
o w or dof analysis. Assume C

consists of c hild clusters that ha v e all b een correctly classi�ed as clusters (i.e., they

ha v e passed the dof misclassi�cation c hec k b eing describ ed here). F urthermore,

assume that C satis�es the cluster minimalit y prop ert y describ ed in Section 3. I.e,

for ev ery cluster in the DR-plan, no prop er subset of its c hild clusters form a cluster.

Finally , assume that C has b een misclassi�ed due to an constrain t dep endence

caused b y more than one cluster indep enden tly �xing a single distance b et w een a

pair of p oin ts not connected b y an explicit distance constrain t. Then C m ust ha v e

consisted exactly of a p air of c hild clusters forming the \bananas" structure, i.e.,

whose o v erlap is a trivial (rotationally symmetric) cluster ha ving 6 dofs.

T o pro v e the claim, �rst consider the case where C consists of a pair of c hild

clusters { in this case, while their o v erlap could b e an underconstrained graph with

arbitrarily man y clusters, it is not hard to see that a dof misclassi�cation tak es

place exactly when the pair forms the \bananas structure."

Next, consider the case where cluster-minimal C consists of 3 or more clusters.

Also assume some subset of its c hild clusters ha v e a common o v erlap that is an
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underconstrained system causing the source of an constrain t dep endence of the

t yp e describ ed ab o v e. It is not hard to see that a dof misclassi�cation w ould result

exactly when some pair of clusters form the \bananas" structure. But that w ould

imply that pair w ould ha v e b een pic k ed up as cluster (according to dof analysis)

con tradicting the cluster-minimalit y of C .

In fact, the pro of of the claim is further simpli�ed in the case of the F A DR-

planner: due to the enlarging and com bining op erations it uses to con trol width of

the DR-plan, (see Section 3) - if the paren t cluster C has more than 2 c hild cluster

s, then for ev ery pair of them, their o v erlap is guaran teed to b e equiv alen t (via

incidence constrain ts) to a trivial subgraph.

Claim 2: The F A DR-plan has the cluster minimalit y prop ert y . I.e, for ev ery cluster

in the DR-plan, no prop er subset of its c hild clusters form a cluster.

Claim 2 is pro v en true (b y [ LS04 ] and Section 3) only for the F A DR-plan built b y a

purely 
o w based dof analysis. In particular, that F A DR-planner �rst �nds (b y dof


o w analysis) a p oten tially nonminimal cluster S consisting of clusters D

1

; : : : ; D

k

and then runs a minimalit y-ensuring algorithm (that recursiv ely p erforms a 
o w

based dof analysis again) and constructs a sub-DR-plan of S , i.e., ro oted at S ,

whose lea v es are D

1

; : : : ; D

k

(see [ LS04 ], Section 3). Ho w ev er, the F A DR-planner

based on purely dof 
o w analysis ma y misclassify the minimal \clusters," th us found

and thereb y the en tire sub-DR-plan ma y con tain misclassi�ed clusters, including

the original nonminimal \cluster" S .

Th us, giv en Claim 1, the most e�cien t w a y to mo dify the F A DR-planner to a v oid

misclassi�cations due to this t yp e of constrain t dep endence, is to p erform the base

case of the \bananas" correction (describ ed b elo w) during the minimalit y-ensuring

p ortion of the F A algorithm. I.e., the base case is p erformed during the construction

of the sub-DR-plan for S , assuming that the clusters D

1

; : : : D

k

ha v e already b een

c hec k ed and corrected. I.e, it is p erformed eac h time a cluster C consisting of a

p air of (already c hec k ed and corrected) c hild clusters C

1

and C

2

is lo cated during

and is b eing considered as an elemen t in the sub-DR-plan for the cluster S . Once

the \bananas" correction describ ed b elo w is completed: in the �rst 2 cases b elo w,

C is inserted in to the sub-DR-plan for S and in the last case, C is not inserted .

And the minimalit y-ensuring metho d con tin ues.

A t the end of the pro cess, a sub-DR-plan for it is found, with cluster-minimal

clusters corrected for dof misclassi�cation, and either S is found to b e a true cluster,

in whic h case the sub-DR-plan has a single ro ot or sink, namely S itself, or S is not

a cluster, in whic h case the sub-DR-plan's ro ots or sinks corresp ond to the complete

set of maximal clusters within S .

4.2.3. The b ase c ase of b ananas c orr e ction. When a cluster is found consisting

of 2 c hild clusters C

1

and C

2

, during the the minimalit y-ensuring metho d, �rst

c hec k whether the en tire o v erlap b et w een C

1

and C

2

reduces to a rotationally

symmetric subgraph with 5 or 6 dofs. (after incidences are organized as describ ed

in the previous subsections). If it is not a rotationally symmetric subgraph, w e

put C = C

3

in the DR-plan (after c hec king for p oten tial enlargemen t describ ed in

previous sections, and c hec king for and announcing an y constrain t dep endences,

i.e, if the o v erlap is not w ellconstrained).

If the o v erlap is a rotationally symmetric cluster , i.e., it reduces either to a

single p oin t (after resolving incidences) or there is a distance constrain t in the
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o v erlap, and there are explicit constrain ts as in Figure 6, 7, then C

3

is retained as

a normal w ellconstrained cluster.

If the o v erlap is a rotationally symmetric subgraph whic h is not a cluster, and

there are other constrain ts b et w een C

1

and C

2

, retain C

3

, but mark it as a cluster

con taining a constrain t dep endence (and announce it); it is then simpli�ed in to a

cluster with 6 dofs, retained but mark ed to b e \handled with care" during solving

and na vigation (Section 5).

If there are no other constrain ts b et w een C

1

and C

2

, then the constrain t de-

p endence m ust b e announced. there is a dof misclassi�cation and in fact, the found

cluster C = C

3

should b e thro wn a w a y . Ho w ev er w e need to prev en t it from b eing

\found" again, and moreo v er, w e need to prev en t it from causing a dof misclassi-

�cation of a larger cluster that includes b oth C

1

and C

2

, and is found at a later

stage.

T o do so, w e remo v e the constrain t dep endence b y adding an edge - represen t-

ing a \virtual" distance constrain t - to the o v erlap. The follo wing corrections need

to b e done:

a) all the existing clusters that con tain this edge m ust b e resimpli�ed so that they

con tin ue to ha v e a dof of 6. b) the edge m ust b e appropriately 
agged as \b elong-

ing" to C

1

or C

2

(its distance v alue w as �xed b y C

1

or C

2

), so that a cluster D

con taining this edge that will b e found in the future b y the DR-planner (and passes

the \bananas" c hec k), ha v e to b e handled as follo ws: (i) if D remains a cluster on

remo v al of this edge, then the source of a p oten tial constrain t dep endence has b een

detected { this need not b e announced un til the p oin t when it causes an undercon-

strained o v erlap b et w een D and a partner cluster whic h is pic k ed up as a future

cluster. (ii) if D requires the edge to b e pic k ed up as a cluster b y dof analysis, then

D should inherit the 
ag of the edge so that during the solving phase D is solv ed

only after atleast one of the original clusters C

1

or C

2

is solv ed (and thereb y the

distance asso ciated with the edge has b een �xed).

c) b oth the clusters C

1

and C

2

in the pair are distributed again (see description of


o w metho d in Section 3)

Note. It is imp ortan t to notice that the ab o v e metho d utilizes the second partial

ordering or the solving priority or der of the clusters of the DR-plan giv en in Section

1. Recall that this ordering is consisten t with the DR-plan's inheren t partial order.

More signi�can tly , it uses the mo di�ed de�nition of DR-D A G giv en in Section

1, where not ev ery no de of the DR-plan represen ts an indep enden t cluster in the

original graph or constrain t system. A no de represen ts a generically w ellconstrained

system in the transformed system or transformed graph after all the clusters b efore

it in the solving order ha v e b een solv ed or simpli�ed.

Figure 19 sho ws examples of the bananas situation that are correctly classi�ed b y

the metho d describ ed ab o v e.

In Figure 19 T op Left: the graph is a cluster according to dof analysis, but not

really rigid, as detected b y the bananas correction and as seen b y the decomp osi-

tion sho wn. T op Righ t: rigid, but no pair of self-con tained clusters sho wn forms a

truly rigid subgraph, as detected b y the bananas correction although they do form

clusters according to dof analysis. Bottom: not rigid as detected b y the bananas

correction, but a cluster according to dof analysis; complete maximal mo dule de-

comp osition and solving priorit y orders found b y the bananas correction: the pair

C

1

; C

2

forms a rigid C

5

but that C

5

can b e solv ed only after C

3

is solv ed; I.e.,
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Figure 19. Examples where bananas correction w orks. See text

for explanation.

b efore the virtual edge ( c; d ) is added, C

1

and C

2

w ould not b e pic k ed up together

as a cluster candidate. Similarly , it will also determine that C

5

; C

3

form a rigid C

6

,

but only according to solving priorit y order sho wn. Bottom Righ t: DR-plan for left

constrain t system with 2 sources or ro ots: C

6

and C

4

.

5. Solving and Na vigating the solution space

In this section w e discuss com binatorial approac hes to solving and na vigating

the solution space of a cluster, during the solving phase of a constrain t solv er's op er-

ation, once the planning phase has already output a DR-plan. F or underconstrained

systems the situation is more complex, see Section 7, and Section 9.

A w ellconstrained system ma y ha v e exp onen tially man y solutions in the n um b er

of geometric primitiv es. F or example, ev en a simple ruler and compass construc-

tion in 2D p ermits 2 solutions for eac h constructed p oin t (re
ections are considered

distinct since they cannot b e obtained b y a ph ysical euclidean transformation suc h

as rotation or re
ection) Existing approac hes to con trolling this com binatorial ex-

plosion fall under three broad categories.
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Figure 20. Left: displa y of all solutions of the cluster formed b y

the 3 circles in constrain t system of Figure 2. Middle: partially

solv ed sk etc h after c ho osing one of them; Righ t 2 solutions of the

diamond of p oin ts and distances

One standard approac h [ F ud95, FH96b , Ow e ] attempts to automatically pic k

a solution that is as close as p ossible to the app earance of the input sk etc h. T yp-

ically , c hiralit y (or relativ e orien tation) of the geometric primitiv es in the sk etc h

is used as the guide. A related approac h uses explicitly de�ned \na vigation" con-

strain ts or \declarativ e solution selectors" pro vided b y the user. The formal basis

for this b egan with [ Hen92 ], and some of the more recen t metho ds are surv ey ed

in [ BS03 ]. The use of genetic algorithms for dealing with these extra constrain ts

are giv en in [ JALS03 ]. In general, these constrain ts could include c hiralit y or rel-

ativ e orien tation constrain ts, and other constrain ts related to c hiralit y (b y orien ted

matroid theory [ BVS

+

93 ]) suc h as in tersection or nonin tersection of con v ex h ulls

or subsets of the p oin ts. They reduce to sp eci�c p olynomial inequalities obtained

from determinan ts of matrices of indeterminates. Another t yp e of na vigational

constrain t are the so-called relational or engineering constrain ts [ FH97 ].

A second approac h giv es the user an indexing [ BFH

+

95 ], of the solution space

using a Decomp osition Recom bination (DR) plan of the constrain t system as a

guide. These DR-plans are generated b y most constrain t solv ers to e�cien tly guide

the algebraic-n umeric solv ers. Sp eci�cally , they break do wn the large p olynomial

system that arises from the en tire geometric constrain t system in to small subsystems

that can b e handled b y algebraic-n umeric solv ers. This is crucial since the latter

t ypically ha v e exp onen tial time complexit y .

The metho ds of [ BFH

+

95 ] pro vide tractable steering for simple, 2D constrain t

systems that are triangle decomp osable, or ha v e linear DR-plans, similar to ruler

and compass constructible systems, that p ermit solving for one geometric primitiv e

at a time.

In this case, eac h suc h addition pro vides t w o \bifurcation" c hoices that are

t ypically t w o re
ections of the newly solv ed-for primitiv e. Ho w ev er, suc h DR-plans

exist only for sp ecial constrain t systems and in o v erconstrained cases they ma y

not incorp orate a user's conceptual feature decomp osition, p oten tially den ying the

user's prefered na vigation path. This problem is explained in detail in [ SZ04a ].

A third mixed approac h (used b y the FR ONTIER constrain t solv er [ OSMA01 ,

Sit04b , Sit04a, SAZK04 ]), is a h ybrid metho d that b oth uses na vigation con-

strain ts and o�ers t w o options: a visual w alkthrough with bac ktrac king or auto-

matic searc h for a solution. See Figures 20, 21, 22, 23, 24.
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Figure 21. Left: complete solution of ro ot cluster of Figure 2

after c ho osing one of the solutions for eac h of the c hild clusters

(the 3 circles and the diamond of Figure 20). Righ t: new solution

of ro ot cluster after bac ktrac king to repic k a di�eren t solution of

the 3 circle cluster

Figure 22. Solution na vigation for constrain t system in Figure 4:

Tw o solutions for the c hild cluster of the ro ot mark ed in the DR-

plan.

Figure 23. After pic king the solution on righ t in Figure 22, 2

�nal solutions for ro ot cluster with bac ktrac king option.
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Figure 24. After bac ktrac king and repic king the left solution of

c hild cluster in Figure 22, t w o �nal solutions for ro ot cluster (com-

plete system of Figure 4).

F urthermore, the w alkthrough is based on general DR-plans (for 2D or 3D

systems), suc h as the F A DR-plan (output of the F ron tier v ertex Algorithm) of

Section 3, that incorp orates a user's desired conceptual feature or subassem bly

decomp osition, whic h is crucial for a user-directed searc h for the solution space.

The metho d describ ed completely in [ SAZK04 ] has the adv an tage that it can

b e a stand-alone mo dule: it tak es as input the constrain t graph, the DR-plan (out-

put of an y DR-planner) and na vigation constrain ts, and outputs to the GUI (resp.

stores in the DR-plan structure) the realizations or solutions - of the subsystems

encoun tered during na vigation. Other in teractiv e input includes the user's c hoice

of solutions to the clusters. The metho d pro vides fully 
exible bac ktrac king for

redoing suc h c hoices starting from an y cluster. See Figure 28. In the FR ONTIER

constrain t solv er, this metho d is called the Equation and Solution Manager (ESM) .

[ OSMA01 , Sit04b , Sit04a , SAZK04 ]. The mo dule in addition e�cien tly deals

with up dates or c hanges to the constrain t graph and the na vigation constrain ts;

these are discussed in Section 8.

There are 4 crucial parts of the ESM. The �rst is the o v erall con trol 
o w based

on a standard recursiv e tra v ersal of the DR-plan and an e�cien t datastructure

for main taining c hosen realizations, whic h main tains clarit y and con trols complex-

it y during na vigation, and pro vides fully 
exible bac ktrac king or steering . See

[ SAZK04, OSMA01 , Sit04b , Sit04a ] for descriptions of this part of the ESM.

The second part is a metho d for building indep enden t algebraic systems corre-

sp onding to the clusters of the DR-plan. The third part is a purely com binatorial

metho d [ SPZ04 ] for optimizing the algebraic complexit y of these systems - this

metho d in terestingly uses minim um spanning trees on a graph obtained from the

cluster structure. The w eigh ts are determined based on a cluster solving metho d

that uses rigid b o dy mec hanics and quaternions. The fourth part lev erages the

mo dularit y of the ESM as w ell as the ab o v e c haracteristics to incorp orate na viga-

tion constrain ts.

Note. W e restrict our description here to the second and the fourth parts describ ed

ab o v e.
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Figure 25. Left:Assigning o v erlap equations. Righ t:Dealing with

constrain t dep endences during solving.

6. Building algebraic systems - the stabilit y issue

The p olynomial system corresp onding to a cluster C t ypically has 9 v ariables

(en tries of the rotation/translation matrix in homogeneous co ordinates) corresp ond-

ing to eac h c hild cluster of C . Three of these v ariables are dep enden t, via equations

of the t yp e s

2

+ c

2

= 1, where s and c represen t the sine and cosine of one of the

rotation angles. These could b e reduced using a quaternion or other forms for op-

timization of algebraic complexit y [ SPZ04 ] whic h is a separate problem that do es

not in
uence our discussion here. In addition there are p olynomial equations for

the constrain ts that relate primitiv e geometric elemen ts of the c hild clusters. These

are the constrain ts asso ciated with C and need to b e resolv ed to obtain a solution

to C giv en the solutions of its c hildren. The solutions of the c hildren determine the

relativ e p ositions of the geometric elemen ts within the c hild clusters: these app ear

on the left hand sides of the p olynomial system for C . But in the cases where C

app ears after one of its c hildren (or some other cluster) in the solving priorit y order

(see Section 2) one or more of C 's distance constrain ts (v alues) could b e determined

b y the solution of the c hild clusters (or other clusters). These app ear on the righ t

hand sides of the p olynomial system corresp onding to C . (These equations could

result in an undesirable comp ounding of n umerical error, whic h is outside the scop e

of our discussion here).

In order to a v oid ev en more basic instabilities, it is usually necessary to remo v e

o v erconstrain ts and dep enden t constrain ts: a stable, w ellconstrained system generi-

cally has as man y v ariables as equations. The n um b er of equations could exceed the

n um b er of v ariables, b ecause of explicit o v erconstrain ts that app ear as edges in the

constrain t graph or b ecause of o v erconstrain ts as in the \bananas" case, where some

of the constrain ts are dep enden t. The former can b e remo v ed using the metho d of

[ HSY04 ], whic h detects and remo v es so-called r e ducible edges whose remo v al do es

not mak e the cluster underconstrained. The latter are explicitly mark ed b y a go o d

DR-planner suc h as [ SZ04b ] as discussed in Section 2: the metho d of dealing with

these is discussed later in this section.

The bulk of this section, ho w ev er, deals with w ellconstrained subsystems with

no constrain t dep endences. Ev en for these, pic king an indep enden t set of algebraic

equations is a non trivial task. Some of these equations are incidence or o v erlap

equations (equating 2 v ariables) caused either b y explicit incidence constrain ts or

b y geometric elemen ts that are shared b y t w o or more o v erlapping c hild clusters.

Figure 25 illustrates the problem for an example in 3D, the en tire cluster C has

solv ed c hild clusters C

1

, C

2

, C

3

. T o solv e C , i.e, to solv e for the rotation/translation
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of C

2

and C

3

, sa y , in to the co ordinate system of C

1

(c hosen to b e the co ordinate

system for C ) sev eral o v erlap equations, that require that, for instance, p oin t A

in C

1

fall in the same lo cation as p oin t A in C

2

. W e treat these as distinct from

explicit incidence constrain ts, whic h directly en ter the dof analysis.

F or generic stabilit y (indep endence), when m c hild clusters are presen t in the

paren t cluster, the n um b er of equations to solv e the paren t cluster b e at most

D ( m � 1) ( D is 3 in 2D and 6 in 3D). This includes the n um b er of equations caused

b y an y other constrain ts b et w een C

1

and C

2

(in this example, there are none) and

the o v erlap constrain ts.

Ev en in w ellconstrained paren t clusters C although the dof analysis of the

cluster C (appropriate inclusion-exclusion coun t of the dofs of the c hild clusters

and their o v erlaps) w ould sho w the the cluster to b e w ellconstrained, the n um b er

of p oten tial o v erlap equations could exceed the D ( m � 1) as in the ab o v e example:

eac h of the p oin ts A , A

0

, B , and C generates 3 o v erlap equations and the p oin t D

generates 3*2 = 6, totaling 18 o v erlap equations whic h exceeds D ( m � 1) = 6 � 2 =

12.

The ESM uses a metho d (see the getEquation and getOverlapEquation metho ds

of the ESM pseudo co de in [ Sit04a, Sit04b ]) that partitions o v erlaps and other

constrain ts b et w een the c hild clusters of C in a w a y that they constitute a stable

and and algebraically indep enden t set of D ( m � 1) constrain ts for solving C .

W e decide on whic h o v erlap equations to discard as follo ws. Let n b e the

n um b er of other (nono v erlap) constrain ts relating the c hild clusters of the paren t

cluster C b eing solv ed. If C is w ellconstrained, then D ( m � 1) � n . T o c ho ose and

partition the o v erlap equations, w e stipulate the follo wing.

� An y cluster (including trivial clusters) in the o v erlapp ed region should par-

ticipate in atmost as man y o v erlap constrain ts as the n um b er of its degrees

of freedom, although the total n um b er of p osition v ariables of its geometric

primitiv es could b e higher; F or example, in 3D, an y line segmen t (trivial

cluster), ev en one that is of v ariable length should participate in at most

5 o v erlap equations although its t w o end p oin ts constitute 6 p osition v ari-

ables, since they b elong to a cluster and hence the distance b et w een them

has b een �xed b y that cluster (this is the constrain t dep endence or o v ercon-

strain t caused b y the classic bananas structure of Section 1). an y undercon-

strained o v erlap is a source of constrain t dep endences and o v erconstrain ts

whic h m ust b e eliminated in building a stable system, regardless whether it

causes a misclassi�cation during dof analysis.

� An y co ordinate p osition of a geometric elemen t in a cluster (an expression

in the rotation/translation v ariables of the cluster) should participate either

in an explicit incidence constrain t relating c hild clusters of C or an o v erlap

constrain t, but not b oth; otherwise when w e set ev erything else except that

v ariable to constan ts, w e get either 2 iden tical equations, or 2 inconsisten t

equations with the v ariable o ccuring with the same co e�cien t, i.e, 1;

� If t w o geometric elemen ts participate in an explicit incidence constrain t

within a cluster C

i

, then only one of them can participate in an o v erlap

equation;

� An y non-rotationally symmetric c hild cluster should participate in at least D

(3 in 2D; 6 in 3D) equations (o v erlap and nono v erlap com bined); for p oin ts
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in 2D, this b ound is 2, and for �xed length line segmen ts in 3D, this n um b er

is 5.

� An y pair of clusters should b e related b y at most D o v erlap or nono v er-

lap equations (this n um b er is less if m > = 2, or if one of the clusters is

rotationally symmetric).

� T otal of D ( m � 1) � n o v erlap equations should b e c hosen.

It can b e sho wn that for generically w ellconstrained cluster C , an y assignmen t

or partitioning algorithm for c ho osing the o v erlap equations results in a generically

stable and indep enden t system, pro vided it satis�es these criteria.

As men tioned in Section 3 a signi�can t adv an tage of using an F A DR-planner

in this con text is the follo wing. In case C consists of a just a pair of c hild clusters,

then their o v erlap could b e an underconstrained graph with arbitrarily man y clus-

ters, but ensuring the �rst requiremen t ab o v e is relativ ely easy , b y simply obtaining

the DR-plan of the o v erlapp ed part. If, on the other hand, the paren t cluster C

has more than 2 c hild clusters, then b ecause of the cluster-minimalit y prop ert y of

Section 3, the o v erlap of ev ery pair of them is guaran teed to b e equiv alen t (via

incidence constrain ts) to a rotationally symmetric, trivial subgraph. See b elo w for

ho w rotationally symmetric trivial clusters and subgraphs in v olving incidence con-

strain ts are detected and treated. In this case as w ell, ensuring the �rst criterion

b ecomes easy . T o do so, for eac h subset of c hild clusters of C with a nonempt y in-

tersection (o v erlap) subsystem, a DR-sub-plan for the o v erlap is created. Although

there are exp onen tially man y suc h (necessarily trivial) o v erlaps in the n um b er of

c hild clusters, the n um b er of distinct o v erlaps and their total size is b ounded b y

the size of the cluster C , i.e, most of the subsets generate o v erlaps that are empt y

or iden tical to others.

An adv an tage of using F A to create these DR-plans as w ell is that they w ould

b e created in one pass (as part of a common DR-plan of the en tire cluster C ) simply

b y pro viding an input decomp osition whose no des corresp ond to these nonempt y

o v erlap subsystems. F or eac h cluster in these o v erlap DR-plans, the assignmen t of

o v erlap equations should ensure that the �rst criterion ab o v e should hold.

Once these DR-plans are created, since there are atmost D ( m � 1) o v erlap equa-

tions to b e c hosen, a standard assignmen t algorithm - ensuring the 5 ab o v e criteria

- will tak e only O ( m ) time to c ho ose and partition the set of o v erlap equations.

In the example ab o v e, this metho d will assign 3*2 o v erlap equations for the

p oin t shared b y all the clusters, whic h w e denote d : X

d;C

1

= X

d;C

2

= X

d;C

3

;

Y

d;C

1

= Y

d;C

2

= Y

d;C

3

; and Z

d;C

1

= Z

d;C

2

= Z

d;C

3

. And 2 o v erlap equations

eac h for the p oin ts a , b and c : X

a;C

1

= X

a;C

2

; Y

a;C

1

= Y

a;C

2

; X

b;C

2

= X

b;C

3

;

Y

b;C

2

= Y

b;C

3

; X

c;C

1

= X

c;C

3

; and Y

c;C

1

= Y

c;C

3

.

6.0.4. Extr ane ous solutions. While the set of equations th us obtained for solv-

ing the cluster C is guaran teed to b e stable and algebraically indep enden t, and

their solution set will b e �nite con tain all the v alid realizations of C , some of the

solutions obtained ma y not b e v alid. Consider the follo wing example:

F or the 2D example in Figure 26, the o v erlapp ed part of C

1

and C

2

consists

a; b; c . After ESM p erforms the ab o v e assignmen t metho d of o v erlap equations for

C

3

, one p ossible c hoice of o v erlap equations could b e: X

a;C

1

= X

a;C

2

; Y

b;C

1

= Y

b;C

2

;

X

c;C

1

= X

c;C

2

.

Retaining C

1

's co ordinate system for C

3

, the rotation/translation of C

1

is �xed

to b e the iden tit y hence the left hand sides of the ab o v e equations are constan ts.
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d

C1 C2
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d e

b
a
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c'
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Figure 26. A 2D example with extraneous solutions

The righ t hand sides are expressed in terms of the 4 nonzero rotation/translation

v ariables (2 translations and the sine s and cosine c of the rotation angle) of C

2

,

whic h need to b e solv ed for. Setting the fourth equation to b e s

2

+ c

2

= 1, the

algebraicSolv er is called on the 4 equations in 4 v ariables. There is only one v alid

solution for C

3

for an y giv en c hoice of solutions for C

1

and C

2

. Ho w ev er, Tw o

solutions are returned, but in one of them, the lo cations of a and c in C

1

do not

matc h the lo cations of a and c in C

2

(although their X co ordinate v alues matc h).

Hence the v arious solutions of the curren t cluster C (assuming �xed solutions

for the c hild clusters) need to b e insp ected and extraneous solutions discarded.

6.0.5. Stable algebr aic systems in the pr esenc e of over c onstr aints and c onstr aint

dep endenc es. Ov erconstrained clusters C fall in to t w o t yp es that are handled dif-

feren tly .

The �rst t yp e of cluster is o v erconstrained according to the de�nition in P art

I, Section 2 and can b e detected using a traditional dof analysis. F or suc h c om-

binatorial ly o v erconstrained clusters C , o v erconstrain ts are �rst reduced using the

metho d giv en [ HSY04 ]. Inductiv ely , solv ed c hild clusters are assumed to b e w ell-

constrained. The ab o v e metho d of partitioning o v erlap constrain ts for w ellcon-

strained clusters is then applied. Once the solutions are returned b y the algebraic-

n umeric solv er, these discarded equations are c hec k ed and only those solutions that

satisfy them are retained.

The second t yp e of o v erconstrained cluster is also generically o v erconstrained

but the source of the o v erconstain t is constrain t dep endence. See Figures in Sec-

tion 1 and description in Section 4, explaining the \bananas" problem, and ho w

a go o d DR-planner marks these as constrain t dep endences to b e \handled with

care" during solving. In some of these cases, the left hand sides of these equations

are dep enden t and the righ t hand sides do not re
ect the same dep endence. W e

illustrate with an example ho w stable systems of equations are built in this case.

F or the 3D example in Figure 25(middle, with DR-plan sho wn on righ t), the o v er-

lapp ed part of C

1

and C

2

consists of b; c . When ESM builds the algebraic equations

for solving C

3

, as discussed ab o v e, it w ould obtain 6 equations for b and c in the

o v erlapp ed part and 1 equation for the distance constrain t b et w een a and d : 7 equa-

tions but only 6 v ariables corresp onding to the rotation/translation of C

2

in to the

co ordinate system of C

1

, c hosen as the home cluster, to b e the co ordinate system
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of C

3

. In fact, w e obtain 10 equations including 3 of the form s

2

+ c

2

= 1 and 9

v ariables including the s 's and the c 's.

T o solv e the problem, the follo wing mo di�cation is made to the metho d used b y

ESM. F or the v ertices in the o v erlapp ed part of t w o c hild clusters, ESM �rst c hec ks

whether the distances in the lo cal co ordinate of eac h c hild cluster are consisten t

(equal within a tolerance). If not, the cluster is returned as inconsisten t or unsolv-

able. If they are, ESM assumes there is one distance constrain t b et w een the t w o

v ertices in the o v erlapp ed part and con tin ues in the usual w a y , i.e. it only obtains 5

equations for the o v erlapp ed part, since it is a rotationally symmetric trivial cluster.

6.1. Incorp orating Na vigation constrain ts. Na vigation constrain ts can

b e used to con v ert the ab o v e ESM metho ds of user-directed na vigation and bac k-

trac king in to a (tractable) automatic searc h for desired solutions for an y cluster of

the DR-plan. These constrain ts can either b e giv en apriori or in teractiv ely during

a user-directed na vigation, to prune o� the realizations of the DR-plan's clusters

encoun tered th us far.

Lev eraging the mo dularit y of the ESM metho d discussed ab o v e - i.e., its sepa-

ration from the DR-planner, and its applicabilit y to an y input DR-plan (generated

b y an y metho d) - p ermits metho ds dev elop ed along with other DR-planners for

incorp orating na vigation constrain ts - to b e transferred practically unc hanged to

the F A DR-planner and the ESM metho ds discussed ab o v e. W e describ e the t w o

common t yp es of na vigation constrain ts b elo w.

One t yp e of constrain t used for na vigation or pic king out desired solutions for

an y cluster of the DR-plan are Relational or Engineering constrain ts whic h t ypically

relate metric parameters of one constrain t with that of another without �xing an y of

them. F or example, the sum of the squares of 3 distances (b et w een 3 pairs of p oin ts)

could b e forced to a constan t; or the tangen t of an angle (b et w een t w o lines) could

b e forced to the ratio of some pair of distances (b et w een 2 pairs of p oin ts), etc. A

metho d for incorp orating these t yp es of constrain ts in to a Shap e Recognition (SR)

DR-planner (see Section 3) is giv en in [ FH97 ] for triangle decomp osable systems).

The other t yp e of common na vigation constrain ts are c hiralit y [ F ud95, FH96b ],

also called order t yp e, and related orien ted matroid constrain ts. Chiralit y con-

strain ts can b e inferred from the input sk etc h. They describ e relativ e orien tations

of the ob jects in the input sk etc h. F or example, for p oin t ob jects, they assign signs

to the D + 1 b y D + 1 determinan ts of the homogeneous co ordinate matrices ob-

tained from eac h set of D + 1 p oin t ob jects. I.e, these constrain ts are D + 1 degree

p olynomial inequalities. These corresp ond to a complete orien ted matroid sp eci-

�cation. Alternativ ely , a partial orien ted matroid sp eci�cation could b e sp eci�ed

b y the user: these assert in tersection or separation of certain pairs of con v ex h ulls

of the p oin t ob jects (called resp ectiv ely circuits and co-circuits in orien ted matroid

terminology). F or example, t w o line segmen ts could b e constrained to in tersect, or

a p oin t could b e forced to lie in the con v ex h ull of some other set of p oin ts. These,

to o could b e written as p olynomial inequalities. Dep ending on their degree, only

adho c approac hes are kno wn for dealing with these constrain ts and these w ork for

an y DR-plan. See Section 9.
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7. Dealing with inconsistencies and am biguities

Here w e discuss metho ds for dealing with com binatorially o v erconstrained and

underconstrained systems. Ov erconstrain ts caused b y constrain t dep endences suc h

as the \bananas" problem are discussed in Section 4.

7.1. Underconstrained systems. Underconstrained sk etc hes arise often in

practice. In fact, as explained in Section 3, the complete set of maximal w ellcon-

strained clusters of underconstrained systems can b e read o� as the \sources" or

\ro ots" of a FR ONTIER 's DR-plan [ Sit04b ], [ LS04 ]. F or underconstrained sys-

tems, FR ONTIER also pro vides a sequence of exhaustiv e lists of constrain ts(t yp es,

not v alues) that can b e generically added (a so-called c ompletion ) without making

the system o v erconstrained. This w as implemen ted in [ Sit04b ] (2001 v ersion for

general 2D constrain t systems, 2002 v ersion for a small class of 3D constrain t sys-

tems, and b y the 2003 v ersion for most 3D constrain t systems). A pro of of wh y this

metho d w orks is giv en b elo w. As p oin ted out in P art I, Section 1, this should b e

compared with a metho d for obtaining completions for the class of triangle decom-

p osable 2D constrain t systems whic h is the sub ject of the pap er [ JASR VMVP03 ].

Claim: Let S b e the set of ro ot or source clusters of a DR-plan of a 3D or 2D

constra in t graph G output b y FR ONTIER. The new constrain ts that can b e added

without making an y of the clusters (more) o v erconstrained are exactly those new

constrain ts that relate clusters in S , i.e., those constrain ts that are not within an y

of the clusters of S .

Pr o of . As describ ed in Section 3, and pro v en in [ LS04 ], S consists of a complete

set of maximal clusters in G . Clearly adding a new constrain t within a cluster of

S will cause that cluster to b ecome more o v erconstrained than b efore. T o pro v e

the con v erse, assume to the con trary that one of the new constrain ts causes an

o v erconstrain t b et w een t w o clusters C

1

and C

2

in S . This w ould imply that either

C

1

[ C

2

w as a cluster b efore the addition of the constrain t, con tradicting the fact

that S consists of maximal clusters, or that C

1

[ C

2

con tains another w ellconstrained

cluster D as a subgraph, whic h o v erlaps b oth C

1

and C

2

(atleast one of the o v erlaps

m ust b e on a trivial cluster since C

1

[ C

2

is not a cluster) and D is not con tained

in either C

1

or C

2

. This con tradicts the completeness of S .

Once an y of these constrain ts is added, the F A-DR-planner can up date the DR-plan

(as describ ed b elo w) to p oten tially pro vide a new list of source v ertices, and a new

list of constrain ts b et w een them. This iterativ e pro cess ends when the DR-plan

has a single source v ertex, i.e, when the system is w ellconstrained. The pro cess

giv es the sequence of lists required b y P art I, Section 3 to obtain a w ellconstrained

completion of the input underconstrained system.

T o obtain the realizable in terv als of metric v alues asso ciated with these con-

strain ts is a more di�cult problem and is related to the question of describing and

na vigating the in�nite solution space of underconstrained systems (see Section9).

Ho w ev er, for the CAD application, there are e�ectiv e heuristics to infer these v alues

[ FH97 , SAK95, Y ua99 ] from the input sk etc h of the constrain t system.

7.2. Ov erconstrain ts. Detection of com binatorially o v erconstrained clusters

is ac hiev ed b y man y DR-planners, including [ LM96 ], [ HC01 ], and a mo di�ca-

tion of [ P ab93 ] describ ed in [ HLS01a ]. See the message in Figure 7. Ho w ev er,
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Figure 27. Left: unoptimized DR-plan of G 1 in Figure 11, after

reduction of edge (1 ; 7); mo di�cation path is mark ed; Middle and

Righ t: t w o optimization steps

e�cien tly utilizing the DR-plan to isolate the minimal but complete set of o v er-

constrain ts that can b e deleted, and e�cien tly up dating the DR-plan after deletion

ha v e b een addressed only recen tly in [ HSY04 ]. Most solv ers ask the user to re-

mo v e constrain ts in an o v er-constrained situation but giv e p o or guidance whic h

constrain ts to delete. The metho d in [ HSY04 ] is based on sho wing that there is a

unique, w ell-de�ned set of r e ducible constrain ts that can b e deleted without making

the graph underconstrained. See Figure 27.

The metho d is further based on k ey prop erties of the F A-DR-plan and giv es an

e�cien t (generally linear time) solution that retains full generalit y and moreo v er:

(i) T ra v erses the giv en DR-plan top do wn to incremen tally output this unique set of

constrain ts in rev erse solving order, minimizing the need to solv e again previously

solv ed p ortions of the DR-plan;

(ii) Selects constrain ts from those parts of the constrain t system that the user iden-

ti�es;

(iii) Isolates information that can b e routinely stored and main tained as part of the

DR-plan, making the ab o v e pro cess ev en more e�cien t; and

(iv) Automatically up dates (see Figure 27) the DR plan with optimal reorganiza-

tion, once one of the reducible constrain ts is remo v ed, whic h ma y cause man y lo w er

lev el clusters of the DR plan to b ecome underconstrained.

This metho d is describ ed in [ HSY04 ] and is part of the FR ONTIER solv er

[ Sit04b ]. This metho d is purely com binatorial, deceptiv ely simple but mak es so-

phisticated use of the F A DR-plan and hence requires an in tricate pro of of correct-

ness.

8. E�cien t Up dates and Online Solving

8.1. Up dating a solv ed constrain t system. W e discuss the question of

e�cien t up dates to the solution of a geometric constrain t system (the output in

Section 2), giv en incremen tal up dates to an y p ortion of the input in Section 2.

As it is to b e exp ected, a go o d DR-plan can b e used as a datastructure to

systematically realize e�cien t up dates and also to analyze e�ciency . Similarly , a

go o d DR-planner (Section 3) and ESM metho d (Section 5) can b e judged b y their

clarit y and e�ciency in handling up dates.
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Before the DR-planning problem w as formally de�ned and the qualit y and

p erformance of DR-plan structure sho wn to b e crucial for the en tire geometric con-

strain t solving pro cess in [ HLS01a ], the question of up dates w as mostly ignored.

Moreo v er, since the constrain t systems are often simple and triangle decomp osable,

with e�ectiv ely linear DR-plans whose subsystems w ere of small size and t ypically

in v olv ed solving a single quadratic equation, those constrain t solv ers suc h as [ Ow e ]

that p ermit up dates, implemen t them b y simply redoing the en tire system from

scratc h. F or general 3D constrain t systems and more complex DR-plans, this ap-

proac h is in tractable.

The prop erties of F A DR-plans in conjunction with the mo dularit y and clarit y

of the ESM metho d describ ed in Section 5 [ SAZK04 ], can b e used to p erform

e�cien t up dates [ OSMA01 , Sit04b , Sit04a ].

W e brie
y describ e sev eral p ossible input up dates: for eac h, w e list whic h p or-

tions of the output need to b e up dated and in what p ossible w a ys, and sk etc h

metho ds to do so. In FR ONTIER's up date mo de, c hanges to the input are al-

lo w ed at the end of the DR-planning phase, or at an y p oin t during the solving and

na vigation phase of the ESM. See Figure 28.

8.1.1. Changing Constr aint V alues. The �rst and simplest case is c hanging the

metric v alue of a constrain t e . In this case, no DR-planner is in v olv ed. F urthermore,

let C b e the activ e cluster where e is resolv ed (i.e., e is a constrain t relating c hild

clusters of C ). The only relev an t clusters whose realizations will c hange (for whic h

the algebraicSolv er needs to b e called again) are those ancestors on the unique

path from the activ e cluster C to a source or ro ot cluster of the DR-plan. In the

generic case, there will b e no c hange in the classi�cation of an y cluster, or c hange in

the n um b er of realizations of an y cluster, or the realization-c hoices of non-relev an t

clusters (in order to ensure a solution of the en tire system). Hence in the generic

case, the up date simply requires the ESM to resolv e and na vigate the realizations

of the relev an t clusters, k eeping all other realization c hoices �xed.

See Section 4 for a discussion of nongeneric cases and earlier in this section for

the underconstrained case where e has no activ e cluster (it relates 2 source no des

of the DR-plan).

8.1.2. A dding a Constr aint. Constrain ts are t ypically added to con v ert an un-

derconstrained system in to a w ellconstrained one. See Section 7.1.

Adding a constrain t could require the in v olv emen t of the DR-planner. since in

this case, the classi�cation of the clusters as w ell as the en tire system could c hange.

I.e, these clusters could no w b ecome (com binatorially) generically o v erconstrained

if they w ere w ellconstrained b efore or the en tire system could no w b ecome w ellcon-

strained if it w as underconstrained b efore. The former case is immediate to detect.

The latter case requires the in v olv emen t of the DR-planner. This can b e view ed

simply as a con tin uation of F A's DR-planning pro cess from b efore the addition of

e : no w e will ha v e to b e distributed in the �nal 
o w graph con taining the source

clusters of the DR-plan b efore the edge w as added; and the DR-plan will ha v e to b e

up dated with an y new clusters found. F or this purp ose, the �nal 
o w assignmen ts

are retained in addition to the cluster structures in the DR-plan, at the end of the

DR-planning phase.

Once the DR-planning phase of the up date is complete, the ESM's solving phase

pro ceeds as describ ed in the previous subsection on c hanging constrain t v alue since

again, the only clusters a�ected b y the addition of a constrain t e are its activ e and

relev an t clusters in the new DR-plan.
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8.1.3. R emoving a Constr aint. The �rst case for constrain t remo v al is to con-

v ert an o v erconstrained system in to a w ellconstrained one. This requires the in-

v olv emen t of the DR-planner and could signi�can tly c hange the DR-plan and its

clusters at ev ery lev el, since man y of the previous clusters ma y no w no longer b e

w ellconstrained. The metho d of Section 7 [ HSY04 ] ac hiev es this with the minimal

disruption.

Since the metho d already deals with previous clusters b ecoming undercon-

strained, it directly extends to the second case of constrain t remo v al when the

en tire w ellconstrained system b ecomes underconstrained.

A third case of constrain t remo v al causes a com binatorially o v erconstrained

or ev en w ellconstrained system to no w dev elop a constrain t dep endence as in the

�gures describing the bananas problem in Section 1. Ho w ev er, if no other c hanges

are made, the system con tin ues to ha v e the same set of realizations.

Since constrain ts ha v e only b een remo v ed, all the previous solutions of the

the constrain t system remain. This is true of an y unc hanged cluster in the DR-

plan. Ho w ev er, constrain t remo v al c hanges the DR-plan signi�can tly , as describ ed

in Section 7, and hence the na vigation of the solution space b y the ESM w ould ha v e

to b e redone atleast for all the new clusters in the DR-plan.

8.1.4. A dding or R emoving a new obje ct or fe atur e. Addition is handled b y

putting the new ob ject (and constrain ts relating it to the existing ob jects) in the


o w graph as an undistributed cluster along with its undistributed inciden t edges

e ; and adding the ob ject to the DR-plan as a new source v ertex. No w the metho d

reduces to the \Adding a constrain t" metho d discussed ab o v e for the undistributed

edges e .

Remo v al is handled b y simply remo ving the constrain ts that relate the ob ject

to the remainder of the constrain t system (using the metho d ab o v e).

Adding a new feature to the input decomp osition relies on details of the metho d

describ ed in [ SZ04a ], incorp orated in to the F A DR-planner and can also b e found

in [ Sit04b , Sit04a ]. Remo v al of a feature in v olv es direct remo v al of those clusters -

that ha v e no w b ecome inessen tial - from the DR-plan. The pro cess do es not in v olv e

the DR-planner.

Note : none of these up date metho ds attempt to preserv e optimalit y of the DR-

plan, i.e, the sizes of the clusters ma y not b e optimal once the up date is complete

and is hence not sustainable for large n um b er of up dates. See op en problem in

Section 9.

8.2. Solving a geometric constrain t system online. The problem of on-

line solving is the follo wing: as the user inputs (sk etc hes) eac h geometric primi-

tiv e and constrain t of the input constrain t system and eac h feature of the input

decomp osition, the output - corresp onding to the subsystem sk etc hed so far - is

immediately a v ailable to the user for insp ection. This is a di�cult question since

partially input constrain t systems are often underconstrained and realizing those is

a a di�cult problem. See Sections 7 and 9. The di�cult y is ho w ev er ameliorated b y

the fact that while the the online solving and partial output pro cess need to b e fast

and inexp ensiv e, some incorrectness and incompleteness can b e tolerated, since the

partial output is usually only mean t to guide the user and the errors will b e recti�ed

when the input is complete and the (correct and complete) o�ine algorithm is run.

The t ypical approac h to online solving is to run an inexp ensiv e simplesolver

metho d that attempts to extend or mo dify the displa y ed solution - of the subsystem
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Figure 28. Up date p ossibilities sho wn on pull do wn men u { up-

dates are p ossible after the DR-planning stage, during the na viga-

tion and after the �nal solution is displa y ed

input so far - to include the newly added geometric elemen t or constrain t. This

metho d m ust handle highly underconstrained systems in a simple, ligh t w eigh t, lo cal

fashion, c ho osing an adho c extended or mo di�ed solution that is as close as p ossible

to the input sk etc h of the constrain t system. If the simplesolv er is unable to extend

or mo dify the curren t solution, then either it outputs the closest appro ximation it

can �nd, or it then calls the o�ine algorithm to p erform the up date and displa ys

the extended solution th us obtained. In the online setting, �nding a solution close

to the app earance of the input sk etc h is t ypically imp ortan t, and the o�ine up date

pro cess m ust include it as a na vigation constrain t, see Section 8 and Section 5).

The b est p erforming online simplesolv er (for 2D and sp eci�c class of \pip e

routing" 3D systems), to date is the proprietary commercial D-cub ed solv er of

[ Ow e ]. FR ONTIER's simplesolv er [ OSMA01 , Sit04b, Sit04a, JJO04 ] w orks

only for 2D and iterativ ely switc hes b et w een t w o metho ds. Metho d (i) handles

parameterless or nonmetric constrain ts suc h as incidence, tangency , etc. as w ell

as angle constrain ts [ JJO04 ] (ignoring distance constrain ts) and uses non trivial

observ ations lev eraging dep endencies of angle constrain t graphs. See Figure 29.

Metho d (ii) is a simple, rep eated use of the triangle inequalit y that handles distance

(ignoring angles and nonmetric) constrain ts.
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Figure 29. Simplesolv er that handles angle and incidence con-

strain ts online

9. Op en Problems, Related areas and tec hniques

9.0.1. Inade quacy of c ombinatorial classi�c ation. This is a longstanding op en

problem in the rigidit y theory (see [ GSS93 ]) with man y conjectures and heuristic

approac hes but no satisfactory solution; an y impro v emen t is desirable: giv e a com-

pletely com binatorial c haracterization (and asso ciated p olynomial time algorithm)

for determining if a constrain t graph is generically rigid, i.e, w ellconstrained, o v er-

constrained or underconstrained. The problem is op en not only for 3D systems,

but also for 2D systems other than those that con tain only p oin ts and distances,

for example for those that include angle and incidence constrain ts.

9.0.2. Under c onstr aine d systems. This is another longstanding op en problem to

obtain a satisfactory description and systematic na vigation of the solution spaces

of underconstrained systems. This is related to the con�guration spaces of gen-

eralized 2D and 3D mec hanisms and to rob ot arm (in v erse) kinematics with wide

ranging applications including new er ones suc h as molecular mo deling [ JRKT01,

CH88 , CNS ] The problem has b oth com binatorial and algebraic underpinnings.

The algebraic part is related to roadmapping real algebraic v arieties arising from

geometric constrain ts and also to geometric groups and Lie algebra tec hniques.

A recen t in v estigation could shed new ligh t on the problem and w as kic kstarted

b y a pro of of [ CDR03 ] of the Carp enter's rule conjecture that a p olygonal link age

can b e con v exi�ed without self-in tersections. Crucial to the pro of is the natural,

but clev er use of a standard (rigidit y based) formalization the concept of exp an-

sive motions . A constructivization of these expansiv e motions w as pro vided b y

[ Str00 ], whic h in tro duced highly v ersatile structures called pseudotriangulations

(w ellconstrained completions of 2D p olygonal link age mec hanisms whic h are highly

underconstrained systems). These ha v e b een used to elucidate sev eral questions

[ ARSS03 , HOR

+

03 , RSS02 , RSS03 , Str03 ] related to rigidit y , top ological

constrain ts on con�guration spaces of simple 2D mec hanisms and promises [ SW ]

a com binatorial rigidit y approac h to 3D rob ot arm kinematics, molecular mo deling

etc.

9.0.3. Ine quality c onstr aints and navigation c onstr aints. The ab o v e men tioned

problem of describing in terv als of realizable distance v alues - for underconstrained
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systems - is related to another longstanding problem of dealing with constrain t

graphs whose edges are giv en in terv als of distance v alues.

More generally , ho w to deal with constrain t systems whic h include �xed t yp es of

p olynomial inequalities? Highly structured p olynomial inequalities suc h as orien ted

matroid and c hiralit y constrain ts are used as na vigation constrain ts as men tioned in

Section 5 and while that section lists adho c metho ds of dealing with suc h constrain ts

whic h are e�ectiv e for limited 2D CAD applications, no formal, pro v ably e�cien t

metho ds are kno wn: these w ould b e necessary for more complex 3D situations.

9.0.4. Inverse pr oblem and glob al c onstr aints. W e consider the in v erse problem

of determining a go o d, minimal set of lo cal constrain ts to imp ose in order to in-

clude a desired set of solutions and exclude others. The desired set could ha v e b een

describ ed b y global constrain ts. This is a crucial problem related to the undercon-

strained or ev en w ellconstrained solution space na vigation problem and is related

to the o v erall issue of using constrain ts to represen t geometric comp osites.

A t ypical route is to �rst decide on whic h global constrain ts to imp ose and

then lo calize them. A classical example is symmetry c onstr aints . These are natural

in man y ph ysical applications as they corresp ond to minim um energy constrain ts.

These often force solution uniqueness and moreo v er p ermit the reduction to a lo cal

constrain t system. Moreo v er, symmetry often forces an otherwise underconstrained

system, with in�nitely man y solutions, to b ecome a w ell-constrained system with

few solutions.

The �rst c hallenge is in describing the group of symmetries to imp ose up on the

comp osite and the second is to reduce it in to a system of lo cal constrain ts. These

are indep enden tly in teresting researc h problems in computational in v arian t theory

and automated geometry theorem pro ving , sp eci�cally concerning ideal mem b ership

and alternativ e sets of generators.

9.0.5. T op olo gic al and Assembly c onstr aints. Assem bly constrain ts are of t w o

t yp es: one t yp e explicitly imp oses a partial order on the w a y the constrain t system

is solv ed, i.e., an input design decomp osition along with a priorit y order imp osed

up on its no des whic h represen t subsystems. As p oin ted out in Section 3, one of the

main adv an tages of the FR ONTIER constrain t solv er is its abilit y to generate a

DR-plan that incorp orates suc h input decomp ositions [ SZ04a ] and priorit y orders.

The other t yp e of assem bly constrain t only implicitly imp oses suc h an order: it

concerns in tersections that m ust b e a v oided during the pro cess of assem bly . These

are e�ectiv ely top ological constrain ts on paths in the con�guration spaces of the

subassem blies. T ogether with natural assumptions ab out starting con�gurations,

an assem bly (partial) order can b e computed.

As men tioned earlier, the primary use of the pseudotriangulations in tro duced

in [ Str00 ] is to guaran tee expansiv e in�nitesimal motions to deal with top ological

constrain ts on paths in the con�guration space of an 2D underconstrained system.

Generalization to 3D of constructions that guaran tee expansiv e motions w ould b e

highly desirable. Initial e�orts can b e found in [ SW ]

9.0.6. Optimal DR-planning. As p oin ted out in Section 3, the problem of �nd-

ing an optimal DR-plan - i.e., one that minimizes the size of largest subsystem

(minimizes the max fan-in of the DR-D A G) - is NP-complete. No guaran teed

(deterministic or randomized) appro ximation algorithms (or nonappro ximabilit y

results) are kno wn except for sp ecial cases [ LS04 ].

9.0.7. A nalyzing Up dates and E�cient Online op er ation. Detailed metho ds

ha v e b een presen ted in Section 8 to the question of e�cien tly up dating the solution
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of a constrain t system to re
ect incremen tal c hanges in the input. The metho ds

use the F A DR-plan as a crucial datastructure. Ho w ev er none of the metho ds at-

tempt to preserv e optimalit y of the DR-plan. As a result of whic h, the metho ds

\tolerate" only a limited n um b er of up dates: to restore optimalit y , the DR-plan

has to b e re-constructed and its clusters resolv ed from scratc h p erio dically . More

sophisticated up date metho ds and (p erhaps amortized) analysis is called for.

No e�cien t online 3D constrain t solv ers curren tly exist. They require 2 ingre-

dien ts: e�cien t, accurate, o�ine up dates (discussed ab o v e); and fast, inexp ensiv e

simplesolv ers that obtain an appro ximate solution of a (highly) underconstrained

system (sp ecial case of a problem discussed b elo w); in particular, they extend an

existing solution to an underconstrained system when a constrain t or geometric

elemen t is added.

9.0.8. R ep e atability and Persistent Naming. A problem with sev eral of the con-

strain t solv ers discussed here is that t w o di�eren t, nonisomorphic output DR-plans

(and hence the solution space na vigation pro cess) could b e obtained for the same

input constrain t system during 2 di�eren t sessions, simply b ecause the geometric

elemen ts and constrain ts w ere input in a di�eren t order and considered b y the DR-

planner in a di�eren t order (or p erhaps b y a di�eren t sequence of up dates) Rep eata-

bilit y is desirable: i.e., to ensure that the DR-planner outputs isomorphic DR-plans

DR-plan for isomorphic constrain t graphs. Ev en more desirable w ould b e a sys-

tematic manner in whic h the user could c ho ose one out of sev eral nonisomorphic

DR-plans. The abilit y of a DR-planner to handle an input design decomp osition

helps, since this restricts the p ossible output DR-plans to those that incorp orate

the input design decomp osition, but it is not adequate.

One tec hnique to handle this problem is to solv e the problem of p ersisten t

naming : i.e., the constrain t solv er �rst renames or ren um b ers the v ertices and

edges of the input constrain t graph t ypically based on their lo cal neigh b orho o d

information. Regardless of the input ordering of the v ertices and edges, the pro cess

results in the same ren um b ering.
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