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I. Introduction

Graham [8] devised a convex-hull algorithm
depending on an initial ordering of the ghven set of
points. Varkations of his method giving increased efTi-
clency have been described by Koplowitz and Jouppl
[11] and by Anderwon [2]. The purpose of the present
note is to Introduce another ordering algonithm which
offers a further improvement in elficlency. Fint it ks
necessary (o review some other developmenis in con-
vex-hull algorithms (o demonstrate that ordering
algorithms are still worth considering.

The algorithm due to Jarvis [10] is usually repre-
sented as requiring a number of operations which ks
{mn ) where n is the namber of points In the given
st and m the number of udes of the convex hull. In
fact this result s for a preliminary form of the algo-
rithm which is then improwed by the incorporation
of a polntdeletion process. (Akl [1] shows that the
pointdeletitg feature b actually essential.) Analysis
of e ef of the improved algorithm b some-
what difficul{. The upperbpund result only thows it
to be preferible 10 an ordering algorithm when m fs
partigtilurly small and experience Indicates It Is not
mode llkcient in peneral.

The algorithyn of Preparata and Hong [12], in it
tso-dimendonal form, Is not claimed to be more effl-
chent than an ordering algorithm, though for large n
It Js oafy lews efficient by a multiplicative constant,

The algorithm of Eddy [5,6] (see also [9]), 1o
which that of Bykat [4] is similar, Is cliimed 1o repre-

I an [mprovemnent on ordering algorithma, The
s of this claim requires carelul comideration. An
spproximate analysb of the time requirement of his
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version of the slgonithm is given by Bykat, based on
an assumption that the algorithm ks at its worst when
all of the given points are vertices of a regular poly-
goo. Fournier [7] shows this assamption 10 be false
and describes another distribution of the potats for
which the algorithm would have a running time of
O(n?). This worst <ase distribution Is special and im-
probable; Eddy considens operation of his verion on
same more realistic types of distribution.

The time taken by Eddy's algorithm bs determined
by the number of repetitions of an operation which
tests whether a point is above or below a line It b
shown that this number bs never greater than ma, the
upper bound for the number of opgrations (of a dif-
ferent kind) required by the Jarvis algorithm.

Comparison of the Eddy algorithm with ordering
alporithms depends on empirical data from triaks on
random sets of points ranging in sizre from 10 to 1000
and distributed in various ways in the plane.

Where the points were all on the boundary of a
circle the algorithm performed rather poarly. For all
of the other distributions used it was found that the
number of repetitions of the operation was consider-
ably smaller than n log;n and became 3 umaller frac-
tion of it with increaing n. Let k be this fraction, o
that the number of repetitions for some et of points
is kn logyn. Then values of k, averaged over the lour
types of distributlon for which the algorithm s
claimed to be muperior, are calcolated from Eddy's
data as follows:

n 10 a2 100 116 1000
k 0632 0802 0492 D345 0337
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In 20 ordering algorithm the ordering process
alone requires n logyn operation. The Lime require-
ment of Lhe other part of the algorithm s O{n), so
fot sufliciently Lurge m [t becomes neglighle In com-
parison. For Lape n, therefore, the comparison b
between the time requirements of n logyn repetitions
of the batk operation of a worting proces and
kn lbogyn repetitions of the basic operation of Eddy’s
algorithm. The baske operation of Eddy’s algorithm
bs much more time-consuming than that of a sorting
proces, dnce il requires a maltiplication and an 33di-
lon (ellowed by a comparison, where the Latter
requlres a comparison oaly. If, 31 bs Likely, the baske
operation of Eddy’y algorithm takes foar times a3
long as the baske operation of a sorting procen, his
algorithm becomes more ¢flicient than a swortlog one
oaly when K (alls below 0.25,

The values for k tabahied above do not allow
coalident extrapolation to higher valuss of a. How-
ever, the closenen of the List two valosy sugpests that
k mury converge Lo a [imit greater than 0. It follows
that the alleged spsriority of Eddy’s algorithm has
nod been eutablished, and ordéring alporithms are still
worlh condddering.

A furiber fmportant development s doe to
Bentley and Shamas [1]. They show that a wont-case
time requirement of O{a log n) bs Inescapabls, but
they describe a method which achieves an expectod
timne requirement of O{a). Their method mut obvi-
oy be the method of cholce for Lurpe =, bat it
dost not eliminale interest n earlier methods, ince
it requires some other methesd 1o be applicd repeat-
edly 1o subsets of the grven set of poinis Any Improve-
menl [n the efMiciency of the embedded algorithm
mun prodace some Improvement n the efflicency of
the overall procems.

1. Craham-{ype algorithmm

The ordering alporithms have three parts:

{a) evaluation, for ¢ach of the m polnis, of a fans-
tion of postion to be wed in ordering,

(b) the ordering proces, and

() za lieraibve process Lo eliminate points which
are nof vertkces of the convex hull,

The time requirement of (b) b Ofn log n), while
that of (a) l%"[l;] ks Q). Singe requinement (b)
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dominates for large m it I kmportant that the com-
parisons 10 be made during crdering are of simple
nambers and pot, flor example, of gradients combined
with integers indicating quadrant. The Lime require-
ment for (b) Is then the same for all the variations of
Graham's method, The lmprovements introduced by
Koplowitz and Jouppl [11] and by Andenson [2], a5
well a1 the Improvement Introdoced here, affect oaly
the O{n) requirements of (3) and (c).

Koplowitz and Jouppl suggest that the function
compated in (a) should be a gradient, requiring a
sngle operathan of division fo Its evaluation. A fenc-
tion which is preferable since it combines the quadrant
Information and avold. the peed 1o deal gpecially
with Infinite gradient is that compated, for points in
the Mt two quadrants, a3 follows: .

if x>y then y/u olif x > —y
then 2 = xfy ebe d + y/x N1

Part (c) of the alporithm requires a number of
convexity tests which ks 2n b Graham's original algo-
rithm and dightly ke in the improved verdons. Each
teal requires two multiphoations. The requirements
of (2) and (¢) together, so Mar a3 the major arithmetls
operations are concerned, can therefore be reduced
to n divizbons and gpproximately 4o maltiplication,

). The new algorithm

A wiving can be achieved by climinating part (a) of
the algorithm altogether and ordering the polnls in
terms of one of the Carteslan coordinates, way the
y<oordinate. If there i more than one point having
the minimom y-valoe, the leltmos! and rightmost of
them are identified, and similarly if there b more
than one point having the maxkmum y-valoe, The
comvex hull has a kel gde foining the two lefltmost
points and a right tde joining the two rightmost.

The poénts are formed into two chaing, each off
which s then sabjected 1o an lterathe point-¢lming-
tion procen 10 that one of them comea (o reprovml
the left dde of the hull and the other the right dde.
The ntermediste points are allocated to one or other
of the chaim according Lo the dde on which they fall
of g line joining the loweil point (or any one of the
1t of lowesl points) Lo the highet point (of any one
of the set of higheit polnli).

u?r



Volums 9, mabey §

If & point has x<oordinate smaller than that of
the (ariherdeft end of the dividing line It b sdded 1o
the left-ude chain, aad conversely If its 2coondinate
i greater than that of the fanber-right end of the line.
Ouly if the x~oordinate (alli between those of the
@i of the kne, i ls necesary 1o carry oul a melt
plication In testing for dde of line on which the point
falle. The rumber of maltiplicstions 1o be carried owut
in allocating poinls to the two chaing s at most n — 2
aned weaally much len.

Since Lhe polnis are divided between the two
chaias the total number of multiplications required
in the two point <limination proceses bs tmilas 1o
what is required In the dagh polat «limina tion pro-
cent peeded in the other ordering alporithms, namely
a little besa than 4n. The new method can therefore
be said 1o eliminate the need for m divisions in pant
(1) of one of the earlier algorithma, at the cost of
introducing an extra requirement for a number of
el tiplications which Is potl more than n — 2 and s
wsaally mach less. Since Moating-poéat division In
some machines takes dgnificantly longer than Noati
point maltiplication there bt § potential galn In efll-
CHnCY. .

4. Conclovon

It has been shown that ordering algorithm are
still worth considering a3 efficient meany of deter-
mining two-dimenbonal convex hulls, and a pew ¢fTl-
clenl varlation has been described,

A further saving ln expected time could be
uhhmdbyuﬂwﬂmmhhmnm of Eddy"
agorithm with a sorting algorithm. Such an algorithm
might start by scanning the given set of points 1o
locate the four having extreme valoes of each of the
fwo coordinater. Then the pointi would be scanned
igain (o eliminaté those which were inside the quadri-
Literal having the four selected polnts as vertices. The
time requiremeni of these two scant s O{n). Then an
ordering alporithm could be applied 1o determing the
bull of the redeced st of points, which would be the
=xme a3 that of the (ull set. If the proportion of
ponts remaining in the redoced set b not strongly
dependent on m, the time requirement of the hybrid

s
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algorithm b still O(a log n) for larpe m, bat it s more
effickent than an ordering algorithm by » multiplicy-
Live constant. x

The method can be extended by letting the nom-
ber of extreme points selected be more than four,
and eliminating poiats from the ingde of the corre-
sponding polypon. The optimal mumber of selected
points meat be a function of n, the total pumber of
pontL

Extension of the hybrid algorithm so that the
pamber of wlected points bs sstomatically chosen as
a function of m offers the possibility of an algorithm
whose ssymptotic expected time ks other than
Oxn log n). Farther study bs necessary 1o determine
what ssymptotic behavioar can n fact be achieved
and thus whether this spproach can rival that of
Bentley and Shamos [1].

Acknow ledgment

I am indebisd 1o the referee of Information Pro-
cessing Letters for bringing several recent references
ta my potice, and (o my wife Joyoe whose work on 3
statbitical problem brought the comvex-hall problem
Lo my notkce.

Referenon

1] 5.G. AkL Two remarky o2 8 cosven ksl algorithe,
I=formation Procesdag Lett 8 (1574) 108-109.

121 me-mﬁma-ﬂmm
for detereining the comvr ksl of o Minfte plasar wrt,
Informytion Processing Lete. 7 (1578) $1-45.

[3] )L Benticy und M1 Shumes, Divide snd comguer [
e e e, Iaformation Froorsing Lo, 7
(1970 B7-91.

[4] A. Bykat, Conven ball of a finite wt of poian is rws
dimrasons, [aformation Procening Lett. 7 (1975)
-2

[3] W.F. [ddy, A mew comwry hall aiporithe, for plasar
wein, ACM Trass Math, Softwas 3 (1977) 398401
[€] W.F. [ddy, Alporithe $23; Comven, ACM Trase Math

Sofrware J (19T} 411412
[?]Lfmh,fmumhld;fhhﬂ
of poits in Two disesvom, [nfarmution PFrocendsy
Lete. B (197%) 173,
[§] RL Gratum, An effickent algoritha for Setermining
et comwey ball of & M= wrt, lnformation Pro-
orssing Leri | (I972) 132-13).



Voleme 9, ssmber § INFORMATION FEOCTSSING LETTLRS 16 December | %79

[9] PJ. Green sl B W, Siwermss, Cosstracting the convey [11] ). Koplowiu = D Josppl, A more efliceat comvn

Hﬂllﬂﬂpﬁ'-ﬂhw_fml.n bl alporithes Iafarsation Mrooesing Lett 7 (1978)
(1977 262 -244. o $6-31.

(10] A, Jervis, Om chor dedem tiflca tion of the cosvry ball of [12] FP. Frwparats ssd §J. Hosyg, Cosvex ball of Meits sy
a Meise wri of polais b dee plase, Laformation Pro- of poimts in two and three dissensions, Comm. ACM
arming Leti. 2 {1970) 18-11. 0 (1577) §7-9),

M
219



