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Grven a fmite set S =1y, . .. 5,) in the plane, it
is frequently of interest to find the convex bull
CILS) of 5. In this pote we describe an al gorithm
which determines CHLS) kn po more tha (o log n)/
Cog 2) * cn “operation™ where ¢ Is 3 gmall posdine
constant which depends spon what ks meant by an
“operation”.

The algorithm we pive determines which pomis
of § are the extreme points of CH(S). These, of
coune, define CHLS). The algorithm proceeds n
. Ime stepa ;

Step I; Find a point P in the plane which ks in
the Interior of CHLS). Al worst, this can be done in
f,nurpubruﬂujrlumﬂnhundsfmcdu
nearity, docarding middle polats of collinew seis
#0d stopping when the fint poncollinear et (If there
Is one), tay X, ¥ and 2, Is found. P can be chose 1o
be the centroid of the trisngle formed by x, ¥ and 2.

Step 2: Express each i, € 5 In polar coordinates
with origin P and 0 = 0 In the direction of an b
trary fxed halfdine L from P, This converson can
be done In ¢y operations for some fixed constant
ry-
lﬁmJ;(HﬁHﬂpdrnlﬂipt apl(d;)ofl5 o
terms of increasing 0, . This bs well kncrwm ta be
sonsble ln ewsentially (n log m)/log 2 comparisons
(cf, [1]). We now have S in the form
S= [r; expliog)....rq @pliy,)) with
ﬂ-ﬁ;ll:...-:;.{hndr,?ﬂtd.m.uﬂm
tiat by the choice of P, ¢y _y vy < ¥ where (he
index addinion s modulo n. |

slgontho

Stepd: g = w4 then we may delete the point
with the smaller amplitude since li chearly camnot
be an extreme point of CHLS). Also asy polat with
#;= 0 can be deletod. We can eliminzie all thes
polnts in less than n comparisons, knd by relabelling

the remaining points, we can el
S* (e, expigg)- .. E5p Uiy, )] where
A<n -

Step 3: Start with three conseculive points in
S ay,ry exp (v Fiay P (ger b Mo expllg.gl
with ¢y <¥ye) < Vi o3 (6L lig 2). There we rwo
poaibiithes:

([} o+ > x, Then we delele the point
Fyey &P (g 4y ) from 5 since it cannot be aa &3-
treme polat of CHICS), and returm 1o the beginning of
siep § with the points ry exp (byy ). 7oy €2p Uspag )
Fiay =P [li‘.,z] l‘t‘plmdh.l‘*_l ﬁp{lﬂ,l}c
ry &P (v ) ryoq P Uiy, ) (wherr ke ices are re-
duced modalo n ).

Fig. 1.
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(1i) & + # < m. Return to the beginning of step 5
with the polnts ry exp (lyg ), Frep €XP Usga) ).
Fee2 5P (Igg, 3) replaced by ry oy exp (Ivg ),
Fie Elpli\ft-ﬂi Tied cxp {i;.‘.l]l‘ -

ﬁ:.r noting that each application of step 5 either
reduces the number of possible polnts of CHIS) by
one or Increases the current total number of points

of §' conddered by one, an easy Induction argument

shows that with less than 2n' [terations of step 5,

we must be left with exactly the subset of S of all
extreme points of CH(S). This completes the algo-
rithm.

The reader may find it instructive 1o consder a
gnall example of ten polnts or so. Computer im-
plementation of this algorithm makes it quite feasible
to consider examples with n = 50 000.

Fig. 2.
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