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coovex hall

l. Introduction

This paper presents an extremely simple algorithm
for Identifying the convex hull of a finite set of points
in the plane in essentially, at most n{m + 1) operations
for n points in the set and m < n points on the convex
hull In most cases (ar less than r(m + 1) operations
are necessary because of a powerful point deletion
mechanism that can easily be Included. The operations
are themselves trivial (computationally Inexpensive)
and consist of angle comparisons only. Even these
angle comparisons need not be actually carried out if
an improvement suggested in a later section is imple-
mented. Although Graham's algorithm (1] requires
no more than (nlogn)/log 2+ Cn operations®, the oper-
stions are themselves more complex than those of the
method presented here; in particular, Graham's
method would not be as efficient for low m.

2. Geometric interpretation

The undetlying method of the algorithm can be
described smply: find an origin point outside the
point set and swing a radius arm In an arbitrary direc-
tion until a point of the set ks met; this point becomes

* To quote Graham, =C ks o small positive constani which
depends on what ls meant by an ‘openation’”, Ia fixt.Cla
distribated over (he five bavke steps of Graham's algorithm
and kis paper thould be consmliad for detalled interprets-
hon.
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Fig. 1. Geometric interpretation of the algorithm,

the first point on the hull. Make this the new origin

point and swing a radius arm from this point in the

same direction as before till the next hull point is
found. Repeat until the points are enclosed by the
convex hull. Delete points from further consideration
if

(i) they have already been identifled as being on the
convex hull,

(if) they lie in the area enclosed by a line from the
first to the last convex hull point found and the
lines jolning the convex hull points in the sequence
found.

Fig. 1 Mustrates this geometric interpretation.
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The following potation ts adopted:
sSu(s), i(=1,2,n,
Is the Minite sei of points in the plane.
Srut'rlmrl’l
where X, and ¥, are the carteslan co-ordinates of the
ith point in the st
Step 1. Find an origin point outdde the set (for
enample by picking

<min (X} and ¥
"‘;'“{l:' cogn

=12 -un,

X ocen < m'hi (v}
(see fig. 2)).
Step 2. Find 53 wach that

Oor Smin (05), i=1.2.—m,

where 8, Is the angle measured with respect
1o a radial arm (rom the origin in an arbitrary
direction (e.g. anti-clockwise) from an arbitra-
ry zero outsde the sl (e.g horlzontal to right).
For equal minimem angles pick the poinl
closest 1o the origin.

Step 3. Shift origin 10 55 and repeat step 2 with con-
gatent angle direction and origin until flr
coavex hull point b re-found.

There will be {1+ 1) [terations of step 2 for 1 con-
wex holl points 1o that the number of angle evaluating

md comparing operations Is less than a(m ¢ 1), (Only

Pelf, ™= i3 cantuly |2 & recewsry
r‘H.1|-H.: corwes Pl (1o mced
et Ml engle maludos

Fig ). Polat deletion mackaniom,

(m~1) angles need be evaluated for each iteration

after the Mrr) Step 1 Is trivial and the compatational

cosl has not been included; in many cased a point out-
gde the sl may be known 2 priori” and would pot
have 1o be found.

In many cases, depending on the distnbation of
points in the given set, conzidenable compotational
wavinp resalt by including the lollowing deletion
check:

{2) After step 2 above has been completed once and
the Mirst convex hull point identified, evaluate and
store the angles of Lines fram the flrst holl paint
1o the (n = 1) other points in the set consistent with
whatever convention s sdopted for engle measure-
meniL

(b) Within step 2 after the first iteration: any point
whose angle calculated and stored above b lewa
than the mngle of the Loyt found comvex hull point
(adso stared above) cannot be a valid candidate for
a convex hull point end can be passed over for all
futare iterations of one algorithm (see fig J)

The dight extra complexity introduced by includ-
Ing (2) and (b) above can be very worthwhile for Large
n and evenly distributed pointy If however, mamy
points are clustered pear the Last comvex hall point, (a



b1 ) BA. Jerviz, The comvex hull of a fimite plancr wet

BBy 058y o
o wi'{1A%)

I
1‘!'

Fig. 4. Otwiating stual angle evnalsation.

somewhal unusual case) the advantage is lost (unlen
one reversey the direction of scan).

d. Improvements

It is possible to obviate the need (o actually cal-
culate the n{m + 1) angles of the basic algorithm by
keeping a four [tem list of opposite side/adjacent side
ratios (or the right angled triangles related to the angle
measared (see (ig 4):

Suppose angle are measured anticlockwise from
the horizontal to the right; first guadrant angles are
smaller than 2nd quadrant angles < Jrd quadrant
angles < 4th quadrant angles. By checking the signs of
(X~Xo) 64 (Y~ Yo, (= 1,2, —, n,quadrant deter.
mination can be made. Keep only the lowest ratio
(opposite side/adjacent side ratio for quadrants | and
3, laverse ratio for quadrants 2 and 4) for the lowest
rumbered quadrant yet detected while working
through the polats. In many cases the ratio dividon
will not be necessary because sign checks will be sufll-
clent 1o allow 3 polnt to be discarded. The smallest
ratio for the lowest quadrant detected will identify

the next convex holl point within step 2 of the basic
algorithm.

Angles of x/2, v and 3=/2 will have to be conaidered
a3 special cases but they can be sccommodated rela-
tively easily, The above substitute for actual angle
evaluations can be used with the point deletion addi-
tion to the base algorithm.

L. INustrations

Fig. 5a,b, ¢, d shows a number of convex hull
identification results for sets of points in the plane.
Colinear points are contidered members of the convex
hull if they occur aleng the convex hull boundary.
Examples (¢) and (d) are meant to be vaguely sug-
gestive of posible applications in the picture proces-
sng fleld.

6. Conclusions

The method of convex hull identification presented
in this paper bs imple, direct and easily computed. In-
clusion of polnt deletion checks and use of opposite
side/adjacent side ratios to replace angle evaluation
and comparison makes the algorithms a fast and wide-
ly spplicable one which Is especially effective when
the number of points on the convex hull is relatively
gnall compared to the number of points in the finite
et (m < n). The algorithm presented can be extended
1o more than two dimenzions but the details have not
yet been Investigated by the author. The algorithm
also lends itself 1o paallel proceming in that clockwise
and anti<lockwise wrap arounds can be started at a
number of points smultaneously; overlsps can be de-
tected to Lerminate the various procesel.
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