International Journal of Foundations of Computer Science
© World Scientific Publishing Company

Derandomized Learning of Boolean Functions over Finite Abelian
Groups

MEERA SITHARAM*
Computer and Information Science and Engineering Department, University of Florida,
CSE Building, P.O Box 11-6120
Gainesville, Florida 32605, USA

and

TIMOTHY STRANEY
Department of Math and CS, Kent State University, Kent, Ohio 44242, USA

Received (received date)
Revised (revised date)
Communicated by Editor’s name

ABSTRACT

We employ the Always Approzimately Correct or AAC model defined in [35], to
prove learnability results for classes of Boolean functions over arbitrary finite Abelian
groups. This model is an extension of Angluin’s Query model of exact learning. The
Boolean functions we consider belong to approximation classes, i.e. functions that are
approximable (in various norms) by few Fourier basis functions, or irreducible characters
of the domain Abelian group. We contrast our learnability results to previous results for
similar classes in the PAC model of learning with and without membership queries.

In addition, we discuss new, natural issues and questions that arise when the AAC model
is used. Onme such question is whether a uniform training set is available for learning
any function in a given approximation class. No analogous question seems to have been
studied in the context of Angluin’s Query model. Another question is whether the
training set can be found quickly if the approximation class of the function is completely
unknown to the learner, or only partial information about the approximation class is
given to the learner (in addition to the answers to membership queries).

In order to prove the learnability results in this paper we require new techniques for
efficiently sampling Boolean functions using the character theory of finite Abelian groups,
as well as the development of algebraic algorithms. The techniques result in other natural
applications closely related to learning, for example, query complexity of deterministic
algorithms for testing linearity, efficient pseudorandom generators, and estimating VC
dimensions for classes of Boolean functions over finite Abelian groups.
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1. Introduction

In [35], the authors formalized a natural, new model of learning called the AAC
or Always Approximately Correct model, which is more general than Angluin’s exact
learning model [1] in that it admits a degree of hypothesis error, while remaining
deterministic. The paper [35] additionally gives AAC learning algorithms for so-
called approximation classes of Boolean functions over the cube ZZ3.

In this paper we provide a significant extension of the learning results in [35] to
functions over arbitrary finite Abelian groups, and to functions in approximation
classes that are partially or completely unknown to the learner. These extensions
require the application of techniques from character theory and algebraic algorithms,
some of which are developed by the authors in a different paper [36].

We additionally investigate issues that are known to be closely related to learn-
ability (see [16] and [34]), yielding efficient deterministic algorithms for testing lin-
earity and efficient pseudorandom generators for approximation classes of functions
over arbitrary Abelian groups. We begin by providing a brief history leading to the
development of the AAC model (in [35]) for learning Boolean functions in approxi-
mation classes.

1.1. Background

Learning algorithms for several classes of Boolean functions have exploited the
(Fourier) spectral properties of functions in the class. These include the learning
algorithms for AC® functions in [28], [15], [33], for decision trees in [27], for DNF
formulae in [23], for monotone Boolean functions in [10], and recently, the authors
considered general approximation classes of Boolean functions in [35]. All of these
results deal with Boolean functions on the cube, or the Abelian group 7Z3. The
results in [8] extend the results in [27] to functions on other groups by using bases
that differ from the usual (Fourier) basis formed by the characters of the group.

Most of these algorithms, in effect, deal with classes of Boolean functions f
over the cube which are approximable by some linear combination g of few Fourier
basis functions or characters (the Parity functions over the cube), with respect to a
chosen norm, and the algorithms obtain such an approximation g as a hypothesis.
The Fourier basis functions can also be viewed as a monomial basis for the space
of functions over the cube, if the cube is viewed as {—1,1}". In some cases, the set
of Parity functions that define the approximating class is fixed (and known to the
learner), as in [28], [33], and [15], and in others, its size is fixed (and known to the
learner), but the set itself is variable and left for the learner to decipher, as in [27]
and [23].

For some of these algorithms the bound on the probability € that the hypothesis
is erroneous on a random input is determined by the distance of the best approxi-
mation g to the function f from the given class, or is otherwise determined by some
characteristics of the class being learnt. I.e, the hypothesis and learning algorithm
are “weak.” This includes the algorithms for learning functions approximable in
the 2-norm by polynomially many Parity functions in [27]. In other cases, € can be



chosen freely and the hypothesis class can be appropriately enlarged. The running
time of such “strong” learning algorithms typically depends (polynomially) on 1/e.
This includes the algorithm in [27] for learning functions whose Fourier expansion
has a small Ly norm, which applies (as observed in [14]) to learning functions whose
sign can be expressed as a linear combination of polynomially many Parity func-
tions, also called the class PT!. This algorithm is extended to functions over other
groups by the results of [8], who changes the basis functions in such a way that
every function of interest has a small Ly norm. Strong learning algorithms also
include those in [23] for learning DNF functions, functions that are approximable
in sign by a small linear combination of polynomially many Parity functions, and
algorithms for learning AC? functions in [28] and [33]. In a few cases the function
f is exactly reproduced (i.e, with error ¢ = 0) with high probability in polynomial
time, as in the case of a learning algorithm in [27] for learning decision trees.

All of the above algorithms (except [33]) use the PAC model of learning with respect
to the uniform distribution and certain other distributions, and sometimes the algo-
rithms use learner-specified membership queries in addition. The setting is therefore
apriori assumed to be probabilistic: the queries are chosen randomly with respect to
some distribution D and with high probability the algorithm outputs a hypothesis
with small probability of error on an input chosen randomly with respect to the
same distribution D. In these models, even “exact” learning algorithms, such as
the algorithm in [27], rely on random sampling in addition to membership queries,
and output the (correct) hypothesis only with high probability.

In [33], by contrast, it was first shown that in some cases there are natural
alternatives to the PAC model that merit study. One result of [33] paper is a
derandomization of the PAC learning algorithm of [28] for AC? functions.

The algorithm in [28] relies on an elegant result (based on Hastad’s switching
lemma, [20]) that AC? functions are approximable in the 2-norm, within any chosen
€, by a linear combination of the Parity functions in a certain class. This class
consists of small weight Parity functions, i.e. Parity functions which evaluate the
parity of a set of at most polylogarithmically many bits. If Parity functions are
viewed as monomials, then these linear combinations are small degree polynomials.
In [28] a strong learning algorithm is given which runs in moderately superpolyno-
mial time and learns AC® functions using membership queries, which are chosen
randomly with respect to the uniform distribution. The strong hypothesis produced
(with high probability) is the sign (or Booleanization) of a linear combination of
small weight Parity functions. The bound € on the probability that the hypothesis
is erroneous on a random input can be chosen as desired. The running time of the
algorithm grows as a moderate superpolynomial in O(1/e).

The result in [33], by contrast, shows that for any desired error probability
€, there is a single, deterministic set of membership queries, or training set that
applies to all AC® functions (computable within a circuit size and depth bound)
and achieves the same purpose in the same time.

The algorithm in [33] almost (but not quite) fits the framework of Angluin’s well-
studied deterministic Query model of exact learning [1]. In this model as well, the



queries are deterministically chosen by the learner, but the hypothesis produced
always exactly matches the concept being learnt. The algorithm in [33] however,
allows a hypothesis error, and allowing this error is crucial to the existence of the
algorithm.

It should be noted that several classes of Boolean functions have been studied
and nice results have been obtained already under Angluin’s Query model, such as
[2], [3] [9]- However, many of these algorithms use other types of queries in addition
to membership queries in order to obtain exact hypotheses. Moreover, none of the
classes studied under Angluin’s Query model is defined based on approximability
from few Parity or Fourier basis functions, or sparse multilinear real polynomials
over the cube domain, i.e, {—1,1}". These classes of functions are, however, the
primary interest in this paper (and have been studied under the PAC model, as
described earlier). These classes have been dealt with in the Query model, only
when the domain is ZZ", in [6] and [32] (which uses counterexamples in addition
to membership queries); and for the case of polynomials over finite fields, in [11].
Furthermore, while the algorithms studied under Angluin’s Query model make a
deterministic set of queries, the natural issue - of whether this training set is uniform
over the concept class - has not been emphasized or well-investigated.

1.2. Model and Relevant Issues.

The result in [33], in effect used a stronger model of learning than the PAC
model with membership queries, and a more general model than Angluin’s Query
model. The new model was defined by the authors in [35] and is called the AAC or
Always Approximately Correct model. In this model the learner needs no random
bits and produces a hypothesis that is always approximately correct to within some
fixed, reasonable e that depends on the class being learnt. The hypothesis error
is measured with respect to the uniform distribution on the inputs. We restrict
the definition to the learning of Boolean functions with respect to the uniform
distribution. The definition can be generalized to other concepts and distributions;
it can be made distribution independent; and a strong learning version can be
defined by allowing a free choice of € which influences the running time, but we
avoid these generalizations in this paper since we do not require them. Crucial
questions that arise in this model of learning are:

e Do deterministic training sets exist for the functions in the given class?
e Do these sets have small size (since this affects the running time)?

o Is the set a single, uniform set independent of the particular function being
learnt, and depending only on the class?

e What characterizes the structure of training sets?

e How much time does it take to find a training set given finite, partial, or no
information about the function to be learnt, in addition to answers to the
usual membership queries?



1.8. Scope, Results and Significance.

In this paper we consider functions over arbitrary finite Abelian groups, not
necessarily Boolean valued, which are approximable by a linear combination of a
set of Fourier basis functions, or the irreducible characters of the group. (In the case
of the cube, i.e. the group 7Z3, the irreducible characters are the Parity functions).
We consider the cases where the set of basis functions in the linear combination is:

(i) fixed and known to the learner prior to the learning phase.

(ii) variable, but input to the learner during the learning phase along with the
membership query information.

(iii) completely unknown to the learner.

In the latter cases the running time of the algorithm includes the time required by
the learner to find the training set to use during the learning phase.

More specifically, we prove four sets or types of results which we discuss below,
explaining their significance and contrasting them with relevant earlier results.

(1) The first set of results concerns functions f over any finite Abelian group G that
are exactly expressible as a linear combination of a set @) of Fourier basis functions.

If the set @ is fixed and known to the learner, reproducing the function f exactly
- i.e, determining the (Fourier) coefficients of the linear combination that gives f -
is a simple black-box interpolation question which can be solved deterministically,
with no randomness required of the learner. The (uniform) training set for all
functions approximable from @ is hard-coded into the learner, the learner poses one
point-evaluation or membership query to the black-box/teacher for each element of
the training set and solves a Vandermonde-type interpolation system to obtain the
coefficients, and therefore f. The uniform training set for functions in @) is chosen
apriori to ensure that the interpolation system for () is non-singular and can be
solved.

The first result (Theorem 5) considers the case where the set ) is neither fixed
nor known to the learner, but is known to be a subgroup of the domain group G. It
is variable, but its elements are input to the learner in the form of a linear listing.
The learner is required to find a uniform training set for each specific subgroup @,
which ensures that the Vandermonde interpolation system is nonsingular. The time
to find the training set is included in the running time of the learning algorithm.
The algorithm runs in time polynomial in || and in the natural parameters of the
group G, and utilizes:

(a) acomplete characterization of the structure required of training sets (so-called
transversals) that are appropriate for subgroups Q;

(b) a technical result by the authors in [36] that gives a way of finding such
training sets efficiently.



This result is a significant extension of a simpler result by the authors in [35] which
only dealt with the case of functions over the cube, or ZZ3.

The second result, Theorem 8, is also heavily based on a new technical result
of the authors in [36] and concerns functions over elementary p-groups, i.e. groups
7Z,, for p prime, that are expressible as linear combinations of a subgroup of Fourier
basis functions from a subgroup @), where (@ is variable and unknown to the learner.
(Here the vector space structure of IF is used and @) is assumed to be a subspace).
This reduces to a question of blackbox-interpolation by |@Q|-sparse Fourier expan-
sions (with @ restricted to subspaces) for the domain IF};. Viewing the domain as
Uy, where U, represents the set of complex pt* roots of unity, this can be alterna-
tively stated as a question of blackbox-interpolation by |Q|-sparse, complex valued
polynomials (with some restrictions on the set of terms of the polynomial). For the
case of interpolation by |@Q|-sparse, real-valued polynomials, where the domain is
72", this problem has been dealt with, e.g, in [6], and [32] (which uses counterexam-
ples in addition to membership queries), and for the case of |@Q|-sparse polynomials
over finite fields IF},, where the domain is IF}, in [11]. For the cube domain, or ZZj,
the learning algorithm of [27] gives an exact reproduction of the function f, but
since it works in the PAC model, it uses randomly chosen membership queries and
the exact reproduction is output with high probability. The result in [35] also deals
with 7ZZ5 and improves on [27] in the sense that it is derandomized and uses the
AAC model.

(2) The second type of result considers the efficacy of the AAC model for learning
Boolean functions over arbitrary Abelian groups that are only approximable in the
2 norm by linear combinations of Fourier basis functions in a fixed set (). Here we
simply observe that asymptotically there is no uniform training set that applies to
all functions in this class, unlike the situation in the first result. Note that this does
not, however, preclude the existence of an AAC algorithm for learning functions in
this class since the training sets could be constructed dynamically, depending on
the specific function being learnt, using the membership queries.

(3) The third set of results considers the efficacy of the AAC model for learning
Boolean functions over arbitrary Abelian groups that are closely approximable to
within some € < 1/2; typically in our cases, € < 1/(4|Q|) is meaningful. The approx-
imation is in the sup (c0) norm by linear combinations of Fourier basis functions
in a fixed set (). We consider two cases: when the set () is fixed and known to the
learner, and when it is variable and unknown, until it is input to the learner as a
subclass input.

In the former case, we consider a large class of sets @ (so-called transversals),
but in the latter case we only consider sets () that are subgroups. In the former case,
we employ a Boolean duality theorem from [34], prove the existence of a uniform
training set for all functions in the class, and give an algorithm that runs in time
O(|Q|?) to produce a hypothesis that errs on at most a O(|Q|e?) fraction of the
inputs, i.e. errs on a random input from the uniform distribution with probability
at most O(|Q|€?). This result is a fairly straightforward extension to arbitrary finite



Abelian groups of an earlier result by the authors in [35] which dealt with Boolean
functions over the cube alone.

However, for () that are (variable) subgroups, we show a simple, new result that
is crucially based on Booleanness: the members of the class of Boolean functions
that are approximable to within € < 1/2 in the sup norm from the linear span of
Fourier basis functions from (), are in fact exactly expressible as linear combinations
of Fourier basis functions from ). This permits the first set of results discussed
above to be used to learn functions in the sup norm approximation class as well.

Classes of Boolean functions over the cube ZZ7 with approximations in the oo
norm (from spaces of simple basis functions) are explicitly studied in the context of
lower bounds for threshold circuits (see [34], [24], [25]). In fact, in [24] approximation
classes using the Fourier basis over other Abelian groups than 7ZZ3 are also employed.
Here we study classes of Boolean funct/io\ns with close approximations. It is shown in
[14] that this class is in fact the class PT* of functions computable by an unweighted
threshold of Parities (if |(Q)| is polynomially bounded in the number of arguments
of the Boolean function). Close sup-norm approximation classes are also studied
by [29], [31], and [18] in the context of analytic and combinatorial properties of
Boolean functions. In these papers the set () is fixed to be the class of small-weight
Parity functions (or low degree monomials).

Close oo norm approximation (from basis functions that are characteristic func-
tions of cross-product sets or combinatorial rectangles, rather than directly from
Parity functions) arises naturally in the context of probabilistic communication
complexity and is hidden in all proofs where probabilistic communication complex-
ity is used as a tool for proving threshold circuit lower bounds, for example in [21]
and [17], [26]. The use of this notion of approximation in this context is investigated
in [14] and relies on the following:

Proposition 1 For any m, if the (1 — €)-error probabilistic communication com-

plezity of a Boolean function f is at most logm, then there is an approximation

g with the same sign as f of the form g = Y a;r;, where Y. |a;| < 1, the r;
i<m? i<m

are characteristic functions of cross-product sets or combinatorial rectangles, and

lg(x)| > €/m everywhere. In other words, f can be well-approzimated (to within €)

as a linear combination of at most m? combinatorial rectangles.

Although we deal with a Fourier basis, rather than a combinatorial rectangle
basis, combinatorial rectangles decompose as special linear combinations of Fourier
basis functions, i.e. their Fourier spectra have specific properties, see for exam-
ple [19]. For this reason our results are potentially useful in obtaining learning
algorithms for functions that have certain types of probabilistic communication
protocols.

(4) The fourth set of results deals with issues closely related to finding learning
algorithms.

(a) We provide bounds on VC dimensions showing that some of the learning
algorithms described above are optimal.



(b) We employ the close and precise relationship (developed in [34] and based on
Boolean duality) between training sets for learning and pseudorandom distri-
butions for fooling functions in Boolean approximation classes. We character-
ize sets of pseudorandom strings and obtain efficient pseudorandom generators
for these classes over general finite Abelian groups, in the spirit of the gener-
ators in [30].

(¢) As a direct byproduct of the techniques used to prove learnability results, we
give efficient deterministic algorithms for testing whether an input function
is “linear,” or in other words, testing whether the function is a homomor-
phism from the given finite Abelian group into the additive group of complex
numbers, and determining the distance from the closest such linear function
(homomorphism). See [16] for an investigation into the relationship between
testing and learning. Our treatment of linearity testing is somewhat different
from the statistical, constant-query linearity tests [5] that have been studied
extensively in the contexts of program checking, Probabilistically Checkable
Proofs and nonapproximability of NP-hard problems (see for example: [4],
[7]). In particular our tests are deterministic and use a nonconstant number
of queries, with emphasis on query complexity.

1.4. Organization.

Section 2 gives basic conventions and preliminaries on finite Abelian groups and
character theory, recalls a Boolean duality result from [34] (to be used in Section 5),
defines the AAC learning model, the concept of subclass inputs, uniform training
sets, as well as the approximation classes of functions being learnt. Sections 3, 4,
5 and 6 respectively deal with the four sets of results described above. As noted,
the results in Section 3 are heavily based on results that appear in [36]. Section 7
discusses conjectures and open problems.

2. Preliminaries

2.1. Group theoretic preliminaries

In this paper we use the word ”complement” in two senses. In the set theoretic
sense the complement of A is {z : z ¢ A} and is denoted A. In the group theoretic
sense, two subgroups A and B of a group G are complements of one another if
ANB = {0} and A+ B = G. If such is the case, we write A ® B = G and say
A and B are direct summands of G. We use the latter definition of a complement
prominently, but the former definition is also used. This should be clear from the
context.

We refer the reader to [13] and [22] for much of the required conventions and
notation on finite Abelian groups and character theory. The Fundamental Theorem
of Finitely Generated Abelian Groups [13] demonstrates that each finite Abelian
group G is isomorphic to Z,, @ --- & Zy,, where n; > 2 for 1 < i < k and



ni1ln; for 1 < i < k—1. The form ZZ,, ® -+ & ZZy, is unique and is referred
to as G’s invariant factor decomposition. The subscripts (ni,...,ny) are called
G’s invariant factors. Since the Abelian group Z,, @ --- ® Zy,, is not in general
a vector space (though it may be, e.g. ZZ3 is a vector space over ZZy), we can
not speak of an inner product in the sense of a vector space. Nonetheless we
define a natural map {-,-) : (Zn, ® -+ ® Zn,) X (Zp, ® -+ & ZLy,) = Zn, by
(@1, 21), (Y1, 08)) = (b (n1/ni)wiy;) mod ny, where all operations are
done in the integers, after which the result is computed modulo n;. Thus, if @ C G,
we define Q+ = {z € G : {¢,z) = 0, Vg € Q}. Note that if Q is a subset of G,
then in fact Q' is a subgroup of G (Q+ < G), since 0 € Q* and Vg;,92 € Q*,
g1 —92 € Gand (g,91 — g2) = (¢, 91) —(¢,92) =0, Vg € Q.

Let G =7y, @ D7y, , where 7ZZ,,, ®- - - ®7L,, is G’s invariant factor decom-

th root of unity of least positive amplitude,

position, and let ¢ be the primitive n
ie. ¢ = e*™/m_ In this paper we will assume each finite Abelian group actually
equals its invariant factor decomposition, though in general such a group is only

isomorphic to its invariant factor decomposition.

Definition 1 A linear character x of a group G with values in the complex numbers
C is a homomorphism from G into the multiplicative group of C, i.e. x : G — C*
(Sec 14.2, p. 482) [13]. Not that x(0) =1, since x is a homomorphism.

Proposition 2 If z = (21,...,2¢) and y = (y1,.-.,yx) € G, define xy : G —
{(™:m € Zy,} by:

Xy(2) = @ = €<Zf=1(n1/n,-)w,-yi) mod ny (1)

If G is a finite Abelian group, then the set of maps defined by equation (1), {xy :
y € G}, is a set of linear characters of G.

The set of complex-valued functions on a finite Abelian group G is a vector
space over C of dimension |G|. If f and g belong to this space, define an inner
product (f,g) = 1/|G|>_,cq f(x)g(x). Note that the set of linear characters, {x, :
y € G}, is an orthonormal basis under this inner product since (xz,Xx,) = 0, if
x # y, and 1 otherwise. The following norms are also used: ||fll2 = +/{[, ),
[flloo = maxzeq|f(z)| and [|f|li = > ,cq|f(@)|. For a finite Abelian group G,
if f : G — C, then its Fourier transform is a function f : G — C, defined by
F0) = VIGI D et f@xe®) = 1IGI Tyei f@xy@) = (f,x,)- The support
of f: G — Cisdenoted spt f = {z € G: f(z) # 0}. If f : G - C, then

by Parseval’s identity [|f[|3 = 1/|G| X, cq f(2) f(2) = X cq |/ (»)?|, which follows
from the orthonormality of {x, : y € G}.

Note that often, when it is clear from the context, we will use the set ) C G to
also refer to the set of Fourier basis functions, {x, : y € Q}.

Proposition 3 Let lin(G) be the set of linear characters of G.
1. If G is an Abelian group, |lin(G)| = |G|, (p. 25) [22]

2. Let G be an Abelian group and {x, : y € G} be the set of characters defined
by equation (1). Then {x, :y € G} = lin(G).



3. If G is a finite Abelian group, Q@ < G and x € lin(G), then x|g € lin(Q).
4. If G is a finite Abelian group and Q < G, then {x|q : x € lin(G)} = lin(Q).

Definition 2 (-,-) is a pairing between the groups G and Q if (-,-) maps G x Q
into the multiplicative group of the complex numbers and (-,-) is a homomorphism
in each coordinate.

Lemma 1 If G =7y, ®--- ® 7Ly, is a finite Abelian group with invariant factors
(n1,...,n) and Q < G, then |G|/|Q*] = |Q|.

Proof. Let g € G and g € Q. Define ¢ : G x Q — {( : ( is an nt" root of unity}
by ¢(g,q) = e*™Hoa).

Claim: ¢ is a pairing between G and Q.

Proof. By definition ¢ maps into the multiplicative group of C. Let r € (). Then
0(g,q + 1) = e2mio.atn) = 2rillg.0)Hg.r)) = 2mil9:0) 279:m) = (g, q) - (g,T).
Let f € G. Then ¢(f + g,q) = e2mi{f+9,0) — 2mi({f,.a)+{9.0)) — 27i(f.q) p27i(g,0) —
»(f,q) - 9(g,q). Thus ¢ is a homomorphism in each coordinate and consequently a
pairing. O

Now fix ¢ € @ and consider the map ¢, : G — {¢|( is an n}"* root of unity},
given by ¢,(9) = ¢(g,¢)- Then ¢, is a homomorphism on G because ¢ is a pairing
between G and Q. Clearly, ¢, is a linear character of G. Note that @~ is contained
in the kernel of ¢, so the map @, : G/Q+ — {(|¢ is an n}" root of unity}, defined by
?4(9 + Q1) = p,(g) is well-defined and a linear character of G/Q*. Furthermore,
the map ¢ — @, defines a homomorphism from () into the linear characters of
G/Q+ = 1lin(G/Q1). The kernel of this map is {g € Q : ¢, = 1} = {¢ € Q :
0(9) =1,V9e Gt ={g€Q:¢(g,9) =1,Vg € G} ={g € Q: o0 =1,
Vg € G} = {0}. Thus we have |Q| = |Q/{0}| < [in(G/Q1)| = |G/Q1|, where
the last equality follows from the fact G/Q* is Abelian (i.e. Propositions 3(1) and

Similarly fix g € G and consider the map ¢, : @ — {¢|¢ is an n{" root of unity}
given by ¢,(q) = ¢(9,9). Then ¢, is a homomorphism on @ since ¢ is a pairing
between G and Q. Since ¢, (0) = 1, ¢, is a linear character of ). The map g — ¢,
defines a homomorphism from G into the linear characters of Q). The kernel of this
mapis {§€G:p; =1} ={g€G:94(q) =1, Vg€ Q} = {9 € G:9(9,9) =1,
Vg€ Q}={g€G:{gq) =0,VgeQ} = QL Thus we have |G/Q| < [lin(Q)| =
QI

It follows from the inequalities above that |Q| = |G/Q*| = |G|/|Q"|- O

2.2. The Classes, the Model, and Background Results

The following approzimation classes of Complex and Boolean valued functions
are considered.
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Definition 3 Let G =72, & --- & Ly, , where Zy, @ - - ® Ly, is G’s invariant
factor decomposition. If Q C G and € is a nonnegative constant, then

DS ={f:G—C:spt fCQ}
Cs? ={f:G—{0,1}: spt f C Q}

CGQ2 = {f:G — {0,1}:3g € D2 with ||f — g||2 < €}

CER° = (f:G = {0,1} : 3g € D2 with ||f — glloo < €}

ng*,n = QLeJn D?’Q, where 11 is a collection of subsets QQ of G

CG oo = | ) 0@ where II is a collection of subsets Q of G

Qen
Next we present a duality theorem for Boolean functions over finite Abelian groups.
This directly extends a duality result in [34] based on linear duality (see e.g. [12]).

Theorem 1 If f E&G’Q"’O, then for all s € D(?’a, with ||s]1 < 1, we have |G| -
f,8)| =] > f(z)s(x)| < e. Here Q is the complement of Q in G.
zeG

The following definition identifies those functions g which are reasonable hypotheses
for a function f within error bounded by some constant c.

Definition 4 Let G be a finite Abelian group. Let f : G — {0,1} and g : G —
{0,1}. If \clv_|zzec|f("7) —g(z)] < ¢, where 0 < ¢ < 1, then g is said to be a
hypothesis for f with error bounded by c.

Next we recall the definition of the AAC model (introduced in [35]) for weak learning
of Boolean functions using membership queries and the uniform distribution.

Definition 5 A class C of Boolean functions f over a finite Abelian group G is
AAC learnable if there is a deterministic learning algorithm that uses membership
queries to f from a deterministic training set, which could be adaptively constructed
based on the answers to the previous queries to f, and which outputs a hypothesis h
such that h differs from f on at most an ec < 1/2 fraction of the |G| inputs, where
€c 1s determined by the characteristics of the class C'. The algorithm should run in
time bounded by a polynomial in |f|, which is the size of some finite representation
of  (usually related to the hypothesis class). If the training set used by the algorithm
is the same for all functions in the class C, it is called a uniform training set for

C.

Remark. As pointed out in the Introduction, this can be extended, if necessary,
to other concepts and distributions. Distribution-independent and strong learning
versions are also natural extensions. For example, the algorithm in [33] uses a strong
learning version of the model since the algorithm works (appropriately fast) for any
desired error bound that is input. See Section 1 for a description of the relationship
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of this model to Angluin’s Query model, and previous results and issues that have
been studied in the context of that model.

We will use the following simple folklore theorem relating the distance of a
function to its best approximation and the error of its best hypothesis.

Theorem 2 If a Boolean function f € C%%2 has an approzimation g € ng‘,Q
such that ||f — gl|3 < €, (e < 1/2 to be meaningful), then the Booleanization of g,

call it gy (i-e. gp(xz) = 0, if real(g(z)) < .5, and gy(x) = 1 otherwise ), has the
property that 1/|G| > |f(z) — gs(z)| < 4e.
z€G

Remark. Note that the projection of f on the Fourier basis functions given by @,
i.e, the function g satisfying §(x) = f(z) for x € Q and §(x) = 0 for x & Q, is
the approzimation that minimizes ||f — g|l2 or . (f(z) — 9(%))?, leading to the

zeG

Booleanization gy, that keeps 1/|G| Y. |f(z) — go(x)| small.
zeG

Finally, we define the concept of learning with subclass input.

Definition 6 The class D(?’H (or CEL>°) is said to be AAC learnable with subclass
input if there is o deterministic AAC learning algorithm which receives as input
o set ) € II and based on this input proceeds to issue membership queries to the
target function f belonging to the subclass Dé;’Q of DE’H (or the subclass C& @ of
CE ) The running time of the algorithm includes the time it takes to construct
the uniform training set for the subclass.

3. Learning the Class Dg;’Q

We begin this section by noting that if Q@ = {qi, ..., ¢n} is any subset of a finite
Abelian group G and f € D(?’Q, then f = f(ql)qu + 4 f(qm)xqm. Thus in
order to learn f ezactly in the AAC model one may select m elements from G, say
T1,---,Tm, such that the set of vectors

{(th ($1)7 <oy Xgm (55'1)), LR (X(h (»'L'm), <3 Xgm (wm))}

is linearly independent. Of course there is a question of existence here, but it
is easily resolved. Note that if G = {z1,...,7g}, then the |G| x |Q| matrix,

[Xq; (®i)]ieqr,....ey has [@| columns, each of which represents a distinct character
j€{17"'7m}
of G, i.e. xq;, with 1 < j < m. Since the characters of G are orthonormal, the

columns of our matrix are linearly independent. Therefore row rank = column rank

=m, i.e. the existence problem is solved. After sampling f on each of z1,...,zn,
one formulates and solves the system:
Xa: (1) o0 Xgm(21) f(ar) f(z1)
: : : = : (2)
Xaq1 (Tm) --- Xgm (Tm) flam) f(xm)

to obtain the Fourier coefficients of f, thus learning f exactly. If the set @ is
fixed and known to the learner prior to the learning phase, then it is assumed the

12



set {x1,...,Zm}, that makes {(Xq, (1), Xgm (@1))s-+ s Xqr (Tm)s - -+ Xgm (Tm)) }
linearly independent, is also known and that we have a learning algorithm for f that
runs in time polynomial in |@|. On the other hand if the set @ is variable and is
given as input to the learner, then finding an appropriate training set, {z1,...,Zm },
could require exhaustive search.

In any event, we begin with the following definition, theorem and corollary,
which lead to a definitive identification of training sets.

Definition 7 If Q) is a subgroup of a group G, then a transversal of Q in G is a
set consisting of exactly one element from each coset of Q in G. Thus if T is a

transversal of Q in G, then |T| = |G|/|Q|.

Theorem 3 Let G be a finite Abelian group and Q be a subgroup of G. If T is a
transversal of QL, then {xzlo : x € T} = lin(Q).

Proof. Since T is a transversal of Q1, Uyer{z + Q+} = G. Also for fixed z € T,
XzlQ = Xot+qlgs V4 € Q. Thus {xzlg : * € T} = {Xasqlo : 2 €T, g € Q+} =
{xylo :y € G} = {xlo : x € lin(G)} = lin(Q), by Proposition 3(8). O
Corollary 1 Let G = 7Ly, ® - - - B ZLn, be a finite Abelian group with invariant fac-
tors (n1,...,nx). Let Q@ = {q1,--.,q)q|} be a subgroup of G and S = {z1,...,2|g}
be a subset of G. Then Hs g = [Xe:(q)]ijef1,... ;o = [Xg; (@i)]ijeqt,.... |} 18 in-
vertible with inverse 1/|Q|Hs,q " i and only if S is a transversal of QL.

Proof.

(=) Suppose S is not a transversal of Q. Then there exist distinct z;, 2, € S such
that 1 —z2 € Q1. Thus Xgq; (T1 —2) = 1foreach q; € Q. If ( = e2mi/m then 1 =
Xq; (T1 —22) = ¢(o1=22,05) = ¢(21,05)—(22,05) = C(Wla‘h‘)/g(wb‘lj) = Xq; (1) /Xq, (x2) for
each ¢; € Q. Thus xg, (z1) = Xq; (x2) for each ¢; € Q. Therefore the distinct rows
of Hg g labeled z; and z are identical and Hg g is not invertible. Contradiction.

(<=) Begin by noting that |G|/|Q*| = |@| by Lemma 1. Thus the cardinality of
any transversal of Q= is |Q|. In particular the cardinality of S is |@Q|. Consequently,
as in the statement of this corollary, {z1,...,2 |} is an appropriate representation
of S with respect to its size. By Theorem 3, [X4,(q;)]i,je{1,...|@/} 1S a character table
for the group @) (with rows labeled x,; and columns labeled g;). Thus the columns
and rows of [xz,;(q;)]i,je{1,..., ||} are, respectively, orthogonal. Furthermore, since

Q| Q|

D Xai ()X (@) = 1Q1 =Y Xo: (@) Xa: (45)-

i=1 j=1
Therefore HS,Q = [Xzi(‘Ij)]i,je{l,...,lQ\} = [qu (mi)]i,je{l,...,@\} is invertible with
inverse 1/|Q|Hs,q g O

With the above in place we are ready to identify training sets for the class DOG @
and calculate computational complexities for learning D(? ‘% when Q (and S) are
known apriori.
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Theorem 4 Let G be a finite Abelian group.

(1) If Q = {aq1,---,qq|} is a subgroup of G and S is any transversal of Q*t, then S
is a uniform training set for Dg’Q of size |Q|. Consequently any f € Dg’Q can be
learned in time O(|Q?).

(i) If @ = {q1,---,qq|} is a transversal in G, any subgroup S of G such that Q is
a transversal of St can be used as a uniform training set for D(? Q Consequently
any f € D(();’Q can be learned in time O(|Q|?).

Proof. (i) Hg,g is an invertible matrix by Corollary 1. Thus System (2) can be
used to learn any member of Dg Q. Therefore S is a uniform training set for DS’Y Q.
Furthermore |S| = |G|/|Q*| = |Q| by Lemma 1. Therefore let S = {z1,...,z|g }-
Since @ is known apriori, we assume S, and subsequently Hg }9, are computed before
the algorithm begins, i.e. without charge. Therefore to solve System (2) and learn

flx1)
[ exactly, one is only required to compute Hg 22 : , a O(|Q|?) operation.
(@@
(i) Suppose @ is a transversal of the subgroup S* in G. Let S = (S*)*. By Corol-
lary 1, Hg,s = [Xz;(a:)]ijeq1,..., ||} 1s invertible. Thus Hs g = [Xq; (%:)]ije{1,...|Q}
= H s is invertible and system (2) can be used to learn any member of D§9.

Hence S is a uniform training set for D(? “?_ The remainder of the proof is as in (i).
O

Next, we consider the set II = {Q : @ is a subgroup of G} and the problem of
learning Dg M In this problem we are given a subgroup @ in II as subclass input
as well as access to the target function f € Dg ’Q, whose values are supplied on
request. Our task is to compute a training set S for Dg Q

Theorem 5 Let G = Zp, ® --- ® 2y, be o finite Abelian group with invariant
factors (n1,...,ng). Let I = {Q : Q is a subgroup of G}. If f € DS;’H, then there
exists an algorithm, which upon receiving information that f belongs to the subclass
D(();’Q, where Q € T, learns f exactly in time O(k*n?|Q|? log® |Q|logn,).

Proof. The algorithm begins by receiving as input a listing of the elements of a
subgroup @ € II. In order to construct the training set S, we simply use two new
theorems which are proved in full in [36]. The statements of these theorems follow:

Theorem 6 Given a listing of the elements of a subgroup Q of the finite Abelian
group G = Zp, ® -+ ® 7Ly, , with invariant factors (n1,...,ny), there exists an
algorithm that runs in time O(k*|Q|?log” (|Q|)) and identifies elements y1,...,y; €
Q such that Q = (y1) ® - - - ® (y;), where (y;) is isomorphic to Z,, for each i, and
(ma,...,m;) are Q’s invariant factors.

Theorem 7 Given the invariant factor decomposition of a subgroup Q) of the finite
Abelian group G = 7Ly, @ - -®ZLy,, , with invariant factors (nq,...,ny), a transversal
S of Q* can be constructed in time maz{O(k|Q|), O(k*n3 log® |Q|logn1)}.

In order to satisfy the hypotheses of Theorem 7, we must first apply Theorem
6 to solve a system as in Equation 2, expending time O(k?|Q|*log” |Q|). After
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application of Theorem 7, we now have a transversal S for Q-+, with the total time
expenditure to this point at most O(k*n}|Q|*log® |Q|logn,). Finally, knowing
both S and @, we construct Hg g and apply Theorem 4(i), expending O(k|Q|?)
additional time. In the end we will have learned f exactly in time bounded by
O(k*n2|Q|* log® |Q|log n1).- O

So far, we dealt with the class DS; @ (and the class COG @ since all results for Dg @
also apply to C(? ’Q), where it was assumed the subset @) of G was known to the
learner. It was the learner’s task to find a uniform training set S for the class in
question. Now we consider a harder question. Suppose a target function f belongs
to Cg ““_If the learner only knows G and the size of @, is it possible to efficiently
learn f exactly? The following answers this question in the affirmative if G is an
elementary p-group, i.e. G = 7Z; for some prime p, Q) is a subgroup of G' and our
definition of efficient learning can tolerate a factor of n'°%» |?l. (Note: Elementary
p-groups can be thought of as vector spaces over IF,, and their subgroups may be
regarded as subspaces. Thus we denote these groups by IFy;, rather than 7ZZ;, and
use their special properties as vector spaces.)

The proof of the following theorem, which involves several technical lemmas and
appears in full in [36], directly gives a way of learning f € C;F »%in superpolynomial
time in n and |@| when all that is known is |Q].

Theorem 8 Let p be a prime number, Q be a subspace of IF;, and f € C’(I)F »Q such

that Q is the smallest subspace containing spt f If Q is unknown, but |Q| is known,
then f can be exactly learned in time maz{On*|Q[?), O(n'°8» 121+1Q|?)}.

4. The Class C'EG’Q’2

If f is a function selected from some class C' and we intend to learn f, then it
is required that we produce a hypothesis h — {0,1} such that f(z) = h(z) for all
but a small fraction, say ¢, of z € G.

We show that asymptotically C&@+2 has no reasonably small uniform training
set if € > 0 and @ is a subset of G containing a nontrivial subgroup of G. That is,
if G is a finite Abelian group with invariant factor decomposition ZZ,,, ® - - - & Zy,, ,
k is sufficiently large, p is an arbitrary polynomial, and Sy C G, then S can not
be both a uniform training set for C% %2 and be bounded in size by p(klogn,).

Lemma 2 Let G be a finite Abelian group with invariant factor decomposition
2y, ® -+ ® Zy,. Let € be positive and Q be a subset of G containing a non-
trivial subgroup of G. Let p be an arbitrary polynomial. There exists a K € open N
such that if k > K, then C%@2 has no uniform training set with size < p(klogn,)
which yields a hypothesis error bounded by a fized constant ¢ < ﬁ

Proof. Since p(klogni)/|G| < p(klogni)/2* — 0 as k — oo, there exists K €
openN such that if k > K then p(klogni)/|G| < min{e, 50— — c}. Let k > K and
G=7,, @ ®ZX,,, where (ny,...,ng) are G’s invariant factors. Let @) be any
subset of G' containing a nontrivial subgroup of G. Since @) contains a nontrivial

subgroup, there exists a prime ¢ such that H = {hq, ..., hy} is isomorphic to ZZ,
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and H C Q. Suppose S is a uniform training set for C%%2 |S| < p(klogn;) and
S yields a hypothesis error bounded by ¢ < 1/2n;.
Note that xor =1 and Cy. = ﬁx;11 +---+ ﬁ Xh, (the characteristic function

of H+) belong to both D9 and C§*?%. Thus we may define f : G — {0,1} by:
f@) = {}:m @) if e o g Since | ~Cus B < IS1/IG] < p(klom)/IG] <€,
it follows that f € C% @2,

Let A be the hypothesis for f obtained by sampling on S. Note that since f =
Xor on S, Ais also the hypothesis for yo» obtained by sampling on S. Since |{z € G :
f(@) # xor (@)} = {z € G\ S : f(z) = Cpa (2) # X0+ (@)} > (IG] = |S]) - [H| =
(IGI-1H*)=|S| = (IG|-|G|/|H|)—|S| = (|H|-DI|G|/|H|-|S| > |G|/|H|~|S| > no:
ng - - -ngp—p(klogny), it follows that either |[{z € G : f(z) # A(x)}| > (n2nz---ng—
p(klogni))/2 or [{z € G : xor(z) # A(2)}| > (n2 - n3---ng —p(klogni))/2. Thus
either LY, |f(@)—A(@)| > (n2ns---nk—p(klogn1)) /2G| > 51 —2liosm) >
g~ (gmy =€) = € 0r 17 Yop e Ixor (2) = A(2)] > (n2-n3 - - -1y —p(klogny)) /2|G] >
c. Therefore the training set S yields a hypothesis A which produces an error greater
than ¢ in the case of either f or xq». Contradiction. O

Example. Let ¢ be positive, p be a prime. There is a K € N such that for all
E>K,if G = ]Ff, and @ is a subset of ]Ff) containing a nontrivial subgroup of
IF‘f,, then by Lemma 2, for sufficiently large k, there exists no polynomial sized
uniform training set S for C%*@2 which produces hypotheses whose error is less
than 1/2n, = 1/2p.

5. The Class C&@>

We begin by considering the case were G is a finite Abelian group and @ is a
subset of G containing 0. If € > 1/2, then C& @ includes all Boolean functions
over G. This can be seen by noting that g = 2xo € Dg’Q and [|f —gllee =1/2 < €
for every f : G — {0,1}. Thus for ¢ > 1/2 and @ containing 0, C&@ is not a
tractable class. Therefore we restrict our attention to C@ where € < 1/2.

Our first result, a theorem in the case where (@ is a transversal, is proved using
duality. This theorem gives small, uniform training sets such that by appropriately
processing the values of f € C%®@> on these sets, the values f(z):z € Q can be
estimated with small error. We then use the fact that C%@> C C’g’Q’2 and apply
Theorem 2 to get the required AAC learning result.

Theorem 9 Let G be a finite Abelian group. Let @ be a transversal of some sub-
group, call it S+ of G. Given a function f € C@> for each q € Q there is a
function sq : G = C, such that | f(x)sq(x) — f(q)| < 2e. Moreover, for each g,

€T
spt s, = (S1)t = S and |spt 5,| = |Q|. We assume here that |Q| < |G|/2, i.e.
|Q| < |Q|, which is true for most learning applications.

Proof. We will show the existence of a function s, such that s, — ‘Cl;—|xq € D(? Q
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and ||sq — |(1;—\Xq||1 < 2. It will follow from the duality Theorem 1 that

1D f@)(s4(2) - éxq(w))l =1 f(@)sy(2) ~ f(9)] < 2e.

We will also show spt s, = S, thereby proving the theorem.
Let @ ={q1,---,q)q} be a transversal of some subgroup, call it S+ of G. Note

that g € DS;’Q if and only if > g(x)xq (z) =0, for all ¢' € Q. Thus in order to
zeG

find an s, (for each ¢ € Q) such that s, — |Cl;—‘xq € D(?’Q, we solve a system of |Q)|
equations, one equation for each ¢’ € Q of the form:

> (syla) - ﬁxqu))xqf @ =0

zeG

D se(@)xg (@) |G|qu

c€G
for the |G| variables s,4(z), z € G.
Let {z1,...,zq } = (S*)* = S. Then it follows from Corollary 1 that, Hg s =
X (@)]ijetr,... ey = Xa: (@)]ijeqr,.... |y s invertible with inverse 5 Ho,s ‘. Con-
sequently Hg s is invertible with inverse ﬁHQtS = |Q|HQ g- Furthermore if

or

’

0 ifq #gq
1 ifg'=g¢q

S = {Z|Q|+15---»T|@ }, then for each ¢; € Q the system described above can be
represented as:

Sg; (xl)
[Ho,s Hg,s) : =Ky
s¢: (%))
where K, is a |@Q| x 1 matrix with i*® entry 1 and all other entries 0. Setting
Sq; ($|Q|+1) = Sq; (w\QH-z) == Sy (w\G\) =0, we get:
Sq; (xl) 1
. -1
: =Hgs -Ky= @HQt,S - Ky,
54:(21Q)

Since each entry in Hg, g " has modulus 1/1QI, [8q: (z5)| = 1/|Q], for 1 < j < Q|-
Thus for each q € Q, ||s, — ﬁxqﬂl < 2, where s, — ‘Cl;—|xq € DS by construction.
Furthermore spt s, = S, where |Q| = |G|/|S*| = |S| = |spt 54]- O
Remark. Theorem 9 yields sampling distributions s, with spt s, = S for each

q € Q such that by sampling f € C¢ @ according to s, , one can estimate f(q)
by f(q) = Z f(x)s,(x) to within 2e.

Corollary 2 Let G be a finite Abelian group. If Q) is a transversal of some subgroup,
call it S* of G, then S is a uniform training set of size |Q| for the class C&%>. In
addition, C&@> js AAC learnable in time O(|Q|?) with hypothesis error bounded
by O(|Q|€?) in the 2-norm.
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Proof. If the sampling distributions s, are known for each ¢ € (@, then each
coefficient f(g) can be approximated in time O(|Q]), yielding a hypothesis h =
3" f(q)xq, which can be calculated in time O(|Q|?).
q€Q

Note that if f € C%@°° then by definition there exists g € DS such that
if |f — gllo < e Therefore ||f — gl < €. It follows that f € C39? ie.
CHQ@e C Cg’Q’z. Thus if f € C%@ then by the Remark after Theorem 2,
IF = 3 f(@)xell? < 2. Hence by Parseval’s identity, 3 f(z)? < €2. So if h is the

TEQ o

T€EQ
estimate to f obtained by sampling according to the distributions s, it follows that

I1F =03 = ¥ (f@) - (@) = ¥ (f(@) - h@)* + X f(2)” <|Q|(2€)” +¢* =
zeG z€EQ z€eQ
o(IQle?).
Finally, by Theorem 9, |S| = |spt s4] = |@Q|.- Therefore since S is a training

set that will produce for each f € C% @ a hypothesis within the specified error
bound, S is a uniform training set for C%@> of size |Q|. O

Next we consider the case of learning C%™-> using subclass input, where IT = {Q :
@ is a subgroup of G}. This question is settled quickly using the following simple
result.

Lemma 3 Ife < 1/2 and Q = {q1,...,qq|} is a subgroup of G, then C&@> =
e

Proof. Note that if f € C%@, then there exists g € D§’? such that ||f — gljec <

0 ifreal(g(z)) <1/2 . G,Q
€ < 1/2. Thus f(z) = {1 if real(g(z)) > 1/2 Furthermore since g € Dy,

it follows that if S is a transversal of Q-+, then for each z € S, g(z + q) = g(2),
Vg € Q*. Thus it must be that for each z € S, f(z + q) = f(x), Vg € Q+. Let h
be a function on G with spt & C Q and h(z) = f(z), Vz € S. Then since S is a
transversal of Q+, Hs g = [xq, (i)]ije(1,...,jq|} is invertible and

h(q1) f(z1)

_ -1
- HS,Q

h@m) f@@)

determines h = E'f:?'l h(gi)xe € DS®. Thus for each z € S and Vg € Q*L,
h(@+q) = Y2 b@i)xa (@ +a) = X120 hla)xe (@)xe (@) = X2 hlg)xq (@) =

h(z) = f(z) = f(z+q). Since S+Q+ = G, f = h on G and consequently spt f C Q.
Since f is boolean, f € C(? @ Hence C%@ C C’(? ‘% The reverse containment is

clear. Therefore C&@> = 59, i

Remark. In Section 3 we extensively studied the question of learning Boolean
functions in the class c(? M where II = {@ : Q is a subgroup of G} (in fact, even
complex valued functions in Dg ’H). From the above lemma, these results, both for
the case where @ € II is input and @ € II is unknown, extend directly to C%1Lo°,
when € < 1/2.
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6. Related Topics

The techniques developed in this paper can be used to illustrate the strong
relationship between learning, testing and pseudorandom generation. These topics
are discussed below.

6.1. The VC-Dimension

The following lemma and corollary obtain the VC dimension of the classes classes
C(? ‘@ Since the VC dimension lower bounds the number of membership queries
required in the PAC model, it does so for the AAC model as well, and thereby
illustrates the optimality of the sizes of hte training sets used in Section 3 for
learning classes in Cg 9.

Lemma 4 If Q) is a subset of a finite Abelian group G, then VCD(C(?’Q) <@

Proof. Let Q = {q1,..-,9m} C G. Let T = {x1,...,Zm,Tm+1} be an arbitrary
subset of G of size |Q| + 1. Since |T'| = |Q| + 1, there exists an element « € T such
that (x4 (@), .., Xq. (z)) is a nonzero linear combination of the vectors over C in
{Xa1 W), 1 Xa.. ¥)) 1y €T, y # x}. Without loss of generality assume £ = Zp41.
Then there exist complex constants ki, . .., kn, such that k1 (xg, (1), - -5 Xgm (1)) +

ot k(X (@) -+ X (Tm)) = (X1 (Bmet1), - -+ 5 Xgo (Tmt1))-

For 1 < i < m, let ¢; = {(1) ii Iz’I ig . Suppose g belongs to C$"9 and
i =
g(z;) = ¢; for 1 <i < m. Then
9@mir) = 2 9(4)Xa; (Tms1)
]:
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where the last equality follows since for every i, either ¢; = 0 or k; = 0. Consequently

for any g € C(?’Q such that g(z;) = ¢; for 1 < i < m, we have g(z;,41) = 0.

This means (c1,...,¢m,1) ¢ ¢.e(T). Thus C$? cannot shatter any set of size
0

> m = |Q|- Therefore VCD(CS?) < Q|- O

Corollary 3 Let G be a finite Abelian group and Q be a subgroup of G, then
VeD(Gyh9) = Ql.

Proof. Let Q = {qi,...,qm}. Let S = {z1,...,2»} be a transversal of Q. Let
ci €{0,1} for 1 <i < |Q|. Let Hs g = [xq; (%:)]ijeq1,...,m}- By Corollary 1, Hs g
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is invertible and therefore the system:

fla) a
Hs,q : =1 :

A~

flgm) C;n

has a unique solution, yielding a function f : G — C which is defined by f(z) =
P f (gi)xq: (z), where f(z;) = ¢; for each z; € S. Since S is a transversal of
QL+, S+Qt =G. Thus Vy € G theAre exists x € S and q € Q+ such that
y = a+q. Since f(y) = f(z+q) = X2, f(@)xe (@+0) = 330, F(a)Xa: (@)X0: (@) =
S f@)xg () € {c1,-..,em} C {0,1}, it follows that f is Boolean, i.e. f €
C& 9. Thus 59 shatters S. Consequently VCD(CS?) > |S| = |Q|. By Lemma
4, VCD(CS?) < |Q|. Therefore VCD(CS?) = Q). O

6.2. Pseudorandom generators

Randomized computations are used to deal with deterministically intractable
algorithmic problems. Since randomness is an expensive resource, it is desirable to
reduce the number of truly random numbers or bits used by a randomized compu-
tation R. To achieve this one requires an efficient pseudorandom generator. It is
essential that the randomized computation R cannot distinguish (with respect to
chosen moments/measures) the resulting pseudorandom string from a truly random
string of n bits.

For example, suppose p is prime and f : IF‘IT,” — C, where spt f = (@ is a
subgroup of IF. Then |Q| = p™, where m < n. In order to randomly sample f
on IF one must randomly generate elements in IF;; and evaluate f at each of these
randomly generated points. In randomly generating an n—coordinate element of
IF;, n random numbers, each belonging to {0,1,...,p — 1} must be generated per
evaluation. Since randomized computation is an expensive resource, it behooves
us to find ways to reduce the complexity of such computations. In this case such
is possible, and significantly so if m << n. For if S is a transversal of Q-+, then
|S| = p™ and the elements of |S| may be identified with the elements of TF}".
Therefore in order to generate a random element of S one need only generate an
m—coordinate element of IF)". Since Vz € S, f(x) = f(z+q), Vg € Q*, the random
output of f|s (f restricted to S) can not be distinguished from the random output
of f on IF). In such a case we say the points in S (i.e. the random m—coordinate
points identified with S) fool the function f. Finally it is useful to note that this
randomized computation also results in a savings with respect to evaluation of f
since f need only be black box evaluated at most |S| = p™ times. The above is
formalized in the following theorem.

Theorem 10 Let G = F}; for some prime p. If Q is a subgroup of G, pseudoran-
dom strings that fool functions f in D(? 9 can be generated using random strings of
length log, |Q|.

6.3. Deterministic Linearity Testing
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As a direct byproduct of the techniques used to prove learnability results, we give
efficient deterministic algorithms for testing whether an input function is “linear,”
i.e. testing whether the function is a homomorphism from the given finite Abelian
group into the additive group of complex numbers. If the function fails to be linear,
then we provide an efficient deterministic algorithm for determining the distance
from the function to the closest linear function (homomorphism). See [16] for an
investigation into the relationship between testing and learning.

Our treatment of linearity testing is quite different from the statistical linearity
tests [5] that have been studied extensively in the contexts of program checking,
Probabilistically Checkable Proofs and nonapproximability of NP-hard problems
(see for example [4], [7]). There the tests use a constant number of random queries
to the function and the emphasis is on the probability of hypothesis error (com-
pleteness and soundness). Here, while testing for homomorphisms, the emphasis is
on deterministic query complexity. The tests use polynomially many queries (in the
size of the support of the function’s Fourier transform and other natural parameters
of the function’s domain), but determine exactly whether the function is linear or
not, and how far it is from the closest linear function. It should be noted that the
earlier results on statistical linearity testing rely on the additive group structure
of the range of the function. Therefore those algorithms can in fact be viewed as
tests of whether an input function is a homomorphism into the multiplicative or
additive group of complex numbers. The former view is more meaningful, since it
naturally admits character theory into the analysis since such an algorithm simply
tests whether the input function is a linear character.

Definition 8 Let G and H be groups. A function f : G — H is said to be linear
if for every z,y € G, f(z +y) = f(z) + f(y). Furthermore, if S C G, then f|s is
said to be linear if for every u,v € S, f(u+v) = f(u) + f(v). Note: Here u + v
need not belong to S.

Lemma 5 Let G be a finite Abelian group and Q) be a subgroup of G. Let f € D(?’Q.
If S is a transversal of Q*, then f|s is linear if and only if f is linear.

Proof. (=) Let 2,y € G. Since S+ Q* = G, there exists u,v € S and w,z € Q+
such that v + w = z and v + z = y. Thus

f@)+fly) = flutw)+flv+z)
= 20 f(q)xq(u +w) + Y e0 F@xq (v +2)
= quQf(Q)xq(u) q(w )+quQf() ¢ (V)Xq(2)
= quQf(CJ) 1) + X0 F(@xg©)
= fu)+ f(v)
= f(u—}—vA
= 2yl (@xq(u+0)
= Yl @xi((z —w) + (y - 2))
= 2ge f(@xq((z +y) = (w +2))
= 2geq f(@xq(x +y)/xq(w + 2)
= quQ F(@xq(z +y)
flz+y)
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(«<=) Clearly. O

Theorem 11 Let G = 7, ® --- ® 7L, be a finite Abelian group with invariant
factors (n1,...,nk). Let Q be a subgroup of G, given as a listing of elements.
Let f € D(?’Q. Then f can be tested for linearity in time at most O(k*n?|Q|?
log® |Q|log ns).

Proof. If () is given as a listing of elements, it follows from Theorems 6 and 7 that
a transversal for Q1 can be constructed in time at most O(k?n3|Q|? log® |Q|logny).
Once we have a transversal S of Q-+, Lemma, 5 asserts we may test f for linearity by
testing f|s for linearity. To test whether f(u +v) = f(u) + f(v), for every u,v € S
requires time O(k|S|?) = O(k|Q|?), since by Lemma 1, |S| = |G|/|Q*| = |Q|- Thus
the entire operation requires time at most O(k*n}|Q|? log® |Q|logn.1). O

For functions that fail to be linear the following provides a measure to gauge the
degree of failure.

Definition 9 Let G and H be groups and f be a map from G into H. Then
Err(f) = Pryyea{f(z +y) # f(x) + fly)}. If S is a subset of G, then define
Err(fls) = Pruwes{f(u+v) # f(u)+ f(v)}. Note: Here u+ v need not belong to
S and probabilities are calculated with respect to the uniform distribution.

Lemma 6 Let G be a finite Abelian group and @ be a subgroup of G. Let S be a
transversal of Q. If f € DS;’Q, then Err(f) = Err(f|s).

Proof. We begin by defining A = {(z,y) € G x G : f(z +y) # f(z) + f(y)} and
B={(u+q,v+q) :q,q2 € Q' and u,v € S with f(u+v) # f(u) + f(v)}. We
claim A = B. For suppose (z,y) € A. Since S is a transversal of Q*, Ju,v € S
and ¢1,qo € Q* such that z = u +¢q; and y = v + g2. Observe that f(z +y) =
Flutgq)+0+a)) = f((utv) + (@ +a2)) = Xeq FOxa((u+0) + (@1 +@2)) =
2geq F@xa(utv)xo(@+a2) = X jeq F(@xq(utv) = flutov). Also f(z) = f(ut
a1) = Yeo f@xe(u+q1) = 3 co Fl@xg(w)xqe(ar) = X peq f(@xq(u) = fu),
and similarly /(y) = f(v). Therefore f(u+v) = f(z-+y) # f(@)+F(y) = £ )+ (),
from which it follows that (z,y) = (v 4+ ¢1,v 4+ ¢2) € B. Thus A C B. On the other
hand, if (v +q1,v + ¢2) € B, then f((u+a1) + (v + @2)) = f((u+v) + (@1 +q2)) =
flu+v) # f(u) + f(v) = fu+taq)+ f(v+ g). Consequently (u+g1,v+¢2) € A
and B C A.

Now notice that if (u1,vy), (uz,v2) € S x S and (u1,v1) # (ug,v2), then {(u; +
q,v1 + ) 2 qi,q2 € QTN {(u2 + q1,v9 + @) - @1,¢2 € @} = 0. Therefore
|B = |Q**[{(u,v) € S x S: f(u+wv) # f(u) + f(v)}]- Hence

Err(f) = [{(x,y) €GxG: f(z+y) # f(2)+ fW)}/IG)?

= |Al/IGP
|B|/|G|*
QHP[{(w,v) € S x S: f(u+v) # f(u) + f(0)}/IGI?
{(u,v) € S xS: fu+v) # f(u)+ f()}/IQI
Pryves{f(u+v) # f(u) + f(v)}
Err(f|s)
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Theorem 12 Let G = 7, ® --- ® 7L, be a finite Abelian group with invariant

factors (n1,...,ng). Let Q be a subgroup of G given as a listing of elements. Let f €
DS*?. Then Err(f) can be computed in time bounded by O(kn2|Q|?log? |Q|logn, ).

Proof. If () is given as a listing of elements, it follows from Theorems 6 and 7 that
time at most O(k?n?|Q|? log® |Q|logn1) is required to construct a transversal, call
it S, for Q. By Lemma 6 all one need do is compute Err(f|s). Since |S| = |Q|,
the evaluation of Err(f|s) requires time O(k|S|?) = O(k|Q|?). Thus the entire
operation is bounded in time by O(k?n?|Q|? log® |Q|logny). O

7. Open Problems and Conjectures

(1) Characterize natural approximation classes such as those studied in this paper,
for which AAC learnability (with a uniform training set) implies PAC learnability
(with respect to the uniform distribution), and vice versa.

(2) As demonstrated by Theorem 4, the characterization of the structure of good
training sets extends to the case where () may itself be a transversal, although there
is no obvious corresponding extension of the algorithm to find such training sets.
Extend the result of Theorem 5 to include the set II = {Q : @ is a transversal of a
subgroup of G}.

(3) A technical project of independent interest and wide applicability outside the
learning context is to extend Theorem 4 to the case where () is a general subset
and extend Theorem 5 to include the set II = {Q : Q C G}.

(4) As mentioned in the Introduction, the results here only consider weak learning
in the AAC model with respect to the uniform distribution. Extend these results
to the strong learning and distribution-independent models, and to learning in the
presence of noise.

(5) All learnability results in the paper now involve sets @) of characters that are
fixed or variable, but obtainable by the learner using subclass input. In Theorem 8§,
proved in [36], the authors extend these results to the case where @ is a subgroup of
7L, (p prime) and @ is unknown to the learner (except for size). This result needs
to be further extended to the case where () is a subgroup of a general finite Abelian
group.

(5) Investigate the use of Corollary 2 in probabilistic communication protocols (as
described in the Introduction). This would require investigating the properties of
the Fourier spectra of the characteristic functions of combinatorial rectangles.
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