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Abstract

We introduce methods to generate uniform families of hard propositional tautologies. The tautologies
are essentially generated from a single propositional formula by a natural action of the symmetric
group Sn.

The basic idea is that any Second Order Existential sentence ¥ can be systematically translated
into a conjunction ¢ of a finite collection of clauses such that the models of size n of an appropriate
Skolemization ¥ are in one-to-one correspondence with the satisfying assignments to ¢,: the S,-
closure of ¢, under a natural action of the symmetric group S, . Each ¢, is a CNF and thus has depth
at most 2. The size of the ¢,,’s is bounded by a polynomial in n. Under the assumption NEXPTIME
# co-NEXPTIME, for any such sequence ¢, for which the spectrum S := {n : ¢, satisfiable} is
NEXPTIME-complete, the tautologies =¢,, ¢s do not have polynomial length proofs in any proposi-
tional proof system.

Our translation method shows that most sequences of tautologies being studied in propositional
proof complexity can be systematically generated from Second Order Existential sentences and more-
over, many natural mathematical statements can be converted into sequences of propositional tau-
tologies in this manner.

We also discuss algebraic proof complexity issues for such sequences of tautologies. To this end,
we show that any Second Order Existential sentence ¥ can be systematically translated into a
finite collection of polynomial equations @ = 0 such that the models of size n of an appropriate
skolemization ¥ are in one-to-one correspondence with the solutions to Q, = 0: the S,-closure of
Q@ = 0, under a natural action of the symmetric group S,,. The degree of Q,, is the same as that of
Q, and hence is independent of n, and the number of variables is no more than a polynomial in n.

Keywords: Satisfiability, Propositional proofs, Logic, Finite models, Representation Theory, Alge-
braic Proof Complexity, Complexity Theory

1 Introduction

Algebraic deductive systems have been used in automatic (First Order) theorem prov-
ing for several decades. Roughly speaking, these systems translate the axioms (First
Order logic sentences), and the theorem to be proved, into polynomial equations, in
such a way that the proof of the theorem can be obtained as a proof of membership in
the ideal generated by these polynomial equations. Several algorithms for such equa-
tional reasoning have been developed, based on Cylindrical Algebraic Decomposition,
Hilbert’s Nullstellensatz, Grobner bases, Wu-Ritt Characteristic sets, etc., and have
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turned out to be eflective, e.g, for geometry theorem proving [6], [9], [12], [20]. Many
of these algebraic deductive systems have the advantage of being automatizable in
that the time taken to find the proof is strongly related to the length of the proof.

More recently, algebraic deductive systems have been employed in the context of
proving lower bounds on the proof complexity of propositional tautologies [4], [5],
[7], [8]- Showing the nonexistence of polynomial (in n) length proofs for a sequence
of tautologies ¢,,, is directly linked to the NP # co-NP question: the link becomes
stronger with the strength of the proof system used.

In this paper, we first give a systematic method of translating an Existential Second
Order sentence ¥ into a sequence of depth 2 polynomial size propositional formulae
¢n such that ¢, is satisfiable (or —¢, is not a tautology), if and only if a ¥ has a
model of size n.

We give an analogous algebraic version of this: a systematic method of translating
an Existential Second Order sentence ¥ into a polynomial system () such that the
Sp-closure Q,, of Q has a solution if and only if ¥ has a model of size n. Since Q, is
uniformly generated by Sp,-closure, its degree is independent of n, and its number of
variables is bounded by a polynomial in n.

More specifically, the system @ is based on an appropriate (non-unique) Skolem-
ization ¥ of ¥, and the models M E U of size n are directly related to the ideal
Iy, generated by the polynomials in @, In particular, there is a 1-1 correspondence
between models of ¥ of size n and points on the (discrete) algebraic variety defined
by I\p,n.

Krajicek has pointed out (personal communication) that Paris and Wilkie applied a
translation procedure very similar to ours. They introduced this translation in their
proof of Theorem 26 (see [14]) in the setting of non-standard models for Bounded
Arithmetic. The Paris-Wilkie translation shows how bounded first order formulas
can be translated into a sequence of polynomial size bounded depth propositional
formulas (see for example [10] for a definition of this). However, Paris and Wilkie
do not consider the case where one is translating formulas involving uninterpreted
function symbols. In fact, we consider the case where both function symbols as well
as relational symbols are uninterpreted. This is crucial for obtaining the S,,-closure
properties, and our idea of introducing uninterpreted functions (via Skolemization)
plays a crucial role. Without this idea we would not get a sequence of polynomial
equations of bounded degree. Neither would we get a translation leading to a finitely
generated S,-closed sequence of satisfiability problems.

Our translation shows that many natural mathematical problems can be converted
into questions of propositional satisfiability, and thence to questions about the ex-
istence of solutions to polynomial equations. For example, the question of whether
there is a nilpotent group of size n is identical to the question of whether there is a
model of size n for the Existential Second Order statement “the universe is a nilpotent
group”. Clearly, many natural problems in algebra, number theory, graph theory, or
combinatorics can be phrased in this manner.

Our translation highlights the fact that many tautologies used for showing algebraic
proof complexity lower bounds, such as various matching principles, versions of the
pigeonhole principle, and primality principle [4], [5], [7], [11] can indeed be obtained
from natural Second Order Existential statements. We illustrate this using examples.

More significantly, we introduce a method to systematically generate hard propo-
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sitional tautologies from Second Order Existential sentences. The method relies on
sentences that have a hard spectrum and we show how to generate uniform sequences
of tautologies that have no polynomial length proofs provided NEXPTIME # co-
NEXPTIME.

In addition, we briefly sketch how this method works for algebraic proof systems
such as Nullstellensatz and Polynomial Calculus proof systems (unconditionally, with
no additional assumptions from complexity theory). The sequences of propositional
formulae ¢, obtained using our translation have a rich algebraic structure due to
the symmetries in the corresponding polynomial systems. This symmetry permits
the representation theory of S,, to be used in analyzing the proof complexity of the
corresponding tautologies, in various algebraic deductive systems.

Ajtai was the first to consider and analyze uniform S, -closed families of linear
equations [1], [2], [3]. Our work is motivated by (but technically independent of)
Ajtai’s work.

2 The Translation

We first develop the required notation and definitions.

Let 3, denote the second order existential quantifier for r-ary relations. Let 3. denote
the Second Order Existential quantifier for s-ary functions. Let 3 and V denote the
first order quantifiers.

A pure atomic formula is of the form: R(ti,...,t) or f(t1,t2,...,t;)) = sort =s
where R is an l-ary relation and f is an l-ary function and s,t,t1,...,# are (not
necessarily distinct) variables.

A Second Order Existential sentence ¥ is strict (recalling the class MazSNP [13]) if
it is of the following form:

3Ry e R fi -3 f V2, - 20 1(F)

where n(2) := n(z1, 22,---,2w) is a Boolean combination of pure atomic formulas.
The strongest results are achieved if we assume 7 is in Conjunctive Normal Form.
Let ¥,, denote the sentence which is achieved from ¥ by restricting all quantifiers to
the universe {1,2,...,n}.

For an arbitrary Second Order Existential sentence (in prenex normal form)

U=3,R ... RI fi... 3 fu il

where 7 := Vz13y1 ... V2w 3yw 9(21,Y1 - -, 2w, Yw); & corresponding strict version ]
is obtained by Skolemization: we eliminate all first order existential quantifiers by
introducing Skolem functions g such that

U:=3, R ... R, fi... 3, foThg1 - T gutt

where ' = n(z1,91(21) - -+ 2w; Guw (21, - - -, 2w))- It should be noticed that different
Skolemizations in general might lead to different .

Next, consider the ring F[z;.; : e; € {1,...,n}",1 < j < u] of polynomials over a
field IF and the vector space II,, 4 spanned by those polynomials of degree at most
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d. Notice that this vector space is closed under the following action of the symmetric
group Sp: Q(xj.;) € Mg = Vr € Sy, m(Q(xj,e;)) € In 4, where 7(Q(zj.;)) =
Q(Zj,n(e;)), and for e; := (e1,j,---,€r;;) € {1,...,n}", m(e;) is the natural action
defined as: (m(ey,;),--.,m(er;,5))-

In general, given a set of polynomials ) where @ := {Q1,...,Qm}, each Q; € II; 4,
for some fixed I, we say that a sequence of polynomial systems Q,, is S, -closed and
uniformly generated from @, if for all n, Q C Qn, and Q; € Qn = 7(Q;) € Qn
V€ S,.

We are now ready to state our translation result.

THEOREM 2.1

Let ¥ be a Second Order Existential Sentence and let ¥ be a strict version obtained
by a (non-unique) Skolemization. Then there is a sequence of propositional formulae
¢q,’n and a polynomial system Qq, € I1; 4, for some constants | and d depending only
on ¥, such that the following hold.

1. Each ‘15&/,” is a CNF (i.e. conjunctions of disjunctions of literals and negation of

literals) such that there is a 1-1 correspondence between the models of ¥ of size
n and satisfying truth assignments to ¢y ,.

2. For each n, the conjunction of clauses that form ¢g , is closed under the group
action S, and is generated by closing a fixed, finite set ¢ of clauses under a
natural action of the symmetric group S,. (Some of these clauses are formal
clauses containing n literals).

3. Let Q_\i’,n € II,,4 be a S,-closed sequence of polynomial systems uniformly gen-
erated from Qq, (hence Q\i,,n has degree d independent of n, and has a number

of variables that is polynomially bounded in n). There is a 1-1 correspondence
between the models of ¥ of size n and the solutions to Qg ,, = 0.

4. Let ¢g ,, be as above. Then ¥ does not have a model of size n if and only if
‘15&/," not is satisfiable if and only if —wb\i,,n is a tautology if and only if there is no

solution to Qg ,, =0

Proof. Let ¥ be a strict Second Order Existential sentence in which the quantifier-
free first order part n is in CNF. We translate the sequence ¥,, into a sequence of
propositional formulas as follows:

For given n we fix the collection of Boolean variables which consists of:
(1 () (m (v)

iy siayying 2 Qi Jinyennying, 315820 ioq sisg 417" "3 Pinsin,isy 41
i;j €{1,2,...,n}. )

Translate the sequence ¥, into a sequence of propositional formulas as follows:

For each selection iy,142,...,%w € {1,2,...,n} we let v := n;, 4,...:, denote the
propositional formula which appears by performing the following operations.
(1) Replace each z; in 7 by the number ;.

as well as p where each

(2) Replace each atomic formula R;(j1,j2,- - -, jr) in 7y by q](.i),jz,._’j”

numbers € {1,2,...,n} after performing the replacement in (1).

where ji,... are

. . : . . 1
(3) Replace each atomic formula f;(j1,J2,-.-,7s,) = Js;+1 in v by pg'l),jz,...,jr, e

where ji,... are numbers € {1,2,...,n} after performing the replacement in (1).
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Thus, removing the universal quantifier on the variables z; of ) gives us a conjunction
of a set C,, of O(n®) CNF formulae of fixed length independent of n. Notice that for
any n, the set C,, can be obtalned unlformly by the natural action of S,, on the fixed

set C; of clauses, where [ < Zru + E(sv 1).
J

To complete the process, we need to assert that the f,, are functions, i.e, that they
take exactly one value. To do this, we first supplement the set of fixed length formulae
in C, by additional simple clauses of the form ﬁpgm’__.nm \Y pﬁj'j;, 4, 41> one for
each j,j' € {1,2,...,n} with j # j' and for each i,4s,... € {1,2,. n} Thus for
each n, the resulting collection D,, of fixed length, CNF formulae can still be obtained
by Sn-closure of the fixed set D; of formulae.

Finally, to assert that the function f,, takes at least 1 value for each i1,4s,... €

{1,2,...,n}, we need to include into the collection D, formal clauses of the type

Vjpgfgz’mi% j- Such clauses vary with n (as does the length), however, in a uniform
manner. Again, for each n, the resulting collection E, of formal CNF formulae can
still be obtained by S,,-closure of the fixed set E; of formal formulae.

Now qﬁq, is taken to be the conjunction of CNF’s and formal disjunctive clauses in
E,. Thus (lettlng n =1) ¢, can be reduced to a finite conjunction of formal clauses
and the clauses in ¢y, ,, are generated from these formal clauses by an application of
the symmetric group S,,. Hence ¢¢,’n is a conjunction of a set of polynomially many
clauses. Clearly, from any satisfying assignment for ‘75&/,71 we can read-off a model of
T,.

Next we notice that the same idea can be used to produce a system of polynomial
equations, one for each clause in (]5‘1,,”, over any given field IF, by replacing each
disjunction z V y by the polynomial (1 — z).(1 — y), — by the polynomial z and
replacing the formal disjunction V]pSI"Z)Z, .
by a formal sum of the form ¥; pETZ)% sie,,j — 1. This replacement is not valid for
general disjunctions, but works in this particular case due to the presence of the other

disjunctions ﬁpg'j}%___is g pgri)%___is jr» for each distinct pair j, j'. Finally we add

- arising from functions f™ in ¥ -

for each variable z the equation 22 — 2 = 0. .

The closure under S, ensures that different solutions to Qg , = 0 (that are not
isomorphic under S,,) correspond to non-isomorphic models of ¥. In fact, the number
of non-isomorphic models M = ¥, is inversely related to the size of the ideal Ig ,
generated by the polynomials in Q. Clearly the ideals I ,, are closed under S, as
well. Knowledge of Iy, allows us uniquely to determine all models of ¥,,, since there

is a 1-1 correspondence between models of ¥,, and points on the algebraic variety
defined by Iy n.
|

3 Some Examples

Example (dense linear ordering)

Fix the language L = L(R, f) where R is a binary relation symbol and f is a bi-
nary function symbol. Consider the L-sentence: n = (Vz,y,z (R(z,y) A R(y,z)
= R(z,2)) AN(Vz,y(R(z,y) = (~R(y,z) Vz =y))) A(Vz,y(R(z,y)V R(y, z) Va = y))
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NVz,y(R(z,y) = R(z, f(z,y)) AR(f(z,9),y)).
The sentence is a formalization of “R is a linear ordering whose denseness is wit-

nessed by f”. The sentence IR f7 is a strict second order existential sentence.

We show how the translation works on this example. Rewrite the L(R, f)-sentence
as: n = 3RS Vi, j,k[(-R(i, j) V-R(j, k) V R(i,k))A (=R(3,)) V ~R(j,i) Vi = j)
A(R(i,J) V R(§,9) Vi = j) N~R(i, §) V (R(i, £(i,5)) A=R(, f(3,5)) A R(f(5,5),9)))]-

Now introduce variables z;; and y;;; with the intended idea that z;; = 1 <=
R(i,j) and y;j5 =1 <= f(i,j) = k. This gives polynomial equations:
2Tk (1 —2i) =0 for all 4, j, k, x;52;; = 0 for all i # j,

(1 — 3&'”)(1 — (Eji) =0 for all 7 75 j, and Z'ijyijl(]- — .Z'il.’L'lj) =0 for all i,j,l.
Besides we add the equations:
z3; — xij = 0 for all 4,5, y2, — yijn = 0 for all i, j, k,
> yijp — 1 =0for all 4, j, and y;ry;ju = 0 for all ¢, 5,k # L.
1

These equations can be simplified and some equations (like yfj x — Yijk = 0) are super-
fluous because they can be derived from the other equations. A natural simplification
gives the following system of equations:

TijTjkThi = 0 for ¢ 75 k,j, Tij + X5 — 1 =0 for all 1,7,

;cijyijl(l - SUHJEU) =0 for i,j,l, Xl: Yijr — 1 =0 for all i,j,

.Z';‘?j — Tij = 0 for all i,j, and YijkYijl = 0 for all i,j, k 75 l

Finally we can get a fixed set of generating equations. For example, ysjr¥yii =
0 for all 4, j, k # | is generated (under the action of S,) by the 6 equations for indices
in {1,2,3,4}: y123y124 = 0, 1129113 = 0, y111y112 = 0, yi21y122 = 0, Y1219123 =
0, yi22y123 = 0. L)
The next example shows how one can treat constants in a translation. More signif-
icantly, it shows how a sequence of tautologies, commonly studied in the context of
algebraic proof complexity lower bounds [4],[5], [7] can be obtained from a Second
Order sentence using this translation.

Example (PHP): Fix the language L = L(f,c). Consider the Second Order Uni-
versal sentence in the language L.

U =Vf (@e,yf() =fy) Ae#y)V (Eef(z) = c)).

This statement is a formalization of the principle that there is no ontomap f: U — U
which avoids the point {c}. The negation 7 is on the form:

n=3f (Vi,j f(i) = f(4) = i=j) A (Vi f(i) #0)).
Now introduce variables z;; and y; with the intention that z;; =1 ¢ f(¢) = j and
y; =1 ¢ ¢ = j. This gives the equations:
zijzi =0 foralli,j #k  =x;;y; =0 for all 4, j,
Z x;; —1=0for all ¢, y;y; = 0 for all 4,7 and the equation Z y; —1=0.

A different set of equations for the PHP (more specifically PHP" 1) was considered
in [4],[5],[7]. This system of equations essentially appears by letting y, = 1. Notice
that this system is only closed under S,,_;. Furthermore, other sequences of tautolo-
gies studied in proof complexity, such as various matching principles, the primality
principle [4],[5], [7], [11] etc. can also be obtained from Second Order sentences using
our translation. &
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4 Construction of Hard Tautologies

One of the most fundamental questions in the theory of proof complexity is the
following: how to obtain families of tautologies which do not have short proofs in a
given system of propositional calculus?

First, consider the opposite question. How to obtain easy tautologies? One easy
class of tautologies arises from a Second Order Universal sentence ¥ which is a tau-
tology of predicate logic. This happens when ¥ is valid in all models, i.e. not only
is it valid in all finite models, but also holds in all infinite models. We call such tau-
tologies absolute tautologies. Their importance was noticed in [15], [16], [17] and [18]
in the setting of Bounded Arithmetic. The term “absolute” is borrowed from forcing
in set theory. Absolute tautologies (in non-standard models) always remain true and
are preserved in generic extensions of the universe. The corresponding sequence of
propositional tautologies ¢,, are easy to prove: essentially one can take the finite proof
in predicate logic and turn it into a proof in propositional calculus. With the right
stock of rules one can achieve this in a constant number of steps.

Now consider tautologies like the pigeonhole principle. This holds for finite models,
but fails for infinite models. This already suggests that these tautologies are somewhat
harder to prove. For such tautologies there is no longer a proof in predicate logic so
different n’s require different treatments. On the other hand tautologies like the
pigeonhole principle are still provable in a uniform way.

One way of constructing hard sequences of tautologies is to ensure that different
values of n require distinctly different proofs. To do this, we consider Second Order
Existential sentences ¥ for which the spectrum S := {n € N : IM | ¥,} has high
complexity. The proof of the following theorem formalizes this observation (the proof
is fairly straightforward).

THEOREM 4.1

Consider a Second Order Existential sentence ¥ for which the spectrum S := {n €
N :3M = ¥,} is NEXPTIME-complete. (Here we assume that the input is n, coded
in binary). For any Skolemization ¥, obtain the sequence of propositional formulae
¢, as in Theorem 2.1. Now the sequence of propositional tautologies {—¢g , }ngs
does not have polynomial (in n) length proofs (in any propositional proof sy’stem),
unless NEXPTIME = co-NEXPTIME.

Finally we will sketch a method of generating unconditionally hard propositional
tautologies, based on our translation. This method applies only to algebraic proof
systems in particular, the Nullstellensatz system (NS) and the Polynomial Calculus
system (PC) studied in the context of proof complexity lower bounds [4], [5], [7]-
The idea behind NS and PC is to translate the given propositional tautology ¢, into
an equivalent system of polynomial equations Q(Z) = 0 over some field IF in the
standard manner described in the proof of Theorem 2.1. The task of proving ¢, can
thus be rephrased as the task of showing that Q(Z) = 0 does not have a 0/1-solution
over IF. According to a weak version of Hilbert’s Nullstellensatz, this is equivalent to
showing that the ideal generated by Q U I (where I := {2? — z, z variable}) contains
the constant polynomial 1. An NS-proof is a list of witnessing polynomials P such
that > P,Q; = 1, where P; € P and Q; € Q UI. The degree of the proof is
the maximum degree of the witnessing polynomials P, and acts as a natural proof
complexity measure: a constant degree d NS proof implies that one can find the proof



8 Generating hard tautologies using predicate logic and the symmetric group

in time O(n°(¥), simply by solving a linear system to obtain the coefficients of the
witnessing polynomials P;. Notice that the number of variables in the system @ is
a trivial upper bound on the degree of the NS proof since the polynomials 22 — z for
each variable z have been added to Q. See [8] for a description of PC proofs.

Now we can simply use Theorem 2.1 to generate certain sequences of propositional
tautologies ¢,, and, furthermore, ensures that ¢, requires algebraic proofs of degree
that must change with n (i.e, are not of constant degree). For example, one could
ensure that the spectrum S of the corresponding S,-closed system of equations Q,,
defined as S := {n : @, = 0 has a solution} is infinite and co-infinite. It is now
possible to use the results in [1] to show that @, require NS-proofs (PC-proofs) of
non-constant degree. From this it follows that @, essentially require NS-proofs (PC-
proofs) of super-polynomial size. We conjecture that Q),, actually require exponential
size NS-proofs (PC-proofs). See [19] for some partial results in this direction.
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