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Abstract- We define and investigate new geometric structures
called equiseparations. These arise from the problem of finding a
lower bound on the size of the threshold circuit needed to com-
pute a certain function in the complexity class NP. We introduce
the equiseparation problem and discuss its various formulations.
We also explore several methods for finding a lower bound on the
number of points in which it is possible to place in an equisepara-
tion in d-dimension. Techniques used include Hadamard matrices,
Grassman-Cayley algebras, and projective geometry.

1 Introduction

This paper defines and studies new geometric structures called equi-
separations, which arise from the problem of finding a lower bound
on the size of the threshold circuit needed to compute a certain func-
tion in the complexity class NP. This class contains the notorious
Travelling Salesperson problem. Results in [1] and [2] show that
our equiseparation question, if answered, will establish that an ex-
plicit NP problem has superpolynomial time complexity when the
model of computation is restricted to a certain kind of neural net-
work called threshold circuits. Restricting the model of computa-
tion is one direction taken by researchers in the process of settling
the famous P vs. NP problem, i.e in distinguishing the complexity
class of polynomially computable problems from the class NP. See
[4] for a comprehensive background and treatment of these com-
plexity classes and their relationships. A similar problem related to
probabilistic communication complexity appeared in [7].

1.1 Problem Definition

Definition: Let E = (P, H), where P is a set of points and H is
a set of hyperplanes in the vector space R?, with |P| = n # 0,
|H| = m # 0. Then, E is an (n, m)-equiseparation if for any
pair of points z,y € P, x and y have exactly half the hyperplanes
between them. Figure 1 shows two (4,4)-equiseparations in 2D.
(Note: The problem could instead require z and y to have greater

Figure 1: Two examples of equiseparations in 2D

than or equal to half the hyperplanes between them, since we can
always add hyperplanes that do not separate any points.)

Problem: Given d dimensions, what is the maximum number of
points, r2, which form an equiseparation in R¢? Alternatively, given
n, one can ask, what is the lowest dimension, d, in which one can
find an equiseparation of n points? In this paper, we use both for-
mulations.

Alon, Frankl, and Rodl [7] considered the similar problem of find-
ing the smallest dimension d in which one can realize all possible
separations of n points. Our problem is more difficult, since we
want to know find the lowest dimension for a particular separation,
whereas [7] does not consider any specific separation.

2 Initial Results and Tools

The following are preliminary observations about equiseparations.
First, since we are trying to show that equiseparations do not ex-
ist in low dimensions, it is useful for us to consider a special case
of the equiseparation question in which all the hyperplanes in the
equiseparation pass through the origin. The following proposition,
which follows from projective geometry, allows us to do so.

Proposition 1: An (n, m)-equiseparation exists in d dimensions
if and only if there is an (n, m)-equiseparation in d + 1 dimen-
sions with all hyperplanes passing through the origin. (Thus, we
can force hyperplanes to pass through the origin when it is conve-
nient for us to do so.)

Proof: (=) Assume we have an (n, m)-equiseparation E in a d-
dimensional space A with arbitrary hyperplanes, not necessarily
passing through the origin. We then consider a (d + 1)-dimensional



space B containing A. (The origin in A is not necessarily the ori-
gin in B) A will then be a hyperplane in B. Now, let z,y € A be
arbitrary points separated by an arbitrary hyperplane h. Then, we
can find a hyperplane H in B through the origin that intersects A
on h. H then also separates x and y. We can then define a new eg-
uiseparation E' containing the points from E and the hyperplanes
through the origin found by intersecting A on the hyperplanes from
E. Thus, E’ is an (n, m)-equiseparation in B, a d + 1-dimensional
space, with all hyperplanes passing through the origin.

(<) Suppose E’ is an (n, m)-equiseparation with hyperplanes
passing through the origin in B, a d + 1-dimensional space. Then,
assuming that all the points in the equiseparation are in one half-
space, we can examine the intersection of the hyperplanes in E’
with the hyperplane A that defines the half-space. Each intersection
will be a hyperplane in the d-dimensional space of A. Similarly, we
can project the points onto the hyperplane. Now, let z and y be
arbitrary points in B. Suppose z and y are separated by some hy-
perplane. Then when projected onto A, they will be separated by
the d-dimensional hyperplane that is formed by the intersection of
the hyperplane and A. Thus, the points are still separated by exactly
half the hyperplanes. Since x and y were arbitrary, this is true for
all points in E’. Thus, we have a new equiseparation with arbitrary
hyperplanes in d-dimension. B

In an equiseparation, we do not need to concern ourselves with
the actual coordinates of points and hyperplanes. All that matters is
the relationship between them. Therefore, we use a notation from
the study of oriented matroids that reflects this fact [5]. For each
hyperplane, we can define a positive side and a negative side. Also,
we can order the hyperplanes arbitrarily. Then, we can define each
point as a sign vector, where the ** term of the sign vector is 1 if
the point is on the positive side of the :** hyperplane and -1 if the
point is on the negative side. Similarly, by ordering the points, each
hyperplane can be represented as a sign vector where the " term
in the vector is 1 if the ¢** point is on the positive side of the hyper-
plane, and -1 if it is on the negative side. Then an equiseparation
exists if and only if the set of sign vectors of the points is pairwise
orthogonal, since, from the definition of inner product, this means
that the points are on opposite sides of exactly half the hyperplanes.
This naturally leads to the following matrix.

Definition: The equiseparation matrix X has entries X;; = 1 if
the 4** point is on the positive side of the j** hyperplane, and -1
otherwise. If the points and hyperplanes represented by X are all
in d-dimension, then we say the equiseparation matrix X is real-
ized in d dimensions.

To demonstrate the utility of these observations, we will show
how this definition facilitates the proof of the following.

Proposition 2: Without loss, we can assume |H| > | P|.

Proof: Suppose |H| < |P|. Then, we know from linear algebra
that the rows of the equiseparation matrix cannot be independent,
since there are more rows than columns. Therefore, the rows cannot
be orthogonal. Thus, we contradict our earlier result leading to the
definition of the equiseparation matrix, so |H| > |P|. B

Finally, we know that there are different sets of hyperplanes that
create the same equiseparation matrix with a given set of points,
so we need a notation that expresses the separating property of the
hyperplanes, while disregarding geometric properties such as dis-
tance and orientation. To this end, we label each of these types of
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Figure 2: Unique 5 point configurations in 2D

hyperplanes by the points in the smallest partition it creates. For
example, the hyperplane that separates the point A, B, and C from
the rest of the points is labelled ¢ 4Bc. The number of hyperplanes
of that type in the equiseparation is denoted |t aBc|.

3 Low-dimensional Results

We will now attempt to answer the two equiseparation questions
for low dimensions. First, we will see that the maximum number
of points for an equiseparation in 2D is 4. Then we will see that
the smallest dimension in which one can place 6 points is 3. First,
however, we prove a short lemma that is useful in the proofs, and
also serves to demonstrate the proof method we use.

Lemma 3: No equiseparation is possible with 3 co-linear points in
2D.

Proof: Suppose A,B, and C are co-linear points. Then there are
three possible hyperplane types, t4, tc, and tasc. Now, since
points A and B must be separated by exactly half the hyperplanes,
and the hyperplanes of type £ 4 are the only type that can separate
them, |ta| = |H|/2. Similarly, [¢tc| = |H|/2. Now, by examining
points A and C, we see that [ta| + |tc| = h/2, since types ¢4 and
tc separate A and C. This is a contradiction, so no equiseparation
of three co-linear points can exist.

3.1 Five point equiseparation is impossible in 2D

We have already seen an equiseparation of 4 points in 2D, so all
that remains to show that this is the maximum number of points is
to show that 5 points is impossible. Our proof method first finds all
possible unique point configurations in 2D in which an equisepa-
ration may be possible, i.e. those not barred by the above lemma,
then proceeds to show why an equiseparation is not.

Proposition 4: No equiseparation is possible with 5 points in 2D.

Proof: We know from the above lemma that the convex hull of any
three points in 2D must form a triangle. A fourth point can be added
either within the convex hull of the initial three points or outside of
it. (Placing it on the convex hull will result in three co-linear points)



In the interest of space, we will only consider case b in Fig. 2 in
which four points are placed on the convex hull, and a fifth point is
placed within that convex hull. The other cases are similar.

By the above lemma, if the fifth point is co-linear with two other
points then an equiseparation is impossible, so it must be added off
the main diagonals of the qudrilateral, forcing it to be closer to two
of the exterior points than the other two. Label the points as in fig-
ure 2. Now, the only types of hyperplanes possible are tac, tBD,
tas,tcp,ta,ts, tc, tp, tpr, tcr. If we assume an equisepara-
tion exists, then we can examine any pair of points, and the sum of
the number of each type of hyperplanes that separate the two points
should be | H|/2. Also, the sum of the number of each hyperplane
type that does not separate the two points must be |H|/2.

* A and D: From examination of these two points we get the equa-
tions

) |tac|+|tBp| + |taB| + |tep| + |ta| + [tp| + |tpe| = |H|/2
and

) |ts| + [tc| + |ter| = |H|/2

*BandC:

) [tac|+|trp|+|tas|+ton|+|tr|+|tc|+|tcr| = |H|/2
and

V) [tal + [tp| + |tpe| = [H|/2

Using equation IV, we can substitute |H|/2 back into equation
| to get |tac| + |tsp| + |taB| + lten| + |H|/2 = |H|/2,
which results in |tac| + |tBp| + |taB| + |tep| = 0. Since
there cannot be negative amounts of hyperplanes, it follows that
|tac| = |tBp| = |taB| = |[tep| = 0. We can delete these types
from the list of possible types of hyperplanes.

*C and E:

V) |te| + [tpe| = m and

Vi) [tal + [ts] + [to| + |tor| = |H|/2
*Dand E:

VII) |tp| + |tce| = |H|/2 and

VIl [ta] + |ts| + |te| + tpe| = |H|/2

Now, from equation VI we can substitute | H|/2 for [tp|+|tce| in
equation VI, which gives |t 4|+ |ts|+|H|/2 = |H|/2. Subtracting
|H|/2 resultsin |ta| + |t8| = 0. Again, there cannot be negative
numbers of hyperplanes, so it follows that [t 4| = |t| = 0. Since
these were the only types of hyperplanes separating A and B, there
cannot be any hyperplanes separating A and B. Therefore, no eg-
uiseparation can exist for this configuration of points. B

Note: In the above, somewhat cumbersome, proof, we have shown
that a certain linear Diophantine system has no positive solution.
i.e. the variables |tapc|, etc. have no positive integer values.
To our knowledge, there is no automatic way of showing the non-
existence of a solution in such a system.

3.2 Six pointsin 3D

We now wish to find the smallest dimension in which we can place
six points in an equiseparation. We saw in the previous section
that it is impossible in 2D, so we move on to 3D. It turns out it is
possible in 3D, as we now show.

a

Figure 3: An equiseparation of 6 points in 3D

Proposition 5: An equiseparation of 6 points exists in 3D.
Proof: Suppose a cube as in figure 3 with one vertex at the origin.

Give points A...F' the coordinates:
1. A=(1/2+4,0,0)
2. B=(0,1/2+¢1)
3. C=(1,1/2+¢0)
4. D=(1,0,1)
5. E=(0,1,0)
6. F=(1/2+4,1,1).

where 0 < 4, e < 1/2. Now, add one of each of the following types

ofplanes: tacr,tcp, tape, ter tacr, tas, tapr. Eachtype’s
existence will now be shown.

1. tace: Only points A,C, and E are on the z = 0 plane, so
any plane z = K where K < 1 will be of this type.

2. tcp: Only points C and D are on the = 1 plane; all other
points have x-coordinate < 1, so any plane z = K where
1/2 + 4§ < K < 1 will be of this type.

3. tapg: Theplane z + 2y + z = K is between lines BC and
DE when 1 < K < 1+ 2¢. Thus, it separates the desired
points.

4. tgr: Only points E and F are on the y = 1 plane, all other
points have y-coordinate < 1, so any plane z = K where
1/2 + e < K < 1 will be of this type.

5. tacr: The plane —2x — y + k = K is between lines AF
and DE when —1 —2§ < K < —1 and separates the desired
points.

6. tap: Only points A and B have z and y coordinates both
< 1. Therefore, any plane x + y < K where § < K < 1.



7. tapr: The plane x — y + z = K is between lines BC and
AF when 1/2 — e < K < 1/2 + §, and thus separates the
desired points.

Thus, every pair of points has exactly 4 of the 7 planes separating
them. By adding one additional plane of type tascper, SO that
it does not separate any of the points, each pair of points will be
separated by 4 of the 8 planes. Hence, an equiseparation exists.

4 Techniques for Arbitrary Dimension

Clearly, it would be very difficult to extend the proof methods used
above to arbitrary dimension. We need something more power-
ful. This brings us then to Hadamard matrices. The definition of
a Hadamard matrix and general properties about them can be found
in [6]. To aid our progress, we will make one critical assumption
about equiseparations. We assume that, if an equiseparation ex-
ists with 2P points and hyperplanes passing through the origin, then
there is one with hyperplanes passing through the origin whose eg-
uiseparation matrix is the Hadamard matrix Hs». This may not be
true in dimensions which are not a power of 2, but for our applica-
tion, we will consider only dimensions which are powers of 2, so
the assumption is justified.

We now make some observations about Hadamard matrices. A
Hadamard matrix can be defined recursively in the Sylvester form
as follows:

g, | Her Hr ]
2+t Hy» —Hy
It is also helpful to label the rows and columns of an Ha»
Hadamard matrix lexigraphically with elements of F»?. We can
then show the following lemma.

Lemma 6: The (z,y)*" entry of Hys in Sylvester form (when z
and y are expressed as elements of F»?) is given by

(_1)(m,y)

Proof (by induction on p):

Base step: (p = 1) H,: contains 1 in all entries except in (1, 1),
where it is -1. This is consistent with the given formula.

Inductive step: We will assume the proposition to be true for
p = k. First, observe that the Hadamard matrix in Sylvester form is
defined recursively, as above. Since we label the rows and columns
in lexical order, the first half of the rows and columns will always
have a 0 as the first term in their label. Thus, the first term will
have no effect on the calculated inner product, so the structure for
the first half of the rows and columns in H,x+1 will be the same
as in Hye. In the case where the first term in the labelling vec-
tor for both the row and the column is 1, then a 1 is added to the
sum of the remaining terms. Since the addition is in Fokt1t, the
final inner product will be the opposite of the sum of the remaining
terms. These remaining terms are a label in H,x, so the entry in
H,r+1 as computed by the formula will be the opposite as the cor-
responding entry in H,x. Thus, we have the recursive definition of
the Hadamard matrix. l

This lemma gives us a formula that allows us to deal with eg-
uiseparations in an abstract way, which gives us the ability to deal

with higher dimensions, and possibly induct to answer the equisep-
aration question for arbitrary dimension.

4.1 Demonstration of method

Hadamard matrices

proof using

First, some observations. Suppose we have an N-dimensional
space A divided into orthants by the coordinate hyperplanes. De-
fine the sign vector of an orthant to be the vector that gives the
signs of the terms of any vector in that orthant. Then, if we can
find a d-dimensional subspace B of A that intersects a set of or-
thants of A whose sign vectors are orthogonal, we can place points
in those orthants on B, and each of these points will be separated
by exactly half the hyperplanes, all of which pass through the ori-
gin. Thus, we have an equiseparation in d-dimensions with planes
passing through the origin. The equiseparation matrix is the matrix
whose rows are the sign vectors of the orthants intersected by A.

Proposition 7: The Hadamard matrix H2» cannot be realized in p
dimensions with hyperplanes through the origin.

Before we prove this proposition, we will need the following use-
ful theorem, which allows us to slightly alter the proposition into a
form that is easier to prove. First some definitions.

Definition: A subspace S intersects an orthant z if there exists a
vector v € S whose signs exactly match the sign vector of z.

Definition: A subspace S touches an orthant z if there exists a vec-
tor v € S whose signs match the sign vector of & wherever v is
non-zero.

Duality Theorem: For all subspaces S, S intersects some orthant
« ifand only if S+ does not touch x except at the origin.
Proof: First, the forward direction. Let S be a subspace such that
S intersects x for some arbitrary orthant z. Then there exists a
vector v € S such that v. = (v1,...,vx) and vy, ..., v match
the signs given by orthant x. Now, suppose by way of contradic-
tion that S+ touches x. Then there is a vector r € S such that
r = (r1,...,r%) where ry,..., 7 are either 0 or match the signs
given by orthant x. At least one »; > 0. Consider the inner product
{(v,r) = v1 x r1 + ... + v X ri. Wherever r; # 0, the prod-
uct ; x v; > 0, since r; and v; have the same sign. Therefore,
{v,r) > 0. But this violates the assumption that S is othogonal to
S+, sor must not exist. Therefore, S* does not touch orthant z
Now the reverse direction. We will show the contrapositive, that
is, show that if a subspace S does not intersect an orthant z, then
S+ touches z. We will do this by constructing a vector y € S+
whose terms match the signs given by orthant x where y is non-
zero. Without loss of generality, we will assume that S does not
intersect the all-positive orthant and show that S touches this or-
thant. First, consider the vector o = (1,1...,1). Clearly, this vec-
tor is in the all-positive orthant, and thus is not contained in S.
We want to construct our y so that ||y||: < 1 and [{o,y)| > 1.
These two conditions guarantee that y has the signs matching or-
thant z. Let o* be the vector with signs matching orthant z so that
[lo — 0*||eo is minimized. Also let o|g. be the vector found by
projecting o onto S*-. Now, lety = (o|sL)|lo — o*[|/llols 3 -
To show that ||y||1 < 1, notice that ||y||1 = maxzespanisuo} OF

(2, y)1/112]|-



Since z € Span{S U o} we can write z as z = k(o — u) where
u € S. By showing that |(z, y)|/||z||cc < 1forallz € Span{SU
{o}} we know that it is also true for z. By substitution, we get
k(ols+ —u,0ls1)/llols1]l>* * [lo — 0%l /k]|0 — ul|oo.
Since o — o* in the numerator is the closest vector to o with respect
to the infinity norm, we know that ||o — 0*|| is smaller than the
terms in the denominator, therefore, this expression is always less
than or equal to 1, so ||y]||1 < 1.

We now need only show that |{o, y}| > 1. This follows almost
immediately once we realize that o = o| g1 + o|s. The expression
reduces to {o|s.,0|s.) = ||o|sz ||2*, which must be greater than
1.1

We are now ready to prove proposition 7.

Proof of Proposition 7: Suppose we have a 2P-dimensional space
T. Then, if we can find a p-dimensional subspace .S, which we will
represent by its basis B of p rows of length 27, that intersects the
orthants given by the rows of Ha», we will have found an equisep-
aration of 2% points in p-dimensions. Since we want to show this
is not true, we will prove that for all subspaces S of T', S does not
intersect at least one Ho» orthant of 7.

By the duality theorem, this is equivalent to showing that S+
touches at least one Ha» orthant of 7. Since our basis consists
of 2P columns of length p, we know from linear algebra that any
p + 1 columns must be linearly dependent. Therefore, we can find
a vector x orthogonal to B by setting the entries of x to zero every-
where except where it corresponds to the p + 1 linearly dependent
columns. Since the p + 1 vectors are linearly dependent, we can
always find some entries for which Bx = 0. This is true for every
possible basis.

Now, all that remains is to show that any vector x chosen in this
way always touches one orthant of Hy». We will choose the column
labeled 0 in Fy and p other columns whose labels are independent
in F5. Since these columns are independent, the matrix formed by
the intersection of these columns with the rows of Hz», will, in its
rows, acheive every possible partition of 1 and -1. Thus, given any
vector x, it must match the signs of one of these rows, since every
possible partition of signs is represented in one of the rows. There-
fore, every subspace has a space orthogonal to it that touches at
least on Hy» orthant, and by the duality theorem, does not intersect
one Hyp orthant. B

Proposition 8: The Hadamard matrix H2» can be realized in
3/4 x 27 dimensions.

Proof: This is equivalent to the statement that 3 a subspace .S, again
represented by its basis, of dimension 3/4 x 2% that intersects every
Hp orthant of some 2P-dimensional space. To show this, construct
B as orthonormal to a 27 /4-dimensional subspace with basis @,
which we will construct inductively on p as follows.

Base case: We will start with p = 2. Then the dimension of Q5 is 1.
Since we only need to show that we can realize Ha», we can choose
any vector we wish for the basis of @. In this proof, we will choose
the vector (1,1,1,—1). Since we want the subspace orthonormal
to Q to intersect every H,2 orthant, we need to show that, for every
row in H,2, we can find a vector orthogonal to @ that has the same
sign in every entry. The vector (1,1,1,3) is orthogonal and has
the same signs as the first row of H,2. The vectors (1, —3,1, —2),
(1,1,-3,-1), and (3,—1,—1,1) are also orthogonal to @, and
have the same signs as the second, third, and fourth rows of H,o.

Thus, we know the subspace B orthogonal to () contains these vec-
tors, and thus intersects every H,2 orthant of S and has dimension
3/4 x 2% = 3. Thus, our proposition holds in the base case.

Inductive Hypothesis: 3 a subspace @, such that ¥V rows » € Ho»,
3 a vector z,,, With @pXr,p = 0 and z, , has the same sign as r.

Inductive step: We will assume the proposition is true for p, and
show it for p + 1. First, let our subspace @,+1 have the following
matrix as its basis.

=] 4]

Now, if we also take each vector x, , from the earlier step and
use the new vectors z, p+1 and zr42e p4+1 defined by z, p41 =
(@rp Zrp) aNd Tpp20 p+1 = (Trp —Zrp), then we see that the
new vectors are orthogonal to @Qp+1. Also, due to the recursive
structure of the Hy» Hadamard matrix discussed earlier, vectors of
the form (z,., 2 ) Will match the signs of the top half of the rows
of the Hadamard matrix, while vectors of the form (z,,, —2r.)
will match the signs of the bottom half of the rows. So, we have
a subspace B of dimension 3/4 x 2P*! that intersects the Hyp+1
orthants of S. It follows from the induction that this is true for all
p.- 1

4.2 Conjectures for a Tighter Lower Bound

The conjecture presented in this section, if proven true, will show
a much tighter lower bound on the dimension needed to have an
equiseparation of 2% points. This lower bound is superpolynomial,
which is our desired result.

Conjecture 9: Ha» cannot be realized in 2°~! dimension with
planes passing through the origin.

We will reformulate this problem as in the previous two proofs. It
then becomes the following.

Conjecture 10: Any subspace S C R? of dimension 2°~* does
not intersect at least one Hy» orthant.

We can use the duality theorem to get the following conjecture.

Conjecture 11: Any subspace S C R* of dimension 277!
touches at least one Hs» orthant.

Assumption: For simplicity, we make the assumption that every
subspace S is spanned by vectors in {1, —1}%".

Intended proof of Conjecture 11: By induction.

Induction step A:

Given any matrix B (2P~ x 2P) with (-1,1) entries representing the
basis of S, 3v € S+, Bv = 0 and there exists a row r of Ha» such
that Vi, sign(r;) = sign(v;) wherever v; # 0.

Induction step B:

Given any matrix B (2P~ x 2¢P*1) with (-1,1) entries, then 3 a
(2P x 2P) submatrix of Hz» denoted Mg ¢ given by the intersec-
tion of rows in R and columns in C such that V2 € R, 3v such that
Bv = (0 whereveri € C.



4.2.1 Results towards induction step B

Definition: Let S be a subspace of F»? of order m. A subset
S = z1,...,x, of F2? is a subspace-like set derived from S if
1 € St x; ¢ Stfori€2,3,...,mandz; +2; & S*, Vi, 7,
i#j. [3]

Proposition 12: V subsets S C R, where R is the row set of a
Hadamard matrix H and |S| = |R|/2, and V D C C, where C'is
the column set of H, |D| = |C|/2, and D is a subspace-like set
derived from S, we have the following:

1. Ms,p is the Hadamard matrix Hyp—1

2. MS,D = MS,D

3. Mg p is an orthogonal matrix.

4. Msp=—-Msp

Proof: Before we show this, we first need a quick lemma.

Lemma 13: If T is a subspace-like set derived from subspace
S C F»P, then T is also a subspace-like set derived from S.

Proof: Since dim(S) = p—1, dim(S+) = 1. Therefore, S+ contains
only the zero vector and one other vector. Since T is a subspace like
set derived from S, it must contain exactly one of these vectors.

Notice that T is the coset of T, T + y, where y is the non-zero
vector in S*. Clearly, T contains only one vector in S+, Now,
consider two vectors in 7', z1 and 2. Then we can rewrite z; and
z2 as y1 + y and y2 + y, where y; and y» are in T".The y’s cancel,
SO 1 + 22 = y1 + y2, and since y1 + y2 ¢ S*, neither is z1 + x».
Thus T is a subspace-like set derived from S. B

Proof of Prop. 12:

1. This is shown in [3], Theorem 9.

2. This follows from 1 and Lemma 13. Since D is a subspace-
like set derived from S, Theorem 9 also applies. Since both Mg p
and Mg p are Hyp-1, they are equal.

3. Observe that S is a coset of S, S + y, where y & S. Since
Ms, p is an orthogonal matrix, and we know that adding some vec-
tor (in this case y) to every vector in one of the intersecting sets that
form a submatrix does not change its orthogonality, it follows that
M3, p is orthogonal.

4. We need to show that Vs; € S(—1)¢¥) = —(—1){2)
where y € D and z € D. Since S is a coset of S, Vs; € R,
Jds ¢ Rsuchthat s; = s;/ + s where s, € R. Also, Vd; € D,
3d € S+ suchthatd; = d;'+dwhered;’ € D. Therefore, we need
only show that Vs;' € S(—1)(si'+odi') = _(_p)lsi’+s.di’+d)
where d;' € D. The right hand side of this equation can be
rewritten as —(—1)%' +odi’) x (—1)(i"+oD |t follows that
(=1)%si" 54 = _1 which implies that (s; + s,d) = 1, which
leads to (s;’,d) + (s,d) = 1. Butsince d € S+, we know that
{s;',d) = 0,0 (s,d) = 1.

Examine the set {d}*. Since d is an independent element, the
dim({d}) = 1. Therefore, dim({d}*) = dim(F»?) —1. But this
is the same as dim(R), and since d € R*, R C {d}*. There-
fore R = {d}*. So, s ¢ {d}". Therefore (s,d) = 1. Thus,
Vsi € S(=1)¢iv = —(—1)¢*) wherey € D and z € D
which implies that Mg , = —Mg . B

5 A MATLAB Experiment

In an attempt to find a counterexample to conjecture 11, we used
the linear algebra software, MATLAB©. The linear program we
used is as follows.

Linear Program: For each row r € Hyr, maximize < x,r >
subjectto Bx =0, z;7; > 0and z; < 1.

This determines all orthants of Ho» that touch S*. In addition, it
finds the vector in S that touches the orthant the “best” (that is,
v has the least number of zeros possible). This can be helpful in
looking for the worst cases for B. If we can show that a matrix of
a particular form causes the least number of orthants to touch, or
causes the “worst” touches, and then show that it still touches some
orthant, then it may lead to a proof.

We determined several results from MATLAB. First, we con-
structed random boolean matrices B of sizes from 4 x 8 to 16 x 32.
Using the preceeding linear program on large sets of random 8 x 16
test-matrices, we found that the least number of the sixteen orthants
that were ever touched was 6. In addition, when the touches were
only on a low number of dimensions, there were always large num-
bers of orthants touched. After many tests with larger matrices, we
have not yet found a counterexample to our conjecture.

Finally, we note that when B has certain properties, such as be-
ing a subset of the rows of Ha», or not depending at all on a par-
ticular row of Ha», we see some trivial, yet moderately interesting
results. Thus, our next approach was to look at the vectors in B in
the orthonormal Hadamard basis, consisting of normalized vectors
from the Hadamard matrix. Denote the Hadamard basis of S by
[S]a. Now let C = [S]x. If every row of C has exactly two non-
zero entries, then Conjecture 2 is satisfied. That is, when we can
express each vector in the basis of S as a linear combination of a
pair of rows of Hoy, then there is a vector in S+ that touches Hap .
First we consider a few lemmata. Formally,

Theorem 14: Let B be a 2P~! x 2P matrix such that the rows of
B, b =aird + /' forrd, v € Hye. Then 3x : Bx = 0 and
x touches Hoap .

Lemma 15: If B' isany 2P~ x 2P matrix representing a subspace
of R and each row of B is an arbitrary linear combination of
two rows of Hsp, and B is any 2P~! x 2P matrix with each row
bl = 1(1+6")rf + 1 (1 — 6")r" where all the vJ and r*’ are dis-
tinct rows of Hap, then if there exists x touching Hor for any B
then there exists x’ touching Ha» for any B’.

Proof: Express the rows of B’ asb* = a’r; + a' r}. Then we can
let 8 = 2=2_  Because the subspace spanned by B’ is invari-

a"+a"
ant under scalar multiplication of the rows of B’, we can multiply

each row by —— and we see that B and B’ are now in the same

form. We can juastify the requirement that the rows from Ha» be
unique in B with the following. Suppose a row is used twice in B’.
Since there are only 2P~ vectors in the basis of B’ and two rows
per vector, there are exactly 2P vectors to choose and 2 rows to
choose from. If one row is chosen twice then another row, r must
not be chosen at all. Then we have [Br] = 0 already so any choice
of x will suffice. l

So now we can prove a more specific case with the help of two
definitions.

Definition: Let x € {+1,+6°}*", with 1 # §° > 0. Define




s(x) =y € {£1}* , wherey; = —1ifz; < 0andy; = 1 if
x; > 0. Define §(x) = x € {#1}*", where z; = 1 if z; € {+1}
and z; = —1 if z; € {+48'}.

We will now consider a particular row b? of B and construct a
solution x.

Lemma 16: Let B be a 2P~ x 2P matrix composed of row-vectors
b = 1(14 &) + 1(1— %) with all the rf and r*' distinct
rows of Her. Then 3x : Bx = (0 and x touches Har.

Proof: Consider for some j, s(b;) and 8(b;). Letbl = 1(1+
8y + L(1 = §7)9". Clearly, s(b;) = v and §(5;) = rird . We
are looking for x with Bx = 0 and s(x) € Ha». So let x such
that s(x) = ¥ and 6(x) = —'r = —4§(b;). It is clear that x
touches Ha». So we must now show that Bx = 0, that is, each row
of B is orthogonal to x. First consider bl. < x,bd >= ¥;z;b).
Since 6(x) = —d(b;), we have z;b! = +£67. Thus, < x,b} >=
§%is(x)is(b;)i = Darird =< o, >= 0 because r/ and
i’ are distinct and orthogonal. Next we consider the other case,
of b* when k& # j. Then the sum < x,b* >= X;z;b%. Each
term is a member of {#1, 467, £6% +676%}. In order for this
sum to be zero, we must group the terms together into four separate
sums. We see that we can separate F into four subsets of col-
umn labels and the sum of s(bz);s(x); over each set of labels must
be zero. So we will look at the qualifications for this partitioning.
The classificaton of a column label into one set is determined by
&(br): and §(x);. Now recall that ¥, ¥, ¥, r*' are all distinct
by our hypothesis. Thus, the product of any two of them cannot
be the all-positive row. Since §(x) = —r’rd’ # (+ +...+) and
8(br) = r*r* # (++...+). Now we look at the vector we are
partitioning. We are splitting up the vector that is the product of the
two sign vectors, s(bx)s(x) = . If this vector was equal to the
product of the two § vectors, then we could divide the two vectors
out and see that the product of the other two, r v = (++...4)
which we know cannot happen since the two rows must be dis-
tinct. Thus, the row we are partitioning is not the product of the
two rows we are using to partition it. In addition, it is not the all-
positive row. Therefore, the sum of each partition is zero, and thus
< b¥, x >= 0. Therefore, x satisfies the proposition. l

Theorem 14 follows directly from lemmata 15 and 16.

Unfortunately, this approach is too limited and cannot be ex-
tended to a more general case. To illustrate this, we will try to
extend it. First, we will consider the extent to which we need to ex-
tend this. Given a matrix B, we can look at [B]z and we have the
same subspace represented in a different basis. We have proven that
if we can reduce this to have exactly two non-zero entries in each
row, then we have sufficiently proved what we need. But when we
consider reducing this matrix with row operations, the best we can
hope for is about half non-zero columns. This could possibly be ex-
tended further by considering also the row and column operations
that preserve equiseparations, beyond only the standard ones. But
this only allows for a few specific column transforms, so we will
most likely not be able to eliminate more than one or two more
columns, and not from all the rows.

So we will consider extending the proof to allow more nonzero
columns. Say we allow 3 non-zero columns in each row. This
causes two obvious problems with no solution in sight. First, we
can no longer assume that each column has exactly one non-zero
entry. This was a staple in the previous proof. Second, we need two

paramaters to express a triple (z,y, z) when we disregard scalar
multiplication - thus we would have more than simply a sign vector
and a & vector for each row. This would complicate the proof to
the point where it would no longer work at all. Because of this, we
must look for other methods of solving this problem.

5.1 Boolean Matrices and Cube Mappings

Because of the nature of the problem we are trying to solve — thresh-
old circuits — we may add the constraint that the matrix B must
contain entries from {—1, 1}. This assumption leads to several in-
teresting results. First, we will look at a smaller case, with Ba2x4
matrix.

Let b and by be the sets of columns for which b = +1 and
b1 = —1 respectively. That is, if 1 € bf, then By; = +1, and
similarly for b7 . Define b and b the same way. When by #
b2 we can use sets to prove that there exists x touching Hor with
Bx = 0. Specifically, we force x to be all-positive and then take
any o € Hap, then show that [Bo]x = 0.

Proposition: For p > 1, let B be a 1 x 2P matrix which contains
one vector by in {—1,1}>". Then there exists o € Ho» such that
[Bo]* contains an all positive vector. Proof: Let b' and b be
defined such that b; = (b*,b?,...) and define x = (1, 1,0,0,...).
Ifb! = b% leto = (+ —+ —...) € Hop. Ifb' # b2 let
o= (+++...) € Ha. Inboth cases, [Bo]x = 0 so the all-
positive vector x € [Bo]. B

Proposition: Forp > 2, let B be a 2 x 2P matrix which contains
two vectors by and b» in {—1,1}>". Then there exists o € Hor
such that [Bo]™ contains an all positive vector. Proof: First we
assume o = (+ + ... +), the all-positive orthant. We have defined
b, b7, b, and b, and we assume that by # bo. If they were
equal then we have the case of B is only one vector, which we
proved above. For any x = (z', z%, z>,...) we can conclude that

x € Bt iff
Vj:Z:ci=in

icb} i€by
In fact, this equation holds regardless of the number of rows in B.

For this case with two vectors, we have 3>, .+ 2* = 3 z
1

ieby
and 37t zt = Yieos z'. | will adopt the notation 3" S :=
> ies @' We can add and subtract the previous two equations to
get b NbF + b7 nbf = by Nby + 3 by Nby and
b Nby + 367 Nby = S b7 NbF + S b7 NbF. We can
split the unions into the sum of three intersections with A U B =
(ANB)U(ANB)U(ANB). Thisyields 3 b7 UbT = 37 b7 Ub;
and 367 U by = S°bT U by . Since these four intersections are
mutually exclusive, as long as both b} N b3 and b7 N b5 are non-
empty or both b5 Nb5 and b, N3 are non-empty then we can easily
find a solution, such as setting 2* = 1 for exactly one ¢ in each of
the four (or two) intersections. Then x will satisfy the proposition.
Otherwise, we can assume without loss that 7 N b3 = @ and
b Nb; = @. Then we can combine the two statements and get



b7 U (b3 Nby) = @. Since bf U b, = F5, we conclude that
b7 = @. So we can pick o € Hap such that o # by and o # bs.
This is possible for p > 2. Now B’ = [Bo] does not have an all-
positive or all-negative vector. So this proof holds for B’ and our
proposition follows. B

We can extend this example to larger matrices. Given a matrix
B of dimensions (m, n), we can represent it as n vertices on an m-
dimensional cube. Each column of the matrix gives the coordinate
of a single vertex. If the convex hull of the vertices includes the ori-
gin, then there exists x # 0 with z; > 0 and Bx = 0. Similarly,
we can apply a transformation to the cube. Given arow o € Hop
we can multiply B by o. In order to see the geometric interpreta-
tion, we must develop some way of labeling the columns. Because
they are useful in dealing with Hadamard matrices, it makes sense
to label the rows and columns of a matrix with elements of the Ga-
lois field T .

Using the column labels, we see that multiplying B by o is the
same as reflecting the corresponding vertices about the origin. If
£ is a column label and o, = —1, then we multiply the entire ¢t*
vertex by —1.

This leads to another result. If two columns of B are identical,
then we have satisfied the conjecture. When we look at the cube,
we see two points on a single vertex. For any two columns there is
some row of Hy» that is positive in one column and negative in the
other. By applying that row to B, we reflect one of the two points at
the particular vertex across the origin and the other stays still. The
convex hull of these two points is a line passing though the origin.

When we consider the case of a 3 x 4 B matrix, we find a
counter-example to the concludion of the conjecture, although the
hypothesis is not satisfied. We now have four vertices on a three-
dimensional cube. Consider the case when we have a vertex and
the three adjacent vertices selected. If the vertex in the center is
assigned the column label 00, then it is possible to apply a row of
the Hadamard matrix and find a solution. However, if we assign a
different colunn label to the vertex in the center, such as

B = 1 1 -1 1

it becomes apparent that there is no way to reflect vertices using
Hadamard rows and cause the convex hull to include the origin.
This shows a startling result: the order of the columns in the matrix
is actually important in some cases.

Finally we will consider one more case. When B isa 4 x 8
boolean matrix, we can show that there exists some positive x and
some o € H,s such that [Bo]x=0.

When looking at the 4 x 8 case it is important to see that there
are exactly 16 different vectors in {—1,1}* and eight of them are
simply negations of the other eight. If we have a duplicated column
or a column which is a negative of another, then either the convex
hull already includes the origin because of these two points or we
can flip one of them so that the convex hull includes the origin. So

any matrix B that we have is a column permutation and negation of
some of the columns of

1 1 1 1 1 1 1 1

1 1 1 1 -1 -1 -1 -1

1 1 -1 -1 1 1 -1 -1

1 -1 1 -1 1 -1 1 -1

We can use this to our advantage in this proof, but in larger cases,
it will no longer help, because 22° ™" > 2 % 2 when p > 3.

First we introduce the following convenient terminology:

Definition: S C T is “good” iff S is a subgroup or
coset with |S| = 4 and S # {000,110,011,101} and S #
{111,100, 010,001}.

Now we continue the proof. Note that By satisfies our hypothe-
sis. Take any four columns whose labels form a “good” subgroup
or coset. Then there is a dependence and the submatrix of Hys
formed from the same four columns includes every four-element
boolean vector with even number of pluses and minuses. We can
verify that all the four-column dependences in By are of the form
c1+c2—cs—ca = 0, that is, two rows are positive and two are neg-
ative. So by including all even boolean vectors, we are guaranteed
a solution z with Box = 0.

Now consider permutations of the columns of B,. We note
that every subset of four column labels yields all even sign-
combinations when we look at those columns of H,3. So regard-
less of the permutation, the columns that have “good” subgroups or
cosets mapped onto them will now yield a solution. Thus, as long
as there is a submatrix of B that is equal to or a neagation of a sub-
matrix of By with “good” column labels, we have a solution. In
fact, we also have a solution if exactly two of the four columns are
negated as well.

We finally consider negations. Consider again Bo. Suppose we
negate three or less columns. There will always be a subgroup or
coset in the remaining five columns. Similarly, if we negate five
or more columns, then there will always be a subgroup or coset in
those five that are a negation of an entire submatrix of Bo. Usually,
this subgroup or coset is “good”, but if it is not, then we must use
an alternative method. | will outline the subgroup or coset we find,
depending on how we pick the three columns to negate. In the
following, let z,y, z € Fs be linearly independent. There are three
ways to pick three elements.

First, negate {0, z,y}. Thenwelet S = {z,z+z, 24y, z+z+
y}. If S'is not “good” then we let S = {0, z, z,z + z}. In either
case, S is a subgroup or coset, and at least one must be good. This
alternate choice demonstrates another method. We note that two
elements are in the negated set and two are not. So we still need an
even sign vector and thus we have invariance under equiseparations,
as long as exactly two elements are negated and two are not.

Second, negate {x,y, z}. Thenlet S = {0,z 4+ y,y + 2,z + z}.
If this S is not “good” then let S = {0, z,y,z + y}. One of these
must be “good” so we again have a solution.



Finally, negate {z,y,z + y}. Thenlet S = {z,z + =,z +
Y,z + = + y}. If this choice of S is not “good” then let S =
{y,y + =,y + 2,y + = + 2z} which is “good”.

So regardless of how we negate three or less or five or more
columns, we remain invariant under our equiseparation property.
Now consider negatng four columns. If we negate a “good” sub-
group or coset then we can just select the other four columns which
are also “good”. If it is subgroup or coset that is not “good” then
we know already that we are negating {000,011, 110, 101} or its
coset. We can then pick S = {000,011, 001, 010} which has two
elements negated and two remain the same, thus yielding a solution.
We now have one final case. If we negate four columns which do
not form a subgroup or coset at all. There are two possible ways of
doing this.

First, we negate {0, z,y, z}. Then pick S = {0,z,y + z,z +
y+z}yorS={0,z+uy,z2z+y+ 2} One of these subgroups
must be “good” and each have exactly two elements negated.

Finally negate {z, y, z, x + y}. Then pick S = {0, z, 2z, + z}
or {0,y, z,y + z}. Again, one of these subgroups must be “good”
and each have exactly two elements negated.

Thus, we can start from By and negate any humber of columns.
Then, since we have either an identical submatrix, a negated sub-
matrix, or a “half-negated” submatrix, with “good” column labels,
we can now perform any permutation of the columns to yield any
4 x 8 boolean matrix with columns which are distinct up to nega-
tions. As we saw before, if any pair of columns is equivilant up to
negations we already had a solution, so this is sufficient to finish the
proof. W

This proof demonstrates a higher dimensional case with the same
method, and also shows how much more complicated the proof be-
comes. Unfortunately, it seems that the complexity increases quite
a bit with the size and quickly becomes unworkable. This leads us
into our final formulation.

6 Grassmanians

The following technique may also prove useful in building an in-
ductive proof of our conjecture. To illustrate this technique, we
will examine the case where B is a 2 x 4 matrix. Let

a b ¢ d
X:(e fyg h)
andlet A =af —be, B=ag —ce, C =ah —de, D =bg —cf,
E = bh — df and F = ch — dg be the determinants of the 2 x 2

submatrices of X. We want to show that
Al

a b c d L 0
e f g h N
A4

for X touching H,2. We can make the assumption that one of the
A = 0 because in two dimensions, if the convex hull of four points

covers the origin, then clearly we are able to take out one of them
so that the convex hull of the remaining three still covers the origin.
Following, we show that regardless of which A* = 0, the proof still
follows:

Proposition 17: For every 2 x 4 matrix B, B~ touches some row
of Hy2.

Proof: We can assume that one of A = 0. Thus we
have four cases. First, we assume A' = 0, which yields

2
( boc d ) A,
A
f g h Al
f and the first row by b and subtracting the first from the second
yields BA® + EX* = 0. Similarly, we can multiply the first row by
g and the second row by ¢ and subtract to see BA2 — CA* = 0. We
now separate this into four more cases, depending on which row of
H,> we want X to touch. First consider the row (+ + ++). So
A2, 03,01 > 0. Thus, BE < 0 and BC > 0. Next consider the
row (+ — +—). Then we arrive at BE < 0 and BC < 0. The
other two rows yield BE > 0,BC > 0or BE > 0,BC < 0
respectively.
We see similar results for setting A2 = 0, A*> = 0 and \* = 0.
For brevity, | will show a chart of the results.

= 0. Multiplying the second row by

Caz GFF+D [ F—F) [ GF+—) [ GF=-1)
A =0 BE < 0 BE < 0 BE > 0 BE > 0
BC >0 BC <0 BC >0 BC <0
A2 =0 DF <0 DF <0 DF >0 DF >0
DC >0 DC <0 DC <0 DC >0
A =0 EF <0 EF <0 EF >0 EF > 0
AE >0 AE <0 AE <0 AE >0
A =0 AB >0 AB <0 AB >0 AB <0
BD < 0 BD <0 BD >0 BD >0

For each case of A\’ = 0 we see that exactly one of the rows
r € H,> must be touched. Thus, we have proven that for every
2 x 2 matrix B, B+ touches some row of H,2. il

Now we will consider the implications of this proof and the pos-
sibility for generalizing and extending it. First consider the 2 x 4
matrix we looked at in the proof. The span of the rows of the matrix
is a two-dimensional subspace (plane) in four dimensions. When
we intersect that with the z = 1 hyperplane (or any other that
doesn’t pass through the origin), we now have a line in three-space,
parameterized by eight parameters. Instead, look at the six determi-
nants, A...F. We can use these determinants to uniquely express
this line in a manner independent of the coordinates or choice of
basis for the three-dimensional space containing the line. These six
parameters are called the Grassman-Pluecker coordinates of lines
in three-space [5].

However, as seen in the previous discussion, in order for a 6-
tuple of real numbers (A. .. F') to represent a line in three-space,
they must satisfy AF+ BE+C D = 0, which is consistent with the
fact that lines in three-space have only five free parameters. The sets
of points (4, ..., F) in R® that satisfy the above equation lie on a
manifold, which is called a Grassmanian. Thus there is a bijection
between points on this Grassmanian and lines in three dimensional
projective space, or two dimensional subspaces of four dimensional
space. For this reason, this Grassmanian is called G4,».

This idea extends to k& dimensional subspaces S of n dimensional
Euclidean space, which are represented by the rows of a & x n
matrix. The k x k determinants of this matrix give a coordinate
free representation of S in (:) -dimensional space. Asinthe 2 x 4



case, a point in (’,;”)-dimensional space represents a k-dimensional
subspace of R™ only if it satisfies a series of quadratic Grassman-
Pluecker relations which define the Grassmanian manifold G, ;.
By duality, one can view a point on G, ; corresponding to a k di-
mensional subspace S as also representing the (n — k) dimensional
subpace S*.

In order to show that there is no k& dimensional subspace that
cuts through all the n = 2P Hadamard orthants of R™ (i.e, orthants
whose sign vectors are identical to the Hadamard rows), by dual-
ity it is sufficient to show that every (n — k) dimensional subspace
touches at least one Hadamard orthant. In other words, let us con-
sider the n = 2P Hadamard regions of G where each region
contains exactly those points that correspond to (n — k) dimen-
sional (orthogonal) subspaces that touch a particular Hadamard or-
thant. Now the goal is to show that these 2P Hadamard regions
entirely cover G, . It is not hard to see that these regions are con-
nected and closed. The boundary structure of these regions can also
be systematically classified. Due to the symmetric structure of the
Hadamard orthants to show these Hadamard regions form a cover
of G, it is sufficient to consider one of these regions, and show
that every point on the boundary is either on the boundary or the
interior of another Hadamard region.

This type of approach is used in proving the nonrealizability of
oriented matroids [5], which is a difficult problem in general. An
oriented matroid over set of size n specifies a complete set of hyper-
plane separations or so called Radon partitions of of n points. An
oriented matroid is realizable in k£ dimensions if and only if a point
configuration can be found in R* realizing all of the given Radon
partitions. In our case, our separation matrix (the 22 Hadamard ma-
trix) specifies only a partial set of Radon partitions. Hence we are
trying to prove the nonrealizability of a partially specified oriented
matroid, which is an even more difficult problem.

However, we can use the sophisticated tools at the junction of
combinatorial and algebraic geometry that has been developed for
proving nonrealizability of oriented matroids. Moreover, the highly
symmetric structure of the Hadamard matrix in Sylvester form (the
automorphism group of Z%) appears to make the problem tractable.

7 Conclusion

Propositions 7 and 8 in section 4 show that HS cannot be real-
ized as an equiseparation matrix in p-dimensions and can be real-
ized in 3/4 x 2P dimensions. Additionally, we have presented a
small amount of research on the current Grassmanian approach to
the problem as well as a MATLAB experiment verifying our con-
jecture. The proof of proposition 17 can potentially be extended to
the four-by-eight case and beyond. The techniques outlined in this
paper are being applied to finding a tighter lower bound on the di-
mension required for realizing H2» as an equiseparation matrix.

Conjecture 18: Vk, AN, such that Vn = 2P and Vm, there does
not exist an (n, m) equiseparation in dimension d < p*. That is,
we need dimension d > Q(log*n) = Q(p*).

If successful, we will show that NP-complete problems have super-

polynomial complexity when we are restricted to a certain model of
computation, namely neural nets. This will aid researchers in solv-

ing the classic P vs. NP problem by showing a distinction between
the two classes of problems.
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