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Abstract

We show that the general two layer constrained via minimization problem and the three layer
constrained via minimization problem for HVH topologies are NP-hard. A backtracking and a
heuristic algorithm for the three layer HVH constrained via minimization problem are pro-
posed. The backtracking algorithm can also be used for three layer non HVH problems.
Experimental results indicate that our heuristic generally outperforms that of [CHANGS9].
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1. Introduction

Theinputto the general constrained via minimization (CVM) problemis atwo dimensionalrout-
ing regionwith terminalsarrangedn rowsandcolumnsinsidethe regiontogethemwith alayoutof the
nets.This layoutspec®Reswire pathstogethemwith layerassignmentor eachsegmenbf eachwire
path. Theinitial layoutis feasiblein thatit containsno crossingor overlap(Figurel) of wire segments
of differentnets.The objectiveis to reassigrthe wire segmentso layerssoasto minimize the number
of vias. Thereassignmeris requiredto preservehe original topology(i.e., wire pathsbut notlayer
assignmentandshouldbe suchthatthereis no crossingor overlapof wire segment®f differentnetson
anylayer.Figure2(a)givesa possibleinputto the CVM problem.Vias areshownassmallboxes.
Thereare4 viasin thelayoutof Figure2(a). Brokenlinesindicatewiresin layeroneandsolidlines
indicatewiresin thesecondayer. Figure2(b) givesanothedayoutthatpreserveshe layouttopology

andusesl via. Theinstanceof Figure2 is a 2 layerinstanceastheinput layoutuses? layers.
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(a) Netcrossing (b) Netoverlap

Figure 1 Crossingandoverlap

In agrid basedCVM problemtheinputlayoutis con@nedto follow horizontalandvertical grid
linesthataresuperimposeon theroutingregion.Figure3(a)showsa 2 layergrid basedCVM input
thatusesb viasandFigure3(b) showsa layout obtainedfrom that of Figure3(a) by reassignindayers
but preservinghe inputtopology. Thelayoutof Figure3(b) usesl via. Solidlinesrepresentvireson
onelayerandbrokenonesrepresentvires onthe otherlayer.

TheHVH CVM problemis a 3 layergrid basedCVM problemin which theinputtopologiesare
restrictedsuchthatlayers1 and3 containonly horizontalwire segmentsndlayer 2 containsonly verti-
cal wire segmentsHowever this restrictiondoesnot applyto the output.In reassignindayers,the

topologyhasto be preservedut both horizontalandvertical segmentganbe assignedo anylayer.



(a) Inputlayout (b) Reassignmerf (a)

Figure 2 An instanceof the CVM problem
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Figure 3 An instanceof agrid based2CVM problem

Notethatavia thatgoesfrom layer 1 to layer 3 passesayer 2 andmakeselectricalcontactwith any
wire segmenthatusesthis grid positionon any of thethreelayers.An exampleof anHVH CVM
instances givenin Figure4(a)anda possiblelayerreassignmenthatpreservesettopologyis pro-
videdin Figure4(b).Brokenlinesrepresenwireson layer 2 while wiresonlayersl and3 are
representedby solid lines. Layer3 (1) wiresarelabeled3 (1). Thelayoutof Figure4(a)uses7 vias
while thatof Figure4(b) usesnovia.

Anothervariantof the CVM problemis the channelCVM (CCVM) problem. In thisthe netter-
minalsareconstrainedo lie ontwo sidesof a routingchannel Figure5(a) givesaninstanceof thegrid

based2CCVM problemandFigure5(b) givesalayerreassignmerthatreduceshe numberof vias
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(a) Inputlayout (b) Reassignmerf (a)

Figure 4 An instanceof HYH CVM problem

from6to 2.

(a) Inputlayout (b) Reassignmerf (a)

Figure 5 An instanceof 2CCVM problem

Thegeneral2 layer CVM (2CVM) problemwasshownto be NP-hardby Naclerio,Masudaand
Nakajimain [NACL89]. Their proofalsoappliesto the 2 layer CVM problemwith any of thefollowing
restrictions:

1) Theinputlayoutis grid based

2) Vias arerestrictedto lie atwire junctions(i.e., pointswheretwo or morewire segment®f the

samenetmeet)thatwerein the original layout

3) Themaximumwire junction degreds limited to anynumbe? 6.



Heuristics for the grid based 2CVM praoblem have been proposed by several researchers (see
[CHANSY7] and [XION88] for example). The three layer CVM problem was first shown to be NP-hard
by Chung and Du [CHANSS]. They did this by reducing the planar graph three colorability problem to
the 3 layer CVM problem. Chang, Jyu, and Feng [CHANS9] provide an alternate proof using the three
satisfiability problem. Actually the 2 layer proof of [NACL89] extends to the three layer case. For this,
we need merely replace their two layer sublayout (Figure 6(a)) by the 3 layer sublayout of Figure 6(b).
Asaresult, the 3CVM problem remains NP-hard under the added restrictions cited earlier.

(a) 2 layer sublayout (b) 3 layer sublayout

Figure 6 Constructs for the NP-hardness proof of [NACL89]

Both Chang and Du [CHANS8] and Chang, Jyu, and Feng [CHANB89] develop heuristics for the
3CVM problem. Experimental studies performed by [CHANB89] indicate that their heuristic is superior
to that of [CHANS8S]. Heuristics for the gridless 2CVM problem are proposed in [NACL87]. A related
problem is the unconstrained via minimization (UVM) problem in which the wire layout is not con-
strained by a specified topology. Heuristics for 2UVM can be found in [HASH71], [HSU83], and
[MARES4].

In this paper, we first show that the 2 layer channel CVM (2CCVM) problem is NP-hard (Section
2). Next, in Section 3, we show that the HVH CVM problem is NP-hard. In Section 4, we make some
observations about the HYH CVM praoblem. These are used in Sections 5 and 6, respectively, to arrive
at a heuristic and a backtracking agorithm for the HYH CVM problem. The backtracking algorithm
may be applied, without modification, to three layer non HVH CVM instances also. Experimental
results are provided in Section 7.

Throughout this paper, we assume that vias are restricted to junctions in the specified input layout.

These points are called via candidates. The via candidates for the instance of Figure 1(a) are shown by



boxesin Figure7. Observehatsinceawire canchangdayersonly by the useof avia, entirewire seg

mentsthatcontainno via candidatemustbe placedin the samelayer.

Trackl L

Track2 —m

Figure 7 Via candidates

2. Complexity of 2CCVM

In this sectionwe showthatthetwo layer CVM problemwith the addedrestrictionthatthe pins
lie ontwo sidesof achannel(2CCVM) is NP-hard. Our proof showshow anyinstanceof 2CVM may
be transformedin polynomialtime, into aninstanceof the2CCVM problemsuchthatfrom anoptimal
solutionto the2CCVM instanceonecanobtain,in polynomialtime, anoptimal solutionto the original
2CVM instance.

Consideranyinstancel of 2CVM. Thetop andbottomboundarie®f this maybeviewedasthe
two sidesof a channel(Figure1(a)). To transformthis instanceinto aninstanceof 2CCVM, we needto
eliminateall pin positionsthatarenot on thesetwo sidesof the channel Eachsuchpin position,p, falls
into oneof the categories(PA) thereis a pathfrom p to oneof thetwo sidesof the channelandthis
pathdoesnotintersectany of the netsof I; and(PB) thereis no suchpath. In the exampleof Figure
8(a),all netsaretwo pin netsandall pin positionsotherthanA fall into categoryPA. Thelayerassign
mentsarenot shownin this ®ure.Pin positionsin categoryPA canbe movedto oneof the two sidesof
thechannelby extendingthe netfrom this positionto a positionon the channelsidewithout intersect
ing any existingnet. The extensionsareshownby brokenlinesin Figure8(b).Clearly, suchanexten
sionwhich, in effect,movespin positionsto the sidesof the channeldoesnot affectthe numberof vias
in the optimal solution.Let | Abe the instanceof 2CVM obtainedby extendingnetsin this way sothat
all remainingpin positionsthatarenot on oneof thetwo channelsidesarein categoryPB.

To extendthetype PB pinsto the sidesof the channelwe needa morecomplexconstruction. Let

p be sucharemainingpin position. Every pathfrom p to oneof the two channelsidescrossest least
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(a) Instanceof 2CVM (b) Netextension

Figure 8 An exampleof pinsandtheir extensions

onenet.Supposéhatr netsegmentarecrossedFigure9(a) givesanexamplewith r = 3. At eachpoint
wherethis pathcrosses net,we shallusea crossovebox. Two types,SandT, of crossoveboxesare
used.Type Sis usedatthe ®st crossoverandtype T atall remainingones A type S crossovebox has
oneinputterminaland8 outputterminals.Type T boxeshave8 input and8 outputterminals.Thepin
positionp is connectedo theinput of S, the outputsof anSboxanda T box areconnectedo theinputs
of thenextT box (if any)onthe path.If thereis no suchnextboxthenthe eightoutputsareextendedo
the channelsideasin Figure9(b). So,onepin positionp resultsin 8 pin positionson the channelside.
Theconnectionof the outputsof onebox to theinputsof the nextis done,in order,left to right. I.e.,the
i'th outputof aboxis connectedo thei'th input of the nextbox, 1£i£8.

Thecon®gurationsfor the SandT boxesareshownin Figures10and11, respectively. Thebro-
kenlineslabeledA andB denotethe netbeingcrossedy the pathfrom the pin p to oneof the channel
sides. By appropriately scalingthe construction, SandT crossoveboxesmaybe placedsoasnotto
intersectany of the existingnetsotherthanthe onescrossedy the aforementioned pathfrom p. Note
thatthe eightoutputterminalsof an S box andthe eightoutputandeightinput terminalsof a T box
represenexactlyfour distinctnets.

Let " bethe2CCVM instanceobtainedirom | Aby extendingall pin positionsin categoryPB
usingSandT crossoveboxesasdescribedabove.lt shouldbe clearthatl" canbe obtainedfrom the
original 2CVM instancel in polynomialtime andthatthesizeof I" is a polynomialfunction of the size

of I. We needto showthatfrom anoptimal solutionto I" we canobtain,in polynomialtime, anoptimal
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Figure 9 Extending a pin with crossovers to the top side of the channel
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Figure 10 Scrossover box

solution to |. For this, we shall first establish several properties of the crossover boxes Sand T.

We shall use the term edgeto denote anet segment that has no crossoversin its interior. Consider
the net configuration of Figure 12(c). This shows five net segments labeled 1-5. Segments that cross are
from different nets. The subsegments (a,b), (b,c), (c,d), (d,e), and (e,a) are five of the edges in this lay-
out. These five edges form a cycle in the graph theoretic sense if we regard the net crossover points a, b,

¢, d and e as vertices of agraph. This cycle isan oddcycle as there are an odd number of edges onit.



Figure 11 T crossoveibox

Figurel2(a)showsanoddcycle with threeedgesandFigure12(b)showsanevencycle with four

edges.
1 1
2
2
3 4
(a) 3 edgecycle (b) 4 edgecycle (c) 5 edgecycle

Figure 12 Cyclesin alayout

Lemma 1: (a) In everytwo layerlayoutof anoddcycle theremustbe anoddnumberof viasonthe
cycle.
(b) In everytwo layerlayout of anevencycle theremustbe anevennumberof viasonthe

cycle (we consider0 viasto be anevennumberof vias).
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Proof: Sinceadjacentedgesof a cycle comefrom differentnets,theremustbealayerchangeat each
vertexof thecycle. Thelayerchangeata vertexusesno via andresultsfrom assigninghe two edge
segmentshatmeetat a vertexto differentlayers.Further, if we startatanypointonacycle (notneces
sarily avertex)andwalk aroundthe cycle andreturnto this point, the numberof layer changesnod 2
mustbe zeroaswe mustreturnto the samelayer.Let e bethe numberof edgeqandhenceverticeson
the cycle) andlet g bethe numberof vias. Ourdiscussiorimpliesthat(e+q) mod2 = 0. If eis odd,then
g mustbeodd. If eis even,thenq mustbeeven.O

Figurel3 givessomepossiblelayerandvia assignmentfor the cyclesof Figure12. Notethatwe
arelimited to two layers.Layernumbersarenotedon the edgesor edgesegmentsiNote alsothatthe
two layerassignmentsf Figure13 aredoneusinga minimumnumberof vias. Figure14 depictssome
of thenetsegmentsn anS crossoveiboxthatis connectedo a T crossovebox. All thesegment®f S
andthosesegment®f T belowthe horizontalline throughpointsa andb of Figurellareincludedas
solid lines. The®ve distinct netsarelabelednl throughn5. The point x is nota crossovepoint asthe
threenetsegmentshatmeetat x belongto the samenetnl. (a,b),(b,c),(i,k), (m,0),and(g,r) aresome

of theedgesn this conRguration.

(a) Onevia (b) No vias (c) Onevia

Figure 13 Possible layerandvia assignmentor cyclesof length3, 4, and5

Lemma 2: If thetwo endsof n5 (cf. Figure14) arerequiredto be onthe samédayerthen,independent
of which layer(x,y) is requiredto be on,a minimumof four viasareneededo completethelayoutin

two layers.Everyfour via layout placesexactlytwo viasonnb.

Proof: Figurel5 showsa four via two layerassignmentinderthe assumptiorthatn5is assignedo

layerl2. In this ®gurell andl2 denotethe two layersanda box denotesa via location.Note thatif the



11

Figure 14 Configuration for Lemma 2

segment (X,y) of nlisrequired to be on |1, then this can be accomodated by moving the via on the edge
(i,k) so that it is on the segment (i,x) of this edge.

2 12 211 11 1212 12

Figure 15 4 via, 2 layer assignment of Figure 7
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Sincethe cyclesabs,abi, ikj, pgr,grh,andghzareof oddlength,everytwo layerassignmeninust
haveatleastonevia on each.Thecyclesabsandabicanshareaviaif it is placedonthe commonedge
(a,b).Similarly, ghzandghr canshareavia if it is on edge(g,h).Hencethevia requirementanbe
reducedo four if onevia is placedon eachof the edgega,b)and(g,h).No othervia sharingis possible.

Hence,in everyfour via layout,only two vias canbe placedon n5.0

Lemma 3: If thetwo endpointsof n5 (cf. Figure14) arerequiredto be on differentlayersthen,
independenof which layer (x,y) is requiredto be on,a minimumof ®ve viasareneededo complete

thelayoutin two layers.

Proof: A possible®ve via two layerassignmenin which the endsof n5 areon differentlayersis given
in Figurel6. Thisassumeshat(x,y) is to beonlayerl2. If it is to beon|1, thenthevia on (i,k) maybe
movedto theedge(i, X). From the proofof Lemma2, we knowthatatleastfour viasareneededo han
dle thesix oddcyclesandthateveryfour via assignmenhastwo viason n5. However for the endsof
n5to beondifferentlayers,anodd numberof vias needto be assignedo n5. So,no four via assignment
is possible A ®ve via layoutcanhaveavia on eachof (a,b)and(i,k), oneon eachof the cyclesghz,

ghr,andpgr,andnovia on(g,h).0

2 12 12 ;1 1212 12

Sl

Figure 16 5via, 2 layerassignmenof Figure7

Figurel7 givesthe netsegmentshatresultwhentwo T boxesareinterconnected. Thenetsnl-n4

arenumberedn accordancavith Figure14 andtheverticess,t, u, v, w, andz correspondo the vertices



13

in Figure 14 that have the same label.

n4 nl n2 n3 n3 n2 nl n4

Figure 17 Nets from two interconnected T boxes

Lemma 4: If the two ends of n5 (cf. Figure 17) are required to be on the same layer, then a minimum of
ten vias are required to complete the layout in two layers. Every ten vialayout has exactly two vias on
ns.

Proof: A ten viatwo layer layout that has both ends of n5 on the same layer is given in Figure 18. The
configuration of Figure 17 contains 14 cycles of odd length (abs’, abi, inj, nst, bijkc, ckd, kju, elf, flomg,
gmh, ghz’, opm, Ivo, pwz). From Lemma 1, there must be a via on each. Cycles abs” and abi can share a
viaif theviais placed on (a,b) and ghz" and ghm can share aviaif it is placed on (g,h). The only other
possihilities for via sharing are cycle bckji shares aviawith one or more of the cycles cdk, jku, and inj,
and cycle fgmol shares a via with one or more of the cycles lov, mop, and efl. This sharing by bckji and
fgmol can reduce the via requirements by at most two. Hence at |east ten vias are needed. Since the

above defines every 10 vialayout, every ten vialayout has exactly two vias on n5. O

Lemma 5: If the two end points of n5 (cf. Figure 17) are required to be on different layers, then a

minimum of 11 vias are needed to complete the layout in two layers.

Proof: An eleven viatwo layer layout of Figure 17 is given in Figure 19. From the proof of Lemma 4,
we know that at least ten vias are needed to layout Figure 10 on two layers and that every ten vialayout
has two vias on n5. Hence, in every 10 via layout, the two ends of n5 are on the same layer. So, at least

11 vias are needed if the two ends of n5 are on different layers. O
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|2 I2 I2 I2 |2 I2

11
1 11 11 11

Figure 18 10via, 2 layerassignmenbf Figurel7

|2 |2 |2 non |2 |2 |2

T

12 1 12 12 12

Figure 19 11via, 2 layerassignmenof Figurel7

Lemma 6: Let p beatype PB pin positionthatis extendedo a sideof the channelby usingonetype S
andt type T crossoveboxes. Supposehatq of thet+1 type n5 netscrossedy theset+1 crossover
boxesarerequiredto havetheir endson differentlayers.The minimumnumberof vias neededo layout

thet+1 crossoveboxesis 4+1Q+q.

Proof: That4+1Q+qis alower boundfollows from Lemmas2 through5. To showthatthelayoutcan

actuallybe doneusingthis numberof vias,we needto showthatatype T crossovebox canbelayed
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outusingl0viaswhenthe endsof netA (Figurell)arerequiredto beonthe samelayerandusingll
viaswhentheyareto be on differentlayersregardles®f therequirement®n the endsof netB (Figure
11). Figure20 showseightof the sixteenpossibilities for the endsof A andB. Theremainingeightare
isomorphicto these. In Figure20, viasareshownaso sandx's. In keepingwith our developmenbf
Lemmas2 throughb5, vias placedon netB, which arerepresenteds”d" insteadof "X" in Figure20,are
chargedo the crossoveibox belowthe currentone.Onemayverify thatthe numberof vias chargedo
atypeT boxis either10or 11 dependingon whetherthe endsof netA areonthe samelayeror on

differentlayerst
Theorem 1: The 2CCVM problemis NP-hard.

Proof: Let | beaninstanceof 2CVM thathasa pin positionsof type PA andb of type PB.Let I" be
obtainedfrom | by @rstextendingthetype PA positionsto the channelsidesasdescribecdearlierand
thenextendingthetype PB positionsusingS andT crossoveboxes.Supposéhatthe pathusedto

extendthei'th type PB positioncrosses; nets,1£i £b. We shall showthatthe optimal solutionto | uses
m viasiff the optimalsolutionto I" usesm+ 10|:Sbni- 6b vias. Furthermore, from anoptimalsolutionto |
i=1
onecanaobtain,in polynomialtime, anoptimalsolutionto I'" andvice versa.
Consideranoptimalsolutionto |. Let m bethe numberof viasused.Placethesem viasat exactly
thesamepositionsin |". Also, preassigriayersto all netsegment®sf I" thatarealsoin I. This layer
assignmenis the sameasthatusedin the optimalsolutionfor I. Thelayerassignmentor the exten
sionsof type PA pin positionsis the sameasthatof the original netsegment®f | to which theyarecon
nected. For the extensionf thetype PB pin positions,we placeviasandassignlayersin accordance
with Figure18. For thei'th type PB positionexactly10n;- 6 additionalviasareintroduced. Thisis so
becauseéf the endsof atype A netsegmen{Figurell) werepreassignedo differentlayers,thenthere
mustalsobe anoddnumberof vias preassignedo pointsbetweentheseends. Sinceno netsof the ori-
ginal instancecrossbetweerthesetwo endsof the netsegmenbdf type A, thereis exactlyonesuchvia
(if thereis morethanonesuchvia thenthe solutionto | is notoptimalasviasin excesof onecanbe
eliminatedwithout affectingthe feasibility of the solution).This via canbe usedasoneof the needed
elevenviasandmaybe movedto any point betweenthe endsof thetype A netsegmentHenceonly ten
additionalviasareneededvhenthe endsof this netsegmenareon differentlayers.If theendsof the
type A netsegmentrepreassignedo the samelayer,therecanbenovias preassignedbo it asthe
preassignmeris donefrom anoptimal solutionto I. HencelO additionalviasareintroducedby the Fig-
ure 18 assignmentSinceonetype Sandn;- 1 type T crossoveboxesareused the extensionof thei'th

type PB positionuses4+10(n;- 1) = 10n;- 6 additionalvias. So,the numberof viasusedin the layout of
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Figure 20 Casesfor Lemma6

i=b
I" ism+10Sn;- 6b.
i=1

Next consider an optimal solution to I". From this we can obtain a solution to | by eliminating the
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pin positionextensionsandcrossoveboxesusedin goingfrom | to I" andalsoeliminatingtheviason

these Wheneliminatingviasfromtype A netsegmentsoneis retainedin casethe numberof viason

i=b
the segments odd.From Lemmas2 through, it follows thatexactly10Sn;- 6b viasareeliminatedin
i=1
. . . . . I:b .
thisway. Furthermore, following this we havea feasiblesolutionto | thatuses10Sn;- 6b fewervias
i=1
thanusedby the optimalsolutionto I". Hencethe optimalsolutionto | usesm viasiff thatfor I" uses

i=b
m+10Sn;- 6b vias. Sincel" canbe constructedrom | in polynomialtime andsince2CVM is NP-hard
i=1

[NACLB89], it follows that2CCVM is alsoNP-hard

3. Complexity Of HYH CVM

We showthatHVH CVM is NP-hardby showingthata polynomialtime algorithmfor HVH
CVM implies suchanalgorithmto determinewhetheror nota planargraphis 3 colorable.This latter
problemis knownto be NP-hard[STOC83].

Theorem 2: TheHVH CVM problemis NP-hard.

Proof: Let G beany planargraph.Considerany planardrawingof G. In this drawing,considera vertex
v andall edgesncidentto do. Draw a narrowclosedcurve[EHRL76] thatenclosesnorethanhalf of
eachedgeincidentto v (seeFigure21(b)).The closedcurveis drawnsoasnotto touchany of the
remainingedgesn G. Theseclosedcurvesaredrawnfor everyvertexin G. Figure21(c)showsthe
resultfor the planargraphdrawingof Figure21(a).The curvesmaynow berectilinearized (i.e.,
transformedsoasto consistof horizontalandvertical segment®nly) andeachclosedrectilinearcurve
openedat somepoint soasnotto affecttheinter curveintersections (Figure21(d))andsuchthatno two
curveshaveoverlappinghorizontalor vertical segmentgor portionsthereof).If, now, we discardthe
original graph,whatremainsis aninstanceof the HYH CVM problemin which eachthe opencurves
spec®esthetopologyof thelayoutfor atwo terminalnet. The endsof the curvearethetwo terminals
of the corresponding net. Thespec®ed constructionis easilyseento be of polynomialcomplexity.

Observethattwo openrectilinearcurves(and,in fact, eventhe original continuouscurves)of the
constructioncrossiff thetwo verticesof G theyareassociatedvith areadjacentin G. Hence the com
pletelayoutof two netscanbe assignedo the samelayeriff thetwo corresponding verticesof G canbe
assignedhe samecolor. In otherwords,the constructedHVH CVM instancecanberealizedin 3 layers
andwith noviasiff G is threecolorable.So,HVH CVM is NP-hardX

From the constructionof Theorem2, it follows thatthefollowing restrictedversionsof the HVH
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Figure 21 Construction of Theorem 2

CVM problem are also NP-hard:

1) All netsin the HVH CVM instances are two terminal nets.

2) The HVH CVM instances have no horizontal or vertical segment overlaps.
3) The maximum junction degree is 2.

4) Vias are restricted to lie at junctions.

4. Observations

The via candidates of the input layout may be classified into the categories. unremovable, abso-
lutely removable, and possibly removable. An unremovable viais one which must be present in every
feasible via assignment. An absolutely removable viais one which is not present in any optimal via

assignment. All other via candidates are possibly removable.
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Considerthe sublayoutof Figure22(a).The ®ve wire segmentsi-y comefrom four differentnets
andthe sublayoutcontaingust onevia candidateZ. Sincew crossess andv, w mustbe assignedo a
differentlayerfrom u andv. Further, sinceu andv overlap,they mustbe assignedo differentlayers.
Henceu,v,andw mustbe assignedo differentlayers.If thevia candidateZ is eliminated,thenbothx
andy mustbe assignedo the samelayerto maintainelectricalconnectivity. However this cannotbe
donein threelayerswithout crossingu,v, or w. So,thevia candidateZ is unremovableasfar asthree

layerlayoutsare concerned.

X w u ®7
v
ZT y @ Xy
(&) A sublayout (b) Its crossing graph (c) Coalescing of x and y

Figure 22 Unremovablevia

Unremovablevias canbeidenti®dby drawingthe crossinggraphof the layout. This graphwas
de@nedin [CHANS89] to beanundirectedgraphin which eachvertexrepresents distinct wire segment
of thelayout; thereis a solid edgebetweenwo verticesiff the corresponding wire segmentgrossor
overlap;andthereis a brokenedgebetweenwo verticesiff two corresponding wire segmentsneetata
via candidate The crossinggraphfor the sublayoutof Figure22(a)is shownin Figure22(b).

Theremovalof avia candidatemodi®esthe crossinggraphassucha removalresultsin the wire
segmentshatmeetat the via candidateébeingcombinedinto a singlewire segmentSo, if thevia candi
dateZ of Figure22(a)is removedthe verticesx andy of the crossinggraphcoalescénto a singlever-
tex. Whentwo verticesx andy arecoalescedtheyarereplacedby a singlevertexxy, all edgesprevi
ouslyincidentonx ory arenowincidenton xy; andthe brokenedgebetweerx andy is eliminated.

Theresultingcrossinggraphis shownin Figure22(c). This is the completegraph,K 4, on four vertices.

Lemma 7: Let G bethecrossinggraphof anHVH CVM instance.AssumethatG doesnot containthe
subgraph, comprisedsolely of solid edgesLet the brokenedge(x,y) I G representhevia candidate

Z.Z is anunremovablevia candidatef the coalescingof verticesx andy resultsin a subgraptk ,



20

comprisedsolely of solid edges.

Proof: Thecreationof K, of solid edgesrequiresthatthe wire segmentgorresponding to the four ver-
ticesof K, beassignedo differentlayersasthesefour wire segmentgrosseachother. Hencethereis
no feasiblethreelayerassignmentor thesefour wire segmentsHenceZ is unremovablel
Figures23(a)and(b) providetwo examplesf absolutelyremovablevias. We assumehatboth
subtopologiesre partof a feasibleinstanceof HYH CVM. We claim thatthevia candidateZ in each
exampleis absolutelyremovable ConsiderFigure23(a).No matterwhich layerx is assignedo, y can
be assignedo the samelayerasy con icts (i.e.,overlapsor crossespnly with w andw cannotbe
assignedo the samelayerasx sincex andw alsocon ict. In the caseof Figure23(b),everyfeasible
layerassignmenassignsx andw to differentlayers.The segmenty andy canbereassignedo the
samelayerasx astheycon ict only with w which cannotbein the sameayerasx becausef the over

lap betweenx andw. As aresultof thereassignmendf x andy, thevia candidateZ is eliminated.

() (b)

Figure 23 AbsolutelyremovableviasZ

Lemma 8: Let Z beavia candidateandlet x be oneof thewire segmentshatmeetat Z. Supposdhat
everyotherwire segmenty, thatmeetsat Z overlapsor crosse®nly wire segmentsv thatalsooverlap

or crossx. Then,Z is absolutelyremovable.

Proof: Consideranythreelayervia andlayerassignmentor the giveninputtopology.Thewire seg
mentsthatmeetat Z canalwaysbereassignedo thelayerto which x is assignedasthe segmentsvith
whichtheycon ict alsocon ict with x andsocannotbe onthe samelayerasx. Hencethevia candk
dateZ maybeeliminated.C

Via candidateghatdo notgetclass®ed asunremovabler absolutelyremovableby Lemmasy

and8 areclass®edaspossiblyremovable.



21

Let | be an instance of HVH CVM and let x be awire segment of I. Let I’ be an instance that
results from the removal of x from 1. If x can be added to every feasible layer and via assignment of I’

without increasing the number of vias, then x isatrivial wire segment.

Lemma 9: (a) Let x be awire segment of an instance of HVH CVM. If x is connected to no other wire
segment and if all the wire segments with which x conflicts (i.e., overlaps or crosses) can be assigned to
at most two layers in any feasible assignment, then x isatrivial wire segment.

(b) If x is connected to other wire segments at only one of itstwo ends and if every wire seg-
ment with which x has a conflict also conflicts with one of the wire segments, y, to which x is con-

nected, then x isatrivial wire segment.

Proof: In case (a), X can be assigned to the layer that does not contain any of the wire segments with
which it conflicts and in case (b), x can be assigned to the same layer asy. Figures 24(a) and (b),

respectively, provide an example for cases (a) and (b). O

X y

@ (b)

Figure 24 Examplesfor Lemma9

Lemma 10: Consider the subtopology of Figure 25(a). In every three layer assignment wire segments
(a b, ¢, and d) of this subtopology must be placed in layers 1 and 3 and the vertical segments (e and f)
inlayer 2.

Proof: Suppose that one of aand b isassigned to layer 2. Without loss of generality, we may assume
that the other is assigned to layer 1. So, e and f must be assigned to layer 3. Hence, neither ¢ nor d can
be assigned to layer 3. Since ¢ and d overlap, they must be assigned to different layers. Without loss of
generality, we may assume that ¢ is assigned to layer 1 and d to layer 2. The via Z passes through layer
2 and so makes contact with wire segment d resulting in infeasibility. Hence, neither anor b can be

assigned to layer 2. Similarly, we may show that neither ¢ nor d may be assigned to layer 2. Since aand
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b overlap,oneis in layer 1 andthe otheris layer 3. Henceneithere nor f canbe assignedo layers1 and

3 andsomustbe assignedo layer2.0

a |® f
b
Y 3 - d
C Yz
(a) Subtopology (b) Its crossinggraph

Figure 25 Subtopologyfor Lemmal0

By identifying the subgraplof Figure25(b)in the crossinggraphof theinputlayout,we canres

trict certainwire segmentgo bein layer2 andothersto bein oneof thelayersl1 and3.

4. Heuristic For HVYH CVM

As indicatedin Sectionl, ChangandDu [CHAN88] andChang,Jyu,andFeng [CHAN89] have
proposedeuristicsfor the 3CVM problem.While their developments not con@nedto HVH inputs,
their experimentation waslimited to HYH CVM instancesThe heuristicof ChangandDu [CHANS8]
attemptgo reducethe numberof vias by consideringheviasin theinitial layoutoneatatime.Whena
via is consideredanattemptis madeto eliminateit by modifying the layerassignmenof somewire
segmentsln the heuristicof Chang,Jyu,andFeng [CHAN89] wire segmentsatherthanviasarecon
sideredoneatatime. The orderin which wire segmentss considereds determineddy aweighting
function.Supposéahatwire segmenk is beingconsideredor layerassignmentLet m bethe numberof
layersto which the wire segmentshatcrossor overlapwith x andwhich havealreadybeenassignedo
alayerhavebeenassignedlf m = 3, thenabacktrackingprocedurds invokedto modify somelayer
assignmentsoasto accomodate. If m = 2. thenthereis only onelayerto which x maybe assigned
andit is assignedo thislayer. If m < 2, thena priority functionis usedto determinewhich of the possi
ble layersx is to be assigned.

In our heuristic,we procesghe horizontaltracksto which horizontalwire segmentsreassigned

from the outsideto theinside.So,the tracksof the layout of Figure26 areprocessedh theorderTrl,
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1 2 3 4 5
12 L3 14
16 © ] 15 Tr2
17 - o 19 4 j:|.8 3
20 & Tr4
6 7 8 9 10 11

Figure 26 Exampleof afour tracklayout

Tr4, Tr2, Tr3. Sinceour heuristicdoesnot makeuseof theinitial layerassignmenthatmaybe partof
theinput, our exampleof Figure26 doesnot showthis. Whenatrackis processedthe horizontalnet
segmentassignedo it areassignedo layeroneor threebasedon a greedycriteriathatwill be
spec®edlater. Vertical netsegmentshathaveoneendpoint onthetrack beingconsiderecandthe
otheronapreviouslyconsideredrackthatis onthe sameside (upperor lower) of thelayoutregionas
the currenttrack arealsoassignedo alayeratthistime. So,whentrack 1 of Figure26 is considered,
the HWSs(horizontalwire segments}i2,13,and14 andthe VWSs3 and5 areassignedo layers;when
track 2 is consideredhe segmentd,, 2, 15,and16 areassignedandwhentrack 3 is consideredhe seg
ments4,7,9,11,17,18,and19 areassignedo layers.Onceall trackshavebeenprocessedh this way,
theunassignedertical netsegmentareassignedo layers.Finally, thereis a postprocessingstepin
which someof the layerassignmentarechanged.

Our heuristicdoesnotdealdirectly with HWSs.Rather it workswith horizontal net segments
(HNS).Theseareobtainedby combiningtogetheradjacentHWSsfrom the samenetthatareassinged
to the sametrack. So,in the exampleof Figure26,the HWSs12,13,and 14 constitutea single HNS.
Eachof theremainingHWSsde&nesa distinct HNS. A high level descriptionof ourlayer assignment
heuristicis providedin Figure27.

We now presenthe detailsor stepsS1-S4 FirstconsiderstepS1. The HNSsin atrackare

class®edaseithersingleor double.A singleHNSis onewhich doesnot overlapwith any othernet
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{ phase 1: track-by-track layer assignment}
for each track i in outside-to-inside order do
begin
S1: assign the HNSs of thistrack to layers;
S2: assign the VWSs that have one end point on track i,
the other end point on an already considered track,
and which do not pass the middle of the routing region;
end,
S3: assign the as yet unassigned VWSsto layers;
{ phase 2: post processing}

$4: reassign HNSsin an effort to reduce the number of vias;

Figure 27 High level description of our heuristic

segment in the track. A HNSthat is not asingle HNSis adouble HNS. In the example of Figure 26, the
HNSs (12, 13, 14) and 20 are single HNSswhile 15-19 are double HNSs. If x is a double HNS, then we
compute aset X of HNSsin the same track as x by beginning with X ={x} and adding to x other HNSs
that overlap with one or more HNSs already in X. This addition of HNSsto X is continued until no
more HNSs can be added to X. So, if x = 17 (cf. Figure 26), then X = {17, 18, 19}. For every double
HNS X, the set X may be partitioned into two sets A, and B, such that the HNSsin A, do not overlap and
those in B, do not overlap. For the case x =17, A7 ={17, 18}, and B;; = {19}.

For each single HNS, x, in the track under consideration, we compute nl (n3), the number of via
candidates that can be eliminated by assigning x to layer 1 (3). Thisis done by considering the via can-
didates that are on x. Let Z be such avia candidate. Let V be all the VWSs (at most two) that connect to
Z. If dl the HNSsthat cross VWSsin V have been assigned to layers and if x and all the VWSsinV
can be assigned to layer 1 (3) with no conflicts then increase n1 (n3) by 1. In case x isadouble HNS
then n1 (n3) is computed for the set X by determining how many of the via candidates on the HNSs of
X can be eliminated if the HNSsin A, (B,) are assigned to layer 1 and those in B, (A,) are assigned to
layer 3. For example, when track 2 of Figure 26 is being considered and x = 16, X = {15, 16}, A5 =
{15}, and B, = {16} . Suppose that the HNSs {12, 13, 14}, and {20} have been assigned to layer 1. If
A = {15} isassigned to layer 1, then B, = {16} must be assigned to layer 3. The via candidate at the

junction of 1 and 15 can be saved only by assigning these two segments to the same layer. However the
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VWS 1 cannotbeassignedo layer1 asit crosseshe HNS {12, 13, 14}. For thevia candidatesatthe
junctionsof segment$ and16 and2, 8, and 16 sucha consideration is not madeat this time aseach
hasa VWS (6 and8, respectively) thatcrossesanunassignedrack (i.e.,track3). So,n1=0.If A5 is
assignedo layer 3, thenB,g mustbe assignedo layer 1. In this casethevia atthe junction of segments
1 and15is savedasthe VWS 1 canbe assignedvithout con ict to layer 3. So,n3 = 1. Underthe condk
tionsdescribedabove our heuristicwould assignA ¢ to layer 3 andB ¢ to layer 1.

For asingleHNS, x, nn1(nn3)estimategshe numberof via candidateshatmight be savedby ass
inging x to layer 1 (3). As in the caseof n1 andn3, we considerthevia candidate®n x. Let Z be sucha
via candidatehathasexactlytwo VNSsconnectedo it andsuchthatfor oneof theseVNSs,y, all
HWSsthatcrossit havealreadybeenassignedo alayerandfor the otherVNS, z, thereis atleastone
HNSthatcrossest andhasnotbeenassignedo alayer.If x, y, andz canbeassignedo layer1 (3)
withoutacon ict with anyof thealreadyassignedsegmentshennnl (nn3)is increasedy 1. Whenx
is adoubleHNS, nnlandnn3arede@nedin asimilar way but by consideringall the HNSsin X asfor
the caseof n1andn3. Notethatthevia candidate< thatcancontributeto the countof nnlandnn3are
differentfrom thosethatcancontributeto the countof n1 andn3. As anexampleconsiderthe assign
mentfor track 2 of Figure26 underthe assumptiorof that{12, 13,14} and20 havebeenassignedo
layer1. As before,assumex = 16, X = {15, 16}, A5 = {15}, B1g ={16}. Thevia candidateatthejunc-
tion of segment£, 8, and16 could not be consideredn the countfor n1 or n3 butit canbesocon
sideredin the countfor nnlandnn3.If A is assignedo layer1, thenB.g is assignedo layer 3. Seg
ments2 and8 canbeassignedo layer 3, without crossingany HNS alreadyassignedo layer 3. So,nn1
= 1.However,nn3= 0 asif A5 is assignedo layer 3, thenB; is assignedo layer 1 andif the VWS 2is
assignedo layer 1 it will crossthe preassignetHiNS{12, 13,14} thatis onthislayer.

A third setof countsnnnlandnnn3mayalsobe de®nedfor eachsingleHNS x. Considerthe set,
Y, of VWSsthatcrossx. For eachz1 Y increasehennnl(nnn3)by 1 iff all the HNSsthatbothcrossz
andareassignedo alayerhavebeenassignedo layer1 (3). Theextensiono the casewhenx is adouw
ble netsegments analogougo the extensiondor the casesf n1,n3,nnl,andnn3.As an examplewe
againconsiderthe assignmenbf track 2 of Figure26 underthe sameassumptionsisbefore.SinceX =
{15, 16}, we considerthe VWSsthatcrossboth15and16.So,Y ={4}. Theonly HNSthatcrosses}
thathasalreadybeenassignedalayeris {12, 13, 14}. Sincethis hasbeenassignedo layer 1 andsince
A6 ={15}, nnnl=1.Also,nnn3=0.

The countsdescribedaboveareusedin theimplementation of stepS1of Figure27.A highlevel
descriptionof this implementation is givenin Figure28. As canbeseennnl,nn3,nnnl,andnnn3are

usedonly astie breakersandsoneedto be computedonly in caseof atie (i.e.,nnlandnn3areto be
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computed only if n1 = n3; nnnl and NnNn3 are needed only when nl = n3 and nnl = nn3).

Let x be an unassigned HNS on the current track;
if xisasingle HNSthen [let X ={x}, A, ={x}, and B, = A
eselet X, A, and B, be as defined for adouble HNS;
case
(n1< n3) or ((n1=n3) and (Nn1< nn3) or ((n1= n3) and (nn1= nn3) and (nnnl1< NnNn3)):
assign the HNSsin A, to layer 1 and those in B, to layer 3;
else assign the HNSsin A, to layer 3 and those in B, to layer 1;

endcase

Figure 28 Step S1 of Figure 27

For step S2 of Figure 27, we consider only those unassigned VWSsthat have one end point on the
current track, the other on a previously considered track, and which do not pass through the middle of
the routing area. These VWSs have the property that all HNSsthat cross them have already been
assigned to alayer. If any of these can be assigned to layer 1 or 3 without a conflict they are so
assigned. Otherwise, they are assigned to layer 2. When the HNSs of track 2 of Figure 26 have been
assigned to layers, we consider the VWSs 1 and 2. The VWSs 6 and 8 are not considered as they pass
through the middle of the routing region (i.e., from the top half to the bottom half). If {12, 13, 14} and
{16} have been assigned to layer 1 and { 15} to layer 3, then VWS 1 can be assigned to layer 3 without
conflict. However, VWS 2 cannot be assigned to either layer 1 or 3 without conflict. So, it isassigned to
layer 2in step S2.

In step S3 the unassigned VW Ss are considered one at atime (in any order) and assigned to layer
1 or 3if possible (i.e., if such an assignment creates no conflict). Otherwise the VWS s assigned to
layer 2. In step 4 we attempt to further reduce the number of vias by moving all segments associated
with aviafrom layers one and three to layer 2. This can be done only if these segments do not cross or
overlap with segments already in layer 2.

By using appropriate data structures, our heuristic can be implemented so as to run in O(N+C)
time where N is the number of wire segments (both horizontal and vertical) and C is the number of
crossovers between HWSs and VWSs. The observed run times can be reduced somewhat by not
attempting to eliminate unremovable vias (Lemma 7); noting that absolutely removable vias (Lemma 8)

can be eliminated easily; by considering trivial wire segmentsin the end (i.e., they are eliminated from



27

theinitial layoutandreintroducedafterthe heuristichasbeenrun) andby observingtherestrictionof

certainwire segmentso layer 2 or to layers1 or 3 (Lemmal0).

5. Backtracking Algorithm
We proposea standardacktrackingalgorithm[HORO78]to obtainan optimal solution.For this
we needto specifythe orderin which the netsegmentareto be consideredor layerassignmenand

alsothe boundingfunctionsto be used.

Net SegmentOrdering

By usingLemmal0 certainVWSscanberestrictedto be onlayer 2 andcertainHWSscanberes
trictedto beonlayersl or 3. As aresultof this, only segmentsiot restrictedto layer 2 needto be
orderedfor layerassignmenturthermore, trivial netsegmentganbe excludedasthesemaybeeasily
assignedo layersin theend. For HWSsrestrictedto be onlayers1 or 3 atwo way branchingof the
searchreeis usedwhile athreeway branchingis usedfor theremainingsegmentsThe segmenbrder
ing is obtainedin thefollowing way. If a segments requiredto be assignedo a particularlayerasa
resultof layerassignmentalreadymade thenit is consideredhext. For example a HWS maybe
requiredto be onlayer 3 becausét overlapswith onealreadyassignedo layer 1 andit crossesa VWS
assignedo layer 2. If anextsegmentannotbe chosenn this way, thenthe unassignegegmentsre
assignedh priority andthe onewith highestpriority selectedIn caseof atie, atie breakelis used.For
eachsegmentywe computethe numberof differentlayersto which the segmentshatcrossit or overlap
with it havebeenassignedThis is the priority of the segmentNotethatthe priority is either0 or 1
because priority of 2 would meanthis segmentanbeassignedo only onelayerfeasibly.Soit should
havebeenselectedasthe nextsegmentvithout a priority computationA priority of 3 would meanthat
the segmentannotbe assignedo anylayerwithout con ict. So,the currentpartial assignmenis
infeasibleandshouldbe aborted.

For thetie breakerwe usethe numberof unassignedHWSsandVWSsthatcrossor overlapwith
it. A segmentvith a highesttie breakervalueis usedasthe nextsegmentlf thereis still atie, it is bro-

kenarbitrarily. Further whenthereis a choice,layersareconsideredn theorder2, 1, 3.
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Bounding Functions

Theinfeasibility criteriamentionedaboveis used Additionally, the unremovablesiasarenot
usedin the countfor the numberof viasin the currentpartial solution.l.e.,we areonly concernedvith
theviasin the possiblyremovablecategorythatareactually usedin the currentlayerassignmentlf this
equalsor exceedghat of the bestsolutionfoundsofar, the currentsolutionmay be aborted.

Thebacktrackingalgorithmjust describednaybe convertednto ani -approximation backtrack
ing algorithmby abortingthe currentsolutionif the numberof possiblyremovableviasusedby it plus
the numberof unremovablesias exceedg1+ )(numberof unremovablevias + numberof possibly

removableviasin the bestsolutionfoundsofar).

6.Experimental Results

We programmeabur heuristicandbacktrackingalgorithmin Pascal andconductedexperiments
onanApollo 3500workstation.For testdatawe usedthe dataof Chang,Jyu,andFeng [CHANGS9].
Table 1 givesthe characteristic of the 11 instancesusedin our experimentsThe@rstcolumngivesthe
numberof wire segmentsn theinstanceandthe secondgivesthe numberof viasin anoptimalthree
layerassignment.Theseoptimal valueswereobtainedusingour backtrackingalgorithm. Values with
anasteriskarethe bestvaluesobtained.Thesewereobtainedby our heuristicasour backtrackingalgo-
rithm wasunableto do betterin the alloted (30 hours)time. Thesevaluesmay notbe optimal. Thethird
columngivesthe numberof via candidatesn theinstancethe fourth givesthenumberN;, of abse
lutely removablevias; the &fth columngivesthe numberN,, of unremovablesias; andthe numberof
trivial wire segmentss givenin column6. Thelasttwo instancesf Table 1 correspondo Deutsch's
dif@ult example[DEUT83].

Table 2 givesthe numberof viasin the solutiongeneratedy ®ve differentalgorithmsandthe
time takenby each.These®guresare providedonly for the eightlargestinstanceof Table 1. The
columnlabeledOptimal Alg. is for backtracking, the nextis for the 90% approximateversionof back
tracking(i.e.,1 = 0.9),the nextcolumnis for the heuristicof Section4, the nextis for a heuristicthat
differsfrom thatof Section4 only in thatthetracksareconsideredn aninside-to-outside orderrather
thanthe outside-to-inside order. Thelastcolumnis for the heuristicof Chang,Jyu,andFeng
[CHAN89]. In this column,thetimesareona Sun3/110avorkstationandthe programmindanguage
usedis C. This columnis takenfrom [CHAN89]. We do not presenthe corresponding ®guresfor the
heuristicof ChangandDu [CHAN88] asChang,Jyu,andFeng [CHANB89] haveestablishedhattheir

heuristicis superior.As canbe seenfrom Table 2, our outside-to-inside heuristicoutperformghe
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WSs | Opt.Vias Via Cand. Nr Nu Trivial WSs
29 1 20 11 0 13
35 0 23 20 0 30
42 1 28 11 0 22

101 33 57 11 27 18

121 48 68 9 47 15

190 7 107 16 7 23

220 96 125 22 91 32

258 90 150 27 78 44

316 104 180 36 67 64

520 206" 290 32 163 49

586 238" 347 33 186 73

* value obtained by our heuristic

Table 1 Instance characteristics

remaining heuristics in seven of the eight cases. The solution is optimal for only two of the five
instances for which the backtracking algorithm was able to complete in 1 hour. The run time of the

outside-to-inside heuristic is also quite satisfactory.

7.Conclusions

We have shown that the 2CCVM and HVH CVM problems are NP-hard. A new heuristic and a
backtracking algorithm have been proposed for the HYH CVM problem. The backtracking algorithm
may also be used for three layer non HVH CVM instances. It isrecommended for small instances (say

with 200 or fewer segments) and the heuristic (outside-to-inside) is recommended for larger instances.
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OptimalAlg | 90% Approx.Alg | Heur.(Out-to-In) | Heur.(In-to-Out) | Heur. by Chung
NSs | vias | time vias time vias time vias time vias time
101 33 1.8s 36 1.19s 40 .36s 40 .37s 34 .16s
121 48 1.1s 50 .63s 48 43s 52 44s 50 .22s
190 77 1.4s 82 .87s 78 .63s 80 .64s 83 .58s
220 96 | 3.1s 100 1.43s 96 72s 98 74s 99 .58s
258 90 | 17m 90 1.47m 94 .79s 102 .80s 105 .75s
316 | 114 1h’* 117 1h* 104 .87s 114 .89s 108 1.3s
520 | 219" | 1h” 218 1h’ 206 1.6s 213 1.6s 214 2.5s
586 | 255" | 1h’ 267 1h’ 238 1.7s 242 1.8s 245 2.7s

* thevalueafteronehourof execution

Table 2 Experimentalkesults
(s:secondsn:minutesh:hours)
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