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Abstract

We show that the general two layer constrained via minimization problem and the three layer
constrained via minimization problem for HVH topologies are NP-hard. A backtracking and a
heuristic algorithm for the three layer HVH constrained via minimization problem are pro-
posed. The backtracking algorithm can also be used for three layer non HVH problems.
Experimental results indicate that our heuristic generally outperforms that of [CHAN89].
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1. Introduction

Theinput to thegeneral constrained via minimization (CVM) problemis a two dimensionalrout-

ing regionwith terminalsarrangedin rowsandcolumnsinsidetheregiontogetherwith a layoutof the

nets.This layoutspeci®eswire pathstogetherwith layerassignmentfor eachsegmentof eachwire

path. Theinitial layout is feasiblein that it containsnocrossingor overlap(Figure1) of wire segments

of differentnets.Theobjectiveis to reassignthewire segmentsto layerssoasto minimizethenumber

of vias.Thereassignmentis requiredto preservetheoriginal topology(i.e.,wire pathsbutnot layer

assignment)andshouldbesuchthatthereis nocrossingor overlapof wire segmentsof differentnetson

anylayer.Figure2(a)givesa possibleinput to theCVM problem.Vias areshownassmallboxes.

Thereare4 viasin thelayoutof Figure2(a). Brokenlinesindicatewiresin layeroneandsolid lines

indicatewiresin thesecondlayer. Figure2(b)givesanotherlayout thatpreservesthelayout topology

anduses1 via. Theinstanceof Figure2 is a 2 layer instanceastheinput layoutuses2 layers.

____________________________________________________________________________________
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(a)Net crossing (b) Net overlap

____________________________________________________________________________________

Figure 1 Crossingandoverlap

In agrid basedCVM problemtheinput layout is con®nedto follow horizontalandverticalgrid

linesthataresuperimposedon theroutingregion.Figure3(a)showsa 2 layergrid basedCVM input

thatuses5 viasandFigure3(b)showsa layoutobtainedfrom thatof Figure3(a)by reassigninglayers

butpreservingtheinput topology. Thelayoutof Figure3(b)uses1 via. Solid linesrepresentwireson

onelayerandbrokenonesrepresentwireson theotherlayer.

TheHVH CVM problemis a 3 layergrid basedCVM problemin which theinput topologiesare

restrictedsuchthat layers1 and3 containonly horizontalwire segmentsandlayer2 containsonly verti-

cal wire segments.However,this restrictiondoesnotapplyto theoutput.In reassigninglayers,the

topologyhasto bepreservedbutbothhorizontalandvertical segmentscanbeassignedto anylayer.
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(a) Input layout (b) Reassignmentof (a)

____________________________________________________________________________________

Figure 2 An instanceof theCVM problem

____________________________________________________________________________________

(a) Input layout (b) Reassignmentof (a)

____________________________________________________________________________________

Figure 3 An instanceof a grid based2CVM problem

Notethata via thatgoesfrom layer1 to layer3 passeslayer2 andmakeselectricalcontactwith any

wire segmentthatusesthis grid positiononanyof thethreelayers.An exampleof anHVH CVM

instanceis givenin Figure4(a)anda possiblelayerreassignmentthatpreservesnettopologyis pro-

videdin Figure4(b).Brokenlinesrepresentwireson layer2 while wireson layers1 and3 are

representedby solid lines. Layer3 (1) wiresarelabeled3 (1). Thelayoutof Figure4(a)uses7 vias

while thatof Figure4(b)usesnovia.

Anothervariantof theCVM problemis thechannelCVM (CCVM) problem. In this thenetter-

minalsareconstrainedto lie on two sidesof a routingchannel.Figure5(a)givesaninstanceof thegrid

based2CCVM problemandFigure5(b)givesa layerreassignmentthatreducesthenumberof vias
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(a) Input layout (b) Reassignmentof (a)
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Figure 4 An instanceof HVH CVM problem

from 6 to 2.

____________________________________________________________________________________

(a) Input layout (b) Reassignmentof (a)

____________________________________________________________________________________

Figure 5 An instanceof 2CCVM problem

Thegeneral2 layerCVM (2CVM) problemwasshownto beNP-hardby Naclerio,Masuda,and

Nakajimain [NACL89]. Their proofalsoappliesto the2 layerCVM problemwith anyof thefollowing

restrictions:

1) Theinput layout is grid based

2) Vias arerestrictedto lie at wire junctions(i.e.,pointswheretwo or morewire segmentsof the

samenetmeet)thatwerein theoriginal layout

3) Themaximumwire junctiondegreeis limited to anynumber³ 6.
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Heuristics for the grid based 2CVM problem have been proposed by several researchers (see

[CHAN87] and [XION88] for example). The three layer CVM problem was first shown to be NP-hard

by Chung and Du [CHAN88]. They did this by reducing the planar graph three colorability problem to

the 3 layer CVM problem. Chang, Jyu, and Feng [CHAN89] provide an alternate proof using the three

satisfiability problem. Actually the 2 layer proof of [NACL89] extends to the three layer case. For this,

we need merely replace their two layer sublayout (Figure 6(a)) by the 3 layer sublayout of Figure 6(b).

As a result, the 3CVM problem remains NP-hard under the added restrictions cited earlier.

____________________________________________________________________________________

(a) 2 layer sublayout (b) 3 layer sublayout

____________________________________________________________________________________

Figure 6 Constructs for the NP-hardness proof of [NACL89]

Both Chang and Du [CHAN88] and Chang, Jyu, and Feng [CHAN89] develop heuristics for the

3CVM problem. Experimental studies performed by [CHAN89] indicate that their heuristic is superior

to that of [CHAN88]. Heuristics for the gridless 2CVM problem are proposed in [NACL87]. A related

problem is the unconstrained via minimization (UVM) problem in which the wire layout is not con-

strained by a specified topology. Heuristics for 2UVM can be found in [HASH71], [HSU83], and

[MARE84].

In this paper, we first show that the 2 layer channel CVM (2CCVM) problem is NP-hard (Section

2). Next, in Section 3, we show that the HVH CVM problem is NP-hard. In Section 4, we make some

observations about the HVH CVM problem. These are used in Sections 5 and 6, respectively, to arrive

at a heuristic and a backtracking algorithm for the HVH CVM problem. The backtracking algorithm

may be applied, without modification, to three layer non HVH CVM instances also. Experimental

results are provided in Section 7.

Throughout this paper, we assume that vias are restricted to junctions in the specified input layout.

These points are called via candidates. The via candidates for the instance of Figure 1(a) are shown by
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boxesin Figure7. Observethatsincea wire canchangelayersonly by theuseof a via, entirewire seg-

mentsthatcontainnovia candidatemustbeplacedin thesamelayer.

____________________________________________________________________________________

Track2

Track1

____________________________________________________________________________________

Figure 7 Via candidates

2. Complexity of 2CCVM

In this sectionwe showthat thetwo layerCVM problemwith theaddedrestrictionthat thepins

lie on two sidesof a channel(2CCVM) is NP-hard.Ourproofshowshowanyinstanceof 2CVM may

betransformed,in polynomialtime, into aninstanceof the2CCVM problemsuchthatfrom anoptimal

solutionto the2CCVM instanceonecanobtain,in polynomialtime,anoptimalsolutionto theoriginal

2CVM instance.

ConsideranyinstanceI of 2CVM. Thetopandbottomboundariesof this maybeviewedasthe

two sidesof a channel(Figure1(a)).To transformthis instanceinto aninstanceof 2CCVM, we needto

eliminateall pin positionsthatarenoton thesetwo sidesof thechannel.Eachsuchpin position,p, falls

into oneof thecategories:(PA) thereis a pathfrom p to oneof thetwo sidesof thechannelandthis

pathdoesnot intersectanyof thenetsof I; and(PB) thereis nosuchpath. In theexampleof Figure

8(a),all netsaretwo pin netsandall pin positionsotherthanA fall into categoryPA. Thelayerassign-

mentsarenot shownin this ®gure.Pinpositionsin categoryPA canbemovedto oneof thetwo sidesof

thechannelby extendingthenetfrom this positionto a positionon thechannelsidewithout intersect-

ing anyexistingnet.Theextensionsareshownby brokenlinesin Figure8(b).Clearly,suchanexten-

sionwhich, in effect,movespin positionsto thesidesof thechanneldoesnotaffect thenumberof vias

in theoptimalsolution.Let IÂbetheinstanceof 2CVM obtainedby extendingnetsin this way sothat

all remainingpin positionsthatarenotononeof thetwo channelsidesarein categoryPB.

To extendthetypePBpinsto thesidesof thechannel,we needa morecomplexconstruction. Let

p besucha remainingpin position. Everypathfrom p to oneof thetwo channelsidescrossesat least
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(a) Instanceof 2CVM (b) Net extension

____________________________________________________________________________________

Figure 8 An exampleof pinsandtheir extensions

onenet.Supposethatr netsegmentsarecrossed.Figure9(a)givesanexamplewith r = 3. At eachpoint

wherethis pathcrossesa net,we shallusea crossoverbox.Two types,SandT, of crossoverboxesare

used.Type Sis usedat the®rst crossoverandtypeT at all remainingones.A typeScrossoverboxhas

oneinput terminaland8 outputterminals.Type T boxeshave8 input and8 outputterminals.Thepin

positionp is connectedto theinput of S,theoutputsof anSboxanda T boxareconnectedto theinputs

of thenextT box (if any)on thepath.If thereis nosuchnextbox thentheeightoutputsareextendedto

thechannelsideasin Figure9(b). So,onepin positionp resultsin 8 pin positionson thechannelside.

Theconnectionof theoutputsof onebox to theinputsof thenextis done,in order,left to right. I.e.,the

i'th outputof a box is connectedto thei'th input of thenextbox,1£i£8.

Thecon®gurationsfor theSandT boxesareshownin Figures10and11,respectively. Thebro-

kenlineslabeledA andB denotethenetbeingcrossedby thepathfrom thepin p to oneof thechannel

sides.By appropriately scalingtheconstruction, SandT crossoverboxesmaybeplacedsoasnot to

intersectanyof theexistingnetsotherthantheonescrossedby theaforementioned pathfrom p. Note

thattheeightoutputterminalsof anSboxandtheeightoutputandeight input terminalsof aT box

representexactlyfour distinctnets.

Let I" bethe2CCVM instanceobtainedfrom IÂby extendingall pin positionsin categoryPB

usingSandT crossoverboxesasdescribedabove.It shouldbeclearthat I" canbeobtainedfrom the

original 2CVM instanceI in polynomialtimeandthat thesizeof I" is a polynomialfunctionof thesize

of I. We needto showthat from anoptimalsolutionto I" we canobtain,in polynomialtime,anoptimal
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____________________________________________________________________________________

Figure 9 Extending a pin with crossovers to the top side of the channel

____________________________________________________________________________________
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____________________________________________________________________________________

Figure 10 S crossover box

solution to I. For this, we shall first establish several properties of the crossover boxes S and T.

We shall use the term edgeto denote a net segment that has no crossovers in its interior. Consider

the net configuration of Figure 12(c). This shows five net segments labeled 1-5. Segments that cross are

from different nets. The subsegments (a,b), (b,c), (c,d), (d,e), and (e,a) are five of the edges in this lay-

out. These five edges form a cycle in the graph theoretic sense if we regard the net crossover points a, b,

c, d and e as vertices of a graph. This cycle is an oddcycle as there are an odd number of edges on it.
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Figure 11 T crossoverbox

Figure12(a)showsanoddcyclewith threeedgesandFigure12(b)showsanevencyclewith four

edges.

____________________________________________________________________________________
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Figure 12Cyclesin a layout

Lemma 1: (a) In everytwo layer layoutof anoddcycle theremustbeanoddnumberof viason the

cycle.

(b) In everytwo layer layoutof anevencycle theremustbeanevennumberof viason the

cycle (weconsider0 viasto beanevennumberof vias).
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Proof: Sinceadjacentedgesof a cyclecomefrom differentnets,theremustbea layerchangeat each

vertexof thecycle. Thelayerchangeat a vertexusesnovia andresultsfrom assigningthetwo edge

segmentsthatmeetat a vertexto differentlayers.Further, if we startat anypoint ona cycle (notneces-

sarily avertex)andwalk aroundthecycleandreturnto this point, thenumberof layerchangesmod2

mustbezeroaswe mustreturnto thesamelayer.Let e bethenumberof edges(andhenceverticeson

thecycle)andlet q bethenumberof vias.Ourdiscussionimpliesthat(e+q) mod2 = 0. If e is odd,then

q mustbeodd. If e is even,thenq mustbeeven.

Figure13givessomepossiblelayerandvia assignmentsfor thecyclesof Figure12.Notethatwe

arelimited to two layers.Layernumbersarenotedon theedgesor edgesegments.Notealsothat the

two layerassignmentsof Figure13aredoneusinga minimumnumberof vias. Figure14depictssome

of thenetsegmentsin anScrossoverbox that is connectedto aT crossoverbox.All thesegmentsof S

andthosesegmentsof T belowthehorizontalline throughpointsa andb of Figure11areincludedas

solid lines.The®ve distinctnetsarelabeledn1 throughn5.Thepoint x is nota crossoverpoint asthe

threenetsegmentsthatmeetat x belongto thesamenetn1.(a,b),(b,c),(i,k), (m,o),and(g,r)aresome

of theedgesin this con®guration.

____________________________________________________________________________________
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Figure 13 Possible layerandvia assignmentfor cyclesof length3, 4, and5

Lemma 2: If thetwo endsof n5 (cf. Figure14)arerequiredto beon thesamelayerthen,independent

of which layer(x,y) is requiredto beon,a minimumof four viasareneededto completethelayout in

two layers.Everyfour via layoutplacesexactlytwo viasonn5.

Proof: Figure15showsa four via two layerassignmentundertheassumptionthatn5 is assignedto

layer l2. In this ®gurel1 andl2 denotethetwo layersanda boxdenotesa via location.Notethat if the
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Figure 14 Configuration for Lemma 2

segment (x,y) of n1 is required to be on l1, then this can be accomodated by moving the via on the edge

(i,k) so that it is on the segment (i,x) of this edge.

____________________________________________________________________________________
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Figure 15 4 via, 2 layer assignment of Figure 7
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Sincethecyclesabs,abi, ikj, pqr,grh,andghzareof oddlength,everytwo layerassignmentmust

haveat leastonevia oneach.Thecyclesabsandabi cansharea via if it is placedon thecommonedge

(a,b).Similarly, ghzandghrcansharea via if it is onedge(g,h).Hencethevia requirementcanbe

reducedto four if onevia is placedoneachof theedges(a,b)and(g,h).No othervia sharingis possible.

Hence,in everyfour via layout,only two viascanbeplacedonn5.

Lemma 3: If thetwo endpointsof n5 (cf. Figure14)arerequiredto beondifferentlayersthen,

independentof which layer(x,y) is requiredto beon,a minimumof ®ve viasareneededto complete

thelayout in two layers.

Proof: A possible®ve via two layerassignmentin which theendsof n5areondifferentlayersis given

in Figure16.This assumesthat(x,y) is to beon layerl2. If it is to beon l1, thenthevia on (i,k) maybe

movedto theedge(i, x). From theproofof Lemma2, we knowthatat leastfour viasareneededto han-

dle thesix oddcyclesandthateveryfour via assignmenthastwo viasonn5.However,for theendsof

n5 to beondifferentlayers,anoddnumberof viasneedto beassignedto n5.So,no four via assignment

is possible.A ®ve via layoutcanhavea via oneachof (a,b)and(i,k), oneoneachof thecyclesghz,

ghr,andpqr,andnovia on (g,h).

____________________________________________________________________________________
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Figure 16 5 via, 2 layerassignmentof Figure7

Figure17givesthenetsegmentsthatresultwhentwo T boxesareinterconnected. Thenetsn1-n4

arenumberedin accordancewith Figure14andtheverticess,t, u, v, w, andz correspondto thevertices
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in Figure 14 that have the same label.
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Figure 17 Nets from two interconnected T boxes

Lemma 4: If the two ends of n5 (cf. Figure 17) are required to be on the same layer, then a minimum of

ten vias are required to complete the layout in two layers. Every ten via layout has exactly two vias on

n5.

Proof: A ten via two layer layout that has both ends of n5 on the same layer is given in Figure 18. The

configuration of Figure 17 contains 14 cycles of odd length (abs´, abi, inj, nst, bijkc, ckd, kju, elf, flomg,

gmh, ghz´, opm, lvo, pwz). From Lemma 1, there must be a via on each. Cycles abs´ and abi can share a

via if the via is placed on (a,b) and ghz´ and ghm can share a via if it is placed on (g,h). The only other

possibilities for via sharing are cycle bckji shares a via with one or more of the cycles cdk, jku, and inj,

and cycle fgmol shares a via with one or more of the cycles lov, mop, and efl. This sharing by bckji and

fgmol can reduce the via requirements by at most two. Hence at least ten vias are needed. Since the

above defines every 10 via layout, every ten via layout has exactly two vias on n5.

Lemma 5: If the two end points of n5 (cf. Figure 17) are required to be on different layers, then a

minimum of 11 vias are needed to complete the layout in two layers.

Proof: An eleven via two layer layout of Figure 17 is given in Figure 19. From the proof of Lemma 4,

we know that at least ten vias are needed to layout Figure 10 on two layers and that every ten via layout

has two vias on n5. Hence, in every 10 via layout, the two ends of n5 are on the same layer. So, at least

11 vias are needed if the two ends of n5 are on different layers.
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Figure 18 10via, 2 layerassignmentof Figure17
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Figure 19 11via, 2 layerassignmentof Figure17

Lemma 6: Let p bea typePBpin positionthat is extendedto asideof thechannelby usingonetypeS

andt typeT crossoverboxes.Supposethatq of thet+1 typen5netscrossedby theset+1 crossover

boxesarerequiredto havetheir endsondifferentlayers.Theminimumnumberof viasneededto layout

thet+1 crossoverboxesis 4+10t+q.

Proof: That4+10t+q is a lower boundfollows from Lemmas2 through5. To showthatthelayoutcan

actuallybedoneusingthis numberof vias,we needto showthata typeT crossoverboxcanbelayed
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outusing10viaswhentheendsof netA (Figure11)arerequiredto beon thesamelayerandusing11

viaswhentheyareto beondifferentlayersregardlessof therequirementson theendsof netB (Figure

11). Figure20showseightof thesixteenpossibilities for theendsof A andB. Theremainingeightare

isomorphicto these.In Figure20,viasareshownaso'sandx's. In keepingwith ourdevelopmentof

Lemmas2 through5, viasplacedonnetB, which arerepresentedas"o" insteadof "x" in Figure20,are

chargedto thecrossoverboxbelowthecurrentone.Onemayverify that thenumberof viaschargedto

a typeT box is either10or 11dependingonwhethertheendsof netA areon thesamelayeror on

differentlayers.

Theorem 1: The2CCVM problemis NP-hard.

Proof: Let I beaninstanceof 2CVM thathasa pin positionsof typePA andb of typePB.Let I" be

obtainedfrom I by ®rstextendingthetypePA positionsto thechannelsidesasdescribedearlierand

thenextendingthetypePBpositionsusingSandT crossoverboxes.Supposethat thepathusedto

extendthe i 'th typePBpositioncrossesni nets,1£i£b. We shallshowthattheoptimalsolutionto I uses

m viasiff theoptimalsolutionto I" usesm+10
i =1
S
i =b

ni - 6b vias.Furthermore, from anoptimalsolutionto I

onecanobtain,in polynomialtime,anoptimalsolutionto I" andvice versa.

Consideranoptimalsolutionto I. Let m bethenumberof viasused.Placethesem viasat exactly

thesamepositionsin I". Also, preassignlayersto all netsegmentsof I" thatarealsoin I. This layer

assignmentis thesameasthatusedin theoptimalsolutionfor I. Thelayerassignmentfor theexten-

sionsof typePA pin positionsis thesameasthatof theoriginal netsegmentsof I to which theyarecon-

nected.For theextensionsof thetypePBpin positions,we placeviasandassignlayersin accordance

with Figure18.For the i 'th typePBpositionexactly10ni - 6 additionalviasareintroduced.This is so

becauseif theendsof a typeA netsegment(Figure11)werepreassignedto differentlayers,thenthere

mustalsobeanoddnumberof viaspreassignedto pointsbetweentheseends.Sincenonetsof theori-

ginal instancecrossbetweenthesetwo endsof thenetsegmentof typeA, thereis exactlyonesuchvia

(if thereis morethanonesuchvia thenthesolutionto I is notoptimalasviasin excessof onecanbe

eliminatedwithout affectingthefeasibility of thesolution).Thisvia canbeusedasoneof theneeded

elevenviasandmaybemovedto anypoint betweentheendsof thetypeA netsegment.Henceonly ten

additionalviasareneededwhentheendsof this netsegmentareondifferentlayers.If theendsof the

typeA netsegmentarepreassignedto thesamelayer,therecanbenoviaspreassignedto it asthe

preassignmentis donefrom anoptimalsolutionto I. Hence10additionalviasareintroducedby theFig-

ure18assignment.SinceonetypeSandni - 1 typeT crossoverboxesareused,theextensionof the i 'th

typePBpositionuses4+10(ni - 1) = 10ni - 6 additionalvias.So,thenumberof viasusedin thelayoutof
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Figure 20 Cases for Lemma 6

I" is m+10
i =1
S
i =b

ni - 6b.

Next consider an optimal solution to I". From this we can obtain a solution to I by eliminating the
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pin positionextensionsandcrossoverboxesusedin goingfrom I to I" andalsoeliminatingtheviason

these.Wheneliminatingviasfrom typeA netsegments,oneis retainedin casethenumberof viason

thesegmentis odd.From Lemmas2 through5, it follows thatexactly10
i =1
S
i =b

ni - 6b viasareeliminatedin

this way. Furthermore, following this we havea feasiblesolutionto I thatuses10
i =1
S
i =b

ni - 6b fewervias

thanusedby theoptimalsolutionto I". Hencetheoptimalsolutionto I usesm viasiff thatfor I" uses

m+10
i =1
S
i =b

ni - 6b vias. SinceI" canbeconstructedfrom I in polynomialtimeandsince2CVM is NP-hard

[NACL89], it follows that2CCVM is alsoNP-hard.

3. Complexity Of HVH CVM

We showthatHVH CVM is NP-hardby showingthata polynomialtimealgorithmfor HVH

CVM impliessuchanalgorithmto determinewhetheror nota planargraphis 3 colorable.This latter

problemis knownto beNP-hard[STOC83].

Theorem 2: TheHVH CVM problemis NP-hard.

Proof: Let G beanyplanargraph.Consideranyplanardrawingof G. In this drawing,considera vertex

v andall edgesincidentto do.Drawa narrowclosedcurve[EHRL76] thatenclosesmorethanhalf of

eachedgeincidentto v (seeFigure21(b)).Theclosedcurveis drawnsoasnot to touchanyof the

remainingedgesin G. Theseclosedcurvesaredrawnfor everyvertexin G. Figure21(c)showsthe

resultfor theplanargraphdrawingof Figure21(a).Thecurvesmaynowberectilinearized (i.e.,

transformedsoasto consistof horizontalandvertical segmentsonly) andeachclosedrectilinearcurve

openedat somepoint soasnot to affect theinter curveintersections (Figure21(d))andsuchthatno two

curveshaveoverlappinghorizontalor vertical segments(or portionsthereof).If, now,we discardthe

original graph,whatremainsis aninstanceof theHVH CVM problemin which eachtheopencurves

speci®esthetopologyof thelayout for a two terminalnet.Theendsof thecurvearethetwo terminals

of thecorresponding net. Thespeci®edconstructionis easilyseento beof polynomialcomplexity.

Observethattwo openrectilinearcurves(and,in fact,eventheoriginal continuouscurves)of the

constructioncrossiff thetwo verticesof G theyareassociatedwith areadjacentin G. Hence,thecom-

pletelayoutof two netscanbeassignedto thesamelayeriff thetwo corresponding verticesof G canbe

assignedthesamecolor. In otherwords,theconstructedHVH CVM instancecanberealizedin 3 layers

andwith noviasiff G is threecolorable.So,HVH CVM is NP-hard.

From theconstructionof Theorem2, it follows that thefollowing restrictedversionsof theHVH
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v
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(c) (a) with all closed curves (d) Reconfiguration of (c) into rectilinear curves

____________________________________________________________________________________

Figure 21 Construction of Theorem 2

CVM problem are also NP-hard:

1) All nets in the HVH CVM instances are two terminal nets.

2) The HVH CVM instances have no horizontal or vertical segment overlaps.

3) The maximum junction degree is 2.

4) Vias are restricted to lie at junctions.

4. Observations

The via candidates of the input layout may be classified into the categories: unremovable, abso-

lutely removable, and possibly removable. An unremovable via is one which must be present in every

feasible via assignment. An absolutely removable via is one which is not present in any optimal via

assignment. All other via candidates are possibly removable.
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Considerthesublayoutof Figure22(a).The®ve wire segmentsu-y comefrom four differentnets

andthesublayoutcontainsjust onevia candidateZ. Sincew crossesu andv, w mustbeassignedto a

differentlayer from u andv. Further, sinceu andv overlap,theymustbeassignedto differentlayers.

Hence,u,v,andw mustbeassignedto differentlayers.If thevia candidateZ is eliminated,thenbothx

andy mustbeassignedto thesamelayerto maintainelectricalconnectivity. However,this cannotbe

donein threelayerswithout crossingu,v,or w. So,thevia candidateZ is unremovableasfar asthree

layer layoutsareconcerned.

____________________________________________________________________________________
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____________________________________________________________________________________

Figure 22 Unremovablevia

Unremovableviascanbeidenti®edby drawingthecrossinggraphof thelayout.Thisgraphwas

de®nedin [CHAN89] to beanundirectedgraphin which eachvertexrepresentsa distinctwire segment

of thelayout; thereis a solid edgebetweentwo verticesiff thecorresponding wire segmentscrossor

overlap;andthereis a brokenedgebetweentwo verticesiff two corresponding wire segmentsmeetat a

via candidate.Thecrossinggraphfor thesublayoutof Figure22(a)is shownin Figure22(b).

Theremovalof avia candidatemodi®esthecrossinggraphassucha removalresultsin thewire

segmentsthatmeetat thevia candidatebeingcombinedinto a singlewire segment.So,if thevia candi-

dateZ of Figure22(a)is removed,theverticesx andy of thecrossinggraphcoalesceinto a singlever-

tex.Whentwo verticesx andy arecoalesced,theyarereplacedby asinglevertexxy, all edgesprevi-

ouslyincidentonx or y arenow incidentonxy; andthebrokenedgebetweenx andy is eliminated.

Theresultingcrossinggraphis shownin Figure22(c).This is thecompletegraph,K4, on four vertices.

Lemma 7: Let G bethecrossinggraphof anHVH CVM instance.AssumethatG doesnot containthe

subgraphK4 comprisedsolelyof solid edges.Let thebrokenedge(x,y) Î G representthevia candidate

Z. Z is anunremovablevia candidateif thecoalescingof verticesx andy resultsin a subgraphK4
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comprisedsolelyof solid edges.

Proof: Thecreationof K4 of solid edgesrequiresthatthewire segmentscorresponding to thefour ver-

ticesof K4 beassignedto differentlayersasthesefour wire segmentscrosseachother. Hencethereis

no feasiblethreelayerassignmentfor thesefour wire segments.HenceZ is unremovable.

Figures23(a)and(b) providetwo examplesof absolutelyremovablevias.We assumethatboth

subtopologiesarepartof a feasibleinstanceof HVH CVM. We claim that thevia candidateZ in each

exampleis absolutelyremovable.ConsiderFigure23(a).No matterwhich layerx is assignedto, y can

beassignedto thesamelayerasy con̄ icts (i.e.,overlapsor crosses)only with w andw cannotbe

assignedto thesamelayerasx sincex andw alsocon̄ ict. In thecaseof Figure23(b),everyfeasible

layerassignmentassignsx andw to differentlayers.Thesegmentsv andy canbereassignedto the

samelayerasx astheycon̄ ict only with w which cannotbein thesamelayerasx becauseof theover-

lap betweenx andw. As a resultof thereassignmentof x andy, thevia candidateZ is eliminated.

____________________________________________________________________________________
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Figure 23 AbsolutelyremovableviasZ

Lemma 8: Let Z bea via candidateandlet x beoneof thewire segmentsthatmeetat Z. Supposethat

everyotherwire segment,y, thatmeetsat Z overlapsor crossesonly wire segmentsw thatalsooverlap

or crossx. Then,Z is absolutelyremovable.

Proof: Consideranythreelayervia andlayerassignmentfor thegiveninput topology.Thewire seg-

mentsthatmeetat Z canalwaysbereassignedto thelayer to which x is assignedasthesegmentswith

which theycon̄ ict alsocon̄ ict with x andsocannotbeon thesamelayerasx. Hencethevia candi-

dateZ maybeeliminated.

Via candidatesthatdonotgetclassi®edasunremovableor absolutelyremovableby Lemmas7

and8 areclassi®edaspossiblyremovable.
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Let I be an instance of HVH CVM and let x be a wire segment of I. Let I’ be an instance that

results from the removal of x from I. If x can be added to every feasible layer and via assignment of I’

without increasing the number of vias, then x is a trivial wire segment.

Lemma 9: (a) Let x be a wire segment of an instance of HVH CVM. If x is connected to no other wire

segment and if all the wire segments with which x conflicts (i.e., overlaps or crosses) can be assigned to

at most two layers in any feasible assignment, then x is a trivial wire segment.

(b) If x is connected to other wire segments at only one of its two ends and if every wire seg-

ment with which x has a conflict also conflicts with one of the wire segments, y, to which x is con-

nected, then x is a trivial wire segment.

Proof: In case (a), x can be assigned to the layer that does not contain any of the wire segments with

which it conflicts and in case (b), x can be assigned to the same layer as y. Figures 24(a) and (b),

respectively, provide an example for cases (a) and (b).

____________________________________________________________________________________
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____________________________________________________________________________________

Figure 24 Examples for Lemma 9

Lemma 10: Consider the subtopology of Figure 25(a). In every three layer assignment wire segments

(a, b, c, and d) of this subtopology must be placed in layers 1 and 3 and the vertical segments (e and f)

in layer 2.

Proof: Suppose that one of a and b is assigned to layer 2. Without loss of generality, we may assume

that the other is assigned to layer 1. So, e and f must be assigned to layer 3. Hence, neither c nor d can

be assigned to layer 3. Since c and d overlap, they must be assigned to different layers. Without loss of

generality, we may assume that c is assigned to layer 1 and d to layer 2. The via Z passes through layer

2 and so makes contact with wire segment d resulting in infeasibility. Hence, neither a nor b can be

assigned to layer 2. Similarly, we may show that neither c nor d may be assigned to layer 2. Since a and
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b overlap,oneis in layer1 andtheotheris layer3. Henceneithere nor f canbeassignedto layers1 and

3 andsomustbeassignedto layer2.

____________________________________________________________________________________
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Figure 25 Subtopologyfor Lemma10

By identifying thesubgraphof Figure25(b)in thecrossinggraphof theinput layout,we canres-

trict certainwire segmentsto bein layer2 andothersto bein oneof thelayers1 and3.

4. Heuristic For HVH CVM

As indicatedin Section1, ChangandDu [CHAN88] andChang,Jyu,andFeng [CHAN89] have

proposedheuristicsfor the3CVM problem.While their developmentis not con®nedto HVH inputs,

their experimentation waslimited to HVH CVM instances.Theheuristicof ChangandDu [CHAN88]

attemptsto reducethenumberof viasby consideringtheviasin theinitial layoutoneat a time.Whena

via is considered,anattemptis madeto eliminateit by modifying thelayerassignmentof somewire

segments.In theheuristicof Chang,Jyu,andFeng [CHAN89] wire segmentsratherthanviasarecon-

sideredoneat a time.Theorderin which wire segmentsis consideredis determinedby aweighting

function.Supposethatwire segmentx is beingconsideredfor layerassignment.Let m bethenumberof

layersto which thewire segmentsthatcrossor overlapwith x andwhich havealreadybeenassignedto

a layerhavebeenassigned.If m = 3, thena backtrackingprocedureis invokedto modify somelayer

assignmentssoasto accomodatex. If m = 2. thenthereis only onelayer to which x maybeassigned

andit is assignedto this layer. If m < 2, thenapriority functionis usedto determinewhich of thepossi-

ble layersx is to beassigned.

In ourheuristic,we processthehorizontaltracksto which horizontalwire segmentsareassigned

from theoutsideto theinside.So,thetracksof thelayoutof Figure26areprocessedin theorderTr1,
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Figure 26 Exampleof a four tracklayout

Tr4, Tr2, Tr3. Sinceourheuristicdoesnotmakeuseof theinitial layerassignmentthatmaybepartof

theinput,ourexampleof Figure26doesnot showthis.Whena trackis processed,thehorizontalnet

segmentsassignedto it areassignedto layeroneor threebasedona greedycriteria thatwill be

speci®edlater.Vertical netsegmentsthathaveoneendpoint on thetrackbeingconsideredandthe

otherona previouslyconsideredtrackthat is on thesameside(upperor lower)of thelayoutregionas

thecurrenttrackarealsoassignedto a layerat this time.So,whentrack1 of Figure26 is considered,

theHWSs(horizontalwire segments)12,13,and14andtheVWSs3 and5 areassignedto layers;when

track2 is consideredthesegments1, 2, 15,and16areassigned;andwhentrack3 is consideredtheseg-

ments4, 7, 9, 11,17,18,and19areassignedto layers.Onceall trackshavebeenprocessedin this way,

theunassignedverticalnetsegmentsareassignedto layers.Finally, thereis a postprocessingstepin

which someof thelayerassignmentsarechanged.

Ourheuristicdoesnotdealdirectly with HWSs.Rather,it workswith horizontal net segments

(HNS).Theseareobtainedby combiningtogetheradjacentHWSsfrom thesamenetthatareassinged

to thesametrack.So,in theexampleof Figure26,theHWSs12,13,and14constitutea singleHNS.

Eachof theremainingHWSsde®nesa distinctHNS.A high level descriptionof our layerassignment

heuristicis providedin Figure27.

We nowpresentthedetailsor stepsS1-S4.First considerstepS1.TheHNSsin a trackare

classi®edaseithersingleor double.A singleHNSis onewhich doesnotoverlapwith anyothernet
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____________________________________________________________________________________

{phase 1: track-by-track layer assignment}

for each track i in outside-to-inside order do
begin

S1: assign the HNSs of this track to layers;

S2: assign the VWSs that have one end point on track i,

the other end point on an already considered track,

and which do not pass the middle of the routing region;

end;

S3: assign the as yet unassigned VWSs to layers;

{phase 2: post processing}

S4: reassign HNSs in an effort to reduce the number of vias;

____________________________________________________________________________________

Figure 27 High level description of our heuristic

segment in the track. A HNS that is not a single HNS is a double HNS. In the example of Figure 26, the

HNSs (12, 13, 14) and 20 are single HNSs while 15-19 are double HNSs. If x is a double HNS, then we

compute a set X of HNSs in the same track as x by beginning with X = {x} and adding to x other HNSs

that overlap with one or more HNSs already in X. This addition of HNSs to X is continued until no

more HNSs can be added to X. So, if x = 17 (cf. Figure 26), then X = {17, 18, 19}. For every double

HNS x, the set X may be partitioned into two sets Ax and Bx such that the HNSs in Ax do not overlap and

those in Bx do not overlap. For the case x = 17, A17 = {17, 18}, and B17 = {19}.

For each single HNS, x, in the track under consideration, we compute n1 (n3), the number of via

candidates that can be eliminated by assigning x to layer 1 (3). This is done by considering the via can-

didates that are on x. Let Z be such a via candidate. Let V be all the VWSs (at most two) that connect to

Z. If all the HNSs that cross VWSs in V have been assigned to layers and if x and all the VWSs in V

can be assigned to layer 1 (3) with no conflicts then increase n1 (n3) by 1. In case x is a double HNS

then n1 (n3) is computed for the set X by determining how many of the via candidates on the HNSs of

X can be eliminated if the HNSs in Ax (Bx) are assigned to layer 1 and those in Bx (Ax) are assigned to

layer 3. For example, when track 2 of Figure 26 is being considered and x = 16, X = {15, 16}, A16 =

{15}, and B16 = {16}. Suppose that the HNSs {12, 13, 14}, and {20} have been assigned to layer 1. If

A16 = {15} is assigned to layer 1, then B16 = {16} must be assigned to layer 3. The via candidate at the

junction of 1 and 15 can be saved only by assigning these two segments to the same layer. However the
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VWS 1 cannotbeassignedto layer1 asit crossestheHNS{12, 13,14}. For thevia candidatesat the

junctionsof segments6 and16and2, 8, and16sucha consideration is notmadeat this timeaseach

hasa VWS (6 and8, respectively) thatcrossesanunassignedtrack(i.e.,track3). So,n1= 0. If A16 is

assignedto layer3, thenB16 mustbeassignedto layer1. In this casethevia at thejunctionof segments

1 and15 is savedastheVWS 1 canbeassignedwithout con̄ ict to layer3. So,n3= 1. Underthecondi-

tionsdescribedabove,ourheuristicwould assignA16 to layer3 andB16 to layer1.

For a singleHNS,x, nn1(nn3)estimatesthenumberof via candidatesthatmightbesavedby ass-

inging x to layer1 (3).As in thecaseof n1andn3,we considerthevia candidatesonx. Let Z besucha

via candidatethathasexactlytwo VNSsconnectedto it andsuchthat for oneof theseVNSs,y, all

HWSsthatcrossit havealreadybeenassignedto a layerandfor theotherVNS,z, thereis at leastone

HNSthatcrossesit andhasnotbeenassignedto a layer.If x, y, andz canbeassignedto layer1 (3)

without a con̄ ict with anyof thealreadyassignedsegmentsthennn1(nn3)is increasedby 1. Whenx

is a doubleHNS,nn1andnn3arede®nedin asimilar way butby consideringall theHNSsin X asfor

thecaseof n1andn3.Notethat thevia candidatesZ thatcancontributeto thecountof nn1andnn3are

differentfrom thosethatcancontributeto thecountof n1andn3.As anexampleconsidertheassign-

mentfor track2 of Figure26undertheassumptionof that{12, 13,14} and20havebeenassignedto

layer1. As before,assumex = 16,X = {15, 16}, A16 = {15}, B16 = {16}. Thevia candidateat thejunc-

tion of segments2, 8, and16couldnotbeconsideredin thecountfor n1or n3but it canbesocon-

sideredin thecountfor nn1andnn3.If A16 is assignedto layer1, thenB16 is assignedto layer3. Seg-

ments2 and8 canbeassignedto layer3, without crossinganyHNSalreadyassignedto layer3. So,nn1

= 1. However,nn3= 0 asif A16 is assignedto layer3, thenB16 is assignedto layer1 andif theVWS 2 is

assignedto layer1 it will crossthepreassignedHNS{12, 13,14} that is on this layer.

A third setof countsnnn1andnnn3mayalsobede®nedfor eachsingleHNSx. Considertheset,

Y, of VWSsthatcrossx. For eachz Î Y increasethennn1(nnn3)by 1 iff all theHNSsthatbothcrossz

andareassignedto a layerhavebeenassignedto layer1 (3).Theextensionto thecasewhenx is a dou-

ble netsegmentis analogousto theextensionsfor thecasesof n1,n3,nn1,andnn3.As an example,we

againconsidertheassignmentof track2 of Figure26underthesameassumptionsasbefore.SinceX =

{15, 16}, we considertheVWSsthatcrossboth15and16.So,Y = {4}. Theonly HNSthatcrosses4

thathasalreadybeenassigneda layeris {12, 13,14}. Sincethis hasbeenassignedto layer1 andsince

A16 = {15}, nnn1= 1. Also, nnn3= 0.

Thecountsdescribedaboveareusedin theimplementation of stepS1of Figure27.A high level

descriptionof this implementation is givenin Figure28. As canbeseen,nn1,nn3,nnn1,andnnn3are

usedonly astie breakersandsoneedto becomputedonly in caseof a tie (i.e.,nn1andnn3areto be
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computed only if n1 = n3; nnn1 and nnn3 are needed only when n1 = n3 and nn1 = nn3).

____________________________________________________________________________________

Let x be an unassigned HNS on the current track;

if x is a single HNS then [let X = {x}, Ax = {x}, and Bx = Æ]

else let X, Ax, and Bx be as defined for a double HNS;

case

(n1< n3) or ((n1= n3) and (nn1< nn3) or ((n1= n3) and (nn1= nn3) and (nnn1< nnn3)):

assign the HNSs in Ax to layer 1 and those in Bx to layer 3;

else assign the HNSs in Ax to layer 3 and those in Bx to layer 1;

endcase

____________________________________________________________________________________

Figure 28 Step S1 of Figure 27

For step S2 of Figure 27, we consider only those unassigned VWSs that have one end point on the

current track, the other on a previously considered track, and which do not pass through the middle of

the routing area. These VWSs have the property that all HNSs that cross them have already been

assigned to a layer. If any of these can be assigned to layer 1 or 3 without a conflict they are so

assigned. Otherwise, they are assigned to layer 2. When the HNSs of track 2 of Figure 26 have been

assigned to layers, we consider the VWSs 1 and 2. The VWSs 6 and 8 are not considered as they pass

through the middle of the routing region (i.e., from the top half to the bottom half). If {12, 13, 14} and

{16} have been assigned to layer 1 and {15} to layer 3, then VWS 1 can be assigned to layer 3 without

conflict. However, VWS 2 cannot be assigned to either layer 1 or 3 without conflict. So, it is assigned to

layer 2 in step S2.

In step S3 the unassigned VWSs are considered one at a time (in any order) and assigned to layer

1 or 3 if possible (i.e., if such an assignment creates no conflict). Otherwise the VWS is assigned to

layer 2. In step S4 we attempt to further reduce the number of vias by moving all segments associated

with a via from layers one and three to layer 2. This can be done only if these segments do not cross or

overlap with segments already in layer 2.

By using appropriate data structures, our heuristic can be implemented so as to run in O(N+C)

time where N is the number of wire segments (both horizontal and vertical) and C is the number of

crossovers between HWSs and VWSs. The observed run times can be reduced somewhat by not

attempting to eliminate unremovable vias (Lemma 7); noting that absolutely removable vias (Lemma 8)

can be eliminated easily; by considering trivial wire segments in the end (i.e., they are eliminated from
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theinitial layoutandreintroducedaftertheheuristichasbeenrun)andby observingtherestrictionof

certainwire segmentsto layer2 or to layers1 or 3 (Lemma10).

5. Backtracking Algor ithm

We proposea standardbacktrackingalgorithm[HORO78]to obtainanoptimalsolution.For this

we needto specifytheorderin which thenetsegmentsareto beconsideredfor layerassignmentand

alsotheboundingfunctionsto beused.

Net SegmentOrder ing

By usingLemma10certainVWSscanberestrictedto beon layer2 andcertainHWSscanberes-

trictedto beon layers1 or 3. As a resultof this,only segmentsnot restrictedto layer2 needto be

orderedfor layerassignment.Furthermore, trivial netsegmentscanbeexcludedasthesemaybeeasily

assignedto layersin theend. For HWSsrestrictedto beon layers1 or 3 a two way branchingof the

searchtreeis usedwhile a threeway branchingis usedfor theremainingsegments.Thesegmentorder-

ing is obtainedin thefollowing way. If a segmentis requiredto beassignedto a particularlayerasa

resultof layerassignmentsalreadymade,thenit is considerednext.For example,a HWSmaybe

requiredto beon layer3 becauseit overlapswith onealreadyassignedto layer1 andit crossesa VWS

assignedto layer2. If a nextsegmentcannotbechosenin this way, thentheunassignedsegmentsare

assigneda priority andtheonewith highestpriority selected.In caseof a tie, a tie breakeris used.For

eachsegment,we computethenumberof differentlayersto which thesegmentsthatcrossit or overlap

with it havebeenassigned.This is thepriority of thesegment.Notethatthepriority is either0 or 1

becauseapriority of 2 would meanthis segmentcanbeassignedto only onelayer feasibly.Soit should

havebeenselectedasthenextsegmentwithout a priority computation.A priority of 3 would meanthat

thesegmentcannotbeassignedto anylayerwithout con̄ ict. So,thecurrentpartialassignmentis

infeasibleandshouldbeaborted.

For thetie breaker,we usethenumberof unassignedHWSsandVWSsthatcrossor overlapwith

it. A segmentwith a highesttie breakervalueis usedasthenextsegment.If thereis still a tie, it is bro-

kenarbitrarily.Further whenthereis a choice,layersareconsideredin theorder2, 1, 3.
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Bounding Functions

Theinfeasibility criteriamentionedaboveis used.Additionally, theunremovableviasarenot

usedin thecountfor thenumberof viasin thecurrentpartialsolution.I.e.,we areonly concernedwith

theviasin thepossiblyremovablecategorythatareactuallyusedin thecurrentlayerassignment.If this

equalsor exceedsthatof thebestsolutionfoundsofar, thecurrentsolutionmaybeaborted.

Thebacktrackingalgorithmjust describedmaybeconvertedinto anÎ -approximation backtrack-

ing algorithmby abortingthecurrentsolutionif thenumberof possiblyremovableviasusedby it plus

thenumberof unremovableviasexceeds(1+Î )(numberof unremovablevias+ numberof possibly

removableviasin thebestsolutionfoundsofar).

6.Experimental Results

We programmedourheuristicandbacktrackingalgorithmin Pascal andconductedexperiments

onanApollo 3500workstation.For testdatawe usedthedataof Chang,Jyu,andFeng [CHAN89].

Table 1 givesthecharacteristic of the11 instancesusedin ourexperiments.The®rst columngivesthe

numberof wire segmentsin theinstanceandthesecondgivesthenumberof viasin anoptimalthree

layerassignment.Theseoptimalvalueswereobtainedusingourbacktrackingalgorithm. Valueswith

anasteriskarethebestvaluesobtained.Thesewereobtainedby ourheuristicasourbacktrackingalgo-

rithm wasunableto dobetterin thealloted(30hours)time. Thesevaluesmaynotbeoptimal.Thethird

columngivesthenumberof via candidatesin theinstance;thefourthgivesthenumber,Nr, of abso-

lutely removablevias; the®fth columngivesthenumber,Nu, of unremovablevias;andthenumberof

trivial wire segmentsis givenin column6. Thelast two instancesof Table 1 correspondto Deutsch's

dif®cult example[DEUT83].

Table 2 givesthenumberof viasin thesolutiongeneratedby ®ve differentalgorithmsandthe

time takenby each.These®guresareprovidedonly for theeight largestinstancesof Table 1. The

columnlabeledOptimalAlg. is for backtracking, thenextis for the90%approximateversionof back-

tracking(i.e.,Î = 0.9),thenextcolumnis for theheuristicof Section4, thenext is for a heuristicthat

differsfrom thatof Section4 only in thatthetracksareconsideredin aninside-to-outside orderrather

thantheoutside-to-insideorder. Thelastcolumnis for theheuristicof Chang,Jyu,andFeng

[CHAN89]. In this column,thetimesareona Sun3/110cworkstationandtheprogramminglanguage

usedis C. This columnis takenfrom [CHAN89]. We donotpresentthecorresponding ®guresfor the

heuristicof ChangandDu [CHAN88] asChang,Jyu,andFeng [CHAN89] haveestablishedthattheir

heuristicis superior.As canbeseenfrom Table2, ouroutside-to-inside heuristicoutperformsthe
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____________________________________________________________________________________

WSs Opt.Vias Via Cand. Nr Nu Trivial WSs

29 1 20 11 0 13

35 0 23 20 0 30

42 1 28 11 0 22

101 33 57 11 27 18

121 48 68 9 47 15

190 77 107 16 77 23

220 96 125 22 91 32

258 90 150 27 78 44

316 104* 180 36 67 64

520 206* 290 32 163 49

586 238* 347 33 186 73

* value obtained by our heuristic

____________________________________________________________________________________

Table1 Instance characteristics

remaining heuristics in seven of the eight cases. The solution is optimal for only two of the five

instances for which the backtracking algorithm was able to complete in 1 hour. The run time of the

outside-to-inside heuristic is also quite satisfactory.

7. Conclusions

We have shown that the 2CCVM and HVH CVM problems are NP-hard. A new heuristic and a

backtracking algorithm have been proposed for the HVH CVM problem. The backtracking algorithm

may also be used for three layer non HVH CVM instances. It is recommended for small instances (say

with 200 or fewer segments) and the heuristic (outside-to-inside) is recommended for larger instances.
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____________________________________________________________________________________

OptimalAlg 90% Approx.Alg Heur.(Out-to-In) Heur.(In-to-Out) Heur. by Chung

NSs vias time vias time vias time vias time vias time

101 33 1.8s 36 1.19s 40 .36s 40 .37s 34 .16s

121 48 1.1s 50 .63s 48 .43s 52 .44s 50 .22s

190 77 1.4s 82 .87s 78 .63s 80 .64s 83 .58s

220 96 3.1s 100 1.43s 96 .72s 98 .74s 99 .58s

258 90 17m 90 1.47m 94 .79s 102 .80s 105 .75s

316 114* 1h* 117* 1h* 104 .87s 114 .89s 108 1.3s

520 219* 1h* 218* 1h* 206 1.6s 213 1.6s 214 2.5s

586 255* 1h* 267* 1h* 238 1.7s 242 1.8s 245 2.7s

* thevalueafteronehourof execution

____________________________________________________________________________________

Table 2 Experimentalresults
(s:seconds,m:minutes,h:hours)
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