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Abstract— Computing  constrained  shortest  paths is
fundamental to some important network functions such as
QoS routing, MPLS path selection, ATM circuit routing, and
traffic engineering. The problem is to find the cheapest path
that satisfies certain constraints. In particular, finding the
cheapest delay-constrained path is critical for real-time data
flows such as voice/video calls. Because it is NP-complete, much
research has been designing heuristic algorithms that solve the
e-approximation of the problem with an adjustable accuracy.
A common approach is to discretize (i.e., scale and round) the
link delay or link cost, which transforms the original problem
to a simpler one solvable in polynomial time. The efficiency of
the algorithms directly relates to the magnitude of the errors
introduced during discretization. In this paper, we propose two
techniques that reduce the discretization errors, which allows
faster algorithms to be designed. Reducing the overhead of
computing constrained shortest paths is practically important
for the successful design of a high-throughput QoS router, whic
is limited at both processing power and memory space. Our
simulations show that the new algorithms reduce the execution
time by an order of magnitude on power-law topologies with
1000 nodes. The reduction in memory space is similar.

I. INTRODUCTION

A major obstacle against
multimedia applications (e.g., web broadcasting,

routing requests as they arrive. In practice, on-line atlyars
are not always desired. When the request arrival rate is high
(major gateways may receive thousands or tens of thousdnds o
requests every second), even the time complexity of Dikstr
algorithm will overwhelm the router if it is executed on a
per-request basfsTo solve this problem, the second scheme
is to extend a link-state protocol (e.g. OSPF) and peridigica
pre-compute the cheapest delay-constrained paths for all
destinations, for instance, for voice traffic with an enecta
delay requirement of 100 ms. The computed paths are cached
for the duration before the next computaion. This approach
provides support for both constrained unicast and comstdai
multicast. The computation load on a router is independént o
the request arrival rate. Moreover, many algorithms, idiclg
those we will propose shortly, have the same time complexity
for computing constrained shortest patbsall destinationsor
to a single destinationThis paper studies the second scheme.
A path that satisfies the delay requirement is calléeaible
path Finding the cheapest (least-cost) feasible path is NP-
complete. There has been considerable work in designing
heuristic solutions for this problem. Xue [12] and Juttntale

implementing  distributed [13] used the Lagrange relaxation method to approximate the
video delay-constrained least-cost routing problem. Howeverné is

teleconferencing, and remote diagnosis) is the difficulty no theoretical bound on how large the cost of the found path
of ensuring QoS (Quality of Service) over the Internet. A can be. Korkmaz and Krunz used a non-linear target function t
fundamental problem that underlies many important networkapproximate the multi-constrained least-cost path proijlid].
functions such as QoS routing, MPLS path selection, andlt was proved that the path that minimizes the target functio

traffic engineering, is to find the constrained shortest path
the cheapest path that satisfies a set of constraints [1][3R]
[4], [5], [6], [7], [8], [9], [10]. For interactive real-tire traffic,

satisfies one constraint and the other constraints mltighy
'k, where )\ is a predefined constant ardis the number of
constraints. However, no known algorithm can find such a path

the delay-constrained least-cost path has particular riapce in polynomial time. [14] proposed a heuristic algorithm,igh
[11]. It is the cheapest path whose end-to-end delay is bedind has the same time complexity as Dijkstra’s algorithm. Itsdoe
by the delay requirement of a time-sensitive data flow. Thenot provide a theoretical bound on the property of the regdrn
additional bandwidth requirement, if there is one, can Istlyea path, nor provide conditional guarantee in finding a feasibl
handled by a pre-processing step that prunes the links utitho path when one exists. In addition, because the construofion
the required bandwidth from the graph. the algorithm ties to a particular destination, it is notabiie for
The algorithms for computing the constrained shortestcomputing constrained paths from one source to all desgtimsit
paths can be used in many different circumstances, forFor this task, it is slower than the algorithms proposed is th
instance, laying out virtual circuits in ATM networks, paper by two orders of magnitude based on our simulations.
establishing wavelength-switching paths in fiber-optics Another thread of research in this area is to design
networks, constructing label-switching paths in MPLS lbase polynomial time algorithms that solves the NP-complete
on the QoS requirements in the service contracts, or amplyin problem with an accuracy that is theoretically bounded. Let
together with RSVP. There are two schemes of implementing ) o o
Note that path caching does not eliminiate the problem of rigdi

the_QOS routing algomhms .on rOUte.rS' The first scheme ISconstrained shortest paths because those paths must batedltefore being
to implement them as on-line algorithms that process thecached.



m andn be the number of links and the number of nodes in and simulation results, respectively. Section VII drawg th
the network, respectively. Given a small constantHassin’s  conclusion.
algorithm [15] has a time complexity of)(™2* loglog %),
where UB and LB are the costs of the fastest p_ath_and theII. PROBLEM DEFINITION AND EXISTING DISCRETIZATION
cheapest path from the source node to the destination node, APPROACHES
respectively. The algorithm finds a feasible path if theristex
one. The cost of the path is within the cost of the cheapest Consider a networkz(V, E), whereV is a set ofn nodes
feasible path multiplied by1 + ¢). Lorenz and Raz improved and E is a set ofm directed links connecting the nodes. The
the time complexity toO(mn(1/e + logn)) [16]. Chen and  delay and the cost of a linku,v) € E are denoted ag(u,v)
Nahstedt solved a similar problem in tind® (m + nlogn)x), andc(u, v), respectively. The delay and the cost of a pBthre
wherez = O(n/e) in order to achieve the-approximation  denoted ag(P) andc(P), respectivelyd(P) = X Pd(u,v),
[17]. Goel et als algorithm [18] has the best-known comiile ;. p) ¢(u,v). Let I(P) be the Ierfsilr)])e(number of
of O((m + nlogn)L), where L is the length (hops) of the _

be the length of the longest path in the

longest path in the network. However, its approximation etod hops) of P,

is different. It computes a path whose cost is no more thann€twork.

the cost of the cheapest feasible path, while the delay of the Given a delay requirement, P is called afeasible pathif

path is within(1 +¢) of the delay requirement. The algorithms @(P) < r. Given a source node, let V; be the set of nodes

proposed in this paper follow Goel’'s model. to which there_ exist feasible paths frgsfn Fo_r anyt € V;, the
One common technigue of the above algorithms [15], [17], cheapest feasible path ; from s to ¢ is defined as

[18] is to discretize the link delay (or link cost). Due to the d(P,,) <r

discretization, the possible number of different delayueal T

(or cost values) for a path is reduced, which makes the ¢(Fs¢) =min{c(P) | d(P) < Vpath P from s to ¢}

problem solvable in polynomial time. The effectivenesstu$t  The delay-constrained least-cost routingroblem (DCLC) is
technique depends on how much error is introduced duringg find the cheapest feasible paths franto all nodes inV;,

the discretization. The existing discretization appreschave  which is NP-complete [19]. However, if the link delays aré al
either positive discretization error for every link or nég integers and the delay requirement is bounded by an integer
error for every link. Therefore, the discretization errarapath ) the problem can be solved in tim@((m + nlogn))) by

is statistically proportional to the path length as the erron Joksch’s dynamic programming algorithm [20] or the extehde
the links along the path add up. In order to bound the maximumpjjkstra’s algorithm [17].

error, the discretization has to be done at a fine level, which  j5ksch's algorithm is described as follows. € Vi € [0..)],
leads to high execution time of the algorithms. let wlv, i] be a variable storing the cost of the cheapest path
Given the limited resources and ever-increasing tasksef th p from s to v with d(P) < i, and=[v, i] storing the last link

routers, it is practically important to improve the effiayn  of the path. Initially,w[v,i] = co,Vv # s, andw[s,i] = 0.

of the network functions. While QoS routing is expensive r[, ;] = ni. Assuming that all link delays are positive, the
due to its non-linear nature, it has particular significat@e  gynamic programming is given below.

reduce the router's overhead in computing the constrained

shortest paths. In this paper, we propose two techniques, w[v,i] = min{wlv,i—1], wlu,i— d(u,v)] + c(u,v),
randomized discretizatioand path delay discretizatigrnwhich V(u,v) € E, d(u,v) <i}

reduce the discretization errors and allow faster algorith

to be designed. The randomized discretization cancels ouf¥OW Suppose the link delays are allowed to be zero. We need
the link errors along a path. The larger the topology, the to add one more step. Lét, be the subgraph consisting of all

greater the error reduction. The path delay discretizationZ€"0-delay links. For eache [0..A],immgdiate!y after Joksch's
works on the path delays instead of the individual link &lgorithm calculatesufv, ], Vv € V/, Dijkstra's algorithm is
delays, which eliminates the problem of error accumulation €X€cuted orG: to improvewl(v, i on zero-delay paths [18].
Based on these techniques, we design fast algorithms to 1he above polynomially-solvable special case with integer
solve the c-approximation of the constrained shortest-path d€lays points out a heuristic solution for the general NP-
problem. We prove the correctness and complexities of theCOmplete problem with arbitrary delays. The idea is to
algorithms. Although the new algorithms have the same worst discretize (scale and then round) arbitrary link delaysitegers
case complexity as Goel et al’s algorithm [18], we believe [15], [17], [21], [18]. There are two existing discretizati
(and our simulations suggest) that they run much faster en th @PProachespound to ceiling[17] andround to floor[18]. Both
average case. The simulations show that the new algorithens a @PProaches map the delay requiremento a selected integer
faster than Goel et al.’s algorithm by an order of magnitude o *+ and then discretize the link delays as follows.
power-law topologies with 1000 nodes. Round to ceiling (RTC): For every link(u,v), the delay
The rest of the paper is organized as follows. Section Value is divided bys. If the result is not an integer, it is rounded
Il reviews the existing approaches. Section Il descrittes t (O the nearest larger integer.
randomized discretization, and Section IV describes thé pa . d(u,v)
delay discretization. Section V and VI provide analytical d*(u,v) = [——A] 1)

by
(u,v)EP
and L



Round to floor (RTF): For every link(u, v), the delay value
is divided by 1. If the result is not an integer, it is rounded to
the nearest smaller integer.

d (u,v) = |

Al )

The value of A controls the rounding error (up tg)
introduced by discretization. With a larggy the rounding error
accounts for a smaller portion of the link delay. Whers large
enough and thus the discretization error is small enougltamne
approximate the DCLC problem by a new problem with integer
delays after discretization. The solution to the new pnoble
will serve as the solution of the original problem. Howeuee t
computation overhead is directly relatedXo

After discretizing the link delays by RTC or RTF, either
Joksch’s algorithm or the extended Dijkstra’s algorithmrm ca
solve thees-approximation of DCLC, which is to find a path
P for every nodet € V;, such that

d(P) < (1+e)r
C(P) S C(Ps,t)
where ¢ is a small percentage. The delay of the path is

d(u,v)

allowed to exceed the requirement by a percentage of no

more thane, while the cost should be no more than that of
the cheapest feasible path ;. Using RTF, the delay scaling
algorithm (DSA) proposed by Goel et al. achieves the bes tim
complexityO((m+nlogn)L/e) among all existing algorithms
[18].

The discretization error of a linku, v) is defined as

Ac(ua U) = d(ua U) - dc(u7 U); (3)
A (u,v) = d(w,v) = & (u,0) 5 (4)
The discretization error of a patR is defined as
AP)= Y Auv) (5)
(u,v) on P
Apy= Y Al(uw) (6)
(u,v) on P

By (1), we know thatA°(u, v) < 0 is true for all links(u, v).
Therefore, A¢(P) < 0 is true for all pathsP. Similarly, by (4),
AZ(u,v) >0 and Af(P) > 0 are always true.

IIl. RANDOMIZED DISCRETIZATION

performance of the algorithm. We develop two new technigues
The first one is called randomized discretization. It rounds
to ceiling or to floor according to certain probabilities. €Th
idea is for some links to have positive errors and some links
to have negative errors. Positive errors and negative srror
cancel out one another along a path in such a way that the
accumulated error is minimized statistically. We will peathat,
when the following discretization approach is used, the mea
of the accumulated error on a pathis zero and the standard

deviation is bounded b@. In comparison, the mean of the
accumulated error is-55/(P) for RTC and g /(P) for RTF.

Round randomly (RR): For every link (u,v), the delay
value is divided byt If the result is not an integer, it is rounded
to the nearest smaller integer or to the nearest largerédnteg
randomly such that the mean error is zero.

d"(u,v) = (Mﬂ with prob. p; = M)\_ I—d(uT,v))\J
7 LM)‘J with prob.ps =1 —p;

(7)
The discretized delay of a path is
d"(P) = Z d"(u,v) (8)
(u,v)EP

The discretization error of a linku, v) is
A" (u,v) = d(u,v) — dr(u,v)g 9)

and the discretization error of a pathis

T _ T — AT Z

AT(P)= Y A(wv)=d(P)-d'(P)y  (10)

(u,v) on P

We design the randomized discretization algorithm (RDA),
which is based on Dijkstra’s algorithm but considers two
additive metrics,delay and cost It uses RR to discretize the
link delays. We will prove that it solves theapproxmiation of
DCLC.

The pseudo code of RDA is given below. A two-dimensional
array,w(v, i], Vv € V,i € [0..\], stores the cost of the cheapest
path P from s to v with d"(P) = i. Another two dimensional
array, m[v,i], stores the last link of the path. An auxiliary
two-dimensional arrayd[v,i], keeps track of the minimum
discretization error on paths whose discretized delays faoen
nodes to nodew.

Given any value of)\, RDA_Dijkstra(G,s,\) computes

RTC creates negative rounding errors on links. The erroryy,4] and =[v,i]. For any destinations, the function finds

accumulates along a path. The accumulated error is propatti

the cheapest paths at different path dela§j$/) € [0..\]. Let

to the path length. The larger the topology, the longer a,path Pv be the cheapest among these paths. RRA] iteratively
the larger the accumulated error. The same thing is true forcalls RDA Dijkstra with an increasing\ until the delay ofP*

RTF, which has positive rounding errors on links. In order
to achieves-approximation, the accumulated error on a path

is smaller than1 + ) for all v.

RDA assumes a preprocessing step that removes all nodes

cannot be too large. To reduce the error on a path, the egistin to which there are no feasible paths framThis step can be

algorithms based on RTC or RTF must reduce the discretizatio
errors on the links by using a largé value. Given the
time complexityO((m + nlogn)}), the computation time is
increased in proportion ta.

The insight is that if we can reduce the error introduced
by discretization without using a larger we can improve the

done by calling Dijkstra’s algorithm because only one neetri
(delay) is considered.

Initialize(V] s, \)

1. for each vertexw € V, eachi € [0..\] do
2. wlv,i] := 0o, w[v,i] := NIL, §[v,i] := 0
3. wls,0] := 0, d[s,i]:=0



discretization is carried out on each link, the maximum rerro

RelaxRDA(y, v, 4, A) on the path is linear to the path length. In order to achieve

g- Zer;zorl t‘fs[gﬁzf’l A" () approximation, the accumulated error on a path cannot be too

6. if 67,TO';< 0 then ' large. There are two ways to reduce the error. One is to use

7. error i= error + /A a larger\, which increases the execution time of an algorithm

8. =i -1 whose complexity is linear td. The other way is to reduce the

9. if ' < X andwlv, '] > wlu,d] + c(u, v) then number of discretizations performed on the path.

1(1)' z’[[sv;/}} .:_:;v[u, i + e(u, v) Our second technique to control error is to perform

12 6[%’2./} — min{s[v, '], error} discretization on t_he pa_lth level, u_sing_ the interval paning

method for combinatorial approximation [22]. For a pdth
RDA Dijkstra(G, s, \) ideally, discretization is performed once as follows.
ii fInitialize(\/, S, A) d(P)
. or i =0to X\ do /

15. Q:=V d(P) = LT)\J (11)

ig: Wh'ls gé)?trgcc)wm(@) Because only one discretization is performed, the maximum

18. if wlu,i] = co then discretization error on any path is bounded pyindependent

19. break out of the while loop of the path length.

20. for every adjacent node of u do Below we design the path discretization algorithm (PDA)

2L RelaxRDA(x, v, 4, A) based on the above intuition. The algorithm solves the

RDA(G, s) approxmiation with the same worst-case complexity as RDA.

22. A= \o However, its average execution time is better than RDA

23. do according to our simulations. An auxiliary two-dimensibna

24. Ai=21 array, z[v, i], keeps track of the minimum delay of paths whose

gg: Wh"g{gg‘g'{&“ﬁg’)s;\zl o, discretized delays arefrom nodes to nodev.
where P is the path with miw[v, 4] | i € [0..A]} PDA Dijkstra is omitted because it is identical to

RDA Dijkstra except that it calls RelaRDA.

The correctness of the algorithm is given in the theorem |1nitia|ize(V7 5, A)

below. The proof can be found in Appendix A. for each vertex € V, eachi € [0..A] do
2. wlv, ] :== 00, 7[v,i] = NIL, z[v,i]:= 00
Theorem 1: RDA solves thez-approaximation of DCLC in 3. w[s,0]:=0, 2[s,i] :==0

time O((m—i—nlogn)L/s) RelaxPDA(u, v, 1, \)

-/ z[u,i]+d(u,v
RDA has the same worst-case time complexity as DSA [18], ‘51' izf Z/:<L)\[ ar]%;[v);/‘] > wlu, i] + ¢(u, v) then
which uses RTF. The reason is thatthe worst casgit could 6. wlv, ] i= wlu, 1] + c(u, v) '
happen thatd” (u,v) = d(u,v) for all links (u,v), which 7. wlv, ] = u
makes RR identical to RTF. But such occuranceitremely 8. 2[v, 4] := min{z[v, 7], z[u,i] + d(u,v)}
unlikely. More important than the worst-case complexity is the
average-case running time of the algorithm. By its natuf®, R SDA(G’;\S)._ X

is a statistical approach. It does not improve the perfomaan 10.  do

of the algorithm for the rare worst case when round-to-floor 11, A= 2\
happens at all links, but it improves for an average caseavher 12. PDADijkstra(G, s, \)
round-to-floor and round-to-ceiling happen probabilatic as 13.  while Jv € V, d(P") > (1 +¢)r,

specified in (7). Because positive errors and negative ®rror where P is the path with mifw[v, ] | i € [0..A]}

cancel out each other along a path, RDA requires a much

smaller A to complete than DSA, which accumulates positive  The correctness of the algorithm is given in the theorem
errors on a path. Consequently, RDA runs much faster tharbelow. The proof can be found in Appendix B.

DSA on average, which will be evident from our analytical

and simulation results. Theorem 2: PDA solves thes-approaximation of DCLC in

time O((m + nlogn)L/e).
IV. PATH DELAY DISCRETIZATION

Each unit of discretized delay represents the amofint
of real delay. Due to rounding, each time discretization
is performed, a discretization error up t is introduced When RTF is used, all links have non-negative discretization
between the discretized delay and the real delay. The mawimu errors with a tight upper bound &f. Hence, the discretization
discretization error of a path is determined by the numbererrors on links of a patt® will add up to a non-negative value
of times that discretization is performed on the path. RTF, with a tight upper bound of/(P), which is linear to the path
RTC, and RR perform discretization at the link level. Beegaus length. Statistically, the longer the path, the larger ttrereFor

V. ANALYSIS



instance, ifA7 (u,v), V(u,v) € P, is uniformly distributed in ~ whered(u, v) is the distance betweanandv, 3 = 0.6, and L

[0, %), the mean oA/ (P) is Z1(P). is the maximum distance between any two nodes. The average
When RTC is used, all links have non-positive discretization node degree is 3.

errors with a tight lower bound of-§. If A°(u,v), ¥(u,v) € The default simulation parameters are: The link delayst§gos

P, is uniformly distributed in(— %, 0], the mean ofA¢(P) is are randomly generated, following the exponential distidn

—axl(P). with a mean of 100 = 0.1. Ao = 3. Each data point is the

The error of the proposed path-delay discretization is ydwva average over 1000 randomly generated routing requestse Mor
non-negative with a tight upper bound &f independent of the  specifically, we randomly generate ten topologies. On each
path length. topology, 100 routing requests are generated with the sourc

To study RR, we modedl(u,v),V(u,v) € E, as a random  node randomly selected from the topology. We run DSA, RDA,
variable. For any pathP, A"(P) is also a random variable. and PDA to find a cheapest feasible path to every destination
Assuming the delays of different links are independent, wefor which a feasible path exists. All simulations were dome o
prove the following theorem in Appendix C. a PC with PIV 2GHz CPU and 512 Megabytes memory.

. _ The performance metrics used to evaluate the routing
Theorem 3:Given a pathP, the mean ofA”(P) is zero and  a|gorithms are defined as follows.

the standard deviation ok (P) is at most"¥"" | regardless

S ) 22 L total execution time for all requests
of the probability distributions of the link delays. avg execution time= . g
total number of routing requests
We also perform simulations to compare the discretization avg cost = total cost of returned paths
errors of different approaches. Fig. 1 shows how the number of returned paths
discretization errors of RTF, RTC and RR grow with the number of returned paths that are feasible

path length. The link delay is randomly generated, follayin success rate= number of returned paths

an exponential distribution with a mean at 100 ms. The ) ) )

discretization errors of RTF and RTC grow linearly with the All @lgorithms under simulation guarantee that the delay of

path lengtt? while the error of RR grows sublinearly. Fig. 2 &Ny retumned path is bounded by + ¢)r.

shows that, in order to achieve certain discretizationregoal,

RR requires much smaller than RTF and RTC, which means . .

that alcg];orithms based on RR are likely to have less executionB' Comparing RDA and PDA with DSA

time. We compare RDA and PDA with DSA [18], which is the best
known e-approximation algorithm for DCLC. Fig. 3 shows the
simulation results on Power-Law topologies with 500 nodes.

VI. SIMULATION Both RDA and PDA are much faster than DSA, with PDA

A. Simulation Setup achieving the best execution time. The average costs ohtbe t

algorithms are comparable. The success ratio of RDA isthjigh

The simulation uses two types of network topologies that aréyaier than the other two. Because the three algorithmslase ¢
generated based on the Power-Law model [23] and the Waxmat}, yorms of average cost and success rate in all simulatiees,

model [24]. In a Power-Law topology, the degrees of 10% nodessha” focus on execution time in the sequel.

are one, and the degrees of other nodes follow a power law Fig. 4 compares DSA, RDA, and PDA on Waxman

?AStgbUt'ogi' |f.,2the_fre((j:11:e?tc1:yd ofade?ree IS ptracﬂgptcirtloggl to topologies with 1000 nodes. Both RDA and PDA again
e degreel (> 2) raised to the power of a constait= —2.2.  , ;i,erform DSA significantly.

f4 o dO Fig. 5 compares the scalability of the three algorithms with
respect to the network size. The performance gap between

After each node is assigned a degree according to the poweRDA/PDA and DSA increases for larger topologies. The
law distribution, a spanning tree is formed among the nodesimprovement exceeds an order of magnitude for 1000-node
to ensure a connected graph. Additional links are insertednetworks.
to fulfill the remaining degrees of every node with the Fig. 6 compares the algorithms with differenwalues. The
neighbors selected according to probabilities propodtico performance gap between RDA/PDA and DSA increases when
their respective unfulfilled degrees. A Waxman topology is ¢ is smaller, i.e., the-approximation is performed at the finer
formed as follows: the nodes are randomly placed in a one-level.
by-one square, and the probability of creating a link betwee  In summary, the simulation results confirmed our basic idea

nodew and nodev is that the execution time could be greatly improved by reducin
—d(u)/BL the discretization error, which was achieved very effedjiv
p(u,v) oce” M by RDA and PDA. With 1000 nodes and one constraint, RDA

and PDA computes the constrained shortest paths within 38
ZWhen the link delay follows an eXpOnentiaI distribution, mrage error mllllseconds and 25 mllllsecondS, respectlvely, WhICh mk
caused by RTF is smaller than that caused by RTC. However, wiesfink . . .
delay follows a uniform distribution, the average error bjFRs the same as them praCt'CaI solutions for routers to compute the QoSimgut
that by RTC. paths periodically.
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TAB

LE I

EXECUTION TIME (MILLISECONDS) OF FINDING DELAY-CONSTRAINED
LEAST-COST PATHS FROM A SOURCE TO ALL DESTINATIONSON ON
POWER-LAW TOPOLOGIES

no. of nodes| RDA | PDA | H.MCOP

100 1.3 0.8 35.2
200 3.1 2.2 159.4
300 5.8 3.8 369.5
400 8.3 6.9 673.4
500 13.3 | 94 1092.2
600 19.6 | 12.6 1615.6
700 25.3 | 17.0 2285.9
800 32.1 | 20.8 3024.2
900 40.4 | 26.5 3946.1
1000 48.2 | 32.0 4964.8

C. Comparing RDA and PDA with IMCOP

We compare RDA and PDA with a fast heuristic algorithm purpose, which is however insignificant when there is only
H_MCOP [14], whose time complexity is the same as that one constraint (for delay). WMICOP significantly outperforms
of Dijkstra’s algorithm. HMCOP does not solve the-

approximation of DCLC. Its goal is to use heuristics to dgeat

node, HMCOP requires building a shortest-path tree from all
nodes to the destination node and a tree from the source node
to all nodes. By the algorithm’s two-tree design, it is effidi

in computing a low-cost feasible path from one source to one
destination, but it is not suitable to find low-cost pathsniro
one source to all destinations. To solve this problemvi8OP
would have to repeat times, one for each destination and with
a total time complexity ofO(nm + n?logn). In comparison,
RDA and PDA solve the-approximation of DCLC, and they
find constrained shortest paths for all destinations wighsduime
complexityO((m+nlog n)%) as finding a constrained shortest
path for a single destination.

The comparison of RDA/PDA and MCOP is made under
two scenarios. The first scenario is to use them as on-line
algorithms that process delay-constrained least-costaahi
routing requests as they arrive. The results are shown in7rig
H_MCOP has also a parameter callleanbdafor a different

RDA/PDA in average execution time, RDA/PDA are better in
terms of average cost and success rate because they relax the

reduce the computation time. To construct a feasible path wi delay requirement by a factor ¢t + ). H-MCOP is a more

low cost from a particular source node to a particular dasitn

efficient on-line algorithmthan RDA/PDA.
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and PDA run much faster than DSA. They run slower than Dijksakgyorithm,
but achieve much smaller average path cost. The success fdd&Ap RDA, network size
and PDA are comparable, with RDA slightly better.

Fig. 5. Scalability comparison. The delay requirement is 1988th RDA
and PDA scale much better than DSA, with PDA the best.

In practice, on-line algorithms are not always desired. When
the request arrival rate is high (major gateways may reCeVE vhile RDA/PDA are more suitable to calculate DCLC paths
thousands or tens of thousands of requests every secoed), ev o A

: : " ; ) from one source to all destinations so that a routing table

the time complexity of Dijkstra’s algorithm (executed oner{p : . : "

. . : for certain QoS service class can be established. In additio
request basis) will overwhelm the router. One typical appho : . . .

. : . RDA/PDA are the choice when a constrained multicast tree is
to solve this problem is to extend a link-state protocol .(e.g calculated centrall
OSPF) and periodically pre-compute delay-constrainedtlea Y
cost paths for all destinations. In this way, the computakiad
on a router is independent of the request arrival rate. Under VIl. CONCLUSION
such scenario, RDA/PDA significantly outperformsNHCOP In this paper, we proposed two techniques, randomized
by orders of magnitude when the number of nodes is large, agliscretization and path delay discretization, to desigst fa
shown in Table I. algorithms for computing constrained shortest paths. Wthige

Therefore, HMCOP is more suitable as an on-line algorithm, previous approaches (RTF and RTC) build up the discretizati
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Fig. 6. Compare DSA, RDA, and PDA with respect to differentalues. The
delay requirement is 1500, and the network size is 500. BotA RBd PDA
run much faster than DSA. PDA is slightly better than RDA.

error along a path, the new techniques either make the link
errors to cancel out each other along the path or treat the

path delay as a whole for discretization, which results ircimu
smaller errors. The algorithms based on these techniques ru
much faster than the best existing algorithm that solvesthe
approximation of DCLC.
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APPENDIXA. PROOF OFTHEOREM1

Refer to Section Il for the lines of the pseudo code of RDA
(randomized discretization algorithm).

Lemma 1:It always holds that[u,i] > 0,Yu € V,i €
[0..2].

Proof: It holds initially. The value ob changes only at Line
12. Supposé|u,i] > 0 andd[v,i’] > 0 before RelaxRDA(...)
is called. Because-§ < A"(u,v) < %, Lines 6-7 make sure
that error > 0. Hence,d[v,i’] > 0 after Line 12. The lemma
remains true after the call. d

Lemma 2:Let P! be the path stored by|u,:]. It always
holds thatd(P}*) > i + 0[u,d], Yu € V,i € [0..A].

Proof: Suppose it holds before Rel&DA(...) is called.
P{* >i% 4 6[u,i]. The new path under consideration/§ +

(u,v).

d(P}" + (u,v))
= d(qu) + d(u’ U)
> Zg + O[u, ] + dr(u,v)g + A" (u,v)

=(i+ dr(um))g + d[u, 1] + A" (u, v)

After Lines 4-8,d(P" + (u,v)) >
12, §[v,4'] < error. Hence,d(P¥ +
dv

i’ + error. After Line
(u,v)) = d(Py) =2 i'5 +
,i']. The lemma holds after the call. O

Lemma 3:Let P! be the path stored by|u,:]. It always
holds thatd(P;*) < (i + I(P}*))%, Yu € V,i € [0..A], where
I(P}) is the length (hops) oP!.

Proof: Suppose it holds before Rel&DA(...) is called.
Py < (i+1(P}"))%. The new path under consideration/$ +

(u,v).

d(F}" + (u,v))
=d(P}") + d(u,v)
< (i +1U(F)

. The
O

After Line 12,d(P* + (u,v)) =
lemma holds after the call.

d(Pg) < (i +1(PY)) %

Theorem 1:RDA solves thes-approaximation of DCLC in
time O((m + nlogn)L/e).

Proof: We first prove that if RDA terminates, it solves the
e-approaximation of DCLC. Consider an arbitrary node et
P, ; be the cheapest feasible path. Assume this is the only path
from s to ¢t. Consider RelaxRDA(...) is called on a linku, v)

of P, .. After Lines 4-5,i = i + d’”(u,v) =i+ (d(u,v) —
A" (u, 11)) =i+ (d(u,v) —error—|—§[u z]) . After Llnes 6-8,
becauserror >0, g i+ 0w, )2 + d(u, v) By Lemma 2,

i+ 6[u,i]2 < d(P)2. We have/’ < (d(P“) +d(u,v))2 <
d(Psy)2 g A. Lines 9-12 will be executed. Eventuallg ;
will be stored byr|t, 7] for somei < \.

Now if there exist other paths fromto ¢ and one of them
replacesP; ; during the relaxation, the path must have a smaller
cost thanP; ;. Hence, when RDA terminates, It be the path
returned by RDA fort with min{wlt,] | ¢ € [0..A]}. We must
havec(p') < ¢(Ps+), andd(P*) < (14 ¢)r because otherwise
RDA won't terminate.

We now prove that RDA terminates in timé&((m +
nlogn)L/e). When \ > %, by Lemma 3Vt € V, d(P?) <
A+ UP))L < r+1(P")E < (14 ¢e)r. By Line 26, RDA
terminates.

The time complexity of each execution of ROBijkstra(...)
is O((m + nlogn)A). Since A doubles each time, the time
of the last execution is larger than the combined time of
all previous executions. Therefore, the complexity of RBA i
O((m + nlogn)L/¢). O

APPENDIXB. PROOF OFTHEOREM 2

Refer to Section IV for the lines of the pseudo code of RDA
(randomized discretization algorithm).

Lemma 4:Let P be the path stored by[u,:]. It always
holds thatz[u, ] < d(P}"), Yu € V,i € [0..A].

The proof is trivial based on Line 8.

Lemma 5:Let P be the path stored by[u,:]. It always
holds thatz[u,i] > ig, Yu € V,i € [0..A].

Proof: Suppose it holds before RelfBDA( .) is called,
namely, z[u,i| > i5 and z[v,4'] > i'%. The new path under



consideration isP}* +

(u,v).

g Lz[u, q —&;d(um))\J
o il + d(w.o)

,
z[u,i] + d(u,v) >4’

>3 >

After Line 8 is executedz[v, '] > i’ remains true. O

Lemma 6:Let P! be the path stored by|[u,:]. It always
holds thatd(P*) < (i +I(P))%, Yu € V,i € [0..A], where
[(P}) is the length (hops) oP.

Proof: Suppose it holds before ReldDA(...) is called.
d(P) < (i +1(P")%
P+ (u,v).

< 2l + o) +l<P“>§
T
<i'= w —
UM + )5
After Lines 5-8,d(P" + (u,v)) = d(Py) < (i’ +1(P}))%. The
lemma holds after the call. O

Theorem 2:PDA solves thes-approaximation of DCLC in
time O((m + nlogn)L/e).

The proof is similar to that for Theorem 1 in Appendix A.

APPENDIXC. PROOF OFTHEOREM 3

Theorem 3:Given a pathP, the mean ofA”(P) is zero and

the standard deviation ak”(P) is at most”QIA(P),
of the probability distributions of the link delays.

regardless

Proof: Consider an arbitrary linku, v) on P.

with prob.p; = MA —
with prob.ps =1 — py

Ld('zfr,v) >‘J

There are two cases.
o Case1: IfM/\ is an integer, i.e.@)\ = [M/\] =
| 4ev) )\ |, then it is clear tha?(A” (u,v)) = 0.

. The new path under consideration i

10

. Case 2: If?%) ) is not an integer, then
d(u,v)

pr=1- Aty A0y (12)
Y ! 12
_ [d(li,v)/w B d(l:v)A
(AT (u,v))
-t - (2 ), el
() - [T 5y )y )y

=0

Denote E(A"(u,v)) as u for clarity. Since the probability
density function ofl(u, v) is f,..(z), z € [0, +00), the variance
of A"(u,v) is

V(A" (u,v))
- | =g -t

(@ = 12A =0 pal - funl(@)de
r? [z T 1\ x T o
5 | A= TN A= LEA)
< fuw(x)de

When d(u,v) = z, p; IX— [ZA] by (7), andpy =

[ZX] — £X by (12). Hence,

V(A" (u,v))

%/0 (CA=T2A)2- (A= [2A))
A= N2 (TN = 2N fuslo)da

r2 [ x

:ﬁ/ (FEX =20 - EA= 12 fuw(@)da
2 o T x x

:F/o ([CAT =22 (1—([;H—;A))

< fuw(x)d

Becausey(1 — y),y € [0, 1), reaches its maximum value of
1/4 wheny = 1/2, we have
r? (1
| e

42
Therefore, given amarbitrary probability density function of
d( v), we showed that/ (A" (u,v)) = 0 and V(A" (u,v)) <
15z for every(u, v) on P. The mean and the variancef (P)
are

V(A" (u,v)) <

EQA"(P)=E( Y A(uv)

(u,v) on P

= Z E(A"(u,v)) =

(u,v) on P



VAT(P) =V( Y A'(uv))

(u,v) on P
r r1(P)
= Y v <Y
(u,v) on P

The standard deviation ak”(P) is

o(a(p) = Wi (P) < )
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