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Abstract

A typical model for distributed computing is to have
a main program thread that runs on one processor.
This thread spawns a number of tasks from time-
to-time. When tasks are spawned, they are sent to
other processors for completion and the main thread
waits till the results of all tasks are received from
the remote processors. This is the typical fork-join
paradigm. This paradigm results in an interesting
scheduling problem that is studied in this paper. Sev-
eral heuristics are proposed for various variants of this
scheduling problem.

1 Introduction

A popular paradigm for distributed computing in-
volves a main computational thread that runs on a
master processor; this thread forks several processes
that can be run on other processors; the main thread
continues once all the processes spawned by the fork
complete. Many programs may be written so that
the number of processes spawned by the fork is de-
termined dynamically; i.e., at the time of the fork,
the program determines the number of available pro-
cessors and spawns at most this many processes. To
execute the processes spawned at the fork, program
and data need to be transmitted to the remote pro-
cessors (also called slave processors) that will execute
each. In turn, the results are transmitted back from
the remote processors to the master. The master must
spend time creating and receiving the transmission
packets to/from each slave. In addition, the actual
transmission times are significant and need to be ac-
counted for.

The fork operation therefore, leads to the following
scheduling problem. A master processor must create
and receive the results of p processes. Each process has
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a preprocessing time (this includes the time the mas-
ter must spend to create and initiate the transmission
of the data and program packets), an execution time
(this includes the time a slave processor must spend
executing the process, receiving the program and data,
creating and initiating the transmission of the result),
and a postprocessing time (the time the master must
spend receiving the result packets from the completed
process). When we have just one master, the transmis-
sion times may be added into the slave execution time.
The master processor needs to determine an order in
which the preprocessing and postprocessing tasks are
done. Different orders result in different completion
time for the fork operation.

It is easy to see that the above model also applies
to a parallel computing environment in which we have
a multiprocessor resource (the slaves) that is attached
to a host computer (the master) and the primary pro-
gram thread runs on the master. For this application,
we may generalize the model to the case of multiple
master processors that share the same set of slave pro-
cessors. The total number of slave processes generated
by the threads running on all masters does not exceed
the number of slave processors.

The master-slave scheduling model described above
may also be used to model industrial applications.
For example, consider the case of consolidators that
receive orders to manufacture quantities of various
items. The actual manufacturing is done by a col-
lection of slave agencies. The consolidator needs to
assemble the raw material (from his/her inventory)
needed for each task, load the trucks that will deliver
this material to the slave processors, and perform an
inspection before the consignment leaves. All of these
are part of the task preprocessing done by the master
processor (i.e., the consolidator). The slave proces-
sors need to wait for the arrival of the raw material,
inspect the received goods, perform the manufacture,



load the goods on to the trucks for delivery, perform an
inspection as the trucks are leaving. These activities
together with the delay involved in getting the trucks
to their destination (i.e., the consolidator) represent
the slave work. When the finished goods arrive at the
consolidator, they are inspected and inventoried. This
represents the postprocessing.

The consolidator example may be generalized to
include several consolidators. Now, the resulting
scheduling problem may be modeled as a restricted
multiple master system. On the other hand if there
is a single consolidator with multiple trucks and each
truck has its own crew for loading, inspecting, etc.,
then the scheduling problem can be modeled as a mul-
tiple master system (each truck and crew define one
master) in which the master that pre-processes job
i (i.e., the truck that delivers the raw material for
the job) need not be the same as the one that post-
processes job i (i.e., the truck that brings back the
finished goods corresponding to this job).

While the problem of scheduling multiprocessor
computer systems has received considerable attention
[3], [4], [10], [12], [14], [15], [18], [22], it appears that
the master-slave model has not been studied prior to
the work of Sahni [19]. It is interesting to note that
the master-slave scheduling model may be regarded as
a variant of the job shop (see [1], [2] for a definition
of a job shop as well as for elementary terminology
concerning scheduling) as described below:

1. the job shop has two classes of machines: master
and slave

2. there is exactly one master machine and the num-
ber of slave machines equals the number of jobs

3. each job has three tasks to be done in order; the
first and third on the master and the second on a
slave

The two machine flowshop model with transfer lags
(2FTL) is a close relative to the master-slave model.
In this model the preprocessing task has to be pro-
cessed by the upstream machine, followed by a waiting
period known as transfer lag, followed by the postpro-
cessing task at the downstream machine. Special cases
of this model are among the first problems considered
in scheduling theory; see [8], [16], [21]. In [7], the prob-
lem of finding minimum makespan schedules for 2FTL
was shown to be strongly NP-hard. Further results on
2FTL may be found in [5]. The problem of scheduling
single machines with time lags and two tasks per job
is identical to the single-master master-slave model.
Since the former problem is strongly NP-hard [9], the
single master problem is also strongly NP-hard.

In [19], the problem of finding minimum makespan
no-wait-in-process schedules is shown to be NP-hard
for the case of a single master. This remains true
even when the pre- and post-processing tasks are re-
quired to be done in the same order. When the order
in which the post-processing tasks is done is required
to be reverse of the pre-processing order, the mini-
mum makespan schedule can be found in O(nlogn)
time. Fast polynomial time algorithms to obtain min-
imum makespan schedules in which the pre- and post-
processing orders are the same (or reverse) and a job
may wait between the completion of one task and the
start of the next are also developed in [19].

For no-wait scheduling, the single-master master-
slave model and the coupled-task model of [17] are
identical. Orman and Potts [17] show that many
versions of this latter problem are strongly NP-hard.
These results carry over to the no-wait master-slave
model.

The outline of the rest of this paper is as follows.
In Section 2 we define the problems to be considered
and present some basic results. In Section 3, we de-
velop fast approximate algorithms for problems on a
single master processor. In Section 4, we consider the
problem of obtaining minimum finish time schedules
for multiple master systems. We conclude with future
research directions in Section 5.

2 Notation and Basic Results

A set of jobs is to be processed by a system of mas-
ter and slave processors. Each job has three tasks
associated with it. The first is a preprocessing task,
the second is a slave task, and the third a postprocess-
ing task. The tasks of each job are to be performed
in the order: preprocessing, slave, postprocessing. Let
a;, b;, and ¢;, respectively, denote the preprocessing,
slave, and postprocessing tasks (and task times) of job
i. All task times are assumed to be greater than zero
(i.e., a; > 0, b; > 0, and ¢; > 0, for all 7). The avail-
able processors are divided into two categories: master
and slave. If n denotes the number of jobs, then no
schedule can use more than n slaves. Hence we may
assume that there are exactly n slaves. The makespan
or finish time of a schedule is the earliest time at which
all tasks have been completed.

Figure 1 (a) shows a possible schedule for the case
when n = 2, (a1,b1,¢1)= (2, 6, 1), and (a2, ba,c2) =
(1, 2, 3). In this schedule, the preprocessing of job 1
is handled first by the master; all other tasks begin
at the earliest possible time. M denotes the master
processor and S; and S; denote the slaves. The finish
time is 9. The schedule that results when the master
pre-processes job 2 first and all other tasks begin at
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Figure 1: Example schedules

the earliest possible time is shown in Figure 1 (b).
This has a finish time of 10.

Let us examine the schedules of Figure 1. Notice
that in both schedules, once the processing of a job
begins, the job is processed continuously until comple-
tion. Schedules with this property are said to have no-
wait-in-process. In industrial applications, one may
impose this requirement on a schedule. Another in-
teresting feature of the schedules of Figure 1 is that
in one the postprocessing is done in the reverse order
of the preprocessing while in the other the pre- and
post-processing orders are the same. In some settings,
we may require that schedules satisfy one order or the
other. For example, this could simplify the postpro-
cessing if a stack is used, by the master, to maintain
a record of jobs in process. Similarly, if the master
uses a queue to maintain this information, we might
require that the postprocessing be done in the same
relative order as the preprocessing. Another discipline
that might be imposed on the master is to complete
all the preprocessing tasks before beginning the first
postprocessing task. Both of the schedules of Figure 1
obey this discipline.

Similar requirements may be imposed in our con-
solidator example. This time suppose that all the raw
material is loaded on a single truck and that the slaves
are uniformly spaced. Whenever the truck stops, it
has to wait at the slave location while the material

for that location is unloaded and checked. This con-
stitutes the preprocessing. When the truck returns
to pick up the finished goods, it must again wait to
load and check. This constitutes the postprocessing.
If the truck route is circular, then the pre- and post-
processing orders are the same. If the route is linear,
then the postprocessing is done when the truck is re-
turning to its point of origin and so is done in the
reverse order of preprocessing. In both cases, all pre-
processing tasks are done before the first postprocess-
ing task.

For the case of a single master processor, Sahni [19]
has considered order preserving sequencing (OPS(1))
and reverse order sequencing (ROS(1)). In the for-
mer case the pre- and post-processing tasks must be
processed in the same order while in the latter these
orders should be in reverse order. Optimal algorithms
with complexity O(nlogn) have been developed for
both of these cases. To facilitate later developments
we provide a description of these algorithms denoted
by OOPS(1) and OROS(1) respectively.

OOPS(1)

1. Jobs with ¢; > a; come first in nondecreasing
order of a; + b;

2. Jobs with ¢; = a; come next in any order

3. Jobs with ¢; < a; come last in nonincreasing or-
der of b; + ¢;

4. Generate the order preserving schedule whose
preprocessing tasks are ordered according to steps
1-3

OROS(1)

1. Order the jobs according to nonincreasing order
of bj

2. Generate the reverse order schedule whose pre-
processing tasks are ordered according to step 1

The single master problem to minimize makespan
with no restriction on the relative ordering of tasks of
different jobs has not been considered before. We refer
to this problem as unconstrained minimum finish time
or UMFT. In light of the strong NP-completeness
of the UMFT problem, we develop an approximation
algorithm in Section 3.

For master-slave systems with multiple master pro-
cessors we can distinguish two classes of problems. In
the first class we require both pre- and post-processing
tasks to be processed by the same processor; we shall



refer to such systems as restricted multiple master sys-
tems. In the second class we allow the pre- and post-
processing task of each job to be processed by dif-
ferent processors; we shall refer to such systems as
unrestricted multiple master systems.

For unrestricted multiple master systems we need
to be careful about the definition of order-preserving
and reverse-order schedules as the pre- and post-
processing tasks of a job may be done by different
master processors.

Definition 1 For multiple master processor systems
we shall say that a schedule is order preserving iff for
every pair of jobs i and j such that the preprocessing
of i begins before the preprocessing of j, the postpro-
cessing of i completes before or at the same time as
the postprocessing of j.

Definition 2 For multiple master processor systems
we shall say that a schedule is a reverse order schedule
iff for every pair of jobs i and j such that the prepro-
cessing of i begins before the preprocessing of j, the
postprocessing of i completes after or at the same time
as the postprocessing of j.

In Section 4 we will develop unconstrained, order
preserving and reverse order schedules for both re-
stricted and unrestricted multiple master systems.

3 Approximation Algorithms for Un-
constrained MFT

In light of the complexity status of UMFT we
are motivated to investigate heuristic algorithms that
have good worst case performance. If S is an uncon-
strained schedule, then a straightforward interchange
argument shows that we may rearrange the master
tasks so that all preprocessing tasks complete before
any postprocessing task starts. Such a rearrangement
can be done without increasing the makespan of the
schedule. Further, the rearranged schedule has no pre-
emptions. We may shift the a tasks in the rearranged
schedule left so as to start at time 0 and complete at
time )" a; and the b tasks may be shifted left so as to
begin as soon as their corresponding a tasks complete.
The c tasks may be ordered to begin in the same order
as the b tasks complete. None of these rearrangement
operations affects the makespan of S. With this as
motivation, we define a canonical schedule to be one
which satisfies the following properties:

1. There are no preemptions.

2. The a tasks begin on the master at time 0 and
complete at time Y a;.

3. The b tasks begin as soon as their corresponding
a tasks complete.

4. The c tasks are done in the same order as the b
tasks complete and as soon as possible.

It is evident that for every unconstrained schedule
S, there is a corresponding canonical schedule with
better or the same makespan. So, in the remainder of
this section we limit ourselves to canonical schedules.
Note that a canonical schedule is completely specified
by giving the relative order in which the preprocess-
ing tasks are done. As a result, such a schedule is
defined by a permutation that gives the relative order
in which the preprocessing tasks are done. We will
use the terminology i follows (precedes) j to mean i
comes after (before) j in the permutation that defines
the schedule.

The next theorem finds the worst case performance
of an arbitrary canonical schedule S. Let C* be the
makespan of the canonical schedule S and C* the op-
timal makespan of UMFT.

e <9

Theorem 1 For any canonical schedule S, &

and the bound is tight.

Proof: If C¥ =" .(a; +¢;) then S is optimal and the
error bound of 2 is valid. Else, C¥ > }7,(a; + ¢;) in
which case there exists idle time on the master pro-
cessor. Since S is canonical, this idle time will have to
precede one or more postprocessing tasks. Let c¢;, be
the last postprocessing task in S that starts immedi-
ately after its corresponding slave task b;,. Since there
is idle time on the master, such an ¢y exists. Then,

cs= >

i precedes o

ai+(ai0+bi0 +C,'0)+ Z ¢ <2C*

i follows o

since a, + by, + ¢i, < C* and >, (a; +¢;) < C*.

To see that the error bound is tight consider an
instance with k + 1 jobs where k is an arbitrary posi-
tive integer. The first k& jobs have processing require-
ments (1,€,€) while the (k + 1)-st job has require-
ments (e,k,€), € < 1/k. The schedule S that pro-
cesses ap+1 = € last among all preprocessing tasks
has makespan C° = 2k + 2¢. The schedule S* that
processes a1 first among all preprocessing tasks has
makespan C* = k + (k + 2)e and hence gf — 2 as
e—=0. 0O

In what follows we present a heuristic whose error

bound is %

Heuristic H



1. Let S; = {Z ra; < Ci} and S, = {'& ta; > C,’}.
2. Reorder the jobs in S; according to nondecreasing

order of b;

3. Reorder the jobs in S; according to nonincreasing
order of b;

4. Generate the canonical schedule in which the a
tasks of S; precede those of Ss

The complexity of heuristic H is readily seen to be
O(nlogn). Let CH be the makespan of the schedule
generated by the above heuristic. Then,

Theorem 2 (gf < 2 and the bound is tight.

Proof: See [20]. O
4 Multiple Master Systems

A versatile heuristic, general, that obtains multi-
master schedules with an error bound of at most 2 is
developed in Section 4.1. For the case of reversed or-
der sequencing a heuristic with worst case error bound
2 — L (m is the number of master processors) is pre-
sented in Section 4.2.

4.1 A General Heuristic

The heuristic general may be used for both re-
stricted and unrestricted systems as well as when con-
straints are placed between the orders in which the
pre- and post- processing tasks are executed. Before
presenting this heuristic, we define the first available
machine (FAM) rule. In this, jobs are assigned to
master processors one-at-a-time. Each job has a time
t; associated with it and the jobs are considered in a
given order . When a job is considered, it is assigned
to the master on which the sum of the times of already
assigned jobs is the least (ties are broken arbitrarily).

Heuristic general(m)

1. For each job, let t; = a; +¢;. Sort the jobs so that
t1 282> 21y

2. Consider the jobs in this order and use the FAM
rule to assign jobs to masters.

3. On each master, schedule the preprocessing tasks
in any order from time 0 to time 7" where T is
the sum of the preprocessing tasks of the jobs as-
signed to this master. The slave tasks are sched-
uled to begin as soon as their corresponding pre-
processing tasks are complete. The postprocess-
ing tasks are scheduled to begin as soon after the
completion of their slave tasks as is feasible.

The heuristic general(m) constructs schedules with
the property that each job’s pre- and post-processing
tasks are done by the same master. Hence the sched-
ules are feasible for both the restricted and unre-
stricted master models. The complexity of the heuris-
tic is readily seen to be O(nlogn).

Let C9¢m¢7el he the makespan of the schedule gener-
ated by heuristic general. Let Cfypr and Churpr,
respectively, be the makespans of the optimal unre-
stricted and restricted master system schedules.

Theorem 3 C9" [CY  or < 2  and
Cgeneral/C}k{MFT S 2.

Proof: See [20]. O

To see that the bound of 2 is a tight one, con-
sider the n(m — 1) 4+ 2 job instance in which the first
job’s pre-, slave, and post-processing tasks are given
by (n —e€,€,€/2), the next n(m — 1) job task times are
(1/2,€,1/2) and the last job has times (e,n,€). Here,
0 < € < 1/2. The jobs have been given in the order
produced in step 1. The heuristic assigns jobs 1 and
n(m — 1) + 2 to master 1. The remaining jobs are
distributed evenly across the remaining masters. If in
step 3, the first master is scheduled to process a; first,
then C9¢m¢ral = 2n + e. However, Cfpyrpr = Churr
= n + 2.5¢. The ratio approaches 2 as € — 0.

Heuristic general may be used to obtain order pre-
serving and reverse order schedules by modifying step
3 to produce such schedules. In fact, since optimal sin-
gle master order preserving and reverse order sched-
ules can be obtained in polynomial time ([19]), step
3 can generate optimal schedules using the jobs as-
signed to each master. Since the proof of Theorem 3
does not rely on how the schedule is constructed in
step 3, the error bound of 2 applies even for the case
of order preserving and reverse order schedules.

4.2 Restricted Reverse Order Schedules

In this subsection we develop an approximation
algorithm for restricted multiple master systems in
which each master processor is required to process its
postprocessing tasks in an order that is the reverse of
the order in which it processes its preprocessing tasks.
This problem is abbreviated as ROS(m) (reverse order
scheduling with m masters). The OROS(1) algorithm
provided in Section 2 solves optimally the ROS(1)
problem.

The approximation algorithm, Heuristic ROS(m),
given below obtains schedules with an error bound no
more than 2 — 1/m.

Heuristic ROS(m)



1. Sort the jobs so that by > by > --- > by,.

2. Consider the jobs in this order and use the FAM
rule to assign jobs to masters using t; = a; + ¢;.

3. On each master, schedule the preprocessing tasks
in the order the jobs were assigned to the master.
Schedule the postprocessing tasks in the reverse
order and to begin as soon as possible after all
preprocessing tasks complete.

Note that in step 1, we obtain the ordering needed
to construct an OROS(1) for the n jobs and that in
step 3 the jobs assigned to each master are scheduled
to form an OROS(1) for that master. The complexity
of ROS(m) is easily seen to be O(nlogn). To establish
the error bound, we need to first establish two other
results. This is done in Lemmata 1 and 2. The error
bound itself is established in Theorem 4.

Let I, I', and I" be three sets of jobs. I =
{(ai,biy¢;)|1 < i < n}, I' has n jobs defined by a
= ¢, = (a; + ¢;)/2 and b, = b;, and I" has n jobs de-
fined by af = ¢ = (a; + ¢;)/(2m) and b} = b;. Let
Ci(m), Cj.(m), and C},(m), respectively, denote the
makespans of the OROS(m) for I, I', and I".

Lemma 1 C}(m) = C} (m) for all m.

Proof: See [20]. O

Lemma 2 C}, (1) < Cf(m) for all m.

Proof: See [20]. O

Effectively, Lemmas 1 and 2 show that the
makespan of the schedule produced by OROS(1) on
I" is a lower bound on the optimal makespan value for
ROS(m) which is denoted by Cj(m). The following
theorem makes use of this result.

Theorem 4 Let CEOS(m) be the makespan of the
schedule generated by ROS(m) on instance I.
CEO3(m)/Cy(m) <2 —1/m and this bound is tight.

Proof: See [20]. O

Note that the above result has some similarities
with the problem of minimizing makespan in a two-
stage hybrid flowshop considered by Lee and Vairak-
tarakis [11]. In this problem preprocessing tasks are
executed on the machines of stage 1, postprocessing
tasks are executed on the machines of stage 2, and the
slave tasks are null. A heuristic with bound 2 — % was
developed for that problem as well.

5 Conclusion

We have proposed efficient heuristics for various
variants of the scheduling problem that arises when
the fork-join paradigm is used for distributed comput-
ing. These heuristics are bounded performance heuris-
tics as we are able to bound their worst case perfor-
mance by a constant.
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