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Abstract. The individual leavesof a multileaf collimator (MLC) have a tongue-and-
groove or stepped-edgedesign to minimize leakageradiation betweenadjacent leaves.
This designelement has a drawback that it createsareasof underdosagesin intensity
modulated photon beams unless a leaf tra jectory is speci�cally designedsuch that
for any two adjacent leaf pairs, the direct exposure under the tongue-and-groove is
equal to the lower of the direct exposuresof the leaf pairs. In this work, we present
a systematic study of the optimization of leaf sequencingalgorithm for segmental
multileaf collimator beam delivery that completely eliminates areasof underdosages
dueto tongue-and-grooveor stepped-edgedesignof the MLC. Simultaneouselimination
of tongue-and-groovee�ect and leaf interdigitation is alsostudied. This is an extension
of our previous work (Kamath et al 2003) in which we described a leaf sequencing
algorithm that is optimal for monitor unit (MU) e�ciency under most common leaf
movement constraints that includes minimum leaf separation. Compared to our
previously published algorithm (without constraints), the new algorithms increasethe
number of sub-�elds by appriximately 21% and 25%, respectively, but are optimal in
MU e�ciency for unidirectional schedules.

Submitted to: Phys. Med. Biol.



Optimal Leaf Sequencingwith Elimination of Tongue-and-GrooveUnderdosage 2

1. In tro duction

Intensity modulated radiation therapy (IMRT) delivered with multi-leaf collimator
(MLC) in the step-and-shoot mode uses multiple static MLC segments to achieve
intensity modulation. The sidesof each leaf of a MLC have a protruding tongue or
a step on one side that �ts into a similar groove of the adjacent leaf. This results
in di�erent radiological path lengths acrossdi�erent parts of the leaves. Galvin et al
(1993a) �rst described that the di�erent radiological path lengths manifest themselves
as varying dosesin a plane perpendicular to the leaf motion. The low dose region
betweentwo adjacent leaveswasclassi�ed asthe tongue-and-groove e�ect. In an IMRT
treatment using an MLC, the tongue-and-groove e�ect occurswhen the tongue, or the
groove or both for the most time during treatment delivery cover the overlapping region
betweentwo adjacent pairs of leaves. As pointed out by many investigators,the tongue-
and-groove arrangement always results in underdosagesof as much as 10-25%in the
treatment �elds in both static and dynamic multileaf collimation (Galvin et al 1993a,
b, Chui et al 1994,Mohan 1995,Wang et al 1996,Sykesand Williams 1998).

Several recent publications (van Santvoort and Heijmen 1996, Webb et al 1997,
Convery and Webb 1998, Dirkx et al 1998, Xia and Verhey 1998) have shown that
the tongue-and-groove e�ect can be signi�cantly reduced by synchronization of the
leaves. However, the cost of leaf synchronization is usually an increasein the total
number of sub �elds and monitor units. van Santvoort and Heijmen (1996) proposean
algorithm to eliminate tongue-and-groove e�ects for DMLC treatment plans. Although
they note that their algorithm increasesthe number of monitor units, they do not
examinethe optimalit y or suboptimalit y of the plansthey obtain. Werecently published
a paper (Kamath et al 2003)that gave mathematical formalismsand rigorousproofs of
leaf sequencingalgorithms for segmental multileaf collimation, which maximize MU
e�ciency . We proved that our leaf sequencingalgorithms that explicitly account
for minimum leaf separationobtain feasibleunidirectional solutions that are optimal.
We now extend that work to develop algorithms that explicitly account for leaf
interdigitation and the tongue-and-groove e�ect and are optimal in MU e�ciency for
unidirectional schedules.Weshow alsothat the algorithm of van Santvoort and Heijmen
(1996) obtains optimal dynamic multileaf collimation treatment schedules.

2. Metho ds

2.1. Discrete Pro�le

We consider delivery of optimal radiation intensity map produced by the inverse
treatment planning system. It is important to note that the intensity pro�le output
from the optimizer is piecewisecontinuous. The intensity matrix from the optimizer
generally has a spatial resolution that is similar to the smallest beamlet size. The
beamletsizerangesfrom 5-10mm. As described in our earlierwork (Kamath et al 2003)
I (x) is the desiredintensity pro�le. The discretizedpro�le from the optimizer givesthe
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intensity valuesat samplepoints x0; x1; x2; . . . ; xm . We assumethat the samplepoints
are uniformly spacedand that � x = x i +1 � x i ; 0 � i < m. I (x) is assignedthe value
I (x i ) for x i � x < x i +1 , for each i . Now, I (x i ) is our desiredintensity pro�le, i.e., I (x i ) is
a measureof the number of MUs for which x i , 0 � i < m, needsto be exposed.Figure 1
shows a discretized pro�le, which is the output from the optimizer. The discretized
pro�le is deliveredeither with the Segmental Multileaf Collimation (SMLC) method or
with Dynamic Multileaf Collimation (DMLC). An SMLC sequencecan be transformed
to a dynamic leaf sequenceby allowing both leavesto start at the samepoint and close
together at the samepoint, so that they sweep acrossthe samespatial interval. We
develop our theory for the SMLC delivery.

I

xx x x0 1 m

Figure 1. Discretized pro�le

2.2. Movementof Leaves

In our analysiswewill assumethat the beamdelivery beginswhenthe pair of leavesis at
the left most position. The initial position of the leavesis x0. In this paper, we assume
that leaves may move only from left to right. That is unidirectional leaf movement is
assumed.Figure 2 illustrates the leaf tra jectory during SMLC delivery. Let I l (x i ) and
I r (x i ) respectively denote the amount of Monitor Units (MUs) delivered when the left
and right leaves leave position x i . Consider the motion of the left leaf. The left leaf
beginsat x0 and remainshere until I l (x0) MUs have beendelivered. At this time the
left leaf is moved to x1, whereit remainsuntil I l (x1) MUs have beendelivered. The left
leaf then moves to x3 where it remains until I l (x3) MUs have beendelivered. At this
time, the left leaf is moved to x6, whereit remainsuntil I l (x6) MUs have beendelivered.
The �nal movement of the left leaf is to x7, where it remainsuntil I l (x7) = I max MUs
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have beendelivered. At this time the machine is turned o�. The total therapy time,
TT(I l ; I r ), is the time neededto deliver I max MUs. Note that we usethe term therapy
time to refer to the beam-ontime. The right leaf starts at x2; movesto x4 when I r (x2)
MUs have been delivered; moves to x5 when I r (x4) MUs have been delivered and so
on. Note that the machine is o� when a leaf is in motion. We make the following
observations:

Figure 2. Leaf tra jectory during SMLC delivery

(i) All MUs that aredeliveredalonga radiation beamalongx i beforethe left leafpasses
x i fall on it. Greater the x value, later the leaf passesthat position. ThereforeI l (x i )
is a non-decreasingfunction.

(ii) All MUs that are delivered along a radiation beam along x i before the right leaf
passesx i , are blocked by the leaf. Greater the x value, later the leaf passesthat
position. ThereforeI r (x i ) is alsoa non-decreasingfunction.

From theseobservations we notice that the net amount of MUs deliveredat a point
is given by I l (x i ) � I r (x i ), which must be the sameas the desiredpro�le I (x i ).

2.3. Optimal Algorithm without Constraints

2.3.1. Optimal Algorithm for SinglePair of Leaves. Oncethe desiredintensity pro�le,
I (x i ) is known, the singleleaf pair problem becomesthat of determining the individual
intensity pro�les to be deliveredby the left and right leaves,I l and I r such that:

I (x i ) = I l (x i ) � I r (x i ); 0 � i � m (1)
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We refer to (I l ; I r ) asthe treatment plan (or simply plan) for I . Oncewe obtain the
plan, we will be able to determinethe movement of both left and right leavesduring the
therapy. For each i , the left leaf can be allowed to passx i whenthe sourcehasdelivered
I l (x i ) MUs. Also, we can allow the right leaf to passx i when the sourcehas delivered
I r (x i ) MUs. A plan is unidirectional if I l (x) and I r (x) areunique,x0 � x � xm , i.e., each
leaf passesover each point only once. Ma et al (1998) present an algorithm (Figure 3)
that obtains unidirectional plans. They prove that the plans obtained are optimal in
therapy time (Theorem 1). Their proof relieson the results of Boyer and Strait (1997),
Spirou and Chui (1994) and Stein et al (1994). Kamath et al (2003) provide a simpler
proof that alsoyields Corollary 1. Kamath et al (2003) alsoprove Lemma 1.

Algorithm SINGLEPAIR

I l (x0) = I (x0)
I r (x0) = 0

For j = 1 to m do
If (I (x j ) � I (x j � 1)
I l (x j ) = I l (x j � 1) + I (x j ) � I (x j � 1)
I r (x j ) = I r (x j � 1)

Else
I r (x j ) = I r (x j � 1) + I (x j � 1) � I (x j )
I l (x j ) = I l (x j � 1)

End for

Figure 3. Obtaining a unidirectional plan

Theorem 1 Algorithm SINGLEPAIR obtains plans that are optimal in therapy time
evenwhenbidirectional leaf movementis permitted.

Corollary 1 Let I (x i ), 0 � i � m be a desired pro�le. Let I l (x i ) and I r (x i ), 0 � i � m
be the left and right leaf pro�les generated by Algorithm SINGLEPAIR. I l (x i ) and I r (x i ),
0 � i � m de�ne optimal therapy time unidirectional left and right leaf pro�les for I (x i ),
0 � i � j .

Lemma 1 Let (I L ; I R ) be any treatment plan for I .
(a) �( x i ) = I L (x i ) � I l (x i ) = I R(x i ) � I r (x i ) � 0; 0 � i � m.
(b) �( x i ) is a non-decreasing function.

2.3.2. Optimal Algorithm for Multiple Leaf Pairs. We use a single pair of leaves to
deliver intensity pro�les de�ned along the axis of the pair of leaves. However, in a
real application, we needto deliver intensity pro�les de�ned over a 2-D region. We use
Multi-Leaf Collimators (MLCs) to deliver such pro�les. An MLC is composedof multiple
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pairs of leaveswith parallel axes.Figure 4 shows an MLC that hasthree pairs of leaves
- (L1; R1); (L2; R2) and (L3; R3). L1; L2; L3 are left leaves and R1; R2; R3 are right
leaves. Each pair of leavesis controlled independently. If there areno constraints on the
leaf movements, we divide the desiredpro�le into a set of parallel pro�les de�ned along
the axesof the leaf pairs. Each leaf pair i then delivers the plan for the corresponding
intensity pro�le I i (x). The set of plans of all leaf pairs forms the solution set. We
refer to this set as the treatment schedule (or simply schedule). A schedulein which all
plans are unidirectional is a unidirectional schedule. Only unidirectional schedulesare
consideredin this paper.

Figure 4. Inter-pair minimum separation constraint

Assumewe have n pairs of leaves. For each pair, we have m samplepoints. The
input is represented asa matrix with n rowsandm columns,wherethe i th row represents
the desiredintensity pro�le to bedeliveredby the i th pair of leaves. Weapply Algorithm
SINGLEPAIR to determine the optimal plan for each of the n leaf pairs. This method
of generatingschedulesis described in Algorithm MULTIPAIR (Figure 5). Since the
individual plansof the leaf pairs areoptimal in therapy time, sois the resulting schedule
(Kamath et al (2003)).

Algorithm MULTIPAIR
For(i = 1; i � n; i + +)

Apply Algorithm SINGLEPAIR to the i th pair of leaves to obtain plan (I il ; I ir )
that delivers the intensity pro�le I i (x).

End For

Figure 5. Obtaining a schedule

3. Optimal Algorithm with In terdigitation and Tongue-and-Gro ove
Constrain ts

3.1. Interdigitation Constraint

In practical situations, there are someconstraints on the movement of the leaves. The
minimum separationconstraint requiresthat opposing pairs of leaves be separatedby
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at least somedistance (Smin ) at all times during beam delivery. In someMLCs this
constraint is applied not only to opposing pairs of leaves, but also to opposing leaves
of neighboring pairs. For example, in Figure 4, L1 and R1, L2 and R2, L3 and R3,
L1 and R2, L2 and R1, L2 and R3, L3 and R2 are pairwise subject to the constraint.
We use the term intr a-pair minimum separation constraint to refer to the constraint
imposedon an opposingpair of leavesand inter-pair minimum separation constraint to
refer to the constraint imposedon opposing leavesof neighboring pairs. The inter-pair
minimum separation constraint with Smin = 0 is of special interest and is referredto as
the interdigitation constraint.

3.2. Tongue-and-GrooveUnderdosageE�e ct

In most commerciallyavailable MLCs, there is a tongue-and-groove arrangement at the
interface betweenadjacent leaves. A crosssectionof two adjacent leaves is depicted in
Figure 6. The width of the tongue-and-groove region is l. The area under this region
getsunderdoseddue to the mechanical arrangement. Figure 7 shows a beams-eye view
of the region to be treated by two adjacent leaf pairs, t and t + 1. Considerthe shaded
rectangular areasA t (x i ) and A t+1 (x i ) that require exactly I t (x i ) and I t+1 (x i ) MUs to
be delivered, respectively. The tongue-and-groove overlap area between the two leaf
pairs over the sample point x i , A t;t +1 (x i ), is colored black. Let the amount of MUs
delivered in A t;t +1 (x i ) be I t;t +1 (x i ). Ignoring leaf transmission,the following lemmais a
consequenceof the fact that A t;t +1 (x i ) is exposedonly when both A t (x i ) and A t+1 (x i )
are exposed.

l

Figure 6. Crosssection of leaves

Lemma 2 I t;t +1 (x i ) � minf I t (x i ); I t+1 (x i )g, 0 � i � m, 1 � t < n.

Schedulesin which I t;t +1 (x i ) = minf I t (x i ); I t+1 (x i )g are said to be free of tongue-
and-groove underdosagee�ects.

Unlesstreatment schedulesare carefully designed,it is possiblethat I t;t +1 (x i ) <<
minf I t (x i ); I t+1 (x i )g for somei and t. For example,in a schedulein which I tr (x i ) = 30,
I tl (x i ) = 50, I (t+1) r (x i ) = 50 and I (t+1) l (x i ) = 60, we have I t;t +1 (x i ) = I tl (x i ) �
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Figure 7. Tongue-and-groove e�ect

I (t+1) r (x i ) = 50 � 50 = 0. Note that in this case,minf I t (x i ); I t+1 (x i )g = I (t+1) l (x i ) �
I tl (x i ) = 60� 50 = 10. It is clear from this examplethat I t;t +1 (x i ) could be 0 even when
minf I t (x i ); I t+1 (x i )g is arbitrarily large.

3.3. Algorithms

Kamath et al (2003) present an algorithm that generatesa schedule that satis�es
inter-pair minimum separation constraint. The schedule is optimal in therapy time.
However, it does not account for the tongue-and-groove e�ect. In this section,
we present two algorithms. Algorithm TONGUEANDGR OOVE generatesminimum
therapy time unidirectional schedulesthat are free of tongue-and-groove underdosage
and maybe used for MLCs that do not have a interdigitation constraint. Algorithm
TONGUEANDGR OOVE-ID generatesminimum therapy time unidirectional schedules
that are free of tongue-and-groove underdosagewhile simultaneously satisfying the
interdigitation constraint and is for MLCs that have an interdigitation constraint.

The following lemma provides a necessary and su�cien t condition for a
unidirectional scheduleto be free of tongue-and-groove underdosagee�ects.

Lemma 3 A unidirectional schedule is free of tongue-and-grooveunderdosagee�ects if
and only if,

(a) I t (x i ) = 0 or I t+1 (x i ) = 0, or

(b) I tr (x i ) � I (t+1) r (x i ) � I (t+1) l (x i ) � I tl (x i ), or

(c) I (t+1) r (x i ) � I tr (x i ) � I tl (x i ) � I (t+1) l (x i ),

0 � i � m, 1 � t < n.

Pro of: It is easyto seethat any schedule that satis�es the above conditions is free
of tongue-and-groove underdosagee�ects. So what remains is for us to show that
every schedule that is free of tongue-and-groove underdosagee�ects satis�es the above
conditions. Considerany such schedule. If condition (a) is satis�ed at every i and t, the
proof is complete. So assumei and t such that I t (x i ) 6= 0 and I t+1 (x i ) 6= 0 exist. We
needto show that either (b) or (c) is true for this value of i and t. Sincethe scheduleis
free of tongue-and-groove e�ects,

I t;t +1 (x i ) = minf I t (x i ); I t+1 (x i )g > 0 (2)
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From the unidirectional constraint, it follows that A t;t +1 (x i ) �rst gets exposedwhen
both right leaves passx i , and it remainsexposedtill the �rst of the left leaves passes
x i . Further, if a left leaf passesx i beforea neighboring right leaf passesx i , A t;t +1 (x i ) is
not exposedat all. So,

I t;t +1 (x i ) = maxf 0; I (t;t +1) l (x i ) � I (t;t +1) r (x i )g (3)

where I (t;t +1) r (x i ) = maxf I tr (x i ); I (t+1) r (x i )g and I (t;t +1) l (x i ) = minf I tl (x i ); I (t+1) l (x i )g.
From 2 and 3, it follows that

I t;t +1 (x i ) = I (t;t +1) l (x i ) � I (t;t +1) r (x i ) (4)

Consider the caseI t (x i ) � I t+1 (x i ). Supposethat I tr (x i ) > I (t+1) r (x i ). It follows that
I (t;t +1) r (x i ) = I tr (x i ) and I (t;t +1) l (x i ) = I (t+1) l (x i ). Now from 4, we get

I t;t +1 (x i ) = I (t+1) l (x i ) � I tr (x i )
< I (t+1) l (x i ) � I (t+1) r (x i )
= I t+1 (x i )
� I t (x i )

(5)

So I t;t +1 (x i ) < minf I t (x i ); I t+1 (x i )g, which contradicts 2. So

I tr (x i ) � I (t+1) r (x i ) (6)

Now, suppose that I tl (x i ) < I (t+1) l (x i ). From I t (x i ) � I t+1 (x i ), it follows that
I (t;t +1) l (x i ) = I tl (x i ) and I (t;t +1) r (x i ) = I (t+1) r (x i ). Hence,from 4, we get

I t;t +1 (x i ) = I tl (x i ) � I (t+1) r (x i )
< I (t+1) l (x i ) � I (t+1) r (x i )
= I t+1 (x i )
� I t (x i )

(7)

So I t;t +1 (x i ) < minf I t (x i ); I t+1 (x i )g, which contradicts 2. So

I tl (x i ) � I (t+1) l (x i ) (8)

From 6 and 8, we can concludethat when I t (x i ) � I t+1 (x i ), (b) is true. Similarly one
can show that when I t+1 (x i ) � I t (x i ), (c) is true.

Lemma3 is equivalent to saying that the time period for which a pair of leaves(say
pair t) exposesthe regionA t;t +1 (x i ) is completelycontained by the time period for which
pair t + 1 exposesregion A t;t +1 (x i ), or vice versa,whenever I t (x i ) 6= 0 and I t+1 (x i ) 6= 0.
Note that if either I t (x i ) or I t+1 (x i ) is zero the containment is not necessary. We will
refer to the necessaryand su�cien t condition of Lemma 3 as the tongue-and-groove
constraint condition. Schedulesthat satisfy this condition will be said to satisfy the
tongue-and-groove constraint. van Santvoort and Heijmen (1996) present an algorithm
that generatesschedulesthat satisfy the tongue-and-groove constraint for DMLC.

Xia and Verhey (1998) claim that every schedule that violates the interdigitation
constraint also violates the tongue-and-groove constraint. We demonstrate with a
counterexample that this is not necessarilythe case. The intensity matrix shown
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in Figure 8(a) can be exposed in a single segment as shown in Figure 8(b). The
segment is free of tongue-and-groove constraint violations, while it clearly violates the
interdigitation constraint.

0 50

0 0 0

50 0 0 50

50

(a) (b)

0 00

0

0

0 0

0

Figure 8. The intensity matrix shown in (a) can be treated using a single segment
with 50 MUs as shown in (b). Areas shadeddark are covered by left leavesand those
shadedlight are coveredby right leaves. Areas not shadedare exposed. Interdigitation
constraint violation occurs though there is no tongue-and-groove violation.

3.3.1. Elimination of tongue-and-groove e�ect. Note that the schedule generatedby
Algorithm MULTIPAIR may violate the tongue-and-groove constraint. If the schedule
has no tongue-and-groove constraint violations, it is the desiredoptimal schedule. If
there are violations in the schedule,we eliminate all violations of the tongue-and-groove
constraint starting from the left end, i.e., from x0. To eliminate the violations, we
modify thoseplansof the schedulethat causethe violations. We scanthe schedulefrom
x0 along the positive x direction looking for the least xw at which there exist leaf pairs
u, t, t 2 f u � 1; u + 1g, that violate the constraint at xw . After rectifying the violation
at xw we look for other violations. Sincethe processof eliminating a violation at xw ,
may at times, lead to new violations at xw , we needto search afreshfrom xw every time
a modi�cation is madeto the schedule. However, we will prove a bound of O(n) on the
number of violations that canoccurat xw . After eliminating all violations at a particular
samplepoint, xw , we move to the next point, i.e., we increment w and look for possible
violations at the new point. We continue the scanningand modi�cation processuntil
no tongue-and-groove constraint violations exist. Algorithm TONGUEANDGR OOVE
(Figure 9) outlines the procedure.

Let M = ((I 1l ; I 1r ); (I 2l ; I 2r ); : : : ; (I nl ; I nr )) be the schedulegeneratedby Algorithm
MULTIPAIR for the desiredintensity pro�le.
Let N (p) = ((I 1lp; I 1r p); (I 2lp; I 2r p); : : : ; (I nl p; I nr p)) be the scheduleobtainedafter Stepiv
of Algorithm TONGUEANDGR OOVE is appliedp times to the input scheduleM . Note
that M = N (0).

To illustrate the modi�cation processwe useexamples.To make things easier,we
only show two neighboring pairs of leaves. Supposethat the (p + 1)th violation occurs
between the leaves of pair u and pair t = u + 1 at xw . Note that I tl p(xw) 6= I ul p(xw),
as otherwise, either (b) or (c) of Lemma 3 is true. In caseI tl p(xw) > I ul p(xw), swap
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Algorithm TONGUEANDGR OOVE

(i) x = x0

(ii) While (there is a tongue-and-groove violation) do

(iii) Find the least xw , xw � x, such that there exist leaf pairs u, u + 1, that violate the
tongue-and-groove constraint at xw .

(iv) Modify the scheduleto eliminate the violation betweenleaf pairs u and u + 1.

(v) x = xw

(vi) End While

Figure 9. Obtaining a schedule under the tongue-and-groove constraint

u and t. Now, we have I tl p(xw) < I ul p(xw). In the sequel, we refer to theseu and t
valuesas the u and t of Algorithm TONGUEANDGROOVE. From Lemma 3 and the
fact that a violation has occurred, it follows that I tr p(xw) < I ur p(xw). To remove this
tongue-and-groove constraint violation, we modify (I tl p; I tr p). The other pro�les of N (p)
are not modi�ed.

The new plan for pair t, (I tl (p+1) ; I tr (p+1) ) is asde�ned below.
If I ul p(xw) � I tl p(xw) � I ur p(xw) � I tr p(xw), then

I tl (p+1) (x) =

(
I tl p(x) x0 � x < xw

I tl p(x) + � I xw � x � xm
(9)

where� I = I ul p(xw) � I tl p(xw). I tr (p+1) (x) = I tl (p+1) (x) � I t (x), whereI t (x) is the target
pro�le to be deliveredby the leaf pair t.
Otherwise,

I tr (p+1) (x) =

(
I tr p(x) x0 � x < xw

I tr p(x) + � I 0 xw � x � xm
(10)

where � I 0 = I ur p(xw) � I tr p(xw). I tl (p+1) (x) = I tr (p+1) (x) + I t (x), where I t (x) is the
target pro�le to be deliveredby the leaf pair t.
The former caseis illustrated in Figure 10 and the latter is illustrated in Figure 11.
Note that our strategy for plan modi�cation is similar to that usedby van Santvoort
and Heijmen (1996) to eliminate a tongue-and-groove violation for dynamic multileaf
collimator plans.

Since(I tl (p+1) ; I tr (p+1) ) di�ers from (I tl p; I tr p) for x � xw there is a possibility that
N (p+ 1) is involved in tongue-and-groove violations for x � xw . Sincenoneof the other
leaf pro�les are changedfrom thoseof N (p) no tongue-and-groove constraint violations
are possiblein N (p + 1) for x < xw . One may also verify that since I tl 0 and I tr 0 are
non-decreasingfunctions of x, so alsoare I tl p and I tr p, p > 0.

Lemma 4 Let F = ((I 0
1l ; I 0

1r ); (I 0
2l ; I 0

2r ); : : : ; (I 0
nl ; I 0

nr )) be any unidirectional schedule for
the desired pro�le that satis�es the tongue-and-groove constraint. Let S(p), be the
following assertions.
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trp ItlpI

x

Figure 10. Tongue-and-groove constraint violation: case1
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Figure 11. Tongue-and-groove constraint violation: case2(closeparallel dotted and
solid line segments overlap, they have beendrawn with a small separation to enhance
readability)
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(a) I 0
il (x) � I il p(x), 0 � i � n; x0 � x � xm

(b) I 0
ir (x) � I ir p(x), 0 � i � n; x0 � x � xm

S(p) is true for p � 0.

Pro of: The proof is by induction on p.

(i) Consider the base case,p = 0. From Corollary 1 and the fact that the plans
(I il 0; I ir 0); 0 � i � n, are generatedusing Algorithm SINGLEPAIR, it follows that
S(0) is true.

(ii) AssumeS(p) is true. SupposeAlgorithm TONGUEANDGR OOVE �nds a next
violation and modi�es the schedule N (p) to N (p + 1). Suppose that the next
violation occurs between leaf pairs u and t, t 2 f u � 1; u + 1g. Hence,I tl p(xw) <
I ul p(xw). We modify pair t's plan for x � xw , to eliminate the violation. All other
plans in the scheduleremain unaltered. Therefore,to establishS(p + 1) it su�ces
to prove that

I 0
tl (x) � I tl (p+1) (x); x � xw (11)

I 0
tr (x) � I tr (p+1) (x); x � xw (12)

Weneedprove only oneof thesetwo relationshipssinceI 0
tl (x) � I 0

tr (x) = I tl (p+1) (x) �
I tr (p+1) (x); x0 � x � xm (i.e., I 0

tl (x) � I tl (p+1) (x) = I 0
tr (x) � I tr (p+1) (x)). We now

considerpair t's plan for x � xw and show that Equation 11 is always true. This,
in turn, implies that S(p + 1) is true whenever S(p) is true and hencecompletes
the proof.
Supposethat I ul p(xw) � I tl p(xw) � I ur p(xw) � I tr p(xw). Then, I ul p(xw) � I ur p(xw) �
I tl p(xw) � I tr p(xw), i.e., I u(xw) � I t (xw). Clearly, in a schedule F , which is free
of tongue-and-groove violation between pairs u and t at xw , only the ordering
I 0

tr (xw) � I 0
ur (xw) � I 0

ul (xw) � I 0
tl (xw) is possible(refer Lemma 3) in this scenario

(the exception being when I u(xw) = I t (xw), in which case all the quantities
in the ordering are equal). From this ordering, I 0

tl (xw) � I 0
ul (xw). From the

induction hypothesis, I 0
ul (xw) � I ul p(xw) = I ul (p+1) (xw). From Equation 9,

I tl (p+1) (xw) = I ul p(xw) = I ul (p+1) (xw). Hence, I 0
tl (xw) � I tl (p+1) (xw) when

I ul p(xw) � I tl p(xw) � I ur p(xw) � I tr p(xw). A symmetric argument can be presented
to show that I 0

tl (xw) � I tl (p+1) (xw) when I ul p(xw) � I tl p(xw) > I ur p(xw) � I tr p(xw).
So I 0

tl (xw) � I tl (p+1) (xw).
It remains to be proved that I 0

tl (x i ) � I tl (p+1) (x i ), w < i � m. Suppose for a
contradiction that 9v > w, I 0

tl (xv) < I tl (p+1) (xv). Let � I 00 = I 0
tl (xw) � I tl 0(xw).

Note that I 0
tl (xw) � I tl (p+1) (xw) and so� I 00� I tl (p+1) (xw) � I tl 0(xw) = I tl (p+1) (xv) �

I tl 0(xv) (from the working of Algorithm TONGUEANDGR OOVE). De�ne a new
plan (I 00

tl ; I 00
tr ) as follows:

I 00
tl (x i ) =

(
I tl 0(x i ) i < w
I 0

tl (x i ) � � I 00 w � i � m
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I 00
tr (x i ) =

(
I tr 0(x i ) i < w
I 0

tr (x i ) � � I 00 w � i � m

Note that I 00
tl (xw) = I 0

tl (xw) � � I 00= I tl 0(xw) � I tl 0(xw� 1) = I 00
tl (xw� 1). Similarly,

I 00
tr (xw) � I 00

tr (xw� 1). So (I 00
tl ; I 00

tr ) is a plan for t. Also, I 00
tl (xv) = I 0

tl (xv) � � I 00 �
I 0

tl (xv) � I tl (p+1) (xv) + I tl 0(xv) (since � I 00 � I tl (p+1) (xv) � I tl 0(xv) as explained
above). From this and our assumption that I 0

tl (xv) < I tl (p+1) (xv), it follows
that I 00

tl (xv) < I tl 0(xv). Since plan (I tl 0; I tr 0) was generated using Algorithm
SINGLEPAIR, I 00

tl (xv) < I tl 0(xv) violatesCorollary 1. Soour assumptionwaswrong
and henceEquation 11 is always true.

3.3.2. Elimination of tongue-and-groove e�ect and interdigitation. As we have
pointed out, the elimination of tongue-and-groove constraint violations does not
guarantee elimination of interdigitation constraint violations. Therefore the schedule
generatedby Algorithm TONGUEANDGR OOVE may not be free of interdigitation
violations. The algorithm weproposefor obtaining schedulesthat simultaneouslysatisfy
both constraints, Algorithm TONGUEANDGR OOVE-ID, is similar to Algorithm
TONGUEANDGR OOVE. The only di�erence between the two algorithms lies in the
de�nition of the constraint condition. To be precisewe make the following de�nition.

De�nition 1 A unidirectional schedule is said to satisfy the tongue-and-groove-id
constraint if

(a) I tr (x i ) � I (t+1) r (x i ) � I (t+1) l (x i ) � I tl (x i ), or

(b) I (t+1) r (x i ) � I tr (x i ) � I tl (x i ) � I (t+1) l (x i ),

for 0 � i � m, 1 � t < n.

The only di�erence betweenthis constraint and the tongue-and-groove constraint
is that this constraint enforcescondition (a) or (b) above to be true at all samplepoints
x i including thoseat which I t (x i ) = 0 and/or I t+1 (x i ) = 0.

Lemma 5 A schedule satis�es the tongue-and-groove-id constraint i� it satis�es the
tongue-and-grooveconstraint and the interdigitation constraint.

Pro of: It is obvious that the tongue-and-groove-id constraint subsumesthe tongue-
and-grooveconstraint. If a schedulehasa violation of the interdigitation constraint, 9i; t,
I (t+1) l (x i ) < I tr (x i ) or I tl (x i ) < I (t+1) r (x i ). From De�nition 1, it follows that schedules
that satisfy the tongue-and-groove-id constraint do not violate the interdigitation
constraint. Therefore a schedule that satis�es the tongue-and-groove-id constraint
satis�es the tongue-and-groove constraint and the interdigitation constraint.
For the other direction of the proof, considera scheduleO that satis�es the tongue-and-
groove constraint and the interdigitation constraint. From the fact that O satis�es the
tongue-and-groove constraint and from Lemma 3 and De�nition 1, it only remains to
be proved that for scheduleO,
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(a) I tr (x i ) � I (t+1) r (x i ) � I (t+1) l (x i ) � I tl (x i ), or

(b) I (t+1) r (x i ) � I tr (x i ) � I tl (x i ) � I (t+1) l (x i ),

whenever I t (x i ) = 0 or I t+1 (x i ) = 0, 0 � i � m, 1 � t < n.
When I t (x i ) = 0,

I tl (x i ) = I tr (x i ) (13)

SinceO satis�es the interdigitation constraint,

I tr (x i ) � I (t+1) l (x i ) (14)

and

I (t+1) r (x i ) � I tl (x i ) (15)

From Equations 13, 14 and 15, we get I (t+1) r (x i ) � I tr (x i ) = I tl (x i ) � I (t+1) l (x i ). So (b)
is true whenever I t (x i ) = 0. Similarly, (a) is true whenever I t+1 (x i ) = 0. Therefore,O
satis�es the tongue-and-groove-id constraint.

Algorithm TONGUEANDGR OOVE-ID �nds violations of the tongue-and-groove-
id constraint from left to right in exactly the same manner in which Algorithm
TONGUEANDGR OOVE detects tongue-and-groove violations. Also, the violations
are eliminated as before, i.e., as prescribed by Equations 9 and 10 and illustrated in
Figures 10 and 11, respectively. Algorithm TONGUEANDGR OOVE-ID is shown in
Figure 12. All notation usedin the algorithm and the relateddiscussionin the remainder
of Section3.3.2 is also the sameas that usedin Section3.3.1and corresponds directly
to the usagein Algorithm TONGUEANDGR OOVE.

Algorithm TONGUEANDGR OOVE-ID

(i) x = x0

(ii) While (there is a tongue-and-groove-id violation) do

(iii) Find the least xw , xw � x, such that there exist leaf pairs u, u + 1, that violate the
tongue-and-groove-id constraint at xw .

(iv) Modify the scheduleto eliminate the violation betweenleaf pairs u and u + 1.

(v) x = xw

(vi) End While

Figure 12. Obtaining a schedule under both the constraints

Lemma 6 Let F = ((I 0
1l ; I 0

1r ); (I 0
2l ; I 0

2r ); : : : ; (I 0
nl ; I 0

nr )) be any unidirectional schedule for
the desired pro�le that satis�es the tongue-and-groove-id constraint. Let S(p), be the
following assertions.

(a) I 0
il (x) � I il p(x), 0 � i � n; x0 � x � xm

(b) I 0
ir (x) � I ir p(x), 0 � i � n; x0 � x � xm
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S(p) is true for p � 0.

Pro of: The proof is by induction on p.

(i) Consider the base case,p = 0. From Corollary 1 and the fact that the plans
(I il 0; I ir 0); 0 � i � n, are generatedusing Algorithm SINGLEPAIR, it follows that
S(0) is true.

(ii) AssumeS(p) is true. SupposeAlgorithm TONGUEANDGR OOVE-ID �nds a next
violation and modi�es the schedule N (p) to N (p + 1). Suppose that the next
violation occursbetween leaf pairs u and t, t 2 f u � 1; u + 1g. As in the proof of
Lemma 4, we only needprove either Equation 11 or Equation 12 to completethis
proof. We completethe proof for the following three casesthat are exhaustive.

case1: I t (xw) 6= 0 and I u(xw) 6= 0.
The remainderof the proof for this caseis the sameas that of Lemma 4.

case2: I t (xw) = 0.
In this case, I tl p(xw) = I tr p(xw). Since I ul p(xw) � I ur p(xw), we have
I ul p(xw) � I tl p(xw) � I ur p(xw) � I tr p(xw). The modi�cation prescribed by
Equation 10 is applicable. Note that if I ur p(xw) � I tr p(xw) = I ul p(xw) � I tl p(xw),
Equation 9 is the sameas Equation 10. In particular,

I tr (p+1) (xw) = I tr p(xw) + I ur p(xw) � I tr p(xw) = I ur p(xw) (16)

SinceI t (xw) = 0,

I tr (p+1) (xw) = I tl (p+1) (xw) (17)

From Equations 16 and 17,

I ur p(xw) = I tl (p+1) (xw) (18)

SinceF satis�es the interdigitation constraint, the left leaf of pair t doesnot
passxw beforethe right leaf of pair u passesxw . So,

I 0
tl (xw) � I 0

ur (xw) (19)

From S(p) and Equation 18, we get,

I 0
ur (xw) � I ur p(xw) = I tl (p+1) (xw) (20)

Equations 19 and 20 yield

I 0
tl (xw) � I tl (p+1) (xw) � 0 (21)

Lemma 1b implies,

I 0
tl (x) � I tl (x) � I 0

tl (xw) � I tl (xw); x � xw (22)

Subtracting I tl (p+1) (x) from Equation 22, and rearrangingterms we get

I 0
tl (x)� I tl (p+1) (x) � I 0

tl (xw)� I tl (xw)+ I tl (x)� I tl (p+1) (x); x � xw(23)

From Equations9 and10and the working of Algorithm TONGUEANDGR OOVE-
ID, it follows that

I tl (p+1) (x) � I tl (x) = I tl (p+1) (xw) � I tl (xw); x � xw (24)

From Equations 23, 24 and 21, we get

I 0
tl (x) � I tl (p+1) (x) � I 0

tl (xw) � I tl (p+1) (xw) � 0; x � xw (25)
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Therefore,

I 0
tl (x) � I tl (p+1) (x); x � xw (26)

case3: I u(xw) = 0.
The proof is similar to that of case2.

3.4. E�cient Implementation of the Algorithms

In the remainder of this section we wil l use `algorithm' to mean Algorithm
TONGUEANDGROOVE or Algorithm TONGUEANDGROOVE-ID and `violation'
to mean tongue-and-groove constraint violation or tongue-and-groove-id constraint
violation (dependingon which algorithm is considered) unlessexplicitly mentioned.

The execution of the algorithm starts with schedule M at x = x0 and sweepsto
the right, eliminating violations from the schedule along the way. The modi�cations
applied to eliminate a violation at xw , prescribed by Equations 9 and 10, modify one
of the violating pro�les for x � xw . From the unidirectional nature of the sweep of
the algorithm, it is clear that the modi�cation of the pro�le for x > xw can have no
consequenceon violations that may occurat the point xw . Thereforeit su�ces to modify
the pro�le only at xw at the time the violation at xw is detected. The modi�cation canbe
propagatedto the right as the algorithm sweeps.This can be doneby using an (n � m)
matrix A that keepstrack of the amount by which the pro�les have beenraised. A(j; k)
denotesthe cumulative amount by which the j th leaf pair pro�les have beenraisedat
samplepoint xk from the scheduleM generatedusing Algorithm MULTIPAIR. When
the algorithm has eliminated all violations at each xw , it moves to xw+1 to look for
possibleviolations. It �rst setsthe (w + 1)th column of the modi�cation matrix equal
to the wth column to re
ect rightward propagation of the modi�cations. It then looks
for and eliminatesviolations at xw+1 and so on.

The processof detecting the violations at xw merits further investigation. We show
that if one carefully selectsthe order in which violations are detectedand eliminated,
the number of violations at each xw , 0 � w � m will be O(n).

Lemma 7 The algorithm can be implemented such that O(n) violations occur at each
xw , 0 � w � m.

Pro of: The bound is achieved using a two passschemeat xw . In passone we check
adjacent leaf pairs (1; 2); (2; 3); : : : ; (n � 1; n), in that order, for possibleviolations at
xw . In passtwo, we check for violations in the reverseorder, i.e., (n � 1; n); (n � 2; n �
1); : : : ; (1; 2). So each set of adjacent pairs (i; i + 1), 1 � i < n is checked exactly twice
for possibleviolations. It is easyto seethat if a violation is detectedin passone,either
the pro�le of leaf pair i or that of leaf pair i + 1 may be modi�ed (raised) to eliminate
the violation. However, in passtwo only the pro�le of pair i may be modi�ed. This
is becausethe pro�le of pair i is not modi�ed between the two times it is checked for
violations with pair i + 1. The pro�le of pair i + 1, on the other hand, could have
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beenmodi�ed betweenthesetimes as a result of violations with pair i + 2. Therefore
in passtwo, only i can be a candidate for t (where t is as explained in the algorithm)
when pairs (i; i + 1) are examined. From this it also follows that when pairs (i � 1; i )
are subsequently examinedin passtwo, the pro�le of pair i will not be modi�ed. Since
there is no violation betweenadjacent pairs (1; 2); (2; 3); : : : ; (i; i + 1) at that time and
noneof thesepairs is ever examinedagain, it follows that at the end of passtwo there
can be no violations betweenpairs (i; i + 1), 1 � i < n.

Lemma 8 For the execution of the algorithm, the time complexity is O(nm).

Pro of: Follows from Lemma 7 and the fact that there are m samplepoints.

Theorem 2 (a) AlgorithmsTONGUEANDGROOOVE andTONGUEANDGROOVE-
ID terminate.

(b) The schedule generated by Algorithm TONGUEANDGROOVE is free of tongue-
and-groove constraint violations and is optimal in therapy time for unidirectional
schedules.

(c) The schedule generated by Algorithm TONGUEANDGROOVE-ID is free of
interdigitation and tongue-and-grooveconstraint violations and is optimal in therapy
time for unidirectional schedules.

Pro of: (a) Lemma8 providesa polynomial upper bound(O(n� m)) on the complexity
of Algorithms TONGUEANDGR OOVE and TONGUEANDGR OOVE-ID. The
result follows from this.

(b) When Algorithm TONGUEANDGR OOVE terminates, no tongue-and-groove
violations remain. From this andLemma4, it followsthat the schedulegeneratedby
Algorithm TONGUEANDGR OOVE is optimal in therapy time for unidirectional
schedulesfree of tongue-and-groove violations.

(c) When Algorithm TONGUEANDGR OOVE-ID terminates, no tongue-and-groove-
id violations remain and from Lemma5 the �nal schedulesatis�es the tongue-and-
groove and interdigitation constraints. From this and Lemma 6, it follows that
the schedule generatedby Algorithm TONGUEANDGR OOVE-ID is optimal in
therapy time for unidirectional schedulesfree of both typesof violations.

Theorem 3 The schedule generated by the algorithm of van Santvoort and Heijmen
(1996) is free of interdigitation and tongue-and-groove constraint violations and is
optimal in therapy time for unidirectional DMLC scheduleswith this property.

Pro of: Similar to that of Theorem2(c).
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4. Exp erimen tal Validation

The algorithmswerevalidated on a Varian 2100C/D with 120-leafMLC (Varian Medical
Systems,Palo Alto, CA). The intensity maps of a 7-�eld head and neck plan from a
commercial inverse treatment planning system (CORVUS 5.0, NOMOS Corporation,
Cranberry, PA) weresequencedusingAlgorithm MULTIPAIR, which optimizesthe MU
e�ciency , and Algorithm TONGUEANDGR OOVE-ID, which eliminates the tongue-
and-groove e�ect and interdigitation. The intensity mapshave a bixel sizeof 1 cm x 1
cm and a 20%intensity step. Figure 13shows the �lm measurement of the 
uence maps
of the AP �eld. The tongue-and-groove e�ect is readily seenin Figure 13(a), while it
is completelyeliminated in Figure 13(b) usingAlgorithm TONGUEANDGR OOVE-ID.
Table1 comparesthe number of segments and the MU e�ciencies of all threealgorithms.
The MU e�ciency is de�ned asthe ratio of the maximum 
uence of intensity modulated
�eld per MU to the 
uence of an open�eld per MU. Comparedto the leafsequenceswith
no constraints, the consideration of tongue-and-groove correction increasedboth the
number of segments and MUs, with an averageincreaseof 21%and 19%,respectively, for
the 7 intensity mapsconsideredhere. With the additional elimination of interdigitation,
the increaseswere 25% and 24%, respectively. Examination of all the sub �elds of the
leaf sequencesgeneratedwith Algorithm TONGUEANDGR OOVE-ID veri�ed that no
interdigitation constraint hasbeenviolated.

Figure 13. Film measurement of the AP �eld (�eld ID 1 in Table 1) of a seven-
�eld head and neck plan. The optimized leaf sequenceswere generated without
(Algorithm MULTIPAIR, (a)) and with tongue-and-groove-id correction (Algorithm
TONGUEANDGR OOVE-ID, (b)).
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Field ID 1 2 3 4 5 6 7
MULTIPAIR
# of Segments 11 8 13 15 14 10 10
MU E�ciency 0.47 0.63 0.40 0.35 0.37 0.40 0.51
TONGUEANDGR OOVE
# of Segments 14 10 15 21 14 13 11
MU E�ciency 0.37 0.51 0.35 0.25 0.37 0.40 0.40
% Segment # increase 27 25 15 40 0 30 10
% MU increase 26 24 15 37 0 0 28
TONGUEANDGR OOVE-ID
# of Segments 14 11 16 21 14 14 11
MU E�ciency 0.37 0.47 0.33 0.25 0.37 0.37 0.37
% Segment # increase 27 38 23 40 0 40 10
% MU increase 26 36 22 37 0 7 38

Table 1. Comparison of the number of segments and MU e�ciency of
the three leaf sequencingalgorithms (MUL TIPAIR, TONGUEANDGR OOVE and
TONGUEANDGR OOVE-ID) for 7 intensity maps of a head and neck treatment
plan generatedfrom a commercial treatment planning system. The percent increases
in the number of segments and MUs for Algorithms TONGUEANDGR OOVE and
TONGUEANDGR OOVE-ID with respect to Algorithm MULTIPAIR are also shown.
The averagepercent increasesin the number of segments are21%and 25%,respectively.
The averagepercent increasesin the number of MUs are 19% and 24%, respectively.

5. Conclusions

We have described mathematical formalism and rigorous proofs of leaf sequencing
algorithms for segmental multileaf collimation, which maximize MU e�ciency while
completely eliminating the tongue-and-groove underdosage.Even though it has been
shown that for a multiple �eld IMRT plan (� 5), the tongue-and-groove e�ect on the
IMRT dosedistribution is clinically insigni�cant (Deng et al 2001)due to the smearing
e�ect of individual �elds, yet it still can be problematic for a small number of �elds and
for the patient setup with minimal uncertainty. Compared to the unconstrained leaf
sequencingalgorithms, the presented methods yield leaf sequences,which decreasesthe
MU e�ciency a little. But they completely overcometongue-and-groove underdosages.
Oneof the methodsalsoeliminatesleaf interdigitation. Most importantly, mathematical
proofs show that these algorithms are optimal in MU e�ciency for unidirectional
schedules.
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