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Abstract

The single row routing problem is considered. It is shown that the use of backward moves can
reduce street congestion when four or more tracks per street are available. We obtain an
O((2k)'k*n*log k) agorithm to determine whether or not n nodes can be wired when only k
tracks per street are available. An efficient algorithm is obtained for the case when wires are not
permitted to cross streets. This case is shown to be related to afurnace assignment problem.
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1. Introduction

The designof multilayer printed circuit boards(MPCB's) is of greatimportancein the designof
complexelectronicsystemsMPCB designandlayoutinvolvesthefollowing steps:

(1) placemenbf the functionalmodulesof the systemonthe MPCB, and

(2) conductorrouting, subjectto variousphysicalconstraintspn the MPCB to effect the neces
saryinterconnections betweenthe modules.

Clearly, thesetwo stepsareintimately related. However,the complexity of the total layout
problemis sogreatthat,traditionally, thesetwo stepshavebeentreatedseparate (fBREU72].

This paperaddressesomeaspectof the latter step. Given modulelocationson the MPCB
and lists of pointsto be madeelectrically common,oneis concernedwith the de@nition of the
conductormpathsonthe MPCB thatsatisfyall the requirementandconstraints.

Wire routing on MPCB's is a problemthat arisesat many levels of the interconnection
hierarchy. For example,the modulesmight be IC's and the MPCB the circuit card; or the
modulesmight bethe circuit cardsthemselvesandthe MPCB the backplane.To simplify the dis-
cussionthatfollows, the term MPCB will be takenasreferringto the interconnection mediumat
themostobviouslevel of the hierarchy.

In very large systems,where the number of interconnections might be in the tens of
thousandsthe MPCB tendsto havea regulargeometry. The pointsto be connectedmodulepins
andfeedthroughs, both of which appearas plated-through holes)are uniformly spacedon a rec
tangulargrid. For suchcasesHing So[SO74]hasproposeda systematicdecomposition of the
generalmultilayer routing probleminto a numberof independensinglelayer single row routing
problems. Hetermsthis approachunidirectional routing.

Prior to this, multilayer routing was done using multilayer versionsof Le€ s algorithmand
other limited maze-runningalgorithms[BREU72]. Such approachegave no estimateof the
inherentroutability of the problem. Hing So, on the otherhand,developedsu®ient conditions
basedon his singlerow routing decomposition thatgive a realisticestimateof routability.

Apart from havingthis predictiveability, single row routing produceswire layoutsthatare
moreamenablgo automatedabrication,sinceall conductorson a givenlayerarepredominantly
eitherhorizontalor vertical. This makessinglerow routingimportantfor its own sake:asa legi-
timate approacho the solutionof the generalmultilayer routing problem ratherthanjust beinga
goodway to estimateroutability.

In the single row routing problem,we are given a setV={1,2,....n} of n nodesthat are
evenlyspacedalonga straightline; anda setL={ N, N,,...,N,} of nets. Eachnetrepresents set
of nodegthatareto be madeelectrically equivalent. The netssatisfythe following conditions:

(|) N; Nl=,|¢J

(i) ON; ={1.2,...n}

Thewires usedto join togetherthe verticesof a netaremadeup of horizontalandvertical
segmentsFigure 1.1 showssomeof the possiblewaysto wire the netN; = {2,5,8} whenV =
{1,2,...,8}. Note thatit is permissiblefor vertical wire segmentdo crossfrom one side of the
nodesto the other(asin Figuresl.1(b),(c) and(d)).

In the developmenbf So [SO74], conRgurationssuchasthe onein Figure 1.1(d)are not
permitted. This con®gurationdiffersfrom the othersin thatthewire joining nodes2 and5 makes
abackwardmove;it goesfrom 2 to beyondl, andthenbackover2. Soconsidersonly thosewir-
ing schemesn which suchbackwardmovesare not permitted. More formally, he restrictsthe
wiring of netssuchthatif a vertical cutis madeat any point alongthe axis deBnedby the nodes
(seeFigurel.1(d)),this cutintersectsat most1 wire from eachnet.

Finally, horizontalwire segmentg&rerunin tracks.Two wires cannotshare(overlapwithin)
a segmenof the track. Also, vertical wire segmentsare not permittedto crossover horizontal
wire segmentsandyvice versa.



Figure 1.1: Somewaystowire anet.

A realization of a net set L is a wiring scheme that satisfies all the above requirements,
including the cut requirement of So. A realization with backward moves is a wiring scheme that
satisfies the above requirements, except possibly the cut requirement of So. The tracks above the
line of nodes form the upper street, while those below form the lower street. We shall use C, and
C, respectively to denote the maximum number of tracks required in the upper and lower streets.
C, and C, are respectively the upper and lower street congestions. We shall use the term wiring
width to denote the quantity C = max{C,, C;}. In the single row routing problem, we wish to
obtain awiring that has minimum wiring width.

Example 1.1: Consider the following single row routing problem instance:
n=10,L ={{1,7},{2,8} {3,6} {49} .{510}}

Figure 1.2 gives arealization of this instance that has C, = C, = 3. Thus the wiring width is C =
max{C,,C} =3.0

A complete set of necessary and sufficient conditions for optimal single row routing has
been developed by Kuh et a. [KUH79]. These conditions are valid only when backward moves
are not permitted. Up to this time, however, no efficient algorithm to obtain an optimal wiring has
been presented.

In this paper, we address a number of issues associated with optimum single row routing.
We begin, in Section 2, by addressing the question of whether or not there exist single row rout-
ing instances for which the optimal realization with backward moves is better than the optimal
realization when such moves are forbidden. This question is answered in the affirmative. It is
shown that every realization with backward moves that has a wiring width of 1 or 2 can be
transformed into a realization without backward moves that also has a wiring width of 1 or 2,



Figure 1.2: Realizationfor Example 1.1

respectively. Further, there exist instancesfor which the optimal wiring with backwardmoves
hasa width of 3 while thatwithout suchmoveshasa width of 4.

In Section3, an O((2k)!*k* n*log k) algorithmis presentedor wire layoutwheneachstreet
hasa capacityof k tracks. In realistic situations k will besmall(2,3or 4) andn large. Thus,this
algorithmrepresents signiRcantimprovemenipverthe O(m!*n) (m is the numberof nets)algo-
rithm mentionedin [KUH79]. Subsequently, an O(m*n) algorithm hasbeendevelopedfor the
casek < 2 by Tsukiyama et al. [TSUK80]. It is easyto seethatthe algorithmpresentedn Section
3 outperformghis algorithm,at the sametime beinglessrestrictiveaboutthe streetcapacitiesit
canhandle.

In Section4, a restrictedversionof the optimumsingle row routing problemis studied.In
this version, the wires are not allowed to crossbetweenthe upperand lower streets. Efcient
algorithmsare presentedor wire layout.

Finally, in Section5, therestrictedversionof the problemconsideredaboveis shownto be
relatedto a problemin a differentarea. This relatedproblemis that of optimally assigningiobs
to furnaceswhenonly two furnacesare available.The extensionof this problemto the caseof k
furnacescorrespondso singlerow routingwith k streetswith no crossoversllowed. It is shown
thatthis extensions NP-hard.

2. Routing with backward movesallowed

The formulation of the problemin [KUH79], where the net lists are representedas interval
graphs hasgreatlyincreasedhe understanding of the intricaciesof the single row routing prob-
lem. However this formulationrestrictsthe numberof possiblewiring con®gurations.In particu
lar every wiring conRgurationis suchthat thereis no vertical cut that intersectstwo or more
wiresfrom the samenet. Situationssuchasthosedepictedin Figure2.1arethereforeprohibited.

It is not intuitively obvious that removing the cut requirement,i.e., allowing backward
moveswill enableoneto obtainrealizationsof smallerwidth. However,suchis indeedthe case.

In Figure9 of [KUH79], an optimumrealizationof a particularnetlist (with no backward
moves)is given. Thisis reproducedn Figure2.2(a). This optimumrealizationhasC, = 4 andC,
=5. So,C = max{C,,C;} = 5. Figure 2.2(b) showsanotherrealization,this one with backward
movesallowed. For this realization,C, = C; = 4, which representanimprovement.Thus,allow-
ing backwardmovescanreducethe optimalwiring width from 5to 4.

In fact, it is possibleto reducethe optimal streetwidth from 4 to 3. Figure2.3showsareal
ization of a netlist with C, = C; = 3. For this netlist, thereis no realizationwithout backward
movesthat can do as well. We veri®ed this latter statementexperimentally. The O(m!*n)
exhaustivesearchalgorithm mentionedin [KUH79] was programmedn PASCAL andrunon a



Figure2.1

CDC 6400. It turned out that every redlization generated had max{C,,C;} = 4.

We have seen that alowing backward moves can be of help when we have only three
tracks in the upper and lower streets. When only two tracks (or only one track) per street are
available, nothing is to be gained by allowing backward moves. To see this, first consider the
case of two tracks per street. Consider any reaization that has backward moves. Thus, thereisa
vertical cut that intersects two or more wires from the same net.

Figure2.4

If two of these are in the same street then the two wires may be combined into one (as in Figure
2.4). So, we may assume that if avertical cut intersects wires from the same net, exactly two such
wires (per net) are intersected and these are in different streets. The different possibilities are
symmetric to the two given in Figure 2.5. This figure shows how both possibilities may be elim-
inated without increasing the wiring width. In some cases the segment (a-b) may be null. Using
the transformations of Figures 2.4 and 2.5, every layout with backward moves that has a width of
2 can be transformed into a layout without backward moves that also has awidth of 2.

It isatrivia matter to verify that when only one track per street is available, al realizable
net sets can be realized without backward moves. Our discussion leads to the following theorem:

Theorem 2.1: Let (n,L) be asingle row routing instance. Let C be the minimum width needed to
realize (n,L) without backward moves. Let C, be the minimum width needed when backward
moves are permitted. C=C, for 1< C<3and C=C, when C = 4. Moreover, when C = 4, there
exist (n,L) forwhichC>C,. O



Figure2.2

3. Routing with k tracks per street

Upto this time, an efficient algorithm to solve the optimum single-row routing problem (without
backward moves) has not been found. The only agorithm presented so far that finds the
optimum solution is an O(m!*n) algorithm mentioned in [KUH79]. Since m, the number of nets,



Figure2.3

Figure 2.5

canbeverylargein realisticproblemsthis algorithmis of no practicalvalue.

One might suspecthat it shouldbe possibleto do betterthan O(m!*n). While m canbe
very large, the natureof the decomposition from the multilayer single row problemto the single
layer singlerow problem([SO74],[ TING76],[ TING78]) is suchthatthe numberof tracksneeded
in eachlayeris small. Thus,alarge numberof nets,if presentwould be'strung out' alongthe
line. Netsthatarefar apartwould notsigni®cantlyin uenceeachother's layout.

Two algorithms, POSSIBLE and RECONSTRUCT, are presentedin this section.



Algorithm POSSIBLE determines whether a given net list can be routed using at most k tracks
per street. This algorithm can be used to determine the minimum wiring width required, as
described below.

The cut number of a node is the number of nets covering that node, i.e., the number of nets
between whose extreme nodes the node in question lies.

Let gy = the maximum cut number in the net list
0o = the wiring width required by the optimum realization.
gw Can be easily determined apriori. g, isthe quantity to be determined.
From [SO74], g, <qu - 1.
From [KUH79], g, =2q: = qu/2 .
Now, to determine q,, one could proceed as follows:

1 g« qul2

2. whileq, <gy-1do

3. if net list can be routed with g, tracks/street
then exit
endif

4. Qo <« Qo T 1

5. endwhile

6. return(q)

An dternate approach might be to perform a binary search, as below:

low « qgu/2 ;high <« gy-1
while low # high do
0o < (low+high)/2
if net list can be routed with g, tracks/street
then high ~ q,
eselow « g, +1
endif
5. endwhile
6. return(low)

pODE

In the worst case, the latter approach makes fewer iterations of the while loop than the former.
However, because of the complexity of line 4, it is practical to execute this line only for small g,
(say at most 4 or 5). Hence, it is quite possible for the binary search approach to fail (because of
large computing requirements) when the sequential approach succeeds. For example, suppose gy
=10, and q, isinfact 5. The former method takes only one pass through the loop, while with the
latter, g, = 7 on the first iteration, and at least one more pass is required. Furthermore, it may be
computationally infeasible to do line 4 withqg, = 7.

Algorithm RECONSTRUCT is not formally presented as an algorithm. Instead,
modifications to algorithm POSSIBLE are outlined that will allow the determination of the exact
conductor paths.

The basic idea behind both algorithms, POSSIBLE and RECONSTRUCT, is as follows.
Since there are only 2k tracks totally, there are only (2k)! ways in which the wires of the various
nets can be ordered in arriving at anode. Therefore, by considering the (2k)! possibilities at each
of the n nodes of the net list, al possible wire layouts are covered.

The agorithms consider the possibilitiesin a systematic way, keeping track of the relation-
ships between the possibilities in the process. Both algorithms have a worst case time complex-
ity of O((2k)!*k*n*log k). Even though this contains a (2k)! term, since k is expected to be small
(2,3 or 4), alegitimate case can be made for the practicality of these algorithms.

Each possible ordering of wires that can be encountered by a nhode can be maintained sim-
ply as an ordered list of net indices. There is no explicit division of the nets between the upper



and lower streets. Such an explicit division is neither desirablenor necessary.As will be
explainedsubsequently, streetover ow conditionscan be detectedeasily without knowing this
division. Only the relative order (top to bottom)is relevant;this sameorderis re ectedin the
realization.

Figure3.1

An advantagef this approachs thatfunctionally equivalentsituations,suchasthe onesin
Figure 3.1(a) and (b), are not treatedseparately. Suchfunctionally equivalentsituationsarise
whenthereis morethanonefeasibleway to assignan orderedlist of nets((N,,N3,N1,Ns) in Fig-
ure 3.1) to the 2k available tracks. Avoiding such a replication of information substantially
reduceghe numberof possibilities thatneedto be considered.

Beforepresentinghe algorithmsit is necessaryo introducesometerminology. The nodes
of the netlist areclass®edinto oneof thefollowing threecategories:

1) typeB node:
anodeatwhich a netbegins;the left extremenodeof anet
2) typeE node:
anodeatwhich a netends;theright extremenodeof a net
3) typeM node:
a"middl€’, or non-extremenodeof a net; conductorsegmentdothbeginandend
at suchnodes.

LetN,, =theindexof thenetto which nodei belongs.
Let p; = anorderingof wiresencounteredby nodei. Eachwire is representedtby the index of the
netit belongsto. In Figure3.2,ps = (4,1,3).
Leth ={p}
=thesetof all thefeasibleorderingsof wiresthatcanbe encounteredby nodei.



10

Figure 3.2

The set P, will be maintained as atrie [HORO76], asillustrated by the following example.

Example 3.1
Pi ={pi,:pi,.Pi; P, Pis}
pi, = (4,1,2,6)
pi, = (4,1,6,2)
Pi, = (1,2,4,6)
pi, = (1,4,2,6)
Pi; = (6,4,1,2)

Figure 3.3 shows the trie representation of P;. O
From the example, we can deduce the following facts, which will hold for all trie represen-
tations of P,’s:

(&) number of fields/node < 2k.
When looking for a particular ordering in the trie, a binary search is required at each
node encountered to determine the appropriate field from which to branch.

(b) number of levelsinthetrie < 2k.

(c) number of leaf nodes < (2K)!.
Clearly each leaf node represents an ordering, and there can be no more than (2k)!
distinct orderings.

(dy al the leaf nodes are at the same level of the trie

(e) the time required to look for an ordering in the trie is 2k log (2k) in the worst case. To see
this, note that
(i) onenodeisvisited at each level
(ii) timerequired at each node < log (2K)
(iii) number of levels < 2k.

(f) thetime required to insert a new ordering into the trie is O(k log K) in the worst case. To see
this, let the new ordering agree with an existing ordering in the first r elements.
Then, the time required to make the insertion isless than or equal torlog 2k + 2k - r
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Figure 3.3

= O(klog k) in theworstcase,as0 < r < 2k. An algorithmto do the insertionis not
dif@ult to arrive at.

(g) time requiredto outputall the orderingsrepresentedy the trie is O((2k)!*k). To seethis,
notethattherecanbe no morethan (2k)!*2k ®eldsin the wholetrie. In a systematic
traversal.each®eldis visited O(1)times.

We arenowin apositionto presenthealgorithms.

3.1 Algorithm POSSIBLE
RecallthatP; is the setof all the feasibleorderingsof wires that can be encounteredat nodei.
Startingwith P, =, the algorithmPOSSIBLEsystematically generate®,, Ps, ..., Pn.+1. EQchP;,

is determinedrom P, andthe type (B,E or M) of nodei. Thisis explainedbelow on a case-by-
casebasis:

Casel: Nodei is typeB; i.e.,netN, beginsatnodei. Eachorderingp O P; generates number
of orderingspA U P, 1, sincetherearea numberof placeswhereN, canenterthe orderingp.

N;
N.

]2

1

N.
LetP = ' betheordering.Clearly,r < k.

N,
If r = 2k, it is clear that addingN, to p will de@nitely causean over ow, resultingin
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infeasibility. Since none of the orderings p O P; can generate orderings p' O P;,.; without causing
infeasibility, P, = . (Recall that p, O P; and p, O P; :> |p,| = |py| from fact (d) above, where |p,|
= number of wiresin p,).

Figure3.4

Figure 3.4 illustrates the various ways in which N, can be added to the ordering p whenr =
Ip] < 2k. Figure 3.4(a) illustrates the case when r < k, and Figure 3.4(b) the case when k <r < 2k.
In Figure 3.4(b), AA is the highest point in the list where N, can be inserted. If N, attempts to
enter the list above this point, the number of conductors that will have to be in the lower street to
alow this causes an overflow in the lower street. An analogous argument can be used to explain
why N, cannot enter the list below BB. The regions above AA and below BB will be termed
"forbidden zones'. From Figure 3.4(a), we see that the number of orderings p’ O P;,, generated
frompisr+l < k+1. From Figure 3.4(b), we see that the number of orderingsp’ O P, , generated
frompisk-(r-k)+1=2k-r+1 < k.

Case 2: Nodei istype E; i.e, net N, ends at nodei.
Each ordering p O P; can generate at most one ordering p' [ Py, as explained below.

First of al, note that if N, wants to end at node i, al the nets below N, in the ordering p
have to be in the lower street at node i, and all the nets above it have to be in the upper street.
Therefore, depending on the size of p and the location of N, in the ordering, some orderings p
will not allow N, to end without causing an overflow. Every ordering p that does not allow N, to
terminate has the following characteristics:
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(i) Ipl>k
(i) Ny isina"forbidden zon€' (see Figure 3.4(b)) of p.

From each ordering p that does allow N, to end, the corresponding order p° O P, is
derived by simply deleting N,, from the order. Note that this might result in two different order-
ingspa , pp O P; giving rise to the same ordering p' O P;,,. The duplicate orderings are automati-
cally eliminated since each P, is being maintained as atrie, in which duplicates are not permitted.

Case 3: Nodei istype M;
Here, P, isobtained from P; by simply removing all those orderings that do not allow N to con-

nect to node i without causing an overflow in one of the streets.

These different cases can now be amalgamated into the algorithm POSSIBLE (Figure 3.5).
Analysis Of Algorithm POSSBLE
Let m = number of netsin net list

n = number of nodes
k = number of tracks/street.
Time Complexity
. time taken for each pass through case :B:
= O((2k)!*k*log k) in the worst case.

At first sight, it might appear that O((2k)! k? log k) time is required for this. However, by
interleaving ordering-generation and insertion (lines 7 and 8), the claimed time complexity can
be achieved.

. number of times case :B: isentered = m

. time taken for each pass through case :E:
= O((2k)!*k*log k) in the worst case.

. number of times case :E: isentered = m

. time taken for each pass through case :M:
= O((2k)!*k*log k) in the worst case.

. number of times case :M: is entered = n-2m
Overall time complexity = O((2k)!*k* n*log k)
Soace Complexity
It is clear that once P;,, has been generated from P;, P; is not needed any longer, and the space
used by P; can be reclaimed for use by P, ; at the end of the iteration.

The space required for each trie = O((2k)!*k) in the worst case. This is the space complexity of
the algorithm.
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. procedure POSSIBLE
. P < <1
. whilei <ndo

|:)i+1 -

0

1

2

3.

4. casetype(nodei) of
5. :B:

6

7

.fc.)r eachorderingp O P; do
deriveall orderingsp' obtained
by insertingN,, into p

8. inserteachsuchorderingp'
into thetrie for P,

9. endfor

10. M:

11. for eachorderingp O P; do

12. if pallowsN, toconnectoi
without causinganover ow in
oneof the streets

13. then insertp into thetrie for P,

14. endif

15. endfor

16. ‘E:

17. for eachorderingp O P; do
18. if pallowsN, to endatnodei
without over ow
19. thenp — pwith N, deleted

20. insertp' into trie Py,
21. endif

22. endfor

23. endcase

24. if P,,=thenreturn (‘infeasible)
25. i <i+1

26. endwhile

27. return (‘feasible)
28. end POSSIBLE

Figure 3.5

3.2 Algorithm RECONSTRUCT

The only differencesbetweenthe two algorithmscenteraroundthe necessarnpookkeeping.In
Algorithm POSSIBLE the bookkeepings extremelysimple:the spaceusedby P, is re-usedby
l:)i+1-

In Algorithm RECONSTRUCT, the completewiring layout hasto be determined.In order
to do this, it is necessaryto maintainall the P;'s. Furthermore, it is necessaryo keeptrack of
how the variousorderingswere generatedi.e., maintainan associationbetweeneach ordering
andall the orderingsgeneratedy it. Thisis bestdoneby maintaininga directedacyclic graphof
orderings,as shownin Figure 3.6. Eachnoderepresentsan ordering. Directed edgesare from
the creatororderingto the createdordering(s). As shownin the ®yure, the graphcan be parti
tionedinto thevariousP;s.

To completethe bookkeepingthe following nodedeletionrule is used. If a nodein any
partition otherthanP,,, fails to generatesuccessorghat nodeis "killed", andthe livenessof its
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Figure 3.6

predecessor is re-examined. Thus, if the wiring is not feasible with k tracks/street, the graph will
eventually destroy itself.

If this does not happen, any path from P, to any node in P,,; will give n orderings from
which the actual wiring pattern can be determined very easily.

Analysis Of Algorithm RECONSTRUCT

Quite clearly, the space complexity of the algorithm is O((2k)!*k*n). Therefore, it is necessary
that k be reasonably small for this algorithm to be useful.

4. Routing With No Crossovers

In this section, a restricted form of the single row routing problem is considered. Given a net list,
the objective is to determine a wire layout that minimizes max{c,,c;}, subject to the additional
constraint that no wire may cross from one street to another between two nodes. While in
[KUH79] it was shown that al net lists can be wired when crossovers are permitted, this is not
the case when crossovers are not permitted.

The restriction that wires not crossover at points between nodes allows one to decompose
nets that contain more than two nodes into a set of nets, each containing exactly two nodes. This
decomposition is shown in Figure 4.1. Since no wires can be run between 2! and 2, or 3! and 3,
these node pairs can be coalesced after the wire layout for the net list {{1,2'} {2,3'} {3,4}} has
been obtained. This coalescing yields awiring for the net {1,2,3,4}.

We begin this section by developing an algorithm, FEASIBLE, to determine whether or not
a set of nets can be wired with no crossovers. This algorithm assumes that nets have already
been decomposed such that each net contains exactly two nodes (Figure 4.1). In Section 4.2, we
develop (informally) a dynamic programming algorithm to obtain wirings of minimum width.
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Figure 4.1

4.1 Determining feasibility

With therestrictionthatcross-overdetweemodesarenot allowed,not all netlists canbe wired.
Figure4.2illustratesthis fact.

Figure 4.2

Therefore beforeattemptingto wire up a netlist, it is necessaryo determinewhetheror notit is
possibleto performthewiring.
BeforepresentingalgorithmFEASIBLE, someterminologyis necessary:

Aninterlockedsetis a maximalsubsetof the netlist, suchthatthe assignmenbf any netin the
setto a streetforcesthe assignmenof all the othernetsin this setto appropriatestreets. Figure
4.3 illustratesthe concept. The netsof Figure 4.3(a)do not constitutean interlockedset, while
thoseof Figure4.3(b) and(c) do.

Thedomainof a netis the setof nodesthat lie betweenits end points. The domainof the net
{1,4} (Figure4.3(c))is{2,3}.

Thelengthof a netis the sizeof its domain.
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Figure4.3

With these three definitions, it becomes possible to present the feasibility algorithm. The
agorithm attempts to partition the net list into its constituent interlocked sets. Quite clearly, the
net list can be wired feasibly if and only if such a partition exists.

The algorithm is presented (Figure 4.4) in semi-formal form. A few more data structures
are necessary for implementation in a conventional programming language.

Each iteration of the major loop (lines 8-31) outputs one interlocked set. Each interlocked
set is built up by the repeat loop.

Analysis Of The Algorithm

Since the interlocked sets are digoint, the statement on line 17 can be executed at most m
times. Thus, the block of lines 16-28 is executed at most m times.

Each time through this block, the for loop (lines 18-28) is iterated a number of times equal
to the length of the net under consideration at line 17. Each iteration of the for loop takes con-
stant time.

Since the worst case length of each net is O(m), the worst case time complexity of the algo-
rithm = O(m?)

4.2 Determining The Optimum Street Width

Once the feasibility of doing the wiring has been established, it is necessary to determine the wir-
ing layout. In what follows, an algorithm is presented that finds the optimum value of max
{C.,C}. The layout itself is not explicitly determined. However, it can be easily reconstructed
with the information provided by the algorithm.

At this point, the basic entities one is dealing with are the interlocked sets produced by
agorithm FEASIBLE. Before going any further, it is necessary to establish a structural relation-
ship between the interlocked sets.

Definition : The domain of an interlocked set is the set of nodes between the extreme nodes in the
set. A gap in an interlocked set is a contiguous set of nodes in the domain that do not belong to
any of the netsin the interlocked set.

Since the interlocked sets are independent of each other (in the sense that each interlocked
set can be laid out independent of the other sets), there are only two ways in which two inter-
locked sets can be related to each other:
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algorithm FEASIBLE

set S /*interlocked set*/

queue a

array asigned [1:n] of Boolean /*m=number of nets */
array street [1:m] of { UP,DOWN}

APWDNPEPO

initialize ato be empty
fori « 1tomdoassigned [i] — false
loop
S
if all nets assigned then exit /*loop*/
10. j < index of first unassigned net
11. assigned [j] « true
12. street[j] « UP [*arbitrarily*/
13. enqueue (j,a)
14. repeat
15. k « dequeue(a)
16. S« SO{N}
17.  for each net N, with one end in N,’s domain
and the other outside do
18. if assigned [p]
19. then if street[p] = street[K]

N O

20. then

21. return ("infeasible")

22. endif

23. else street[p] — opposite (street[K])
24, assigned [p] ~ true

25. engqueue (p,a)

26. endif

27. endfor

28. until queue_empty(a)
29. output(S)

30. forever

12. end FEASIBLE

Figure 4.4

(i) their domains are digoint, or
(ii) onesetisentirely contained in a gap of the other.

A moment’s reflection will show that there is no other relationship possible between two inter-
locked sets.

The relationships between the various interlocked sets can be captured by establishing a
partial order, based on containment, between the sets. The interlocked set S, is contained in the
interlocked set S, iff it isentirely contained inagap of S;.

By introducing a dummy net that contains all the other nets, a partial order tree can be
defined. Each node in the tree represents an interlocked set. The children nodes of each node
represent interlocked sets that are contained within the interlocked set it represents. If S; and S,
are two interlocked sets such that S, iscontained in S, then S, is an ancestor of S,.

Let max(i) and min(i), respectively, be the largest and smallest indexed nodes in the inter-
locked set §. One may verify that for the partial order tree defined above, the following statments
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aretrue:
(1) If max(i) > max(j)andmin(j) - 1 0 §, then§ is the parentof S.
(2) If max(i)=min(j) - 1, thens is asibling of .

(3) If sisasibling of § ands is asibling of S, thens is asibling of S..
By makinguseof thesethreefacts, we canarrive at an ef@ient algorithm (Figure 4.5) to
constructthe partial ordertree.

0. algorithm PARTIAL_ORDER
//m=number of nets;all netsareof size=2//
/lr=number of interlockedsetsoutputby algorithm
FEASIBLE//
/In=number of nodes//
1. createthe dummyinterlockedsetS,={0,n+1}
thatcontainsall the othersets
. SIB(i) « PARENT(i) 0, 1<i<r
. forj—1tordo
i —indexof theinterlockedsetthatcontainsnode
min(j)-1
if max(i) > max(j) then PARENT(j) i
else SIB(i) —j

BWN

5
6.
7. endif
8. endfor
/Iset remainingparentlinks//
9. forj~1tordo
10. k<j
11. p~PARENT()
12. while SIB(k) #0do
13. q-k; k< SIB(k); SIB(q)~0
14. PARENT(K) — p
15. repeat
16. endfor
17.end PARTIAL_ORDER

Figure4.5

In line 1 of algorithm PARTIAL_ORDER, a dummy interlockedsetS, = {0,n+1} is created.
This hasthe propertythat everyinterlockedset§ is containedin it. In thefor loop of lines3 to
8, eachinterlockedset(exceptS,) eitherdeterminests parentsetor oneof its siblings (or both).
Observethatwhenthis loop is exited,the ®&st nodeon everychainlinked by SIB is suchthatits
PARENT hasalso beendetermined. In the loop of lines 9 to 16, we follow down chains of
siblings and setthe PARENT ®elds. The dummysetS, representthe root of the partial order
tree. Thetime complexityof the algorithmis easilyseento be O(r).

Once the partial order tree has been constructed,the street capacity required for the
optimumcon®gurationmay be determinedusingdynamicprogrammingasexplainedbel ow.

The basicoperationusedis the node merge, in which two interlockedsetsare mergedto
form asinglesub-assembly. This operationis illustratedbelowusinganexample.

Example 4.1: Figure4.6(a)showstwo nodesA andB of the partial ordertree. A is the parentof
B (notethat A may haveotherchildren). Thelayoutfor theinterlockedsetsassociatedvith each
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Figure 4.6

node is also given. Corresponding to each layout, there is another possible layout. This is
obtained by flipping the given layout about the axis defined by the nodes. The layout of node B
can be inserted into that of node A in one of two ways. Figures 4.6(b) and (c) give the two possi-
bilities. O

One way to obtain an optimal layout is to systematically merge nodes into their parents,
keeping track of all possible outcomes. First, all leaf nodes are merged into their parents; next
the new leaf nodes are merged into their parents, and so on. Since the root represents a dummy
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interlocked set, the children of the root need not be merged into the root. Instead, these may sim-
ply be concatenated.

Before presenting an example to illustrate the merging process, some notation is intro-
duced:

Let m = number of nets
r = number of interlocked sets
= number of nodesin partial order tree- 1. Clearly, r<m.
Let g = number of gapsinnodesi, 1<i <r. Clearly, for the leaf nodes, g;=0.

With respect to afixed orientation, each node is characterized by g,+1 tuples:

. the tuple (u;p,l;o) represents the interlocked set’s maximum track requirements in the upper and
lower streets in the non-gap portions of the set;

.the tuple (u;,l;), 1 <j < g;, represents track requirements in the upper and lower streets at the j™

gap.

Figure 4.7

Exampled4.2 For the interlocked set of Figure 4.7, ;=3 and

(Uioslio) = (3,2)
(u1.hi1) =(0,2)
(ui2)li2) = (1,0)

(us)lis) =(1,2) O

The next example illustrates the use of the merging operation in determining the track
reguirements of the optimum configuration.

Exampled4.3 Figure 4.8 represents a partial order tree after nodes 1 and 2 have been merged into
3. The upper and lower street track requirements of node 3 are:

(uzol30)

(uz1tugg,l 31+l 10)

(g1l 10,1 31 +u1p)

(Ugatug,l 3o+ )

(UgaH 50,1 32U )

Simultaneously, node 4 has been merged into node 5 to generate the following set of track
reguirements at node 5
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Figure 4.8

(Uso,l 50)
(us1.ls1)
(Uusptugg,l 5o+ 40)
(uspH 40, s2FU40)

Figure 4.9 depicts the situation after this first set of merge operations. Finaly, nodes A’ and B’
are merged, giving rise to the following list of all possible track requirements:

(sl s0)

(Usp+ugo,l s+l 30)

(usyH 30,51 Huz0)

(usyH[ug +use] I sy H1 31+ 10])
(usy#[l 31+ 10] I 51 H[Uz1 +us0])
(usy+[uz + 10] .l 51 [l 31 +U10])
(usy#[l 1 +us0] I 51 +[Uz1+ 10])
(usyH[ug+tun] 51+ 32+ 20])
(us#[l 32 20] I 51 H{Uz2+uU20])
(usy+H[ugaH 50,151+l 32+ U20])
(usy#[l 2 +uz0] I 51 +HUzH 20])
(Uusptugg, Ispt 49)

(uspH 40, I's2+U4g)

By looking through the list, one can determine the optimum track requirements at each gap
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Figure4.9

of the root set, and thereupon the overall optimum track requirement. O

From the way the merge process works, it is quite clear that all the possible layouts of the
net list are generated. In order to determine the optimum layout, one has to look through al the
generated solutions. This is quite expensive for large r as the number of possible layouts is
exponentia inr. A consideration of the merge operation shows that each tuple at a given node
generates 2 tuples when that node is merged into its parent. Figure 4.10 depicts a worst-case
scenario for the structure of the partial order tree. Thus, 1 tuple at node 1 becomes 2 tuples at
node 2, 4 at node 3, 8 at node 4, etc., and 2" ! at the root. Note that r=O(m).

The exponential growth of the total enumeration algorithm just described can be circum-
vented using dynamic programming. Let Y be any layout for a set of nodes. Let ¢ (Y) and
cu(Y), respectively, denote the lower and upper street widths of Y. If Y and Z are two layouts for
the same node set, then we shall say that Y dominates Z if and only if ¢ (Y) < ¢ (Z) and cy(Y) <
cy(2). If Y dominates Z, then Z is dominated by Y. It should be apparent that no layout obtained
by merging Z into a parent layout can be better than the best obtainable by merging Y into a
parent layout. So, dominated layouts may be eliminated from consideration.

If the number of netsism, then 0 < ¢, (Y) < mand 0 < cy(Y) < m. If a node of the partial
order tree (together with its descendents) represents p different nets, then from the dominating
rule, it follows that this node can have at most p+1 layouts that do not get dominated by other
layouts. As a result, it is possible to merge the nodes of the partial order tree together in O(m?)
time (note that p < m and the number of nodesis< m). From the layouts obtained for the root, the
optimal layout may be picked by determining the one with least max{c_(),cy()}.

5. A Related Problem

A furnace consists of two elements:
(i) the heating element, which isin a compartment with a door, and
(ii) arack of hooks, which is used to place objects into the furnace (Figure 5.1).

When an object wishes to enter the furnace, it is placed on the next available hook in the
rack (the one nearest the door), and the hook advanced into the furnace as far as possible.

When an object is to be removed from the furnace, it has to be on the hook inside that is
closest to the door; if there is any other object between it and the door, it cannot be removed from
the furnace at this time (as such a remova will also require the removal of objects that are not
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Figure 4.10

Figure 5.1

readyto be removed).

Furnace designinvolves decidinghow many hooksto install on the rack. In otherwords,
we needto determinethe requiredfurnacecapacity.

An objectheating schedule is atuple (tste), where

ts = the exacttime at which the objecthasto enterthe furnace,
te = the exacttime at which the objecthasto leavethe furnace.
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Two object heating schedules (ts;,te;) and (ts,,te,) are non-conflicting if and only if ts; , te; , ts,
and te, are distinct.

5.1 The Optimal Two Furnace Design Problem

Given m object heating schedules that are pairwise non-conflicting, we are required to assign the
m objects to the two furnaces such that the maximum number of hooks required on a rack is
minimized.

It is not too difficult to see that this problem isidentical to the optimum single row routing
problem when the wires are not allowed to switch between the upper and lower streets. It is
observed that:

. the object heating schedules correspond to the nets
. the two racks correspond to the two streets.

Assigning an object to a particular furnace corresponds to assigning a net to a particular street.
Minimizing the maximum rack size amounts to minimizing the maximum street usage.
The algorithms developed in Section 4 can clearly be used to solve this problem.

5.2 The Optimal K-Furnace Design Problem

Thisisanatura extension of the two-furnace design problem. In this problem, one is concerned
with m object heating schedules and k furnaces.

The dynamic programming algorithm developed in Section 4 can be extended to solve this
problem. An O(m¥) algorithm results. Thisispractical only for small k.

The question of whether or not the k-furnace problem can be solved by an agorithm that is
polynomia in both m and k is related to the famous P=NP problem [GARE79]. Determining
whether or not m objects can be scheduled on k furnaces using at most p hooks per furnace is
NP-complete. It is easy to see that the problem isin NP. So, we need only be concerned with a
proof of the fact that the problem is NP-hard. We shall prove this by showing that the existence
of a polynomial time solution to the k-furnace design problem (or the equivalent wiring problem
in k streets) implies the existence of an efficient solution to the 3-Partition problem, a known
strongly NP-Hard problem [GARE79].

Proof Consider an arbitrary instance of 3-Partition:

Given, A ={a1,a2, ....,a3m} ;
s:A - Z* : a"size' function ;
BOZ*;

Further, it is given that

3m

> S(a)=mB

i=1

and%<s(ai)<% ,1<i<3m.

The question is whether A can be partitioned into m subsets, the sizes of the elements of each of
which sum to B.

Given an arbitrary instance of 3-Partition an equivalent instance of the k-street single row
routing problem is obtained in the following way.

For each a, 1 <i < 3m, the equivalent ensemble is given in Figure 5.2. Each wire of the
enforcer subassembly has to be assigned to a different street. This then forces all the wires of the
size subassembly to be assighed to the remaining street. Hence, the name.
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Figure 5.2

The 3m ensembles are then put together as shown in Figure 5.3. Figure 5.3(a) depicts the
pictorial short-hand to be used for an ensemble. Figure 5.3(b) shows how the ensembles are put
together. Thisnet list isnow wired optimally in m streets.

It isnot hard to see that the optimum street capacity is 3m-3+B if and only if there exists a
3-Partition. Each street gets the size subassemblies of three ensembles that consititute a parti-
tion, and 1 wire from the enforcers of each of the other 3m-3 ensembl es.

This completes the proof of NP-hardness. O

6. Conclusions

We have studied several aspects of the single row routing problem. It was shown that backward
moves can result in layouts with smaller widths. For the case when no backward moves are per-
mitted, we developed an algorithm that is practical for small k. By adding the no crossover res-
triction, the problem can be solved in O(m?) time, where m is the number of nets in the reduced
problem (i.e., each net has exactly two nodes). This restricted problem was seen to be equivalent
to afurnace design problem. Finally, we showed that the furnace design problem with many fur-
naces is NP-hard.
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Figure5.3
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