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Abstract

We show that the diameter of an N2 processor OTIS-Mesh is 4/N — 3. Two possible
embeddings of an N x N mesh onto an OTIS-Mesh are evaluated. OTIS-Mesh algorithms
for some commonly performed permutations — transpose, bit reversal, vector reversal, perfect
shuffle, unshuffle, shuffled row-major, and bit shuffle — are developed. We also propose an
algorithm for general BPC permutations.

1 Introduction

Marsden et al. [6], Hendrick et al. [2], and Zane et al. [8] have proposed large scale parallel com-
puter architectures in which the processors are divided into groups. Each group of processors is
realized using one or more high density chips or modules with electronic interprocessor connections.
Interconnections between processors in different groups are realized via free space optics. These
optoelectronic architectures use electronic interconnects over short distances ( i.e., for the local
intra group interconnects ) and free space optics for the longer inter group interconnects. This
is so as it is known [1] [3] that free space optical connects provide power, speed, and crosstalk
advantages over electronic interconnects when the connect distance is more than a few millimeters.
Further, when optical interconnects are used, the per group I/O bandwidth increases in proportion
to the group’s layout area while when electronic interconnects are used, this bandwidth grows in
proportion to the layout perimeter.

Krishnamoorthy et al. [4] have shown that the bandwidth and power consumption are minimized
when the number of processors in a group equal the number of groups. That is when an N? processor
system is partitioned into N groups each containing N processors. As a result, we limit our study
of optoelectronic architectures to those partitioned in this manner. The specific optoelectronic

architecture proposed by Marsden et al. [6] employs the optical transpose interconnection system
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Figure 1: Example of OTIS connections with 16 processors

( OTIS ). In this, processor i of group j is connected to processor j of group i via an optical link.
Figure 1 shows a 16 processor OTIS architecture. The processor indices are represented as pairs of
the form (G, P) where G is the group index and P the processor index ( within the group ).

Some of the suggested topologies for the intra group electronic connections are mesh, hyper-
cube, and mesh of trees [6]. These, respectively, result in the OTIS-Mesh, OTIS-Hypercube, and
OTIS-MT optoelectronic architectures. Figure 2 shows a 16 processor OTIS-Mesh computer. The
processors of groups 0 and 2 are labeled using two dimensional local mesh coordinates while the
processors in groups 1 and 3 are labeled in row major fashion.

The OTIS-Hypercube architecture was modeled and its performance characteristics ( power,
throughput, volume, etc. ) were computed in [2]. Zane et al. [8] have shown that the OTIS-Mesh
can simulate each move of an VN X VN x VN x /N four dimensional mesh by using either an
electronic move local to a group or one local electronic move and two inter group moves using the
OTIS ( or optical ) interconnection. We shall refer to the latter as OTIS moves. Further, Zane et
al. [8] have also shown that each move of an N? processor hypercube can be simulated by an N2
processor OTIS-Hypercube using either one local electronic move or two OTIS and one electronic
moves.

In this paper, we study the OTIS-Mesh architecture and obtain properties and basic permutation

routing algorithms. These algorithms can in turn be used in the development of efficient application
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Figure 2: 16 processor OTIS-Mesh

codes. We begin, in Section 2, by deriving the diameter ( i.e., maximum distance between any
two processors ) of the OTIS-Mesh. In Section 3, we consider the problem of embedding a two
dimensional N X N mesh into an N2 processor OTIS-Mesh. Algorithms to perform popular data
rearrangements such as transpose, reversal, and shuffle are developed in Section 4. An algorithm

for general BPC ( bit permute complement ) permutations is presented in Section 5.

2 OTIS-Mesh Diameter

Let (G4, P1) and (Gg, P2) be two OTIS-Mesh processors. The shortest path between these two

processors is of one of the forms:
(a) The path involves only electronic moves. This is possible only when G = GS.

(b) The path involves an even number of optical ( i.e., OTIS ) moves. In this case the path is
of the form (Gy, P1) — (G1,P]) == (Pl,G1) = (P|,G}) == (G}, P!) = (G}, Py =
(P{,GY) = (P{,GY) == -+ == (G2, Py) .

Here E denotes a sequence ( possibly empty) of electronic moves and O denotes a single OTIS

move. If the number of OTIS moves is more than two, we may compress paths of this form



into the shorter path (G, P1) —— (G1, Py) == (Py,G1) — (P, G3) == (G4, P3) .

So, we may assume that the path is of the above form with exactly two OTIS moves.

(¢) The path involves an odd number of OTIS moves. In this case, it must involve exactly one OTIS

move ( as otherwise it may be compressed into a shorter path with just one OTIS move as in

(b) ) and may be assumed to be of the form (G1, P) N (G1,Go) 2, (G, Gh) N (Gg, Py)

Let d(1, ) be the shortest distance between processors 7 and j of a group using a path comprised
solely of electronic moves. So, d(7,7) is the Manhattan distance between the two processors of the
local mesh group. Shortest paths of type (a) have length d(P;, P;) while those of types (b) and (c)
have length d( Py, P;) + d(G1,G2) + 2 and d( P, G2) + d( Py, G1) + 1, respectively.

The preceding development results in

Theorem 1 The length of the shortest path between processors (G1, Py) and (G, Py) is d( Py, Py)
when Gl = G2 and min{d(Pl, PQ) + d(Gl, Gg) + 2, d(Pl, Gg) + d(P27 Gl) + 1} when Gl ;é GQ.

Proof When G7 = (G5, there are three possibilities for the shortest path. It may be of types
(a), (b), or (c). If it is of type (a), its length is d( Py, P). If it is of type (b), its length is
d( Py, Py)+d(Gy,G2)+2 = d( Py, Py)+2. If it is of type (c), its length is d( Py, G2) +d( P2, G1)+1 =
d(P1,Gh) + d( Py, Gh) + 1 =d(Py,Gy) + d(Gy, P;) + 1 > d( P, P2) + 1. So, the shortest path has
length d( Py, P;). When Gy # G, the shortest path is either of type (b) or (¢). From our earlier
development it follows that its length is min{d( P, P») + d(G1,G2) + 2,d(P1,G2) + d( Py, Gh) + 1}.

O
Theorem 2 The diameter of the OTIS-Mesh is 4/N — 3.

Proof Since each group is a VN x VN mesh, d( Py, Py), d(Py,G1), d( Py, Gy), and d(Gy,Gy) are
all less than or equal to 2(\/1\77 —1). From Theorem 1, it follows that no two processors are more
than 4(\/ﬁ -1)+1= 4N -3 apart. Hence, the diameter is < 4y/N — 3. Now consider the
processors (G1, P1), (Gg, P2) such that P; is in position (0,0) of its group and P is in position
(VN —1,v/N — 1) (i.e., P; the top left processor and P, the bottom right one of its group ) . Let
G1 be 0 and G3 be N — 1. So, d( Py, P;) = d(G1,G3) = d(P1,G2) = d(P2,G1) = VN — 1. Hence,
the distance between (G, P1) and (G2, Py) is 4/N —3. As a result, the diameter of the OTIS-Mesh
is exactly 4/N — 3.0



3 Embedding Of An N x N Mesh

Zane et al. [8] have shown that a VN xv/'Nx+v/Nx+/N mesh may be embedded into an N? processor
OTIS-Mesh so that each mesh move may be performed by either one electronic OTIS-Mesh move
or one electronic and two optical OTIS-Mesh moves. The embedding is rather straightforward with
processor (i, j, k,1) of the mesh being identified with processor (G, P), G = iv/N 435, P = kv/N +1
of the OTIS-Mesh. The mesh moves (7,7,k £+ 1,1) and (¢,7,k,l £ 1) can be performed with one
electronic move of the OTIS-Mesh while the moves (i,5 + 1,k,/) and (¢ £ 1,7, k,[) require one
electronic and two optical moves. For example, the move (7,54 1, k,1) may be done by the sequence
(i,7,k, 1) = (k,1,3,7) = (k, i, 54+ 1) == (i,5+ 1, k1) .

The above efficient embedding of a 4D mesh implies that 4D mesh algorithms can be run on the
OTIS-Mesh with a constant factor ( at most 3 ) slowdown [8]. Unfortunately, the body of known
4D mesh algorithms is very small compared to that of 2D mesh algorithms. So, it is desirable to
consider a 2D mesh embedding. Such an embedding will enable one to run 2D mesh algorithms
on the OTIS-Mesh. Naturally, one would do this only for problems for which no 4D algorithm is
known or for which the known 4D mesh algorithms are not faster than the 2D algorithms.

There are at least two intuitively appealing ways to embed an N X N mesh into the OTIS-Mesh.
One is the group row mapping ( GRM ) in which each group of the OTIS-Mesh represents a row
of the 2D mesh. The mapping of the mesh row onto a group of OTIS processors is done in a
snake-like fashion as in Figure 3(a). The pair of numbers in each processor of Figure 3(a) gives
the (row,column) index of the mapped 2D mesh processor. The thick edges show the electronic
connections used to obtain the 2D mesh row. Notice that the assignment of rows to groups is also
done in a snake-like manner. Let (¢, 7) denote a processor of a 2D mesh. The move to (i,7+1) ( or
(i,7—1) ) can be done with one electronic move as (i, 7) and (¢,7+ 1) are neighbors in a processor
group. If all elements of row ¢ are to be moved over one column, then the OTIS-Mesh would need
one electronic move in case of a MIMD mesh and 3 in case of a SIMD mesh as the row move would
involve a shift by one left, right, and down within a group. A column shift can be done with 2
additional OTIS moves as in the case of a 4D mesh embedding. GRM is particularly nice for the
matrix transpose operation. Data from processor (¢,7) can be moved to processor (j,7) with one
OTIS and zero electronic moves.

The second way to embed an N x N mesh is to use the group submesh mapping ( GSM ). In this,

the N X N mesh is partitioned into N v Nx+v/ N submeshes. Fach of these is mapped in the natural
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Figure 3: Mapping a 4 X 4 mesh onto a 16 processor OTIS-Mesh: (a) GRM; (b) GSM

way onto a group of OTIS-Mesh processors. Figure 3(b) shows GSM of a 4 x 4 mesh. Moving all
elements of row or column 7 over by one is now considerably more expensive. For example, a row
shift by +1 would be accomplished by the following data movements ( a boundary processor is one

on the right boundary of a group ):
Step 1: Shift data in non-boundary processors right by one using an electronic move.

Step 2: Perform an OTIS move on boundary processor data. So, data from (G, P) moves to

(P,G).

Step 3: Shift the data moved in Step 2 right by one using an electronic move. Now, data from
(G,P)isin (P,G+1).

Step 4: Perform an OTIS move on this data. Now data originally in (G, P) is in (G + 1, P).

Step 5: Shift this data left by v/ N — 1 using /N — 1 electronic moves. Now, the boundary data

originally in (G, P) is in the processor to its right but in the next group.

The above five step process takes v/ N electronic and two OTIS moves. Note, however, that if
each group is a wraparound mesh in which the last processor of each row connects to the first and

the bottom processor of each column connects to the top one, then row and column shift operations



become much simpler as Step 1 may be eliminated and Step 5 replaced by a right wraparound shift
of 1. The complexity is now two electronic and two OTIS moves.

GSM is also inferior on the transpose operation which now requires 8(v/ N — 1) electronic and

2 OTIS moves.

Theorem 3 The transpose operation of an N X N mesh requires 8(v/ N — 1) electronic and 2 OTIS

moves when the GSM is used.

Proof Let GG, and P,P, denote processor (G, P) of the OTIS-Mesh. This processor is in
position (P, P,) of group (G,G,) and corresponds to processor (G Py, GyP,) of the N x N
embedded mesh. To accomplish the transpose, data is to be moved from the N x N mesh processor
(GyPy, Gy Py) ( ie., the OTIS-Mesh processor (G, P) = (GG, P,P,) ) to the mesh processor
(GyPy,G:Py) (ie., the OTIS-Mesh processor (GG, PyP;) ). The following movements do this:
(G.Py,GyP,) == (G, P,,G,P,) = (P,Gyp, P,GYy) — (P,G,, P.G,) - (G,P,,G,P;) . Once
again F denotes a sequence of electronic moves local to a group and O denotes a single OTIS move.
The E moves in this case perform a transpose in a v/N x v/N mesh. Each of these transposes can
be done in 4(v/N — 1) moves [7]. So, the above transpose method uses 8(v/N — 1) electronic and 2
OTIS moves.

To see that this is optimal, first note that every transpose algorithm requires at least 2 OTIS
moves. For this, pick a group GG, such that G # G,. Data from all N processors in this group
are to move to the processors in group G,G,. This requires at least one OTIS move. However, if
only one OTIS move is performed, data from G,.G, is scattered to the N groups. So, at least two
OTIS moves are needed if the data ends up in the same group.

Next, we shall show that independent of the OTIS moves, at least 8(\/N — 1) electronic moves
must be performed. The electronic moves cumulatively perform one of the following two transforms

( depending on whether the number of OTIS moves is even or odd, see Section 2 ):
(a) local moves from (P, P,) to (P, P;); local moves from (G, Gy) to (Gy, Gy);
(b) local moves from (P, Py) to (G, G,); local moves from (G, Gy) to (Py, Py).

For (P, P)) = (G,,Gy) = (0,//N — 1), (a) and (b) require 2(v/N — 1) left and 2(v/N — 1) down
moves. For (P, P)) = (G, Gy) = (VN —1,0), (a) and (b) require 2(v/N — 1) right and 2(v/N — 1)
up moves. The total number of moves is thus 8(v/N — 1). So, 8(v/N — 1) is a lower bound on the

number of electronic moves needed. O



4D mesh OTIS-Mesh Simulation

Permutation total dimension 1+ 2 | dimension 3 + 4 OTIS electronic

Transpose S(VN-1)| 4N -1) 4(vVN—-1) [8+N-1)|8WN-1)

Perfect Shuffle 4N 2N 2N 4/ N 4/ N

Unshuffle 4/ N 2/ N 2v/'N 4/ N 4/ N

Bit Reversal 8(VN —1) VN - 1) 4(vVN-1) [8(+N-1) |8
Vector Reversal 8(\/JV— 1) 4(\/N 1) 4(\/ﬁ— 1) 8(\/ﬁ— 1) 8(\/1\_7—

Bit Shuffle BVN -4 SVN -2 4y/N —2 BN -4
Shuffled Row-major 23—0\/N— 4 %ﬁ 2 4/ N — 2 %\/N— 4 %\/N —
G, Py Swap 4(v/N - 1) 2(v/N — 1) 2/N -1) [ 4VN-1) | 4N -1)

Table 1: Optimal moves for 4D mesh and respective OTIS-Mesh simulations

Based on the relative performance of GRM and GSM with respect to the common mesh oper-

ations of shift by row or column and transpose, we recommend the use of GRM.

4 Common Data Rearrangements

Since an N? input three stage OTIS multistage interconnection network ( MIN ) composed of N
N-input—N-output switches in each stage is rearrangeable [6] and since the N processor mesh in
each group of an N? processor OTIS-Mesh is able to realize every permutation of N elements, an
N? processor OTIS-Mesh can realize any permutation of N2 data ( one to each processor ) using at
most two OTIS moves. However, additional OTIS moves are needed to determine the local group
data rearrangements that must be made. Another way to accomplish arbitrary data permutations
is to use sorting. The optimal 4D mesh sorting algorithm of [5] may be run on an OTIS-Mesh using
the simulation described in [8]. This yields an OTIS-Mesh sorting algorithm that takes 12v/N
OTIS and 14v/N electronic moves.

In this section, we are concerned with the realization of permutations such as transpose, shuffle,
unshuffle, and vector reversal which arise frequently in applications. Nassimi and Sahni [7] have
developed optimal 4D mesh algorithms for several frequently arising permutations. These may
be simulated using the method of [8] to obtain algorithms for the OTIS-Mesh. Table 1 gives the
number of 4D mesh moves used by the optimal 4D mesh algorithms, a break down of the number
of moves in the first two and last two dimensions, and the number of electronic and OTIS moves
required by the simulation.

We shall obtain OTIS-Mesh algorithms for the permutations of Table 1, that require far fewer



moves than the simulations of the optimal 4D mesh algorithms.

Assume that the N2 OTIS-Mesh processors are numbered /indexed 0 through N? — 1 such that
in the binary representation of a processor index the left half bits give the group number and the
right half give the processor number local to a group. So, a processor index [ is of the form I = GP
where I, G and P are represented in binary and G and P have the same number of bits. G' and
P may be decomposed into halves to get G = GG, and P = P, P, such that &, and G, give the
group location by row and column in an array layout of groups ( as in Figure 1 ) and P, and P,
locate processor P of a group by its row and column coordinates.

The permutations of Table 1 are members of the BPC ( bit permute complement ) class of
permutations defined in [7]. In a BPC permutation, the destination processor of each data is given
by a rearrangement of the bits in the source processor index. For the case of our N? processor
OTIS-Mesh we assume that N is a power of two and so the number of bits needed to represent
a processor index is p = log, N2 = 2log N. A BPC permutation [7] is specified by a vector
A=[Ap_1,Ap_2,..., Ag] where

(a) A; €{20,£1,...,£(p—-1)},0< i< pand
(b) [JAp-1l,|Ap=2l,...,|Aol] is a permutation of [0,1,...,p— 1].

The destination for the data in any processor may be computed in the following manner. Let
Mp_1Myp_3 ... Mg be the binary representation of the processor’s index. Let d,_1d,_5...dy be that

of the destination processor’s index. Then,

PR if A >0,
A=Y 1-m; if A; <O,

In this definition, —0 is to be regarded as < 0, while 40 is > 0.

In a 16 processor OTIS-Mesh, the processor indices have four bits with the first two giving the
group number and the second two the local processor index. The BPC permutation [-0, 1,2, —3]
requires data from each processor mzmgmymg be routed to processor (1 — mg)mimg(l — ms3).
Table 2 lists the source and destination processors of the permutation.

The permutation vector A for each of the permutations of Table 1 is given in Table 3. The

permutation vector A for each of the permutations of Table 1 is given in Table 3.
4.1 Transpose [p/2 —1,...,0,p—1,...,p/2]

The transpose operation may be accomplished via a single OTIS move and zero electronic moves.

The simulation of the optimal 4D mesh algorithm, however, takes 8(v/N — 1) OTIS and 8(v/N — 1)



Source Destination
Processor | (G, P) | Binary | Binary | (G, P) | Processor
0 (0,0) | 0000 | 1001 | (2,0) 9
1 (0,1) | 0001 | 0001 | (0,1) 1
2 (0,2) 0010 1101 (3,1) 13
3 (0,3) | o011 | 0101 | (L1) 5
4 (1,0) | 0100 | 1011 | (2,3) 11
5 (1,1) | o101 | 0011 | (0,3) 3
6 (1,2) | o110 | 1111 | (3,3) 15
7 (1,3) | o111 | o111 | (1,3) 7
8 (2,0) | 1000 | 1000 | (2,0) 8
9 (2,1) | 1001 | 0000 | (0,0) 0
10 (2,2) | 1010 | 1100 | (3,0) 12
1 (2,3) | 1011 | 0100 | (1,0) 4
12 (3,0) 1100 1010 (2,2) 10
13 (3,1) | 1101 | 0010 | (0,2) 2
14 (3.2) | 1110 | 1110 | (3,2) 14
15 (3,3) | 1111 | o110 | (1,2) 6

Table 2: Source and destination of the BPC permutation [—0,1,2,—3] in a 16 processor OTIS-
Mesh

Permutation Permutation Vector
Transpose [p/2—-1,....0,p—1,...,p/2]
Perfect Shuffle [0,p—1,p—2,...,1]
Unshuffle [p—2,p—3,...,0,p— 1]
Bit Reversal [0,1,...,p—1]
Vector Reversal [-(p—-1),-(p—2),...,—0]
Bit Shuffle [p—1,p—3,....1,p—2,p—4,...,0]
Shuffled Row-major [p—1,p/2—-1,p—2,p/2—2,...,p/2,0]
Gy Py Swap [p—1,....3p/4,p/2—1,...,p/4,3p/4—1,....p/2,p/4—1,...,0]

Table 3: Permutations and their permutation vectors

10



electronic moves.

4.2 Perfect Shuffle [0,p—1,p—2,...,1]

Let G represent the first half of the bits in the processor index and P the second half. Let bg(;) and
bp(i), respectively, denote the bits in position G(7) and P(i) of G and P. So bg(,/2-1) and bp(,/2-1)
are the most significant bits of G and P while bg(g) and bp(g) are the least. Let G = bg(p/Q_l)G’

and P = bp(p/Q_l)P’. A perfect shuffle may be performed as below:

Step 1: Perform a local perfect shuffle in each group. This moves data from every processor G P

to the corresponding processor GP’bp(p/Q_l).

Step 2: This step involves processors in groups G such that bg(,/2-1) = 0 only. In these groups,
odd processors exchange data with corresponding even processors ( note that the processors
exchanging data differ only in bit zero ). To see the new data arrangement, it is convenient
to separete out four cases depending on the values of bg(,/2-1) and bp(,/2_1). Steps 1 and 2

accomplish the following:

0G'0P! 0GP0 0G'P'1
0G'1P’ 0G'P'1 0G'P'0
1GopP T2 o1Epo T2 O1GIPo
1G'1P! 1G'P"1 1G'P'1

Step 3: Perform an OTIS move on all processors.

Step 4: Perform a local shuffle in each group. The transformations so far are given below:

0G'0P’ 0G'P'0 0G'P'1 P0G P'1G'0
0G'1P! 0G'P'1 0G'P'0 P'00G! P'0G'0
1G0P RGP R o1 P R pole R poGi
1G'1P! 1G'P"1 1G'P'1 PG PG

Step 5: This step involves only processors in even groups. In these groups, odd processors exchange

their data with the corresponding even processors.

0G'0P! 0GP0 0G'P'1 P0G P'1G'0 PG
0G'1P’ 0G'P'1 0G'P'0 P'00G" P'0G'0 P0G
1G0pP RGP TR 1T P TR polG R PGl R ploGRo
1G'1P! 1G'P'1 1G'P'1 P11G" P'1G"1 P'1G"1

Step 6: Perform an OTIS move on all processors.

Step 7: Same as Step 5. The seven step process is shown below:

0G'0P! 0G'P'0 0G'P'1 P0G’ P'1G'0 P'1G"0
0G'1P’ 0G'P'1 0G'P'0 P'00G! P'OG'0 P0G
1G'opP 2 1G'Po 2P 1G'po R polG R PGt RS PGl RS
1G"1P! 1G'P'1 1G'P'1 P11G" P'1G"1 P'1G"1

11



G'0P'1 G'0P'0

G'1P'0 G'1P'0
G'orPo I Gor
G'"1P1 G'"1P1

The correctness of the seven step algorithm above is readily seen. From the diagram of the data
movement operations, we see that data originally in 0G’0P’ ends up in G'0P’0; that in 0G’1 P’ ends
up in G'1P'0; that in 1G’0P’ ends up in 0G'1P’; and that in 1G’1 P’ ends up in G'1P'1. In other
words, data is moved from G P to G/bp(p/Q_l)Ple(p/Q_l) which is precisely what is to be done in a
perfect shuffle.

Steps 1 and 4 perform perfect shuffles in v/N x v/ N meshes. Each of these can be done optimally
in 2/N electronic moves using the algorithm of [7]. Steps 2, 5, and 7 requires exchanging data
between mesh neighbors. Each exchange moves data in opposite directions on the same link and
takes two electronic moves. Steps 3 and 6 take one OTIS move each. So, the total number of moves
is 44/ N + 6 electronic and 2 OTIS only. In contrast, the simulation of the optimal 4D mesh perfect
shuffle algorithm takes 4+y/N electronic and 4v/N OTIS moves.

4.3 Unshuffle [p—2,p—3,...,0,p — 1]

This is the inverse of a perfect shuffle and may be done by running the seven step shuffle algorithm
backwards ( i.e., beginning with Step 7 ) and replacing the local shuffles of Steps 1 and 4 by local

unshuffles. The data movement is shown below ( G = G"bg(o), P = P"bp() )-

G//OPIIO G//OP//1 P”lG”O P”lG”O P”lOG” OG//P//1
G"0P"1 G"0P"0 P"0G"0 P"G" P"01G" 1G"P"0
G'LP"0 T Gmpro R ProGM1 TR PMOGY0 R ProoGM R 0GM PO
G"1P" G"1P"1 P'1G" PG PI1G" 1G"P"1
0G"P"0 0G0 P"
1G//P//0 1G//0P//
0G" P" Ste_PQ 0G" pP"
1G//P//1 1G//1P//

The number of data moves is the same as for a perfect shuffle.

4.4 Bit Reversal [0,1,...,p— 1]

A bit reversal can be done using one OTIS and 8(v/N — 1) electronic moves as below. Note that
when the bit reversal is done by simulating the optimal 4D mesh algorithm, 8(\/N — 1) electronic
and 8(v/N — 1) OTIS moves are made.

Step 1: Do a local bit reversal in each group.

12
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Step 2: Perform an OTIS move of all data.
Step 3: Do a local bit reversal in each group.

Steps 1 and 3 are done optimally in 4(v/N — 1) electronic moves each using the optimal 2D

mesh bit reversal algorithm of [7].

4.5 Vector Reversal [—(p—1),—(p —2),...,0]

A vector reversal can be done using 8(v/N — 1) electronic and two OTIS moves. The steps are:
Step 1: Perform a local vector reversal in each group.

Step 2: Do an OTIS move of all data.

Step 3: Perform a local vector reversal in each group.

Step 4: Do an OTIS move of all data.

Note that Step 1 moves data from GP to GP ( where P is the complement of P ). Step 2
moves this data from G'P to PG. Next, Step 3 sends that data to PG and finally Step 4 sends it
to G P completing the vector reversal. The number of data moves is easily obtained by noting that

the optimal way to perform the local vector reversals takes 4(v/N — 1) electronic moves [7].
4.6 Bit Shuffle [p—1,p—3,...,1,p—2,p—4,...,0]

Our algorithm to perform this permutation employs a G, P, Swap permutation in which data from
processor GG, P, P, is routed to processor G, PGy P,. So, let us first see how to perform this

permutation.
4.6.1 G,P, Swap [p—1,...,3p/4,p/2—1,...,p/4,3p/4—1,...,p/2,p/4 —1,...,0]

We present two algorithms for this. The first uses 2(v/N — 1) electronic and log, N OTIS moves.
The second uses 6(v/N — 1) electronic and 2 OTIS moves. While the second algorithm uses a larger
number of moves, it is to be preferred when the cost of an OTIS move is considerably larger than
that of an electronic move.

The first algorithm performs a series of bit exchange permutations of the form B(7) = [B,_1,..., Bo],
0 < i< p/4, where

p/2+1, j=p/i+i
B; =4 p/d+1i, j=p/2+1
7 otherwise
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The permutaion B(7) may be realized as below:

Step 1: Processors GP with bg(y # bp(p/a4s) Toute their data to corresponding processors that
differ only in bit bp(,/44:). This requires moving data left and right on rows of VN x VN

meshes by 2° positions ( in each direction ).
Step 2: Perform an OTIS move.

Step 3: The data moved in Step 1 is routed from their current processors to corresponding proces-
sors that differ only in bit ¢. This requires data moves left and right along rows of vV N x vV N

meshes. The distance is 2° in each direction.
Step 4: Perform an OTIS move.

The total number of moves is 2°+? electronic and two OTIS.
To perform a Gy P, Swap permutation, we simply perform B(i) permutations for 0 < 7 < p/4.
This takes p/2 = logy N OTIS moves and Efﬁfl 2+2 = 4(20/4 — 1) = 4(v/N — 1) electronic moves.

The second algorithm uses the following six steps:

Step 1: Shift data in group GG\, up circularly by G, rows. This moves data from processor

GGy Py P, to processor GGy (( Py — G) mod v/ N)P,.
Step 2: Do an OTIS move. Data from G,G, P, P, is now in ((P, — G) mod vN)P,G,G,,.

Step 3: In each group, shift the data right circularly along the rows by an amount given by the left
half of the group bits. Data originally in GG, P, P, is now in ((£; — G) mod \/W)PyGIPI.

Step 4: Do an OTIS move. The data is now in G, Py((P, — Gy) mod vVN)P,.

Step 5: Move data up circularly along columns by an amount given by the right half of the group

bits. The data is now in G, P,(—G, mod vV N)Py.
Step 6: reverse the order of data in each column of each group. The data is now in G, PG P,.

While a column or row circular shift takes /N moves in each group, the number of moves
in each direction varies from group to group. Assuming that up moves in one group may not be
overlapped with down moves in another, Steps 1, 3, and 5 take 2(\/N — 1) electronic moves each.
Step 6 may be combined with Step 5 at no extra cost. So, a total of 6(\/1\_7 — 1) electronic and two

OTIS moves are used.
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4.6.2 Bit Shuffle

A bit shuffle may be performed following these steps:
Step 1: Perform a G, P, swap.

Step 2: Do a local bit shuffle in each group.

Step 3: Do an OTIS move.

Step 4: Do a local bit shuffle in each group.

Step 5: Do an OTIS move.

Using the 4(\/N — 1) electronic and logy, N OTIS move algorithm for the G, P, Swap and the
optimal mesh bit shuffle algorithm of [7], the number of moves becomes ( approximately ) 23—8\/N—4

electronic and logy N + 2 OTIS.
4.7 Shuffled Row-major [p—1,p/2 —1,p—2,p/2 —2,...,p/2,0]

This is the inverse of a bit shuffle and may be done in the same number of moves by running the
bit shuffle algorithm backwards. Of course, Steps 2 and 4 are to be changed to shuffled row-major

operations.

5 BPC Permutations

Every BPC permutation, A, may be realized by a sequence of bit exchange permutations of the
form B(i,j) = [Bp-1,...,Bo], p/2<i<p,0<j<p/2, and

J oq=i

By=q 1t q=7]

q, otherwise,
and a BPC permutation C' = [C},_1,...,Cy] = lgllp where |C,| < p/2,0 < ¢ < p/2, Il and
IIp involve p/2 bits each. Let II; be the permutation obtained from Ilg by subtracting p/2 from
each entry whose absolute value exceeds p/2 — 1. For example, if Il = [—3,5,4], then p = 6 and
Iy, = [-0,2,1].

The transpose permutation may be realized by the sequence B(p/2 + j,j), 0 < j < p/2; bit
reversal is equivalent to the sequence B(p — 1 —j,7), 0 < j < p/2; vector reversal can be realized
by performing no bit exchanges and using C = [—(p—1),—(p—2),...,—0] (g =[-(p—-1),—(p—
2),...,—p/2],Ip = [-(p/2—-1),...,-0] ) ; perfect shuffle may be decomposed into B(p/2,0) and
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C=[p=2p-3...,p/2p—1,p/2=2,...,1,0,p/2=1] (Tlg = [p=2,p=3,....p/2,p— 1],
Ilp=[p/2-2,...,1,0,p/2—1] ).

A bit exchange permutation B(i,j) may be performed in 2¢ 4 9d' electronic, where

Z'/_ Z_p/Qa Z<3p/4
| i—3p/4, 12> 3p/4
o 7, j<p/4
7= : :
J—pl4, j>pl4

and 2 OTIS moves following a process silimar to that used for B(i) in Section 4.6.1.

Our algorithm for general BPC permutations is:

Step 1: Decompose the BPC permutation A into the bit exchange permutations By (i1, 1), B2(i2,J2),- - -

By (i, jx) and the BPC permutation C' = Illgllp as above. Do this such that iy > i3 > -+ >

i, and 1 > Jo > -0 > Ji.
Step 2: If £ = 0, do the following:

Step 2.1: Do the BPC permutation IIp in each group using the optimal algorithm of [7].
Step 2.2: Do an OTIS move.
Step 2.3: Do the BPC permutation IIf, in each group using the algorithm of [7].

Step 2.4: Do an OTIS move.
Step 3: If £ = p/2, do the following:

Step 3.1: Do the BPC permutation II}; in each group.
Step 3.2: Do an OTIS move.

Step 3.3: Do the BPC permutation Ilp in each group.
Step 4: If £ < p/4, do the following:

Step 4.1: Perform the bit exchange permutation By, ..., Bg.

Step 4.2: Do Steps 2.1 through 2.4.
Step 5: If £ > p/4, do the following:

Step 5.1: Perform a sequence of p/2 — k bit exchanges involving bits other than those in
Bi,..., By in the same orderly fashion described in Step 1. Recompute Il and Ilp.

Swap Il and Ilp.
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Step 5.2: Do Steps 3.1 through 3.3.

Consider the permutation A = [6,11,3,8,10,7,0,4,13,14,2,9,1,15,5,12] in a 2'® processor
OTIS-Mesh ( we have omitted complements for simplicity; bit complements can be taken care of
when the local BPC permutations Il and llp are performed ). For this, the decomposition of
Step 1 yields By = B(15,7), B, = B(13,6), Bs = B(10,4), B4 = B(9,2), and B; = B(8,0),
g = [13,11,14,8,10,9,15,12], Ip = [6,3,2,7,1,0,5,4]. Since £ = 5 > p/4 = 4, we go to Step
5. First we perform a sequence of bit exchanges on bits not in By through Bs; i.e., B(14,5),
B(12,3), and B(11,1). Recomputing Ilg and Ilp, we get Il = [6,2,3,1,5,7,0,4] and IIp =
[13,14,11,9,8,15,10,12]. Next, Steps 3.1 through 3.3 are done. The sequence of data moves is

shown below:

B(14

ot

—~

E

)i

(b15b14b13b12b11b10b9b8b7b6b5b4b3b2b1 bO)
(b15bsbisbrabi1biobobsbrbebiababsbobiby) "
(b1sbsbi3b3b11b10bobsbrbebiabsbrabsbiby) T
(b15b5b13b3b1b10b9b8b7b6b14b4b12b2b11bO) i
(b15b5b13b3b1b10b9b8b2b6b7b0b14b11b4b12) %
(b2bi7bobl4b11b4b12515b551353b1blob9bs) h
(62b6b7b0b14b11b4b12b10b1561b8b1365b3b9)

It can be verified that the resulting position is exactly the destination that the original BPC
permutation A dictates.

The local BPC permutations determined by Tlg and Tp take at most 4(v/N — 1) electronic
moves each [7]; the bit exchanges cumulatively take at most 8(v/N — v/N) electronic and logy N
OTIS moves. So, the total number of moves is at most 16v/N — 8v/'N — 8 electronic and logg N 42
OTIS.

6 Conclusion

We have shown that the diameter of an OTIS-Mesh computer is 4v/N — 3, which is very close
to that of a VN X VN x VN x /N 4D mesh computer. We have also shown that of the two
intuitively appealing ways to embed a 2D mesh into the OTIS-Mesh, GRM is superior for most
applications. With respect to frequently performed permutations, it is possible to obtain better
routing algorithms than those obtained by simulating the best 4D mesh algorithms using the

simulation scheme of [8]. Finally, we have proposed an algorithm for general BPC permutations.
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