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ABSTRACT

We show how column sort [LEIG85] and rotate sort [MARB88] can be imple-

mentedon the different recon®gurablemeshwith buses(RMB) architectures that have

beenproposedin the literature.On all of theseproposedRMB architectures, we areable

to sort n numbersonann ´  n con®gurationin O(1) time.

For thePARBUS RMB architecture[WANG90ab], our column sortandrotatesort

implementations are simpler than the O(1) sorting algorithmsdevelopedin [JANG92]

and [LIN92]. Furthermore, our sorting algorithmsuse fewer bus broadcasts.For the

RMESH RMB architecture[MILL88abc], our algorithmsare the ®rst to sortn numbers

onann ´  n con®gurationin O(1) time.

We also observethatrotatesortcanbe implementedon N ´  N ´   . . .  ´  N k+1 dimen-

sionalRMB architecturessoasto sortNk elementsin O(1) time.
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1 Introduction

Several different mesh like architectures with reconfigurable buses have been pro-

posed in the literature. These include the content addressable array processor (CAPP) of

Weems et al. [WEEM89], the polymorphic torus of Li and Maresca [LI89, MARE89], the

reconfigurable mesh with buses (RMESH) of Miller et al. [MILL88abc], the processor

array with a reconfigurable bus system (PARBUS) of Wang and Chen [WANG90], and

the reconfigurable network (RN) of Ben-Asher et al. [BENA91].

The CAPP [WEEM89] and RMESH [MILL88abc] architectures appear to be quite

similar. So, we shall describe the RMESH only. In this, we have a bus grid with an n ´  n

arrangement of processors at the grid points (see Figure 1 for a 4x4 RMESH ). Each grid

segment has a switch on it which enables one to break the bus, if desired, at that point.

When all switches are closed, all n2 processors are connected by the grid bus. The

switches around a processor can be set by using local information. If all processors

disconnect the switch on their north, then we obtain row buses (Figure 2). Column buses

are obtained by having each processor disconnect the switch on its east (Figure 3). In the

exclusive write model two processors that are on the same bus cannot simultaneously

write to that bus. In the concurrent write model several processors may simultaneously

write to the same bus. Rules are provided to determine which of the several writers actu-

ally succeeds (e.g., arbitrary, maximum, exclusive or, etc.). Notice that in the RMESH

model it is not possible to simultaneously have n disjoint row buses and n disjoint column

buses that, respectively, span the width and height of the RMESH. It is assumed that pro-

cessors on the same bus can communicate in O(1) time. RMESH algorithms for funda-

mental data movement operations and image processing problems can be found in

[MILL88abc, MILL91ab, JENQ91abc].

An n ´  n PARBUS (Figure 4) [WANG90] is an n ´  n mesh in which the interproces-

sor links are bus segments and each processor has the ability to connect together arbitrary

subsets of the four bus segments that connect to it. Bus segments that get so connected

behave like a single bus. The bus segment interconnections at a proccessor are done by

an internal four port switch. If the upto four bus segments at a processor are labeled N

(North), E (East), W (West), and S (South), then this switch is able to realize any set, A =

{A1, A2}, of connections where Ai Í {N,E,W,S}, 1 £ i£ 2 and the Ai’s are disjoint. For

example A = {{N,S}, {E,W}} results in connecting the North and South segments

together and the East and West segments together. If this is done in each processor, then

we get, simultaneously, disjoint row and column buses (Figure 5 and 6). If A =
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{{N,S,E,W}, f }, then all four bus segmentsare connected.PARBUS algorithmsfor a

variety of applicationscan be found in [MILL91a, WANG90ab, LIN92, JANG92].

Observethat in an RMESH the realizableconnectionsare of the form A = { A1}, A1 Í

{ N,E,W,S} .

________________________________________________________________________

: Processor

: Switch

: Link

________________________________________________________________________

Figure 1 4´ 4 RMESH

Thepolymorphictorusarchitecture[LI89ab,MARE89] is identicalto thePARBUS

exceptthat the rows andcolumnsof the underlyingmeshwrap around(Figure 7). In a

recon®gurablenetwork(RN) [BENA91] no restrictionis placedon thebussegmentsthat

connectpairsof processorsor on therelativeplacementof theprocessors.I.e.,processors

may not lie at grid pointsand a bussegmentmay join an arbitrary pair of processors.

Like the PARBUS andpolymorphictorus,eachprocessorhasan internal switch that is

able to connect together arbitrary subsetsof the bus segmentsthat connect to the
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________________________________________________________________________

________________________________________________________________________

Figure 2 Row buses

________________________________________________________________________

________________________________________________________________________

Figure 3 Columnbuses

processor.Ben-asheret al. [BENA91] also de®ne a meshrestriction (MRN) of their

recon®gurablenetwork. In this, theprocessorandbussegmentarrangementis exactlyas

for the PARBUS (Figure 4). However the switchesinternal to processorsare able to
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________________________________________________________________________

______________________________________________________________________________________

Figure 4 4 x 4 PARBUS

obtain only the 10 bus configurations given in Figure 8. Thus an MRN is a restricted

PARBUS.

While we have defined the above reconfigurable bus architectures as square two

dimensional meshes, it is easy to see how these may be extended to obtain non square

architectures and architectures with more dimensions than two.

In this paper we consider the problem of sorting n numbers on an RMESH,

PARBUS and MRN. This sorting problem has been previously studied for all three

architectures. n numbers can be sorted in O(1) on a three dimensional n ´  n ´  n RMESH

[JENQ91ab], PARBUS [WANG90], and MRN [BENA91]. All of these algorithms are

based on a count sort [HORO90] and are easily modified to run in the same amount of

time on a two dimensional n2  ´  n computer of the same model. Nakano et al. [NAKA90]

have shown how to sort n numbers in O(1) time on an (n log2n ´  n) PARBUS. Jang and

Prasanna [JANG92] and LIN et al. [LIN92] have reduced the number of processors

required by an O(1) sort further. They both present O(1) sorting algorithms that work on

an n ´  n PARBUS. Since such a PARBUS can be realized using n2 area, their algorithms
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________________________________________________________________________

______________________________________________________________________________________

Figure 5 Row busesin a PARBUS

achievethe areatime squared(AT2) lower boundof W (n2) for sortingn numbersin the

VLSI word model[LEIG85]. Thealgorithmof JangandPrasanna [JANG92] is basedon

Leighton's columnsort [LEIG85] while that of LIN et al. [LIN92] is basedon selection.

Neither is directly adaptableto run on ann ´  n RMESHin O(1) time asthe algorithmof

[JANG92] requiresprocessorsbe ableto connecttheir bussegmentsaccordingto A = {

{N,S}, {E,W}} while the algorithm of [LIN92] requires A = {{N,S}, {E,W}} and

{{N,W}, {S, E}} . Thesearenot permissiblein an RMESH.Their algorithmsare,how-

ever,directly usableon an n ´  n MRN asthe busconnectionsusedarepermissiblecon-

nectionsfor an MRN. Ben-Asheret al. [BENA91] describean O(1) algorithmto sort n

numberson an RN with O(n1+Î ) processorsfor any, Î , Î > 0. This algorithm is also

basedonLeighton'scolumnsort[LEIG85].

In this paper,we showhow Leighton's columnsort algorithm[LEIG85] andMar-

berg and Gafni's rotate sort algorithm [MARB88] can be implementedon all three
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________________________________________________________________________

______________________________________________________________________________________

Figure 6 Column busesin a PARBUS

recon®gurblemeshwith buses(RMB) architectures soasto sortn numbersin O(1) time

on an n ´  n con®guration.The resultingRMB sort algorithmsare conceptuallysimpler

than the O(1) PARBUS sorting algorithmsof [JANG92] and [LIN92]. In addition,our

implementations use fewer bus broadcaststhan do the algorithms of [JANG92] and

[LIN92]. SincethePARBUSimplementationsuseonly busconnectionspermissiblein an

MRN, our PARBUS algorithmsmay be directly usedon an MRN. For an RMESH,our

implementations are the ®rst RMESH algorithmsto sort n numbersin O(1) time on an

n ´  n con®guation.

In section2, we describeLeighton's columnsort algorithm.Its implementation on

an RMESH is developedin section3. In section4, we showhow to implementcolumn

sort on a PARBUS. Rotatesort is consideredin sections5 through7. In section5 we

describeMarbergandGafni's rotatesort [MARB88]. The implementation of rotatesort

is obtainedin sections6 and7 for RMESHandPARBUS architectures, respectively. In

section8, we proposea sortingalgorithmthat is a combinationof rotatesortandScher-

sonet al.'s [SCHER89]iterativeshearsort.In section9, we providea comparisionof the
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________________________________________________________________________

______________________________________________________________________________________

Figure 7 4 x 4 Polymorphic torus

two PARBUS sorting algorithms developedhere and those of Jang and Prasanna

[JANG92] andLin et al. [LIN92]. For the PARBUS model,Leighton's columnsortuses

the fewest bus broadcasts.However, for the RMESH model, combinedsort usesthe

fewestbusbroadcasts.In section10, we maketheobservationthatusingrotatesort,one

can sort Nk elements,in O(1) time on an N ´  N ´   . . .  ´  N k+1 dimensionalRMESH and

PARBUS.

2 Column Sort

Columnsort is a generalization of Batcher's odd-evenmerge[KNUT73] and was

proposedby Leighton [LEIG85]. It may be used to sort an r  ´  s matrix Q where

r  ³  2(s- 1)2 andr mods = 0. Thenumberof elementsin Q is n = rs andthesortedsequence

is storedin columnmajor order(Figure9). Our presentationof columnsort follows that

of [LEIG85] very closely.

Thereare eight stepsto column sort. In the odd steps1,3,5,and 7, we sort each
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________________________________________________________________________

Figure 8 Local Con®gurationsallowedfor a switchin MRN

columnof Q top to bottom.In step2, the elementsof Q arepickedup in columnmajor

order and placedback in row major order (Figure 10). This operationis called a tran-

spose. Step4 is the reverseof this (i.e., elementsof Q arepickedup in row major order

andput backin columnmajororder)andis calleduntranspose. Step6 is a shiftby
�

2
r__ � .

This increasesthenumberof columnsby 1 andis shownin Figure11. Step8, unshift, is

the reverseof this. Leighton[LEIG85] hasshownthat theseeight stepsaresuf®cient to

sortQ wheneverr  ³  2(s- 1)2 andr mods = 0.
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________________________________________________________________________

27
26
25
24
23
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20
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11
5
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25
16

12
7
23
6
13
14
22
27
1

10
8
26
19
24
4
15
2
21

(a) Input Q (b) OutputQ

________________________________________________________________________

Figure 9 Sortinga 9´ 3 matrixQ into columnmajororder

________________________________________________________________________

272625
242322
212019
181716
151413
121110
987
654
321

Transpose

Untranspose

27
26
25
24
23
22
21
20
19

18
17
16
15
14
13
12
11
10

9
8
7
6
5
4
3
2
1

________________________________________________________________________

Figure 10 Transpose (step2) andUntrnnspose(step4) of a 9´ 3 matrix

3 Column Sort On An RMESH

Our adaptationof columnsort to an n ´  n RMESH is similar to the adaptationused

by Ben-Asheret al. to obtainanO(n17/9) processorrecon®gurablenetworkthatcansortin
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________________________________________________________________________

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

19
20
21
22
23
24
25
26
27

Unshift

Shift

-¥ 6 15 24
-¥ 7 16 25
-¥ 8 17 26
-¥ 9 18 27
1 10 19 ¥
2 11 20 ¥
3 12 21 ¥
4 13 22 ¥
5 14 23 ¥

________________________________________________________________________

Figure 11 Shift (step6) andUnshift (step8)

O(1) time.Thisrecon®gurablenetworkusesapproximately 11 layers.

The input n numbersto be sortedresidein the Z variablesof the row 1 PEsof an

n ´  n RMESH.This is interpretedasrepresentingthecolumnmajororderof theQ matrix

usedin a columnsort(Figure12).Thedimensionsof Q arer 1 ´  s1 wherer 1 = 1/2*n3/4 and

s1 = 2*n1/4. Clearly, thereis an n1 suchthat r 1 ³ 2*(s1- 1)2 for all n ³  n1. Hence,column

sortwill work for n ³  n1. For n < n1 we cansort in constanttime (asn1 is a constant)using

anypreviouslyknownRMESHsortingalgorithm.

Thestepsin the sortingalogrithmaregiven in Figure13. Steps1, 2, and3 usethe

n ´  r 1 subRMESHAi to sortcolumni of Q. For thesortof step4, theQ matrix hasdimen-

sionsr 1 ´  (s1+1). Columns1 ands1+ 1 arealreadysortedasthe -¥ 's and+¥ 's of Figure

11 do not affect thesortedorder.Only the inners1 - 1 columnsneedto besorted.Eachof

thesecolumnsis sortedusingan n ´  r 1 subRMESH,Bi , asshownin Figure 14. The sub

RMESHsX andY areidle duringthissort.

Thusthe sortsof eachof the abovefour stepsinvolve sortingr 1 numbersusingan

n ´  r 1 subRMESH.Eachof theseis doneusingcolumnsortwith theQ matrix now being

an r 2 ´  s2 matrix with r 2s2 = r 1. We user 2 = n1/2 ands2 = 1/2*n1/4. With this choice,we

have 2(s2- 1)2 < 2s2
2 = 1/2*n1/2 < n1/2, n ³  1. We useW to denotether 2 ´  s2 matrix.

Let usexaminestep1 of Figure13.To sorta columnof Q we initially useonly the

n ´  r 1 subRMESHAi thatcontainsthis column.Thiscolumnis actuallythecolumnmajor
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________________________________________________________________________

...

r 1r 1r 1

columns1column2column1

A1 A2 As1

________________________________________________________________________

Figure 12 Columnmajorinterpretation of Q

representation of a matrix Wi . So,sortingthe columnis equivalentto sortingWi . To sort

Wi , we follow the stepsgiven in Figure13 exceptthat Q is replacedby Wi . Thestepsof

Figure13 aredonedifferentlyon Wi thanon Q. Figure 15 gives the necessarystepsfor

eachWi . Note that this ®gureassumesthat then ´  n RMESHhasbeenpartitionedinto the

s1 Ai ' s and eachAi operatesindependentof eachother.To SortTranspose a Wi , we ®rst

broadcastWi which is initially storedin theZ variablesof the row 1 PEsof Ai to all rows

of Ai (step1). Following this, theU variableof eachPEin eachcolumnof Ai is thesame.

In steps2-4,eachAi is partitionedinto squaresubRMESHsBi jk, 1 £ j  £ r 2, 1 £ k £ s2 of size

r 2 ´  r 2 (Figure16). Note thatBi jk containscolumnk of Wi in theU variablesof eachof its

rows.Bi jk will beusedto determinetherankof j'th elementof thek'th columnof Wi . Here,

by rankwemeanthenumberof elementsin thek'th columnof Wi thatareeitherlessthan

the j'th elementor areequalto it butnot in a columnto theright of the j'th columnof Bi jk.

So, this rank gives the position, in column k, of the j'th elementfollowing a sort of

columnk. To determinethis rank, in step2, we broadcastthe j'th elementof columnk of

Wi to all processorsin Bi jk. This is doneby broadcastingU values from columnj of Bi jk

usingrow busesthatarelocal to Bi jk. Thebroadcastvalueis storedin thevariablesof the
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________________________________________________________________________

Step0: [Input] Q is availablein columnmajororder,oneelementperPE,in row 1 of the

RMESH.I.e.,z[1, j ] = j'th elementof Q in columnmajororder.

Step 1: [Sort Transpose] Obtain the Q matrix following step 2 of column sort. This

matrix is availablein columnmajororderin eachrow of theRMESH.

Step2: [Sort Untranspose]Obtain the Q matrix following step4 of columnsort. This

matrix is availablein columnmajororderin eachrow of theRMESH.

Step3: [Sort Shift] Obtain the Q matrix following step6 of column sort. This matrix

(excluding the -¥ and +¥ values) is availablein columnmajor order in each

row of theRMESH.

Step4: [Sort Unshift] Obtainthesortedresultin row 1 of theRMESH.
________________________________________________________________________

Figure 13 SortingQ onanRMESH

PEsof Bi jk. Now, theprocessorin position(a,b) of Bi jk hastheb'th elementof columnk of

Wi in its U variableandthea'th elementof thiscolumnin its V variable.Step3 setsSvari-

ablesin the processorsto 0 or 1 suchthat thesumof theS' s in eachrow of Bi jk givesthe

rankof the j'th elementof columnk of Wi . In step4, theS valuesin a row aresummedto

obtainthe rank.We shalldescribeshortlyhow this is done.Thecomputedrank is stored

in variableR of thePEin position[k,1] of Bi jk. Notethatsincek £ s2 £ r 2, [k,1] is actuallya

positionin Bi jk.

Now if our objectiveis simply to sortthecolumnsof Wi , we canroutetheV variable

in PE[k,i] ( this is the j'th elementin columnk of Wi) to theR'th columnusinga row bus

local to Bi jk andthenbroadcastit alonga columnbusto all PE's on columnR. However,

we wish to transposetheresultingWi which is sortedby columns.For this,weseethatthe

j'th elementof Wi will bein columnk androw R of thesortedWi . Following thetranspose,

this elementwill bein row (k-1)r 2/s2 + �
s2

R___ � andcolumn(R-1) mods2 + 1 of Wi . Hence,
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________________________________________________________________________

�
r 1/2 � � r 1/2 �

B1 B2 Bs1- 1 YX

r 1 r 1 r 1

...

________________________________________________________________________

Figure 14 SubRMESHsfor step4 sort

theV valuein PE[k,1] of Bi jk is to be in all PEsof column[(R-1) mods2]r 2 +(k-1)r 2/s2 + �

s2

R___ � of Ai following theSortTranspose. This is accomplishedin steps5 and6. Notethat

therearenobuscon̄ icts in therow busbroadcastsof step5 asthebroadcastfor eachBi jk

usesa differentrow busthat spansthe width of Ai . The total numberof broadcastsis 4

plusthenumberneededto sumtheSvaluesin a row of Bi jk. We shallshortlyseethatsum-

mingcanbedonewith 6 broadcasts.HenceSortTranspose uses10broadcasts.

3.1 Ranking

To sumtheS valuesin a row of an r 2 ´  r 2 RMESH,we usea slightly modi®ed ver-

sion of the rankingalogrithmof JenqandSahni[JENQ91ab].This algorithmranksthe

row 1 processorsof an r 2 ´  r 2 RMESH. The ranking is doneby using 0/1 valuedvari-

ables,S, in row 1. The rank of the processorin column i of row 1 is the numberof
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________________________________________________________________________

Step1: Broadcast therow 1 Z values,usingcolumnbuses,to theU variablesof all PEs

in thesamecolumnof Ai .

Step2: The column j PEsin all Bi jk' s broadcasttheir U values,usingrow buseslocal to

eachBi jk, to theV variablesof all PEsin thesameBi jk.

Step3: PE [a,b] of Bi jk setsits S value to 1 if (U < V) or (U = V andb < j). Otherwise,it

setsits Svalueto 0. This is done,in parallel,by all PEsin all Bi jk' s.

Step 4: The sum of the S' s in any one row of Bi jk is computedand stored in the R

variableof PE[k,1] of Bi jk. This is done.in parallel,for all Bi jk' s.

Step5: Using row buses,PE[k,1] of eachBi jk sendsits V valueto thePEin column[(R-

1) mods2]r 2 + (k-1)r 2/s2 + �
s2

R___ � of Ai

Step6: The PEsthat receivedV valuesin step5 broadcastthis value, using column

buses,to theU variablesof thePEsin thesamecolumnof Ai .
________________________________________________________________________

Figure 15 Stepsto SortTranspose Wi into Ai

processorsin row 1 and columnsk, k < i that haveS = 1. Hence,the rank of processor

[1,r 2] equalsthe sumof theS valuesin row 1 exceptwhenS[1,r 2] = 1. In this latter case

we needto add1 to the rank to get the sum. The rankingalgorithmof [JENQ91ab]has

threephasesassociatedwith it.

The proceduresfor phases1 and2 are quite similar. Theseare easily modi®ed to

startwith thecon®gurationfollowing step3 of Figure15 andsendthephase1 andphase

2 resultsof the rightmostodd andevencolumnsin Bi jk to PE[k,1] wherethe two results

areadded.To avoidanextrabroadcast,the resultfor the rightmostcolumn(phase1 if r 2

is even and phase2 if r 2 is odd) is incrementedby 1 in caseS[* ,r 2] = 1 before the
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________________________________________________________________________

r1r2

r2

r2

r2
Ai

Bi, 1,1

Bi, 2,1

Bi, 1,2

Bi,r2,1 Bi,r2,s2

Bi,1,s2

________________________________________________________________________

Figure 16 Division of Ai into r2 x r2 subRMESHs

braodcast.While thephase1 codeof [JENQ91ab]uses4 broadcasts,the®rst of thesecan

be eliminatedaswe beginwith a con®gurationin which S [*,b ] is alreadyon all rowsof

columnb, 1 £ b £ r2. So,phases1 and2 use6 broadcasts.Phase3 of [JENQ91ab]usestwo

broadcasts.Both of thesecanbe eliminatedby havingtheir phase1 (2) step10 directly

broadcattherankof therightmosteven(odd)columnto PE[k,1] bususinga row busthat

spansrow k connectedto a columnbusthatspanstherightmosteven(odd)columnof Bijk.

So,thesummingoperationof step4 canbedoneusinga total of 6 broadcasts.
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________________________________________________________________________

Phase1: Rank the processorsin evencolumnsof row 1. This doesnot accountfor the

1's in theoddcolumn.

Phase2: Phase 2: Rankthe processorsin oddcolumnsof row 1. This doesnot account

for 1's in theevencolumns.

Phase3: Combine oddandevenranks.
________________________________________________________________________

3.2 Analysisof RMESH Column Sort

First, let usconsidersortinga columnof Q which is an r 1 ´  s1 matrix. This requires

us to perform steps1-4 of Figure 13 on the Wi ' s. As we havejust seen,step1 uses10

broadcasts.Step2 is similar to step1 exceptthatwe beginwith thedataon all rowsof Ai

andinsteadof a transpose,anuntransposeis to performed.Thismeansthatstep1 of Fig-

ure 15 canbe eliminatedandthe formula in step5 is to be changedto correspondto an

untranspose.Thenumberof broadcastsfor step2 of Figure13 is therefore9. Steps3 and

4 aresimilar andeachuses9 broadcasts.Thetotal numberof broadcaststo sorta column

of Q is therefore37.

Now, to performa SortTranspose of thecolumnsof Q we proceedasin a sortof the

columnsof Q exceptthat the last broadcastof SortUnshiftperformsthe transposeand

leavesthetransposedmatrix in columnmajororderin all rowsof theRMESH.This takes

37 broadcasts.TheSortUntranspose takes36 broadcastsasit beginswith Q in all rows.

Similarly, step3 and4 eachtake36 broadcasts.The total numberof broadcatsis there-

fore 145.

A morecarefulanalysisrevealsthat the numberof broadcastsneededfor the Sort-

Shift andSortUnshiftstepscanbe reducedby oneeachasthe step5 (Figure15) broad-

cast can be eliminated.Taking this into account,the numberof broadcaststo sort a

columnof Q becomes35. Howeverto do a SortTranspose of thecolumnsof Q, we need

to do an additionalbroadcastduring the SortUnshiftof theWi ' s. This bringsthe number

to 36.A SortUntranspose of Q takes35 broadcastsandtheremainingtwo stepsof Figure
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10eachtakes34broadcasts.Hence,thetotal numberof broadcastsbecomes139.

4 Column Sort On A PARBUS

The RMESH algorithm of Section3 will work on a PARBUS as all connections

usedby it arepossiblein a PARBUS. We can,however,sortusingfewer than139broad-

castson a PARBUS. If we replacethe rankingalgorithmof [JENQ91ab]thatwe usedin

Section3 by thepre®x sumof [LIN92] ( i.e.,pre®x sumN bits on a (N+1) ́  N PARBUS)

thenwe cansumtheS' s in a row usingtwo broadcasts.Thealgorithmof [LIN92] needs

to be modi®ed slightly to allow for the fact that we begin with the S valueson all

columnsandwe aresummingr 2  S valueson a r 2 ´  r 2 PARBUS ratherthanan (r 2+1) ́  r 2

PARBUS. Thesemodi®cationsare straightforward. Since the S' s can be summedin 2

broadcastsratherthan6, the SortTranspose of Figure13 requiresonly 6 broadcasts.The

SortUntranspose canbedonein 5 broadcasts.As indicatedin the analysisof Section3,

theSortShiftandSortUnshiftstepscanbedonewithout thebroadcastof Step5 of Figure

15. So,eachof theserequireonly 4 broadcasts.Thus,to sorta columnof Q requires19

broadcasts.Following theanalysisof Section3, we seethata SortTranspose of Q canbe

donewith 20 broadcasts,a SortUntranspose with 19 broadcasts,anda SortShiftandSor-

tUnshift with 18 broadcastseach.Thusn numberscan be sortedon an n ´  n PARBUS

using75broadcasts.

We canactually reducethe numberof broadcastsfurther by beginingwith r 1 = n2/3

and s1 = n1/3. While this does not satisfy the requirementthat r  ³  2(s- 1)2, Leighton

[LEIG85] hasshownthat columnsortworks for r ands suchthat r  ³  s(s- 1) providedthat

the Untransposeof step4 is replacedby an Undiagonalize step(Figure17). The useof

theundiagonalizing permutationonly requiresusto changethe formulausedin step5 of

Figure15 to a slightly morecomplexone.Thisdoesnotchangethenumberof broadcasts

in thecaseof the RMESHandPARBUS algorithmspreviouslydiscussed.However,the

ability to user 1 = n2/3 ands1 = n1/3 ( insteadof r 1 = 2 n2/3 ands1 = 1/2*n1/3 which satisfy

r  ³  2(s- 1)2 ) signi®cantly reducesthe numberof broadcastsfor the PARBUS algorithm

weareaboutto describe.

Now, the SortTranspose, SortUntranspose, SortShift andSortUnshiftfor Q are not

doneby usinganotherlevel of columnsort.Insteada countsortsimilar to thatof Figure

15 is directly applied to the columns of Q. This time, Ai is an n ´  r 1 = n ´  n2/3 sub

PARBUS. Let Di j be the j'th (from the top) n1/3 ´  r 1 subPARBUS of Ai (Figure18). The

Di j ' s areusedto do thecountingpreviouslydoneby theBi jk' s. To countr 1 = n2/3 bits using

an n1/3 ´  n2/3 subPARBUS, we usethe parallel pre®x sumalgorithm of [LIN92] which
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does this in 12 broadcasts when we begin with bits in all rows of Di j and take into account

we want only the sum and not the prefix sum. Note that the prefix sum algorithm of

[LIN92] is an iterative algorithm that uses modulo M arithmetic to sum N bits on an

(M +1) ´  N PARBUS. For this it uses
logM
logN______ iterations. For the case of summing N bits, this

is easily modified to run on an M  ´  N PARBUS in
logM
logN______ iterations with each iteration

using 6 broadcasts ( 3 for the odd bits, and 3 for the even bits). With our choice of r 1 and

s1, the number of iterations is 2, while with r 1 = 2 n2/3 and s1 = 1/2 n1/3, the number of

iterations is 3. The two iterations, together, use 12 broadcasts.

________________________________________________________________________
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Undiagonalize

________________________________________________________________________

Figure 17 Undiagonalize a 9´ 3 matrix

To get the SortTranspose algorithm for the PARBUS, we replace all occurrences of

Bi jk by Di j and of PE[k,1] by PE[i,1] in Figure 15. The formula of step 5 is changed to [(R-

1) mod s1] r 1 + (i-1)r 1/s1 + �
s1

R___ � . The number of broadcasts used by the new SortTran-

spose algorithm is 16. The remaining three steps of Figure 15 are similar. The SortUndi-

agonalize takes 15 broadcasts as it begins with data in all rows and the step 1 (Figure 11)

broadcast can be eliminated. The SortShift and SortUnshift each can be done in 14

broadcasts as the step 5 (Figure 15) broadcasts are unnecessary. So, the number of broad-

casts in the one level PARBUS column sort algorithms is 59.
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________________________________________________________________________

..

Di j = s1 ´ r 1

Dir 2

Di 2

Di 1

Ai = n ´ r 1 = n ´ 2n2/3

______________________________________________________________________________________

Figure 18 DecomposingAi into Di j ' s

5 Rotate Sort

Rotatesort wasdevelopedby MarbergandGafni [MARB88] to sort M N numbers

on an M ´  N meshwith the standardfour neighborconnections.To statetheir algorithm

we needto restatesomeof the de®nitions from [MARB88]. AssumethatM = 2s andN =

22t wheres ³ t. An M ´  N meshcanbetiled in a naturalway with tilesof sizeM ´  N1/2. This

tiling partitionsthemeshinto vertical slices(Figure19(a)).Similarly anM ´  N meshcan

be tiled with N1/2 ´  N tiles to obtainhorizontalslices(Figure 19(b)). Tiling by N1/2 ´  N1/2

tiles resultsin a partitioning into blocks(Figure19(c)). MarbergandGafni de®ne three

proceduresonwhich rotatesortis based.Thesearegivenin Figure20.

Rotatesort is comprisedof the six stepsgiven in Figure 21. Recall that a vertical

slice is an M ´  N1/2 submesh;a horizontalslice is an N ´  N1/2 submesh;and a block is a

N1/2 ´  N1/2 submesh.

MarbergandGafni [MARB88] point out thatwhenM = N, step1 of rotatesortmay

bereplacedby thesteps.
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________________________________________________________________________

(b) Horizontal Slices(a) Verticle Slices
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(c) Blocks
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________________________________________________________________________

Figure 19 Definitions of the Slice and block

Step 1’ (a) Sort all the columns downward;

(b) Sort all the rows to the right;

This simplifies the algorithm when it is implemented on a mesh. However, it does

not reduce the number of bus broadcasts needed on reconfigurable meshes with buses.

As a result we do not consider this variant of rotate sort.
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________________________________________________________________________

Procedure balance(v,w);

{Operateonsubmeshesof sizev ´ w}

sortall columnsof thesubmeshdownward;

rotateeachrow i of thesubmesh,i modw positionsright;

sortall columnsof thesubmeshdownward;

end;

(a) Balancea submesh

Procedure unblock;

{Operateonentiremesh}

rotateeachrow i of themesh(i.N1/2) modN positionsright;

sortall columnsof theblock downwards;

end;

(b) Unblock

Procedure shear;

{Operateonentiremesh}

sortall evennumberedrowsto theright andall oddnumberedrowsto theleft;

sortall columnsdownward;

end;

(c) Shear
________________________________________________________________________

Figure 20Procedures from [MARB88]

6 Rotate Sort On An RMESH

In this section,we adaptthe rotatesortalgorithmof Figure21 to sortn numberson

an n ´  n RMESH. Note that the algorithm of Figure 21 sortsMN numberson an M ´  N

mesh.For the adaptation,we useM = N . Hence,n = N2 = 24t. Then = N2 numbersto be

sortedareavailable,initially, in theZ variableof the row 1 PEsof then ´  n RMESH.We

assumea row major mappingfrom the N ´  N meshto row 1 of the RMESH. Figure 22
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________________________________________________________________________

Step 1: balance each vertical slice;

Step 2: unblock the mesh;

Step 3: balance each horizontal slice as if it were an N ´ N1/2 mesh lying on its side;

Step 4: unblock the mesh;

Step 5: shear three times;

Step 6: sort rows to the right;
________________________________________________________________________

Figure 21 Rotate Sort [MARB88]

gives the steps involved in sorting the columns of the n  ´  n mesh downward. Note that this

is the first step of the balance operation of step 1 of rotate sort. The basic strategy

employed in Figure 22 is to use each n ´  N subRMESH of the n  ´  n RMESH to sort one

column of the N  ´  N mesh.

For this, we need to first extract the columns from row 1 of the RMESH. This is

done in steps 1-3 of Figure 22. Following this, each row of the q’th n  ´  N subRMESH con-

tains the q’th column of the N ´  N mesh. Steps 4-6 implement the count phase of a count

sort. This implementation is equivalent to that used in [JENQ91b] to sort m elements on

an m  ´  m ´  m RMESH. Steps 7 and 8 route the data back to row 1 of the RMESH so that

the Z values in row 1 (and actually in all rows) correspond to the row major order of the

n  ´  n mesh following a sort of its columns. The total number of broadcasts used is 12 (

note that step 6 uses 6 broadcasts).

The row rotation required by procedure balance can be obtained at no aditional cost

by changing the destination column computed in step 7 of Figure 22 so as to account for

the rotation. The second sort of the columns performed in procedure balance can be done

with 9 additional broadcasts. For this, during the first column sort of procedure balance,

the step 7 broadcast of Figure 22 takes into account both the row rotation and the row

major to column major transformation to be done in steps 1-3 of Figure 22 for the second

column sort of procedure balance. So, step 1 of rotate sort (i.e., balancing the vertcial

slices) can be done using a total of 21 broadcasts.

To unblock the data, we need to rotate each row and then sort the columns down-

ward. Once again, the rotation can be accomplished at no additional cost by modifying
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________________________________________________________________________

{sort columnsof N ´ N mesh}

Step1: Use columnbusesto broadcastZ[1, j ] to all rows in column j, 1 £ i £ n. Now,

Z[i, j ] = Z[1, j ],1 £ i £ n, 1 £ j £ n.

Step2: Use row busesto broadcastZ[i,i ] to the R variableof all PEson row i of the

RMESH. Now,R[i, j ] = Z[i,i ] = Z[1,i ], 1 £ i £ n, 1 £ j £ n.

Step 3: In the q' th n ´ N subRMESHall, PEs[i, j ] such that i modN = q modN and

(j - 1) modN + 1 =
�

i /N � broadcasttheir R valuesalongthecolumnbuses,1 £ q

£ N. Note thateachsuchPE[i, j ] contains the
�

i /N � 'th elementof columnq of

the N ´ N mesh.This value is broadcastto the U variablesof the PEsin the

column.Now, eachrow of theq'th n ´ N subRMESHcontainsin its U variables

columnq of then ´ n mesh.

Step4: Now assumethat the n ´ n RMESH is tiled by N2 N ´ N subRMESHs.In the

[a,b ]'th suchsubRMESH,the PEson columna of the subRMESHbroadcast

their U valueusingrow buseslocal to the subRMESH.This is storedin the V

variableof eachPE.

Step 5: PE [i, j ] of the [a,b ]'th subRMESH sets its S value to 0 if (U < V) or

(U = V andi < a).

Step 6: The sum of the S' s in any one row of each of the N ´ N subRMESH's is

computed.The result for the [a,b ]'th subRMESHis storedin the T variableof

PE[b, 1].

Step7: Using therow busesthatspanthen ´ n RMESHthePEin position[b,1] of each

N ´ N subRMESH[a,b ] sendsits V value to theZ variableof the PE in column

(b- 1)N + T + 1.

Step8: The receivedZ valuesarebroadcastalongcolumnbuses.
________________________________________________________________________

Figure 22 Sortingthecolumnsof anN ´ N mesh

thedestinationcolumnfunction usedin step7 of thesecondcolumnsortperformeddur-

ing thevertical slicebalancingof step1. Thecolumnsortneeds11broadcasts.

The horizontalslicescan be balancedusing18 broadcastsas the Z datais already
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distributed over the columns. The unblock of step 4 takes as many broadcasts as the

unblock of step 2 (i.e. 9).

The shear opertaion requires a row sort followed by a column sort. Row sorts are

performed using the same strategy as used for a column sort. The fact that all elements of

a row are in adjacent columns of the RMESH permits us to eliminate steps 1-3 of Figure

22. So, a row sort takes only 9 additional broadcasts. The following column sort uses 9

broadcasts. So, each application of shear takes 18 broadcasts. Since we need to shear

three times, step 5 of rotate sort uses 54 broadcasts. Step 6 of rotate sort is a row sort.

This takes 9 broadcasts. The total number of broadcasts is 21 + 9 + 18 + 9 + 54 + 9 = 120.

This is 19 fewer than the number of broadcasts used by our RMESH implementation of

column sort.

7 Rotate Sort On A PARBUS

Our implementation of rotate sort on a PARBUS is the same as that on an RMESH.

Note, however, that on a PARBUS ranking (step 6 of Figure 22) takes only 3 broadcasts.

Since this is done once for each/row column sort and since a total of 13 such sorts is

done, 39 fewer broadcasts are needed on a PARBUS. Hence our PARBUS implementa-

tion of rotate sort takes 81 broadcasts. Recall that Leighton’s column sort could be imple-

mented on a PARBUS using only 59 broadcasts.

8 A Combined Sort

We may combine the first three steps of the iterative shear sort algorithm of Scher-

son et al. [SCHER89] with the last four steps of rotate sort to obtain combined sort of

Figure 23. This is stated for an N  ´  N mesh using nearest neighbor connections. The

number of elements to sorted is N2.

Notice that step 4-7 of Figure 23 differ from steps 3-6 of Figure 21 only in that in

step 6 of Figure 23 the shear sort is done two times. The correctness of Figure 23 may be

established using the results of [SCHER89] and [MARB88].

To implement the combined sort on an n  ´  n RMESH or n  ´  n PARBUS ( n  = N2 ele-

ments to be sorted), we note that the column sort of step 3 can be done in the same

manner as the column sorts of rotate sort are done. The shift of step 2 can be combined

with the sort of step 1. The block sort of step 1 is done using submeshes of size

n  ´  n3/4  = N2  ´  N3/2  = N2  ´  ( N3/4  ´  N3/4). On a PARBUS, this is done by ranking in n1/4  ´  n3/4
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________________________________________________________________________

Step1: Sort eachN3/4 ´ N3/4 block;

Step2: Shift thei'th row by (i*N3/4) modN to theright,1 £ i £ N;

Step3: Sort thecolumnsdownward;

step4: balanceeachhorizontalsliceasif it werean N ´ N1/2 meshlying on its side;

Step5: unblockthemesh;

Step6: sheartwo times;

Step7: sort rowsto theright;
________________________________________________________________________

Figure 23CombinedSort

asin [LIN92] while onanRMESH,this is doneusingthealgorithmto sorta columnof Q

usingann ´  r 1 submesh(section3). We omit thedetailshere.Thenumberof broadcastsis

77 for PARBUSand118for anRMESH.

9 Comparison With Other O(1) PARBUSSorts

As notedearlier,our PARBUS implementation of Leighton's columnsortusesonly

59 broadcastswhereasour PARBUS implementation of rotate sort uses81 broadcasts

andour implementation of combinedsortuses77 broadcasts.TheO(1) PARBUS sorting

algorithmof JangandPrasanna [JANG92] is alsobasedon columnsort.However,it is

far more complex than our adaptationand usesmore broadcaststhan does the O(1)

PARBUS algorithm of Lin et al. [LIN92]. So, we compareour algorithm to that of

[LIN92]. This latteralgorithmis not basedon columnsort.Rather,it is basedon a multi-

ple selectionalgorithm that the authorsdevelop.This multiple selectionalgorithm is

itself a simple modi®cation of a selectionalgorithm for the PARBUS. This algorithm

selectsthek'th largestelementof anunorderedsetSof n elements.Themultipleselection

algorithmtakesas input an increasingsequenceq1 < q2 < ... < qn1/3 with 1 £ qi £ n and

reportsfor eachi, the qi 'th largestelementof S. By selectingqi  = i*n 2/3, 1 £ i  £ n1/3 oneis

ableto determinepartitioningelementssuchthat thesetof n numbersto besortedcanbe

partitionedinto n1/3 bucketseachhavingn2/3 elements.Eachbucketis thensortedusing

ann ´  n2/3 subPARBUS. Lin et al. [LIN92] wereonly concernedwith developinga con-

stanttime algorithmto sortn numberson an n ´  n PARBUS. Consequently, they did not



-- --

27

attemptto minimize the numberof broadcastsneededfor a sort.However,we analyzed

versionsof their algorithmsthatwereoptimizedby us.Theoptimizedselectionalgorithm

requires84 broadcastsand the optimizedsort algorithm used103 broadcasts.Thusour

PARBUS implementation of Leighton's column sort usesslightly more than half the

numberof broadcastsusedby an optimizedversionof LIN et al.'s algorithm.Further-

more,evenif onewereinterestedonly in theselectionproblem,it would befasterto sort

usingour PARBUS implementation of Leighton's columnsortalgorithmandthenselect

thek'th elementthanto usetheoptimizedversionof thePARBUS selectionalgorithmof

[LIN92]. Our algorithm is also conceptually simpler than those of [JANG92] and

[LIN92]. Like the algorithmsof [JANG92] and [LIN91], our PARBUS algorithmsmay

berundirectly onann ´  n MRN. Thenumberof broadcastsremainsunchanged.

10 Sorting On An n1/2 ´  n1/2 ´  n1/2 Recon®gurable Meshwith Buses

Rotatesort works by sorting and/or shifting rows and columnsof an N ´  N array.

This algorithm may be implementedon a three dimensional;N ´  N ´  N recon®gurable

meshwith busessoasto sortN2 elementsin O(1) time. In otherwords,n = N ´  N elements

arebeingsortedin O(1) time on ann1/2 ´  n1/2 ´  n1/2 RMB. Assumethatwe startwith n ele-

mentson the baseof an N ´  N ´  N RMB. To sort row (column) i, we broadcastthe row

(column) to the i'th layer of N ´  N processorsandsort it in O(1) time in this layer using

the algorithmsdevelopedin this paperto sort N elementson an N ´  N RMB. The total

numberof suchsortsrequiredby rotatesort is 13 (i.e.,O(1)) andthe requiredshiftsmay

becombinedwith thesorts.

We canextendthis to obtainanalgorithmto sortNk numberson a k +1 dimensional

RMB with N k +1 processorsin O(1) time. The RMB hasan N ´  N ´   . . .  ´  N con®guration

and the N k numbersare initially in the face with k +1 dimensionequal to zero. In the

precedingparagraphwe showedhow to do this sort when k = 2. Supposewe have an

algorithmto sortN l - 1 numberson an l dimensionalN l processorRMB in O(1) time. We

canusethis to sortN l numberson anN l +1 processorRMB in O(1) time by regardingthe

N l numbersas forming an N l - 1 ´  N array. In the terminology of Marberg and Gafni

[MARB88], we havean M ´  N arraywith M  = N l - 1 ³  N. To userotatesort,we needto be

able to sort the columnsof this array (which are of sizeM); sort the rows which are of

sizeN); andperformshifts/rotationson therowsor subrows.
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To do the columnsortwe usel dimensionalRMBs. Themth suchRMB consistsof

all processorswith indexof thetype[ i 1,i 2,...,i l - 1,m,i l +1]. By assumption,thisRMB cansort

its N l - 1 numbersin O(1) time.To sorttherows,we canusetwo dimensionalRMBs. Each

such RMB consistsof processorsthat differ only in their last two dimensions(i.e.,

[a,b,c,...,i l ,i l +1]). This sort is doneusing the O(1) sorting algorithm for two dimensional

RMBs.Therow shiftsandrotatesareeasilydonein O(1) time usingthetwo dimensional

RMBs just described(actually mostof thesecan be combinedwith oneof the required

sorts).

11 Conclusions

We havedevelopedrelativelysimplealgorithmsto sortn numberson recon®gurable

n ´  n mesheswith buses.For thecaseof theRMESH,ouralgorithmsarethe®rst to sortin

O(1) time. For the PARBUS, our algorithmsare simpler than thoseof [JANG92] and

[LIN92]. Our PARBUS column sort algorithm is the fastestof our algorithmsfor the

PARBUS. It usesfewer broadcaststhan doesthe optimized versionsof the selection

algorithm of [LIN92]. Our PARBUS algorithms can be run on an MRN with no

modi®cations.Since n ´  n recon®gurablemeshesrequire n2 area for their layout. Our

algorithms(aswell asthoseof [JANG92] and[LIN92]) haveanareatimesquareproduct

AT2 of n2 which is the bestonecanhopefor in view of the lower boundresultAT2 ³ n2

for theVLSI wordmodel[LEIG85].

Using two dimensionalmesheswith buses,we are able to sort n elementsin O(1)

time usingn2 processors.UsinghigherdimensionalRMB, onecansortn numbersin O(1)

time usingfewer processors.In general,n = Nk numberscanbesortedin O(1) time using

Nk+1 = n1+1/k processorsin a k+1 dimensionalcon®guration.While the sameresult has

beenshownfor a PARBUS[JANG92b],ouralgorithmappliesto anRMESHalso.
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