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ABSTRACT

We show how column sort [LEIG85] and rotate sort [MARB88] can be imple-
mentedon the differentrecor®gurable meshwith buses(RMB) architectures that have
beenproposedn theliterature.On all of theseproposedRMB architectures, we are able
to sort n numbersonann” n con®gurationin O(1) time.

For the PARBUS RMB architecturef WANG90ab], our column sortandrotatesort
implementations are simpler than the O(1) sorting algorithmsdevelopedin [JANG92]
and [LIN92]. Furthermore, our sorting algorithmsuse fewer bus broadcastsFor the
RMESH RMB architecture[MILL88abc], our algorithmsare the @st to sortn numbers
onann’ nconkgurationin O(1)time.

We also observethatrotatesortcanbeimplementedonN” N” ---" N k+1 dimen
sionalRMB architectures soasto sortN* elementsn O(1) time.
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1 Introduction

Severa different mesh like architectures with reconfigurable buses have been pro-
posed in the literature. These include the content addressable array processor (CAPP) of
Weems et al. [WEEM89], the polymorphic torus of Li and Maresca [L189, MARES89], the
reconfigurable mesh with buses (RMESH) of Miller et a. [MILL88abc], the processor
array with a reconfigurable bus system (PARBUS) of Wang and Chen [WANG90], and
the reconfigurable network (RN) of Ben-Asher et al. [BENA91].

The CAPP [WEEM89] and RMESH [MILL88abc] architectures appear to be quite
similar. So, we shall describe the RMESH only. In this, we have a bus grid withann " n
arrangement of processors at the grid points (see Figure 1 for a4x4 RMESH ). Each grid
segment has a switch on it which enables one to break the bus, if desired, at that point.
When all switches are closed, all n? processors are connected by the grid bus. The
switches around a processor can be set by using local information. If al processors
disconnect the switch on their north, then we obtain row buses (Figure 2). Column buses
are obtained by having each processor disconnect the switch on its east (Figure 3). In the
exclusive write model two processors that are on the same bus cannot simultaneoudy
write to that bus. In the concurrent write model several processors may simultaneousy
write to the same bus. Rules are provided to determine which of the severa writers actu-
ally succeeds (e.g., arbitrary, maximum, exclusive or, etc.). Notice that in the RMESH
model it is not possible to s multaneously have n digoint row buses and n digoint column
buses that, respectively, span the width and height of the RMESH. It is assumed that pro-
cessors on the same bus can communicate in O(1) time. RMESH algorithms for funda-
mental data movement operations and image processing problems can be found in
[MILL88abc, MILL91ab, JENQ91abc].

Ann’ n PARBUS (Figure 4) [WANG90] isann” n mesh in which the interproces-
sor links are bus segments and each processor has the ability to connect together arbitrary
subsets of the four bus segments that connect to it. Bus segments that get so connected
behave like a single bus. The bus segment interconnections at a proccessor are done by
an internal four port switch. If the upto four bus segments at a processor are labeled N
(North), E (East), W (West), and S (South), then this switch isable to realize any set, A =
{A., A}, of connections where A I {N,EW,S}, 1 £ if 2 and the A’s are disoint. For
example A = {{N,S}, {E,W}} results in connecting the North and South segments
together and the East and West segments together. If thisis done in each processor, then
we get, smultaneoudy, digoint row and column buses (Figure 5 and 6). If A =



{{N,S,E,W},f}, thenall four bus segmentsare connected PARBUS algorithmsfor a
variety of applicationscan be found in [MILL91a, WANG90ab, LIN92, JANG92].
Observethatin an RMESH the realizableconnectionsare of the form A = {A;}, A, |
{N.EW,S}.

. Processor

O & Switch

: Link

Figure 1 4 4 RMESH

The polymorphictorusarchitectureglL189ab, MARES89] is identicalto the PARBUS
exceptthat the rows and columnsof the underlyingmeshwrap around(Figure 7). In a
recorRgurablenetwork(RN) [BENA91] norestrictionis placedon the bussegmentshat
connectpairsof processorsr ontherelative placemenbf the processord.e., processors
may not lie at grid pointsand a bus segmentmay join an arbitrary pair of processors.
Like the PARBUS and polymorphictorus,eachprocessohasan internal switch that is
able to connecttogether arbitrary subsetsof the bus segmentsthat connectto the
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Figure 3 Columnbuses

processorBen-asheret al. [BENA91] also de®ne a meshrestriction (MRN) of their
recorRgurablenetwork. In this, the processoandbussegmenarrangemenis exactlyas
for the PARBUS (Figure 4). However the switchesinternal to processorsare able to



Figure 4 4x4 PARBUS

obtain only the 10 bus configurations given in Figure 8. Thus an MRN is a restricted
PARBUS.

While we have defined the above reconfigurable bus architectures as square two
dimensional meshes, it is easy to see how these may be extended to obtain non square
architectures and architectures with more dimensions than two.

In this paper we consider the problem of sorting n numbers on an RMESH,
PARBUS and MRN. This sorting problem has been previously studied for all three
architectures. n numbers can be sorted in O(1) on a three dimensional n” n” n RMESH
[JENQ91ab], PARBUS [WANG90], and MRN [BENA91]. All of these algorithms are
based on a count sort [HORO90] and are easily modified to run in the same amount of
time on a two dimensional n?" n computer of the same model. Nakano et al. [NAKA90]
have shown how to sort n numbers in O(1) time on an (nlog?n” n) PARBUS. Jang and
Prasanna [JANG92] and LIN et a. [LIN92] have reduced the number of processors
required by an O(1) sort further. They both present O(1) sorting algorithms that work on
ann’ n PARBUS. Since such a PARBUS can be realized using n? area, their algorithms
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Figure 5 Rowbusesn aPARBUS

achievethe areatime squaredAT?) lower boundof W (n?) for sortingn numbersn the
VLSI word model[LEIG85]. The algorithmof Jangand Prasanna [JANG92] is basedon
Leighton's columnsort [LEIG85] while that of LIN etal. [LIN92] is basedon selection.
Neitheris directly adaptableo runonann” n RMESHin O(1) time asthe algorithmof
[JANG92] requiresprocessorde ableto connecttheir bussegmentsaccordingto A = {
{N,S}, {E,W}} while the algorithm of [LIN92] requiresA = {{N,S}, {E,W}} and
{{N,W}, {S, E}} . Thesearenot permissiblein an RMESH. Their algorithmsare, how-
ever, directly usableon ann” n MRN asthe busconnectionsusedare permissiblecon
nectionsfor an MRN. Ben-Asheret al. [ BENA91] describean O(1) algorithmto sortn
numberson an RN with O(n**") processorgor any,i ,1 > 0. This algorithmis also
basedon Leighton's columnsort[LEIG85].

In this paper,we showhow Leighton's columnsort algorithm [LEIG85] and Mar-
berg and Gafni's rotate sort algorithm [MARB88] can be implementedon all three



Figure 6 Column busesn aPARBUS

recor®gurble meshwith busegRMB) architectures so asto sortn numbersin O(1) time
on ann’ n con®guration. The resultingRMB sort algorithmsare conceptuallysimpler
thanthe O(1) PARBUS sorting algorithmsof [JANG92] and [LIN92]. In addition, our
implementations use fewer bus broadcastshan do the algorithms of [JANG92] and
[LIN92]. Sincethe PARBUS implementations useonly busconnectiongpermissiblan an
MRN, our PARBUS algorithmsmay be directly usedon an MRN. For an RMESH, our
implementations are the @ st RMESH algorithmsto sortn numbersin O(1) time on an
n’ ncon®guation.

In section2, we describeLeighton's column sort algorithm. Its implementation on
an RMESH is developedin section3. In section4, we showhow to implementcolumn
sort on a PARBUS. Rotatesortis consideredn sections5 through7. In section5 we
describeMarbergand Gafni's rotate sort[MARB88]. The implementation of rotatesort
is obtainedin sections6 and7 for RMESH and PARBUS architectures, respectively. In
section8, we proposea sortingalgorithmthatis a combinationof rotate sortand Scher
sonetal.'s[SCHERS89]iterative shearsort.In section9, we providea comparisiornof the
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Figure 7 4 x4 Polymorphic torus

two PARBUS sorting algorithms developedhere and those of Jang and Prasanna
[JANG92] andLin etal. [LIN92]. For the PARBUS model,Leighton's columnsortuses
the fewest bus broadcastsHowever, for the RMESH model, combinedsort usesthe
fewestbusbroadcastsln section10, we makethe observatiorthat usingrotatesort,one
cansortN* elementsjn O(1) timeonanN" N~ ---" N k+1 dimensionalRMESH and
PARBUS.

2 Column Sort

Columnsortis a generalization of Batcher's odd-evenmerge[KNUT73] and was
proposedby Leighton [LEIG85]. It may be usedto sort an r” s matrix Q where
r 3 2(s- 1> andr mods = 0. Thenumberof elementsn Q is n = rs andthe sortedsequence
is storedin columnmajor order (Figure 9). Our presentatiorof columnsortfollows that
of [LEIG85] very closely.

There are eight stepsto column sort. In the odd steps1,3,5,and 7, we sort each
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Figure 8 Local ConRgurationsallowedfor a switchin MRN

columnof Q top to bottom.In step2, the elementsof Q are picked up in columnmajor
order and placedbackin row major order (Figure 10). This operationis called a tran-

spose Step4 is the reverseof this (i.e., elementf Q are pickedup in row major order

andputbackin columnmajororder)andis calleduntransposeStep6 is a shiftby % :

This increaseghe numberof columnsby 1 andis shownin Figure 11. Step8, unshift is
the reverseof this. Leighton [LEIG85] hasshownthat theseeight stepsare su®ient to
sortQ whenever 3 2(s-1)> andr mods=0.
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21 1 16 1 10 19
2 27 25 2 11 20
15 22 3 3 12 21
4 14 20 4 13 22
24 13 17 5 14 23
19 6 5 6 15 24
26 23 11 7 16 25
8 7 18 8 17 26
10 12 9 9 18 27
(@) Input Q (b) OutputQ

Figure 9 Sortinga 9 3 matrix Q into columnmajororder

1 10 19 1 2 3
2 11 20 4 5 6
3 12 21 7 8 9
4 13 22 Transpose 10 11 12
5 14 23 13 14 15
6 15 24 16 17 18
7 16 25 Untranspo$ 19 20 21
8 17 26 22 23 24
9 18 27 25 26 27

Figure 10 Transpose (step2) andUntrnnsposéstep4) of a9 3 matrix

3 Column Sort On An RMESH
Our adaptationof columnsortto ann” n RMESH is similar to the adaptationused
by Ben-Asheretal. to obtainanO(n'"°) processorecori®gurablenetworkthatcansortin
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1 10 19 ¥ 6 1524
2 11 20 -¥ 7 16 25
3 12 21 Shift -¥ 8 17 26
4 13 22 — =0 -~ | ¥ 9 1827
5 14 23 < |1 1019 ¥
6 15 24 Unshift 2 11 20 ¥
7 16 25 3 1221 ¥
8 17 26 4 13 22 ¥
9 18 27 5 14 23 ¥

Figure 11 Shift (step6) andUnshift (step8)

O(1) time. ThisrecorRgurablenetworkusesapproximately 11 layers.

The input n numbersto be sortedresidein the z variablesof the row 1 PEsof an
n” n RMESH.Thisis interpretedasrepresentinghe columnmajororderof the Q matrix
usedin a columnsort(Figure12). Thedimensionof Q arer, ~ s, wherer, = 1/2*n%* and
s, = 2*nY4, Clearly, thereis ann, suchthatr, 3 2*(s;-1)*> for all n2 n,. Hence,column
sortwill work for ns n,. For n < n; we cansortin constantime (asn, is a constantlusing
any previouslyknownRMESH sortingalgorithm.

The stepsin the sortingalogrithmare givenin Figure 13. Stepsl, 2, and 3 usethe
n” r; SUbRMESHA to sortcolumni of Q. For the sortof step4, the Q matrix hasdimen
sionsr; “ (s;+1). Columnsl ands,+ 1 are alreadysortedasthe -¥'s and +¥'s of Figure
11 donot affectthe sortedorder.Only theinners, - 1 columnsneedto be sorted . Eachof
thesecolumnsis sortedusingann” r;, SUbRMESH, B;, asshownin Figure 14. The sub
RMESHsX andY areidle duringthis sort.

Thusthe sortsof eachof the abovefour stepsinvolve sortingr, numbersusingan
n” r, SUbRMESH. Eachof theseis doneusingcolumnsortwith the Q matrix now being
anr,” s, matrix with r,s, = r;. We user, = n¥? ands, = 1/2*n¥4, With this choice,we
have 2(s,- 1)? < 2s,? = 1/2*nY?2 <n'2 n3 1. We useW to denotether, ~ s, matrix.

Let usexaminestepl of Figure13. To sorta columnof Q we initially useonly the
n’” r; SUbRMESHA thatcontainsthis column.This columnis actuallythe columnmajor



12

columnl column2 columns,

M ra ra

Figure 12 Columnmajorinterpretation of Q

representation of a matrix w;. So, sortingthe columnis equivalentto sortingw;. To sort
W, we follow the stepsgiven in Figure 13 exceptthat Q is replacedby w;. The stepsof
Figure 13 are donedifferently on w; thanon Q. Figure 15 givesthe necessarystepsfor
eachw;. Note thatthis ®ureassumeshatthen~ n RMESH hasbeenpartitionedinto the
s; A's and eachA operatesndependenbf eachother. To SortTranspose a W;, we ®rst
broadcastv, which is initially storedin the z variablesof the row 1 PEsof A to all rows
of A (stepl). Following this, theu variableof eachPEin eachcolumnof A is the same.
In steps2-4, eachA is partitionedinto squaresubRMESHSB;, 1£j £1,, 1£k £s, Of size
ro” r, (Figure 16). Note thatB;;, containscolumnk of w; in the U variablesof eachof its
rows.B; will beusedto determinetherankof j'th elementof thekth columnofw;. Here,
by rankwe meanthe numberof elementsn thek'th columnof w; thatareeitherlessthan
thej'th elementor areequalto it butnotin acolumnto theright of thej'th columnof Bjj.
So, this rank gives the position,in columnk, of the j'th elementfollowing a sort of
columnk. To determinethis rank, in step2, we broadcasthej'th elementof columnk of
W to all processorsn Bj. This is doneby broadcasting) values from columnj of By,
usingrow buseghatarelocal to B. The broadcaswvalueis storedin the variablesof the
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Step0: [Input] Q is availablein columnmajororder,oneelementperPE,in row 1 of the
RMESH.l.e.,z[1,j] = j'th elementof Q in columnmajororder.

Step 1. [Sort Transpose] Obtain the Q matrix following step 2 of column sort. This
matrix is availablein columnmajororderin eachrow of the RMESH.

Step2: [Sort UntransposePbtainthe Q matrix following step4 of columnsort. This
matrix is availablein columnmajororderin eachrow of the RMESH.

Step 3. [Sort Shift] Obtainthe Q matrix following step6 of column sort. This matrix
(excludingthe -¥ and +¥ values) is availablein columnmajor orderin each
row of the RMESH.

Step4: [Sort Unshift] Obtainthe sortedresultin row 1 of the RMESH.

Figure 13 SortingQ onanRMESH

PEsof Bx. Now, the processoin position(a,b) of B, hastheb'th elementof columnk of
W in its U variableandthea'th elementof this columnin its V variable.Step3 setss vari-
ablesin the processorso 0 or 1 suchthatthe sumof thessin eachrow of B givesthe
rank of thej'th elementof columnk of W;. In step4, the S valuesin arow aresummedo
obtainthe rank. We shalldescribeshortly how this is done.The computedrank is stored
in variabler of the PEin position[k,1] of Bj. Notethatsincek £s, £1,, [k,1] is actuallya
positionin Bjjy.

Now if our objectiveis simplyto sortthe columnsof w;, we canroutethev variable
in PEJ,i] ( thisis thej'th elementin columnk of w;) to theRth columnusinga row bus
local to B, andthenbroadcasit alonga columnbusto all PE's on columnR. However,
we wish to transposehe resultingw; whichis sortedby columns For this, we seethatthe
j'th elementof w; will bein columnk androw R of the sortedw;. Following the transpose,

thiselementwill bein row (k-1)r,/s, + si andcolumn(r-1) mods, + 1 of w. Hence,
2
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X | By B, Bs, 1 Y

I’1/2 ri rq rq I’1/2

Figure 14 SubRMESHSfor step4 sort

thev valuein PEf,1] of B is to be in all PEsof column[(R-1) mods,]r, +(k-1)r,/s, +

R of A following the SortTranspose. Thisis accomplishedn steps5 and6. Notethat

Sz

therearenobuscon icts in therow busbroadcast®f step5 asthe broadcastor eachs;
usesa differentrow busthat spansthe width of A.. The total numberof broadcastss 4
plusthenumbemeededo sumthesvaluesin arow of B,. We shallshortly seethatsum
ming canbe donewith 6 broadcastd-HdenceSortTranspose usesl O broadcasts.

3.1 Ranking

To sumthe s valuesin arow of anr, " r, RMESH, we usea slightly modi®Red ver-
sion of the ranking alogrithm of Jengand Sahni[JENQ91ab].This algorithmranksthe
row 1 processorof anr,” r, RMESH. The ranking is done by using 0/1 valued vari-
ables,s, in row 1. The rank of the processorin columni of row 1 is the numberof
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Stepl:

Step2:

Step3:

Step 4.

Step5:

Step6:

Broadcast therow 1 z values,usingcolumnbusesto theu variablesof all PEs
in thesamecolumnof A.

The columnj PEsin all B 's broadcastheir u values,usingrow busedocal to
eachs;j, to thev variablesof all PEsin the sames.

PE [a,b] of B setsits Svalueto 1 if (U< V) or (U=Vandb < j). Otherwise,it
setsits Svalueto 0. Thisis done,in parallel,by all PEsin all Bj,'s.

The sumof the Ss in any one row of B, is computedand storedin the R
variableof PE[k,1] of Bjx. Thisis done.in parallel,for all B's.

Using row busesPE[k,1] of eachs;, sendsts v valueto the PEin column[(Rr-

1) mods,]r, + (k-1)r,/s, + ;R— of A
2

The PEsthat receivedV valuesin step5 broadcastthis value, using column
busesto theu variablesof the PEsin the samecolumnof A,.

Figure 15 Stepsto SortTranspose W; into A,

processorsn row 1 and columnsk, k < i that haves= 1. Hence,the rank of processor
[1,r,] equalsthe sumof the s valuesin row 1 exceptwhens[1,r,] = 1. In this latter case
we needto add 1 to therankto getthe sum. The ranking algorithm of [JENQ91ab]has
threephasesssociatedvith it.

The proceduredor phasesl and 2 are quite similar. Theseare easily modi®ed to
startwith the conRgurationfollowing step3 of Figure 15 andsendthe phasel andphase
2 resultsof the rightmostodd and evencolumnsin B, to PEf,1] wherethe two results
areadded.To avoid an extrabroadcastthe resultfor the rightmostcolumn(phasel if r,
is even and phase?2 if r, is odd) is incrementedby 1 in caseS[*,r,] = 1 before the
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Bi11 Bi,12 B 1s,
Bi 21
2
Bierrl Bi,r2,52
s
A

Figure 16 Division of A intor, xr, SUbRMESHSs

braodcastWhile the phasel codeof [JENQ91abjuses4 broadcaststhe @rst of thesecan
be eliminatedaswe beginwith a con®gurationin which s[*,b] is alreadyon all rows of
columnb, 1£b £r,. So,phased and2 use6 broadcastsPhase3 of [JENQ9labjusestwo
broadcastsBoth of thesecan be eliminatedby havingtheir phasel (2) step10 directly
broadcathe rank of the rightmosteven(odd) columnto PEJk,1] bususinga row busthat
spangow k connectedo a columnbusthatspanghe rightmosteven(odd) columnof Bjj.
So,the summingoperationof step4 canbe doneusingatotal of 6 broadcasts.
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Phasel: Rank the processorsn evencolumnsof row 1. This doesnot accountfor the
1'sin the odd column.

Phase2: Phase 2: Rankthe processorén odd columnsof row 1. This doesnot account
for 1'sin the evencolumns.

Phase3: Combine oddandevenranks.

3.2 Analysisof RMESH Column Sort

First, let usconsidersortinga columnof Q whichis anr, ~ s, matrix. This requires
us to perform steps1-4 of Figure 13 on the w;'s. As we havejust seen,stepl usesl10
broadcastsStep2 is similar to stepl exceptthatwe beginwith the dataon all rows of A
andinsteadof atransposean untransposeés to performed.This meanghatstepl of Fig-
ure 15 canbe eliminatedandthe formulain step5 is to be changedto correspondo an
untransposerhe numberof broadcast$or step2 of Figure 13 is therefore9. Steps3 and
4 aresimilar andeachuses9 broadcastsT he total numberof broadcastso sorta column
of Qistherefore37.

Now, to performa SortTranspose of the columnsof Q we proceedasin a sortof the
columnsof Q exceptthat the last broadcasiof SortUnshiftperformsthe transposeand
leavesthetransposednatrixin columnmajororderin all rows of the RMESH. Thistakes
37 broadcasts.The SortUntranspose takes36 broadcastasit beginswith Q in all rows.
Similarly, step3 and4 eachtake 36 broadcastsThe total numberof broadcatss there
fore 145.

A more careful analysisrevealsthat the numberof broadcastsmeededor the Sort
Shift and SortUnshiftstepscanbe reducedby one eachasthe step5 (Figure 15) broad
cast can be eliminated. Taking this into account,the numberof broadcastgo sort a
columnof Q becomes35. Howeverto do a SortTranspose of the columnsof Q, we need
to do an additionalbroadcasturing the SortUnshiftof the w;'s. This bringsthe number
to 36. A SortUntranspose of Q takes35 broadcastandthe remainingtwo stepsof Figure



18
10 eachtakes34 broadcastsHence thetotal numberof broadcastbecomed 39.

4  Column Sort On A PARBUS

The RMESH algorithm of Section3 will work on a PARBUS asall connections
usedby it arepossiblein a PARBUS. We can,however sortusingfewerthan139broad
castson a PARBUS. If we replacethe rankingalgorithmof [JENQ91abj}thatwe usedin
Section3 by the pre® sumof [LIN92] (i.e., pre® sumN bitsona(N+1)" N PARBUS)
thenwe cansumthe Ssin a row usingtwo broadcastsThe algorithmof [LIN92] needs
to be modi®ed slightly to allow for the fact that we begin with the S valueson all
columnsandwe are summing, Svaluesonar,’ r, PARBUS ratherthanan(r,+1)" r,
PARBUS. Thesemodi®cationsare straightforward. Since the Ss can be summedin 2
broadcastsatherthan6, the SortTranspose of Figure 13 requiresonly 6 broadcastsThe
SortUntranspose canbedonein 5 broadcastsAs indicatedin the analysisof Section3,
the SortShiftand SortUnshiftstepscanbe donewithout the broadcasbf Step5 of Figure
15. So, eachof theserequireonly 4 broadcastsThus,to sorta columnof Q requires19
broadcastsi-ollowing the analysisof Section3, we seethata SortTranspose of Q canbe
donewith 20 broadcastsa SortUntranspose with 19 broadcastsanda SortShiftand Sor
tUnshift with 18 broadcastsach.Thusn numberscan be sortedon ann” n PARBUS
using75 broadcasts.

We canactually reducethe numberof broadcastdurther by beginingwith r, = n??
and s, = n¥3, While this does not satisfy the requirementthat r s 2(s- 1), Leighton
[LEIG85] hasshownthat columnsortworks for r ands suchthatr @ s(s- 1) providedthat
the Untransposef step4 is replacedby an Undiagonalize step(Figure 17). The useof
the undiagonalizing permutationonly requiresusto changethe formulausedin step5 of
Figure15to a slightly morecomplexone.This doesnot changethe numberof broadcasts
in the caseof the RMESH and PARBUS algorithmspreviouslydiscussedHowever,the
ability to user, = n?® ands, = n'?® ( insteadof r, = 2 n?3 ands, = 1/2*n'® which satisfy
r3 2(s-1)? ) signi®antly reducesthe numberof broadcastdor the PARBUS algorithm
we areaboutto describe.

Now, the SortTranspose, SortUntranspose, SortShiftand SortUnshiftfor Q are not
doneby usinganotherlevel of columnsort. Insteada countsortsimilar to that of Figure
15 is directly applied to the columnsof Q. This time, A is ann” r;=n" n?® sub
PARBUS. Let D; bethej'th (from thetop) n®" r, subPARBUS of A, (Figure 18). The
D;;'s areusedto do the countingpreviouslydoneby theB,'s. To countr, = n?? bits using
ann'?®” n23 sub PARBUS, we usethe parallel pre® sumalgorithm of [LIN92] which
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does thisin 12 broadcasts when we begin with bitsin all rows of D;; and take into account
we want only the sum and not the prefix sum. Note that the prefix sum algorithm of

[LIN92] is an iterative algorithm that uses modulo M arithmetic to sum N bits on an

(M+1)" NPARBUS. For thisit uses %’é’% iterations. For the case of summingN bits, this

logN
logM

using 6 broadcasts ( 3 for the odd bits, and 3 for the even bits). With our choice of r, and
s;, the number of iterations is 2, while withr; = 2 n?? and s; = 1/2 n3, the number of
iterations is 3. The two iterations, together, use 12 broadcasts.

is easily modified to run on an M~ N PARBUS in iterations with each iteration

1 2 4 1 10 19
3 5 7 2 12 20
6 8 10 3 13 21
9 11 13 Undiagonalize 4 14 22
12 14 16 —_—= 5 15 23
15 17 19 6 16 24
18 20 22 7 17 25
21 23 25 8 18 26
24 26 27 9 19 27

Figure 17 Undiagonalize a9 3 matrix

To get the SortTranspose algorithm for the PARBUS, we replace all occurrences of
Bijx by D;; and of PE[k,1] by PE[i,1] in Figure 15. The formula of step 5 is changed to [(R-

1) mods,]ry + (i-Dr,/s, + —f— . The number of broadcasts used by the new SortTran-

1

spose agorithm is 16. The remaining three steps of Figure 15 are similar. The SortUndi-
agonalize takes 15 broadcasts as it begins with datain all rows and the step 1 (Figure 11)
broadcast can be eliminated. The SortShift and SortUnshift each can be done in 14
broadcasts as the step 5 (Figure 15) broadcasts are unnecessary. So, the number of broad-
casts in the one level PARBUS column sort algorithmsis 59.
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Dir2

A =n’"r, =n" 2n%

Figure 18 Decomposingy into D;'s

5 Rotate Sort

Rotatesortwas developedby Marbergand Gafni [MARB88] to sortM N numbers
onanM ~ N meshwith the standardfour neighborconnectionsTo statetheir algorithm
we needto restatesomeof the de@nitions from [MARB88]. AssumethatMm = 25 andN =
22 wheres3 t. An M~ N meshcanbetiled in a naturalway with tiles of sizem ~ N¥2, This
tiling partitionsthe meshinto vertical slices(Figure 19(a)). Similarly anM ©~ N meshcan
be tiled with N¥2 " N tiles to obtain horizontalslices (Figure 19(b)). Tiling by N¥2 "~ NY2
tiles resultsin a partitioninginto blocks (Figure 19(c)). Marbergand Gafni de@ne three
procedure®nwhich rotatesortis basedThesearegivenin Figure20.

Rotatesortis comprisedof the six stepsgivenin Figure 21. Recall that a vertical
sliceis anM ~ N¥2 submesha horizontalslice is anN~ N¥2 submeshanda block is a
N2~ NY2 submesh.

Marbergand Gafni [MARB88] point outthatwhenm = N, stepl of rotatesort may
bereplacedby the steps.
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N
N N N
M M
(@) Verticle Slices (b) Horizontal Slices
N
N
(c) Blocks

Figure 19 Definitions of the Slice and block

Step 1’ (@) Sort all the columns downward;
(b) Sort all the rowsto theright;
This simplifies the algorithm when it is implemented on a mesh. However, it does
not reduce the number of bus broadcasts needed on reconfigurable meshes with buses.
Asaresult we do not consider this variant of rotate sort.
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Procedur e balance(v,w);
{Operateon submeshesf sizev " w}
sortall columnsof the submesidownward;
rotateeachrowi of the submesh, modw positionsright;

sortall columnsof the submestdownward:;
end;
(a) Balancea submesh

Procedur e unblock;
{Operateon entiremesh}
rotateeachrowi of the mesh(i.N*2) modN positionsright;

sortall columnsof the block downwards;

end;
(b) Unblock
Procedur e shear;
{Operateon entiremesh}
sortall evennumberedowsto theright andall oddnumberedowsto theleft;
sortall columnsdownward;
end;

(c) Shear

Figure 20 Proceduresfrom [MARBS8§]

6 Rotate Sort On An RMESH

In this section,we adaptthe rotatesortalgorithmof Figure 21 to sortn numberson
ann’ n RMESH. Note that the algorithm of Figure 21 sortsMN numberson anM * N
mesh.For the adaptationwe useM = N . Hence,n = N? = 2%, Then = N? numbersto be
sortedare available,initially, in thez variableof therow 1 PEsof then” n RMESH.We
assumea row major mappingfrom the N~ N meshto row 1 of the RMESH. Figure 22
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Step 1:  balance each vertical dice;

Step 2:  unblock the mesh;

Step 3:  balance each horizontal slice asif it were an N~ N¥2 mesh lying onits side;
Step 4:  unblock the mesh;

Step 5:  shear three times,

Step 6:  sort rowsto the right;

Figure 21 Rotate Sort [MARBS8]

gives the steps involved in sorting the columns of then ~ n mesh downward. Note that this
is the first step of the balance operation of step 1 of rotate sort. The basic strategy
employed in Figure 22 isto use each n” N sUbRMESH of then” n RMESH to sort one
column of theN~ N mesh.,

For this, we need to first extract the columns from row 1 of the RMESH. This is
done in steps 1-3 of Figure 22. Following this, each row of theq'thn” N sSUbRMESH con-
tains the g'th column of the N~ N mesh. Steps 4-6 implement the count phase of a count
sort. This implementation is equivalent to that used in [JENQ91b] to sort m elements on
anm” m” mRMESH. Steps 7 and 8 route the data back to row 1 of the RMESH so that
the z values in row 1 (and actually in all rows) correspond to the row major order of the
n” n mesh following a sort of its columns. The total number of broadcasts used is 12 (
note that step 6 uses 6 broadcasts).

The row rotation required by procedure balance can be obtained at no aditional cost
by changing the destination column computed in step 7 of Figure 22 so as to account for
the rotation. The second sort of the columns performed in procedure balance can be done
with 9 additional broadcasts. For this, during the first column sort of procedure balance,
the step 7 broadcast of Figure 22 takes into account both the row rotation and the row
major to column major transformation to be done in steps 1-3 of Figure 22 for the second
column sort of procedure balance. So, step 1 of rotate sort (i.e., balancing the vertcial
dlices) can be done using atotal of 21 broadcasts.

To unblock the data, we need to rotate each row and then sort the columns down-
ward. Once again, the rotation can be accomplished at no additional cost by modifying
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{sort columnsof N~ N mesh}

Stepl:

Step2:

Step 3

Step 4.

Step 5:

Step 6:

Step7:

Step8:

Use columnbusesto broadcastz[1,j] to all rows in columnj, 1 £i £ n. Now,
Z[i,i1=Z[Lj,L1EiEn,1£jEn.

Use row busesto broadcastJi,i] to the R variable of all PEson row i of the
RMESH. Now, R[i,j]=Z[i,i]=Z[1,i],1E£i£n,1E£ £n.

In the gth n” N subRMESHall, PE$i,j] suchthati modN = g modN and
(i-1)modN+1= i/N broadcastheirR valuesalongthecolumnbusesl £ q
£ N. NotethateachsuchPHi,j] containsthe i/N 'th elementof columnq of
the N” N mesh.This value is broadcastio the U variablesof the PEsin the
column.Now, eachrow of theq'th n~ N subRMESHcontainsin its U variables
columng of then” nmesh.

Now assumethatthen” n RMESH is tiled by N> N° N sUbRMESHsIn the
[ab]'th suchsubRMESH,the PEson columna of the subRMESHbroadcast
their U value usingrow buseslocal to the subRMESH.This is storedin thev
variableof eachPE.

PE [i,j] of the [ab]th subRMESH setsits S value to 0 if (U<V) or
(U=Vandi < a).

The sum of the Ss in any one row of eachof the N N sUbRMESH's is
computed.The resultfor the[a,b]'th SUbRMESHIis storedin the T variable of
PE[b, 1].

Using therow buseghatspanthen” n RMESHthe PEin position[b,1] of each
N~ N SUbRMESHa,b] sendsits v valueto the z variable of the PE in column
(b-1N+ T+ 1.

The receivedz valuesarebroadcasalongcolumnbuses.

Figure 22 Sortingthe columnsof anN " N mesh

the destinationcolumnfunction usedin step7 of the secondcolumnsort performeddur-
ing thevertical slice balancingof stepl. Thecolumnsortneedsl 1 broadcasts.
The horizontalslicescan be balancedusing 18 broadcastasthe z datais already
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distributed over the columns. The unblock of step 4 takes as many broadcasts as the
unblock of step 2 (i.e. 9).

The shear opertaion requires a row sort followed by a column sort. Row sorts are
performed using the same strategy as used for a column sort. The fact that all elements of
arow are in adjacent columns of the RMESH permits us to eliminate steps 1-3 of Figure
22. S0, a row sort takes only 9 additional broadcasts. The following column sort uses 9
broadcasts. So, each application of shear takes 18 broadcasts. Since we need to shear
three times, step 5 of rotate sort uses 54 broadcasts. Step 6 of rotate sort is a row sort.
This takes 9 broadcasts. The total number of broadcasts is 21+ 9+ 18+ 9+ 54+ 9= 120.
Thisis 19 fewer than the number of broadcasts used by our RMESH implementation of
column sort.

7 Rotate Sort On A PARBUS

Our implementation of rotate sort on a PARBUS is the same as that on an RMESH.
Note, however, that on a PARBUS ranking (step 6 of Figure 22) takes only 3 broadcasts.
Since this is done once for each/row column sort and since a total of 13 such sorts is
done, 39 fewer broadcasts are needed on a PARBUS. Hence our PARBUS implementa-
tion of rotate sort takes 81 broadcasts. Recall that Leighton’'s column sort could be imple-
mented on a PARBUS using only 59 broadcasts.

8 A Combined Sort

We may combine the first three steps of the iterative shear sort algorithm of Scher-
son et al. [SCHER89] with the last four steps of rotate sort to obtain combined sort of
Figure 23. This is stated for an N° N mesh using nearest neighbor connections. The
number of elements to sorted isN2.

Notice that step 4-7 of Figure 23 differ from steps 3-6 of Figure 21 only in that in
step 6 of Figure 23 the shear sort is done two times. The correctness of Figure 23 may be
established using the results of [SCHER89] and [MARBSS].

To implement the combined sort onann” n RMESH or n” n PARBUS ( n= N? ele-
ments to be sorted), we note that the column sort of step 3 can be done in the same
manner as the column sorts of rotate sort are done. The shift of step 2 can be combined
with the sort of step 1. The block sort of step 1 is done using submeshes of size
n” n¥ =N2?" N¥2=N2" (N¥" N¥), On a PARBUS, thisis done by ranking in n¥4 " n¥
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Stepl: Sort eachn®* " N%4 block;

Step2: Shift thei'th row by (i*N¥*) modN to theright,1£i £N;

Step3:  Sort the columnsdownward;

step4: balanceeachhorizontalslice asif it werean N~ N¥2 meshlying onits side;
Step5: unblockthe mesh;

Step6: sheartwo times,

Step7: sortrowsto theright;

Figure 23 CombinedSort

asin [LIN92] while onanRMESH,thisis doneusingthe algorithmto sorta columnof Q
usingann’ r, submeslt{section3). We omit the detailshere.The numberof broadcastss
77for PARBUS and118for anRMESH.

9 ComparisonWith Other O(1) PARBUS Sorts

As notedearlier,our PARBUS implementation of Leighton's columnsortusesonly
59 broadcastsvhereasour PARBUS implementation of rotate sort uses81 broadcasts
andour implementation of combinedsortuses77 broadcastsThe O(1) PARBUS sorting
algorithm of Jangand Prasanna [JANG92] is alsobasedon columnsort. However,it is
far more complex than our adaptationand usesmore broadcastghan doesthe O(1)
PARBUS algorithm of Lin et al. [LIN92]. So, we compareour algorithm to that of
[LIN92]. Thislatteralgorithmis not basedon columnsort. Rather,it is basedon a multi-
ple selectionalgorithm that the authorsdevelop. This multiple selectionalgorithm is
itself a simple modi®cation of a selectionalgorithm for the PARBUS. This algorithm
selectghek'th largestelementof anunorderedsets of n elementsThe multiple selection
algorithmtakesasinput an increasingsequencey; < g, < ...<g,s With 1 £ g £ n and
reportsfor eachi, the g'th largestelementof S. By selectingg = i*n %3, 1£i £n%® oneis
ableto determinepartitioningelementssuchthatthe setof n numbergo be sortedcanbe
partitionedinto n® bucketseachhavingn?® elements Eachbucketis thensortedusing
ann’ n?® subPARBUS. Lin etal. [LIN92] wereonly concernedwith developinga con
stanttime algorithmto sortn numberson ann” n PARBUS. Consequently, they did not
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attemptto minimize the numberof broadcastsieededfor a sort. However,we analyzed
versionsof their algorithmsthatwere optimizedby us. The optimizedselectionalgorithm
requires84 broadcastsand the optimizedsort algorithm used103 broadcastsThus our
PARBUS implementation of Leighton's column sort usesslightly more than half the
numberof broadcastaisedby an optimizedversionof LIN et al.'s algorithm. Further-
more,evenif onewereinterestedonly in the selectionproblem.,it would be fasterto sort
usingour PARBUS implementation of Leighton's columnsortalgorithmandthen select
theKth elementthanto usethe optimizedversionof the PARBUS selectionalgorithmof
[LIN92]. Our algorithm is also conceptually simpler than those of [JANG92] and
[LIN92]. Like the algorithmsof [JANG92] and [LIN91], our PARBUS algorithmsmay
berundirectly onann” n MRN. Thenumberof broadcastsemainsunchanged.

10 Sorting On An n¥2" n¥2" n2 RecorRgurable Meshwith Buses

Rotate sort works by sorting and/or shifting rows and columnsof anN " N array.
This algorithm may be implementedon a three dimensional;N” N“ N recor®gurable
meshwith busessoasto sortN? elementsn O(1) time. In otherwords,n=N" N elements
arebeingsortedin O(1) time onann¥?" n¥2" n¥2 RMB. Assumethatwe startwith n ele-
mentson the baseof anN” N”~ N RMB. To sortrow (column)i, we broadcasthe row
(column)to thei'th layer of N N processorandsortit in O(1) time in this layer using
the algorithmsdevelopedin this paperto sortN elementson anN"~ N RMB. The total
numberof suchsortsrequiredby rotatesortis 13 (i.e., O(1)) andthe requiredshifts may
be combinedwith the sorts.

We canextendthis to obtainan algorithmto sortN* numberson ak+1 dimensional
RMB with N**! processorsn O(1) time. The RMB hasanN” N~ ---" N con®Rguration
and the N numbersare initially in the face with k+1 dimensionequalto zero. In the
precedingparagraphwe showedhow to do this sort whenk = 2. Supposewe have an
algorithmto sortN'-* numberson anl dimensionaN' processoRMB in O(1) time. We
canusethis to sortN' numberson anN'** processoRMB in O(1) time by regardingthe
N' numbersas forming an N'-*~ N array. In the terminology of Marberg and Gafni
[MARBS88], we haveanM "~ N array with M = N'-1 2 N. To userotatesort, we needto be
ableto sortthe columnsof this array (which are of size M); sortthe rows which are of
sizeN); andperformshiftg/rotations onthe rowsor subrows.
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To do the columnsortwe usel dimensionaRMBs. The mth suchRMB consistsof
all processorsvith indexof thetype[iy,iz,...ii-1,mi+1]. By assumptionthis RMB cansort
itsN'-* numbergn O(1) time. To sortthe rows,we canusetwo dimensionaRMBs. Each
such RMB consistsof processorghat differ only in their last two dimensions(i.e.,
[a,b,c,...i1i1+1]). This sortis doneusingthe O(1) sorting algorithm for two dimensional
RMBs. Therow shiftsandrotatesare easilydonein O(1) time usingthe two dimensional
RMBs just described(actually mostof thesecan be combinedwith one of the required
sorts).

11 Conclusions

We havedevelopedelatively simplealgorithmsto sortn numberson recoriRgurable
n” n meshesvith busesFor the caseof the RMESH, our algorithmsarethe@rstto sortin
O(1) time. For the PARBUS, our algorithmsare simpler than thoseof [JANG92] and
[LIN92]. Our PARBUS column sort algorithm is the fastestof our algorithmsfor the
PARBUS. It usesfewer broadcastshan doesthe optimized versionsof the selection
algorithm of [LIN92]. Our PARBUS algorithms can be run on an MRN with no
modiRcations. Sincen " n recor®gurable meshesrequire n? areafor their layout. Our
algorithms(aswell asthoseof [JANG92] and[LIN92]) haveanareatime squareproduct
AT? of n?2 which is the bestone canhopefor in view of the lower boundresultAT? 3 n2
for the VLSI word model[LEIG85].

Using two dimensionalmesheswith buseswe are able to sortn elementsin O(1)
time usingn? processordJsinghigherdimensionaRMB, onecansortn numbersn O(1)
time usingfewer processorsin generaln = Nk numberscanbe sortedin O(1) time using
Nk*1 = n¥*¥k processorsn a k+1 dimensionalcon®guration. While the sameresult has
beenshownfor aPARBUS [JANG92b],our algorithmappliesto anRMESHalso.
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