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ABSTRACT. An optimal algorithm to route data in a mesh-connected parallel computer is presented. This
algorithm can be used to perform any data routing that can be specified by the permutation and complementing
of the bits in a PE address. Matrix transpose, bit reversal, vector reversal, and perfect shuffle are examples of data
permutations that can be specified in this way. The algorithm presented uses the minimum number of unit
distance routing steps for every data permutation that can be specified as above.
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1. Introduction

It is well known that the performance of a parallel computer is often limited by the time
spent communicating data from one processing element (PE) to another. For example, the
sorting algorithms developed by Thompson and Kung [16] and Nassimi and Sahni [9]
make use of only O(log’n) comparison steps to sort n” elements on an n X n mesh-
connected computer (MCC). These algorithms, however, require O(n) data routing steps.
For large n, the time spent doing useful work (i.e., comparisons) is negligible compared to
the time spent moving data from one PE to another. As another example, consider matrix
multiplication and inversion. It is easy to see that if enough PE’s are available, then two
n X n matrices can be multiplied using O(log n) arithmetic steps. Csanky [4] has shown
how to invert a matrix using only O(log’n) arithmetic steps on a parallel computer.
However, it is also known (Gentleman [6]) that if an MCC is used, then O(n) data routing
steps have to be performed for both multiplication and inversion. Hence, the complexity
of these operations is determined not by the time spent performing arithmetic operations
but by the time needed to route data from PE to PE.

The problem of communicating data between PE’s has received much attention in the
literature, and many PE interconnection schemes have been suggested. Lang [7] and Stone
[13] consider shuffle-exchange networks, Lawrie [8] considers Q-networks, and Swanson
[14] considers k-apart interconnections.

In this paper we are concerned only with mesh-connected computers (MCC’s). The basic
MCC model we look at is a g-dimensional generalization of an ILLIAC-1V-like computer
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{1]. Our model differs from the ILLIAC IV essentislly in the absence of end-around
connections. Our model is an SIMD machine [5] with N = 27 identical PE’s. The PE’s may
be thought of as arranged into a g-dimensional ny-1 X ng_» X + -+ X ng array, where each
n; is a power of 2. Two methods to identify a PE are used. One is the standard array
element reference PE(i;-1, ig-2, ..., i) with 0 < ih <= — 1, 0=k < g. In the second
indexing method the PE’s are numbered 0 to N — 1 using the standard row-major
representation of a g-dimensional array. The row-major index of PE(i,—1, iy-2, ..., o) is
given by m = Y120 ajij, where ao = 1, and a; = a,.1 * nj—1 for | < j < g. The PE with the
row-major address m will be referred to as PE(m). Or, representing the addresses in binary,
m = My 1My « -+ Mo, the PE may be referred to as PE(n,_1m,-» - - - mo). Note that since
each n; is a power of 2, the least significant log no bits in the row-major address correspond
to i; the next log n; bits correspond to #;; ...; and the most significant log n,-; bits
correspond to i,

Our MCC model is the same as that used in [9] and [16] and has the following properties.

(1) Each processor PE(ig-1, ..., i) is connected to its (at most 2¢) nearest neighbors
PE(g-1, ..., e £ 1, ..., lo), 0 =k < ¢, provided they exist.

(2) Each PE has at least three registers R,, R, and R,. R, is the routing register and R,
and R, are storage registers.

(3) The MCC has a routing instruction

ROUTE(L, /),

where 0 < k < ¢ and |j| < n,. The effect of this instruction is to move the data in the
routing register of every PE to the routing register of the PE j units away along the kth
dimension. That is, the contents of the routing register in PE(iy—1, ..., &, . .., lo) are moved
to PE(ip-1, ..., i+, ..., o) for all iy, iy, ..., io. This move (or shift) may be regarded
as “end-off.” When j is positive, we refer to the route as a positive route along the kth
dimension; otherwise it is referred to as a negative route. The time required by the hardware
to execute this instruction is @ + & » |j|, where a and b are constants. Each time a
ROUTE(k, -J) instruction is used, we shall say that one long-route and |j| unit-routes have
been used. One should note that the route instruction defined allows data to be routed
along only one dimension at a time. Furthermore, all data are routed in the same direction.
This is in accordance with {9] and [16].
(4) The MCC has a register transfer instruction

R’ «~R
and a register swap instruction
R’ R,

where R and R’ € {R,, R,, R,}. It is possible to specify that only certain PE’s be involved
in the transfer or swap. This is done by specifying a PE selection or enable mask. We shall
use a “processor address mask” as suggested by Siegel [12]. The mask has log N positions.
Each position may have value 0, 1, or x. Each position in the mask corresponds to a bit in

.the binary representation of a PE address (using the row-major indexing scheme). The

effect of the mask is to require enabling of all PE’s whose address bits agree with the mask
in all non-x positions. Thus, if log N = 3 then the mask 0 x 1 enables PE(1) and PE(3). For
notational simplicity, we shall specify the processor address mask by specifying a sequence
of signed integers, +i, where -+ specifies that bit i is to be 1 and —i specifies that bit i is to
be 0. “Don’t care” bits are not included in the sequence. For example, if p = log N = 3
then the instruction

R, « R, (-0, 2)

means that for each PE whose (row-major) address has a 0 in bit O and a | in bit 2 (i.e.. the
mask 1 x 0), the content of R, is to be moved to R,. So, PE(4) and PE(6) are the only PE’s






































































