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ABSTRACT

This paper extends the polynomial time algorithm we obtained in [7] to find a minimal cardinal -
ity path set that long covers each lead or gate input of a digital logic circuit. The extension of
this paper allows one to find, in polynomial time, a minimal cardinality path set that both long

and short covers these leads or gate inputs.
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1 INTRODUCTION

In the designof ultra-fastdigital logic circuitsit is importantto ascertairthe maximumand
minimum delayssuferedby signalsthroughthe circuits. The needto ascertairmaximumcircuit
delaysis quite obvious. The needto ascertairminimum circuit delaysarisesdueto requiremnts
on datahold timesat the inputsto ip- ops,the dataskewand othertiming constraintsin high
speedpipelines[19], insuring correctdataat the inputs of edgetriggered ip- ops,andin the
designof reliableasynchronousequentialogic circuits [17].

In orderto verify thatthe delaysalongall circuit pathsarewithin speciRed upperandlower
boundsone can attemptto test all circuit paths. Unfortunately such an approachwould be
impractical due to the large numberof pathsin a circuit. A more practical approachis to test
enoughpathssuchthateachcircuit leadis includedin atleastonepath. The setof pathsthatare
to betestedshouldbe suchthat a "robust" pathdelay fault detectingtestexistsfor eachpathin
the test[20]. Methodsto designcombinational logic circuits suchthat every pathin the circuit
hasa robustpath delay fault detectingtesthavebeenproposed18,21]. In suchtestablecircuits
one can selecta set of circuit pathssuchthat eachcircuit leadis includedin at leastone path.
The model we useis directly applicableto thesecircuits. In other circuits, it is possiblefor
severalpathsto be nottestable.In this caseit will be necessaryo iterateon our algorithmuntil a
setof testablepathshasbeenobtained.

Veri®cation of signal propagationin logic circuits is essentialto ensurecorrectoperation.
Suchveri®cationis necessaryo determinereliable speedof operationandusableclock frequen

cies. To perform such veri®ation one normally chosesa collection of pathsto "test" [1-2,4-



5,7,9,12-15]. Of the several methods proposed [9,12] to select paths to be tested, one isto select
a set, MaxSP, of paths such that for each lead | in the given circuit, there is at least one input to
output path in MaxSP which exhibits maximum modeled delay among al circuit paths that con-
tain . We say that MaxSP long covers the leads of the circuit. Li, Reddy, and Sahni [7] have
developed a polynomial time algorithm to find a minimum cardinality MaxSP.

A set of paths MinSP such that for each lead | there is at least one input to output path in
MinSP which exhibits minimum modeled delay among all circuit paths that contain | is also use-
ful in verifying correct circuit operation. MinSP short covers the leads of the circuit. The algo-
rithm of [7] is easily modified to find a minimum cardinality MinSP.

When testing under minimum and maximum propagation delays, one really needs a set,
MinMaxSP, of input to output paths such that for each lead | there is at least one path in Min-
MaxSP which exhibits minimum modeled delay and at |east one (not necessarily different) which
exhibits maximum modeled delay. The need to test the shortest propagation delays through cir-
cuit paths occurs in the design of asynchronous sequential logic circuits[11], synchronous
sequential logic circuits with data driven clocks, and in the design of sequential circuits using a
single (instead of multiple or two-phase non-overlapping) clock signal. MinMaxSP both short
and long covers the leads in the circuit. It iseasy to seethat if XisaMinSP set and Y a MaxSP set,
then XOY is a MinMaxSP set. However, one can easily construct circuits with the property that

Z =( X+ Y)2where X, Y, and Z are, respectively, minimal cardinality MinSP, MaxSP and
MinMaxSP sets. This, for example, is the case when all input to output paths have the same

length and the circuit contains two digoint path sets A and B which are of minimum cardinality



andwhich includeall circuit leads. In this caseA andB are, respectively, minimum cardinality
MinSP and MaxSPsets. Also, eitherA or B could be usedasa minimum cardinality MinMaxSP
set.

In this paperwe show how to @&d, in polynomial time, a minimum cardinality set Min-
MaxSP for a given combinational logic circuit. Combinational circuit veri®cationis usedto ver-
ify the sequentialcircuit delays.Since our algorithmis very closely relatedto that of [7], we
brie y review this algorithmin Section2. The algorithm to &d a minimum cardinality Min-

MaxSPis developedn Section3, andexperimentatesultsareprovidedin Section4.

2 TERMINOLOGY AND REVIEW OF [7]

Li, Reddy,and Sahni[7] haveshownhow a combinational logic circuit with possiblydifferent
gatepropagatiordelaysfor rising andfalling transitionscanbe modeledby a networkN whichiis
a directedacyclic graphin which eachedgehasa single delay associatedwith it (Figure 1).
Everyvertexin N with indegree0 is a sourcevertex.A sinkvertexis onewhich hasoutdegree.
Vertices 1 and 2 are the sourceverticesof Figure 1 while 7 and 8 are its sink vertices. The
weightof a sourceto sink pathL is the sumof the weightsof theedgesn L. ThepathL long cow

erstheedgexi,j > iff:

i) <i,j>IisanedgeofL

i)  theweightof L is maximumamongsgll pathsL thatcontainedge<i,j>.
A set, X, of sourceto sink pathsis a long cover of the networkiff every edgeof N is long

coveredby atleastonepathin X. ThepathsetX= {13468,1357,2457,2468}is a minimumcar



Figure 1. An example network

dinality long cover of the network of Figure 1.

The network model, N, of acircuit, C, obtained in [7] has the property that from a minimum
cardinality long cover of N one easily obtains a minimum cardinality MaxSP for C. The network
model N is transformed into a directed acyclic graph (dag) G, . A source to sink path in G, covers
an edge <i,j > iff <i,j> is on the path. A set of source to sink pathsis a dag cover iff each edge
<i,j> of G_ ison at least one path in the set. The G, obtained from N has the property that from
any minimum cardinality dag cover of G_ one can easily obtain a minimum cardinality long
cover of N and in turn a minimum cardinality MaxSP of the modeled circuit C.

To obtain G, from N, the edges of N are first classified into one of the categories Lyy, Lny,
Lyn, and Lnn. Let source(i) dencte the set of pathsin N that begin at a source vertex of N and end
at vertex i. Let sink(i) denote the set of paths in N that begin at i and end at a sink vertex of N.

Let longest (X) be the set of longest pathsin X. The classification for an edge <i,j > is defined as:

1) typeLyy — <i,j>isonapath inlongest (sink (i)) and longest (source(j))

2) type Lny —— <i,j> is not on any path in longest (sink(i)) but is on a path in



longest(source(j))

3) type Lyn B D <i,j> is on a path in longest(sink(i)) but not on any path in
longest(source(j))

4) typeLnnb B <i,j> isnotonanypathin longest(sink(i)) or longest(source(j)).

G, is now obtainedfrom N by replacingeachedgex<i,j> of typeLnn, Lyn, or Lny by a new

edgeasgivenin thetableof Figure2. Thisreplacemenintroducesnewverticesasindicated.

edgetype newedge newvertex
Lnn <Iij,rij> Iij,rij

Lyn <i > r

Lny <ljj,j> lij

Figure 2: Replacementor edgex<i,j >

A minimum cardinality dag cover for G, is obtainedby modelingG, asa ow network and

obtainingaminimum ow.

3 OBTAINING A MINIMUM CARDINALITY MinMaxSP

3.1 MINIMUM CARDINALITY MinSP

First, considerthe problemof obtaininga minimum cardinality path setto shortcoverthe circuit
leads. Asin [7], thecircuit is modeledby a networkN. This modelingis identicalto thatfor long

covering. A sourceto sink pathL in N shortcoversthe edge<i,j > iff:

i) <i,j>isanedgeofL



ii) theweight of L is minimum amongst all source to sink paths that contain edge <i,j>.

A short cover of a network N is a set of source to sink paths such that each edge of N is
short covered by at least one path in the path set. The path set {13457,13468,1357,2457} is a
minimum cardinality short cover of the network of Figure 1. From a minimum cardinality short
cover of N, one can obtain a minimum cardinality short cover of the modeled circuit C in the
same way as one obtains along cover of C fromalong cover of N [7].

To obtain a minimum cardinality short cover of N, one constructs a dag Gs in a manner
similar to the construction of G_. Let shortest (X) denote the set of shortest pathsin X. The edges

in N are classified as below:

5) type Syy —— <i,j> isonapath inshortest (sink(i)) and shortest (source(j))

6) type Sy —— <i,j> is not on any path in shortest(sink(i)) but is on a path in

shortest (source(j))

7) type Syn —— <i,j> is on a path in shortest(sink(i)) but not on any path in

shortest (source(j))

8) type Sin—— <i,j > isnot on any path in shortest (sink (i)) or shortest (source(j)).

Gs is obtained from N by replacing each edge <i,j > of type Sin, Syn, or Shy by a new edge
as given in the table of Figure 3. The proof of [7] is easily modified to show that there is a one-
to-one correspondence between dag covers for Gg and short covers for N. Further, from a
minimum cardinality dag cover for Gg a corresponding minimum cardinality short cover for Nis

obtained in the same manner as for long covers. A minimum cardinality dag cover for Gs is



obtainedusinga network ow modelidenticalto thatfor G, .

edgetype newedge
Snn <ljj,ri;>
Syn <i,rj>
Sny <ljj,j>

newvertex
lij.Tij
Fij

Figure 3: Replacementor edge<i,j >

Our algorithmto &d a minimum cardinality MinMaxSP beginswith the dagsG, and Gg

and constructsa new dag G, s with the propertythat a minimum cardinality dag cover for G5

correspondso a minimumcardinality coverfor N thatbothlong andshortcoversthe edgesof N.

This in turn correspondgo a minimum cardinality MinMaxSP of the modeledcircuit. Sincea

minimum cardinality long and shortcover of N may containa paththatlong coverssomeedges

and shortcoversothers,we needto understandhe conditionsunderwhich this may occur. For

this, we studysomepropertiesof the pathsandedgesn N.

3.2 PATH AND EDGE PROPERTIES

From our earlier discussion,we know that each edge has an Luv and Swx u,v,w,x € {y,n}

class®cation. In additionto these we provideanedgex<i,j > with athird class®cation:

G1. longest(source(i)) = shortes{sourceli))

andlongest(sink(j)) = shortes(sink(j)).

G2. longest(source(i)) = shortes{source(i))



andlongest(sink(j)) # shortes(sink(j)).

G3. longest(source(i)) # shortes{source(i))

andlongest(sink(j)) = shortes(sink(j)).

G4. longest(source(i)) # shortes{source(i))

andlongest(sink(j)) # shortes(sink(j)).

Noticethatlongest(source(i)) = shortes{source(i)) iff all pathsfrom a sourcevertexto vertex

i havethe samelength; longest(source(i)) # shortes(source(i)) iff at leasttwo sourceto i paths

havedifferentlengths;longest(sink(j)) = shortes{sink(j)) iff all pathsfrom j to a sink vertexare of

the samelength; andlongesi(sink(j)) # shortes(sink(j)) iff at leasttwo pathsfrom j to a sink have

differentlengths.

Lemma 1: Let P beapathin N. If P containsanedgex<i,j> of type G2, thenall edgespreceding

<i,j> areof typeG2.

Proof: If <k,| > precedes:i,j> andlongest(sourcek)) # shortes(source(k)), thenthereareat least

two pathsof differentlengthfrom sourceverticesto k andhenceto i (asthereis a pathfromktoi

in P). This contradictsthe requiremenbn vertexi thatshortes(source(i)) = longest(source(i)). So,

longest(source(k)) = shortes(sourcek)). Since <«i,j> is of type G2,

longest(sink(j)) # shortes{sink(j)) and since there is a path from to | to j, longest(sink(l)) #

shortes{sink(l)). So,<k,|>isaG2edgeO

Lemma 2: Let P bea pathin N. If P containsanedgexi,j> of type G 3, thenall edgesfollowing
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<i,j> are of type G3.

Proof: Similar to that of Lemma 1. O

Lemma 3: No path P in N can contain both aG1 and a G4 edge.

Proof: Suppose there is a path P that contains a G1 edge <i,j > that precedes a G4 edge <k,|>.

Since longest (sink (1)) # shortest (sink (1)), there are at least two paths of different lengths from | to

sinks. Hence, there are at least two paths of different lengths from j to sinks. So, longest (sink (j))

# shortest (sink (j)). But, since <i,j> isa G1 edge, longest (sink (j)) = shortest (sink (j)). A contradic-

tion. If <i,j> follows <k,1> a contradiction is similarly obtained. Hence, there is no path that

contains both aG1 and a G4 edge. O

Lemma 4: Every source to sink path in N that includes an edge <i,j > of type G1 both long and

short covers<i,j>.

Proof: Since longest (source(i)) = shortest (source(i)) and longest (sink (j)) = shortest (sink(j)), all

source to sink paths that include <i,j > are of the same length. Hence <i,j > is both long and short

covered by each such path. O

Lemma 5: Let <i,j > be of type G2 and let P be a path that includes <i,j >.

a) If Plong covers<i,j>, then neither <i,j> nor any of the edges that precede it on the path P

are short covered by P.

b) If Pshort covers<i,j>, then neither <i,j> nor any of the edges that precede it on the path P

are long covered by P.
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Proof: a) SinceP long covers<i,j>, the segmenty of P that follows the edge<i,j> mustbe in

longest(sink(j)). Sincex<i,j> is of type G2, longest(sink(j)) # shortes(sink(j)). So,Y is not in

shortes{sink(j)). Hence,P cannotshortcover<i,j> or any of the edgeshat precedet on pathP.

Theprooffor b) is similar. O

Corollary 1: No pathcanshortcoverone G2 edgeandlong coveranother(possiblythe same)

G2 edge.

Proof: Supposdhat somepathP shortcoverssomeG2 edge<i,j>. Thenfrom Lemmab b), it

follows that P cannotlong cover<i,j> or any of the edgesthat preceddt onP. If P long covers

someG2 edge<k,| > that follows <i,j>, thenfrom Lemmab a) it follows that P cannotshort

cover<i,j> (as<i,j> precedesk,| >). ThiscontradictgheassumptiorthatP shortcovers<i,j>.

So,P cannotlong coverany G 2 edge. The proof for the casewhenP long coverssomeG2 edge

is similar. O

Lemma 6: Let<i,j> beof typeG3 andlet P bea paththatincludes<i,j>.

a) If Plongcovers<i,j>, thenneither<i,j> nor any of the edgesthat follow it on the pathP

areshortcoveredby P.

b) If P shortcovers<i,j>, thenneither<i,j> nor any of the edgesthat follow it on the pathP

arelong coveredby P.

Proof: a) Since<i,j> is of type G3, longest(source(i)) # shortes{source(i)). Consequently, the

segmenty of P that precedegshe edge<i,j> is not in shortes{(i). Hence,P cannotshortcover

<i,j> oranyof theedgeghatfollow it. Theprooffor b)is similar. O
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Corollary 2: No path can short cover one G3 edge and long cover another (possibly the same)

G3edge.

Proof: Suppose that some path P short covers the G3 edge <i,j>. From Lemma 6 b), it follows

that P cannot long cover <i,j> or any of the edges that follow it. If P long covers some G3 edge

<k,| > that precedes <i,j >, then form Lemma 6 a) it follows that P cannot short cover any of the

edges that follow <k,I >. In particular, P cannot short cover the edge <i,j>. This contradicts the

assumption on P. Hence, P cannot long cover any G3 edge. In a similar manner, we can show

that a path that long covers a G3 edge cannot short cover a G3 edge. O

Lemma 7: Let <i,j > be of type G4 and let P be a path that includes <i,j >.

a) If Plong covers<i,j>, then it short covers no edgein P.

b) If Pshort covers<i,j>, then it long covers no edgein P.

Proof: a) Since<i,j> isa G4 edge, longest (source(i)) # shortest (source (i)) and longest (sink (j)) #

shortest (sink (j)). Since P long covers <i,j>, the segment Y of P that follows <i,j> is in

longest (sink (j)) and the segment Z of P that precedes <i,j> isin longest (source(i)). Consequently,

Y is not in shortest (sink (j)) and Z is not in shortest (source(i)). Hence, P cannot short cover any

edge. The proof for b) issimilar. O

Lemma 8: A source to sink path P long covers a G2 edge <i,j> and short covers a G3 edge

<k, > iff:

i)  <kl>isasuccessor of <i,j>inP

ii)  The path segment of P from the source vertex to k isin shortest (source (k))
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iii) The pathsegmenof P from j to the sink vertexis in longest(sink(j)).

Proof: Firstconsiderthe "only if* part. AssumethatP long coversthe G2 edgex<i,j> andshort
coversthe G3 edge<k,l>. From Lemmab, it follows that <k,| > mustbe a successoof <i,j>.
For ii) andiii), we note that P hasthe form P,<i,j>P,<k,| >P3. SinceP shortcovers<k,|>,
P,<i,j>P, € shortes(source(k)). Also, sinceP longcovers<i,j>, P,<k,| >P3 € longest(sink(j)).
Next, considerthe"if* part. We may assumehatboth<i,j> and<k,l > areonP. We need
to showthat conditionsi) - iii) imply that<i,j> is long coveredand<k,| > is shortcovered Since
<k,I > istotheright of <i,j >, P is of theform P, <i,j >P,<k,| >P5. LetP, <i,j>Pg besomepathin
N that long covers<i,j>. We needto show that P has the samelength as this path. Since,
P,<k,| >P5 € longest(sink(j)), andP <i,j >Pg long covers<i,j >, P,<k,| >P; andP_ havethe same
length. Also, since<i,j> is of type G2, P, andP, havethe sameength.So,P long covers<i,j>.
Let P <k, >P besomepathin N thatshortcovers<k,| >. P shortcovers<k,| > iff its length
is the sameasthat of P, <k,| >Pg. The lengthsof P, andP,<i,j>P, arethe sameasboth arein
shortes{sourcek)). Since<k,| > is of type G 3, longest(sink(l)) = shortes{sink(l)). So P; and Pg

havethe samédength.Hence P andP,_<k,| >Py areof the sameengthd

Lemma 9: If a sourceto sink pathP long coversa G2 edgec<i,j> andshortcoversa G3 edge

<k,| >, thenall pathsbetweenj andk havethe samdength.

Proof: From Lemma8) it follows that<k,| > is a successoof <i,j> onP. So,thereis at least
onepathfrom j to k in the network. Let P be of the form XYZwhereX is the segmenf P from
sourceto vertexj (i.e.,thelastedgein Xis<i,j>), Yis the segmenfrom vertexj to veretexk, and

Z is the segmenthatbeginswith edge<k,| > andendsat the sink vertex. From Lemmag ii) and
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iii), it follows thatXYis in shortes{sourcek)) andYZis in longest(sink(j)). Now, supposehatthe

newtorkhasa pathw from j to k whoselengthis differentfrom thatof the segmenty. If its length

is lessthanthe lengthof Y, thenXW s a shortersourceto k paththanXY and so XY cannotbe in

shortes{sourcek)). A contradiction. Onthe otherhand,if the lengthof Wis morethanthatof Y,

thenwzis alongerj to sink paththanyZandsoYZ cannotbein longest(sink(j)). A contradiction.

So,thereis noj to k pathw whoselengthis differentfrom thatof Y. Hence,all j to k pathsin the

networkareof the sameength. O

Lemma 10: A sourceto sink path P shortcoversa G2 edge<i,j> andlong coversa G3 edge

<k, > iff:

i)  <k,>isasuccessoof<i,j>inP

ii)  The pathsegmenof P from the sourcevertextok is in longest(source(k))

iii) The pathsegmenbdf P from j to the sink vertexis in shortes{sink(j)).

Proof: Similarto thatof Lemma8. O

Lemma 11: Let P be a paththat shortcoversa non G1 edgec<i,j> andlong coversa nonG1

edge<k,| >. P hastheform P_P,,Pg WhereP, consistssolely of G2 edgesPg consistssolelyof G3

edgesandPy, is eitheremptyor consistssolely of G 1 edgesor solely of G4 edges.NeitherP, nor

Pg is empty.

Proof: If <i,j> is a G4 edge,thenfrom Lemma? it follows that P cannotlong coverany edge.

However,by assumptionP long covers<k,l>. So,<i,j> is nota G4 edge. Similarly, <k, > is

not a G4 edge. If <i,j> is a G2 edge,thenfrom Corollary 1 <k,I > cannotbe a G2 edgeand so
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must be a G3 edge. If <i,j> isa G3 edge, then from Corollary 2 <k,1 > cannot be a G3 edge and
so must be a G2 edge. Hence, there are two cases to consider:
a) <i,j > isaG2 edge and <k, > isa G3 edge
b) <i,j> isaG3 edge and <k,| > isa G2 edge.

Let us consider case a) first. Let <i”,j"> be the last G2 edge on P and let <k”,1"> be the first
G3 edge on P. From Lemma 1, it follows that all edges that precede <i”,j"> in P are G2 edges
and from Lemma 2, it follows that all edges that follow <k’,I”> in P are G3 edges. So, <i’,j">
precedes <k’,1">. Let P_ be the segment of P from the source vertex up to and including <i”,j >
and let Py be the be the segment of P from (and including) <k”,1"> to the end of P. Let Py, be the
segment between P, and Pg. We have aready shown that P, consists solely of G2 edges, Pk con-
sists solely of G3 edges, P, includes at least the edge <i,j > and so is not empty, and Py includes
at least the edge <k,I> and so is not empty. It remains to show that Py, consists solely of G1
edges or solely of G4 edges. From our selection of <i”,j"> and <k”,1"> it follows that Py cannot
contain any G2 or G3 edges. Also, from Lemma 3, Py, cannot contain both a G1 and a G4 edge.
So, if Py, is not empty, then it consists solely of G1 or solely of G4 edges.

Now, we prove the Lemmafor case b). Let <i”,j"> bethe first G3 edge on P and let <k”,1">
be the last G2 edge on P. From Lemma 1, it follows that all edges that precede <k’,I”> in P are
G2 edges and from Lemma 2, it follows that all edges that follow <i”,j"> in P are G3 edges. So,
<k’,|”> precedes <i’,j">. Let P_ be the segment of P from the source vertex up to and including
<k’,I”> and let P be the be the segment of P from (and including) <i’,j"> to the end of P. Let Py

be the segment between P. and Pg. P_ consists solely of G2 edges, Pr consists solely of G3
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edgesandneitherP, nor P is empty. From our selectionof <i Aj& and<kAlZ it follows that
Py cannotcontainany G2 or G3 edges.Also, from Lemmag3, Py, cannotcontainbotha G1landa

G4 edge. So,if Py is notempty,thenit consistssolely of G1 or solely of G4 edges.O

Lemma 12:; Let P beasin Lemmall.

a) If<i,j>isin P, thenthelastshortcoverededgein P is of type Synor Snnandthe @stlong

coverededgeis of typeLny or Lnn.

b) If<k,I>isin P, thenthelastlong coverededgein P is of typeLyn or Lnn andthe @stshort

coverededgeis of type Snyor Snn

Proof: We proveonly a). The proof for b) is similar. By assumptiongi,j> is a shortcovered
edgeandit is in P.. So,we arein casea) of the proof of Lemmall. Hencex<i,j> isaG2 edge
and<k,l > is aG 3 edgewhich mustbe partof Pz. Let <a,b> bethelast shortcoverededgeof P.
From Corollary 2, it follows that this edgecannotbe a G3 edge. Hence,it mustbe partof P_ or
Pu. In eithercase,t precede®i. Let <b,c> immediatelyfollow <a,b> in P (<b,c> existsasPg
is not empty). We needto showthat <a,b> is not on any pathin shortes{sourceb)). Suppose
<a,b> is onashortespathQ from somesourcevertexto b. Q hastheform X<a,b> andP hasthe
formPAa,b><b,c>PM Since<a,b> is shortcoveredby P, X andPAhavethe sameength. Since
P shortcovers<a,b>, <b,c>PAis a shortesipathfrom b to a sink. Hence X <a,b><b,c>PAshort
covers<hb,c>. So,P=Pka,b><b,c>PMshortcovers<b,c>. This contradictsthe assumptiorthat
<a,b> is the last short covered edge. Consequently, <a,b> is not on any path in

shortes(source(b)). Hence<a,b> is of type Synor Snn
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Since <i,j> is short covered and of type G2, Corrolary 1 implies that the long covered

edges cannot be of type G2. From Lemma 11, it follows that the long covered edges must be in

Py and/or Pg and so must follow P_. Let <f,g> bethe first long covered edge. We need to show

that <f,g> is not on any path in longest (sink (f)). Let <ef > be the edge that immediately pre-

cedes it on P. Such an edge must exist as by Lemma 11 P_ is not empty. If <f,g>Y isin

longest (sink (f )), then the length of Y must equal that of P”” where P=P’<g,f ><f,g>P"" as<f,g>

islong covered by P. Hence, <f,g>P"" € longest (sink(f)). Since<f,g> islong covered by P, P" is

a longest path from a source to e. Now, since P° & longest(source(e)) and <f,g>P" ¢

longest (sink (f )), P must long cover <e,f >. This contradicts the assumption on <f,g>. So, <f,g>

ison no path inlongest (sink (f)) and therefore must be of type Lny or Lnn. O

3.3 CONSTRUCTION OF G

The network G, 5 is to have the property that a minimum cardinality cover (by paths) of its edges

corresponds to a minimum cardinality MinMaxSP of the original network. Let H be the graph G_

0 Gs. That is, the vertices in H are the vertices in G, and Gg and the edgesin H are those in G, as

well asthose in Gs. Since the vertices in G, and Gs have the same labdls, it is necessary to rela-

bel these in H. The relabeling scheme we use prefixes each vertex labdl in G with an | and each

vertex label in Gg with an s. Figures 4 and 5, respectively, give the G, and Gg networks that

correspond to the network of Figure 1. The vertices have been relabeled as stated. The two

figures together define H. A source to sink path in H corresponds to a source to sink path in the

network N of Figure 1. If the H path isin the G, (Gg) part of H, then the corresponding path in N
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is obtainedby @rst mappingthe H edgesbackto the N edgesand then extendingthe resulting
pathof N to a sink andsourceusinga longest(shortestlsuchextensionthe pathof N so obtained
long (short)coversthe edgeson the path. So,at presentwe only havethe capability to generate
pathsthat either long cover or shortcover edges. To allow for a path to simultaneously long
coverandshortcoveredgeswe needto modify H sothat pathsfrom the G, componentancross

into the Gg componenandvice versa.

Figure 4: G, obtainedfrom networkin Figurel.

From Lemma4, we seethat G1 edgesarelong and shortcoveredby all paths. So,we can
modify H so asnot to requiretwo separatgaths(onethatlong coversthe G1 edgeandancther

that shortcoversit). This is accomplishedusing the transformation of Figure 6. In this ®ure
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Figure 5: Gg obtainedfrom networkin Figurel.

<a,b> and<c,d> are,respectively, theimagesof the sameG1 edge<i,j> in G. andGs. y andz
aretwo new vertices. When coveringthe edgesof the resultingnetworkHAwe relax the cover
ing requiremensothatedgesof thetype el throughe4 (Figure 6) neednot be on any pathin the
cover. However,all edgesof type e5 mustbe on at leastonepathin the cover. We referto this
relaxednotion of coveraspartial coverandde@neit morepreciselylater. e5 is now theimageof
the G1 edge<i,j>. Sincethe resultingnetworkhasonly oneimagefor eachG1 edgeandsince
edgesof typeel throughe4 arenot requiredto be on a pathof a partial cover,the transformation
of Figure6 makesit possibleto covertheimageof eachG1 edgeby a singlepathin the (partial)

cover. Without this transformation, eachG1 edgewould havetwo imagesandeachimagewould
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have to be on at least one path in the cover.

Figure 6: Step 2 transformation for G 1 edges

From Lemma 7, paths that long (short) cover a G4 edge cannot short (long) cover any edge.
So, for G4 edges no path cross overs between the G, and Gg copmponents of H are to be pro-
vided. We do, however, need to provide for paths of the type described by Lemmas 8 through 12.
For this we need to provide path connections from G2 edges of type Syn and Shn to G3 edges of
type Lny and Lnn as well as from G2 edges of type Lyn and Lnn to G3 edges of type Sy and Shn.

When this is done, we get the network G, s. The construction of G g is described below.

Stepl:  [Construct H, the union of G, and Gg]
Begin with acopy of G, and one of Gs. Prefix each vertex in G, with an | and each one
in Gs with an s. This is just to make the two vertex sets different. Following this, we

have the network H described above.

Step2:  [Account for G1 edges asin Lemmad4]

For each G1 edge <i,j> inN, let <a,b> and <c,d>, respectively, be itsimage in G, and



Step3:
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Gs.

i) Delete<a,b> and<c,d> fromthegraph.

ii) Addedges<a,y>, <c,y>, <y,z>, <z,b>, and<z,d> (Figure6). We now havethe

networkHAdescribedsbove.

[Lemmas8 throughlland12a)]

For eachG2 edgexi,j > of type Synor Snnconnect(by meansof directededges)the

imageof vertexj in Gg to theimagesin G, of all verticesk in N suchthat

i) <k,I > is aG 3 edgeof typeLny or Lnn;

ii) thereisapathfromjtokinN;

iy <i,j>isonatleastonepathin longest(sourcek));

iv)  <k,I>isonatleastonepathin shortes(sink(j)); and

v)  al pathsfromj to k havethe samelength.

[Lemmas8 throughlland12b)]

For eachG2 edgexi,j> of typeLyn or Lnn connect(by meansof directededges)the

imageof vertexj in G, to theimagein Gg of all verticesk in N suchthat:

i) <k,I > is aG 3 edgeof type Snyor Snr

ii)  thereisapathfromjtokinN;

iy <i,j>isonatleastonepathin shortes{source(k));

iv)  <k,I>isonatleastonepathin longest(sink(j)); and
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v)  al pathsfrom j to k have the same length.

Figure 7 shows the G, 5 obtained for the network of Figure 1 using the above construction.

Lemma 13: Let P beapathin G s. P isof one of the following types:

a) AlledgesinPareinG_

b) AlledgesinPareinGg

¢) Pisof theformP_PyPg whereadl edgesin P, arein G_; those in Py, are edges introduced in

step2; and those in P arein G_. Note that P_ or Pk or both may be empty.

d) Pisasinc) except that all Pz edges arein Gs.

€) Pisasinc)except that al P edges arein Gs.

f)  Pisasinc) except that al P_ and P edges are in Gs.

g) AlledgesinP, areinGg; Py isan edge introduced in Step 3; P contains only edgesin G, .

h) All edgesinP_arein G; Py isan edge introduced in Step 4; all edgesin P arein Gs.

Proof: Follows from the construction of G, Gs, and G, s and the properties of G1, G2, G3, G4

edges. O

Lemma 14: Let P be a path in G 5. Let Q be its extension to a source to sink path of N. This

extension is obtained in the following way:

() Ifthefirst (last) edgein Pisin G, then extend leftwards (rightwards) to a source (sink) of N

using a longest such extension.

(2) |If thefirst (last) edgein P isin G, then the extension to a source (sink) is by a shortest such
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extension.

(3) If Q contains Step 2 edges, these are mapped back to the G 1 edges of N that they are the

image of .

(4) If Qcontains aStep 3 or Step 4 edge, it isreplaced by aj tok path in N.

Let <i,j> be an edge on Q. If <i,j> isin G, then Q long covers<i,j>. If <i,j> in Gg, Q short

covers<i,j>. If <i,j> isaG1 edge, then Q both long and shortcoverss<i,j>.

Proof: We consider the eight cases of Lemma 13. For P of type @), b), ¢) and f) the Lemma fol-
lows from the construction of G, and Gs. For d), P, consists of zero or more G, edges followed
by one or more Step 2 edges (actually at least 3 will be there), followed by zero or more Gg
edges. Each set of 3 Step 2 edges represents aG 1 edge. The Lemma follows from the definition
of a G1 edge which requires that shortes{source(i)) = longest(source(i)) and shortes{(sink(j)) =
longest(sink(j)). The proof for €) is similar. Now consider g). P is comprised of one or more Gg
edges followed by a Step 3 edge followed by one or more G, edges. Let <i,j> bethelast Gs edge
and let <k,| > be the first G, edge. By construction, <i,j> isaG2edge. Since<i,j> ison at least
one path in longest(source(k)); shortes(source(i)) = longest(source(i)) and all paths between j and
k have the same length, it follows that the left segment of Q up to vertex k is in a path in
longest(sourcek)). Also, since <k, > ison at least one path in shortes{sink(j)); shortes{sink(l)) =
longest(sink(l)); and all paths between j and k have the same length, it follows that the segment
of Q from j to the sink is in shortes(sink(j)). The conditions of Lemma 10 are satisfied and so

<i,j> is short covered and <k, > long covered. From the construction of Gs and the just proved
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Dottedlinesareedgesn G,.
Dashedinesareedgesn Gs.
solid linesareedgescreatedby the construction.

Figure 7: G s obtainedfrom G, andGg of Figures4 and5.
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fact that the segment of Q from j to the sink isin shortest (sink (j)), it follows that all G5 edgesin Q

are short covered. Similarly, all G, edges are long covered. The lemma s proved similarly for

the case when P is of type h). O

Definition: Y is a partial cover of G s iff every edge of G g except possibly edges of type el

through e4 (cf, Figure 6) introduced in Step 2 of the construction and edges introduced in Steps 3

and 4 of the construction are on at least one path in Y. O

Any set of paths that includes all dotted and dashed edges as well as the e5 type edge <y,z> of

Figure 7 defines a partial cover of the G, of Figure 7.

Lemma 15: Let Y be a partial cover of G s. Yisreadily transformed into a MinMaxSP Z of the

network Nsuchthat Y = Z.

Proof: The pathsin Y are extended as described in Lemma 14. Each path P € Y results in exactly
onepath QeZ So, Y = Z. Further, since Y is a partial cover of G, all edges except possibly
edges of type el through e4 introduced into G, g in Step 2 of the construction and the edges intro-
duced in Steps 3 and 4 are included on paths in Y. From Lemma 14, it follows that the set of
extended paths of N obtained from Y in the manner described in Lemma 14 long and short cover

al edges of N. So,ZisaMinMaxSP of N. O

Theorem 1: Let X be a minimum cardinality MinMaxSP of N and Y a minimum cover of Gs.

X=Y.

Proof: Each path in X corresponds to exactly one path in G s. This path is obtained by simply

using the mappings from N to G, and Gs and the transformations of Steps 1 through 4 that obtain
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G.s. Further, the setof pathsobtainedin this way form a partial coverof G s. The size of this
partial coveris X nadthismustbe>=Y asYis aminimumcoverof G s. From Lemmal5andthe

minimality of X, it follows thatthe size of the partial covermustexactlyequal Y. O

3.4 SUMMARY

Ouralgorithmto obtaina MinMaxSP of a circuit, C, with rising andfalling delaysconsistsof the

following steps:
S1: From C constructanequivaleninetworkN asin [7].
S2 FromN constructadagG, 5 asdescribedn Section3.3.

S3 Transform the dag G5 into a network ow problem,F, asin [7]. However,Step2 edges
el-e4, Step3 andStep4 edgesof the G, s constructionhavea lower capacityL;; of O rather

thanl.
$4  Findaminimum owin F.
S5 Fromtheminimum ow constructthe partial coverof G s.
S6  Fromthepartial coverobtainthe MinMaxSPof N.

S7  From this obtainthe MinMaxSPof C.
As in the caseof [7] the overall complexity of the algorithmis dominatedby S4. This step
requiresO (m(m-+n)) time wheren andm are, respectively, the numberof verticesand edgesin

thecircuit C.

The ow network corresponding to the G5 of Figure 7 is shownin Figure 8. A partial
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All solid lines have lower capacity 1.
All dashed lines have lower capacity 0.

Figure 8: Flow network for G g in Figure 7.

cover aswell asits extension to a MinMaxSP set for the network of Figure 1 are given in Figure
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partial cover extension
(s1214,16,18,t) (2,4,6,8)
(5,11,13,R34,9L 54,56,58,t) (1,3,4,6,8)
(5,52,804,IL 45,15,17,1) (2,4,5,7)
(5,4-34,54,R4s5,1) (1,3,4,5,7)
(s,51,53,y,2,85,57,1) (1,3,5,7)

long covers
<2,4><4,6><6,8>
<1,3>,<3,4>
<4,5>,<5,7>

none

<3,5>

shortcovers

none

<4,6><6,8>
<2,4>

<3/4><45>

<1,3> <35> <57>

Figure 9: A partial coverof the ow networkof Figure8 andits extensionwith long and short

coverededges.

4 EXPERIMENTAL RESULTS

We programmedbur algorithmin C and experimentedwith the ten ISCAS circuits usedin the

experimentgeportedin [7]. Figure10 givesthe numberof pathsin the union of aminmumcar

dinality MinSP and a minimum cardinality MaxSP as well asin a minimum cardinality Min-

MaxSPfor eachof the ten circuits. The last column gives the differencebetweenthe sizes of

thesetwo sets. Figure11 givesthe runtime, in secondspn an Apollo DN3000workstation.The

time to computethe union of a minimum cardinality MinSP and a minimum cardinality MaxSP

wasobtainedby runningthe algorithmof [7] to &d a minimum cardinality MaxSPandthenrun

ning its modi®cation (Section3.1) to ®d a minimum cardinality MinSP. The sumof thesetwo

timesis the time to computeMinSP O MaxSP. Theruntime of the algorithmobtainedin Section

3.4to0 ®d a minimumcardinality MinMaxSPis givenin thelastcolumn.
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