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ABSTRACT

This paper extends the polynomial time algorithm we obtained in [7] to find a minimal cardinal-

ity path set that long covers each lead or gate input of a digital logic circuit. The extension of

this paper allows one to find, in polynomial time, a minimal cardinality path set that both long

and short covers these leads or gate inputs.
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1 INTRODUCTION

In thedesignof ultra-fastdigital logic circuits it is importantto ascertainthemaximumand

minimumdelayssufferedby signalsthroughthecircuits. Theneedto ascertainmaximumcircuit

delaysis quite obvious. Theneedto ascertainminimumcircuit delaysarisesdueto requiremnts

on datahold timesat the inputs to ¯ ip-¯ ops,the dataskewandothertiming constraintsin high

speedpipelines[19], insuringcorrectdataat the inputs of edgetriggered¯ ip-¯ ops,and in the

designof reliableasynchronoussequentiallogic circuits [17].

In orderto verify thatthedelaysalongall circuit pathsarewithin speci®edupperandlower

boundsone can attempt to test all circuit paths. Unfortunately such an approachwould be

impracticaldue to the large numberof pathsin a circuit. A morepractical approachis to test

enoughpathssuchthateachcircuit leadis includedin at leastonepath. Thesetof pathsthatare

to be testedshouldbe suchthat a "robust" pathdelay fault detectingtestexistsfor eachpath in

the test [20]. Methodsto designcombinational logic circuits suchthat everypath in the circuit

hasa robustpathdelay fault detectingtesthavebeenproposed[18,21]. In suchtestablecircuits

one can selecta set of circuit pathssuchthat eachcircuit lead is includedin at leastonepath.

The model we use is directly applicableto thesecircuits. In other circuits, it is possiblefor

severalpathsto benot testable.In this caseit will benecessaryto iterateonouralgorithmuntil a

setof testablepathshasbeenobtained.

Veri®cationof signal propagationin logic circuits is essentialto ensurecorrectoperation.

Suchveri®cationis necessaryto determinereliablespeedof operationandusableclock frequen-

cies. To perform suchveri®cation one normally chosesa collection of pathsto "test" [1-2,4-
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5,7,9,12-15]. Of the several methods proposed [9,12] to select paths to be tested, one is to select

a set, MaxSP, of paths such that for each lead l in the given circuit, there is at least one input to

output path in MaxSP which exhibits maximum modeled delay among all circuit paths that con-

tain l. We say that MaxSP long covers the leads of the circuit. Li, Reddy, and Sahni [7] have

developed a polynomial time algorithm to find a minimum cardinality MaxSP.

A set of paths MinSP such that for each lead l there is at least one input to output path in

MinSP which exhibits minimum modeled delay among all circuit paths that contain l is also use-

ful in verifying correct circuit operation. MinSP short covers the leads of the circuit. The algo-

rithm of [7] is easily modified to find a minimum cardinality MinSP.

When testing under minimum and maximum propagation delays, one really needs a set,

MinMaxSP, of input to output paths such that for each lead l there is at least one path in Min-

MaxSP which exhibits minimum modeled delay and at least one (not necessarily different) which

exhibits maximum modeled delay. The need to test the shortest propagation delays through cir-

cuit paths occurs in the design of asynchronous sequential logic circuits[11], synchronous

sequential logic circuits with data driven clocks, and in the design of sequential circuits using a

single (instead of multiple or two-phase non-overlapping) clock signal. MinMaxSP both short

and long covers the leads in the circuit. It is easy to see that if X is a MinSP set and Y a MaxSP set,

then X∪Y is a MinMaxSP set. However, one can easily construct circuits with the property that

�
Z

�
 = (

�
X

�
+

�
Y

�
)/2 where X, Y, and Z are, respectively, minimal cardinality MinSP, MaxSP and

MinMaxSP sets. This, for example, is the case when all input to output paths have the same

length and the circuit contains two disjoint path sets A and B which are of minimum cardinality
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andwhich includeall circuit leads. In this caseA andB are,respectively, minimumcardinality

MinSPandMaxSPsets. Also, eitherA or B couldbeusedasa minimumcardinalityMinMaxSP

set.

In this paperwe show how to ®nd, in polynomial time, a minimum cardinality set Min-

MaxSP for a givencombinational logic circuit. Combinational circuit veri®cationis usedto ver-

ify the sequentialcircuit delays.Sinceour algorithm is very closely relatedto that of [7], we

briē y review this algorithm in Section2. The algorithm to ®nd a minimum cardinality Min-

MaxSPis developedin Section3, andexperimentalresultsareprovidedin Section4.

2 TERMINOLOGY AND REVIEW OF [7]

Li, Reddy,andSahni[7] haveshownhow a combinational logic circuit with possiblydifferent

gatepropagationdelaysfor rising andfalling transitionscanbemodeledby a networkN which is

a directedacyclic graph in which eachedgehasa single delay associatedwith it (Figure 1).

Everyvertexin N with indegree0 is a sourcevertex.A sinkvertexis onewhich hasoutdegree0.

Vertices 1 and 2 are the sourceverticesof Figure 1 while 7 and 8 are its sink vertices. The

weightof a sourceto sink pathL is thesumof theweightsof theedgesin L. ThepathL longcov-

erstheedge<i , j > iff:

i) <i , j > is anedgeof L

ii) the weightof L is maximumamongstall pathsL thatcontainedge<i , j >.

A set,X, of sourceto sink pathsis a long coverof the network iff everyedgeof N is long

coveredby at leastonepathin X. ThepathsetX= {13468,1357,2457,2468} is a minimumcar-
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Figure 1: An example network

dinality long cover of the network of Figure 1.

The network model, N, of a circuit, C, obtained in [7] has the property that from a minimum

cardinality long cover of N one easily obtains a minimum cardinality MaxSP for C. The network

model N is transformed into a directed acyclic graph (dag) GL. A source to sink path in GL covers

an edge <i, j > iff <i, j > is on the path. A set of source to sink paths is a dag cover iff each edge

<i, j > of GL is on at least one path in the set. The GL obtained from N has the property that from

any minimum cardinality dag cover of GL one can easily obtain a minimum cardinality long

cover of N and in turn a minimum cardinality MaxSP of the modeled circuit C.

To obtain GL from N, the edges of N are first classified into one of the categories Lyy, Lny,

Lyn, and Lnn. Let source (i) denote the set of paths in N that begin at a source vertex of N and end

at vertex i. Let sink (i) denote the set of paths in N that begin at i and end at a sink vertex of N.

Let longest (X) be the set of longest paths in X. The classification for an edge <i, j > is defined as:

1) type Lyy —— <i, j > is on a path in longest (sink (i)) and longest (source (j))

2) type Lny —— <i, j > is not on any path in longest (sink (i)) but is on a path in
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longest(source(j ))

3) type Lyn Ð Ð <i , j > is on a path in longest(sink(i )) but not on any path in

longest(source(j ))

4) typeLnn Ð Ð <i , j > is notonanypathin longest(sink(i )) or longest(source(j )).

GL is now obtainedfrom N by replacingeachedge<i , j > of type Lnn, Lyn, or Lny by a new

edgeasgivenin thetableof Figure2. This replacementintroducesnewverticesasindicated.

edgetype newedge newvertex

Lnn <l i j ,r i j> l i j ,r i j

Lyn <i ,r i j> r i j

Lny <l i j , j > l i j

Figure 2: Replacementfor edge<i , j >

A minimum cardinality dag cover for GL is obtainedby modeling GL as a ¯ ow network and

obtaininga minimum¯ ow.

3 OBTAINING A MINIMUM CARDINALITY MinMaxSP

3.1 MINIMUM CARDINALITY MinSP

First,considertheproblemof obtaininga minimumcardinalitypathsetto shortcoverthecircuit

leads. As in [7], thecircuit is modeledby a networkN. Thismodelingis identicalto that for long

covering. A sourceto sink pathL in N shortcoverstheedge<i , j > iff:

i) <i , j > is anedgeof L
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ii) the weight of L is minimum amongst all source to sink paths that contain edge <i, j >.

A short cover of a network N is a set of source to sink paths such that each edge of N is

short covered by at least one path in the path set. The path set {13457,13468,1357,2457} is a

minimum cardinality short cover of the network of Figure 1. From a minimum cardinality short

cover of N, one can obtain a minimum cardinality short cover of the modeled circuit C in the

same way as one obtains a long cover of C from a long cover of N [7].

To obtain a minimum cardinality short cover of N, one constructs a dag GS in a manner

similar to the construction of GL. Let shortest (X) denote the set of shortest paths in X. The edges

in N are classified as below:

5) type Syy —— <i, j > is on a path in shortest (sink (i)) and shortest (source (j))

6) type Sny —— <i, j > is not on any path in shortest (sink (i)) but is on a path in

shortest (source (j))

7) type Syn —— <i, j > is on a path in shortest (sink (i)) but not on any path in

shortest (source (j))

8) type Snn —— <i, j > is not on any path in shortest (sink (i)) or shortest (source (j)).

GS is obtained from N by replacing each edge <i, j > of type Snn, Syn, or Sny by a new edge

as given in the table of Figure 3. The proof of [7] is easily modified to show that there is a one-

to-one correspondence between dag covers for GS and short covers for N. Further, from a

minimum cardinality dag cover for GS a corresponding minimum cardinality short cover for N is

obtained in the same manner as for long covers. A minimum cardinality dag cover for GS is
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obtainedusinga network¯ ow modelidenticalto that for GL.

edgetype newedge newvertex

Snn <l i j ,r i j> l i j ,r i j

Syn <i ,r i j> r i j

Sny <l i j , j > l i j

Figure 3: Replacementfor edge<i , j >

Our algorithmto ®nd a minimum cardinality MinMaxSPbeginswith the dagsGL andGS

and constructsa new dag GLS with the propertythat a minimum cardinality dag cover for GLS

correspondsto a minimumcardinalitycoverfor N thatbothlong andshortcoverstheedgesof N.

This in turn correspondsto a minimum cardinality MinMaxSPof the modeledcircuit. Sincea

minimumcardinality long andshortcoverof N maycontaina paththat long coverssomeedges

andshortcoversothers,we needto understandthe conditionsunderwhich this may occur.For

this,we studysomepropertiesof thepathsandedgesin N.

3.2 PATH AND EDGE PROPERTIES

From our earlier discussion,we know that each edge has an Luv and Swx, u,v,w,x ε {y,n}

classi®cation. In additionto these,we provideanedge<i , j > with a third classi®cation:

G1: longest(source(i )) = shortest(source(i ))

andlongest(sink(j )) = shortest(sink(j )).

G2: longest(source(i )) = shortest(source(i ))
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andlongest(sink(j )) ≠ shortest(sink(j )).

G3: longest(source(i )) ≠ shortest(source(i ))

andlongest(sink(j )) = shortest(sink(j )).

G4: longest(source(i )) ≠ shortest(source(i ))

andlongest(sink(j )) ≠ shortest(sink(j )).

Noticethat longest(source(i )) = shortest(source(i )) iff all pathsfrom a sourcevertexto vertex

i havethe samelength; longest(source(i )) ≠ shortest(source(i )) iff at least two sourceto i paths

havedifferentlengths;longest(sink(j )) = shortest(sink(j )) iff all pathsfrom j to a sink vertexareof

thesamelength;andlongest(sink(j )) ≠ shortest(sink(j )) iff at leasttwo pathsfrom j to a sink have

differentlengths.

Lemma 1: Let P bea pathin N. If P containsanedge<i , j > of typeG2, thenall edgespreceding

<i , j > areof typeG2.

Proof: If <k,l > precedes<i , j > andlongest(source(k)) ≠ shortest(source(k)), thenthereareat least

two pathsof differentlengthfrom sourceverticesto k andhenceto i (asthereis a pathfrom k to i

in P). This contradictsthe requirementon vertex i thatshortest(source(i )) = longest(source(i )). So,

longest(source(k)) = shortest(source(k)). Since <i , j > is of type G2,

longest(sink(j )) ≠ shortest(sink(j )) and since there is a path from to l to j, longest(sink(l )) ≠

shortest(sink(l )). So,<k,l > is a G2edge.

Lemma 2: Let P bea pathin N. If P containsanedge<i , j > of typeG3, thenall edgesfollowing
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<i, j > are of type G 3.

Proof: Similar to that of Lemma 1.

Lemma 3: No path P in N can contain both a G1 and a G4 edge.

Proof: Suppose there is a path P that contains a G1 edge <i, j > that precedes a G4 edge <k,l >.

Since longest (sink (l)) ≠ shortest (sink (l)), there are at least two paths of different lengths from l to

sinks. Hence, there are at least two paths of different lengths from j to sinks. So, longest (sink (j))

≠ shortest (sink (j)). But, since <i, j > is a G1 edge, longest (sink (j)) = shortest (sink (j)). A contradic-

tion. If <i, j > follows <k,l > a contradiction is similarly obtained. Hence, there is no path that

contains both a G1 and a G4 edge.

Lemma 4: Every source to sink path in N that includes an edge <i, j > of type G 1 both long and

short covers <i, j >.

Proof: Since longest (source (i)) = shortest (source (i)) and longest (sink (j))  = shortest (sink (j)), all

source to sink paths that include <i, j > are of the same length. Hence <i, j > is both long and short

covered by each such path.

Lemma 5: Let <i, j > be of type G 2 and let P be a path that includes <i, j >.

a) If P long covers <i, j >, then neither <i, j > nor any of the edges that precede it on the path P

are short covered by P.

b) If P short covers <i, j >, then neither <i, j > nor any of the edges that precede it on the path P

are long covered by P.
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Proof: a) SinceP long covers<i , j >, the segmentY of P that follows the edge<i , j > mustbe in

longest(sink(j )). Since <i , j > is of type G2, longest(sink(j )) ≠ shortest(sink(j )). So, Y is not in

shortest(sink(j )). Hence,P cannotshortcover<i , j > or anyof theedgesthatprecedeit on pathP.

Theproof for b) is similar.

Corollary 1: No pathcanshortcoveroneG2 edgeand long coveranother(possiblythe same)

G2 edge.

Proof: Supposethat somepathP shortcoverssomeG2 edge<i , j >. Thenfrom Lemma5 b), it

follows that P cannotlong cover<i , j > or anyof theedgesthat precedeit on P. If P long covers

someG2 edge<k,l > that follows <i , j > , then from Lemma5 a) it follows that P cannotshort

cover<i , j > (as<i , j > precedes<k,l >). ThiscontradictstheassumptionthatP shortcovers<i , j > .

So,P cannotlong coveranyG2 edge. Theproof for thecasewhenP long coverssomeG2 edge

is similar.

Lemma 6: Let <i , j > beof typeG3 andlet P bea paththat includes<i , j >.

a) If P long covers<i , j >, thenneither<i , j > nor any of the edgesthat follow it on the pathP

areshortcoveredby P.

b) If P shortcovers<i , j >, thenneither<i , j > nor anyof theedgesthat follow it on the pathP

arelongcoveredby P.

Proof: a) Since<i , j > is of type G3, longest(source(i )) ≠ shortest(source(i )). Consequently, the

segmentY of P that precedesthe edge<i , j > is not in shortest(i ). Hence,P cannotshort cover

<i , j > or anyof theedgesthatfollow it. Theproof for b) is similar.
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Corollary 2: No path can short cover one G 3 edge and long cover another (possibly the same)

G 3 edge.

Proof: Suppose that some path P short covers the G3 edge <i, j >. From Lemma 6 b), it follows

that P cannot long cover <i, j > or any of the edges that follow it. If P long covers some G3 edge

<k,l > that precedes <i, j >, then form Lemma 6 a) it follows that P cannot short cover any of the

edges that follow <k,l >. In particular, P cannot short cover the edge <i, j >. This contradicts the

assumption on P. Hence, P cannot long cover any G 3 edge. In a similar manner, we can show

that a path that long covers a G3 edge cannot short cover a G3 edge.

Lemma 7: Let <i, j > be of type G 4 and let P be a path that includes <i, j >.

a) If P long covers <i, j >, then it short covers no edge in P.

b) If P short covers <i, j >, then it long covers no edge in P.

Proof: a) Since <i, j > is a G4 edge, longest (source (i)) ≠ shortest (source (i)) and longest (sink (j)) ≠

shortest (sink (j)). Since P long covers <i, j >, the segment Y of P that follows <i, j > is in

longest (sink (j)) and the segment Z of P that precedes <i, j > is in longest (source (i)). Consequently,

Y is not in shortest (sink (j)) and Z is not in shortest (source (i)). Hence, P cannot short cover any

edge. The proof for b) is similar.

Lemma 8: A source to sink path P long covers a G 2 edge <i, j > and short covers a G 3 edge

<k,l > iff:

i) <k,l > is a successor of <i, j > in P

ii) The path segment of P from the source vertex to k is in shortest (source (k))



-- --

13

iii) The pathsegmentof P from j to thesink vertexis in longest(sink(j )).

Proof: First considerthe "only if" part. Assumethat P long coversthe G2 edge<i , j > andshort

coversthe G3 edge<k,l > . From Lemma5, it follows that <k,l > mustbe a successorof <i , j > .

For ii) and iii), we note that P has the form P1<i , j >P2<k,l >P3. Since P short covers<k,l > ,

P1<i , j >P2 ε shortest(source(k)). Also, sinceP long covers<i , j >, P2<k,l >P3 ε longest(sink(j )).

Next, considerthe"if" part. We mayassumethat both<i , j > and<k,l > areon P. We need

to showthatconditionsi) - iii) imply that<i , j > is long coveredand<k,l > is shortcovered.Since

<k,l > is to theright of <i , j > , P is of the form P1<i , j >P2<k,l >P3. Let PL<i , j >PR besomepathin

N that long covers<i , j >. We need to show that P has the samelength as this path. Since,

P2<k,l >P3 ε longest(sink(j )), andPL<i , j >PR long covers<i , j >, P2<k,l >P3 andPL havethe same

length. Also, since<i , j > is of typeG2, P1 andPL havethesamelength.So,P longcovers<i , j >.

Let PL<k,l >PR besomepathin N thatshortcovers<k,l >. P shortcovers<k,l > iff its length

is the sameas that of PL<k,l >PR. The lengthsof PL andP1<i , j >P2 are the sameasboth are in

shortest(source(k)). Since<k,l > is of type G3, longest(sink(l )) = shortest(sink(l )). So P3 and PR

havethesamelength.Hence,P andPL<k,l >PR areof thesamelength.

Lemma 9: If a sourceto sink pathP long coversa G2 edge<i , j > andshortcoversa G3 edge

<k,l >, thenall pathsbetweenj andk havethesamelength.

Proof: From Lemma8 i) it follows that <k,l > is a successorof <i , j > on P. So,thereis at least

onepathfrom j to k in the network. Let P be of the form XYZwhereX is the segmentof P from

sourceto vertex j (i.e., thelastedgein X is <i , j >), Y is thesegmentfrom vertex j to veretexk, and

Z is thesegmentthat beginswith edge<k,l > andendsat thesink vertex. From Lemma8 ii) and
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iii), it follows thatXY is in shortest(source(k)) andYZ is in longest(sink(j )). Now, supposethat the

newtorkhasa pathW from j to k whoselengthis differentfrom thatof thesegmentY. If its length

is lessthanthe lengthof Y, thenXW is a shortersourceto k paththanXY andsoXY cannotbe in

shortest(source(k)). A contradiction. On theotherhand,if the lengthof W is morethanthatof Y,

thenWZ is a longer j to sink paththanYZandsoYZcannotbein longest(sink(j )). A contradiction.

So,thereis no j to k pathW whoselengthis differentfrom thatof Y. Hence,all j to k pathsin the

networkareof thesamelength.

Lemma 10: A sourceto sink pathP short coversa G2 edge<i , j > and long coversa G3 edge

<k,l > iff:

i) <k,l > is a successorof <i , j > in P

ii) The pathsegmentof P from thesourcevertexto k is in longest(source(k))

iii) The pathsegmentof P from j to thesink vertexis in shortest(sink(j )).

Proof: Similar to thatof Lemma8.

Lemma 11: Let P be a path that short coversa non G1 edge<i , j > and long coversa non G1

edge<k,l >. P hastheform PLPMPR wherePL consistssolelyof G2 edges,PR consistssolelyof G3

edgesandPM is eitheremptyor consistssolelyof G1 edgesor solelyof G4 edges.NeitherPL nor

PR is empty.

Proof: If <i , j > is a G4 edge,thenfrom Lemma7 it follows that P cannotlong coverany edge.

However,by assumption,P long covers<k,l >. So,<i , j > is not a G4 edge. Similarly, <k,l > is

not a G4 edge. If <i , j > is a G2 edge,thenfrom Corollary 1 <k,l > cannotbe a G2 edgeandso
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must be a G3 edge. If <i, j > is a G3 edge, then from Corollary 2 <k,l > cannot be a G3 edge and

so must be a G2 edge. Hence, there are two cases to consider:

a) <i, j > is a G2 edge and <k,l > is a G3 edge

b) <i, j > is a G3 edge and <k,l > is a G2 edge.

Let us consider case a) first. Let <i´, j´> be the last G2 edge on P and let <k´,l´> be the first

G3 edge on P. From Lemma 1, it follows that all edges that precede <i´, j´> in P are G2 edges

and from Lemma 2, it follows that all edges that follow <k´,l´> in P are G3 edges. So, <i´, j´>

precedes <k´,l´>. Let PL be the segment of P from the source vertex up to and including <i´, j´>

and let PR be the be the segment of P from (and including) <k´,l´> to the end of P. Let PM be the

segment between PL and PR. We have already shown that PL consists solely of G2 edges, PR con-

sists solely of G 3 edges, PL includes at least the edge <i, j > and so is not empty, and PR includes

at least the edge <k,l > and so is not empty. It remains to show that PM consists solely of G1

edges or solely of G4 edges. From our selection of <i´, j´> and <k´,l´> it follows that PM cannot

contain any G2 or G3 edges. Also, from Lemma 3, PM cannot contain both a G1 and a G4 edge.

So, if PM is not empty, then it consists solely of G1 or solely of G4 edges.

Now, we prove the Lemma for case b). Let <i´, j´> be the first G3 edge on P and let <k´,l´>

be the last G2 edge on P. From Lemma 1, it follows that all edges that precede <k´,l´> in P are

G2 edges and from Lemma 2, it follows that all edges that follow <i´, j´> in P are G3 edges. So,

<k´,l´> precedes <i´, j´>. Let PL be the segment of P from the source vertex up to and including

<k´,l´> and let PR be the be the segment of P from (and including) <i´, j´> to the end of P. Let PM

be the segment between PL and PR. PL consists solely of G2 edges, PR consists solely of G 3
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edges,andneitherPL nor PR is empty. From our selectionof <i Â, jÂ> and<kÂ,lÂ> it follows that

PM cannotcontainanyG2 or G3 edges.Also, from Lemma3, PM cannotcontainbotha G1anda

G4edge.So,if PM is notempty,thenit consistssolelyof G1or solelyof G4edges.

Lemma 12: Let P beasin Lemma11.

a) If <i , j > is in PL, thenthe lastshortcoverededgein P is of typeSynor Snnandthe®rst long

coverededgeis of typeLny or Lnn.

b) If <k,l > is in PL, thenthelast longcoverededgein P is of typeLyn or Lnn andthe®rst short

coverededgeis of typeSnyor Snn.

Proof: We proveonly a). The proof for b) is similar. By assumption,<i , j > is a short covered

edgeandit is in PL. So,we arein casea) of theproof of Lemma11. Hence,<i , j > is a G2 edge

and<k,l > is a G3 edgewhich mustbepartof PR. Let <a,b> bethe last shortcoverededgeof P.

From Corollary 2, it follows that this edgecannotbea G3 edge. Hence,it mustbepartof PL or

PM. In eithercase,it precedesPR. Let <b,c> immediatelyfollow <a,b> in P (<b,c> existsasPR

is not empty). We needto showthat <a,b> is not on any path in shortest(source(b)). Suppose

<a,b> is ona shortestpathQ from somesourcevertexto b. Q hastheform X<a,b> andP hasthe

form PÂ<a,b><b,c>PÂÂ. Since<a,b> is shortcoveredby P, X andPÂhavethesamelength. Since

Pshortcovers<a,b>, <b,c>PÂÂis a shortestpathfrom b to a sink.Hence,X<a,b><b,c>PÂÂshort

covers<b,c>. So,P=PÂ<a,b><b,c>PÂÂshortcovers<b,c>. This contradictstheassumptionthat

<a,b> is the last short covered edge. Consequently, <a,b> is not on any path in

shortest(source(b)). Hence<a,b> is of typeSynor Snn.
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Since <i, j > is short covered and of type G 2, Corrolary 1 implies that the long covered

edges cannot be of type G2. From Lemma 11, it follows that the long covered edges must be in

PM and/or PR and so must follow PL. Let <f ,g > be the first long covered edge. We need to show

that <f ,g > is not on any path in longest (sink (f )). Let <e, f > be the edge that immediately pre-

cedes it on P. Such an edge must exist as by Lemma 11 PL is not empty. If <f ,g >Y is in

longest (sink (f )), then the length of Y must equal that of P´´ where P=P´<e, f ><f ,g >P´´ as <f ,g >

is long covered by P. Hence, <f ,g >P´´ ε longest (sink (f )). Since <f ,g > is long covered by P, P´ is

a longest path from a source to e. Now, since P´ ε longest (source (e)) and <f ,g >P´´ ε

longest (sink (f )), P must long cover <e, f >. This contradicts the assumption on <f ,g >. So, <f ,g >

is on no path in longest (sink (f )) and therefore must be of type Lny or Lnn.

3.3 CONSTRUCTION OF GLS

The network GLS is to have the property that a minimum cardinality cover (by paths) of its edges

corresponds to a minimum cardinality MinMaxSP of the original network. Let H be the graph GL

∪ GS. That is, the vertices in H are the vertices in GL and GS and the edges in H are those in GL as

well as those in GS. Since the vertices in GL and GS have the same labels, it is necessary to rela-

bel these in H. The relabeling scheme we use prefixes each vertex label in GL with an l and each

vertex label in GS with an s. Figures 4 and 5, respectively, give the GL and GS networks that

correspond to the network of Figure 1. The vertices have been relabeled as stated. The two

figures together define H. A source to sink path in H corresponds to a source to sink path in the

network N of Figure 1. If the H path is in the GL (GS) part of H, then the corresponding path in N
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is obtainedby ®rst mappingthe H edgesback to the N edgesand then extendingthe resulting

pathof N to a sink andsourceusinga longest(shortest)suchextension;thepathof N soobtained

long (short)coverstheedgeson thepath. So,at presentwe only havethecapability to generate

pathsthat either long cover or short cover edges. To allow for a path to simultaneously long

coverandshortcoveredgeswe needto modify H sothatpathsfrom theGL componentcancross

into theGS componentandvice versa.

l2

l1

l4 l6 l8

l3

lr34

ll45

l5 l7

ll35 lr35

Lyy Lyy Lyy

Lyy

Lyn

Lny

Lyy

Lnn

Figure 4: GL obtainedfrom networkin Figure1.

From Lemma4, we seethat G1 edgesarelong andshortcoveredby all paths. So,we can

modify H so asnot to requiretwo separatepaths(onethat long coversthe G1 edgeandanother

that short coversit). This is accomplishedusing the transformation of Figure6. In this ®gure
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s2

s1

sr 24

sl 46 s6 s8

s4

sl 34 sr 45

s3 s5 s7

Syn

Sny Syy

Sny Syn

Syy Syy Syy

Figure 5: GS obtainedfrom networkin Figure1.

<a,b> and<c,d> are,respectively, the imagesof thesameG1 edge<i , j > in GL andGS. y andz

aretwo new vertices. Whencoveringthe edgesof the resultingnetworkHÂwe relax thecover-

ing requirementsothatedgesof thetypee1 throughe4 (Figure6) neednot beon anypathin the

cover. However,all edgesof typee5 mustbeon at leastonepathin thecover. We refer to this

relaxednotionof coveraspartialcoverandde®neit morepreciselylater. e5 is now the imageof

the G1 edge<i , j >. Sincethe resultingnetworkhasonly oneimagefor eachG1 edgeandsince

edgesof typee1 throughe4 arenot requiredto beon a pathof a partial cover,the transformation

of Figure6 makesit possibleto coverthe imageof eachG1 edgeby a singlepathin the(partial)

cover. Without this transformation, eachG1edgewould havetwo imagesandeachimagewould
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have to be on at least one path in the cover.

a b

c d

a

c

y z

b

d

e5

e1

e2

e3

e4

Figure 6: Step 2 transformation for G 1 edges

From Lemma 7, paths that long (short) cover a G4 edge cannot short (long) cover any edge.

So, for G4 edges no path cross overs between the GL and GS copmponents of H are to be pro-

vided. We do, however, need to provide for paths of the type described by Lemmas 8 through 12.

For this we need to provide path connections from G2 edges of type Syn and Snn to G3 edges of

type Lny and Lnn as well as from G2 edges of type Lyn and Lnn to G3 edges of type Sny and Snn.

When this is done, we get the network GLS. The construction of GLS is described below.

Step1: [Construct H, the union of GL and GS]

Begin with a copy of GL and one of GS. Prefix each vertex in GL with an l and each one

in GS with an s. This is just to make the two vertex sets different. Following this, we

have the network H described above.

Step2: [Account for G1 edges as in Lemma 4]

For each G 1 edge <i, j > in N, let <a,b > and <c,d >, respectively, be its image in GL and
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GS.

i) Delete<a,b> and<c,d> from thegraph.

ii) Add edges<a,y>, <c,y> , <y,z>, <z,b>, and<z,d> (Figure6). We now havethe

networkHÂdescribedabove.

Step3: [Lemmas8 through11and12a)]

For eachG2 edge<i , j > of type Synor Snnconnect(by meansof directededges)the

imageof vertex j in GS to theimagesin GL of all verticesk in N suchthat

i) <k,l > is aG3 edgeof typeLny or Lnn;

ii) there is a pathfrom j to k in N;

iii) <i , j > is onat leastonepathin longest(source(k));

iv) <k,l > is onat leastonepathin shortest(sink(j )); and

v) all pathsfrom j to k havethesamelength.

Step4: [Lemmas8 through11and12b)]

For eachG2 edge<i , j > of type Lyn or Lnn connect(by meansof directededges)the

imageof vertex j in GL to theimagein GS of all verticesk in N suchthat:

i) <k,l > is aG3 edgeof typeSnyor Snn;

ii) there is a pathfrom j to k in N;

iii) <i , j > is onat leastonepathin shortest(source(k));

iv) <k,l > is onat leastonepathin longest(sink(j )); and
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v) all paths from j to k have the same length.

Figure 7 shows the GLS obtained for the network of Figure 1 using the above construction.

Lemma 13: Let P be a path in GLS. P is of one of the following types:

a) All edges in P are in GL

b) All edges in P are in GS

c) P is of the form PLPMPR where all edges in PL are in GL; those in PM are edges introduced in

step2; and those in PR are in GL. Note that PL or PR or both may be empty.

d) P is as in c) except that all PR edges are in GS .

e) P is as in c) except that all PL edges are in GS.

f) P is as in c) except that all PL and PR edges are in GS.

g) All edges in PL are in GS; PM is an edge introduced in Step 3; PR contains only edges in GL.

h) All edges in PL are in GL; PM is an edge introduced in Step 4; all edges in PR are in GS.

Proof: Follows from the construction of GL, GS , and GLS and the properties of G 1, G 2, G 3, G 4

edges.

Lemma 14: Let P be a path in GLS. Let Q be its extension to a source to sink path of N. This

extension is obtained in the following way:

(1) If the first (last) edge in P is in GL, then extend leftwards (rightwards) to a source (sink) of N

using a longest such extension.

(2) If the first (last) edge in P is in GS , then the extension to a source (sink) is by a shortest such
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extension.

(3) If Q contains Step 2 edges, these are mapped back to the G1 edges of N that they are the

image of.

(4) If Q contains a Step 3 or Step 4 edge, it is replaced by a j to k path in N.

Let <i , j > be an edge on Q. If <i , j > is in GL, then Q long covers<i , j > . If <i , j > in GS, Q short

covers<i , j > . If <i , j > is a G1 edge, then Q both long and shortcovers<i , j > .

Proof: We consider the eight cases of Lemma 13. For P of type a), b), c) and f) the Lemma fol-

lows from the construction of GL and GS. For d), PL consists of zero or more GL edges followed

by one or more Step 2 edges (actually at least 3 will be there), followed by zero or more GS

edges. Each set of 3 Step 2 edges represents a G1 edge. The Lemma follows from the definition

of a G1 edge which requires that shortest(source(i )) = longest(source(i )) and shortest(sink( j )) =

longest(sink( j )). The proof for e) is similar. Now consider g). P is comprised of one or more GS

edges followed by a Step 3 edge followed by one or more GL edges. Let <i , j > be the last GS edge

and let <k,l > be the first GL edge. By construction, <i , j > is a G2 edge. Since <i , j > is on at least

one path in longest(source(k)); shortest(source(i )) = longest(source(i )) and all paths between j and

k have the same length, it follows that the left segment of Q up to vertex k is in a path in

longest(source(k)). Also, since <k,l > is on at least one path in shortest(sink( j )); shortest(sink(l )) =

longest(sink(l )); and all paths between j and k have the same length, it follows that the segment

of Q from j to the sink is in shortest(sink( j )). The conditions of Lemma 10 are satisfied and so

<i , j > is short covered and <k, l > long covered. From the construction of GS and the just proved
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l2 l4 l6 l8

l1 l3

lR34

sL24 s6 s8

lL45

l5 l7

sR24s2

s4

sL34 sR45

lR35 lL35

y z

s3s1 s5 s7

..................... ..................... .....................

.....................
...
...

...
...

...
.

................
.....................

Dottedlinesareedgesin GL.
Dashedlinesareedgesin GS.

solid linesareedgescreatedby theconstruction.

Figure 7: GLS obtainedfrom GL andGS of Figures4 and5.
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fact that the segment of Q from j to the sink is in shortest (sink (j)), it follows that all GS edges in Q

are short covered. Similarly, all GL edges are long covered. The lemma is proved similarly for

the case when P is of type h).

Definition: Y is a partial cover of GLS iff every edge of GLS except possibly edges of type e 1

through e 4 (cf, Figure 6) introduced in Step 2 of the construction and edges introduced in Steps 3

and 4 of the construction are on at least one path in Y.

Any set of paths that includes all dotted and dashed edges as well as the e 5 type edge <y,z > of

Figure 7 defines a partial cover of the GLS of Figure 7.

Lemma 15: Let Y be a partial cover of GLS. Y is readily transformed into a MinMaxSP Z of the

network N such that � Y � = � Z �.

Proof: The paths in Y are extended as described in Lemma 14. Each path P ε Y results in exactly

one path Q  ε Z. So, � Y � = � Z �. Further, since Y is a partial cover of GLS, all edges except possibly

edges of type e 1 through e 4 introduced into GLS in Step 2 of the construction and the edges intro-

duced in Steps 3 and 4 are included on paths in Y. From Lemma 14, it follows that the set of

extended paths of N obtained from Y in the manner described in Lemma 14 long and short cover

all edges of N. So, Z is a MinMaxSP of N.

Theorem 1: Let X be a minimum cardinality MinMaxSP of N and Y a minimum cover of GLS.

� X � = � Y �.

Proof: Each path in X corresponds to exactly one path in GLS. This path is obtained by simply

using the mappings from N to GL and GS and the transformations of Steps 1 through 4 that obtain
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GLS. Further, the setof pathsobtainedin this way form a partial cover of GLS. The size of this

partial coveris � X � nadthis mustbe≥� Y � asY is a minimumcoverof GLS. From Lemma15andthe

minimality of X, it follows thatthesizeof thepartial covermustexactlyequal� Y �.

3.4 SUMMARY

Ouralgorithmto obtaina MinMaxSPof a circuit, C, with rising andfalling delaysconsistsof the

following steps:

S1: From C constructanequivalentnetworkN asin [7].

S2 From N constructadagGLS asdescribedin Section3.3.

S3 Transform the dag GLS into a network ¯ ow problem,F, as in [7]. However,Step2 edges

e1−e4, Step3 andStep4 edgesof theGLS constructionhavea lower capacityLi j of 0 rather

than1.

S4 Find a minimum¯ ow in F.

S5 From theminimum¯ ow constructthepartial coverof GLS.

S6 From thepartial coverobtaintheMinMaxSPof N.

S7 From this obtaintheMinMaxSPof C.

As in thecaseof [7] theoverall complexityof thealgorithmis dominatedby S4.This step

requiresO(m(m+n)) time wheren andm are,respectively, the numberof verticesandedgesin

thecircuit C.

The ¯ ow network corresponding to the GLS of Figure 7 is shownin Figure 8. A partial
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l2 l4 l6 l8

l1 l3

lR34

sL24 s6 s8

lL45

l5 l7
sR24s2

s4

sL34 sR45

lR35 lL35

y z

s3s1 s5 s7

s

t

All solid lines have lower capacity 1.

All dashed lines have lower capacity 0.

Figure 8: Flow network for GLS in Figure 7.

cover as well as its extension to a MinMaxSP set for the network of Figure 1 are given in Figure

9.
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partialcover extension longcovers shortcovers

(s,l2,l4,l6,l8,t) (2,4,6,8) <2,4>,<4,6>,<6,8> none
(s,l1,l3,lR34,sL24,s6,s8,t) (1,3,4,6,8) <1,3>,<3,4> <4,6>,<6,8>

(s,s2,sR24,lL45,l5,l7,t) (2,4,5,7) <4,5>,<5,7> <2,4>
(s,sL34,s4,sR45,t) (1,3,4,5,7) none <3,4>,<4,5>
(s,s1,s3,y,z,s5,s7,t) (1,3,5,7) <3,5> <1,3>,<3,5>,<5,7>

Figure 9: A partial coverof the ¯ ow networkof Figure8 andits extensionwith long andshort

coverededges.

4 EXPERIMENTAL RESULTS

We programmedour algorithm in C and experimentedwith the ten ISCAS circuits usedin the

experimentsreportedin [7]. Figure10 givesthenumberof pathsin theunionof a minmumcar-

dinality MinSP and a minimum cardinality MaxSPas well as in a minimum cardinality Min-

MaxSPfor eachof the ten circuits. The last column gives the differencebetweenthe sizesof

thesetwo sets. Figure11 givestherun time, in seconds,on anApollo DN3000workstation.The

time to computethe union of a minimumcardinality MinSPanda minimumcardinality MaxSP

wasobtainedby runningthealgorithmof [7] to ®nd a minimumcardinalityMaxSPandthenrun-

ning its modi®cation (Section3.1) to ®nd a minimumcardinality MinSP. The sumof thesetwo

timesis the time to computeMinSP∪ MaxSP. Therun time of thealgorithmobtainedin Section

3.4to ®nda minimumcardinalityMinMaxSPis givenin thelastcolumn.
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