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ABSTRACT.  An algorithm to preemptively schedule n tasks on m uniform processors is presented. It is assumed
that each task is available at time 0. Associated with each task is a due time by which it is to be completed. The
algorithm schedules all tasks to complete by their due times whenever possible. The asymptotic time complexity
of the algorithm is O(n log n + mn). It generates O(mn) preemptions in the worst case. An example of n tasks
requiring O(mn) preemptions is also presented. The algorithm can also be used when all tasks have the same due
times but different release times.
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1. Introduction

Let P= (P, P, ..., P,} beaset of m processors. Let ¢, r;, and d;, | < i< n, be the task
times, release times, and due times, respectively, of 7 independent tasks. Associated with
each processor P; is a speed s;, s; > 0. Processor P; has an effective processing capability of
s; units of processing per time unit. Task J can be processed on P; in t;/s; units. The
processors are said to be uniform, as they operate at a constant speed independent of time.
When 5; = I, 1 =i < m, the processors are said to be identical. In this paper we are
concerned only with preemptive schedules. A schedule S for the 7 tasks is a DD-schedule
iff the processing of each task commences no earlier than its release time and completes no
later than its due time. A DD-schedule will also be referred to as a Jeasible schedule.

For the case of identical processors, Horn [3] presents an O(n®) algorithm to obtain a
DD-schedule for any set of n independent tasks for which such a schedule exists. Sahni
[5] presents a fast algorithm that obtains DD-schedules (whenever they exist) when all
tasks have either the same release time or the same due time. For the case of two uniform
processors, Bruno and Gonzalez [1] present an O(n?) algorithm that obtains a DD-schedule
(whenever one exists). Gonzalez and Sahni [2] have developed an O(n + m log m)
algorithm that can be used when all tasks have the same release time and.also the same
due time.

In this paper we study the case when all tasks have the same release time. Different
tasks may, however, have different due times. Our algorithm to construct a DD-schedule
(if one exists) for this case takes O(mn) time in the worst case. DD-schedules containing at
most mn preemptions are generated. While the algorithm is discussed in terms of a set of
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tasks with the same release time, it should be noted that the algorithm may also be used
when all tasks have the same due time but different release times. As pointed out in [3]
and [5], the two situations are isomorphic. An instance of one may be transformed into an
instance of the other by simply interchanging the roles of due times and release times.

2. Preliminaries

In this section we develop an algorithm that constructs a DD-schedule (if one exists) for
n independent tasks all of which have the same release time and the same due time. The
processor model assumed is, however, more general than the uniform processor model. In
the next section this algorithm will be used to construct a DD-schedule (if one exists) for
the one-release-time-many-due-time problem for a uniform processor system.

A generalized processor is a processor whose speed is a nondecreasing function of time.
While the ideas presented in this section can be applied when the processor speed is given
by any nondecreasing function of time, we limit ourselves here to the case where the speed
changes only a finite number of times. Thus the characteristics of any generalized processor
G in the time interval [0, d ] may be described by a finite list of pairs (0;, v:), | =i = p.
o; and v, respectively, represent time and speed. G operates at speed v; in the interval
[0, 6:+1]. We may assume that 01 = 0, 041 = d, 0; < 641, 7: = 0, and v < vi+1. The effective
processing capability, L, of G in the interval [0, d] is equal to Y21 (6i+1 — 00y

A generalized processor system (GPS) is an ordered set of m generalized processors
{Gy, Gy, ..., Gn}, m = 1. This set of generalized processors has the property that at each
instance ¢ € [0, 4], the speed of G, is no less than that of Givy, | =i < m.

It should be pointed out that a uniform processor system in which the processors have
been ordered by speed is a special case of a GPS. The algorithm we shall develop here for
a GPS is different from that developed in (2] for uniform processor systems. Theorem 1
gives a necessary and sufficient condition that every set of n tasks must satisfy if they are
to be completed in the interval [0, d] on a GPS. The remainder of this section is devoted
to the proof of this theorem. Since the proof is constructive, it immediately leads to an
algorithm for obtaining a DD-schedule for the case when all tasks have the same release
time and the same due time. From now on we shall refer to a generalized processor simply
as a processor. This should lead to no confusion.

THEOREM 1. Let {Gy, Gy, . .., Gn} be an m processor GPS. Let t;, | < i< n, be the task
times of any set of n independent tasks. Assume t; = tix1, | =i < n, and that n = m. Let
Ti=Yit, 1 <i<m and T, = Y7 1, Let L, be the effective processing capability of G in -
the interval [0, d], | =i < m. The n tasks can be scheduled to complete by time d iff
max{Ti/¥i L} < L.

The statement of the theorem assumes that n = m. In case this is not true (i.e., n < m)
we may discard Gn+y, . . ., G from the GPS as there is no advantage to scheduling a task
on any of these processors. This follows from the following observations: (i) a task may be
scheduled on at most one processor at any time, and (ii) at any instance ¢ € [0, d], each of
processors Gy, . . ., G, is no slower than any of Gps1, . .., Gn.

The “only if” part of the theorem is easily established. We need to show that if
max{Tl/Zﬁ L;} > 1, then the set of tasks cannot be completed in the interval [0, 4]. If we
consider only the largest i tasks, i < m, then for the same reasons as above we need consider
only Gy, ..., G. If T; > ¥ L; then these i processors do not have enough effective
processing capability in [0, d] to complete these tasks. It should be easy to see that if this
is the case, then these i tasks cannot be completed in [0, d] when considered together with
the remaining n — i tasks and m — i processors. Finally, if 7,, > YT L, then there is not
enough effective processing capability in [0. d] to perform all n tasks.

The proof for the “if” part is by construction. We show how to obtain a feasible schedule
when max,{Ti/31 L,} =< I. This construction requires the notion of a disjoint processor
system (DPS). A processor G is said to be idle in the interval [1), &2] if it operates at nonzero






