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1 INTRODUCTION
A rectangulardualof ann-vertexgraph,G = (V, E), is comprisedof n non-overlapping rec-

tangleswith thefollowing properties:

(a) Each vertexi Î V, correspondsto adistinct rectanglei in therectangulardual.

(b) If (i, j) is anedgein E, thenrectanglesi and j areadjacentin therectangulardual.
It is easilyseenthatsomegraphsdo not havea rectangulardualandthat for yet others,the

rectangulardual is notunique.Further, wheneveragraphhasa rectangulardual,it hasonewhose
outerboundaryis rectangular.In this paper,we areinterestedonly in suchduals.

The rectangulardual of a graph®ndsapplicationin the ¯ oor planningof electronicchips
and in architectural design([BREB83], [GRAS68], [HELL82], [MALI82]). Eachvertex of the
graphG representsa circuit moduleandthe edgesrepresentmoduleadjacencies.A rectangular
dualprovidesa placementof thecircuit modulesthatpreservestherequiredadjacencies.

The problem of ®nding a rectangulardual has been studied in [BHAS85], [BREB83],
[HELL82], [KOZM84ab], and [MALI82]. In all of these studies, the input graph is either
assumedto be planaror is planarizedby the addition of verticesduring the early stagesof the
dualconstructionalgorithm.

In this paper,we assumethat thegraph,G, is a properly triangulatedplanar (PTP)graph.
A PTPgraph,G, is a connectedplanargraphthatsatis®esthefollowing properties:

P1: Every face(excepttheexterior)is a triangle(i.e.,boundedby threeedges).

P2: All internalverticeshavedegree³ 4.

P3: All cyclesthatarenot faceshavelength³ 4.
Figure 1.1 showsan exampleof a PTP graph, G, and two of its rectangularduals. In

[BHAS85], it is shownthateveryplanargraphthatsatis®esP1andP3alsosatis®esP2.
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Figure 1.1

Kozminski and Kinnen [KOZM84ab] havedevelopednecessaryand suf®cient conditions
underwhich a PTPgraphhasa rectangulardual. In orderto statetheseconditions,we restatethe
following terminologyfrom [KOZM84ab].

De®nitions [KOZM84ab]: A block is a biconnectedcomponent.A planeblock is a planarblock.
Theblock neighborhoodgraph(BNG) of a planargraphG, is a graphin which thereis a distinct
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Figure 1.2

vertex for eachbiconnectedcomponentof G. Thereis an edgebetweentwo verticesiff the two
biconnectedcomponentstheyrepresent,havea vertexin common.Theremainingde®nitionsare
with respectto anembeddingof theplanargraph. A shortcutin a planeblock G, is anedgethat
is incident to two verticeson theoutermostcycle (this is de®nedin a naturalway with respectto
a givenembeddingof theplaneblock) of G andthat is not a partof this cycle (seeFigure1.2).A
corner implying path in a planeblock G, is a segmentv1, v2, ....,vk of the outermostcycle of G
with the property that (v1, vk) is a shortcutand that v2, ...., vk- 1 are not the endpointsof any
shortcut. A critical corner implying path in a biconnectedcomponentGi of G is a cornerimply-
ing pathof Gi thatdoesnot containcut vertices(articulation points)of G.

Theorem 1.1 [KOZM84ab]: A PTPgraph,G, hasa rectangulardual iff oneof the following is
true:

(a) G is biconnectedandhasnomorethanfour cornerimplying paths.

(b) G hask, k > 1, biconnectedcomponents;the BNG of G is a path; the biconnectedcom-
ponentsthat correspondto theendsof this pathhaveat mosttwo critical cornerimplying
paths;andnootherbiconnectedcomponentcontainsacritical cornerimplying path.

Kozminski andKinnen [KOZM84ab] havedevelopedan O(n2) algorithmto constructthe
rectangulardualof ann-vertexPTPgraph,G, thatsatis®esthenecessaryandsuf®cientconditions
of Theorem1.1.Thisalgorithmsimultaneously veri®esthat thegivenplanargraphis properlytri-
angulated.Bhaskerand Sahni [BHAS85] have developedan O(n) algorithm to determineif a
given planargraphis properly triangulated. Sincethe conditionsof Theorem1.1 are testablein
O(n) time, their algorithmleadsto anO(n) algorithmto testtheexistenceof a rectangulardual for
a planargraph.

In this paper,we extendour work reportedin [BHAS85] to actuallyconstructa planardual
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(wheneveroneexists)in O(n) time.

2 ALGORITHM OVERVIEW
The strategyadoptedby our algorithm is bestexplainedby examininga rectangulardual

(Figure 2.1(a)).There are 10 rectanglesin this ®gure. This ®gure may be partitionedinto six
columns,A - F. Eachcolumnhasthe propertythat it containsno vertical edge.Clearly, every
rectangulardualcanbesopartitionedinto a®nite numberof columns.

From this column partitioning of a rectangulardual, we can constructa directed graph
called the path digraph (PDG).The PDG containsa distinguished vertexcalled the HeadNode.
In addition,it containsonevertexfor eachrectanglein the dual.Sincethe dual of Figure2.1(a)
has10 rectangles,its PDGwill consistof 11 vertices.Thedirectededgesof thePDGrē ect the
"on top of" relationde®nedby thedual. For example,rectangle1 is on top of rectangle2 which
is on top of rectangle3. This relation is completelyspeci®ed by traversingthe columnsof the
dualtop to bottom.TheHeadNode, is by de®nition, on topof all therectangles.

Traversing thesix columnsof Figure2.1(a)yields thePDGof Figure2.1(b). Eachcolumn
of the dual correspondsto a distinct pathfrom theHeadNodeof thePDGto a leaf vertex(i.e.,a
vertexwith no outgoingedges).For instance,thepath(HeadNode® 4 ® 5 ® 3) correspondsto
columnB while thepath(HeadNode® 9 ® 7 ® 8) correspondsto columnE.

A vertexi is a parentof anothervertex j in thePDGiff <i, j> is a directededgeof thePDG.
If i is a parentof j, then j is a child of i. In thePDGof Figure2.1(b),1 is a parentof 2 which in
turn is a parentof 3; 7 hastheparents6 and9; 8 hastheparents4, 7, and10; 8 is a child of 4; 5 is
a child of 4; etc. The children of any vertex of a PDG are orderedleft to right. This ordering
correspondsto theorderin which thechildrenappearin thedual.So,for example,1 is to the left
of 4 which is to the left of 6 which is to the left of 9 in thedual.Hence,aschildrenof theHead-
Node, theyappearin theorder1,4,6,9(left to right). Similarly, 5 is to the left of 8; so5 is drawn
to the left of 8 aschildrenof 4. As a resultof this orderingof the childrenof eachvertexin the
PDG,we canorderthepathsfrom theHeadNodeto theleaves.Whenthis is done,the®rstpathin
thePDGcorrespondsto theleftmostcolumnof thedual,thesecondpathto thenextcolumn,and
soon.

Let i and j betwo verticesin a PDG.We shallsaythat i is a distantancestorof j iff thePDG
containsa directedpathfrom i to j thathaslengthat least2. For theexampleof Figure2.1(b),1,4,
and the HeadNodeare the distantancestorsof vertex 3; 6,9, and the HeadNodeare the distant
ancestorsof vertex 8; the HeadNodeis the only distantancestorof vertices2,5,7,and 10. No
othervertexhasa distantancestor.

Thefollowing lemmais a directconsequenceof thethede®nition of a PDG.
Lemma 2.1: Let G bea PDGfor somerectangulardual.Let i and j be two verticesin G. If i is a
distantancestorof j, theni is nota parentof j.

Next, let us examinea planartriangulatedgraphfor which Figure 2.1(a) is a rectangular
dual. This is shownin Figure2.1(c).The solid edgesin this ®gurerepresentedgescontainedin
the PDG (thoughin the PDG, theseare directed).The brokenedgesrepresentedgesnot in the
PDG.

Thenext lemmastatestwo importantpropertiesof planartriangulatedgraphsandPDGs.
Lemma 2.2: If (i, j) is anedgein a planartriangulatedgraph,then:

(a) i is nota distantancestorof j in thePDG.

(b) j is nota distantancestorof i in thePDG.
Our algorithm to obtain a rectangulardual beginswith a planar triangulatedgraph that

satis®es the necessaryand suf®cient conditionsof [KOZM84ab], and ®rst obtainsa PDG that
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Figure 2.1: Exampleof rectangulardual,PDG,andPTPgraph.

satis®esLemma2.2.From this PDG,a rectangulardual is obtainedby traversingthe HeadNode
to leaf pathsleft to right.

We illustrate the basicmechanicsof the processstatedaboveon the planarembeddingof
Figure2.1(c).To obtaina PDG,we ®rst identify four (notnecessarilydistinct)vertices.Theseare
called the northwest(NW), northeast(NE), southwest(SW), and southeast(SE) verticesof the
planargraph.For thegraphof Figure2.1(c),we haveNW= 1,NE= 9,SW= 3, andSE= 8.

Vertices 1,4,6,9,10,8,3, and2 de®ne the outer boundaryof the graph.The outer boundary
may be decomposedinto four segments:top, right, bottom,and left. For the exampleof Figure
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2.1(c),the top outerboundaryis de®nedby thevertices1,4,6,and9; the right outerboundaryby
the vertices9,10,and8; the bottomouterboundaryby 3, and8; andthe left outerboundaryby
thevertices1,2,and3. Figure2.2showstheboundaryorientationsthatareusedby us.

_______________________________________________________________________________
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Figure 2.2: Boundaryorientations.

To obtain the PDG,we beginwith a HeadNodethat hasno children.The left outerboun-
dary(1 ® 2 ® 3) of thePTPgraphis traversed.ThisbecomestheleftmostHeadNodeto leaf path
of the PDG.We will later seethat by a properchoiceof NW andSW, we canguaranteethat the
planartriangulatedgraphcontainsno edgesthat violate Lemma2.2 with respectto the PDGso
far constructed(Figure2.3(a)).As the left outer boundaryis traversed,theseverticesare elim-
inatedfrom thegraphandthenext left outerboundaryidenti®ed.This eliminationandboundary
identi®cationyieldsthegraphof Figure2.3(b).

The new left outerboundarycannotbe includedasa path in the PDG underconstruction
becauseof thepresenceof theedge(4,8). If thepath(4,5,8)is addedto thePDG,4 will become
a distant ancestorof 8 and the edge (4,8) will violate Lemma 2.2. We can get around this
dif®culty by not using the edge(5,8). Rather,the path is completedby using the edge(5,3) in
placeof (5,8).Theoffendingedge(4,8) is usedto completeanotherpath.This yields thePDGof
Figure2.3(c)andthe graphof Figure2.3(d).Note that in going from Figure2.3(b)to 2.3(d),the
SWvertexhasnot changed.This is becauseSW= SEandall HeadNodeto leaf pathsmustendat a
bottomoutervertex.

The left outerboundaryis now (6,7,8).Adding this to the PDG yields the PDG of Figure
2.3(e).Theplanargraphthat remainsis Figure2.3(f). Traversing this lastpathyields thePDGof
Figure2.3(g).Onemay easily verify that the PDG of Figure2.3(g)and the planartriangulated
graphof Figure2.1(c)satisfyLemma2.2. Further, observethat the PDGÂs of Figure2.1(b)and
2.3(g) are not identical. This is no causefor concernas a planar triangulatedgraphcan have
manyrectangularduals.The rectangulardual we shall obtain from the PDG of Figure2.3(g) is
differentfrom theoneouralgorithmwouldobtainfrom Figure2.1(b).

The actualprocessof obtaininga PDGis far morecomplexthansuggestedby this simple
example.This example,doeshowever,illustratethebasicstrategy.Thecomplexitiesinvolved in
obtainingthePDGareexamined,in detail, in Section4.

Obtaining a rectangulardual is now a relatively straightforward task. We traversethe
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Figure 2.3(Continuedonnextpage)

leftmostHeadNodeto leaf pathandplacerectanglesof unit height in columnA (Figure2.4(a)).
While the columnis of unit width, it is possiblefor someof the rectanglesin this columnto be
wider. The next HeadNodeto leaf path is 4 ® 5 ® 3. Since4 is adjacentto the alreadyplaced
rectangles1 and2 (seeFigure2.1(c)),we closeoff rectangles1 and2 andobtaintheplacementof
Figure2.4(b).Thisplacementof rectangle4 allowsthenextrectangle,5, to beadjacentto rectan-
gle 2. Rectangle5 is to beadjacentto 2 andon top of thealreadyplacedrectangle3. This leads
to Figure2.4(c).Thenextpathis 4 ® 8. Since4 is alreadyplaced,it is extendedinto columnC.
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Figure 2.3(Contd.)

Since8 is adjacentto 3,4,and5, it is placedasin Figure2.4(d)andrectangles3 and5 closedon
their right. Whenthepath6 ® 7 ® 8 is traversed,6 is begunat thetop.6 is adjacentto theplaced
block 4. So,4 is closedand6 placedasin Figure2.4(e).7 is adjacentto theplacedblocks4 and8
andso is placedasin Figure2.4(e).At this time, the threeblocks6,7,and8 areopen.Traversing
the®nal path9 ® 10 ® 8 resultsin the placementof Figure2.4(f) andthe closingof all rectan-
gles.

The details of the algorithm to obtain the dual from the PDG are provided in the next
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Figure 2.4: Rectangulardualconstruction. (Continuedonnextpage)

section.

3 FROM PDG TO RECTANGULAR DUAL
Therectangulardual is obtainedfrom thePDGby carryingoutanordereddepth®rst traver-

sal of the PDG.In this traversal,the childrenof eachnodeareexaminedleft to right. Thebasic
principlesunderlyingour algorithmfor this taskweredescribedin Section2. Here,we consider
thedetailsof our implementation.

The rectangulardual is a collection of non-overlapping rectanglesplacedin a two dimen-
sionalspace.Any position in this spaceis de®nedby providing two coordinates:x andy. Figure
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Figure 2.4: Rectangulardualconstruction. (Contd.)

3.1 shows the origin of our coordinate system. Notice that y increasesas we go down.
Correspondingto eachvertexv (otherthantheHeadNode) in thePDG,therewill bea rectanglev
in the dual.The positionof this rectangleis uniquelycharacterized by providing the x positions
of thetwo verticaledgesandthey positionsof thetwo horizontaledges(Figure3.1).

_______________________________________________________________________________
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Figure 3.1: Coordinatesystemfor thedual.

With eachvertex/ rectanglev, we associatethefollowing values:
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visit: This is a Boolean®eld that is initially FALSE. It is setto TRUE the®rst time vertex
v is reachedduringthedepth®rst traversal.At this time, therectanglefor v is placed
on thedual.

left: Thex-coordinateof theleft verticaledgeof therectanglev.

right: Thex-coordinateof theright verticaledgeof this rectangle.

top: They-coordinateof thetophorizontaledge.

bottom: They-coordinateof thebottomhorizontaledge.
We usethe notationa.b to mean"the b value of a". For example,v.visit denotesthe visit

valueof vertexv, etc. Noticethat for eachrectanglev, v.bottom> v.topandv.left < v.right.
Our algorithm to obtain the rectangulardual from the PDG consistsof two procedures:

ConstructDualandplace. placeis a recursiveprocedurethatdoestheactualplacementof rectan-
glesontothe two dimensionalspace.This placementis carriedout in a columnarfashionassug-
gestedby the column decomposition of Figure 2.1(a). This procedureis invoked by Con-
structDualafterit hasdonesomeinitialization. x, y, andFirstPath arevariablesthatareglobal to
procedureplace. x recordsthe x-coordinateof the left edgeof thecolumnthat is currentlybeing
placed.All columnsareassumedto be of unit width. So, for example,whenwe areplacing the
rectangles1, 2, and3 of columnA of Figure2.1(a),x = 0. Whenwe areplacingrectangles4 and
5, x = 1 andwhenrectangles6, and7 arebeingplaced,x = 3. y givesus the last y-coordinatein
thecurrentcolumnto which a rectanglehasbeenassigned(or equivalently, thenexty-coordinate
that is free).Whenprocedureplaceis initially invoked,no rectangleshavebeenplaced.Hence,x
andy areinitialized to 0 in line 1 of ConstructDual. ThevariableFirstPath is Booleanvalued.Its
value is true initially (line 2) andremainstrue so long as we are placing rectanglesin the ®rst
column.This is the caseas long aswe are traversingthe leftmostpathof the PDG(e.g.,Head-
Node® 1 ® 2 ® 3 in Figure2.1(b)).Procedure placeusesa Booleanvariable,visit, that is asso-
ciatedwith eachvertexv in thePDG.v.visit is FALSE initially andbecomesTRUE whenthever-
tex v is reachedfor the ®rst time during the traversalof the PDG.The only other initialization
that is doneby ConstructDual is the rectanglefor the HeadNode. This is de®nedto be of zero
heightandwidth andlocatedat (0,0)(line 4).

Theinvokationof procedureplacefrom line 5 resultsin theplacementof rectanglesfor all
verticesin the PDG,exceptfor the HeadNode. However,the positionof the right vertical edges
of the rightmostrectanglesis not done.This is completedin lines 6 - 8. Whenthe invokationof
procedureplace(line 5) is completed,x givesusthex-coordinateof theleft edgeof thelastverti-
cal column.Theright x-coordinateof this columnis x+1.

place(v) is a recursiveprocedurethat resultsin the placementof all rectanglesfor all ver-
tices in the PDG that are descendantsof v (this includesvertex v, in casev ¹ HeadNode). On
entry to place, x is the left boundaryof the column we are to work in and y its top boundary.
Furthermore, v.visit = FALSE. So,exceptfor the initial invokationwhenv = HeadNode, v always
correspondsto a vertexwhoserectanglehasyet to beplaced.

If therectanglefor v hasnÂt beenplaced(i.e.,v ¹ HeadNode), thenthis rectangleis placedin
lines 1 - 18. The left andtop valuesfor this rectangleareclearly x andy, respectively. If v is on
the leftmost path (i.e., FirstPath = TRUE), then its rectangleis arbitrarily given a height of 1.
Hence,y is incrementedby 1 (line 4) andv.bottom= y. max_yis a globalvariableusedto record
the overall height of the rectangulardual. It will becomeevident, later, that this is simply the
numberof verticeson theleftmostpathin thePDG(excludingtheHeadNode). In casev is noton
the leftmostpathof thePDG,thenits bottomcoordinatev.bottomis determinedby examiningall
the rectanglesthat are to be adjacentto it andon its left. Theseareobtainedby examiningthe
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_______________________________________________________________________________

line PROCEDUREConstructDual (HeadNode);
(* usethepathdigraphwith rootHeadNodeto obtaintherectangulardual*)

1 x = 0; y = 0; (* beginat coordinates(0,0)*)

2 FirstPath = TRUE;

3 Setv.visit = FALSE for all verticesv in thePDG;

4 Settheleft, right, topandbottom®eldsof HeadNodeto 0;

5 place(HeadNode); (* procedureto placerectangles*)

6 FOReachvertexv on therightmostdigraphpath,DO
(* setright boundariesof rightmostrectangles*)

7 v.right = x + 1;

8 ENDFOR;

9 END ConstructDual ;
_______________________________________________________________________________

Figure 3.2

original adjacencylist of v. This list containsfour categoriesof vertices:

A: vertices whoserectangleswill begin in columnsto the right of the one we are currently
workingon.Theseverticeshavetheir visit valueFALSE.

B: at mostonevertex,u, whoserectangleis immediatelyabovev in the currentcolumn.Note
that by de®nition of a columnpartition, thereareno vertical edgesin a column.Hence,at
most one vertex can have its rectangleimmediately abovevÂs rectanglein the current
column.If v is the®rst rectanglein thecolumn(i.e.,v is a child of HeadNode), thennosuch
u exists.If u exists,thenu.visit = TRUE andu.bottom= v.top.

C: at mostonevertexu whoserectangleis immediatelybelow v in the currentcolumn.This
vertexu is a child of v in thePDG.

D: all othervertices.Theseverticeshavevisit = TRUE andoccupya contiguoussegmentof
thepreviouscolumn(i.e.,theonewith left boundaryx- 1).
v.bottomis determinedby the verticesin C and D. If the vertex u in C hasalreadybeen

visited, thenits u.top is knownandv.bottommustequalu.top (Figure3.4(a)).If thereis no vertex
in C or if theC vertexhasnot beenvisited,thenits top valueis not knownandv.bottomis deter-
minedby theverticesin D (Figure3.4(b)).

In either case,for eachvertexu in D, we can setu.right = x asu.right = v.left. Note that
(u.visit AND u.bottom¹ v.top) iff u Î D or (u Î C andu satis®esFigure3.4(a)).Lines10 - 14 are
written as thoughFigure3.4(a)is not the case.Under this assumption,theselines areexecuted
only for verticesu, u Î D. Their right boundariesaresetandv.bottomis setso as to allow the
child (if any)of v to shareanadjacencywith the lowermostrectangleof D (lines12 and13). In
caseFigure3.4(a) is the case,then the only useful work donein lines 10 - 14 is the settingof
u.right for all u, u Î D.

Lines 19 - 30 handlethe placementof the childrenof v (if any), the caseof Figure3.4(a),
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_______________________________________________________________________________

line PROCEDUREplace(v);
(* placetherectanglescorresponding to verticesin thedigraphwith rootv *)

1 IF (v ¹ HeadNode) THEN

2 [ v.visit = TRUE;v.left = x; v.top= y;

3 IF FirstPath THEN (* rectangleheight= 1 *)

4 [ y = y + 1; v.bottom= y; max_y= y ]

5 ELSE

6 [ v.bottom= y;

7 FORall verticesu ontheadjacencylist of v, DO
(* uÂsareobtainedfrom theoriginal graph,not thepathdigraph*)

8 IF (u.visit) AND (u.bottom¹ v.top) THEN

9 [ (* u mustbeto theleft of v *)

10 u.right = x;

11 IF (u.bottom> v.bottom) THEN

12 [ y = (u.bottom+ max{ u.top, v.top}) / 2;

13 v.bottom= y ]

14 ENDIF ]

15 ENDIF;

16 ENDFOR]

17 ENDIF (* FirstPath *) ]

18 ENDIF; (* v ¹ HeadNode*)
_______________________________________________________________________________

Figure 3.3(Continuedonnextpage)

andthe casethat C is empty.If C is empty,thenv hasno children.Hence,v is the bottommost
rectanglein the currentcolumnandso shouldextendto max_y. This is handledin line 20. If v
haschildren,thentheseareexaminedleft to right (this is moreclearly de®nedby following the
edgesin the PDG that leavevertexv in an anticlockwise order).Let w be a child of v. We have
threecases:

1. w hasalreadybeenvisited.This is thecaserepresentedby Figure3.4(a)with w = u. In this
case,we needto setv.bottomto w.top (line 25).

2. w is the leftmost(or ®rst) child of v. At this time,a recursivecall is madeto placew andall
its descendants(line 26).

3. w hasnot beenvisited and is not the leftmostchild. In this case,w is to be placedin the
nextcolumn.So,x is incrementedandw andits descendantsareplacedby therecursivecall
of line 27.Notethatsincey is a globalvariable,its valuecouldgetchangedasa resultof an
earliercall to place(w) (for example,from line 26 or even27 itself). So,it is necessaryto
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_______________________________________________________________________________

19 IF (v hasnochildren)THEN

20 [ v.bottom= max_y]

21 ELSE

22 [ FirstChild = TRUE; (* local variable*)

23 FORall childrenw of v, DO
(* childrenareobtainedfrom thepathdigraphvia ananticlockwise traversal*)

24 CASE

25 : w.visit: [ v.bottom= w.top ]

26 : FirstChild: [ place(w); FirstChild = FALSE ]

27 : ELSE:[ FirstPath = FALSE; x = x + 1; y = v.bottom; place(w) ]

28 ENDCASE;

29 ENDFOR]

30 ENDIF; (* v hasnochildren*)

31 END place;
_______________________________________________________________________________

Figure 3.3(Contd.)
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Figure 3.4: Determiningv.bottom.
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initialize y eachtime asin line 27.
The variablesw andFirstChild arelocal variablesof procedureplace. The correctnessof

the placementprocedurefollows from the fact that the PDG is obtainedfrom a planartriangu-
latedgraphandfrom our handlingof thecaseof Figure3.4(b).Thecomplexityof theplacement
stepis readily seento beO(n), wheren is thenumberof verticesin thePDG(notethat sincethe
original graphis planarandconnected,it containsO(n) edges).

Whenour placementalgorithmis usedon thePDGof Figure2.1(c),the rectangulardualof
Figure2.4is obtained.

4 OBTAINING THE PDG

4.1 Input
The input to our algorithmis a connectedplanartriangulatedgraphdescribedby its adja-

cencylists. Sucha graphmay or may not havea rectangulardual.The necessaryandsuf®cient
conditionsof [KOZM84ab] thataredescribedin Section1 of this papermaybetestedfor in O(n)
time usingthealgorithmof [BHAS85].This algorithmalsodetermineswhethertheinput graphis
a PTP(properlytriangulatedplanar)graph.If theinput graphfails thesetests,thenno rectangular
dual existsandwe needproceedno further.So,assumethat the testsarepassed.Hence,a rec-
tangulardualexists.

To ®nd a PDG, we can begin with the PTPgraphdrawing obtainedby the algorithm of
[BHAS85]. This drawing,quitenaturally,satis®esthepropertiesP1- P3of aPTPgraphasstated
in Section1. From this drawing,a new linked list representation of thegraphis obtained.This is
describedbelow.

Everydrawingof a graphimposesa naturalcyclical orderingon the verticesthat areadja-
cent to anothervertex.For example,considerthe drawingof Figure2.1(c).Vertices 1,3,4,and5
areadjacentto vertex2. A clockwiseorderingis obtainedby following the incident edgesin a
clockwisedirection (Figure4.1(a)).This givesus the cycle (1,4,5,3,1).An anticlockwise order-
ing is obtainedby following theincidentedgesin ananticlockwise direction(Figure4.1(b)).This
gives us the cycle (3,5,4,1,3).In either case, the starting point is irrelevant as the cycles
(1,4,5,3,1),(4,5,3,1,4),(5,3,1,4,5),etc.arethesame.

_______________________________________________________________________________
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_______________________________________________________________________________

Figure 4.1
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The startingpoint for our algorithmto obtaina PDG is the drawingobtainedby the algo-
rithm of [BHAS85]. This drawingis representedin the form of doubly linked circular adjacency
lists (see[HORO84], for e.g.,for a de®nition of a doubly linked circular list). Whena circular
adjacencylist is traversedin one direction, the verticesappearin clockwise order.When it is
traversedin the oppositedirection, they appearin anticlockwise order. Our algorithm actually
requirestwo copiesof the circular adjacencylist of eachvertex.Onecopy getsmodi®ed asthe
algorithmprogresseswhile the other is unchanged.The latter copy is referredto as the original
adjacencylist while theformeris simplycalledtheadjacencylist.

4.2 Initialization and Var iablesused
In addition to utilizing two setsof adjacencylists, our algorithmto constructa PDG uses

severalvariables.Thesevariablesmaybedividedinto thecategories:

A: variablesassociatedwith eachvertexof theplanargraph.

B: variablesassociatedwith thePDG.

C: variablesassociatedwith theplanargraph(otherthanthosein A).

D: program variables.
We list, below, all the variablesusedby us. A descriptionof the signi®canceof eachof

theseis alsoprovided.

Category A: Var iablesassociatedwith eachvertex of the planar graph
Thevariablesaredenotedusingthenotationv.f. This meansvariable f associatedwith ver-

texv (andread"v dot f").

A.1: NotInPDG . . . This is a Booleanvaluedvariablethat is initially TRUE for all vertices
v. Whena vertexv is addedto thePDG,v.NotInPDGis setto FALSE.

A.2: RightOuter . . . This is a Booleanvaluedvariablethat is TRUEfor verticeson theright
outerboundaryof the subgraphbeingprocessed.For example,whenthe planargraph
of Figure 2.2 is being processed,RightOuteris TRUE for vertices8,9, and 10, and
FALSE for the remainingvertices.During the courseof the algorithm,other vertices
will have their RightOuter®eld set to TRUE (i.e., when they are on the right outer
boundaryof the subgraphbeingprocessed).However,the valueof this variablenever
changesfrom TRUEto FALSE.

A.3: TopOuter  . . . Similar to RightOuterexceptthat it is true for verticeson the top outer
boundary(e.g.,vertices1,4,6,9(initially) of Figure2.2).

A.4: BotOuter . . . Similar to TopOuter exceptthat it is truefor verticeson thebottomouter
boundary(e.g.,vertices3, and8 (initially) of Figure2.2).

A.5: TopNext  . . . This is a link variablethat links togetherthe TopOuter verticesfrom left
to right. Thusin Figure2.2,theTopNext variableis usedto recordthechain1 ® 4 ® 6
® 9 as the top outerboundaryof the initial graphbeing processed.As our algorithm
proceeds,the top outerboundarywill changeandthevariableTopNext associatedwith
otherverticeswill beinitialized.

A.6: BottomNext . . . Similar to TopNext exceptthat the bottomboundaryis chainedleft to
right. For theexamplegraphof Figure2.2,BottomNextis initially usedto maintainthe
chain3 ® 8.

A.7: LeftBoundary  . . . This variable may have one of the three values {0,1,2} .
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v.LeftBoundary = 2 iff v has never been a left boundary vertex. Otherwise,
v.LeftBoundarymaybe0 or 1. Recallfrom our informaldiscussionof Section2 that the
PDGis constructedby traversingtheleft boundaryof thegraph,deletingthis left boun-
dary,traversingthenew left boundary,deletingthis, andsoon.Thenew left boundary
is constructedwhile thepresentoneis beingtraversed.To distinguishbetweenvertices
on thepresentleft boundaryandthoseon thenext, two values0 and1 areused.If 0 (1)
denotesverticeson the presentleft boundary,then1 (0) denotesthoseon thenext left
boundary.

A.8: RightOuterReached  . . . This variable is initially NIL for all vertices. During the
courseof thealgorithm,it will beusedto recordthe fact that certainverticesareadja-
cent to certainright outervertices.As will be seenlater, this variableis introducedto
ensurethat thealgorithmrunsin O(n) time.

A.9: next . . . This is usedto chaintogetherverticeson the left boundary.Thelastvertex,v,
on the chain hasv.next = NIL. For the graphof Figure 2.2, the initial left boundary
chain1 ® 2 ® 3 is maintainedusingthis variable.

Category B: Var iablesassociatedwith the PDG

B.1: StartNode . . . This is a vertex in the PDG.Whena subgraphis being processed,all
pathsthatareto beaddedto thePDGbeginat StartNode.

B.2: EndNode . . . All pathsaddedto the PDG during the processingof a subgraphendat
EndNode.

B.3: VerticesRemaining  . . . This is a Booleanvaluedvariablethat is true so long as there
areverticesyet to beaddedto thePDG.

B.4: parent . . . Thenextvertexaddedto thePDGis to bea child of this PDGvertex.

Category C: Var iablesassociatedwith the planar graph (other than thosein A)

C.1: NW . . . denotesthe northwestvertexof the subgraphbeingprocessed.For the exam-
ple of Figure2.2,NW= 1 initially.

C.2: NE . . . thenortheastvertex.Initially NE= 9 for theexampleof Figure2.2.

C.3: SW . . . thesouthwestvertex.Initially SW= 3 for theexampleof Figure2.2.

C.4: SE . . . thesoutheastvertex.Initially SE= 8 for theexampleof Figure2.2.

C.5: next_NW . . . thevertexthatwill becometheNWvertexafter thepresentleft boundary
hasbeen processed.next_NW= 4 whenNW= 1 in thegraphof Figure2.2.

C.6: next_SW . . . thenextsouthwestvertex.This is vertex8 whenSW= 3 in Figure2.2.

Category D: Program var iables

D.1: LeftBound . . . This is a 0/1valuedvariableusedto tell uswhetherLeftBoundary= 0 or
LeftBoundary= 1 signi®esa vertexon thepresentleft boundary.

D.2: p  . . . variableusedto traversethechainof left boundaryvertices.Note that this chain
beginsat thevertexNWandendsat thevertexSW.

D.3: pred_p . . . thepredecessorof p ontheleft boundarychain.

D.4: q  . . . variableusedin the constructionof the next left boundarychain. It denotesthe



-- --

18

last vertexaddedto this chain.Note that this chainwill beginat next_NWandendat
next_SW.

Thereareseveralothervariablesin CategoryD. Theuseof theseis very localizedandtheir
signi®cancewill becomeapparentfrom thecontextin which theyareused.

_______________________________________________________________________________
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Figure 4.2: Examplesshowingcornerimplying paths.

Theinitialization processrequiresusto do thefollowing:
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I1: Identify theNW, NE, SW, andSEverticesof theinput PTPgraph,G. This is doneby identify-
ing thecorner(or critical corner)implying pathsof G. Therecanbeat mostfour suchpaths
(Theorem1.1).Let the numberof suchpathsbe k. Pick a vertex(any) from the interior of
eachof thesek paths.Now pick anadditional4 - k verticesfrom theouterboundary.Note
that theouterboundarymustbecomprisedof at leastfour vertices.If it hasonly threever-
tices,thenG is eithera triangleor hasa trianglethat is not a face.The formercasecanbe
handledas a specialcaseand the latter caseviolates condition P1 (Section1) of a PTP
graph.Thefour verticesselectedarelabeledNW, SW, SE, andNE in sucha mannerthat these
areencounteredin this (cyclic) orderwhentheouterboundaryis traversedin theanticlock-
wise direction. Someexamplesare shownin Figure 4.2. Broken edgesdenotecorner(or
critical corner)implying paths.

I2: Initialize thefollowing boundarychains:
(a) left boundaryfrom NW to SWusingnext.
(b) topboundaryfrom NW to NEusingTopNext.
(c) bottomboundaryfrom SWto SEusingBottomNext.

I3: Set LeftBoundary= 0 for all verticeson the left boundarychainandLeftBoundary= 2 for
all othervertices.SetTopOuter andBotOuter= TRUE for all verticeson thechains(b) and
(c) of I2, respectively.

I4: Set RightOuter= TRUE for all verticeson theouterboundarythat arebetweenNE andSE
(inclusive).

I5: Set RightOuterReached = NIL for eachvertexin G.

I6: Initialize thePDGto containjust theHeadNode.
Sincethe algorithmof [BHAS85] identi®esthe outerboundaryof the obtaineddrawing,it

is possibleto carryout theinitializationsof I1 - I6 in O(n) time.

4.3 PDG Construction
While the basicidea introducedin Section2 for the constructionof the PDGis quite sim-

ple, theactualconstructionis complicatedby theneedto handleseveralspecialcasesthat arise.
We shalldescribethesespecialcasesandhowtheyarehandledaswe describetheworkingof the
general PDG construction algorithm. This algorithm is comprisedof the nine procedures:
set_next_NWSW, add_to_PDG, paths, process_chord, process_BottomLeft,
process_hanging_component, process_TopLeft, process_RightOuter, and
process_NotRightOuter. After the initialization stepsI1-I6 desribedin the previoussectionare
complete, procedure paths is invoked. This in turn invokes proceduresset_next_NWSW,
add_to_PDG, process_RightOuter, and process_NotRightOuter. Procedures
process_RightOuter, and process_NotRightOuter in turn invoke the remainingfour procedures.
Thedetailsof eachof thesenineproceduresareprovidedin thefollowing subsections.

4.3.1 set_next_NWSW
This algorithm determinesthe valuesof next_NWand next_SW. As processingproceeds

from oneleft boundaryto thenext,NW andSWmovetowardsthe right alongthe top andbottom
outerchains.Thiscontinuesuntil theendof thechainis reached.At this time, thevariableNWor
SW, (or both)thathasreachedtheendof its chainremainsstationary.
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4.3.2 add_to_PDG(p)
This procedureis usedto addthevertexp or just anedgeto thePDG. If p is not alreadyin

thePDG,thenit is introducedasa child of thevertexparent. Furthermore, if p is the lastvertex
on theleft boundary,thenit completesa newly addedpathin thePDG.Sinceall suchpathsmust
endat vertexEndNode, theedge<p,  EndNode> is alsoaddedto thePDG.

If p is alreadyin thePDG,therearetwo possibilities for p: p = NWor p = SW. This is so,asit
is only the NW or SWverticesof the subgraphcurrentlybeingprocessedthat canbe on several
left boundarypaths(seethedescriptionof set_next_NWSW). If p = NW, theedge<StartNode, p>
wasaddedto thePDGduringanearlierleft boundarytraversal.So,nothingis to bedonenow. If
p = SW, thentheedge<parent, p> hasto beadded.Notethatparentmustbea newly addedvertex
asthecurrentleft boundarymustcontainat leastonenewvertex.Finally notethatsincep = SWis
alreadyin the PDG,the edge<p, EndNode> musthavebeenaddedto the PDG at someearlier
time.

4.3.3 paths
This is describedformally by thePascal - like codeof Figure4.3. It addsall theverticesin

the subgraphboundedby the verticesNW, NE, SW, andSE to the PDG.This is doneby succes-
sively traversingand deleting the left boundaryof the subgraph.Each such traversalof a left
boundaryresults in the addition of a path to the PDG. This path beginsat StartNode, goes
throughtheleft boundary,andendsat EndNode. Procedure pathsis a recursiveprocedure.When
it is invokedinitially, NW, NE, SW, andSEhavethe valuesspeci®ed in Section4.2; StartNode=
HeadNode; EndNode= NIL; andLeftBound= 0.

The repeatloop of lines 1 - 19 essentiallytraversesthe graphby advancingfrom one left
boundaryto the next. This terminateswhenall verticeshavebeenaddedto the PDG.The vari-
ableparent is set to StartNodein line 2 asall pathsaddedto the PDG mustbeginat this node.
VerticesRemaining is setto FALSE in line 3 astheremaybeno verticesleft afterwe traversethe
presentleft boundary.The valuesfor next_NWand next_SWare determinedby the procedure
call of line 4. p, pred_p, and q are initialized in lines 5 - 8 to performthe traversalof the left
boundaryandto constructthenextleft boundary.

The repeatloop of lines 9 - 17 implementsthe traversalof the left boundary.p denotesthe
left boundaryvertex presentlybeing examined. This vertex is addedto the PDG (line 10) and
thenprocessedin line 11. The natureof this processingdependson whetheror not p is on the
right boundary.Following this,p andpred_pareadvancedto thenextvertexon theleft boundary
(lines15 and16).The traversalof the left boundaryendswhenp falls off the left boundary(p =
NIL).

During theprocessingof the left boundary,thegraphis modi®edandthenewNW, SW, Left-
Boundvaluesareasindicatedin line 18.

4.3.4 process_chord
The normal left boundaryto left boundaryadvanceof our algorithm is interruptedby the

occurrenceof specialcases.Thereare®ve specialcasesthatwe needto handle.Four of theseare
handledby proceduresprocess_chord, process_BottomLeft, process_hanging_component, and
process_TopLeft andthe ®fth by themechanismof theRightOuterReached variablethat is asso-
ciatedwith eachvertex.The ®rst specialcaseariseswhen a chord is detected. A chord is an
edge(u,v) thatsatis®esthefollowing properties:

S1: Both u andv areon thepresentleft boundary.

S2: (u, v) is notanedgeof theleft boundary.
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_______________________________________________________________________________

line PROCEDUREpaths(NW, NE, SW, SE, StartNode, EndNode, LeftBound);
(* cover all verticesin the graphboundedby verticesNW, NE, SW, and SE by paths.
Thesepathsareaddedto thepathdigraphbetweenStartNodeandEndNode*)

1 REPEAT (* obtainpathcover*)

2 parent= StartNode;

3 VerticesRemaining = FALSE;

4 set_next_NWSW;

5 p = NW; (* vertexonpresentleft boundary*)

6 pred_p= NIL; (* predecessorof p on left boundary*)

7 q = next_NW; (* vertexonnextleft boundary*)

8 q.LeftBoundary= 1 - LeftBound;

9 REPEAT (* traveldownpresentleft boundary*)

10 add_to_PDG(p); parent= p;

11 IF p.RightOuter

12 THEN process_RightOuter

13 ELSEprocess_NotRightOuter

14 ENDIF;

15 pred_p= p;

16 p = p.next; (* advancep *)

17 UNTIL (p = NIL);

18 NW= next_NW; SW= next_SW; LeftBound= 1 - LeftBound;

19 UNTIL (NOT VerticesRemaining);

20 END paths;
_______________________________________________________________________________

Figure 4.3

S3: u is apredecessorof v ontheleft boundarychainandv is not in thePDG.
Supposewe startwith the PTPgraphof Figure2.2. After the ®rst left boundaryhasbeen

processed,the PDGis asin Figure2.3(a)andthe PTPgraphis asin Figure2.3(b).Thenew left
boundaryis 4 ® 5 ® 8. If this left boundaryis addedto thePDGto get thePDGshownin Figure
4.4,thenbecauseof thepresenceof theedge(4,8) in thePTPgraph,condition(a) of Lemma2.2
is violatedandno rectangulardualcanbeobtainedfrom thePDG.

Hence,thepresenceof a chordrequiresusto deviatefrom our normalway of building the
PDG.If (u, v) is a chord,thenu mustnot bea distantancestorof v in thePDG.Otherwise,no rec-
tangulardualcanbeobtainedfrom thePDG.Thesituationof Figure4.4 is correctedby eliminat-
ing the edge<5,8>andaddingthe edge<5,3> to the PDG.Now, 4 is not a distantancestorof 8
andthepresenceof theedge(4,8) in thePTPgraphdoesnot createany dif®cultieswith Lemma
2.2.
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Figure 4.4: Edge(4,8)is a chord.

Thegeneralcircumstancesurroundinga chordis shownin Figure4.5(a). Edge(ch_p, ch_r)
denotesthe chord and ch_p is a predecessorof ch_r on the left boundarychain. At the time a
chordis detectedby ouralgorithm,ch_pwill bein thePDGwhile ch_r will not.

The planarregion boundedby the cycle ch_p ®  . . . ®  . . . ® ch_r ® ch_p may contain
additionalvertices(suchasa, b, c, etc.,of Figure4.5(a)).The edge(ch_p, ch_r) will be a chord
with respectto all left boundariesin this region.So, it is necessaryto handlethe entire region
separately.This is doneby ®rst isolating this region from the rest of the remainingsubgraph.
Speci®cally, we traversethe adjacencylist of vertexch_r in the anticlockwise direction begin-
ning at thevertexch_p(step1 of procedureprocess_chord, Figure4.6).This traversalstopswhen
theimmediatepredecessor,ch_SE, of ch_r on theleft boundarychainis reached.Note thatch_SE
¹ ch_pas(ch_p, ch_r) is nota left boundaryedge.Deletingtheedgesbetweench_r andall thever-
tices encounteredduring this traversal(including ch_p and ch_SE), resultsin isolating the sub-
graphof Figure4.5(b).

To processthis subgraph,the NW, NE, SW, andSE verticesneedto be identi®ed. The ®rst
stepin this identi®cation is to traversethe original adjacencylist of ch_SEclockwisebeginning
at ch_r. ch_endis the ®rst vertexencountered.This vertexmustbe to the left of the currentleft
boundary.To seethis, observethat by the choiceof the initial NW, NE, SW, andSE, the ®rst left
boundarycannothavea chord.So, the current left boundarycannotbe the ®rst left boundary.
Hence,ch_SEhasanadjacentvertexclockwisefrom ch_r andto its left.

Next, traversethe original adjacencylist of ch_endanticlockwise beginningat the vertex
ch_SE. This traversalterminatesat the lastvertexch_SWthat is bothon thecurrentleft boundary
andthat is not in the PDG.Hence,this traversalessentiallymovesbackwardson the left boun-
dary chain.Note that ch_SW¹ ch_p asch_p is alreadyin the PDG (furthermore, it may not be
adjacentto ch_end). However,ch_SWmaybethesamevertexasch_SE.

Theisolatedsubgraphof Figure4.5(b)will beprocessedusingprocedurepathsrecursively.
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Figure 4.5: Chord(ch_p, ch_r).

ch_pwill be the northwestandnortheastvertex,ch_SWthe southwestandch_SEthe southeast.
Beforethe recursioncanbegin,the right outerboundary,bottomouterboundary,etc.needto be
initialized. This is donein step3.1of process_chord. Finally, all thepathsaddedto thePDGdur-
ing the recursivecall of step5 shouldbeginat ch_pandendat ch_end. This ensuresthatch_p is
nota distantancestorof ch_r in thePDG.

4.3.5 process_BottomLeft
This is thesecondof thefour specialcasesalludedto in Section4.3.4. This ariseswhenthe

currentversionof thePTPgraphcontainsanedge(p, r) with theproperties:

B1: p is on thecurrentleft boundaryandp ¹ SW.

B2: r is on thecurrentbottomboundaryandr ¹ SW.
Thesituationis depictedin Figure4.7.Becauseof theway in which we constructthe next

left boundary,it is necessaryto handlethebottomleft cornerboundedby theedge(p, r) andthe
left andbottomboundariesin a specialway.

The special processing of the bottom left corner is carried out by procedure
process_BottomLeft (Figure4.8). Step1 isolatesthe affectedregion.This is doneby traversing
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_______________________________________________________________________________

step PROCEDUREprocess_chord (ch_p, ch_r, LeftBound);

1 traversethe adjacencylist for vertexch_r anticlockwise beginningat vertexch_p
and ending when the vertex ch_SE such that ch_SE.next = ch_r (i.e. the
predecessorof ch_r on thecurrentleft boundary)is reached

1.1 for all vertices(includingch_pandch_SE) encounteredduring this traversal,
set their RightOuter®eld to TRUE anddeleteedgesbetweenthesevertices
andch_r from thegraph;

2 set ch_endto be the vertex that is on the original adjacencylist of ch_SEand
clockwisefrom ch_r;

3 traversethe original adjacencylist of ch_endanticlockwise beginningat ch_SE,
until the last vertex ch_SW such that ch_SW.NotInPDG = TRUE and
ch_SW.LeftBoundary= LeftBoundis reached(this traversalessentiallyfollows
verticeson thecurrentleft boundary)

3.1 for vertices betweench_SWand ch_SEthat are encounteredduring this
traversal,setBottomNext®eld,setBotOuterto TRUEandLeftBoundary= 2;

4 {at this time,a subgraphboundedby ch_p, thenewly markedRightOutervertices,
ch_SE, ch_SWandverticeson thecurrentleft boundarybetweench_pandch_SW
hasbeenisolated.}
Setch_SW.nextto NIL;

5 paths(ch_p, ch_p, ch_SW, ch_SE, ch_p, ch_end, LeftBound);

END process_chord ;
_______________________________________________________________________________

Figure 4.6

theadjacencylist of vertex r anticlockwise beginningat the vertexp andterminatingat the ®rst
vertexbl_SEthat is on thebottomboundary.

We shall show later that the subgraph,H, being processedalwayssatis®es the following
condition:

C1: The subgraphH containsno edge(u, v) suchthat bothu andv areon the bottomboundary
andu andv arenotadjacenton thebottomboundarychain.
As a result of C1, bl_SE and r must be adjacenton the bottom boundarychain and

bl_SE.BottomNext= r (as in Figure 4.7). The vertices encounteredduring the anticlockwise
traversalof rÂs adjacencylist (includingp andbl_SE) form theright outerboundaryof the region
to be speciallyhandled.Deleting the edgesthat connectr to thesevertices,isolatesthe bottom
left regionfrom the remainderof the graph.The verticesin the isolatedregionget addedto the
PDGasa resultof the recursivecall of pathsfrom step2. Note thatp is boththeNWandNE ver-
tex andthatall pathsaddedto thePDGwill beginat p andendat thecurrentEndNode. Observe
thatthebottomandtopouterboundariesdonotneedto beinitialized.
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Figure 4.7: Bottomleft corner.

4.3.6 process_hanging_component
The third specialcaseis alsoa consequenceof the mannerin which we constructthe next

left boundary.Therewill betimeswhenthepresentandnext left boundarieshavetheform given
in Figure4.9andthe regioninbetween(markedhangingcomponent)containsverticesthat have
yet to beaddedto thePDG.Beforeadvancingto thenext left boundary,it is necessaryto handle
thehangingcomponent.This is doneby Figure4.10(procedureprocess_hanging_component).

At the time process_hanging_component is invoked, verticeshg_p and hg_r are known.
Furthermore, it is known that thereis at leastonevertex in the hangingcomponent(aswe shall
see,(hg_start, hg_p) is not an edgeof the current left path. So, if the hangingcomponentis
empty,thegraphhasa facethat is nota triangle).

As in theprecedingtwo specialcases,we ®rst isolatethehangingcomponentandthenpro-
cessit by using procedurepathsrecursively. The brokenpart of the presentleft boundaryhas
beenprocessedby the time process_hanging_component is invoked.Hence,all verticeson this
segmentandall edgesincidentto theseverticeshavebeendeletedfrom themodi®edcopyof the
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step PROCEDUREprocess_BottomLeft ;

1 traversethe adjacencylist for vertex r anticlockwise beginningat vertex p and
endingwhenthevertexbl_SEsuchthatbl_SE.BotOuter= TRUE is reached

1.1 for all vertices(includingp andbl_SE) encounteredduring this traversal,set
their RightOuter®eld to TRUE anddeleteedgesbetweentheseverticesandr
from thegraph;

{at this time, a subgraphboundedby p, the newly markedRightOutervertices,
bl_SE, SW, andverticeson the currentleft boundarybetweenp andSWhasbeen
isolated}

2 paths(p, p, SW, bl_SE, p, EndNode, LeftBound);

END process_BottomLeft ;
_______________________________________________________________________________

Figure 4.8

PTPgraph.To determinethevertexhg_start, it is necessaryto traversetheoriginal adjacencylist
of hg_r in clockwise order beginningat vertex hg_p. hg_start is the ®rst vertex encountered
(excludinghg_p) that is on thecurrentleft boundary(step1 of Figure4.10).Let hg_SEbethe®rst
vertexencounteredafterhg_pduring this traversal.This vertexmustbepartof thehangingcom-
ponent.In particular,hg_SE¹ hg_start. This is so as the graphis a PTPgraphand the hanging
componentis notempty.

This traversalof the adjacencylist of hg_r also enablesus to identify the vertex hg_NE
(which maybe the sameashg_SE) andlabel the right outerboundaryof thehangingcomponent
(steps1.1and2). Thevertexhg_NWis obtainedby traversingtheoriginal adjacencylist of vertex
hg_startclockwisebeginningat the vertexhg_NE. During the processingof thebrokensegment
(hg_start® hg_p) of the current left boundary,all verticesof the hangingcomponentthat are
adjacentto verticesbetweenhg_startandhg_p are labeledascandidatesfor the next left boun-
dary.hg_NWis the last vertex encounteredin the aforementioned traversalof the original adja-
cencylist of hg_startthat hasbeenlabeledin this way (step3). Step3.1 initializes the top boun-
daryof thehangingcomponent.

Step4 identi®esthevertexhg_SWandstep4.1 initializes thebottomouterboundaryof the
hanging component.To isolate the hanging component,it is necessaryto delete the edges
betweenits right outerboundaryandhg_r. This is donein step1.1. All other edges(i.e., those
incidentto thebrokensegmentof thecurrentleft path)weredeletedduringtheprocessingof this
segment.

The left boundarychainwasconstructedwhile the brokensegmentof the currentleft path
wasprocessed.All that is requiredis to put in theendof chainterminator(NIL). This is donein
step5.

All pathsaddedto thePDGbecauseof the recursiveinvokationof step6 beginat hg_start
andendathg_p.
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Figure 4.9: Hangingcomponent.

4.3.7 process_TopLeft
The last algorithmthat handlesa specialcaseis procedureprocess_TopLeft (Figure4.11).

This handlesthe situationwhenthe modi®ed graphbeingprocessedcurrentlyhasan edge(p, r)
suchthat:

TL1: p is on thecurrentleft boundary.

TL2: r is on thecurrenttopboundaryandr ¹ NW.

TL3: (p, r) is nota topboundaryedge.
Thesituationcreatedby suchanedgeis shownin Figure4.12.By thetime theedge(p, r) is

detectedby our algorithm,the brokensegmentof the currentleft boundaryhasbeenprocessed
anddeletedfrom thegraph.Further, theverticesfrom next_NWto tl_SWto tl_SEto r ontheouter
boundaryof the top left region have beenchainedtogetheras part of the next left boundary.
Whentheedge(p, r) is detected,we realizethat this next left boundaryis incorrectandprocess
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step PROCEDUREprocess_hanging_component (hg_p, hg_r, LeftBound);

1 traversetheoriginal adjacencylist of hg_r clockwisebeginningat thevertexhg_p
and ending when a vertex hg_start with hg_start.LeftBoundary= LeftBoundis
reached.Let hg_SEbethe®rst vertexencounteredaftervertexhg_p

1.1 for all vertices (excluding hg_p and hg_start) encounteredduring this
traversal,set their RightOuter®eld to TRUE anddeleteedgesbetweenthem
andvertexhg_r;

2 let hg_NEbe the vertex encounteredjust beforevertex hg_startis reachedin the
abovetraversal;

3 traversetheoriginal adjacencylist of hg_startclockwisestartingat vertexhg_NE
until a last vertex hg_NWsuchthat hg_NW.LeftBoundary= 1 - LeftBoundand
hg_NW.NotInPDG= TRUE is reached(this traversalessentiallyfollows vertices
on thenext left boundary)

3.1 for all verticesfrom hg_NEto hg_NWthat areencounteredin this traversal,
setTopNext ®eld, setTopOuter to TRUE andLeftBoundary= 2 (i.e., asnew
vertices);

4 traversethe original adjacencylist of hg_panticlockwise startingat vertexhg_SE
until a last vertex hg_SWsuch that hg_SW.LeftBoundary= 1 - LeftBoundand
hg_SW.NotInPDG= TRUE is reached(this traversalalso follows verticeson the
next left boundary)

4.1 for all verticesfrom hg_SEto hg_SWthatareencounteredin this traversal,set
BottomNext®eld,setBotOuterto TRUEandLeftBoundary= 2;

5 {the subgraphboundedby hg_NW, hg_NE, hg_SE, hg_SWhasnow beenisolated
from therestof thegraph.}
Sethg_SW.nextto NIL;

6 paths(hg_NW, hg_NE, hg_SW, hg_SE, hg_start, hg_p, 1 - LeftBound);

END process_hanging_component ;
_______________________________________________________________________________

Figure 4.10

thetop left regionrecursively.
To processthe top left region,this regionis ®rst isolatedfrom the working PTPgraphand

theverticestl_SW, tl_SE, andtl_NE identi®ed. To beginwith, we mayassumethatr ¹ next_NW(If
r = next_NW, then the conditionsfor a hangingcomponentare satis®ed with p = hg_p and r =
hg_r. So, this casemay be handledby process_hanging_component). The codeof Figure 4.11
makesthis assumption.tl_NE andtl_SEareobtainedasin step1. tl_NE obtainedin this way must
be adjacentto r on the top boundarybecauseof the following condition that the subgraphH
beingprocessedalwayssatis®es(weshallprovethis later):

C2: The subgraphH containsnoedge(u, v) suchthatbothu andv areon thetop boundaryandu
andv arenotadjacenton thetopboundarychain.
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step PROCEDUREprocess_TopLeft ;

1 traversethe adjacencylist of r clockwise beginningat the vertex p and ending
whena vertextl_NE with tl_NE.TopOuter = TRUE is reached.Let tl_SEbethe®rst
vertexencounteredaftervertexp

1.1 for all vertices (excluding p) encounteredduring the traversal, set their
RightOuter®eld to TRUEanddeleteedgesbetweenthemandvertexr;

2 traversethe adjacencylist of p anticlockwise startingat vertex tl_SE until a last
vertextl_SWsuchthat tl_SW.LeftBoundary= 1 - LeftBoundandtl_SW.NotInPDG=
TRUE (this traversalessentiallyfollows verticeson thenextleft boundary)

2.1 for all verticesfrom tl_SE to tl_SW that areencounteredin this traversal,set
BottomNext®eld,setBotOuterto TRUEandLeftBoundary= 2;

3 {the subgraphboundedby next_NW, tl_NE, tl_SE, tl_SW has now beenisolated
from therestof thegraph.}
Settl_SW.nextto NIL;

4 paths(next_NW, tl_NE, tl_SW, tl_SE, StartNode, p, 1 - LeftBound);

END process_TopLeft ;
_______________________________________________________________________________

Figure 4.11

Step1.1 isolatesthe top left region;step2 identi®esthevertex tl_SW; andstep2.1 setsthe
bottomboundaryof the top left region.The recursivecall of step4 resultsin all verticesof the
top left regionbeingaddedto the PDGby the inclusionof pathsthat beginat the presentStart-
Nodeandendat thenodep which is alreadyin thePDG.

4.3.8 process_RightOuter
With the discussionof the specialprocedurescomplete,we can resumeour discussionof

procedurepaths. As pointedout in Section4.3.3,the processingof the currentleft boundaryis
doneonevertexat a time, top to bottom.Theprocessingassociatedwith anyvertexp dependson
whetheror not it is a right outer vertex. In this section,we considerthe casewhenp is a right
outervertex.This is handledby procedureprocess_RightOuter (Figure4.13).

Thisprocedureperformsthefollowing functions:

Task 1: In casethe graphhasa non-emptyregionabovep, this region is processed(Figure
4.14).

Task 2: If p is reachedfor the ®rst time andthereis an edge(p, t) suchthat t is on the left
boundaryandt is not adjacentto p on theleft boundarychain,theregionboundedby
theleft boundaryandtheedge(p, t) is processed(Figure4.15).

At thetimeprocess_RightOuter is invoked,all predecessorsof p on the left boundarychain
have been processed.This meansthat thesevertices and edgesincident to them have been
deletedfrom the working versionof the PTPgraph.If pred_p= NIL, thenp = NW = NE andthe
regionabovep is empty.If pred_pis a right outervertex,thenthe region(if any)abovepred_p
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Figure 4.12:Top left region.

wasprocessedwhenprocess_RightOuter wasinvokedwith pred_pas the p vertex. If pred_pis
not a right outervertex,thenthereis at leastonevertexon the right of the left boundarythat is
abovep. Hence,the conditional of line 1 correctly identi®es the conditions under which the
regionabovep is notempty.

Thebrokenline of Figure4.14signi®esthesegmentof the left boundarythat hasbeenpro-
cessedprior to this invokation of process_RightOuter. When this segmentwas processed,the
next left boundarychain from next_NWto q was created.To processthe region abovep, we
merelycompletethe left boundarychainof this regionasin lines 2 and3 andinvokepathsasin
line 4.

Whenline 7 is reached,theregion(if any)abovep hasbeenprocessedanddeletedfrom the
working copy of the graph.If p = SW, thensincep is a right outervertex,p = SEalso.Hencethe
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line PROCEDUREprocess_RightOuter ;

1 IF ((pred_p¹ NIL) AND (NOT pred_p.RightOuter)) THEN

2 [ q.next= p; p.LeftBoundary= 1 - LeftBound;

3 m = p.next; p.next= NIL; (* savep.nextin m *)

4 paths(next_NW, NE, p, p, StartNode, NIL, 1 - LeftBound);

5 p.next= m (* resetp.next*) ]

6 ENDIF;

7 IF (p = SW) THEN RETURN;(* ®nishedtraversingcurrentpathandgraph*)

8 SetNW, next_NW, NE andq to p; p.LeftBoundary= 1 - LeftBound;

9 StartNode= p;
_______________________________________________________________________________

Figure 4.13(Continuedonnextpage)

processingof theentiregraph(or subgraph)is complete.Note that at this time, VerticesRemain-
ing = FALSE andp.next= NIL. So,procedurepathsterminates.

If p ¹ SW, thenwe arenot at theendof the left boundaryandthesituationis asdepictedin
Figure4.15.If vertexp is beingexaminedat this point of this procedurefor the®rst time, thenits
adjacencylist is traversedin the anticlockwise direction, beginningat a right outer vertex, tÂÂ.
Becauseof thefollowing condition,thevertextÂÂis unique.

C3: The subgraphH beingprocessedat anytimehasno edge(u, v) suchthatbothu andv areon
theright boundaryandu andv arenotnextto oneanotheron this right boundary.
Eachvertexthat is on pÂs adjacencylist is examined.If t is on the left boundaryandis not

adjacentto p on theleft boundarychain,thent is thetÂof Figure4.15.Theleft boundaryfrom p to
tÂcannotbeprocessedin thenormalmannerasthis would resultin a PDGin which p is a distant
ancestorof tÂ. In casetÂis not in the PDG,thenthe conditionsfor a chordaresatis®ed andpro-
cedureprocess_chord invokedto processthe regionbetweenthe left boundaryandthe edge(p,
tÂ). During this processing,theentireregionis deletedfrom theworking copyof thegraphandtÂÂ
is now the vertex that is anticlockwise adjacentto tÂ. So the traversalof pÂs adjacencylist ter-
minates.In casetÂis alreadyin thePDG,tÂmustequalSWastheNWandSWverticesaretheonly
onesthatcansurviveafterbeingaddedto thePDG.Theregionboundedby thecurrentleft boun-
dary and the edge(p, tÂ) can be handledas a hangingcomponentwith hg_p= tÂandhg_r = p.
Once again, this region is eliminated during its processingas a hanging componentand tÂÂ
becomesthe next vertex anticlockwise adjacentto p. So, the traversalof pÂs adjacencylist is
complete.

If the vertex t doesnot satisfy the conditionsof line 12, then its RightOuterReached vari-
ableis setto p to indicatethat it is reachableby a singleedgefrom the right outervertexp. This
is usedin thenext procedureto detecta chord.By settingthis variablenow, we avoid havingto
traversepÂs adjacencylist severaltimes.This preventsthecomputingtime of our algorithmfrom
becomingO(n2).
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10 IF (p is beingvisitedfor the®rst time) THEN

11 [ Startingfrom the vertex t that is adjacentto p and suchthat t.RightOuter=
TRUE,traversetheadjacencylist of p clockwiseanddo:

12 IF (t.LeftBoundary= LeftBoundAND t ¹ p.next) THEN

13 [ IF (t.NotInPDG) THEN

[ (* vertexnotaddedto digraph*)

14 process_chord(p, t, LeftBound) ]

15 ELSE

[ (* t mustbeSW*)

16 process_hanging_component (t, p, 1 - LeftBound)
(* treatpreviousleft boundaryascurrent*) ]

17 ENDIF;

18 p.next= t ]

19 ELSE

20 [ sett.RightOuterReached = p ]

21 ENDIF;

22 END traversal]

23 ENDIF;

24 deleteedge(p, p.next) from graph;

25 END process_RightOuter ;
_______________________________________________________________________________

Figure 4.13(Contd.)

4.3.9 process_NotRightOuter
ThePascal - like codefor this procedureis given in Figure4.16. This procedureis charged

with the taskof addingverticesto the next left boundary.On entry, this left boundarybeginsat
next_NWandendsat q. Sincethegraphwe aredealingwith is a PTPgraph,q andp areadjacent
vertices.Theadjacencylist of vertexp is traversedin theclockwisedirectionin the loop of lines
2 - 30.This traversalbeginsjust afterthevertexq.

Let theadjacentvertexcurrentlybeingexaminedbe r. Thecaseof lines 6 - 12 is the same
asthat of lines 12 - 18 of Figure4.13andis handledin anidenticalmanner.Lines13 - 21 exam-
ine the casewhen r is a vertex that hasnÂt beenseenby the algorithm earlier. r is addedto the
next left boundarychainin lines14 and15.Thespecialcasesof a top left andbottomleft corner
createdby theedge(p, r) aredetectedandprocessedin lines16 - 21.

Thelastcasefor r thatrequiresusto do anythingis thatof line 22. In this case,thevertexr
hasbeenreachedfrom two non-adjacentverticeson thecurrentleft boundarychain.This means
thatthereis a hangingcomponentthat is to beprocessed.

Following theprocessingof vertexr in lines 5 - 24, this vertexis on thenext left boundary
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Figure 4.14:Regionabovep.

chain.At this time, we performTask 2 of Section4.3.8for thecasethatp is not reachedthe®rst
time. This is donein lines26 - 29.Performing this taskis somewhatsimpli®edasvertexr cannot
be in thePDGwhentheconditionalsof line 26 aretrue.Becauseof the codeof lines 26 - 29 in
Figure4.16,executingthe codeof lines 11 and12 of Figure4.13whenp is beingvisited other
thanthe®rst time cannotresult in anyusefulwork. Theadjacencylist of p will be traversedand
line 20 is theonly onethatcanbereached.Howevert.RightOuterReached is alreadyp!

4.3.10 Proofs for C1 - C3

Lemma 4.1: ConditionC1 of Section4.3.5is alwaystrue.
Proof: This is trueinitially whenH is thewholeoriginal PTPgraph. To seethis,notethatby the
initial choiceof NW, NE, SW, andSE, the bottomboundarycannothavea shortcut.We needto
establishthatall subsequentinvokationsof procedurepathspreservethis condition.Let usexam-
ine eachof these.

a)From step5 of procedureprocess_chord (Figure4.6)-
From Figure 4.5(b), we seethat the bottom boundaryconsistsof left boundaryvertices
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Figure 4.9: Regionbelowp.

betweench_SWandch_SE. Eachof theseis adjacentto ch_end. So,if thereis anedge(u, v) that
violatesC1, then verticesu, v, and ch_endform a triangle that is not a face. This violates the
requirementthattheinitial graphis a PTPgraph.

b) From step1wr25 of procedureprocess_BottomLeft (Figure4.8)-
The new bottomboundaryis a left segmentof the previousbottomboundary(Figure4.7).

So,if C1 is truefor thepreviousboundary,it mustbefor thenewone.

c) From step6 of procedureprocess_hanging_component (Figure4.10)-
All the new bottomboundaryverticesareadjacentto vertex hg_p(seeFigure4.9). So, if

thereis anedge(u, v) that violatesC1, thenthegraphhasa triangle(u, v, hg_p) that is not a face.
So,suchanedgecannotexist.

d) From step4 of procedureprocess_TopLeft (Figure4.11)-
All verticeson thenewbottomboundaryareadjacentto vertexp (seeFigure4.12).So,C1

mustbesatis®ed.
Theproofsof thefollowing lemmasaresimilar to thatof Lemma4.1.

Lemma 4.2: ConditionC2 statedin Section4.3.7is alwaystrue.
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line PROCEDUREprocess_NotRightOuter ;
(* p is not on theright outerboundary.So,q is adjacentto p. Examineall othervertices
adjacentto p *)

1 deleteedge(p, q) from thegraph;

2 LOOP

3 IF (adjacencylist of p is empty)THEN RETURN;(* ®nished*)

4 r = vertexonadjacencylist of p that is clockwisefrom q;

5 CASE

6 : (r.LeftBoundary= LeftBoundAND r ¹ p.next):

7-12 Theselinesarelines13-18of Figure4.13with t replacedby r

13 : (r.LeftBoundary= 2): (* r is a newvertex*)

14 q.next= r; r.LeftBoundary= 1 - LeftBound;

15 q = r; VerticesRemaining = TRUE;

16 IF (r.TopOuter) THEN

17 [ process_TopLeft; next_NW= r ]

18 ELSEIF(r.BotOuterAND p ¹ SW) THEN

19 [ process_BottomLeft; next_SW= r;

20 p.next= NIL; RETURN(* exit left boundarytraversal*) ]

21 ENDIF;

22 : (r.LeftBoundary= 1 - LeftBound):

23 q = r; process_hanging_component (p, r, LeftBound);

24 ENDCASE;

25 deleteedge(p, r) from thegraph;

26 IF ((r.RightOuterReached = NW) AND (NW.next¹ r)) THEN

27 [ process_chord (NW, r, 1 - LeftBound); (* processsubgraphmarkedby
nextleft boundaryvertices*)

28 NW.next= r; q = r ]

29 ENDIF;

30 REPEAT;

31 END process_NotRightOuter ;
_______________________________________________________________________________

Figure 4.16
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Lemma 4.3: ConditionC3 of Section4.3.8is alwaystrue.

4.4 Complexity Analysis
The algorithm we have describedis easily implementedto run in O(n) time. The only

causefor concernis thatwe needto beginthetraversalof variousadjacencylists from seemingly
randompoints.A closerexaminationrevealsthat this is not so.The nodeat which the traversal
starts®ts into oneof thefollowing categories:

(a) It is onenodeclockwiseor anticlockwise from a left boundarynode.

(b) Let (u, v) beanedge.This edgeis representedby two nodes: one(sayA) on theadjacency
list for u andtheother(sayB) on theadjacencylist for v. If theedge(u, v) is detectedfrom
vertexu, thenwe maywish to traversethelist for v beginningat thenodefor u. This canbe
done,easily,by keepinga pointerfrom A to B andanotherfrom B to A.

5 EXPERIMENTAL RESULTS
Our algorithmto ®nd a rectangulardual wasprogrammedin Pascal andrun on an Apollo

DN320 workstation.The typical time takenfor PTPgraphswith 25,50,and100nodesis shown
in Table 1. As canbe seen,the algorithmis very practical.We alsoran the 36 nodeexampleof
[KOZM84a]. This requiredonly 0.232seconds.

_______________________________________________________________________________

25
50
100

0.179
0.311
0.693

0.0127
0.0237
0.0495

# of
nodes PDGfrom PTP

graph
Dual from PDG

Time(secs)

_______________________________________________________________________________

Table1: Typical run timesonanApollo DN320workstation.

6 CONCLUSIONS
We havedevelopeda linear time algorithmto obtaina rectangulardualof a planartriangu-

latedgraph.This algorithmhasbeenprogrammedin Pascal. Experimentalresultsindicatethat it
is a verypracticalalgorithm.
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