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1 [INTRODUCTION
A rectangulardual of ann-vertexgraph,G = (V, E), is comprisedof n non-overlapping rec-
tangleswith the following properties:

(@ Eachvertexil V,correspondso adistinctrectangle in therectanguladual.

(b) If (i, j) isanedgein E, thenrectangles andj areadjacentn therectanguladual.

It is easily seenthat somegraphsdo not havea rectangulardual andthatfor yet others,the
rectanguladualis notunique.Further, whenevera graphhasarectangulaidual,it hasonewhose
outerboundaryis rectangularin this paperwe areinterestednly in suchduals.

The rectangulardual of a graph®nds applicationin the oor planningof electronicchips
andin architectural design([BREB83], [GRAS68],[HELL82], [MALI82]). Eachvertex of the
graphG representsa circuit moduleandthe edgesrepresentnoduleadjacenciesA rectangular
dualprovidesa placemenbf the circuit modulesthat preserveshe requiredadjacencies.

The problem of @&iding a rectangulardual has been studied in [BHAS85], [BREB83],
[HELL82], [KOZM84ab], and [MALI82]. In all of these studies,the input graphis either
assumedo be planaror is planarizedby the addition of verticesduring the early stagesof the
dualconstructioralgorithm.

In this paper,we assumehatthe graph,G, is a properly triangulated planar (PTP) graph
A PTPgraph,G, is aconnectedlanargraphthatsatisResthe following properties:

Pl:  Every face(exceptthe exterior)is atriangle(i.e., boundedoy threeedges).
P2:  Allinternalverticeshavedegree 4.

P3:  All cyclesthatarenotfaceshavelength? 4.
Figure 1.1 showsan exampleof a PTP graph, G, and two of its rectangularduals. In
[BHASS85], it is shownthateveryplanargraphthatsatisResPlandP3alsosatisResP2.
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Kozminski and Kinnen [KOZM84ab] have developednecessaryand su@ient conditions
underwhich a PTPgraphhasa rectanguladual. In orderto statetheseconditions,we restatethe
following terminologyfrom [KOZM84ab].

De@nitions [KOZM84ab]: A blockis a biconnecteccomponentA planeblockis a planarblock.
The block neighborhoodyraph (BNG) of a planargraphG, is a graphin which thereis a distinct
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vertexfor eachbiconnectedcomponenbof G. Thereis an edgebetweentwo verticesiff the two
biconnecteccomponentshey representhaveavertexin common. The remainingde@nitionsare
with respecto anembeddingf the planargraph. A shortcutin a planeblock G, is an edgethat
is incidentto two verticeson the outermostycle (this is deBnedin a naturalway with respecto
agivenembeddingof the planeblock) of G andthatis nota partof this cycle (seeFigurel.2).A
corner implying pathin a planeblock G, is a segment/4, v,, ....,V, Of the outermostcycle of G
with the propertythat (v4, v) is a shortcutand thatv,, ...., v, are not the endpointsof any
shortcut. A critical cornerimplying pathin a biconnecteccomponents; of G is a cornerimply-
ing pathof G; thatdoesnot containcut vertices(articulation points)of G. O

Theorem 1.1[KOZM84ab]: A PTPgraph,G, hasa rectangulardual iff one of the following is
true:

(&)  Gis biconnectecandhasno morethanfour cornerimplying paths.

(b) G hask, k > 1, biconnectedcomponentsthe BNG of G is a path; the biconnectedcom
ponentsthat correspondo the endsof this pathhaveat mosttwo critical cornerimplying
paths;andno otherbiconnectedcomponentontainsa critical cornerimplying path.O

Kozminski and Kinnen [KOZM84ab] have developedan O(n?) algorithmto constructthe
rectanguladual of ann-vertexPTPgraph,G, thatsatisResthe necessargndsu®ient conditions
of Theoreml.1. This algorithmsimultaneously veri®sthatthe given planargraphis properlytri-

angulated.Bhaskerand Sahni[BHAS85] have developedan O(n) algorithmto determineif a

given planargraphis properly triangulated. Sincethe conditionsof Theoreml.1 are testablein

O(n) time, their algorithmleadsto an O(n) algorithmto testthe existenceof arectanguladual for

aplanargraph.

In this paper we extendour work reportedin [BHAS85] to actually constructa planardual



(whenevermneexists)in O(n) time.

2 ALGORITHM OVERVIEW

The strategyadoptedby our algorithmis bestexplainedby examininga rectangulardual
(Figure 2.1(a)). There are 10 rectanglesin this ®ure. This ®yure may be partitionedinto six
columns,A - F. Eachcolumnhasthe propertythatit containsno vertical edge.Clearly, every
rectanguladual canbe sopartitionedinto a @ite numberof columns,

From this column partitioning of a rectangulardual, we can constructa directed graph
called the path digraph (PDG). The PDG containsa distinguished vertex called the HeadNode
In addition, it containsone vertexfor eachrectanglein the dual. Sincethe dual of Figure2.1(a)
has10 rectanglesjts PDGwill consistof 11 vertices.The directededgesof the PDGre ectthe
"ontop of' relationde®nedby the dual. For example rectanglel is on top of rectangle2 which
is on top of rectangle3. This relationis completelyspec®ed by traversingthe columnsof the
dualtopto bottom.The HeadNodeis by de@nition, ontop of all therectangles.

Traversing the six columnsof Figure2.1(a)yields the PDG of Figure 2.1(b). Eachcolumn
of the dual corresponddgo a distinct pathfrom the HeadNodeof the PDGto a leaf vertex(i.e.,a
vertexwith no outgoingedges) For instance the path(HeadNode® 4® 5® 3) correspondso
columnB while the path(HeadNode® 9® 7 ® 8) corresponds$o columnE.

A vertexi is a parentof anothervertex;j in the PDGIff <i, j> is a directededgeof the PDG.
If i is a parentof j, thenj is a child of i. In the PDG of Figure2.1(b),1 is a parentof 2 which in
turnis aparentof 3; 7 hasthe parents and9; 8 hasthe parents4, 7,and10; 8 is achild of 4; 5 is
a child of 4; etc. The children of any vertex of a PDG are orderedleft to right. This ordering
correspondso the orderin which the childrenappeaiin the dual. So,for example,1 is to the left
of 4 which is to the left of 6 which is to theleft of 9 in thedual.Hence,aschildrenof the Head
Node theyappearin the order1,4,6,9(left to right). Similarly, 5 is to the left of 8; so5 is drawn
to the left of 8 aschildrenof 4. As a resultof this orderingof the children of eachvertexin the
PDG,we canorderthe pathsfrom the HeadNodeo theleaves Whenthis is done,the @st pathin
the PDG correspondso the leftmostcolumnof the dual, the secondpathto the nextcolumn,and
soon.

Leti andj betwo verticesin aPDG.We shallsaythati is a distantancestorof j iff the PDG
containsa directedpathfromi to j thathaslengthatleast2. For the exampleof Figure2.1(b),1,4,
andthe HeadNodeare the distantancestorof vertex 3; 6,9, and the HeadNodeare the distant
ancestorof vertex 8; the HeadNodeis the only distantancestorof vertices2,5,7,and 10. No
othervertexhasa distantancestor.

Thefollowing lemmais a directconsequencef the the de@nition of a PDG.

Lemma 2.1: Let G bea PDGfor somerectangulardual. Leti andj betwo verticesin G. If i is a
distantancestowof j, theni is nota parentof j. O

Next, let us examinea planartriangulatedgraphfor which Figure 2.1(a)is a rectangular
dual. This is shownin Figure 2.1(c). The solid edgesin this ®gurerepresentdgescontainedin
the PDG (thoughin the PDG, theseare directed). The brokenedgesrepresentedgesnot in the
PDG.

Thenextlemmastateswo importantpropertiesof planartriangulatedgraphsandPDGs.
Lemma 2.2:If (i, j) is anedgein a planartriangulatedgraph,then:

(@) i is notadistantancestoof j in the PDG.

(b) jisnotadistantancestoiofiin thePDG.O
Our algorithm to obtain a rectangulardual beginswith a planar triangulatedgraph that
satisRes the necessaryand suf@ient conditionsof [KOZM84ab], and ®&st obtainsa PDG that
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Figure 2.1: Exampleof rectanguladual, PDG,andPTPgraph.

satisResLemma2.2. From this PDG, a rectangulardual is obtainedby traversingthe HeadNode
to leaf pathsleft to right.

We illustrate the basicmechanicof the processstatedaboveon the planarembeddingof
Figure2.1(c).To obtaina PDG,we ®@stidentify four (not necessarilydistinct) vertices. Theseare
called the northwest(NW), northeast(NE), southwest(SW), and southeast{SE) verticesof the
planargraph.For the graphof Figure2.1(c),we haveNw= 1,NE= 9, SW= 3, andSE= 8.

Vertices 1,4,6,9,10,8,3, and 2 de@ne the outer boundaryof the graph.The outer boundary
may be decomposednto four segmentstop, right, bottom,andleft. For the exampleof Figure



2.1(c),the top outerboundaryis deBnedby the vertices1,4,6,and9; the right outerboundaryby
the vertices9,10,and 8; the bottom outer boundaryby 3, and 8; andthe left outerboundaryby
theverticesl,2,and3. Figure2.2 showsthe boundaryorientationshatareusedby us.

Figure 2.2: Boundaryorientations.

To obtainthe PDG, we beginwith a HeadNodethat hasno children. The left outerboun
dary(1® 2® 3)of thePTPgraphis traversedThis becomeghe leftmostHeadNodego leaf path
of the PDG.We will later seethat by a properchoice of NW and SW we can guaranteehat the
planartriangulatedgraphcontainsno edgesthat violate Lemma2.2 with respectto the PDG so
far constructedFigure 2.3(a)).As the left outer boundaryis traversedtheseverticesare elim-
inatedfrom the graphandthe nextleft outerboundaryidenti®ed. This elimination andboundary
identi®cationyieldsthe graphof Figure2.3(b).

The new left outerboundarycannotbe includedas a pathin the PDG underconstruction
becausef the presencef the edge(4,8). If the path(4,5,8)is addedto the PDG, 4 will become
a distant ancestorof 8 and the edge (4,8) will violate Lemma 2.2. We can get around this
difculty by not using the edge(5,8). Rather,the pathis completedby using the edge(5,3) in
placeof (5,8). The offendingedge(4,8) is usedto completeanotherpath. This yields the PDG of
Figure 2.3(c)andthe graphof Figure2.3(d).Note thatin going from Figure2.3(b)to 2.3(d),the
SWhvertexhasnot changedThisis becaus&sW= SEandall HeadNodeo leaf pathsmustendat a
bottomoutervertex.

The left outerboundaryis now (6,7,8).Adding this to the PDG yields the PDG of Figure
2.3(e).Theplanargraphthatremainsis Figure2.3(f). Traversing this last pathyieldsthe PDG of
Figure 2.3(g). One may easily verify that the PDG of Figure 2.3(g) and the planartriangulated
graphof Figure 2.1(c) satisfy Lemma2.2. Further, observethat the PDG% of Figure 2.1(b)and
2.3(g) are not identical. This is no causefor concernas a planartriangulatedgraph can have
many rectangularduals. The rectangulardual we shall obtain from the PDG of Figure2.3(g)is
differentfrom the oneour algorithmwould obtainfrom Figure2.1(b).

The actual processof obtaininga PDG s far more complexthansuggestedy this simple
example.This example doeshowever,illustrate the basicstrategy.The complexitiesinvolvedin
obtainingthe PDGareexaminedjn detail,in Section4.

Obtaining a rectangulardual is now a relatively straightforward task. We traversethe
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Figure 2.3 (Continuedon nextpage)

leftmostHeadNodeto leaf pathand placerectanglesof unit heightin columnA (Figure 2.4(a)).
While the columnis of unit width, it is possiblefor someof the rectangledn this columnto be
wider. The next HeadNodeto leaf pathis 4 ® 5® 3. Since4 is adjacentto the alreadyplaced
rectanglesl and2 (seeFigure2.1(c)),we closeoff rectanglesl and2 andobtainthe placemenbf
Figure2.4(b).This placemenbf rectangle4 allows the nextrectangle5, to be adjacentto rectan
gle 2. Rectangles is to be adjacentto 2 andon top of the alreadyplacedrectangle3. This leads
to Figure2.4(c). The nextpathis 4 ® 8. Since4 is alreadyplaced,it is extendednto columnC.
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Since8 is adjacento 3,4,and5, it is placedasin Figure2.4(d)andrectangles3 and5 closedon
their right. Whenthepath6 ® 7® 8is traversedg is begunatthetop.6 is adjacento the placed
block 4. So,4 is closedand6 placedasin Figure2.4(e).7 is adjacento the placedblocks4 and8
andsois placedasin Figure2.4(e).At thistime, the threeblocks6,7,and8 areopen.Traversing
the®nal path9 ® 10® 8 resultsin the placementof Figure 2.4(f) andthe closing of all rectan
gles.

The details of the algorithm to obtain the dual from the PDG are provided in the next
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Figure 2.4: Rectanguladual construction. (Continuedon nextpage)

section.

3 FROM PDGTO RECTANGULAR DUAL

Therectanguladualis obtainedfrom the PDGby carryingout anordereddepth®rst traver
sal of the PDG.In this traversalthe children of eachnodeare examinedieft to right. The basic
principlesunderlyingour algorithmfor this taskweredescribedn Section2. Here,we consider
the detailsof ourimplementation.

Therectangulardual is a collection of non-overlapping rectanglesplacedin a two dimen
sional space Any positionin this spaceis deBned by providing two coordinatesx andy. Figure
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Figure 2.4: Rectanguladual construction. (Contd.)

3.1 shows the origin of our coordinate system. Notice that y increasesas we go down.
Correspondingo eachvertexv (otherthanthe HeadNod& in the PDG,therewill bearectanglev
in the dual. The position of this rectangleis uniquely characterized by providing the x positions
of thetwo vertical edgesandthey positionsof thetwo horizontaledgegFigure3.1).

(0,0)
top
left —= v = right
yl
bottom

Figure 3.1: Coordinatesystemfor the dual.

With eachvertex/ rectanglev, we associatahe following values:
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visit: Thisis aBoolean®eld thatis initially FALSE. It is setto TRUE the @rst time vertex
v is reachedduringthe depth®rst traversal At this time, the rectanglefor v is placed
onthedual.

left: Thex-coordinateof theleft vertical edgeof therectanglev.

right: Thex-coordinateof theright vertical edgeof this rectangle.

top: They-coordinateof thetop horizontaledge.

bottom They-coordinateof the bottomhorizontaledge.

We usethe notationa.b to mean"the b value of a'. For example,v.visit denotesthe visit
valueof vertexv, etc. Notice thatfor eachrectanglev, v.bottom> v.top andv.left < v.right.

Our algorithm to obtain the rectangulardual from the PDG consistsof two procedures:
ConstructDualandplace placeis arecursiveprocedurghatdoesthe actualplacemenof rectan
glesontothe two dimensionakpace This placemenis carriedout in a columnarfashionassug
gestedby the column decomposition of Figure 2.1(a). This procedureis invoked by Con
structDualafterit hasdonesomeinitialization. x, y, andFirstPath arevariablesthatareglobalto
procedureplace x recordsthe x-coordinateof the left edgeof the columnthatis currently being
placed.All columnsareassumedo be of unit width. So, for example whenwe are placing the
rectanglesl, 2, and3 of columnA of Figure2.1(a),x = 0. Whenwe areplacingrectanglest and
5,x = 1 andwhenrectangless, and 7 are beingplaced,x = 3.y givesusthe lasty-coordinatein
the currentcolumnto which a rectanglehasbeenassignedor equivalently, the nexty-coordinate
thatis free). Whenprocedureplaceis initially invoked,no rectangleshavebeenplaced.Hence x
andy areinitialized to 0 in line 1 of ConstructDual. ThevariableFirstPath is Booleanvalued.Its
valueis trueinitially (line 2) andremainstrue so long aswe are placing rectanglesin the @rst
column.This is the caseaslong aswe aretraversingthe leftmostpath of the PDG (e.g.,Head
Node® 1® 2® 3in Figure2.1(b)).Procedure place usesa Booleanvariable,visit, thatis asse
ciatedwith eachvertexvin thePDG.v.visit is FALSE initially andbecomes’RUE whenthever-
tex v is reachedfor the @rst time during the traversalof the PDG. The only other initialization
thatis done by ConstructDual is the rectanglefor the HeadNode This is deBnedto be of zero
heightandwidth andlocatedat (0,0) (line 4).

Theinvokationof procedureplacefrom line 5 resultsin the placementof rectangledor all
verticesin the PDG, exceptfor the HeadNode However,the position of the right vertical edges
of therightmostrectangless not done.This is completedin lines 6 - 8. Whenthe invokation of
procedureplace (line 5) is completedx givesusthe x-coordinateof the left edgeof the lastverti-
cal column.Theright x-coordinateof this columnis x+1.

place (v) is arecursiveprocedurehatresultsin the placementof all rectangledor all ver-
ticesin the PDG that are descendantsf v (this includesvertexv, in casev! HeadNodg On
entry to place x is the left boundaryof the columnwe areto work in andy its top boundary.
Furthermore, v.visit = FALSE. So,exceptfor theinitial invokationwhenv = HeadNodev always
correspondso a vertexwhoserectanglehasyet to be placed.

If the rectanglefor v hasmk beenplaced(i.e.,vl HeadNodg, thenthis rectangleis placedin
lines 1 - 18. The left andtop valuesfor this rectangleare clearly x andy, respectively. If v is on
the leftmostpath (i.e., FirstPath = TRUE), thenits rectangleis arbitrarily given a height of 1.
Hence\y is incrementedy 1 (line 4) andv.bottom=y. max_yis a global variableusedto record
the overall height of the rectangulardual. It will becomeevident,later, that this is simply the
numberof verticeson the leftmostpathin the PDG (excludingthe HeadNodg. In casev is noton
the leftmostpathof the PDG,thenits bottomcoordinatev.bottomis determinedoy examiningall
the rectanglesthat areto be adjacentto it andon its left. Theseare obtainedby examiningthe
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line PROCEDUREConstructDual (HeadNodé;
(* usethe pathdigraphwith root HeadNodeo obtainthe rectanguladual*)

x=0;y=0; (* beginatcoordinateq0,0)*)

FirstPath = TRUE;

Setv.visit = FALSE for all verticesv in the PDG;
Settheleft, right, top andbottom®eldsof HeadNodeo 0;
place(HeadNodég; (* procedureo placerectangles)

o O~ WDN P

FOReachvertexv ontherightmostdigraphpath,DO
(* setright boundarie®f rightmostrectangles)

\I

v.right =x + 1;
ENDFOR;
END ConstructDual ;

©

Figure 3.2

original adjacencylist of v. Thislist containsfour categoriesf vertices:

A: vertices whoserectangleswill beginin columnsto the right of the one we are currently
working on. Theseverticeshavetheir visit value FAL SE.

B: at mostonevertex,u, whoserectangleis immediatelyabovev in the currentcolumn.Note
that by de@nition of a column partition, thereareno vertical edgesin a column.Hence,at
most one vertex can have its rectangleimmediately above v/ rectanglein the current
column.If v is the @strectanglein the column(i.e.,v is achild of HeadNodg, thenno such
u exists.If u exists,thenu.visit = TRUE andu.bottom= v.top.

C: at mostonevertexu whoserectangleis immediatelybelow v in the currentcolumn. This
vertexuis achild of vin the PDG.

D: all othervertices.Theseverticeshavevisit = TRUE and occupya contiguoussegmentof

thepreviouscolumn(i.e.,theonewith left boundaryx- 1).

v.bottomis determinedby the verticesin C andD. If the vertexu in C hasalreadybeen
visited, thenits u.top is knownandv.bottommustequalu.top (Figure 3.4(a)).If thereis no vertex
in C orif the C vertexhasnot beenvisited, thenits top valueis not known andv.bottomis deter
minedby theverticesin D (Figure3.4(b)).

In either case,for eachvertexu in D, we cansetu.right = x asu.right = v.left. Note that
(u.visit AND u.bottom? v.top) ifful Dor(ul Candu satis®esFigure3.4(a)).Lines10- 14are
written asthoughFigure 3.4(a)is not the case.Underthis assumptiontheselines are executed
only for verticesu, uT D. Their right boundariesare setandv.bottomis setso asto allow the
child (if any) of v to sharean adjacencywith the lowermostrectangleof D (lines12 and13). In
caseFigure 3.4(a)is the case,thenthe only usefulwork donein lines 10 - 14 is the setting of
wright forallu,ul D.

Lines 19 - 30 handlethe placemenibf the childrenof v (if any),the caseof Figure 3.4(a),
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line

N o o B~ WODN B

10
11
12
13
14
15
16
17
18

PROCEDURBlace(v);
(* placetherectanglesorresponding to verticesin the digraphwith rootv *)

IF (v HeadNod¢ THEN
[ vvisit = TRUE; v.left = x; v.top=y;
IF FirstPath THEN (* rectangleheight=1*)
[y=y+1;vbottom=y; max_y=y]
ELSE
[ v.bottom=Yy;

FORall verticesu onthe adjacencyist of v, DO
(* uhs areobtainedfrom the original graph,not the pathdigraph*)

IF (u.visit) AND (u.bottom? v.top) THEN
[ (* umustbeto theleft of v *)
u.right = x;
IF (u.bottom> v.botton) THEN
[ v = (u.bottom+ max{u.top, v.top}) / 2;
v.bottom=y]
ENDIF]
ENDIF;
ENDFOR]
ENDIF (* FirstPath *) |
ENDIF; (* vl HeadNode)

Figure 3.3 (Continuedon nextpage)

andthe casethat C is empty.If C is empty,thenv hasno children.Hence,v is the bottommost
rectanglein the currentcolumnand so shouldextendto max_y This is handledin line 20. If v
haschildren,thentheseare examinedleft to right (this is moreclearly deBned by following the
edgesin the PDG thatleavevertexv in an anticlockwise order).Let w be a child of v. We have
threecases:

1.

w hasalreadybeenvisited. This is the caserepresentedby Figure 3.4(a)with w = u. In this
casewe needto setv.bottomto w.top (line 25).

w is the leftmost(or ®st) child of v. At this time, a recursivecall is madeto placew andall
its descendantfine 26).

w hasnot beenvisited andis not the leftmostchild. In this case,w is to be placedin the
nextcolumn.So,x is incrementedandw andits descendantare placedby therecursivecall
of line 27.Notethatsincey is a globalvariable,its valuecouldgetchangedasaresultof an
earlier call to place (w) (for example,from line 26 or even27 itself). So, it is necessaryo
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19 IF (v hasno children) THEN

20 [ v.bottom=max_y]

21 ELSE

22 [ FirstChild = TRUE; (* local variable*)
23 FORall childrenw of v, DO

(* childrenareobtainedfrom the pathdigraphvia ananticlockwise traversal)
24 CASE

25 s wwvisit: [ v.bottom=w.top]

26 : FirstChild: [ place(w); FirstChild = FALSE ]

27 : ELSE:[ FirstPath= FALSE; x=x + 1;y = v.bottom place (w) ]
28 ENDCASE;

29 ENDFOR]

30 ENDIF; (* v hasnochildren®)

31 END place;

Figure 3.3(Contd.)

X X
/F v.top /F ' v.top
D D v
L |

u.top=v.bottom

(@) (b)

Figure 3.4: Determiningv.bottom
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initialize y eachtime asin line 27.

The variablesw andFirstChild arelocal variablesof procedureplace The correctnesof
the placementprocedurefollows from the fact that the PDG is obtainedfrom a planartriangu
latedgraphandfrom our handlingof the caseof Figure 3.4(b). The complexity of the placement
stepis readily seento be O(n), wheren is the numberof verticesin the PDG (notethat sincethe
original graphis planarandconnectedit containsO(n) edges).

Whenour placementlgorithmis usedon the PDG of Figure2.1(c),the rectangulardual of
Figure2.4is obtained.

4 OBTAINING THE PDG

41 Input

Theinput to our algorithmis a connectedplanartriangulatedgraphdescribedby its adja
cencylists. Sucha graphmay or may not havea rectangulardual. The necessarnand suf@ient
conditionsof [KOZM84ab]thataredescribedn Sectionl of this papermaybetestedfor in O(n)
time usingthe algorithmof [BHAS85]. This algorithmalsodeterminesvhethertheinput graphis
aPTP(properlytriangulatedplanar)graph.If theinput graphfails thesetests,thenno rectangular
dual existsand we needproceedno further. So, assumehat the testsare passedHence,a rec
tangulardual exists.

To &d a PDG, we can beginwith the PTP graph drawing obtainedby the algorithm of
[BHASS8S5]. This drawing,quite naturally, satisResthe propertiesP1- P3of a PTPgraphasstated
in Sectionl. From this drawing,a new linked list representation of the graphis obtained.Thisis
describedoelow.

Everydrawingof a graphimposesa naturalcyclical orderingon the verticesthat are adja
centto anothervertex. For example,considerthe drawing of Figure2.1(c).Vertices 1,3,4,and5
areadjacentto vertex2. A clockwiseorderingis obtainedby following the incidentedgesin a
clockwisedirection (Figure4.1(a)).This givesusthe cycle (1,4,5,3,1). An anticlockwise order
ing is obtainedby following theincidentedgesn ananticlockwise direction(Figure4.1(b)).This
gives us the cycle (3,5,4,1,3).In either case, the starting point is irrelevant as the cycles
(1,4,5,3,1)(4,5,3,1,4)(5,3,1,4,5)etc.arethe same.

(a) Clockwiseordering (b) Anticlockwise ordering

Figure 4.1
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The startingpoint for our algorithmto obtaina PDG s the drawing obtainedby the algo-
rithm of [BHASS85]. This drawingis representedh the form of doubly linked circular adjacency
lists (see[HORO84], for e.g.,for a de@nition of a doubly linked circular list). Whena circular
adjacencylist is traversedin one direction, the verticesappearin clockwise order. Whenit is
traversedn the oppositedirection, they appearin anticlockwise order. Our algorithm actually
requirestwo copiesof the circular adjacencylist of eachvertex. One copy getsmodi®ed asthe
algorithmprogressesvhile the otheris unchangedThe latter copy is referredto asthe original
adjacencylist while theformeris simply calledthe adjacencylist.

4.2 Initialization and Variablesused
In additionto utilizing two setsof adjacencylists, our algorithmto constructa PDG uses
severalvariables.Thesevariablesmaybedividedinto the categories:

A: variables associatedvith eachvertexof the planargraph.

B: variablesassociatedvith the PDG.

C: variablesassociatedvith the planargraph(otherthanthosein A).
D

program variables.
We list, below, all the variablesusedby us. A descriptionof the signi®canceof eachof
theseis alsoprovided.

Category A: Variables associatedwvith eachvertex of the planar graph
The variablesaredenotedusingthe notationv.f. This meansvariablef associatedvith ver-
texv (andread"v dot f").

A.l: NotInPDG - - - Thisis a Booleanvaluedvariablethatis initially TRUE for all vertices
v. Whenavertexv is addedto the PDG,v.NotInPDGis setto FALSE.
A.2: RightOuter - - - Thisis aBooleanvaluedvariablethatis TRUE for verticeson theright

outer boundaryof the subgraphbeing processedrFor example whenthe planargraph
of Figure 2.2 is being processedRightOuteris TRUE for vertices 8,9, and 10, and
FALSE for the remainingvertices.During the courseof the algorithm, other vertices
will have their RightOuter®eld setto TRUE (i.e., when they are on the right outer
boundaryof the subgraphbeing processed)However,the value of this variable never
changedrom TRUEto FALSE.

A.3: TopOuter - - - Similar to RightOuterexceptthatit is true for verticeson the top outer
boundary(e.g.,verticesl,4,6,9(initially) of Figure2.2).

A.4: BotOuter - - - Similarto TopOuter exceptthatit is true for verticeson the bottomouter
boundary(e.g.,vertices3, and8 (initially) of Figure2.2).

A.5: TopNext - -- Thisis alink variablethat links togetherthe TopOuter verticesfrom left
to right. Thusin Figure2.2,the TopNext variableis usedto recordthechainl® 4® 6
® 9 asthe top outerboundaryof the initial graphbeing processedAs our algorithm
proceedsthe top outerboundarywill changeandthe variable TopNext associatedvith
otherverticeswill beinitialized.

A.6: BottomNext- - - Similar to TopNext exceptthat the bottomboundaryis chainedleft to
right. For the examplegraphof Figure2.2, BottomNexis initially usedto maintainthe
chain3® 8.

A.7: LeftBoundary --- This variable may have one of the three values {0,1,2}.
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v.LeftBoundary = 2 iff v has never been a left boundary vertex. Otherwise,
v.LeftBoundarymaybeO or 1. Recallfrom ourinformal discussiorof Section2 thatthe
PDGis constructedyy traversingtheleft boundaryof the graph,deletingthis left boun
dary,traversingthe newleft boundary deletingthis, andsoon. The newleft boundary
is constructedvhile the presenibneis beingtraversedTo distinguishbetweenvertices
onthe presenteft boundaryandthoseonthe next, two valuesO and1 areused.If O (1)
denotesverticeson the presentleft boundarythen 1 (0) denoteghoseon the next left
boundary.

RightOuterReached - - - This variable is initially NIL for all vertices. During the
courseof the algorithm, it will be usedto recordthe fact that certainverticesare adja
centto certainright outervertices.As will be seenlater, this variableis introducedto
ensurehatthealgorithmrunsin O(n) time.

next - - - Thisis usedto chaintogethererticeson the left boundary. The lastvertex,v,
on the chain hasv.next = NIL. For the graphof Figure 2.2, the initial left boundary
chainl® 2® 3is maintainedusingthis variable.

Category B: Variablesassociatedwith the PDG

B.1:

B.2:

B.3:

B.4:

StartNode - - - This is a vertexin the PDG. When a subgraphis being processedall
pathsthatareto beaddedto the PDGbeginat StartNode

EndNode- - - All pathsaddedto the PDG during the processingof a subgraphend at
EndNode

VerticesRemaining - - - This is a Booleanvaluedvariablethatis true solong asthere
areverticesyetto beaddedto the PDG.

parent - - - Thenextvertexaddedto the PDGis to bea child of this PDGvertex.

Category C: Variables associatedwith the planar graph (other than thosein A)

C.1:

C.2
C.3:
C.4:
C.5:

C.6:

NW - - - denoteghe northwestvertex of the subgraphbeing processed.For the exam
ple of Figure2.2,NW= linitially.

NE - - - thenortheaswertex.Initially NE = 9 for the exampleof Figure2.2.
SW - - - the southwestertex.Initially Sw= 3 for the exampleof Figure2.2.
SE - - - thesoutheasvertex.Initially SE= 8 for the exampleof Figure2.2.

next NW- - - the vertexthatwill becomethe NW vertexafterthe presenteft boundary
hasbeen processednext NW= 4 whenNwW= 1 in thegraphof Figure2.2.

next SW- - - thenextsouthweswertex.This is vertex8 whenSw= 3 in Figure2.2.

Category D: Program variables

D.1:

D.2:

D.3:
D.4:

LeftBound- - - Thisis a0/1 valuedvariableusedto tell uswhetherLeftBoundary= 0 or
LeftBoundary= 1 signiResa vertexonthe presenteft boundary.

p - - - variableusedto traversethe chain of left boundaryvertices.Note that this chain
beginsat the vertexNWandendsat the vertexSW

pred_p - - - thepredecessoof p ontheleft boundarychain.
g - - - variableusedin the constructionof the nextleft boundarychain. It denotesthe
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last vertex addedto this chain. Note that this chainwill beginat next_ NWandendat
next_SW
Thereareseveralothervariablesin CategoryD. Theuseof theseis very localizedandtheir
signi®cancewill becomeapparenfrom the contextin which theyareused.

(c) 2 critical cornerimplying paths

Figure 4.2: Examplesshowingcornerimplying paths.

Theinitialization procesgequiresusto dothefollowing:
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I1: ldentify the NW, NE, SW andSEverticesof theinput PTPgraph,G. Thisis doneby identify-
ing the corner(or critical corner)implying pathsof G. Therecanbe at mostfour suchpaths
(Theoreml.1). Let the numberof suchpathsbek. Pick a vertex (any) from the interior of
eachof thesek paths.Now pick anadditional4 - k verticesfrom the outerboundary Note
thatthe outerboundarymustbe comprisedof at leastfour vertices.If it hasonly threever-
tices,thenG is eithera triangle or hasa trianglethatis not a face. The formercasecanbe
handledas a specialcaseand the latter caseviolates condition P1 (Section1) of a PTP
graph.Thefour verticesselectedarelabeledNW, SW SE andNE in sucha mannetthatthese
areencounteredh this (cyclic) orderwhenthe outerboundaryis traversedn the anticlock
wise direction. Someexamplesare shownin Figure 4.2. Broken edgesdenotecorner (or
critical corner)implying paths.

12: Initialize thefollowing boundarychains:

(a) left boundaryfrom NWto SWusingnext
(b) top boundaryfrom NWto NE using TopNext.
(c) bottomboundaryfrom SwWto SEusingBottomNext

I13:  Set LeftBoundary= 0 for all verticeson the left boundarychainand LeftBoundary= 2 for
all othervertices.SetTopOuter andBotOuter= TRUE for all verticeson the chains(b) and
(c) of 12, respectively.

14:  Set RightOuter= TRUE for all verticeson the outerboundarythat are betweenNE and SE
(inclusive).

I5:  Set RightOuterReached = NIL for eachvertexin G.

16: Initialize the PDGto containjustthe HeadNode
Sincethe algorithm of [BHAS85] identi®esthe outerboundaryof the obtaineddrawing, it
is possibleto carryouttheinitializations of 11 - 16 in O(n) time.

4.3 PDG Construction

While the basicideaintroducedin Section2 for the constructionof the PDG is quite sim-
ple, the actualconstructionis complicatedby the needto handleseveralspecialcaseghat arise.
We shalldescribethesespecialcasesandhowtheyarehandledaswe describetheworking of the
general PDG construction algorithm. This algorithm is comprisedof the nine procedures:
set_next NWSW  add_to PDG paths process_chorgd process BottomLeft,
process_hanging_component, process_TopLeft, process RightOuter, and
process NotRightOuter. After theinitialization stepsl1-16 desribedin the previoussectionare
complete, procedure paths is invoked. This in turn invokes proceduresset next NWSW,
add_to PDG process RightOuter, and process NotRightOuter. Procedures
process RightOuter, and process NotRightOuter in turn invoke the remainingfour procedures.
Thedetailsof eachof thesenine proceduresreprovidedin thefollowing subsections.

4.3.1 set_next NWSW

This algorithm determinesthe valuesof next NWand next_ SWAs processingproceeds
from oneleft boundaryto the next, NwW and Swmovetowardsthe right alongthe top andbottom
outerchains.This continuesuntil the endof the chainis reachedAt this time, the variableNwW or
SW (or both)thathasreachedhe endof its chainremainsstationary.
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4.3.2 add_to PD@)

This procedurds usedto addthe vertexp or justanedgeto the PDG. If p is not alreadyin
the PDG,thenit is introducedasa child of the vertexparent Furthermore, if p is the last vertex
ontheleft boundarythenit completesa newly addedpathin the PDG. Sinceall suchpathsmust
endatvertexEndNodethe edge<p, EndNode is alsoaddedto the PDG.

If pis alreadyin the PDG,therearetwo possibilities for p: p=NWorp = SW Thisis so,asit
is only the NW or SWverticesof the subgraphcurrently being processedhat can be on several
left boundarypaths(seethe descriptionof set_next. NWSW). If p = NW, the edge<StartNode p>
wasaddedto the PDG during an earlierleft boundarytraversal.So,nothingis to be donenow. If
p = SW thenthe edge<parent p> hasto be added Note that parentmustbe a newly addedvertex
asthe currentleft boundarymustcontainat leastonenewvertex.Finally notethatsincep = SWis
alreadyin the PDG, the edge<p, EndNode musthavebeenaddedto the PDG at someearlier
time.

4.3.3 paths

Thisis describedormally by the Pascal - like codeof Figure4.3.1t addsall the verticesin
the subgraphboundedby the verticesNW, NE, SW and SEto the PDG. This is doneby succes
sively traversingand deleting the left boundaryof the subgraph Each suchtraversalof a left
boundaryresultsin the addition of a path to the PDG. This path beginsat StartNode goes
throughthe left boundary andendsat EndNode Procedure pathsis a recursiveprocedureWhen
it is invokedinitially, NW, NE, SW and SE havethe valuesspec®ed in Section4.2; StartNode=
HeadNode EndNode= NIL; andLeftBound= 0.

Therepeatloop of lines 1 - 19 essentiallytraverseghe graphby advancingfrom one left
boundaryto the next. This terminateswhenall verticeshavebeenaddedto the PDG. The vari-
able parentis setto StartNodein line 2 asall pathsaddedto the PDG mustbegin at this node.
VerticesRemaining is setto FALSE in line 3 astheremay be no verticesleft afterwe traversethe
presentleft boundary.The valuesfor next NWand next_SWare determinedby the procedure
call of line 4. p, pred_p andq areinitialized in lines 5 - 8 to performthe traversalof the left
boundaryandto constructthe nextleft boundary.

Therepeatloop of lines 9 - 17 implementsthe traversalof the left boundary p denotegshe
left boundaryvertex presentlybeing examined. This vertex is addedto the PDG (line 10) and
thenprocessedn line 11. The natureof this processingdependson whetheror not p is on the
right boundary Following this, p andpred_pareadvancedo the nextvertexontheleft boundary
(lines 15 and 16). The traversalof the left boundaryendswhenp falls off the left boundary(p =
NIL).

During the processingf the left boundary the graphis modi®ed andthe newNw, SW Left-
Boundvaluesareasindicatedin line 18.

4.3.4 process _chord

The normalleft boundaryto left boundaryadvanceof our algorithmis interruptedby the
occurrenceof specialcasesThereare®ve specialcaseghatwe needto handle .Four of theseare
handledby proceduresprocess chord, process BottomLeft, process hanging_component, and
process TopLeft andthe ®fth by the mechanisnof the RightOuter Reached variablethatis asse
ciatedwith eachvertex. The ®&st specialcaseariseswhen a chord is detected. A chordis an
edge(u,v) thatsatisResthefollowing properties:

S1: Bothuandv areonthepresenteft boundary.
S2:  (u,v) is notanedgeof theleft boundary.
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line PROCEDURBpaths(NW, NE, SW SE, StartNode EndNode LeftBound;
(* coverall verticesin the graphboundedby verticesNW, NE, SW and SE by paths.
Thesepathsareaddedto the pathdigraphbetweenStartNodeandEndNode*)

1 REPEAT (* obtainpathcover*)

2 parent= StartNode

3 VerticesRemaining = FALSE;

4 set_next NWSW

5 p =NW, (* vertexon presenieft boundary*)

6 pred_p=NIL; (* predecessoof p onleft boundary*)
7 g =next_NW (* vertexon nextleft boundary*)
8 g.LeftBoundary=1- LeftBound

9 REPEAT (* traveldownpresenteft boundary*)
10 add_to PDQ(p); parent=p;

11 IF p.RightOuter

12 THEN process_RightOuter

13 ELSEprocess NotRightOuter

14 ENDIF;

15 pred_p=p;

16 p =p.next (* advancep *)

17 UNTIL (p=NIL);

18 NW=next NW SW=next_ SWLeftBound=1- LeftBound
19 UNTIL (NOT VerticesRemaining);

20 END paths

Figure 4.3

S3: uisapredecessoof v ontheleft boundarychainandv is notin the PDG.

Supposeawe startwith the PTPgraphof Figure 2.2. After the ®@rst left boundaryhasbeen
processedthe PDGis asin Figure2.3(a)andthe PTPgraphis asin Figure2.3(b). The new left
boundaryis4® 5® 8. If thisleft boundaryis addedto the PDGto getthe PDG shownin Figure
4.4,thenbecausef the presenceof the edge(4,8) in the PTPgraph,condition(a) of Lemma2.2
is violatedandno rectanguladual canbe obtainedfrom the PDG.

Hence the presenceof a chordrequiresusto deviatefrom our normalway of building the
PDG.If (u, v) is achord,thenu mustnot be a distantancestonf vin the PDG.Otherwise norec
tangulardual canbe obtainedfrom the PDG. The situationof Figure4.4is correctedby eliminat
ing the edge<5,8>andaddingthe edge<5,3>to the PDG.Now, 4 is not a distantancestorof 8
andthe presencef the edge(4,8) in the PTPgraphdoesnot createany difulties with Lemma
2.2.
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HeadNode

Figure 4.4: Edge(4,8)is achord.

The generalcircumstancesurroundinga chordis shownin Figure4.5(a). Edge(ch_p ch_r)
denotesthe chord andch_pis a predecessoof ch_r on the left boundarychain. At the time a
chordis detectedby ouralgorithm,ch_pwill bein the PDGwhile ch_rwill not.

The planarregion boundedby the cyclech_p® ---® ---® ch_r® ch_pmay contain
additionalvertices(suchasa, b, c, etc., of Figure4.5(a)).The edge(ch_p ch_r) will be a chord
with respectto all left boundariesn this region. So, it is necessaryto handlethe entire region
separately.This is done by @®rst isolating this region from the rest of the remainingsubgraph.
SpeciReally, we traversethe adjacencylist of vertexch_r in the anticlockwise direction begin
ning at the vertexch_p(stepl of proceduregorocess chord, Figure4.6). Thistraversalstopswhen
theimmediatepredecessoch_SE of ch_rontheleft boundarychainis reachedNotethatch_SE
1 ch_pas(ch_p ch_r) is notaleft boundaryedge.Deletingthe edgesbetweerch_randall thever-
tices encounterediuring this traversal(including ch_p and ch_SBH, resultsin isolating the sub
graphof Figure4.5(b).

To processhis subgraphthe NW, NE, SW and SE verticesneedto be identi®ed. The @rst
stepin this identi®cationis to traversethe original adjacencylist of ch_SEclockwise beginning
atch_r. ch_endis the @rst vertex encounteredThis vertexmustbe to the left of the currentleft
boundary.To seethis, observethat by the choice of the initial NW, NE, SW and SE, the @ st left
boundarycannothavea chord. So, the currentleft boundarycannotbe the ®st left boundary.
Hence,ch_SEhasanadjacentvertexclockwisefromch_randto its left.

Next, traversethe original adjacencylist of ch_endanticlockwise beginningat the vertex
ch_SE This traversalterminatesat the lastvertexch_SWthatis bothonthe currentleft boundary
andthatis notin the PDG.Hence,this traversalessentiallymovesbackwardson the left boun
dary chain. Note thatch_SW! ch_pasch_pis alreadyin the PDG (furthermore, it may not be
adjacento ch_end. However,ch_SWmaybethe samevertexasch_SE

Theisolatedsubgraptof Figure4.5(b)will be processedisingprocedurepathsrecursively.
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Figure 4.5: Chord(ch_p ch_r).

ch_pwill bethe northwestandnortheastvertex,ch_SWthe southwestand ch_SEthe southeast.
Beforethe recursioncanbegin,the right outerboundary bottomouterboundary etc. needto be
initialized. Thisis donein step3.1of process chord. Finally, all the pathsaddedto the PDG dur-
ing the recursivecall of step5 shouldbeginatch_pandendat ch_end This ensureghatch_pis
notadistantancestoiof ch_rin the PDG.

4.3.5 process BottomLeft
Thisis thesecondof the four specialcasesalludedto in Section4.3.4. This ariseswhenthe
currentversionof the PTPgraphcontainsanedge(p, r) with the properties:

B1l: pisonthecurrentleft boundaryandp! SW

B2: risonthecurrentbottomboundaryandr! SW

The situationis depictedin Figure4.7.Becauseof the way in which we constructthe next
left boundary,it is necessaryo handlethe bottomleft cornerboundedby the edge(p, r) andthe
left andbottomboundariesn a specialway.

The special processing of the bottom left corner is carried out by procedure
process BottomLeft (Figure 4.8). Step 1 isolatesthe affectedregion. This is doneby traversing
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step PROCEDURBprocess chord (ch_p ch_r, LeftBound;

1 traversethe adjacencylist for vertexch_r anticlockwise beginningat vertexch_p
and ending when the vertex ch_SE such that ch_SEnext = ch_r (i.e. the
predecessoof ch_r onthecurrentleft boundary)s reached

1.1 for all vertices(including ch_pandch_SHB encounterediuring this traversal,
settheir RightOuter®eld to TRUE and deleteedgesbetweenthesevertices
andch_rfromthegraph;

2 setch_endto be the vertex that is on the original adjacencylist of ch_SEand
clockwisefromch r;

3 traversethe original adjacencylist of ch_endanticlockwise beginningat ch_SE
until the last vertex ch_SW such that ch_SWNotInPDG = TRUE and
ch_SWLeftBoundary= LeftBoundis reached(this traversalessentiallyfollows
verticeson the currentleft boundary)

3.1 for vertices betweench_SWand ch_SEthat are encounteredduring this
traversal setBottomNextReld, setBotOuterto TRUE andLeftBoundary= 2;

4 {at thistime, a subgraptboundedby ch_p the newly markedRightOutervertices,
ch_SE ch_SWandverticeson the currentleft boundarybetweench_pandch_SW
hasbeenisolated.}

Setch_SWhextto NIL;
5 paths(ch_p ch_p ch_SWch_SEch_p ch_end LeftBound;

END process _chord ;

Figure 4.6

the adjacencylist of vertexr anticlockwise beginningat the vertex p andterminatingat the @rst
vertexbl_SEthatis onthe bottomboundary.

We shall show later that the subgraphH, being processedlways satisRes the following
condition:

C1: The subgraphH containsno edge(u, v) suchthat both u andv are on the bottomboundary
andu andv arenotadjacenton the bottomboundarychain.

As a result of C1, bl_SE and r must be adjacenton the bottom boundary chain and
bl_SEBottomNext= r (asin Figure 4.7). The vertices encounteredduring the anticlockwise
traversalof r/ adjacencylist (includingp andbl_SB form the right outerboundaryof the region
to be specially handled.Deleting the edgesthat connectr to thesevertices,isolatesthe bottom
left regionfrom the remainderof the graph.The verticesin the isolatedregion get addedto the
PDG asa resultof the recursivecall of pathsfrom step2. Notethatp is boththe NwandNE ver-
tex andthatall pathsaddedto the PDGwill beginatp andendat the currentEndNode Observe
thatthe bottomandtop outerboundariesio not needto beinitialized.
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Figure 4.7: Bottomleft corner.

4.3.6 process_hanging component

Thethird specialcaseis alsoa consequencef the mannerin which we constructthe next
left boundary Therewill betimeswhenthe presentandnextleft boundariehavetheform given
in Figure4.9 andthe regioninbetween(markedhangingcomponent)containsverticesthat have
yet to be addedto the PDG.Beforeadvancingto the nextleft boundary |t is necessaryo handle
thehangingcomponentThisis doneby Figure4.10(procedurgorocess_hanging_component).

At the time process_hanging_component is invoked, verticeshg_p and hg_r are known.
Furthermore, it is knownthatthereis at leastonevertexin the hangingcomponeniaswe shall
see,(hg_start hg_p is not an edge of the currentleft path. So, if the hangingcomponentis
empty,thegraphhasafacethatis notatriangle).

As in the precedingtwo specialcaseswe ®@stisolatethe hangingcomponentandthenpro-
cessit by using procedurepathsrecursively. The brokenpart of the presentleft boundaryhas
beenprocessedy the time process_hanging component is invoked. Hence,all verticeson this
segmentindall edgesncidentto theseverticeshavebeendeletedfrom the modi®ed copy of the
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step PROCEDURBprocess BottomLeft ;

1 traversethe adjacencylist for vertexr anticlockwise beginningat vertexp and
endingwhenthevertexbl SEsuchthatbl SEBotOuter= TRUE is reached
1.1 for all vertices(including p andbl_SB encounterediuring this traversal,set
their RightOuter®eld to TRUE anddeleteedgeshetweentheseverticesandr
from the graph;

{at this time, a subgraphboundedby p, the newly markedRightOuter vertices,
bl_SE SW andverticeson the currentleft boundarybetweenp and Swhasbeen
isolated}

2 paths(p, p, SW bl_SE p, EndNode LeftBound;
END process BottomLeft ;

Figure 4.8

PTPgraph.To determinethe vertexhg_start it is necessaryo traversethe original adjacencylist
of hg_r in clockwise order beginning at vertex hg_p hg_startis the ®st vertex encountered
(excludinghg_p) thatis onthe currentleft boundary(stepl of Figure4.10).Let hg_SEbethe ®@st
vertexencountereafterhg_pduringthis traversal.This vertex mustbe partof the hangingcom
ponent.In particular,hg_SE! hg_start This is so asthe graphis a PTP graphand the hanging
components notempty.

This traversalof the adjacencylist of hg_r also enablesus to identify the vertex hg_NE
(which may be the sameashg_SH andlabel the right outerboundaryof the hangingcomponent
(stepsl.land?2). Thevertexhg_NWis obtainedby traversingthe original adjacencylist of vertex
hg_startclockwise beginningat the vertexhg_NE During the processingf the brokensegment
(hg_start® hg_p of the currentleft boundary,all verticesof the hangingcomponentthat are
adjacentto verticesbetweenhg_startandhg_p are labeledas candidatedor the next left boun
dary.hg_NWis the last vertex encounteredn the aforementioned traversalof the original adja
cencylist of hg_startthat hasbeenlabeledin this way (step3). Step3.linitializes the top boun
dary of the hangingcomponent.

Step4 identi®esthe vertexhg_SWandstep4.1 initializes the bottomouterboundaryof the
hanging component.To isolate the hanging component,it is necessaryto delete the edges
betweenits right outerboundaryandhg_r. This is donein step1.1. All otheredges(i.e., those
incidentto the brokensegmenof the currentleft path)weredeletedduringthe processingf this
segment.

The left boundarychainwasconstructedvhile the brokensegmenf the currentleft path
wasprocessedAll thatis requiredis to putin the endof chainterminator(NIL). This is donein
step5.

All pathsaddedto the PDG becausef the recursiveinvokation of step6 beginat hg_start
andendathg_p
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Figure 4.9: Hangingcomponent.

4.3.7 process TopLeft

The last algorithmthat handlesa specialcaseis procedureprocess TopLeft (Figure4.11).
This handlesthe situationwhenthe modi®ed graphbeing processedurrently hasan edge(p, r)
suchthat:

TL1: p is onthe currentleft boundary.
TL2: r is onthe currenttop boundaryandr ¢ NW.

TL3: (p, 1) is notatop boundaryedge.

Thesituationcreatedby suchanedgeis shownin Figure4.12.By thetime theedge(p, r) is
detectedby our algorithm, the brokensegmentof the currentleft boundaryhasbeenprocessed
anddeletedfrom the graph.Further, the verticesfrom next_ NWo tl_SWto tl_SEto r onthe outer
boundaryof the top left region have beenchainedtogetheras part of the next left boundary.
Whenthe edge(p, r) is detectedwe realizethat this nextleft boundaryis incorrectand process
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step PROCEDURBprocess_hanging_component (hg_p hg_r, LeftBoundg;

1 traversethe original adjacencylist of hg_r clockwisebeginningat the vertexhg_p
and endingwhen a vertex hg_startwith hg_startLeftBoundary= LeftBoundis
reachedLet hg_SEbethe@rstvertexencounteredftervertexhg_p

1.1 for all vertices (excluding hg_p and hg_star) encounteredduring this
traversal,settheir RightOuter®eld to TRUE anddeleteedgesbhetweenthem
andvertexhg_r,

2 let hg_NEbe the vertex encounteredust beforevertex hg_startis reachedn the
abovetraversal;
3 traversethe original adjacencylist of hg_startclockwise startingat vertexhg_NE

until a last vertex hg_NWsuchthat hg NWLeftBoundary= 1 - LeftBoundand
hg_NWNotInPDG = TRUE is reached(this traversalessentiallyfollows vertices
onthenextleft boundary)

3.1 for all verticesfrom hg_NEto hg_NWthat are encounteredn this traversal,
set TopNext ®eld, set TopOuter to TRUE and LeftBoundary= 2 (i.e.,asnew
vertices);

4 traversethe original adjacencylist of hg_p anticlockwise startingat vertexhg_SE

until a last vertex hg_SWsuch that hg_SwLeftBoundary= 1 - LeftBoundand
hg_SWNotInPDG = TRUE is reached(this traversalalso follows verticeson the
nextleft boundary)

4.1 for all verticesfrom hg_SEto hg_SWthatareencounteredn this traversal,set
BottomNextReld, setBotOuterto TRUE andLeftBoundary= 2;
5 {the subgraptboundedby hg_ NW hg_NE hg_SE hg_SWhasnow beenisolated

from therestof the graph.}
Sethg_SWhextto NIL;

6 paths(hg_NWhg_NE hg_SWhg_SE hg_starthg_p 1- LeftBound;
END process_hanging_component ;

Figure 4.10

thetop left regionrecursively.

To procesghetop left region,this regionis @rstisolatedfrom the working PTPgraphand
the verticestl_SW t_SE, andtl_NE identi®d. To beginwith, we mayassumeahatr 1 next NW(If
r = next_NW thenthe conditionsfor a hangingcomponentare satisRed with p = hg_pandr =
hg_r. So, this casemay be handledby process_hanging_component). The code of Figure 4.11
makesthis assumptiontl_NE andtl_SEareobtainedasin stepl.tl_NE obtainedin this way must
be adjacentto r on the top boundarybecauseof the following condition that the subgraphH
beingprocessedlwayssatisRes(we shall provethis later):

C2: ThesubgraptH containsno edge(u, v) suchthatbothu andv areon thetop boundaryandu
andv arenotadjacenton thetop boundarychain.
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step PROCEDURBprocess ToplLeft ;

1 traversethe adjacencylist of r clockwise beginningat the vertex p and ending
whena vertextl_NE with tl_NE.TopOuter = TRUE is reachedLet tl_SEbethe @rst
vertexencounterecftervertexp

1.1 for all vertices (excluding p) encounteredduring the traversal, set their
RightOuter®eld to TRUE anddeleteedgesbetweenthemandvertexr;
2 traversethe adjacencylist of p anticlockwise startingat vertextl_SE until a last

vertextl_Swsuchthattl_SwWLeftBoundary= 1 - LeftBoundandtl_SWNotInPDG=
TRUE (this traversalessentiallyfollows verticeson the nextleft boundary)

2.1 for all verticesfrom tl_SE to t_SWthat are encounteredn this traversal,set
BottomNextReld, setBotOuterto TRUE andLeftBoundary= 2;
3 {the subgraphboundedby next NWtl_NE, tl_SE tl_SW hasnow beenisolated

from therestof the graph.}
Settl_SWnextto NIL;

4 paths(next_ NWtl_NE, t_SW tl_SE, StartNodep, 1 - LeftBound;
END process_TopLeft ;

Figure 4.11

Stepl.lisolatesthe top left region;step2 identi®esthe vertextl_SW andstep2.1 setsthe
bottom boundaryof the top left region. The recursivecall of step4 resultsin all verticesof the
top left regionbeingaddedto the PDG by the inclusion of pathsthat beginat the presentStart
Nodeandendatthe nodep whichis alreadyin the PDG.

4.3.8 process RightOuter

With the discussionof the specialprocedureomplete,we can resumeour discussionof
procedurepaths As pointedout in Section4.3.3,the processingof the currentleft boundaryis
doneonevertexatatime,top to bottom.The processingassociatedvith any vertexp dependsn
whetheror not it is a right outer vertex. In this section,we considerthe casewhenp is a right
outervertex.Thisis handledby procedurgorocess RightOuter (Figure4.13).

This procedureperformsthefollowing functions:

Task 1: In casethe graphhasa non-emptyregion abovep, this regionis processedFigure
4.14).
Task 2: If p is reachedfor the ®&st time andthereis an edge(p, t) suchthatt is on the left

boundaryandt is not adjacentto p on theleft boundarychain,theregionboundedoy
theleft boundaryandthe edge(p, t) is processedFigure4.15).

At thetime process RightOuter is invoked,all predecessorsf p ontheleft boundarychain
have been processedThis meansthat thesevertices and edgesincident to them have been
deletedfrom the working versionof the PTPgraph.If pred_p= NIL, thenp = NW = NE andthe
regionabovep is empty.If pred_pis aright outervertex,thenthe region (if any)abovepred p
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Figure 4.12:Top left region.

was processedvhenprocess RightOuter wasinvokedwith pred_pasthe p vertex.If pred_pis
not a right outervertex,thenthereis at leastone vertexon the right of the left boundarythatis
abovep. Hence,the conditional of line 1 correctly identi®es the conditions under which the
regionabovep is notempty.

Thebrokenline of Figure4.14signiResthe segmenbf the left boundarythat hasbeenpro-
cessedprior to this invokation of process RightOuter. When this segmentwas processedthe
next left boundarychain from next NWto q was created.To processthe region abovep, we
merelycompletethe left boundarychainof this regionasin lines 2 and3 andinvoke pathsasin
line 4.

Whenline 7 is reachedtheregion(if any)abovep hasbeenprocesse@nddeletedfrom the
working copy of the graph.If p = SW thensincep is aright outervertex,p = SEalso.Hencethe
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line PROCEDURBprocess RightOuter ;
IF ((pred_p* NIL) AND (NOT pred_pRightOute)) THEN

[ g.next=p; p.LeftBoundary= 1 - LeftBound

m = p.next p.next= NIL; (* savep.nextin m*)

paths(next_ NWNE, p, p, StartNodeNIL, 1 - LeftBound;

p.next=m (* resetp.next*) ]
ENDIF;
IF (p =SW) THEN RETURN; (* @ishedtraversingcurrentpathandgraph*)
SetNW, next NWNE andq to p; p.LeftBoundary=1- LeftBound
StartNode= p;

© 00 N O 0o~ WODN P

Figure 4.13(Continuedon nextpage)

processingf the entire graph(or subgraph)s complete .Note that at this time, VerticesRemain-
ing = FALSE andp.next= NIL. So,procedurepathsterminates.

If p SW thenwe arenot at the endof the left boundaryandthe situationis asdepictedin
Figure4.15.1f vertexp is beingexaminedat this point of this procedurdor the ®sttime, thenits
adjacencylist is traversedin the anticlockwise direction, beginningat a right outer vertex, tAA
Becauseof the following condition,the vertextAdis unique.

C3: ThesubgraptH beingprocessedt anytime hasno edge(u, v) suchthatbothu andv areon
theright boundaryandu andv arenot nextto oneanotheron this right boundary.
Eachvertexthatis on p/s adjacencylist is examined|f t is on the left boundaryandis not

adjacentto p ontheleft boundarychain,thent is thetAof Figure4.15.Theleft boundaryfromp to

tAcannotbe processedn the normalmannerasthis would resultin aPDGin which p is a distant
ancestorof tA In casetAis notin the PDG, thenthe conditionsfor a chordare satisRed and pro-
cedureprocess _chord invokedto processhe regionbetweenthe left boundaryandthe edge(p,
tA\. During this processingthe entireregionis deletedfrom the working copy of the graphandtA
is now the vertex that is anticlockwise adjacentto tA So the traversalof p/s adjacencylist ter-
minates.In casetAis alreadyin the PDG,tAmustequalSwasthe NW andSWverticesarethe only
onesthatcansurviveafterbeingaddedto the PDG. Theregionboundedby the currentleft boun

dary andthe edge(p, tA canbe handledas a hangingcomponentwith hg_p=tAandhg_r = p.

Once again, this region is eliminated during its processingas a hanging componentand tA

becomesthe next vertex anticlockwise adjacentto p. So, the traversalof p/s adjacencylist is

complete.

If the vertext doesnot satisfy the conditionsof line 12, thenits RightOuter Reached vari-
ableis setto p to indicatethatit is reachableby a single edgefrom the right outervertexp. This
is usedin the next procedureo detecta chord.By settingthis variablenow, we avoid havingto
traverseps adjacencylist severaltimes. This preventshe computingtime of our algorithmfrom
becomingO(n?).
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10 IF (pis beingvisited for the ®sttime) THEN
11 [ Startingfrom the vertext thatis adjacentto p and suchthat t.RightOuter=
TRUE, traversethe adjacencylist of p clockwiseanddo:

12 IF (t.LeftBoundary= LeftBoundAND t* p.nex) THEN

13 [ IF (t.NotiInPDG THEN
[ (* vertexnotaddedto digraph*)

14 process_chordp, t, LeftBound ]

15 ELSE
[ (* t mustbe SW*)

16 process_hanging_component (t, p, 1 - LeftBound
(* treatpreviousleft boundaryascurrent*) |

17 ENDIF;

18 p.next=t]

19 ELSE

20 [ sett.RightOuterReached =p ]

21 ENDIF;

22 END traversall

23 ENDIF;

24 deleteedge(p, p.nexd from graph;

25 END process_RightOuter ;

Figure 4.13(Contd.)

4.3.9 process NotRightOuter

ThePascal - like codefor this procedures givenin Figure4.16. This procedurds charged
with the task of addingverticesto the nextleft boundary.On entry, this left boundarybeginsat
next NWandendsatg. Sincethe graphwe aredealingwith is a PTPgraph,q andp are adjacent
vertices.The adjacencylist of vertexp is traversedn the clockwisedirectionin theloop of lines
2 - 30. Thistraversalbeginsjust afterthe vertexa.

Let the adjacentvertexcurrentlybeingexaminedber. The caseof lines6 - 12 is the same
asthatof lines 12 - 18 of Figure4.13andis handledin anidenticalmannerLines 13- 21 exam
ine the casewhenr is a vertexthat hasmt beenseenby the algorithm earlier.r is addedto the
nextleft boundarychainin lines 14 and15. The specialcasesof atop left andbottomleft corner
createcby theedge(p, r) aredetectedandprocessedh lines16- 21.

Thelastcasefor r thatrequiresusto do anythingis thatof line 22. In this case the vertexr
hasbeenreachedrom two non-adjacenverticeson the currentleft boundarychain. This means
thatthereis a hangingcomponenthatis to be processed.

Following the processingf vertexr in lines5 - 24, this vertexis on the nextleft boundary
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Figure 4.14:Regionabovep.

chain.At this time, we performTask 2 of Section4.3.8for the casethatp is not reachedhe ®st
time. Thisis donein lines 26 - 29. Performing this taskis somewhasimpli®d asvertexr cannot
be in the PDGwhenthe conditionalsof line 26 aretrue. Becauseof the codeof lines 26 - 29 in
Figure4.16,executingthe codeof lines 11 and 12 of Figure4.13whenp is beingvisited other
thanthe &st time cannotresultin any usefulwork. The adjacencylist of p will betraversedand
line 20is the only onethatcanbereachedHowevert.RightOuter Reached is alreadyp!

4.3.10 Proofsfor C1-C3

Lemma 4.1: ConditionC1 of Section4.3.5is alwaystrue.

Proof: Thisis trueinitially whenH is the whole original PTPgraph. To seethis, notethat by the
initial choice of NW, NE, SW and SE, the bottom boundarycannothavea shortcut.We needto
establishthatall subsequeninvokationsof procedurepathspreservehis condition.Let usexam
ine eachof these.

a) From step5 of procedureprocess_chord (Figure4.6)-
From Figure 4.5(b), we seethat the bottom boundaryconsistsof left boundaryvertices
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Figure 4.9: Regionbelowp.

betweench_SWandch_SE Eachof theseis adjacento ch_end So,if thereis an edge(u, v) that
violates C1, thenverticesu, v, and ch_endform a triangle that is not a face. This violatesthe
requirementhattheinitial graphis a PTPgraph.

b) From step1wr25 of procedureprocess BottomLeft (Figure4.8)-
The new bottomboundaryis a left segmenf the previousbottomboundary(Figure4.7).
So,if Clistruefor the previousboundaryjt mustbe for the newone.

¢) From step6 of procedureprocess_hanging_component (Figure4.10)-

All the new bottomboundaryverticesare adjacentto vertex hg_p (seeFigure 4.9). So, if
thereis anedge(u, v) thatviolatesC1, thenthe graphhasa triangle (u, v, hg_p) thatis nota face.
So,suchanedgecannotexist.

d) From step4 of procedureorocess_TopLeft (Figure4.11)-

All verticeson the new bottomboundaryare adjacentto vertexp (seeFigure4.12).So,C1
mustbe satisRed. O

Theproofsof thefollowing lemmasaresimilar to thatof Lemma4.1.
Lemma 4.2: ConditionC2 statedin Section4.3.7is alwaystrue.
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line PROCEDURBprocess NotRightOuter ;
(* pis notontheright outerboundary.So,q is adjacentto p. Examineall othervertices
adjacento p *)

1 deleteedge(p, q) fromthegraph;

2 LOOP

3 IF (adjacencylist of pis empty) THEN RETURN; (* ®nished*)

4 r = vertexon adjacencyist of p thatis clockwisefromg;

5 CASE

6 . (r.LeftBoundary= LeftBoundAND r * p.nex):

7-12 Thesdinesarelines 13-180f Figure4.13with t replacedby r

13 : (r.LeftBoundary= 2): (* r is anewvertex*)

14 g.next=r; r.LeftBoundary=1- LeftBound

15 g=r; VerticesRemaining = TRUE;

16 IF (r.TopOuter) THEN

17 [ process TopLeft; next NW=r ]

18 ELSEIF(r.BotOuterAND p* SW) THEN

19 [ process BottomLeft; next SWer;

20 p.next= NIL; RETURN(* exit left boundarytraversal) |

21 ENDIF;

22 . (r.LeftBoundary= 1 - LeftBoung:

23 g=r; process_hanging_component (p, r, LeftBound;

24 ENDCASE;

25 deleteedge(p, r) from the graph;

26 IF ((r.RightOuterReached = NW) AND (NW.next! r)) THEN

27 [ process_chord (NW, r, 1 - LeftBound; (* processsubgraphmarkedby
nextleft boundaryvertices*)

28 NWnext=r; qg=r]

29 ENDIF;

30 REPEAT,;

31 END process_NotRightOuter ;

Figure 4.16
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Lemma 4.3: ConditionC3 of Section4.3.8is alwaystrue.

4.4 Complexity Analysis

The algorithm we have describedis easily implementedto run in O(n) time. The only
causefor concernis thatwe needto beginthetraversalof variousadjacencylists from seemingly
randompoints.A closerexaminationrevealsthat this is not so. The nodeat which the traversal
starts@ts into oneof the following categories:

(@ Itis onenodeclockwiseor anticlockwise from aleft boundarynode.

(b) Let (u, v) beanedge.This edgeis representedy two nodes: one(sayA) on the adjacency
list for u andthe other(sayB) on the adjacencylist for v. If the edge(u, v) is detectedrom
vertexu, thenwe maywish to traversethelist for v beginningat the nodefor u. This canbe
done,easily,by keepinga pointerfrom A to B andanotherfrom B to A.

5 EXPERIMENTAL RESULTS

Our algorithmto @nd a rectangulardual was programmedn Pascal andrun on an Apollo
DN320 workstation.The typical time takenfor PTPgraphswith 25,50, and 100 nodesis shown
in Table 1. As canbe seen the algorithmis very practical. We alsoran the 36 nodeexampleof
[KOZM84a]. Thisrequiredonly 0.232seconds.

Time (secs)
# of
nodes PDGfrom PTP Dual from PDG
graph
25 0.179 0.0127
50 0.311 0.0237
100 0.693 0.0495

Table 1: Typical runtimesonanApollo DN320workstation.

6 CONCLUSIONS

We havedeveloped linear time algorithmto obtaina rectanguladual of a planartriangu
lated graph.This algorithmhasbeenprogrammedn Pascal. Experimentakesultsindicatethat it
is avery practicalalgorithm.
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