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Polynomially Complete Fault Detection Problems
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Abstract—We look at several variations of the single fault de-
tection problem for combinational logic circuits and show that
deciding whether single faults are detectable by input-output
(I/0) experiments is polynomially complete, i.e., there is a poly-
nomial time algorithm to decide if these single faults are detectable
if and only if there is a polynomial time algorithm for problems such
as the traveling salesman problem, knapsack problem, etc.

Index Terms—Deterministic and nondeterministic computations,
fault detection, irredundant circuit, polynomially complete, poly-
nomial time algorithm, tautology problem, traveling salesman
problem, Turing machines (TM’s). :

I. INTRODUCTION

UCH ATTENTION (see, e.g., [3] and [5]) has
been focused on obtaining fast algorithms to obtain
minimal test sets to detect all single stuck-at-zero (s-a-0)
and stuck-at-one (s-a-1) faults in combinational logic
circuits. The best algorithms known have an asymptotic
computing time that is exponential in the number of input
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lines and gates. Hence these algorithms are computa-
tionally feasible only for very small circuits. In fact, it
would appear that only algorithms with a computing time
linear or at most a square of the number of input lines and
gates would be feasible for large combinational circuits
(e.g., large-scale integrated circuits). In this paper we show
that several fault-detection problems are computationally
related to problems such as traveling salesman, knapsack,
maximal clique of a graph, multiprocessor job scheduling,
intricate network flow problems, etc. Thus, these fault-
detection problems can be solved in polynomial time if and
only if (iff) the traveling salesman, knapsack problem,
etc., can also be solved in polynomial time. Specifically,
then, we show that several single fault-detection problems
are polynomially complete (see [1], [4], [7], [9],and [10]
for further examples of complete problems). Hence, it
would appear very unlikely that the fault detection prob-
lems have a polynomial algorithm. This would tend to
suggest that circuits be designed in some canonieal form
for which test sets are easily obtainable. The proof tech-
nique used in Lemmas 3.2 and 3.3 indicates that by in-
creasing the number of gates it is possible to convert any
circuit into an equivalent circuit for which the test set is
easily obtainable. See [6] and [8] for some results on
designing easily testable circuits.
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In Section II we introduce our notation and then in
Section 111 we show that the following problems are poly-
nomially complete:

Problem 1 (P1): Is the combinational circuit C irre-
dundant (i.e., can all single faults be detected) ?

Problem 2 (PZ) Can a fault in a particular 1nput line
z; be detected by input—output (I/0) experiments?

Problem 3 (P3): Can all single input faults be detected
by I/0 experiments?

Problem 4 (P4): Can faults in the output line be de-
tected by I/0 experiments.

Problem 5 (P5): Does the circuit C realize the Boolean
function B (i.e., is fo(zy,xs«*,2a) = B(x1,2p, - +,2s) for
all binary inputs (21,2s,+*+,Z.), Where fc is the switching
funct.on realized by C') ?

Problem 6 (P6): Find the minimal circuit (using AND,
or, and NoT gates) that realizes a Boolean function B.

II. NOTATION

Let C be a combinational logic circuit (or simply
cireuil) with n input lines 1,2, + +,2, and 1 output line z
(see Fig. 1). We shall only focus our attention to detecting
single faults which cause any wire to be s-a-0 or s-a-1. Let
£ be the set of all possible single fault locations (i.e., all
input lines, output line, and mput wires to gates). An
(n + 3)-tuple (z; = d1, Tz = @, ***, Tn = tn, & = ], F(0),
(F(1)) is a fault detection test (or simply test) for C if it
satisfies the following properties.

Property 1: iy,0s,++ s, j = 0o0r 1.

Property 2: F(0) C &, F(1) € &, F(0) nF(l) =
and either F(0) or F(1) is nonempty.

Property 8: C with inputs @ = 4, *++, Z» = 7. and out-
put z = j implies a s-a-0 fault in one of the locations
specified by F(0) or a s-a-1 fault in one of the locations
specified by F(1).

Let LC &, L p A set T of tests is called a fault-
detection test set (or simply test set) for L if:

Property 4: The union of all the F(0)’s of the tests inTis
equal to L.

Property 5: The union of all the F(1)’s of the tests in T
is equal to L. If L = &£, then we simply say that Tis a
test set of C. The size of a test set is the number of tests in it.

A circuit C is said to be drredundant with respect to L &
£ if it has a test set for L. If L = &£, we simply say #r-
redundant.

Ezample 1: The circuit of Fig. 2 is irredundant and has
the following test set.

T={(n=1y=>Ly=Lz=0 ayypyy}),
(y1=0,32= 1Lys = L,z = 1,0 {2y,5}),
(=102 = 0,55 = Lz = 1,9, {2y0}),
(1= Ly =145 = 0,2 = 1,0, {zys,y}) }.

Thus, if input 3 = 1, 42 = 1, y3 = 1 is applied at the
input terminals and the output is z = 0, then a single s-a-0
fault must have occurred in one of the locations z,y1,¥2,¥3, Y1

Let P be the class of languages accepted by deterministic
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Turing machines (DTM’s) operating in polynomial time
and NP the class of languages accepted by nondetermin-
istic Turing machines (NDTM’s) operating in polynomial
time (see Hoperoft and Ullman [2] for a detailed discus-
gion of these machines). The problem “Is P = NP?” is a
longstanding open problem in complexity theory.

Definition 2.1: A problem P, is said to be P-reducible to
the problem P, (written Pya Py) iff the existence of a
polynomial algorithm for P, implies the existence of a
polynomial algorithm for Pi.

Definition 2.2: Two problems, Py and Py, are P-equiva-
lentiffPlan and on:P1.

Definition 2.3: P-Complete (PC) is the equivalence class
of P-equivalent problems having a deterministic poly-
nomial time algorithm iff P = NP.

In [1], Cook showed that P = NP iff there is a poly-
nomial algorithm to determine if a disjunctive normal form
(DNF) formula B having a* most three literals per clause
was a tautology (i.e., deciding if B has the truth value
“True” or 1 for all possible assignments of truth values to
its variables). In [7], it was shown that it is sufficient to
consider only those DNF formulas with exactly three
literals per clause (3-DNT).

Thus, 3-DNF is P-Complete. For further examples of
P-Complete problems see [1], [4], [7], [9], and [10].

In the next section we show that the problems P1-P6 of
Section I are P-Complete. In most cases the proof pro-
ceeds by showing 1) if P = NP then problem P; has a
polynomial algorithm and 2) 3-DNF tautology « problem
P..2) together with the knowledge that 3-DNF tautology
is P-complete and that « is transitive implies that if P;
has a polynomial algorithm then P = NP.

III. POLYNOMIALLY COMPLETE PROBLEMS

In this section, we show that problems P1-P6 together
with other related problems are P-Complete.

We begin with the following lemma.

Lemma 3.1: Consider the circuit of Fig. 3. If Ci is ir-
redundant with test set T of size m, then C; is irredundant
with test set T of size m.

Proof: We construct the test set T of C; from T'; using
the following rule.

If($1=?;1,"',$k:7:k,°° z,,wz,,,z—J,F(O) F(l))
isin Ty, let (z1 =11, *** Yo =Tk *** Tn =Tn, 2 =],
F'(0), F'(1)) bein T, where % is the complement of 7; and
F'(0), F’(1) are defined as follows:
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1) F/'(0) = F(0) and F'(1) = F(1) U {w]} if 2, is in
F(0).

2) F'(1) = F(1) and F'(0) = F(0) U {y} if 2 is in
F(1).

3) F'(0) = F(0) and F'(1) = F(1) if x. is not in
F(O)uF(1).

It is obvious that T'; as constructed is a test set of ¢, and
that T is of size m = size of T}.

Lemma 3.2: Consider the circuit of Fig. 4. If (| is irre-
dundant with test set T of size m, then C; is irredundant
with test set T of size m + 1.

Proof: Let T, be the test set of Cy. The tests in T are
obtained by noting that by setting y = 1, the test set for
C, can be used to test faults in C; U {w} and a s-a-0 fault at
y. An extra test for a s-a-1 fault at y is constructed sep-
arately. Formally, construct the test set T, of (', as
follows:

1) Let (za =1y, »++, o =
T:. We consider two cases.

Case 1: zis not in F(0). Then let (z; = 43, ++
y=1w=0 F(0), F(1)) bein Ts.

Case 2: z is in F(0), i.e., the test (1 = 75, +++, Zn = i,
z=10, F(0), F(1)) detects a s-a-0 fault at z. Then let
(m=5, " 2n=tny=1w=0, F(0) U {yw}, F(1))
be in T, Note that the case z in F(1) is impossible.

2) Now suppose (21 =1y, *++, 2o =1, 2 = 1, F(0),
F(1)) isin T;. Again consider two cases.

Case 1: zis not in F(1). Then let (z; = 45, - -
y=1w=1 F(0), F(1)) bein T..

Case 2: z is in F(1). Then let (z; = %1, *+*, Tn = %n,
y=1Lw=1F(0),F(1) U {w}) bein T.. We note again
that z in F(0) cannot happen.

3) We need a test to detect a s-a-1 fault in y. So let
(41 =12, ***, Xn = 1, 2= 0, F(0), F(1)) be a test in T,
such that z is in F(0). Then let (zy = 41, *++, ZTn = tn,
y=0,w=1,0 {y}) bein 7% Clearly, such a test detects
a s-a-1 fault in .

Lemma 3.8: Let C,,Cs,Cs,+++,C;, be irredundant circuits
with test sets of size m. Then the circuit € shown in Fig. 5
is irredundant and has a test set T' of size k(m + 1).

Proof: Since Cy,Cy,Cy,+ - +,Cy are irredundant with test
sets of size m, the circuits Cy,Cy,Cy/,+-+,Ci' are also ir-
redundant and have test sets 7,7, -+-,T: (each of
size m + 1) by Lemma 3.2. Note that by setting . = 0,
«++, ¥ = 0 and using the test set for i’ we can detect
faults in Cy' U {2y, + +,2:—1,7}. Similarly, one may obtain the
tests for detecting faults at other points. Thus:

1) If (zy =41, ~++, @0 =t n = L, wy = 0, F(0), F(1))
isatestin Ty, let (21 =14, ***, Tn =4, 1 =L y2 = 0,

in, 2 =0, F(0), F(1)) be in

Yy Ia = In

Yy &n = im
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ys =0, «++, 4. =0, r =0, F'(0), F(1)) be a test in T,
where F'(0) = F(0) if wy is not in F(0) and F'(0) =
F(0) U {z1,22,23, " = 26,7} if wy is in F(0).

2) If (2’:1 = 7’.1? Tty Ta = 7’.7!: 1= l:wl = I)F(O})F(l))

isatestin Thlet (21 =41, -+, 2n = 1 =Ly = 0,3 =
0,:+,yx=0,r=1,F(0), F'(1)) bein T, where F'(1) =
F(1)ifwyisnotin F(1) and F'(1) = F(1) U {21,22,23, * =,
zr—1,r} if wyisin F(1).
Repeat procedures (1) and (2) for T9,Ts, -+, T It is
straightforward to verify that the test set T constructed as
described above is a test set for C. Moreover, the size of T
is k(m 4+ 1) if each test set C; is of size m.

The construction below is used in the proof of Lemma 3.4
which leads to the main result of this paper.

Construction: Consider the circuit @ of Fig. 6. It is com-
posed of circuits €' and €, where C is of the form shown in
Fig 5. We note the following.

1) The number of AND gates in C exclusive of those in
C1,Cyy-++,Cr 18 k.

2) The number of or gates in C' exclusive of those in
C},Cg,' . ',Ck isk — 1.

3) The number of AND gatesin C'is k — 1.

4) The number of or gates in ¢" is (k — 1) + (k —
2) =2k — 3.

5) The number of inverters in C’ is 1.

6) There is one other or gate (leading to a) outside C
and C".

If each circuit C; has exactly two AND gates, no or gate,
at most three inverters (i.e., NoT gates), then @ will have a
total of £ + &k — 1 4+ 2k = 4k — 1 AND gates, a total of
(k—1) 4 (2k — 3) +1 =3k — 3 or gates, and at
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Fig. 6.

most 3k + 1 inverters. Thus @ will have at most (4k —
1) + (8k — 3) + (3k + 1) = 10k — 3 gates.

7) - The number of input linesof Qisn +k4+k — 1 =
n+ 2k — 1. '

Definition: Consider the circuit €' of Fig. 5. Let T be its
test set. T is called valid if for each test (zy = 7, +--,
o= dntn=lyye = byya =1l oo,y = byr =j, F(0),
F(1)) in T, we have fi(dy, - ,8n) 4+ fa(iy,e-vtn) +
f3(?:ls' y '}iﬂ) R R fk(’ily' " riﬂ) 2 1) where flsfﬁ!. ‘ °!fk
are the switching functions realized by eircuits C1,Cy,« + +,Ch.

We now prove the following lemma.

Lemma 8.4: Consider the circuit Q of Fig. 6. Let m be
the size of the test sets of the Cy’s. Let T be a test set of C.
If T is valid, then @ is irredundant (with test set TQ of
size k(m + 1) + 2(k — 1) 4+ 1) if and only if fi(@y,+--,
Za) + fo(zyoro,@n) + fo(@neo2a) + o004 fulayer,
z,) = 0 for some &,---,x,, where fi,fo,f3,+,fi are the
switching functions realized by C1,C,,Cs, -+ +,C.

Proof: For ease in exposition, we shall give the proof
for the case k = 4. The technique is easily extended for

Cireuit Q.

any k. For this purpose, we use Fig. 7. Suppose fi(2y,+ -+,
Tn) + o004 fal@yeeo,2,) = 1 for all xy,+++,2,. Then a
s-a-1 fault at p; (see Fig. 7) is not detectable. Thus,
circuit € is not irredundant.

Now suppose fi(@y*+*&s) + *++ + falzg, - +,20) = 0
for some 1, * +,2,. We show that @ is irredundant by con-
structing its test set Tq. (Note that theinput linesof @ are
Iyt oy ¥ay Y10 'Jy*i:zl:zZszf-)

We first derive tests for single faults in circuit C.

DH@=d, tn=tapn=bpp=bLy=kuyu=
I, =7, F(0), F(1)) isin T, then let (@ = 4y, <« -, 2a
mh=lbtr=bm=hy=lba=1L,zn=1zn=1
a =7, F'(0), F'(1)) be in T, where

F(0) if 7 is not in F(0)
F'(0) =

F(0) U {a} if risin F(0)

F(1) if risnotin F(1)
F'(1) = 1

F(1) U {e} if risin F(1).
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Fig. 7. Circuit @ (with k = 4).

The test works since by assumption, T is valid and test
(x1 = '51,' s, = ?»'n, = 11, Y2 = 52, Ys = la, Ya = 54,31 =
lyzg = 1,2 = 1,r = 7, F'(0), F'(1)) gives a ‘‘1” output at
s, and hence a “0"" output at ».

There remains to show that we can find tests for single
faults at 21,2s,23,8,0, 01,00, P13, P4, 05,06 and pr.

2) Since fi(zy,+««,2) + ==+ + folay, - - -,2,) = 0for some
Ty =11, **°, Ta = i, the following test detects a single
s-a-0 fault at v or a s-a-1 fault at s,py.ps,---,pr: (21 = 4,
T T imyl = Ory‘z = 01y3 = 0:y4 = 0:31 = 1122 = 1:
z3=1 o =0, F(0), F(1)), where F(0) = {»}, F(1) =
{8,p1,- -+, pr}.

We construct the s-a-0 fault tests by setting all but one
of the 2z/s to zero while the s-a-1 tests are obtained by
setting them all to zero. Thus,

3) To detect a s-a-0 fault at s,py,ps,ps,21 or s-a-1 fault at
v, choose 1,+++ 2, such that fi(¢,++,4,) = 1. Then the
testis (my =4, *+*, Zu =T, 1 =0, 0= 0,93 = 0, yy =
O! 21 = 1; 2 = 0) Z = 01 a = 1: {81p1:p41p5r21}: {ﬂ}) In-
clude also the test (x; =41, *o, Zn =10, 11 =0, 1o = 0,
y3=0, 1:=0, 21=0, 2 =0, 23 =0, «a =0, 9, {z})
which detects a s-a-1 fault at z;.

4) To detect a s-a-0 fault at s,ps,pq,2; or s-a-1 fault at v,
choose 1y, + +,4, such that fi(4;,+++,7,) = 1. Then the test
is (=1, ,Zn=10, h =0, =0, =0, s = 0,
m1=0,2=0 5=1,a=1, {spy,pnz}, {v}). Include
also the test (z1 = ay ***, Zn = ta, 1 = 0,92 = 0,95 = O,

ys=0,21 = 0,20 = 0,23 = 0, = 0, B, {23}) which detects
a s-a-1 fault at 2.

5) To detect a s-a-0 fault at s,ps,ps,ps,22 or s-a-1 fault at
v, choose 4y,+++,i, such that f;(4,+++,%,) = 1. Then the
testis (m1 =12, v, ZTn =T, 1 =0, o =0, 43 = 0, ys =
0,21=0,22=12=0, a =1, {sp,p5,062}, {v}). In-
clude also the test (a3 = 4, **+, T =T, 1 =0, 3o = 0,
yp=0, 4a=0,21=0, =0, =0, a =0, 9, {=})
which detects a s-a-1 fault at 2.

There are 4(m + 1) tests in (1), one test in 2), two
tests in 3), two tests in 4), and two tests in 5). It follows
that Tg is of size 4(m + 1) + 2(4 — 1) 4+ 1L

In general, if there are k circuits €y, + « +,C;, each with test
set of size m, then Toisof size k(m + 1) 4+ 2(k — 1) + L.

We are now ready to prove the main result of this
section.

Theorem 3.1:

Pl ¢ PC.

Proof: First we show that P1 £ NP, ie,, if languages
accepted by NDTM’s operating in polynomial time are
alzo accepted by DTM’s operating in polynomial time then
there is polynomial time algorithm for P1. (Here, poly-
nomial algorithm means polynomial in the number of gates
and input lines.) Construct a NDTM that systematically
generates (one at a time) all circuits C; arising from a
single fault in circuit €, and checks each one for non-
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equivalence with C. (Note that there are at most 6m such
circuits.) To check whether C; is not equivalent to C, the
NDTM nondeterministically chooses an input combina-
tion and determines whether or not C and C; give the same
output. If ¢ and C; give the same output, the NDTM
halts. Then NDTM accepts if every C; is not equivalent to
C. Clearly, if NP = P, then a polynomial algorithm for P1
exists. . ‘

To complete the proof it is sufficient to show that a poly-
nomial algorithm for P1 implies a polynomial algorithm
for the tautology problem, i.e., tautology « P1. So assume
that we have a polynomial algorithm for P1. We describe
a polynomial algorithm for tautology. (Here polynomial
algorithm means polynomial in the number of clauses and
variables.)

Given any formula B in 3-DNF with k clauses B,
Bs,+++,B) and variables xy,- - +,z,, perform the following
steps:

Step 1: Construct circuits C1,Cy, -« +,Ci from By,Bs,---,
B;. Since each B; contains exactly three literals, each C;
will be of the form shown in Fig. 8.

From Example 1 and Lemma 3.1, each C; is irredundant
and has test set of size m = 4.

Step 2: Using Lemmas 3.2 and 3.3, construct the circuit
of Fig. 5. The circuit will have k(m + 1) = 5k tests in its
test set 7.

Step 3: Determine if T is valid. (There are only 5k tests
in T. Thus this step can be done easily.) If T is not valid
then B is not a tautology, in this case stop. Otherwise,
perform Step 4.

Step 4: Construct the circuit Q of Fig. 6.

Step 5: Use the polynomial algorithm for P1 to decide
whether or not Q is irredundant. B is not a tautology if and
only if @ is irredundant (by Lemma 3.4).

Now, Q has at most 10k — 3 gates and (n + 2k — 1)
input terminals. If the algorithm for P1 is polynomial in
N=(10k—3) 4+ (n+2k—1) =12k +n — 4, it fol-
lows that the algorithm we have just described is poly-
nomial in (k 4+ n).

Lemma 3.5: If B(xy,- - -,2s) is a formula from the propo-
sitional caleculus whose truth value is independent of the
truth value of its variables taken one at a time (i.e.,
B{x]!,. SR PR .’xn) = B(xlg vee B -’xn) for all T,
Tic1,Tity,*, %, for 1 <1 < n), then either 1) B(ay,---,

z,) = 0 for all (2y,+++2,) or 2) B(ay ++,2.) = 1 for all
(31: R '1En)'
Proof: Obvious.
Theorem 3.2:

P2 ¢ PC.
Proof: 1) P2 ¢ NP:

A fault in line z; is detectable iff there is an input (a,
T P *Tn) such that f(xlfo) Tyt ) f(xla
Zaye o+, Fi, e o 2,). We construct a NDTM, T, that guesses
an input combination (1, +,z,) and verifies that f(z1,- -+,
Ty oo Tn) # f(&1, o+, &+ ,xa) for the given circuit. The
verification can be done in polynomial time. T, then,
accepts the circuit description iff line z; faults are detec-
able.

2) Tautology o P2:

Given any formula B in 3-DNF and with variables zi,
+ee,2, and clauses Bi,--+,Bx we construct the circuit C
with inputs 2y, « -,2. such that B(zy,«-,2.) = fe(zy,.--,
z,,). This construction can be carried out in an obvious
manner in an amount of time linear in » and k. A fault in
line z; is detectable iff fo(xy, -« «,2i e ,2a) & fe(@y- -,
Tiy-==,2,) for some (zy,«*+,Za). : '

Hence 1) if a fault in line z; is detectable then B is not a
tautology. 2) If it is not detectable then fe and hence the
value of B does not depend on z;.

The following algorithm shows how one can solve the
tautology problem in polynomial time if P2 is polynomial
solvable. -

Algorithm T2

Step 1: For B a 3-DNF formula construct a AND/OR/NOT
circuit C realizing it. 4

Step 2: (Check if input faults of C are detectable.)
Using the polynomial algorithm for P2 determine if input
faults in line z; are detectable by I/0 experiments. Do this
step for 1 < 1 < n. If faults in any of the input lines are
detectable then B is not a tautology, stop. Otherwise, from
the lemma it follows that B is a tautology iff B(1,+-,1) =
1. So compute B(L,-++,1) and decide the status of B.

Clearly if P2 can be solved in polynomial time, then
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using Algorithm T2 would result in a polynomial solution
to the tautology problem. Hence tautology o P2.
Theorem 3.3:

P3 € PC.

Proof: 1)P3 € NP:

If all single input faults are detectable by I/0 experi-
ments then there is a test set of size <2n where n is the
number of input lines. We can construct a NDTM, 7, that
guesses a test set of size <2n and then using the circuit
diagram for C verifies that this test set does indeed detect
all single input faults. Clearly 7' can be constructed so as to
operate in nondeterministic polynomial time.

2) Tautology o P3:

Given a 3-DNF formula B(x;--+,2,) construet in
polynomial time an AND/OR/NoT circuit, C(zi,+++,z,),
realizing B. From C obtain the circuit C; as in Fig. 9.

Note that in Fig. 9 the set of anp gates N does not
connect with the input line z; (for some 7) of C' but con-
nects with every other input line.

Algorithm T3, below, shows how to decide in poly-
nomial time if B is a tautology or not, using the construc-
tion outlined above, the tests f,---,t, below, and a
polynomial algorithm for P3.

1) tﬂ= (x1=1, 12:1s e
Ti—1,Tig1,°° 'Iﬂ}; 9).

2) tk'_‘ ($1= 1’ .--, ﬂ?k—1= 1, -’Ek=0, $k+1= 1’ "0,
To=1,2=18 {a}) forl <k <n.

s =1 2=0, {a:1,---,

Algorithm TS

Step 1: Verify that for the inputs corresponding to the
7+ 1 tests £, (0 < m < n) the formula B is true. If this
is not the case, stop as B is not a tautology. Obtain the
realization C, of B.

Step 2: For ¢ = 1,2,- -+,n construct C; from C as de-
seribed above. Using the polynomial algorithm for P3
decide if all single input faults of C; are detectable by 1/0
experiments. If for some 7, they are then B is not a tau-
tology. Otherwise, by Lemma 3.5, B computes a constant
which must be 1 (because of Step 1). Hence B is a tau-
tology. [Now, for C;, it should be clear that the tests in
(0 <m < n) and m 7 7 detect all single input faults
except those in line 7. For inputs other than those corres-

ponding to {, the output at the end of the aND set N is 0
(assuming that the single fault is in the input line ;).
Hence fo, is essentially B for (zy,+++,z,) # (1,++-,1).
Hence a fault in line ¢ is detectable iff there is an input
(@10 + )i, +,2n) such that B(ay,e««, &+ +,2.) # B(m,
©o Ty 0, Ts) . S0, if all input faults in C; are detectable,
then B is not a tautology. If all are not detectable then it
is the line 7 fault that is not detectable and so B is inde-
pendent of ;]

Clearly, then, if P3 is polynomial solvable so then also is
the tautology problem, i.e., tauthology « P3.

Theorem 3.4:

1) P4€ PC
2) P5€ PC
3) P6 € PC.

Proof: Statement 1) follows from the fact that an
output fault is detectable iff there are two inputs 1, - -, 2
and yi,+ * +,yn such that fe(z1,+ <, 2a) # fo(ys,**,ya), L&,
iff B is not a tautology. '

The proof for 2) proceeds by showing P5 € NP and
tautology « P5 (i.e., given a formula B obtain its circuit
realization C and then determine if C realizes the switching
function 1).

The proof for 3) is very similar to the proof of Theorem
B1 of [7] which shows that obtaining the minimal equiva-
lent Boolean form of a formula B is P-complete.

Finally, we consider the following problem. Let L be a
set of fault locations. Suppose we know that a circuit C is
irredundant with respect to L and we wish to know how
long it will take to find a test set for L. The following
theorem shows that this problem is complete for several
cases of L.

Theorem 8.5: The problem of finding for an arbitrary

_circuit C, irredundant with respect to L, a test set for L is

complete for each of the following cases.
Case 1: L = set of all fault locations.
Case 2: L = {z}, z is an arbitrary input line.
Case 3: L = {m,+ - +,2,}, s are input lines.
Case 4: L = {2}, 2 is the output line.
Proof: Tt is easy to show (using a technique similar to
that of Theorem 3.1) that NP = P implies a polynomial
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time algorithm for all the cases above. We now show that a
polynomial algorithm for finding a test set for L assuming
C is irreducible with respect to L can be used to develop a
polynomial time algorithm for deciding for an arbitrary
circuit €’ whether or not C” is irredundant with respect to
L. The polynomial completeness of Cases 1-4 will then
follow from Theorems 3.1-3.4.

Assume that we have a polynomial time Algorithm 4
that finds for an arbitrary circuit €, irredundant with
respect to L, a test set for L. The following polynomial
time algorithm decides for an arbitrary circuit ¢” whether
or not €’ is irredundant with respect to L. [p(+) is the
polynomial time bound of 4.]

Algorithm B

Step 1: Apply Algorithm A to .

Step 2: If A does not halt on C’ after p(-) steps, ¢’
cannot be irredundant with respect to L.

Step 3: If A halts on €’ in less than or equal to p(+)
steps, consider two cases.

Case 1: A halts with no output or halts with outputs
that do not satisfy the definition of tests. In this case, ¢’
must not be irredundant with respect to L.

Case 2: A halts with tests ty,ty, + « «,t;. For each such test
(= 4, **+, Tn = 1n, 2 = J, F(0), F(1)), check that if C
with input = @1, *++, T, = i, gives output z = j then the
locations in F(0) and F(1) are really s-a-0 and s-a-1 de-
tectable faults. If every test checks out, the union of
F(0)’s = L and the union of the F(1)’s = L, then ¢’
must be irredundant with respect to L; otherwise €’ is not
irredundant with respect to L.

Clearly, Algorithm B works in polynomial time if A
does and B decides whether or not circuit C is irredundant
with respect to L.

Hence it follows that Cases 1-4 are P-Complete.

IV, CONCLUSIONS

We have linked the single fault detection problem to the
P = NP problem of complexity theory. As a result of this
it is clear that finding a polynomial algorithm for the
fault-detection problem is as hard as finding similar algo-
rithms for several combinatorial problems (traveling sales-
man, knapsack, etc.). In view of this, it would appear that
no polynomial algorithm for single fault detection exists.
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