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Abstract
Severalapproachesto ®nding the connectedcomponentsof a graph on a hypercube

multicomputer are proposedand analyzed. The results of experimentsconductedon an
NCUBE hypercubearealsopresented.Theexperimentalresultssupporttheanalysis.
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1. INTRODUCTION

The problem of ®nding the connectedcomponentsof an undirectedgraph arisesin
severalapplications. Oneof theseis netextractionfrom circuit masks.A circuit maskmaybe

modeledby anundirectedgraphin which theverticesrepresentmaskpolygonsandedgesjoin
pairs of polygonsthat overlap. The connectedcomponentsof the resultinggraphrepresent
thenetsof thecircuit realizedby themask.Oncethesenetshavebeenextracted,theymaybe

comparedwith a knowncorrectsetof netsto verify thecorrectnessof themask. Thenumber
of polygonsin largemasksis of theorderof onemillion. Consequentlynetextractiontakesa

lot of time on conventionalcomputers.In casean error is found in the mask,the mask is
correctedandnetextractiondoneagain. This further increasesthe overall time spentverify-
ing circuit masks.Becauseof this, theconnectedcomponentsproblemis a goodcandidatefor

solutionona multicomputer.
In this paperwe exploreseveralwaysto computetheconnectedcomponentsof a graph

startingfrom its adjacencymatrix representation. Theobjectiveis to developanef®cientalgo-
rithm for a hypercubemulticomputer with a ®xed numberof processors.The algorithmswe
proposeare ®rst analyzed using conventional measuressuch as asymptotic complexity,

speedup,andef®ciencyandalsousinga recentlyproposedmeasureisoef®ciency[Kumaret al.
1988]. The proposedalgorithmsare then evaluatedexperimentally on an MIMD hypercube

multicomputer. A block diagramof sucha computeris given in Figure1.1. The multicom-
puter hasa hostprocessorwith local memory. The hypercubeis attachedto this hostmuch
like a peripheraldevice. Eachhypercubeprocessor(callednode)hasits own local memory.

The hypercubeis MIMD andall interprocessor communication andsynchronization is done
by explicit messagepassing.A programtypically consistsof a subprogramthat runson the

hosttogetherwith subprogramsfor eachof thehypercubenodes.Often,thesamesubprogram
is runoneachnode.

Our analysisof variousparallel connectedcomponentalgorithmsshowsthat goodper-

formancecannotbeexpectedby adaptingtheasymptotically ef®cient algorithmsof [Dekel et
al. 1981,Hirschberget al. 1979,andShiloachandVishkin 1982].Ratherto obtaingoodper-

formancewe needto usea parallelalgorithmthat doesa total amountof work comparableto
thatdoneby thefastestuniprocessoralgorithm.

Programming a multicomputer requiresoneto considerseveralfactorsthat do not arise

whenoneis programminga conventionaluniprocessorcomputer.Whenprogramminga typi-
cal conventionalcomputer,the initial algorithmicabstractiononebeginswith is, perhaps,the

only signi®cant consideration. For a multicomputer, however,manyother factorscan have
considerableimpact on the ef®ciency of the ®nal program. Someof theseare ([Geist and
Heath1986andRankaet al. 1988]):

1. Algorithm Selection
2. Partitioning andMapping

3. OverlappingComputationandCommunication
4. LoadBalancing
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5. UsingtheHost

Our developmentof hypercubealgorithmsfor the connectedcomponentsproblem is
organizedaroundthesefactors.Beforeproceedingto thedevelopmentof theconnectedcom-

ponentalgorithms,we describe,in section2, thevariousmeasuresusedto evaluatemulticom-
puterprogramsandalgorithms.

____________________________________________________________________________
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2. PERFORMANCE MEASURES

The performanceof uniprocessoralgorithmsand programsis typically measuredby
their time and spacerequirements. For multicomputers, thesemeasuresare also used. We
shall use tp and sp to, respectively, denote the time and space required on a p node
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multicomputer. While sp will normally be the total amountof memoryrequiredby a p node

multicomputer, for distributedmemorymulticomputers (asis our hypercubeof Figure1.1) it
is often moremeaningfulto measurethe maximumlocal memoryrequirementof any node.

This is soas,typically, suchmulticomputershaveequalsizelocal memoryoneachprocessor.
To determinetheeffectivenesswith which themulticomputer nodesarebeingused,one

alsomeasuresthe quantitiesspeedupandef®ciency. Let t0 be the time requiredto solve the

given problemon a single nodeusing the conventionaluniprocessoralgorithm. Then, the
speedup, Sp, usingp processorsis:

Sp = 
tp

t0___

Notethat t1 maybedifferentfrom t0 asin arriving at our parallelalgorithm,we maynot start
with theconventionaluniprocessoralgorithm.

Theef®ciency, Ep, with which theprocessorsareutilized is:

Ep = 
p

Sp___

Barringanyanomalousbehaviorasreportedin [Kumar et al. 1988,Lai andSahni1984,

Li and Wah 1986,and Quin and Deo 1986], the speedupwill be between0 and p and the
ef®ciency between0 and1. To understandthe sourceof anomalousbehaviorthat resultsin

Sp> p andEp> 1, considerthe searchtreeof Figure2.1. Theproblemis to searchfor a node
with thecharacteristicsof C. Thebestuniprocessoralgorithm(i.e., theonethatworksbeston
mostinstances)might exploresubtreeB beforeexaminingC. A two processorparallelization

might exploresubtreesB andC in parallel. In this case,t2 = 2 (examineA andC) while t0 =
k wherek- 1 is thenumberof nodesin subtreeB. So,S2= k/2 andE2= k/4.

Onemayarguethat in this caset0 is really not thesmallestuniprocessortime. We can
do betterby a breadth®rst searchof the tree. In this case,t0 = 3, t2 = 2, S2 = 1.5,andE2 =
0.75. Unfortunately, given a searchtree there is no known methodto predict the optimal

uniprocessorsearchstrategy.Thusin theexampleof Figure2.1,we could insteadbelooking
for a nodeD that is at thebottomof the leftmostpathfrom the root A. So,it is customaryto

usefor t0 the run time of the algorithm onewould normally useto solve that problemon a
uniprocessor.

While measuredspeedupandef®ciencyareusefulquantities,neithergive us any infor-

mation on the scalability of our parallel algorithm to the case when the number of
processors/nodes is increasedfrom thatcurrentlyavailable. It is clearthat,for any®xedprob-

lem size,ef®ciencywill declineasthenumberof nodesincreasesbeyonda certainthreshold.
This is due to the unavailability of enoughwork, i.e., processorstarvation. In order to use
increasingnumbersof processorsef®ciently, it is necessaryfor the work load (i.e, t0) and

henceproblemsize to increasealso [Gustafson1988]. An interestingpropertyof a parallel
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algorithm is the amount by which the work load or problem size must increase as the number

of processors increases in order to maintain a certain efficiency or speedup. [Kumar et al.

1988] have introduced the concept of isoefficiency to measure this property. The

isoef®ciency, ie(p), of a parallel algorithm/program is the amount by which the work load

must increase to maintain a certain efficiency.

We illustrate these terms using matrix multiplication as an example. Suppose that two

n´ n matrices are to be multiplied. The problem size is n. Assume that the conventional way

to perform this product is by using the classical matrix multiplication algorithm of complexity

O(n3). Then, t 0 =  cn3 and the work load is cn3. Assume further that p divides n. Since the

work load is easily evenly distributed over the p processors when p £ n2,

tp =  
p

t 0___ +  tcom

where tcom represents the time spent in interprocessor communication.

So, Sp =  t 0/tp =  pt0/(t 0+ptcom) and Ep =  Sp/p =  t 0/(t 0+ptcom) =  1/(1+ptcom/t 0). In order for

Ep to be a constant, ptcom/t 0 must be equal to some constant 1/a . So, t 0 =  work load

 =  cn3 =  aptcom. In other words, the work load must increase at least at the rate aptcom to

prevent a decline in efficiency. If tcom is ap (a is a constant), then the work load must increase

at a quadratic rate. To get a quadratic increase in the work load, the problem size n needs
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increaseonly at theratep2/3 (or moreaccurately,(aa/c)1/3p2/3).

Barring any anomalousbehavior, the work load t0 for an arbitrary problem must
increaseat least linearly in p as otherwiseprocessorstarvationwill occur for large p and

ef®ciencywill decline. Hence,in theabsenceof anomalousbehavior,ie(p) is W(p). Parallel
algorithmswith smallerie(p) aremorescalablethanthosewith largerie(p).

The conceptof isoef®ciency is useful becauseit allows one to test parallel programs

usinga small numberof processorsandthenpredict the performancefor a largernumberof
processors.Thusit is possibleto developparallelprogramson smallhypercubesandalsodo a

performanceevaluationusingsmallerprobleminstancesthan the productioninstancesto be
solvedwhentheprogramis releasedfor commercialuse.From this performanceanalysisand
the isoef®ciencyanalysisonecanobtaina reasonablygoodestimateof theprogram's perfor-

mancein the targetcommercialenvironmentwherethe multicomputer mayhavemanymore
processorsand the probleminstancesmay be much larger. So with this techniquewe can

eliminate (or at leastpredict) the often reportedobservationthat while a particular parallel
programperformedwell on a small multicomputer it was found to perform poorly when
portedto a largemulticomputer.

3. ALGORITHM SELECTION
As mentionedin [Rankaet al. 1988]thealgorithmicabstractionthatwe beginwith hasa

signi®cant impact on the resulting hypercubeprogram. The starting point of the program

developmentprocesscould beanexistingparallelalgorithmdevelopedundertheassumption
that an unlimited numberof processorsare available,a parallel algorithm developedfor a

®xednumberof processors,or someuniprocessoralgorithmthathasyet to beparallelized. In
the bestof situations,the developmentof a hypercubeprogramwould beginwith a parallel
hypercubealgorithmdevelopedfor a ®xednumberof processors.We know of no suchalgo-

rithm for theconnectedcomponentsproblem.
Many researchershavedevelopedparallel connectedcomponentalgorithmsunderthe

assumptionthatanunlimitednumberof processorsareavailable.[Carlson1987,Gopalakrish-
nanet al. 1985,Hirschberget al. 1979,Huang1985,NassimiandSahni1980,andShiloach
andVishkin 1982]aresomeexamplesof suchresearch.Noneof thesealgorithmsprovidesa

suitablestartingpoint for our work. For example,considerthe algorithm of [Shiloach and
Vishkin 1982]. Their algorithm®ndstheconnectedcomponentsof anundirectedgraphwith

n verticesande edgesin timeO(logn) usingaCRCWsharedmemorycomputerwith O(n+2e)
processors.This maybe run on an O(n+2e) processorhypercubeby usingtheO(log2n) ran-
dom accessreadandwrite algorithmsof [Nassimi and Sahni1981]. The complexity of the

resultinghypercubealgorithmis O(log3n). On a uniprocessor, theconnectedcomponentscan
be found in O(n+e) time, using either depthor breadth®rst search. For densegraphs,e =

O(n2) and the speedup,Sp=n2  = O(n2/log3n) (In all our speedupcomputationswe shall use
t0 = n2. This is justi®ed aswe assumean adjacencymatrix representation. Even if an edge
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representation is used we can justify this by restricting ourselvesto densegraphs). The

ef®ciencyEp=n2 is O(1/log3n). Hence,ef®ciencydeclinesto zeroasp (andhencen) increase.
The processor-time productis a measureof the total work (usefulandnonuseful)done

by a parallel algorithm. The processor-time product of the O(n +2e) processorhypercube
simulationof the algorithmof [Shiloachand Vishkin 1982] is O((n +2e)log3n). For a dense
graph,this is O(n2log3n). The uniprocessoralgorithmdoesonly O(n2) work. If we assume

theconstantsof proportionality arethesamein bothcases,thentheparallelalgorithmis doing
log3n timesmorework. Hence,if n = 1024,thenit would takelog3n = 1000processorsjust to

breakevenwith theuniprocessoralgorithmrunningon a singleprocessor.In practice,many
more processorswould be neededto breakevenas the constantof proportionality is much
largerfor theShiloach-Vishkin hypercubeadaptation(this comesfrom the increasedconstant

factor for their algorithm;theconstantfactorassociatedwith randomaccessreadsandwrites;
andtheneedfor interprocessor communication which is typically far moreexpensiveperunit

thana basicarithmetic).
Dekel, Nassimi,andSahni[Dekel et al. 1981] havedevelopedan O(log2n) hypercube

algorithmto ®nd a spanningforestof an n vertexgraph. This usesn 3/logn processors.This

algorithm may be adaptedto ®nd connectedcomponentsin O(log2n) time. The processor-
time productof this adaptationis O(n3logn). For n = 1024,approximately nlogn = 10240pro-

cessorsareneededto breakevenwith theuniprocessoralgorithmrunningon a singleproces-
sorcomputer.

Thestartingpoint for ourhypercubeprogramis therelativelysimplelow overheadalgo-

rithm given in Figure3.1. This assumesa densegraphandan adjacencymatrix representa-
tion. Eachhypercubeprocessorbeginswith a partition of the adjacencymatrix. It computes

a spanningforestundertheassumptionthegraphhasonly thoseedgesthatarein its partition.
The ®rst stepof this algorithmis the sameas the datareductionstepin the connectedcom-
ponentalgorithmproposedby Huang[Huang1985]for themesh-of-treesmulticomputer. The

detailsof the algorithm for step1 are providedin Figure 3.2 (procedure Spanning Forest).
The input to this procedureconsistsof the verticesVr representedby the rows of the adja-

cencymatrix partition in thehypercubenodeandthe verticesVc representedby the columns
of this partition. The procedureusesa breadth®rst traversal[Horowitz andSahni1986].A
depth®rst traversalcouldalsohavebeenused.

The spanningforestsde®ne a relationship, R, betweenpairsof vertices.iRj iff i and j

arein the sametree in at leastoneforest.The transitiveclosureof this relationmaybecom-

putedusing the union-®nd schemediscussedin [Horowitz and Sahni1986]. This partitions
the verticesinto equivalenceclasses.Eachsuchclassde®nesa connectedcomponent.We
shall referto theprocessthatresultsin the transitiveclosureof R asspanning structure merg-

ing. De®nea spanning structure to bea collectionof treeswith thepropertythateverygraph
vertexis in exactlyonetreeandif two verticesarein thesametreethentheyarein thesame

connectedcomponentof the graph. Note that the edgesin a spanningstructureare not
requiredto begraphedges.Eachof thep spanningforestscomputedin step1 of Figure3.1 is
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Step1: Eachhypercubeprocessorcomputesa spanningforestbasedon the information
in its adjacencymatrix partition. This is doneusing breadth®rst or depth®rst
search.

Step2: The hypercubeprocessorsmergetheir spanningforeststo obtain the connected

components.

Figure3.1:Theconnectedcomponentsalgorithm
____________________________________________________________________________

a spanningstructure.In step2 we beginwith thesep spanningstructuresandcombinethem

pairwise(say)until just onespanningstructureremains.This ®nal spanningstructurehasthe
propertythat two verticesarein thesametree iff they arein the sameconnectedcomponent.
An exampleillustrating the two stepsin our algorithmis given in Figure3.3.For this example

the ®nal spanningstructurewill consistof two trees;onewith vertices1, 2, 3, and4 andthe
otherwith vertices5 and6. Figure3.3(e)showsjust oneof the possiblespanningstructures

with this property. The correctnessof the algorithmof Figure3.1 follows from the observa-
tion that in step1 only edgesthat areon cyclesareeliminated. This doesnot affect thecon-
nectedcomponents.

Step1 requiresa total O(n2) work. Sincea spanningstructureis a collectionof trees,it
can haveat mostn- 1 edges.Combiningtwo suchstructurestakesslightly morethan linear

time if theunion-®nd schemeof [Horowitz andSahni1986]is used. It takeslinear time if the
equivalenceclass algorithm of [Horowitz and Sahni 1986] is used. However, the latter
schemerequiresmorememory.This becomesa problemin our casewhentestingwith large

graphs.Sowe do not useit. Sincep- 1 pairwisemergesof spanningstructuresareperformed
in step2 the total work donein this stepis O(npa(n)) wherea(n) accountsfor the fact that

union-®nd takesslightly morethanlinear time (a is a functional inverseof theAckermann's
function).Sincep is assumed®xed (or alternatively if we assumepa(n) £ n), the total work-
load of Figure 3.1 is O(n2). So this hasa better potential of exhibiting good speedupfor

"small" p thanthealgorithmsof [ShiloachandVishkin 1982]and[Dekel et al. 1981].
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____________________________________________________________________________

ProcedureSpanningForest (Vr,Vc) ;
{Find spanningforestedgesfor thepartitionwith row verticesVr andcolumnverticesVc}

initialize queueempty;

initialize all n verticesto beunmarked;
for eachvertexl in Vr do

if vertexl is unmarkedthen {®nda treefor l}
begin

addl to queueandmarkit;

while queuenotemptydo
begin

delete®rst vertex(sayj) from queue;
if j Î Vr

then scanrow for vertex j

elseif j Î Vc then scancolumnfor vertex j;
all unmarkedvertices k encounteredduring this scan are marked,

edge(j,k) is outputaspartof thespanningforest,vertexk is addedto
thequeue.

end; {of while}

end; {of then andfor }
end; {SpanningForest}

Figure3.2:Findingthespanningforestfor anadjacencymatrix partition
____________________________________________________________________________

4. PARTITIONING AND MAPPING
In this section,we shall considertwo re®nementsof the algorithm of Figure 3.1. In

both,steps1 and2 aredonein sequence(i.e., step2 commencesafter step1 hascompleted).
In a later section,we consideranotherre®nementin which steps1 and2 aredonein parallel.
The two partitioning schemesof this sectionwereusedin [JenqandSahni1987] for the all

pairsshortestpathsproblem. Sincein our hypercubemodelthememoryis distributedacross
the nodesof the hypercubeand it takeslesstime for a nodeto accessits local memorythan

that of anothernode,it is necessaryto distributethe adjacencymatrix acrossthe processor
memories.The distributionschemesstudiedhere,in effect, partition thematrix. However,a
partitioningisn' t alwaysaseffectiveasa datadistributionschemethatallowssomedatarepli-

cation[Rankaet al. 1988]. Along with a datapartitioning, oneneedsto providea mappingof
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thedatapartitionsto theprocessormemories.

4.1Par titioning By Str ipes

In this case,an n´ n adjacencymatrix is partitioned into p stripes with each stripe
comprisedof n/p contiguousrows.Figure4.1 showsthe partitioningandprocessormapping
for thecasen = 32andp = 8. In this ®gure,Pi denotesprocessori of thehypercube.

____________________________________________________________________________

P0

P1

P2

P3

P4

P5

P6

P7

32
4

Figure4.1:Partitioning into stripesandprocessormapping
____________________________________________________________________________

To computetheconnectedcomponents,eachprocessor®rst computesa spanningforest
of the given n vertex graph. This spanningforest is computedusing procedureSpanning

Forest (Figure 3.2) with Vr  = {(i - 1)n/p,  . . .  ,in /p- 1} for processor Pi and
Vc = {0,1,  . . .  ,n- 1} for all processors.Themergingof thespanningstructuresis donepair-
wiseasindicatedin Figure4.2 for thecasep = 8. Figure4.3showsthehypercubecommuni-

cation paths.Processor P0 is involved in threestagesof merging. First, it mergesits step1
structurewith thatof P1. For this, P1 musttransmitits spanningstructureinformationto P0.

Next, it mergesthis spanningstructurewith themergeof thestep1 spanningstructuresof P2

and P3. For this, P2 communicatesappropriateinformation to P0. Finally, P0 mergesthe
mergedstep1 spanningstructureof P0 throughP3 with that of P4 throughP7. The overall

spanningstructureresidesin P0. At this point, eachvertexdeterminesthe root of the span-
ning structuretree it is containedin. This is its connectedcomponentidenti®er. Notice that
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thenumberof activeprocessorsreducesby half following eachmergestep.

Whenmergingtwo spanningstructuresA andB we takethe at mostn - 1 edgesin one
(sayA) andmergewith thoseof the other (sayB). For eachof the edgesin A two ®ndsare

performedto seeif thetwo verticesthataretheendpointsof this edgearealreadyin thesame
treeof B. If theyarenot thenthe two treesof B thatcontaintheseverticesareunioned.If the
two verticesarein thesametreeof B no unionis performed.Hencea pairwisemergerequires

at most2(n - 1) ®ndsandn - 1 unions.

____________________________________________________________________________

P0 P1 P2 P3 P4 P5 P6 P7

P0 P2 P4 P6

P0 P4

P0

host

communication
identicalprocessor

Figure4.2:Communication path
____________________________________________________________________________

Sincea processor's adjacencymatrix partition hasn/p rowsof n bits each,step1 takes

O(n2/p). More accurately,in the worst casethe n/p rowsof the partition will be scannedin
the then clauseof Figure3.2andthe n-  n/pcolumnsthat correspondto the n-  n/p verticesin
Vc- Vr scannedin the else clause. So,a total of n2/p+(n-  n/p)n/p = 2n 2/p-  n2/p2 accesses

to the processor's adjacencymatrix partition are made. Hence,step1 takesn2/p(2-  1/p)ts

time (ts is a constant).Therearelogp mergestageswith eachtakingat most(n - 1)tm time (for

simplicity, we assumethat2(n - 1) ®ndsandn - 1 unionscanbedonein O(n) time; theunion-
®nd algorithmsdescribedin [Horowitz andSahni1986] take slightly moretime; linear time
canbeachievedusingtheequivalenceclassalgorithmof [Horowitz andSahni1986]; tm is a
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Figure4.3:Communication pathonhypercube
____________________________________________________________________________

constant).Note that a spanningstructureof an n vertex graph/subgraph can containat most

n- 1 edges.Eachcommunication of aspanningstructuretakesat mosta + (n- 1)tc worstcase
time wherea is the communication startuptime andtc is a constant.The overall worst case

time (excludingthe®nal componentidenti®cationtime) is :

tstripes = n2/p(2- 1/p)ts + (n- 1)tmlogp + (n- 1)tclogp + alogp

Sincet0 is n2ts, thespeedupSp
stripes is

Sp
stripes = 

tstripes

n2ts______

= 
n2/p(2- 1/p)ts+(n- 1)tmlogp+(n- 1)tclogp+alogp

n2ts_________________________________________

andtheef®ciencyEp
stripes is

Ep
stripes = 

2-
p
1__ + 

n2ts

p____
��
(n- 1)(tm+tc)+a

��
logp

1_______________________________
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For constantef®ciency,we require

n2ts

p____ �� (n- 1)(tm+tc)+a �� logp -  
p
1__

to beconstant.For this, theproblemsize,n, mustgrow at rateW(plogp). Thework load,n2,
must thereforegrow at the rate W(p2log2p). Hence,the isoef®ciency is W(p2log2p). >From

theequationfor Sp
stripes, we get

Sp
stripes < 

p
n2___(2-  1/p)ts

n2ts____________ = 
2p- 1
p2_____

Hence,Ep
stripes < 

2p- 1
p_____, for graphswhich requirethe examinationof all n/p rowsof Vr and

n-  n/p columnsof Vc -  Vr in step1. Thesegraphshavethepropertythat in at leastonestripe

eachvertex in Vc -  Vr is adjacentto at leastonevertex in Vr . Note that as the edgedensity
increases,theprobability of this happeningalsoincreases.Further if this propertyis satis®ed,
the graph is connected. However, a connectedgraph need not satisfy this property. For

graphswith this property,Ep
stripes < 2/3 for p = 2,4/7 for p = 4,8/15 for p = 8,etc. Notethat

on graphsthat do not satisfythe statedpropertythe ef®ciencycanbe higher. For suf®ciently

densegraphstheseboundscanbeexpectedto applyassuchgraphssatisfytheaboveproperty.

4.2Par titioning By Rectangles

Partitioning by rectanglesis analternateto partitioningby stripes.Theadjacencymatrix

is partitionedinto p rectanglesof size
2 � d/2�n______´

2 � d/2�n______ wherep = 2d. Figure 4.4 showsthe

partitioningandprocessormappingfor thecasen = 32 andp = 8. Themappingis designedto
optimizethespanningstructuremergingsof step2. While this partitioningis thesameasthat

usedin [JenqandSahni1987]for theall pairsshortestpathsproblem,themappingto proces-
sorsis different. Thespanningstructuremergeorderis shownin Figure4.5. Thismergeorder

minimizesthespanningstructuresizefollowing eachmerge.
The worst case step 1 time for this scheme is 2n2/p ts as in the worst case�

Vc -  Vr
�
 = 

�
Vc

�
 = 

2 � d/2�n______ and all
2 � d/2�n______ rows are scannedin the then clauseand all

2 � d/2�n______

columnsin theelseclause.Thecommunication andmergetime is a functionof thenumberof

stagesand the numberof edgesbeingmergedor communicated. For simplicity, we assume
that thenumberof edgesin thespanningstructurecorresponding to ani ´ j partition is at most

2i  (i ³ j ) eventhoughi + j - 1 is a betterbound. Whend is even,at mostx= 2*
2d/2
n____ edgesare

transmittedby eachof theprocessorsthat transmitedges;at most2x edgesaretransmittedin

eachof thenext two stages;at most4x in thenext two stages;...; andat most2d/2x in the last
stage.So,whend is even,at most
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P0 P1

P4 P5

P2 P3

P6 P7

32

8

16

Figure4.4:Partitioning into rectanglesandprocessormapping
____________________________________________________________________________

x (1+2+2+4+4+ . . . +2d/2) = 2
2d/2

n____(1+4+8+ . . . +2d/2)

 = 
2d/2
2n____(1+2+4+8+ . . . +2d/2- 2)

 < 6n

edgesare transmitted.Note that 2d/2x = 2n > n - 1. Howevera spanningstructurecanhave

at mostn- 1 edges.So,theaboveboundis quiteloose.
A similar analysisshowsthat6n boundsthetotal datatransmissionwhend is odd. Also,

since at most n - 1 edgesmay be in a spanningstructure,we get min{6n, (n - 1)logp} as a
boundon the total numberof edgestransmittedby anyonenode. Hencethe worst casetime
complexityis:

trectangles  = 
p

2n2____ts + min{6n, (n - 1)logp}tm + min{6n, (n - 1)logp}tc + alogp

Comparingwith tstripes , we seethat the worst casestep1 time for the stripesmethodis

lessthan that for the rectanglesmethodby n2/p2. The step2 time for the stripesmethodis
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never less than that of the rectanglesmethod. In fact, when 6n < (n- 1)logp (or approxi-

matelywhenp > 64),thestep2 time for therectanglesmethodis lessthanthat for thestripes
method. As notedearlier,our 6n boundis quite looseandwe expectthe step2 time for the

rectanglesmethodto belessthanthat for thestripesmethodevenwhenp is lessthan64.
Thespeedupandef®ciencyfor therectanglesmethodare:

Sp
rectangles = 

trectangles

n2ts________

Ep
rectangles = 

p

Sp
rectangles

_________

 = 
2+

n2ts

p____ �� min{6n,(n- 1)logp}(tm+tc)+alogp
��1______________________________________

For constantef®ciency,

n2ts

p____ �� min{6n,(n- 1)logp}(tm+tc)+alogp
��
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must be constant. When min{6n, (n- 1)logp}  =  (n- 1)logp, the isoefficiency is the same,

W(p2log2p), as that of the stripes method. When min{6n, (n- 1)logp}  =  6n,

n2ts

p____ �� 6n(tm+tc)+alogp��
must be constant. For n>> logp, this requires that n grows as W(p). Hence the work load, n2,

must grow as W(p2). Hence the isoefficiency of the rectangles method is between W(p2) and

W(p2log2p).

>From the equation for Ep
rectangleswe see that for worst case data, Ep

rectangles <  1/2. We

expect this bound to apply for sufficiently dense graphs.

4.3Experimental Results
FORTRAN programs to find connected components using the stripes and rectangles par-

titioning schemes were run on an NCUBE hypercube multicomputer. For each n, 30 random

graphs with edge density ranging from 70% to 90% were generated. The average efficiency is

given in the tables of Figures 4.6 (stripes partitioning) and 4.7 (rectangle partitioning). As

predicted by our isoefficiency analysis, the problem size n needs to more than double each

time the number of processors doubles in order for the efficiency to not deteriorate. For exam-

ple, the stripes method has an efficiency 0.2 when n = 64 and p = 8. To get this same efficiency

when p = 16, we need n to be greater than 128. The problem size increase required by the rec-

tangles method is not as great as required by the stripes method (though still n must more than

double each time p doubles).

Our analysis indicated that the efficiency would be less than 2/3 for the stripes method

when the test graphs required the examination of all rows of Vr and all columns of Vc- Vr .

The table of Figure 4.6 has a few entries with efficiency greater than this. This indicates that

our average test graph did not require all these rows and columns to be examined. While not

shown in the table, we observed that the efficiency became closer to that predicted by our

analysis as the edge density was increased. As p increases, the efficiency declines because of

an increase in the inter processor communication overhead. For the rectangles method, again,

some efficiences exceed the 0.5 bound expected for worst case data. This reflects the fact that

our test graphs were not worst case graphs.

Also, our analysis indicated that the step 1 time for the stripes method is less than that

for the rectangles method. However, the step 2 time for the rectangles method is generally

less. This differential in step 2 time increases with p. Hence, we expect the stripes method to

outperform the rectangles method for large n and small p. This expectation is reflected in the

data of Figures 4.6 and 4.7. The speedup obtained by the two methods for n = 256, 512, and

1024 are plotted in Figures 4.8 through 4.10.
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number of processors(p)

size(n) 2 4 8 16 32 64

16 0.45 0.21

32 0.53 0.28 0.13

64 0.61 0.36 0.20 0.10

128 0.67 0.46 0.29 0.15 0.08

256 0.71 0.54 0.38 0.24 0.13 0.06

512 0.73 0.59 0.47 0.34 0.21 0.11

1024 0.62 0.53 0.43 0.30 0.18

2048 0.49 0.39 0.27

4096 0.35

Figure 4.6: Efficiency of stripes partitioning
____________________________________________________________________________

5. OVERLAPPING COMPUTATION AND COMMUNICATION

The refinements of the preceding section make no attempt to overlap the time spent

computing with that spent transmitting data. Figure 5.1 shows the activities of processor p0 of

Figure 4.2. We can attempt to reduce the overall time by overlapping data transmission and

computation. For this, the odd numbered leaf processors of Figure 4.2 must transmit their

spanning structure edges in packets concurrent with the computation of the spanning struc-

ture. If we are sending packets of size s edges, s<  n, then as soon as s structure edges are

selected, a transmit is initiated. This requires a slight modification in the merging process so

that it commences as soon as the first packet is received. Similarly, during each merging step,

the merged structure is transmitted as a series of packets.

If n- 1 edges are to be transmitted in packets of size s, then the total transmission time

becomes (n- 1)(a+stc)/s. While this is larger than the a+(n- 1)tc time needed to send the

(n- 1) edges as one packet, we can accomplish a reduction in the overall run time as the

transmission may be substantially overlapped with the step 1 time and the merge times. A

reduction will be seen only if the total wait time decreases.

For the connected components problem, the total wait time is O(nlogp) while the com-

putation time is O(n2/p). So, even if the wait time was reduced to zero, there would not be

much difference in the overall time. Figure 5.2 shows the % change in run times of the two
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numberof processors(p)

size(n) 2 4 8 16 32 64

16 0.45 0.25
32 0.50 0.30 0.14

64 0.57 0.36 0.20 0.13
128 0.62 0.43 0.29 0.19 0.11
256 0.65 0.48 0.37 0.27 0.17 0.10

512 0.67 0.51 0.44 0.36 0.25 0.17
1024 0.53 0.48 0.43 0.33 0.24

2048 0.47 0.40 0.33
4096 0.40

Figure4.7:Ef®ciencyof rectanglespartitioning
____________________________________________________________________________

schemesof Section4 when the computation/communication strategyis implemented.The

packetsizeusedwas500 edges.As is evident,theoverlappingstrategydoesnot havemuch
impact on the total run time. In fact a reductionis seenonly for large n. For the stripes
methodwe wereunableto maken suf®ciently largeto observea run time reductionexceptfor

the case p = 2. When n is large, the step 1 time is large and transmitting by packets
effectively overlapsthe computationof the spanningstructure. Whenn is small, the step1

time is small andhencenot enoughto reducethe wait time. It shouldbe emphasisedthat in
problemswherethe communication andcomputationtimesarecomparable,successfulover-
lappingof thesecansigni®cantly reducethe overall run time. In fact, Won andSahni[Won

andSahni1987]reporta 23%reductionin thecaseof themazeroutingproblem.

6. LOAD BALANCING

Thestrategyto overlapcomputationandcommunication maybe takenonestepfurther
to perform steps1 and 2 of Figure 3.1 in parallel. For this, someof the processorsare

assignedthe taskof ®nding spanningstructuresandthe othersthe taskof mergingspanning
structures.Sincethe strategyof Section5 transmitsspanningstructuresin packetsas these
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are generated,it is possiblefor the mergeprocessorsto begin their work beforethe step1

computationof a spanningstructurehasbeencompleted.
Let ustakea closerlook at how this maybedonefor thestripespartition. Onepossibil-

ity is to partition the adjacencymatrix into
p
n__´

p
n__ squaresas in Figure6.1. Sincethe adja-

cencymatrix of an undirectedgraphis symmetric,only thosesquareson or abovethe main

diagonalareneeded.The processorsaregroupedinto pairsandeachprocessoris assigneda
row of squaresasin Figure6.1. Theprocessorsbeginby computinga spanningstructurefor

their diagonalsquare.Thentheevenprocessorstransmittheir structuresto theoddprocessor
in their respectivepairs.The odd processorsmergespanningstructureswhile the evenones
continueto processtheir squares(only diagonalsquaresandthoseto their right areprocessed)

andtransmittheresultingspanningstructureedgesto their oddpartners.
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Figure4.9:n = 512
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Thisprocessingof squaresconsistsof thetwo steps:

a) perform a breadth®rst traversalof the squareretainingedgesthat form a spanning
structurefor thesquare

b) process thesespanningstructureedgesusingtheunion-®nd algorithmof [Horowitz
andSahni1986] to eliminateedgesthat form a cycle whenconsideredin conjunc-
tion with thoseedgesalreadytransmittedto theoddpartners.

Only edgesthat survivestepb) aboveareactually transmittedto the odd partners.The
even processorsdo not transmit the spanningstructuresof their last q squaresto their odd

partners(the optimal value of q is to be determinedexperimentally). On completing all
merges,the odd processorsbeginto processtheir squaresandtransmitspanningstructuresto
their evenpartners.The evenprocessorsbegin to mergeafter completingthe processingof
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Figure4.10:n = 1024
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their remainingsquares.Onceanevenprocessorhas®nishedall its work, the resultantspan-

ning structureis transmittedto the evenprocessorin the upperadjacentpair (i.e., processor
P2i transmitsto processorP2(i - 1)) for merging. Figure 6.2 illustratesthe data transmission

sequencefor the casep = 8. Notice that sinceP6 will ®nish®rst, someor all of its transmis-
sion to P4 will beoverlappedwith work still beingdoneby P4. This overlappingcould also
takeplacebetweenP2 andP4 andP0 andP2.

Thetime, tsquares, requiredby this strategyis givenby

tsquares = T0 + Twait + Tmerge

whereT0 is the time takenby P0 to ®nishits work for thepair (P0 , P1); Twait is the time P0

has to wait following T0 for the mergeddata to arrive from P2; and Tmerge is the time to
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Figure 5.1: Activity status of P0
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merge this data.

The success of this strategy depends considerably on the matching of interprocessor

communication times with intra processor computation times. Unfortunately, for large n, the

time needed to compute the spanning structure of a square is much greater than the time

needed to transmit and merge the structure. Hence the merging processors are often idle. To

remedy this load imbalance, the group size may be increased to k, k>  2, processors. In each

group of k processors, one processor merges while the remaining k- 1 compute spanning

structures. This also reduces the rightmost path length of Figure 6.2. Notice that this length is

p/k. When k>  2, the merge processor of a group only merges structures and the adjacency

matrix data for the group is distributed evenly over the remaining k- 1 processors in the group

(again, only data in the upper triangle is needed). Figure 6.3 gives the ratio tsquares/tstripes for

the graphs used in the experiment of section 4.3. The number in parenthesis is the optimal

value of k. Note that when k=  2, the pairing strategy described in the beginning of this section

is used. It was experimentally determined that the best value of q is p, the number of hyper-

cube processors. In this case the even processor in each pair obtains a spanning forest for all

its squares together. The fact that q =  p gave the best performance may be attributed to the

relative high cost of interprocessor communication. The odd processors work one square at a

time and transmit edges to their even partners.

For any fixed hypercube size the optimal k increases as n increases. This is because the

time needed to compute the initial spanning structures increases quadratically in n while the

merge time increases linearly in n. So a merge processor can handle more merge load in the

time required by the spanning structure processors to compute these structures. Because of the

unpredictable nature of the computation/communication overlap in this scheme, the scheme is

hard to analyze with a view to predicting the optimal k. The efficiency table is given in Figure

6.4. Since the spanning structure time increases asymptotically faster than the merge time, for
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numberof processors(p)

size(n) 2 4 8 16 32 64

16 1.49 1.32
32 1.15 1.18 1.09

64 0.76 0.92 0.98 1.18
128 0.46 0.62 0.78 0.84 0.82
256 0.25 0.38 0.51 0.68 0.73 0.81

512 -0.17 0.21 0.35 0.46 0.60 0.72
1024 0.07 0.16 0.32 0.43 0.61

2048 0.19 0.30 0.38
4096 0.30

(a)stripespartitioning

numberof processors(p)

size(n) 2 4 8 16 32 64

16 1.45 1.64
32 0.55 0.64 0.61

64 -0.18 0.23 0.26 0.31
128 -0.63 -0.37 0.10 0.13 0.15

256 -1.12 -1.15 -0.53 0.00 0.12 0.15
512 -1.37 -1.43 -1.59 -0.44 -1.49 0.15

1024 -1.42 -1.40 -0.67 -0.42 -0.14

2048 -0.95 -0.68 -0.46
4096 -0.71

(b) rectanglespartitioning
positivenumbermeansincreasein run time.

negativenumbermeansdecreasein run time.

Figure5.2% changein run timeusingpackets
____________________________________________________________________________

any®xednumberp of processorstheratio tsquares/tstripes ®rst decreasesasn increasesandthen

increasesas n increases.When the ratio is decreasingthe overlappingof computationand
communicationis the dominating factor. However, eventually the increasedcomputation

loadof thesquaresmethoddominatesandtheratio beginsto increase.
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Figure6.1:Partitioning into squaresandprocessormapping
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Thesquaresschemejust describedusesonly theuppertrianglesof theadjacencymatrix.

Onemay considerdevelopinga programthat doesthis without performingsteps1 and2 of
Figure3.1in parallel.In somesense,this representsthecasek= 1 with the®nal mergingstage

replacedby a binary treemergeasin Figure4.2. Sincethenumberof bits in theuppertrian-

gle is
i =1
S

n - 1
i = n (n - 1)/2 (notethat all diagonalbits are0 andneednot beconsidered),for good

load balancingn (n - 1)/2p bits areresidentwith eachprocessorinitially. This alsoequalizes

theprocessormemoryrequirements.
Theworstcasemergingandcommunication time requirementsof this balancedtriangle

schemeare the sameas thoseof the stripesmethod. The worst casestep1 (cf. Figure3.1)
time is n (n - 1)/p aseachbit in a node's partitionmaybeexaminedtwice. This resultsfrom a
needto implementFigure3.2sothatwhena partition row is scanned,therow segmentthat is

to the left of the diagonalis obtainedby scanningthe corresponding columnsegmentabove
thediagonal.So,we obtain

tbalanced  = n (n - 1)/p ts + (n - 1)tmlogp + (n - 1)tc logp + alogp

>From this, thefollowing speedupandef®ciencyareobtained:
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communication
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Figure6.2:Communication path
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Sp
balanced = 

tbalanced

n2ts_______

Ep
balanced = 

n
n- 1____ + 

n2ts

p____ �� (n- 1)(tm+tc)+a
��

logp

1_______________________________

For constantef®ciency,

n2ts

p____ �� (n- 1)(tm+tc)+a
��

logp

is requiredto beconstant(assuming
n

n- 1____~~ 1). Hencethe isoef®ciencyis W(p2log2p). This is

thesameasthatfor thestripesmethod.
Using the sametest set as before,we obtain the ef®cienciesgiven in Figure 6.5. The
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number of processors(p)

size(n) 2 4 8 16 32 64

16 0.91(2) 0.83(2)

32 0.90(2) 0.82(2) 0.81(2)

64 0.94(2) 0.84(2) 0.81(2) 0.90(2)

128 0.96(2) 0.88(2) 0.82(2) 0.87(2) 1.05(4)

256 0.97(2) 0.91(2) 0.84(2) 0.83(2) 0.98(4) 1.42(4)

512 0.97(2) 0.94(2) 0.85(8) 0.80(2) 0.91(8) 1.32(4)

1024 0.95(2) 0.88(8) 0.77(16) 0.82(8) 0.96(8)

2048 0.76(16) 0.79(16) 0.90(8)

4096 0.90(16)

Figure 6.3 tsquares/tstripes
____________________________________________________________________________

plots of Figures 4.8 - 4.10 are extended in Figures 6.6 - 6.8 to include the speedups for the

squares and balanced triangle schemes. For large n, the balanced triangle method is the fastest

for small p (p £ 16) and the rectangles method is fastest for large p (p >  16).

7. USING THE HOST

One may consider utilizing the processing capabilities of the host to assist in the compu-

tation of the connected components. One possibility is to let the host perform the merging

step (step 2) of Figure 3.1. The hypercube processors perform step 1 and transmit the span-

ning structures to the host in packets. A packet is transmitted as soon as it is created. As a

result, the host begins merging sooner than step 2 can commence when the stripes or rectan-

gles method is used as in Section 4. Further, the transmission of the spanning structures is

overlapped with their computation and merging. For small n and p, we do not expect this util-

ization of the host to perform better than the raw schemes of Section 4 because of the over-

head of communicating with the host and the lack of sufficient merging work. For large n, the

merging load is too large for the single host processor to outperform merging by p processors.

However, there may be an intermediate range where using the host results in improved perfor-

mance.
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numberof processors(p)

size(n) 2 4 8 16 32 64

16 0.50(2) 0.25(2)
32 0.60(2) 0.34(2) 0.16(2)

64 0.65(2) 0.44(2) 0.24(2) 0.11(2)
128 0.70(2) 0.52(2) 0.35(2) 0.18(2) 0.07(4)
256 0.73(2) 0.59(2) 0.46(2) 0.29(2) 0.13(4) 0.04(4)

512 0.75(2) 0.63(2) 0.55(8) 0.42(2) 0.23(8) 0.08(4)
1024 0.65(2) 0.61(8) 0.56(16) 0.36(8) 0.19(8)

2048 0.65(16) 0.49(16) 0.30(8)
4096 0.39(16)

Figure6.4Ef®ciencyof squaresmethod
____________________________________________________________________________

We experimentedwith theaboveschemeusingboth thestripesandrectanglesschemes

of Section4. The resultsof our experimentsaregiven in Figure7.1. As is evident,utilizing
thehostimprovesperformancefor n in a suitablerange. This rangeitself changeswith p. For
largerp (³  32 for stripesand³  64 for rectangles)we foundno n for which the hostcould be

usedin theabovemannerto improveperformance.Theoptimalpacketsizeto usewasfound
experimentally. Thissizeincreaseswith p.

8. CONCLUSIONS

We havestudiedseveralways to computethe connectedcomponentsof an undirected
graphon a hypercubemulticomputer. Startingfrom thesamealgorithmicabstraction,onecan

arrive at programswith differentperformancedependingon the mannerin which one parti-
tions and mapsthe problem,whetheror not one attemptsto overlapcomputationand com-
munication,andtheattentiononepaysto loadbalancing.Of thevariousmethodsstudied,the

balanced triangle schemeof section 6 performed best. Since our programshave good
isoef®ciency, we expectthemto performwell also on hypercubesof much larger size than

testedhereprovidedproblemsof a suf®ciently largersizearesolved. Therequiredlargersize
maybepredictedusingtheisoef®ciencyof thealgorithm.
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number of processors(p)

size(n) 2 4 8 16 32 64

16 0.50 0.23

32 0.60 0.30 0.15

64 0.70 0.42 0.22 0.11

128 0.80 0.56 0.33 0.17 0.09

256 0.87 0.70 0.48 0.28 0.14 0.07

512 0.94 0.80 0.63 0.42 0.24 0.12

1024 0.88 0.76 0.57 0.37 0.21

2048 0.71 0.52 0.33

4096 0.47

Figure 6.5 Efficiency of balanced triangle method
____________________________________________________________________________
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(a) tstripesusinghost / tstripes

numberof processors(p)
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4096 1.20

(b) trectanglesusinghost / trectangles
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