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Abstract

Severalapproachedo ®ding the connectedcomponentsof a graph on a hypercube
multicomputer are proposedand analyzed. The results of experimentsconductedon an
NCUBE hypercubearealsopresented.The experimentalesultssupportthe analysis.
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1.INTRODUCTION

The problem of @&ding the connectedcomponentsof an undirectedgraph arisesin
severalapplications. Oneof theseis netextractionfrom circuit masks. A circuit maskmaybe
modeledby anundirectedgraphin which the verticesrepresenmaskpolygonsandedgegoin
pairs of polygonsthat overlap. The connectedcomponentf the resulting graphrepresent
the netsof the circuit realizedby the mask.Oncethesenetshavebeenextracted they may be
comparedwith a known correctsetof netsto verify the correctnes®f the mask. The number
of polygonsin largemasksis of the orderof onemillion. Consequentlynet extractiontakesa
lot of time on conventionalcomputers.in casean error is found in the mask,the maskis
correctedandnet extractiondoneagain. This furtherincreaseghe overall time spentverify-
ing circuit masks Becauseof this, the connecteccomponentgproblemis a goodcandidatefor
solutionon a multicomputer.

In this paperwe exploreseveralwaysto computethe connecteccomponent®f a graph
startingfrom its adjacencymatrix representation. The objectiveis to developan ef@ientalgo-
rithm for a hypercubemulticomputer with a ®&ed numberof processorsThe algorithmswe
proposeare @rst analyzed using conventional measuressuch as asymptotic complexity,
speedupandef@iencyandalsousingarecentlyproposedneasurasogd®iency[Kumaretal.
1988]. The proposedalgorithmsare then evaluatedexperimentally on an MIMD hypercube
multicomputer. A block diagramof sucha computeris givenin Figurel.1. The multicom
puter hasa hostprocessomwith local memory. The hypercubeis attachedto this hostmuch
like a peripheraldevice. Eachhypercubeprocessolcalled node)hasits own local memory.
The hypercubeis MIMD andall interprocessor communication and synchronization is done
by explicit messaggassing. A programtypically consistsof a subprogranthat runson the
hosttogethermwith subprogramsor eachof the hypercubenodes. Often,the samesubprogram
isrunoneachnode.

Our analysisof variousparallel connecteccomponentalgorithmsshowsthat good per
formancecannotbe expectedby adaptingthe asymptotically ef@ient algorithmsof [Dekel et
al. 1981, Hirschberget al. 1979,and Shiloachand Vishkin 1982]. Ratherto obtain good per
formancewe needto usea parallel algorithmthat doesa total amountof work comparableo
thatdoneby the fastestuniprocessoalgorithm.

Programming a multicomputer requiresoneto considerseveralfactorsthat do not arise
whenoneis programminga conventionaluniprocessocomputer. Whenprogramminga typi-
cal conventionalcomputerthe initial algorithmicabstractiononebeginswith is, perhapsthe
only signi®ant consideration. For a multicomputer, however,many other factorscan have
considerableémpact on the ef@iency of the ®al program. Someof theseare ([Geist and
Heath1986andRankaetal. 1988)):

1. Algorithm Selection

2. Partitioning andMapping

3. OverlappingComputationand Communication

4. LoadBalancing



5. Usingthe Host

Our developmentof hypercubealgorithmsfor the connectedcomponentsproblem is
organizedaroundthesefactors.Before proceedingo the developmenbf the connecteccom:
ponentalgorithms we describejn section2, the variousmeasuresisedto evaluatemulticom
puterprogramsandalgorithms.
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2. PERFORMANCE MEASURES

The performanceof uniprocessoralgorithmsand programsis typically measuredby
their time and spacerequirements. For multicomputers, thesemeasuresare also used. We
shall use t, and s, to, respectively, denote the time and spacerequired on a p node



multicomputer. While s, will normally be the total amountof memoryrequiredby a p node
multicomputer, for distributedmemorymulticomputers (asis our hypercubeof Figurel1.1) it
is often more meaningfulto measurehe maximumlocal memoryrequirementof any node.
Thisis soas,typically, suchmulticomputers haveequalsizelocal memoryon eachprocessor.

To determinethe effectivenesswith which the multicomputer nodesare beingused,one
also measureghe quantitiesspeedupand ef@&iency. Let ty be the time requiredto solve the
given problemon a single node using the conventionaluniprocessoralgorithm. Then, the
speedups,, usingp processorss:

t

0
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t

Notethatt; maybedifferentfromty asin arriving at our parallelalgorithm,we may not start
with the conventionaluniprocessogl gorithm.

Theef@iency, E,, with whichthe processorareutilized is:

Barringany anomalousehaviorasreportedin [Kumar et al. 1988,Lai and Sahni1984,
Li and Wah 1986, and Quin and Deo 1986], the speedupwill be between0 and p andthe
ef@ciency between0 and 1. To understandhe sourceof anomalousbehaviorthat resultsin
S>> p andEy,> 1, considerthe searchtree of Figure2.1. The problemis to searchfor a node
with the characteristics of C. The bestuniprocessoalgorithm(i.e., the onethatworksbeston
mostinstances)night exploresubtreeB beforeexaminingC. A two processoparallelization
might exploresubtreedB andC in parallel. In this caset, = 2 (examineA andC) while tg =
k wherek - 1 is the numberof nodesin subtreeB. So0,S,= k/2 andE,= k/4.

Onemayarguethatin this caset is really not the smallestuniprocessotime. We can
do betterby a breadth®rst searchof the tree. In this casety =3,t, =2,S, = 1.5,andE, =
0.75. Unfortunately, given a searchtree thereis no known methodto predict the optimal
uniprocessosearchstrategy. Thusin the exampleof Figure2.1,we could insteadbe looking
for anodeD thatis at the bottomof the leftmostpathfrom the root A. So, it is customaryto
usefor ty the run time of the algorithm one would normally useto solve that problemon a
uni processor.

While measuredspeedupnd ef@iency are useful quantities,neithergive us any infor-
mation on the scalability of our parallel algorithm to the case when the number of
processorsg/nodes is increasedrom thatcurrentlyavailable. It is clearthat, for any ®ed prob-
lem size,ef@iencywill declineasthe numberof nodesincreaseseyonda certainthreshold.
This is dueto the unavailability of enoughwork, i.e., processorstarvation. In orderto use
increasingnumbersof processoref®iently, it is necessaryfor the work load (i.e, tg) and
henceproblemsize to increasealso [Gustafson1988]. An interestingpropertyof a parallel



Figure2.1

agorithm is the amount by which the work load or problem size must increase as the number
of processors increases in order to maintain a certain efficiency or speedup. [Kumar et al.
1988] have introduced the concept of isoefficiency to measure this property. The
isod®iency, ie(p), of a parald algorithm/program is the amount by which the work load
must increase to maintain a certain efficiency.

We illustrate these terms using matrix multiplication as an example. Suppose that two
n" n matrices are to be multiplied. The problem size isn. Assume that the conventional way
to perform this product is by using the classical matrix multiplication algorithm of complexity
O(n?). Then, ty = cn® and the work load is cn3. Assume further that p divides n. Since the
work load is easily evenly distributed over the p processors when p £ n?,

th= —* teom

where t.om, represents the time spent in interprocessor communication.

S0, §, = tolty = pto/(to+pteom) and E, = Sy/p = to/(to+pleom) = L/(1+pteon/to). In order for
E, to be a constant, pten/ty must be equal to some constant 1/a. So, to = work load
= cn® = aptey In other words, the work load must increase at least at the rate aptgom to
prevent a decline in efficiency. If t.o, isap (aisaconstant), then the work load must increase
at a quadratic rate. To get a quadratic increase in the work load, the problem size n needs



increaseonly attheratep?? (or moreaccurately(aa/c)¥3p?3).

Barring any anomalousbehavior, the work load ty for an arbitrary problem must
increaseat leastlinearly in p as otherwiseprocessorstarvationwill occur for large p and
ef@iencywill decline. Hence,in the absenceof anomalousehavior,ie(p) is Wp). Paralel
algorithmswith smallerie(p) aremorescalablethanthosewith largerie(p).

The conceptof isod®iency is useful becauseit allows one to test parallel programs
using a small numberof processorandthen predictthe performanceor a largernumberof
processorsThusit is possibleto developparallelprogramson small hypercubesindalsodo a
performancesvaluationusing smallerprobleminstanceshan the productioninstanceso be
solvedwhenthe programis releasedor commercialuse.From this performanceanalysisand
the isod@®iency analysisone can obtain a reasonablygood estimateof the program's perfor
mancein the targetcommercialenvironmentwherethe multicomputer may have manymore
processorsand the probleminstancesmay be much larger. So with this techniquewe can
eliminate (or at least predict) the often reportedobservationthat while a particular parallel
program performedwell on a small multicomputer it was found to perform poorly when
portedto a large multicomputer.

3.ALGORITHM SELECTION

As mentionedn [Rankaet al. 1988]the algorithmicabstractiorthatwe beginwith hasa
signi®ant impact on the resulting hypercubeprogram. The starting point of the program
developmenprocesscould be an existing parallel algorithm developedunderthe assumption
that an unlimited numberof processorsare available,a parallel algorithm developedfor a
®ednumberof processorspr someuniprocessoalgorithmthathasyet to be parallelized. In
the bestof situations,the developmenif a hypercubeprogramwould beginwith a parallel
hypercubealgorithmdevelopedor a ®&ed numberof processors.We know of no suchalgo-
rithm for the connecteccomponentproblem.

Many researcherfiave developedparallel connectedcomponentalgorithmsunderthe
assumptiorthatanunlimited numberof processorareavailable.[Carlson1987,Gopalakrish
nanet al. 1985, Hirschberget al. 1979, Huang1985, Nassimiand Sahni1980,and Shiloach
andVishkin 1982] are someexamplesof suchresearch.None of thesealgorithmsprovidesa
suitable starting point for our work. For example,considerthe algorithm of [Shiloach and
Vishkin 1982]. Their algorithm@&ndsthe connecteccomponent®f an undirectedgraphwith
n verticesande edgesn time O(logn) usinga CRCW sharedmemorycomputerwith O(n+2e)
processors.This may be run on an O(n+2e) processohypercubeby usingthe O(log?n) ran
domaccesgeadandwrite algorithmsof [Nassimiand Sahni1981]. The complexity of the
resultinghypercubealgorithmis O(log®n). On a uniprocessor, the connecteccomponentgan
be foundin O(n+e€) time, using either depth or breadth@rst search. For densegraphs,e =
O(n?) andthe speedupS,=nz = O(n?/log®n) (In all our speedupcomputationswe shall use
to = n?. This is justi®ed aswe assumean adjacencymatrix representation. Evenif an edge



representation is usedwe can justify this by restricting ourselvesto densegraphs). The
efeciency Ep-p: is O(Vlog®n). Hence ef@iencydeclinesto zeroasp (andhencen) increase.

The processor-time productis a measureof the total work (usefuland nonuseful)done
by a parallel algorithm. The processor-time product of the O(n+2e) processorhypercube
simulationof the algorithm of [Shiloachand Vishkin 1982]is O((n+2e)log®n). For a dense
graph,this is O(n?log®n). The uniprocessorlgorithmdoesonly O(n?) work. If we assume
the constantf proportionality arethe samein bothcasesthenthe parallelalgorithmis doing
log®n timesmorework. Hence,if n = 1024,thenit would takelog®n = 1000processorjust to
breakevenwith the uniprocessoalgorithmrunningon a single processor.In practice,many
more processorsvould be neededto break evenas the constantof proportionality is much
largerfor the Shiloach-Vishkin hypercubeadaptationthis comesfrom the increasecdconstant
factor for their algorithm;the constanffactor associatedvith randomaccesgeadsandwrites;
andthe needfor interprocessor communication which is typically far moreexpensiveper unit
thanabasicarithmetic).

Dekel, Nassimi,and Sahni[Dekel et al. 1981] have developedan O(log?n) hypercube
algorithmto @nd a spanningforestof an n vertexgraph. This usesn®/logn processors This
algorithm may be adaptedto @d connectedcomponentsn O(log?n) time. The processor-
time productof this adaptatioris O(n3logn). For n = 1024,approximately nlogn = 10240pro-
cessorareneededo breakevenwith the uniprocessorlgorithmrunningon a single proces
sorcomputer.

The startingpoint for our hypercubeprogramis therelatively simplelow overheadalgo-
rithm givenin Figure 3.1. This assumes densegraphand an adjacencymatrix representa
tion. Eachhypercubeprocessobeginswith a partition of the adjacencymatrix. It computes
a spanningforestunderthe assumptiorthe graphhasonly thoseedgesthatarein its partition.
The ®rst stepof this algorithmis the sameas the datareductionstepin the connectedcom
ponentalgorithmproposedy Huang[Huang1985]for the mesh-of-trees multicomputer. The
details of the algorithmfor step1 are providedin Figure 3.2 (procedure Spanning Forest).
The input to this procedureconsistsof the verticesV, representedy the rows of the adja
cencymatrix partition in the hypercubenodeandthe verticesV, representedby the columns
of this partition. The procedureusesa breadth®rst traversal[Horowitz and Sahni1986]. A
depth@®rsttraversalcouldalsohavebeenused.

The spanningforestsde®ne a relationship, R, betweenpairs of vertices.iRj iff i and j
arein the sametreein at leastoneforest. Thetransitive closureof this relation may be com
putedusingthe union&nd schemediscussedn [Horowitz and Sahni1986]. This partitions
the verticesinto equivalenceclasses.Eachsuchclassde®Bnesa connectedcomponent. We
shallreferto the procesghatresultsin the transitiveclosureof R asspanning structure merg-
ing. De@ne a spanning structure to be a collection of treeswith the propertythateverygraph
vertexis in exactlyonetreeandif two verticesarein the sametreethenthey arein the same
connectedcomponentof the graph. Note that the edgesin a spanningstructure are not
requiredto be graphedgesEachof the p spanningforestscomputedn stepl of Figure3.1is



Stepl.: Eachhypercubeprocessocomputesa spanningforestbasedon the information
in its adjacencymatrix partition. This is done using breadth®st or depth@rst
search.

Step2: The hypercubeprocessorsnergetheir spanningforeststo obtain the connected
components.

Figure3.1: Theconnecteccomponentsl gorithm

a spanningstructure.ln step2 we beginwith thesep spanningstructuresand combinethem
pairwise (say) until just one spanningstructureremains.This @nal spanningstructurehasthe
propertythattwo verticesarein the sametreeiff they arein the sameconnectedcomponent.
An exampleillustrating the two stepsin our algorithmis givenin Figure3.3.For this example
the ®nal spanningstructurewill consistof two trees;onewith verticesl, 2, 3, and4 andthe
otherwith vertices5 and 6. Figure 3.3(e)showsjust one of the possiblespanningstructures
with this property. The correctnes®f the algorithm of Figure 3.1 follows from the observa
tion thatin stepl only edgesthat are on cyclesare eliminated. This doesnot affectthe con
nectedcomponents.

Step1 requiresa total O(n?) work. Sincea spanningstructureis a collection of trees, it
can haveat mostn- 1 edges.Combiningtwo suchstructurestakesslightly morethanlinear
time if the union®&nd schemeof [Horowitz andSahni1986]is used. It takeslineartime if the
equivalenceclass algorithm of [Horowitz and Sahni 1986] is used. However, the latter
schemerequiresmore memory.This becomesa problemin our casewhentestingwith large
graphs.Sowe do not useit. Sincep- 1 pairwisemergesf spanningstructuresare performed
in step?2 the total work donein this stepis O(npa(n)) wherea(n) accountsfor the fact that
union<&nd takesslightly morethanlineartime (a is a functionalinverseof the Ackermann's
function). Sincep is assumedixed (or alternatively if we assumepa(n) £ n), the total work-
load of Figure 3.1is O(n?). So this hasa better potential of exhibiting good speedupfor
"small" p thanthe algorithmsof [ShiloachandVishkin 1982]and[Dekel et al. 1981].



Procedur e Spanningrorest (V; V¢) ;
{Find spanningorestedgedor the partitionwith row verticesV, andcolumnverticesV.}
initialize queueempty;
initialize all n verticesto be unmarked;
for eachvertex! in V, do
if vertex| is unmarkedhen {@nd atreefor I}
begin
addl| to queueandmarkit;
while queuenotemptydo
begin
delete®rstvertex(sayj) from queue;
if jTV,
then scanrow for vertex;j
elseif jT V. then scancolumnfor vertexj;
all unmarkedverticesk encounteredduring this scanare marked,
edge(],k) is outputaspartof the spanningorest,vertexk is addedto
the queue.
end; {of while}
end, {of then andfor}
end, {SpanningForest}

Figure3.2: Findingthe spanningorestfor anadjacencymatrix partition

4. PARTITIONING AND MAPPING

In this section,we shall considertwo re@nementsof the algorithm of Figure 3.1. In
both, stepsl and 2 aredonein sequencdi.e., step2 commenceafter stepl hascompleted).
In alater section,we consideranotherre@nementin which stepsl and2 aredonein parallel.
The two partitioning schemef this sectionwere usedin [Jengand Sahni1987] for the all
pairsshortestpathsproblem. Sincein our hypercubemodelthe memoryis distributedacross
the nodesof the hypercubeandit takeslesstime for a nodeto accessts local memorythan
that of anothernode, it is necessaryto distribute the adjacencymatrix acrossthe processor
memories. The distribution schemesstudiedhere,in effect, partition the matrix. However,a
partitioningisn't alwaysaseffective asa datadistribution schemehat allows somedatarepli-
cation[Rankaet al. 1988]. Along with a datapartitioning, oneneedsto providea mappingof
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the datapartitionsto the processomemories.

4.1 Partitioning By Stripes

In this case,an n” n adjacencymatrix is partitioned into p stripeswith each stripe
comprisedof n/p contiguousrows. Figure 4.1 showsthe partitioning and processomapping
for thecasen =32 andp = 8. In this @yure,P; denotegprocessor of the hypercube.

Figure4.1: Partitioning into stripesandprocessomapping

To computethe connecteccomponentseachprocesso@rst computesa spanningforest
of the given n vertex graph. This spanningforestis computedusing procedureSpanning
Forest (Figure 3.2) with V,={(i-1)nlp, ---,infp-1} for processor P, and
V. ={0,1, - - ,n-1} for all processorsThe mergingof the spanningstructuress donepair-
wise asindicatedin Figure4.2for the casep = 8. Figure4.3 showsthe hypercubecommuni
cation paths.Processor Py, is involved in threestagesof merging. First, it mergesits step1
structurewith thatof P,. For this, P, musttransmitits spanningstructureinformationto Py.
Next, it mergesthis spanningstructurewith the mergeof the stepl spanningstructuresof P,
and P3. For this, P, communicatesappropriateinformationto Py. Finally, P, mergesthe
mergedstep 1 spanningstructureof P throughP 5 with that of P, throughP,. The overall
spanningstructureresidesin Py. At this point, eachvertex determineghe root of the span
ning structuretreeit is containedin. This is its connectedcomponenidenti®er. Notice that
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thenumberof active processorseducedy half following eachmergestep.

Whenmergingtwo spanningstructuresA andB we take the at mostn- 1 edgesin one
(sayA) and mergewith thoseof the other (say B). For eachof the edgesin A two @xdsare
performedo seeif thetwo verticesthatarethe endpointsof this edgearealreadyin the same
treeof B. If theyarenotthenthetwo treesof B thatcontaintheseverticesareunioned.If the
two verticesarein the sametreeof B no unionis performedHencea pairwisemergerequires
atmost2(n- 1) @dsandn- 1 unions.

host

— = communication
- —= identical processor

Figure4.2: Communication path

Sincea processor' s adjacencymatrix partition hasn/p rows of n bits each,stepl takes
O(n?/p). More accurately,in the worst casethe n/p rows of the partition will be scannedn
thethen clauseof Figure3.2 andthe n- n/pcolumnsthat correspondo the n- n/p verticesin
V.-V, scannedn the else clause. So, a total of n?/p+(n- n/p)n/p = 2n?/p- n?/p? accesses
to the processor's adjacencymatrix partition are made. Hence,step 1 takesn?/p(2- 1/p)t
time (t5 is a constant). Therearelogp mergestageswith eachtakingat most(n- 1)t,, time (for
simplicity, we assumédhat2(n- 1) @dsandn- 1 unionscanbe donein O(n) time; the union-
@nd algorithmsdescribedin [Horowitz and Sahni1986] take slightly moretime; linear time
canbe achievedusingthe equivalenceclassalgorithmof [Horowitz and Sahni1986];t,, is a
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numberon the arrow denotes
the orderof communication

Figure4.3: Communication pathon hypercube

constant) Note that a spanningstructureof an n vertex graph/subgraph can containat most
n- 1 edges.Eachcommunication of a spanningstructuretakesat mosta + (n- 1)t; worstcase
time wherea is the communication startuptime andt. is a constant. The overall worst case
time (excludingthe @al componentdenti®cationtime) is :

tstripes = n2/p(2' :Up)ts + (n‘ 1)tm|09p + (n‘ 1)tc|09p + alogp

Sincet is nts, the speedups,s"PeS is

n2tg

stripes —
P t

stripes

Nt

- n2/p(2- Up)ts+(n- Dtylogp+(n- Lt logp+alogp

andthe ef@iency E,*"P®Sis

1

stripes —
Ep -

2- £ —E— (n-1)(tmt+t-)+a logp
P n?tg
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For constanief@iency,we require

e (- Drtra logo- =

to be constant. For this, the problemsize,n, mustgrow at rate\WMplogp). Thework load, n?,
mustthereforegrow at the rate W(p?log®p). Hence,the isod@iency is W(p2log?p). >From
the equationfor S,5"PeS, we get

. 2t

Spstnpes< S - _D

n2 2p-1
?(2- Up)ts

Hence,EpStripes < ?pp_l for graphswhich requirethe examinationof all n/p rows of V, and

n- n/p columnsof V. - V, in stepl. Thesegraphshavethe propertythatin at leastonestripe
eachvertexin V; - V, is adjacentto at leastonevertexin V,. Note that asthe edgedensity
increasesthe probability of this happeningalsoincreaseskurther if this propertyis satisted,
the graphis connected. However, a connectedgraph need not satisfy this property. For
graphswith this property,Epsmpes< 2/3 for p = 2,4/7 for p = 4,8/15for p = 8, etc. Notethat
on graphsthat do not satisfythe statedpropertythe ef@iency canbe higher. For su@iently
densegraphstheseboundscanbe expectedo apply assuchgraphssatisfythe aboveproperty.

4.2 Partitioning By Rectangles

Partitioning by rectangleds analternateto partitioningby stripes.The adjacencymatrix
n

is partitionedinto p rectanglesof size 2% X wherep = 2%, Figure 4.4 showsthe

partitioningandprocessomappingfor the casen = 32 andp = 8. The mappingis designedo
optimizethe spanningstructuremergingsof step2. While this partitioningis the sameasthat
usedin [Jengand Sahnil987]for the all pairsshortesipathsproblem,the mappingto proces
sorsis different. The spanningstructuremergeorderis shownin Figure4.5. This mergeorder
minimizesthe spanningstructuresizefollowing eachmerge.

The worst case step 1 time for this schemeis 2n?/pts as in the worst case

VC_Vr:VC=

n n n
——— and all rows are scannedin the then clauseand all ——
2 df2 o d/2 2 di2

columnsin the elseclause. The communication andmergetime is a function of the numberof
stagesand the numberof edgesbeing mergedor communicated. For simplicity, we assume

thatthe numberof edgesin the spanningstructurecorresponding to ani” j partitionis at most
n

2i (i3]) eventhoughi +j- 1 is a betterbound. Whend is even,at mostx= 2* 12

edgesare

transmittedoy eachof the processorshattransmitedges;at most2x edgesaretransmittedin
eachof the nexttwo stagesat most4x in the nexttwo stages;..; andat most292x in the last
stage.So,whend is even,at most
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Figure4.4: Partitioning into rectanglesand processomapping

n
X(1+2+2+4+4+ - - -+292) = g (1+ 48+ - +2012)

2n

L (1+2+4+8+ - - -+202.2)

< 6n

edgesare transmitted. Note that 22x = 2n > n- 1. Howevera spanningstructurecan have
atmostn- 1 edges.So,theaboveboundis quiteloose.

A similar analysisshowsthat6n boundsthe total datatransmissiorwhend is odd. Also,
since at mostn- 1 edgesmay be in a spanningstructure,we get min{én, (n- 1)logp} asa
boundon the total numberof edgestransmittedoy any one node. Hencethe worst casetime
complexityis:

2
tretangies = %ts + min{6n, (n- 1)logp}ty, + min{én, (n- 1)logp}t + alogp

Comparingwith tgipes, We seethatthe worst casestep 1 time for the stripesmethodis
lessthanthat for the rectanglesmethodby n?/p2. The step2 time for the stripesmethodis
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never less than that of the rectanglesmethod. In fact, when 6n < (n- 1)logp (or approx
matelywhenp > 64),the step2 time for the rectanglesnethodis lessthanthatfor the stripes
method. As notedearlier, our 6n boundis quite looseandwe expectthe step2 time for the
rectanglesmethodto be lessthanthatfor the stripesmethodevenwhenp is lessthan64.
Thespeedumndef®iencyfor therectanglesnethodare:

1

2+—% min{6n, (n- 1)logp}(t+t.)+alogp
n S

For constantf@iency,

P

2

. mir{6n, (n- 1)logp}(t,,+t.)+alogp
n-ts
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must be constant. When min{6én, (n- 1)logp} = (n- 1)logp, the isoefficiency is the same,
W(p2log?p), as that of the stripes method. When min{6n, (n- 1)logp} = 6n,

—;L 6n(t,+t.)+alogp
must be constant. For n> logp, this requires that n grows as W(p). Hence the work load, n?,
must grow as W(p?). Hence the isoefficiency of the rectangles method is between W(p?) and
W(p?log’p).
>From the equation for E,"*"@"9/®Swe see that for worst case data, E,""@"9*s< 1/2. We
expect this bound to apply for sufficiently dense graphs.

4.3Experimental Results

FORTRAN programs to find connected components using the stripes and rectangles par-
titioning schemes were run on an NCUBE hypercube multicomputer. For each n, 30 random
graphs with edge density ranging from 70% to 90% were generated. The average efficiency is
given in the tables of Figures 4.6 (stripes partitioning) and 4.7 (rectangle partitioning). As
predicted by our isoefficiency analysis, the problem size n needs to more than double each
time the number of processors doubles in order for the efficiency to not deteriorate. For exam-
ple, the stripes method has an efficiency 0.2 when n =64 and p = 8. To get this same efficiency
when p = 16, we need n to be greater than 128. The problem size increase required by the rec-
tangles method is not as great as required by the stripes method (though still n must more than
double each time p doubles).

Our analysis indicated that the efficiency would be less than 2/3 for the stripes method
when the test graphs required the examination of all rows of V, and all columns of V.- V,.
The table of Figure 4.6 has a few entries with efficiency greater than this. This indicates that
our average test graph did not require al these rows and columns to be examined. While not
shown in the table, we observed that the efficiency became closer to that predicted by our
analysis as the edge density wasincreased. As p increases, the efficiency declines because of
an increase in the inter processor communication overhead. For the rectangles method, again,
some efficiences exceed the 0.5 bound expected for worst case data. This reflects the fact that
our test graphs were not worst case graphs.

Also, our analysis indicated that the step 1 time for the stripes method is less than that
for the rectangles method. However, the step 2 time for the rectangles method is generally
less. Thisdifferential in step 2 time increases with p. Hence, we expect the stripes method to
outperform the rectangles method for large n and small p. This expectation is reflected in the
data of Figures 4.6 and 4.7. The speedup obtained by the two methods for n = 256, 512, and
1024 are plotted in Figures 4.8 through 4.10.
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number of processors(p)
size(n) 2 4 8 16 32 64

16 | 045 | 021
32 | 053 | 028 | 0.13
64 | 061 | 036 | 020 | 0.10
128 | 0.67 | 046 | 029 | 0.5 | 0.08
256 | 071 | 054 | 038 | 0.24 | 0.13 | 0.06
512 | 073 | 059 | 047 | 034 | 021 | 0.11

1024 062 | 053 | 043 | 0.30 | 0.18
2048 049 | 0.39 | 0.27
4096 0.35

Figure 4.6: Efficiency of stripes partitioning

5. OVERLAPPING COMPUTATION AND COMMUNICATION

The refinements of the preceding section make no attempt to overlap the time spent
computing with that spent transmitting data. Figure 5.1 shows the activities of processor pg of
Figure 4.2. We can attempt to reduce the overal time by overlapping data transmission and
computation. For this, the odd numbered leaf processors of Figure 4.2 must transmit their
spanning structure edges in packets concurrent with the computation of the spanning struc-
ture. If we are sending packets of size s edges, s< n, then as soon as s structure edges are
selected, atransmit isinitiated. This requires a slight modification in the merging process so
that it commences as soon as the first packet isreceived. Similarly, during each merging step,
the merged structure is transmitted as a series of packets.

If n-1 edges are to be transmitted in packets of size s, then the total transmission time
becomes (n- 1)(a+st.)/s. While this is larger than the a+(n- 1)t. time needed to send the
(n-1) edges as one packet, we can accomplish a reduction in the overall run time as the
transmission may be substantially overlapped with the step 1 time and the merge times. A
reduction will be seen only if the total wait time decreases.

For the connected components problem, the total wait time is O(nlogp) while the com-
putation time is O(n?/p). So, even if the wait time was reduced to zero, there would not be
much difference in the overall time. Figure 5.2 shows the % change in run times of the two
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numberof processorsy)
size) 2 4 8 16 32 64

16 | 045 | 0.25
32 | 050 | 0.30 | 0.14
64 | 057 | 036 | 020 | 0.13
128 | 062 | 043 | 029 | 019 | 011
256 | 065 | 048 | 037 | 027 | 017 | 0.10
512 | 067 | 051 | 044 | 036 | 0.25 | 0.17

1024 053 | 048 | 043 | 033 | 0.24
2048 047 | 040 | 0.33
4096 0.40

Figure4.7: Ef@&iencyof rectanglegartitioning

schemesof Section4 when the computation/communication strategyis implemented.The
packetsize usedwas500 edges. As is evident,the overlappingstrategydoesnot havemuch
impact on the total run time. In fact a reductionis seenonly for large n. For the stripes
methodwe were unableto maken suf@iently largeto observea runtime reductionexceptfor
the casep = 2. When n is large, the step 1 time is large and transmitting by packets
effectively overlapsthe computationof the spanningstructure. Whenn is small, the step 1
time is small andhencenot enoughto reducethe wait time. It shouldbe emphasisedhatin
problemswherethe communication and computationtimes are comparablesuccessfubver
lapping of thesecan signi®cantly reducethe overall run time. In fact, Won and Sahni[Won
andSahnil987]reporta 23%reductionin the caseof the mazerouting problem.

6. LOAD BALANCING

The strategyto overlapcomputationand communication may be takenone stepfurther
to perform steps1 and 2 of Figure 3.1 in parallel. For this, some of the processorsare
assignedhe task of @ding spanningstructuresand the othersthe task of mergingspanning
structures. Sincethe strategyof Section5 transmitsspanningstructuresin packetsasthese
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Figure4.8:n = 256

are generatedit is possiblefor the mergeprocessorgo begin their work beforethe step 1
computatiorof a spanningstructurehasbeencompleted.
Let ustakea closerlook at how this maybe donefor the stripespartition. Onepossibit

ity is to partition the adjacencymatrix into % % squaresasin Figure6.1. Sincethe adja

cencymatrix of an undirectedgraphis symmetric,only thosesquareson or abovethe main
diagonalare needed. The processorsre groupedinto pairsandeachprocessois assigneda
row of squaresasin Figure6.1. The processordeginby computinga spanningstructurefor

their diagonalsquare. Thenthe evenprocessorsransmittheir structurego the odd processor

in their respectivepairs. The odd processorsnergespanningstructureswhile the evenones
continueto procesgheir squaregonly diagonalsquaresandthoseto their right are processed)

andtransmitthe resultingspanningstructureedgego their odd partners.
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This processingf squaresonsistsof the two steps:

a) perform a breadth@rst traversalof the squareretainingedgesthat form a spanning
structurefor the square

b) process thesespanningstructureedgesusingthe union®nd algorithm of [Horowitz
and Sahni1986] to eliminate edgesthat form a cycle whenconsideredn conjunc
tion with thoseedgesalreadytransmittedo the odd partners.

Only edgesthat survive stepb) aboveare actually transmittedto the odd partners. The
even processorglo not transmitthe spanningstructuresof their last q squarego their odd
partners(the optimal value of g is to be determinedexperimentally). On completing all
mergesthe odd processordeginto procesgheir squaresandtransmitspanningstructureso
their evenpartners. The evenprocessordeginto mergeafter completingthe processingof
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their remainingsquares.Oncean evenprocessohas®nishedall its work, the resultantspan
ning structureis transmittedto the evenprocessoiin the upperadjacentpair (i.e., processor
Py transmitsto processorP . 1)) for merging. Figure 6.2 illustratesthe data transmission
sequencdor the casep = 8. Notice thatsincePg will @nish@rst, someor all of its transmis
sionto P, will be overlappedwith work still beingdoneby P,. This overlappingcould also
takeplacebetweenP, andP, andPy andP,.

Thetime, tsquares requiredby this strategyis given by

tsquaresz To + Twait * Tmerge

whereT is thetime takenby P to @ishits work for the pair (Pg , P1); Twait is thetime P
hasto wait following T for the mergeddatato arrive from P;; and Tperge iS the time to
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Figure 5.1: Activity status of P

merge this data.

The success of this strategy depends considerably on the matching of interprocessor
communication times with intra processor computation times. Unfortunately, for large n, the
time needed to compute the spanning structure of a square is much greater than the time
needed to transmit and merge the structure. Hence the merging processors are often idle. To
remedy this load imbalance, the group size may be increased to k, k> 2, processors. In each
group of k processors, one processor merges while the remaining k- 1 compute spanning
structures. This also reduces the rightmost path length of Figure 6.2. Notice that thislength is
p/k. When k> 2, the merge processor of a group only merges structures and the adjacency
matrix data for the group is distributed evenly over the remaining k- 1 processors in the group
(again, only data in the upper triangle is needed). Figure 6.3 gives the ratio tsgyaredtstipes for
the graphs used in the experiment of section 4.3. The number in parenthesis is the optimal
value of k. Note that when k= 2, the pairing strategy described in the beginning of this section
is used. It was experimentally determined that the best value of q is p, the number of hyper-
cube processors. In this case the even processor in each pair obtains a spanning forest for all
its squares together. The fact that g = p gave the best performance may be attributed to the
relative high cost of interprocessor communication. The odd processors work one square at a
time and transmit edges to their even partners.

For any fixed hypercube size the optimal k increases as n increases. This is because the
time needed to compute the initial spanning structures increases quadratically in n while the
merge time increases linearly in n. So a merge processor can handle more merge load in the
time required by the spanning structure processors to compute these structures. Because of the
unpredictable nature of the computation/communication overlap in this scheme, the scheme is
hard to analyze with aview to predicting the optimal k. The efficiency table is given in Figure
6.4. Since the spanning structure time increases asymptotically faster than the merge time, for
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numberof processorsy)
size) 2 4 8 16 32 64

16 149 | 1.32
32 115 | 118 | 1.09
64 076 | 092 | 098 | 1.18
128 046 | 062 | 0.78 | 0.84 | 0.82
256 025 | 038 | 051 | 068 | 0.73 | 0.81
512 | -017 | 021 | 035 | 046 | 0.60 | 0.72

1024 007 | 016 | 032 | 043 | 0.61
2048 019 | 0.30 | 0.38
4096 0.30

(a) stripespartitioning

numberof processorsy)
size) 2 4 8 16 32 64

16 145 | 1.64
32 0.55| 0.64 | 0.61
64 | -0.18| 0.23| 0.26 | 0.31
128 | -063 | -0.37 | 0.10| 0.13 | 0.15
25 | -112 | -115 | -053 | 0.00| 0.12 | 0.15
512 | -137 | -143 | -159 | -044 | -149 | 0.15

1024 -142 | -140 | -0.67 | -042 | -0.14
2048 -0.95 | -068 | -0.46
4096 -0.71

(b) rectanglegartitioning
positivenumbermeansncreasén runtime.
negativenumbermeanslecreasén runtime.

Figure5.2% changen runtime usingpackets

any®ednumberp of processorshe ratio tsy aredtsiripes @St decreaseasn increasesandthen
increasesas n increases.Whenthe ratio is decreasinghe overlappingof computationand
communicationis the dominating factor. However, eventually the increasedcomputation

load of the squaresnethoddominatesandthe ratio beginsto increase.
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Figure6.1: Partitioning into squaresandprocessomapping

Thesquareschemgust describedusesonly the uppertrianglesof the adjacencymatrix.
One may considerdevelopinga programthat doesthis without performingstepsl and 2 of
Figure3.1lin parallel.In somesensethis representshe casek= 1 with the @al mergingstage
replacedby a binarytree mergeasin Figure4.2. Sincethe numberof bits in the uppertrian-
gleis nsli = n(n- 1)/2 (notethat all diagonalbits are 0 andneednot be considered)for good

i=1
load balancingn(n- 1)/2p bits are residentwith eachprocessoinitially. This alsoequalizes
the processomemoryrequirements.

The worstcasemergingandcommunication time requirement®f this balancedriangle
schemeare the sameas thoseof the stripesmethod. The worst casestep1 (cf. Figure3.1)
timeis n(n- 1)/p aseachbit in a node s partition may be examinedtwice. This resultsfrom a
needto implementFigure 3.2 sothatwhena partition row is scannedthe row segmenthatis
to the left of the diagonalis obtainedby scanningthe corresponding columnsegmentabove
thediagonal.So,we obtain

thalanced = N(N- 1)/p ts + (n- Dtylogp + (n- L)tclogp + alogp

>From this, thefollowing speedu@mndef®&iencyare obtained:



26

host
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Figure6.2: Communication path

2
$alanced= n"ts
thalanced
EBaIanced: 1
Nl D (n-2)a+t)+a logp
n  n%,

For constantf@iency,

—5= (- Dlnrto)+a logp
n S

is requiredto be constant(assumingr:—1= 1). Hencetheisod@®iencyis W(p?log®p). Thisis

the sameasthatfor the stripesmethod.
Using the sametest set as before,we obtain the ef@ienciesgiven in Figure 6.5. The
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number of processors(p)
size(n) 2 4 8 16 32 64

16 | 091(2)  0.83(2)
32 | 090(2) | 0.82(2) 0812
64 | 0.94(2) | 0.84(2) | 0.81(2) | 0.90(2)
128 | 0.96(2) | 0.88(2) | 0.82(2) | 0.87(2) | 1.05(4)
256 | 0.97(2) @ 0.91(2) | 0.84(2) | 0.83(2) @ 098(4) | 1.42(4)
512 | 0.97(2) | 0.94(2) | 0.858) | 0.80(2) | 0.91(8) | 1.32(4)

1024 0.95(2) | 0.88(8) | 0.77(16) | 0.82(8) | 0.96(8)
2048 0.76(16) | 0.79(16) | 0.90(8)
4096 0.90(16)

Fi gure 6.3 tsquaregtstripes

plots of Figures 4.8 - 4.10 are extended in Figures 6.6 - 6.8 to include the speedups for the
squares and balanced triangle schemes. For large n, the balanced triangle method is the fastest
for small p (p £ 16) and the rectangles method is fastest for large p (p > 16).

7.USING THE HOST

One may consider utilizing the processing capabilities of the host to assist in the compu-
tation of the connected components. One possibility is to let the host perform the merging
step (step 2) of Figure 3.1. The hypercube processors perform step 1 and transmit the span-
ning structures to the host in packets. A packet is transmitted as soon as it is created. As a
result, the host begins merging sooner than step 2 can commence when the stripes or rectan-
gles method is used as in Section 4. Further, the transmission of the spanning structures is
overlapped with their computation and merging. For small n and p, we do not expect this util-
ization of the host to perform better than the raw schemes of Section 4 because of the over-
head of communicating with the host and the lack of sufficient merging work. For large n, the
merging load is too large for the single host processor to outperform merging by p processors.
However, there may be an intermediate range where using the host results in improved perfor-
mance.
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numberof processorsy)
size() 2 4 8 16 32 64

16 | 050(2) @ 0.25(2)
32 | 0.60(2) | 0.34(2) @ 0.16(2)
64 | 0.65(2) | 0.44(2) | 0.24(2) | 0.11(2)
128 | 0.70(2) | 052(2) | 0.35(2) | 0.18(2) | 0.07(4)
256 | 0.73(2) | 059(2) | 046(2) | 029(2) @ 0.13(4) | 0.04(4)
512 | 0.75(2) | 0.63(2) | 055(8) | 042(2) | 0.23(8) | 0.08(4)

1024 0.65(2) | 0.61(8) | 0.56(16) | 0.36(8) | 0.19(8)
2048 0.65(16) | 0.49(16) | 0.30(8)
4096 0.39(16)

Figure6.4 Ef@ciency of squaresnethod

We experimentedvith the aboveschemaeusingboth the stripesandrectanglesschemes
of Section4. The resultsof our experimentsaregivenin Figure7.1. As is evident,utilizing
the hostimprovesperformancdor n in a suitablerange. This rangeitself changeswith p. For
largerp (3 32for stripesand?® 64 for rectangles)ve found no n for which the hostcould be
usedin the abovemannero improveperformance.The optimal packetsize to usewasfound
experimentally. This sizeincreaseswvith p.

8. CONCLUSIONS

We have studiedseveralwaysto computethe connectedcomponentf an undirected
graphon a hypercubemulticomputer. Startingfrom the samealgorithmicabstractionpnecan
arrive at programswith different performancedependingon the mannerin which one parti-
tions and mapsthe problem,whetheror not one attemptsto overlap computationand com
munication,andthe attentiononepaysto load balancing. Of the variousmethodsstudied the
balancedtriangle schemeof section 6 performed best. Since our programshave good
iso®iency, we expectthemto performwell also on hypercubesf much larger size than
testedhereprovidedproblemsof a suf@iently largersizearesolved. Therequiredlargersize
may be predictedusingtheisod®iency of the algorithm.
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number of processors(p)
size(n) 2 4 8 16 32 64

16 | 050 | 0.23
32 | 060 | 030 | 0.15
64 | 070 | 042 | 022 | 011
128 | 0.80 | 056 | 0.33 | 0.17 | 0.09
256 | 087 | 070 | 048 | 028 | 0.14 | 0.07
512 | 094 | 0.80 | 0.63 | 042 | 0.24 | 0.12

1024 088 | 0.76 | 057 | 037 | 0.21
2048 071 | 052 | 0.33
4096 0.47

Figure 6.5 Efficiency of balanced triangle method
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numberof processorsy)

size) 2 4 8 16 32 64
16 146 | 1.66
32 121 | 149 | 216
64 | 111 | 133 | 195 | 335
128 | 091 | 088 | 1.51 | 294 | 547
256 | 094 | 085 | 096 | 227 | 477 | 9.27
512 | 096 | 090 | 0.80 | 1.63 | 403 | 813
1024 095 | 087 | 1.08 | 277 | 6.74
2048 084 | 187 | 523
4096 4.08
(a) tstripes using host / Letri pes
numberof processorsy)
size) 2 4 8 16 32 64
16 145 | 1.82
32 121 | 125 | 169
64 | 1.09 106 | 149 | 232
128 | 091 | 084 | 1.25 | 180 | 321
256 | 093 | 088 | 0.77 | 128 | 248 | 425
512 | 096 | 093 | 0.82 | 0.80 | 200 | 3.15
1024 096 | 090 | 081 | 157 | 249
2048 089 | 092 | 195
4096 1.20

(b) trectanglesusing host/ trectangles

Figure7.1
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