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Abstract. We examine several VLSI architectures and compare these for their suitability for various forms of the
band matrix multiplication problem. The following architectures are considered: chain, broadcast chain, mesh,
broadcast mesh and hexagonally connected. The forms of the matrix multiplication problem that are considered
are: band matrix X vector and band matrix X band matrix. Metrics to measure the utilization of resources
(bandwidth and processors) are also proposed. An important feature of this paper is the inclusion of correctness
proofs. These proofs are provided for selected designs and illustrate how VLSI designs may be proved correct
using traditional mathematical tools.
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1. Introduction :

Several authors have considered VLSI architectures for band matrix multiplication. Kung [7]
has proposed chain and hexagonal processor array architectures for band matrix multiplication.
He spawned considerable further work in the development of VLSI systems for specific
problems. A bibliography of over 150 research papers dealing with this subject appears in [8].
[3,4,12,14] are references that deal specifically with some form of the band matrix multiplica- -
tion problem. -

In this paper, we reconsider the following forms of the band matrix multiplication problem:
band matrix X vector and band matrix X band matrix. The first of these forms finds significant
application in the solution of elliptic partial differential equations by iterative finite difference
or finite element methods [2]. The second form has become a classical problem for systolic
system design. It was the first problem studied for the hexagonal architecture [9].

For each of the above forms of the band matrix multiplication problem, we consider how the
multiplication problem can be solved in VLSI. For this, we consider various VLSI architec-
tures. The major architectures considered are:

(a) Chain: This architecture consists of some number of processing elements (PEs) connected
together as in Fig. 1(a). PEs may directly communicate with neighbouring PEs only. Input /out-
put may be performed through some subset of the PEs.

(b) Broadcast chain: A broadcast line is drawn as a continuous line through all the PEs that
are to receive broadcast data. Figure 1(b) shows a broadcast chain with one broadcast line.
Data put onto the broadcast line is assumed to reach all PEs on the line in one time unit.

(¢) Mesh: A mesh is a two-dimensional arrangement of PEs with nearest neighbor connec-
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tions (see Fig. 1(c)). Input/output can be performed only through some subset of the boundary
PEs.

(d) Broadcast mesh: This is a mesh with broadcast lines added. The broadcast lines may span
rows or columns as in Fig. 1(d).

(e) Hexagonal processor array: This is a two-dimensional PE arrangement in which each PE
has 6 nearest neighbors and connections to each (Fig. 1(e)). Once again, input/output can be
performed only via the PEs at the boundary.

In addition to these six architectures, variations of some are also considered. We make the
assumption that the VLSI system for band matrix multiplication will be connected to the bus of
the host computer as a peripheral (Fig. 2). ;

The design of a VLSI system should take the following into account:

(1) Processors: how many processors are used in the VLSI system? This figure is denoted by
P.

(2) Bus bandwidth: the maximum amount of data to be transmitted between the host and the
VLSI system in any cycle. This figure is denoted by W.

(3) Speed: how much time does the VLSI system need to complete its task? This time may
be decomposed into the times 7. (time for computations) and 7, (time for data transmissions
both within the VLSI system and between the host and the VLSI system). The total time taken
by the VLSI system will range from max{ ., 7} (corresponding to the case of total overlap
between computations and data transmission) to - + 1 (corresponding to the case of no
overlap). In our analysis, we shall measure only the number, 7., of computation steps and the
number, T, of data movement steps. Note that 7. = a7 and 7 = 8T, where a and B are
technology dependent.

One may expect that by using a very high bandwidth B and a large number of processors P,
we can make T and T, quite small. So, 7. and T, are not in themselves very good measures
of the effectiveness with which the resources B and P have been used.

Let O denote the time spent for arithmetic operations (i.e., computation) by a single
processor algorithm. The ratio

R-=P+T./0

measures the effectiveness of processor utilization. We see that R > 1 for every VLSI design
that is based on this single processor algorithm. Three conditions are necessary to guarantee
full utilization of the processors, namely:

(1) all processors are used all the time,






















































