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ABSTRACT

A necessary step in the implementation of three-dimenispe
tial data types for spatial database systems and GIS is thedoge
ment of robust geometric primitives. The authors have presly
shown the need for 3D spatial data types and rigorously d& ne
them. In this paper, we propose a set of 3D geometric prigstiv
that can be used to implement them robustly. We provide fair th
robustness by specifying them using rational numbers. drdtk-
cretization of space, the developers of two-dimensionatispdata
types have used simplicial complexes, realms or dual goigsd-
duce robustness, but extending any of these to 3D is not atlequ
Furthermore, rational number theory is suf ciently devedd to
apply to 3D implementation primitives. Efforts are lackirgpw-
ever, in the eld of spatial databases to show that spatigrap
tions involving 3D spatial data types are closed under matiarith-
metic. We therefore de ne four geometric primitives usiagonal
numbers:point, segment, faceindsolid which correspond to 0D,
1D, 2D and 3D spatial objects respectively. Also, we complaee
rational speci cation of 3D primitives to the discretizati meth-
ods used in 2D. Finally, we show that intersections invajwimese
primitives have rational closure. We therefore concluds tise of
rational numbers in the design of geometric primitives jtes for

a robust implementation of three-dimensional spatial tgtes.

Categories and Subject Descriptors:H.2.8 Database Applica-
tions — Spatial Databases and GIS.

General Terms: Design, Algorithms, Theory.

Keywords: geometric primitives, rational numbers, discrete model,
3D spatial data types, spatial database, GIS.

1. INTRODUCTION

The development of a three-dimensional spatial databateray
requires determining how to robustly represent three-dsiomal
spatial data types in computer memory. Spatial databasensgs
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have more demanding robustness requirements than stgmaard
gramming languages can provide. Implementations of betkléf-
initions of spatial data types and spatial operations mustyce re-
sults that are much closer to exactness than is possiblesiting or
xed point operations. They must especially provide foratgmi-
cal correctness. We will propose in this paper that impleersrof
3D spatial database systems use arbitrary precision ehtéith-
metic rather than simplicial complexes, realms or dual gtttht
the developers of two-dimensional database systems hade us

Developing a robust implementation of 3D spatial data types
tially requires two things. First of all, we must specify 3Bqy
metric primitives through which we can represent the dgpagyin
computer storage. We will specify them using rational nuraise
that we can use an arbitrary precision rational number syste
perform high precision arithmetic in the spatial databastesn.

Secondly, for rational arithmetic to be feasible for 3D gdat
database systems, spatial operations in 3D must have ahtitm
sure. Thus, we will show that the primitives have ration&tisec-
tions. Since mathematicians long ago proved the closuratioial
arithmetic, we will therefore show that a 3D spatial databsys-
tem is closed for both arithmetic and spatial operationsnalsing
rational numbers.

This work is an important step in the implementation of 3D-spa
tial data types. We proceed in the following way. Section £ di
cusses related work. Section 3 presents the 3D geometrieimp
mentation primitives. Section 4 shows the rational closafren-
tersections of the 3D primitives. Section 5 draws conchsiand
discusses future work.

2. RELATED WORK IN DESIGN,
DISCRETIZATION AND RATIONAL
NUMBERS

The work presented in this paper has as a basis work that has

been done in three areas related to the robust implememtatio
3D spatial database systems. These three areas are thae desig
abstract three-dimensional spatial data types, the dizatien of
spatial objects and the use of rational numbers. We now ptbce
one by one to discuss these related areas.

If we are to talk about implementation issues for abstract &
tial data types and about robustness in particular, theigdemust
exist so that it is clear what we are implementing. It musb &ls
clear that they are important. The authors' work in [9] pd®4 a
comprehensive and rigorous de nition of 3D data types. [n\&
rigorously de ne the data types and specify geometric spaid-
erations. We also reveal a need for them. We intend this rirafel



of the 3D spatial data types as a rst step in developing théva.
give both unstructured and structured de nitions of theadgpes
which arepoint3D, line3D, surface relief andvolume We refer the
reader to [9] for the de nitions of the abstract data typed ather
detailed information on our abstract design.

Itisimpossible to exactly represent the continuous botiadar
interiors of spatial objects in nite computer memory. Littee im-
plementers of 2D spatial data types have done, we must treref
use simple objects called geometric primitives to form itzed
approximations of 3D spatial objects. When we specify 3D-geo
metric primitives, we must de ne operations including predes
which give relationships between the primitives. The waykarted
in [12] performs the important task of classifying 3D topgilo
cal relationships between spatial objects using the 9satdion
model, but does not deal with primitives and does not propide
cise mathematical formulas for operations between prasti

To discretize spatial objects, we must also discretizeesp@he
developers of 2D systems have used simplicial complexesatmis
to discretize space and have suggested the use of dual gels.
therefore now review some literature on the use of simplaan-
plexes, realms or dual grids in 2D spatial database systems.

The discussion in [6] provides an excellent overview of dimp
cial complexes and realms in 2D spatial database systemgliSi
cial complexes have shortcomings which [8] points out. Threi
dependence from computer arithmetic makes it dif cult tmigect
them to nite arithmetic and spatial databases. Also, thengu-
lar networks formed by the 2-complexes contain more infaiona
than is needed for a spatial database system.

Thus, many current implementations of 2D spatial databgse s
tems rely on realms which were originally developed in [8]. A
realm in 2D is a grid with points and line segments. The grid
points and line segments are geometric primitives for 20iapa
data types. The work in [8] provides a thorough, robust deaigd
implementation of realms for a 2D spatial database systetn. A
though use of realms overcomes the problems of simpliciad-co
plexes, it has some problems of its own. Most of these problem
relate to the redrawing process required when a spatiatoisjap-
dated or inserted into a database. See [3] for a treatmehesét
issues. These problems are minor relative to the probletusdso
by realms, but they invite attempts at improvements.

Dual grids, as proposed in [3], rely on realms also. However,
two grids are formed instead of only one, a grid for point olge
and a grid for line segments. Dual grids even use rationalbaus
to obtain exact representations of the grid points. Use af duds
has the potential to overcome many of the problems of realms.

Developers have successfully used realms and simplicial co
plexes to implement 2D spatial databases. Dual grids alsw sh
promise. It is not adequate, however, to extend these tizatien
methods to three dimensions. Realms have closure probléms w
extended to 3D. When using realms, the intersection of adik
plane must occur at a grid point of the realm. However, even th
nearest realm grid point in 3D is probably not in the planethwi
the rational implementation that we propose in this paperes-
sentially have no grid beyond what the limits of nite comput
memory impose on an arbitrary precision rational numbetesys
We discuss more later on how the use of rational numbers in 3D
provides a better discretization method and, thus, baiterstness.

Next, we discuss what has been done to use rational numbers t
produce robust results in spatial systems. To do so, we mastex
two questions. First of all, what arbitrary precision raabnumber
arithmetic packages have been developed and are they aelequa
Also, what have spatial database researchers done to de¢drow
rational software handles the intersection of 3D spatigab?

In the past ten years researchers in computational geomeigy
done a lot of development work with rational software withiew
towards applying the software to spatial objects. The exddegre-
sented in [11] shows that research and development in c@mput
tional geometry was headed in that direction ten years ageeS
then, developers have produced packages such as MAPC [R], PA
[1], ap oat [10] and rational arithmetic components withioth
LEDA and CGAL [2], to name a few. The cited papers report on
the robustness of the rational arithmetic in these systenimis,
plenty of adequate rational systems exist.

Itis, of course, possible to perform robust arithmetic ggatio-
nal numbers because they are both dense and closed underthe b
sic arithmetic operations. What about spatial operatiomsiving
a line or plane in three dimensions? This is an important tqpres
because two of the 3D geometric primitives (which we pregent
Section 3) come from nite restrictions of lines and planéhe
spatial database community has seen some work applyiranahti
numbers to the representation of spatial objects. The wofk,i
4, 3] shows many are aware of the possibilities of rationptee
sentation of geometric primitives in both 2D and 3D. In orfter
rational speci cation of 3D geometrics primitives to pradua ro-
bust 3D spatial database system, however, the interseatiotine
primitives must be rational. We are not aware of any work imith
the spatial database community showing that the intesectf
3D geometric primitives are rational. Therefore, aftermiag the
3D primitives in the next section (Section 3), we will provet
they have rational intersections in Section 4.

3. GEOMETRIC PRIMITIVES FOR
THREE DIMENSIONS

Geometric primitives are simple objects that are used tocpp
imate and implement spatial objects in computer storage.gelo-
metric primitives that we will specify for three-dimensairspa-
tial databases systems are, intuitively, single pointe fiegments,
plane segments and solids in 3D space. By plane segments, we
mean a nite, contiguous part of a plane. Single points repre
sent gpoint3D object and many small line segments approximate a
curvedline3D object. A collection of plane segments approximate
asurface relief or a boundary of @olume One or more solids ap-
proximate avolume So, we can specify all ve abstract 3D spatial
data types using the four 3D primitives that we are about ¢cifp

We name the 3D geometric primitiv@gint, segmentfacetand
solid. Note that since these objects are primitives, they do ned ne
to have holes or multi-component parts. It is the abstraatiaip
data types that must provide for holes and multi-componartsp
Rather, we represent a hole irsarface relief or volumeusing a
primitive. Furthermore, we use a set of primitives to repreégach
component in an object that has multi-component parts.

In theory, we would like to specify the primitives using the a
stract set of rational number3. In practice, this is impossible
because of the niteness of computer memory. So, insteadgswve
tablish a seQ"P" which contains as many rational numbers as are
possible to represent in the memory available. Despite tiitis
representation, there are advantages to this approaclothezrim-
plementations of spatial database systems including thogsoy-
ing realms and dual grids. First of all, the use@fP" takes us

0beyond the xed lengths available in existing spatial datsys-

tems by using arbitrary precision rational number systerhs. set
Q'®P" of representable rational numbers has much greater pecisi
than types such affoat , double andlongdouble . Secondly,

the setQ"™P" contains many more numbers than there are along an
axis in a realm. Thus, we can represent many more coordinates



than a realm can. In effect, we have a very ne grid here in Wwhic
the number of grid points available to represent the priegiis

Thein predicate is almost the same as tiepredicate. The only
difference is that theoint cannot lie on the endpoints of tiseg-

jQ" P13, This is also an improvement over dual grids because of ment Thus,

their need, even in 2D, for two grids, a point grid and segrgeidt

Our approach requires only one grid. Also, we are not aware of

anyone who has actually implemented dual grids, not everin 2
Finally, because we rationally specify our 3D primitivdse realm
based and geometric primitive based layers of [8] mergedrsin-
gle layer here.

As we specify the primitives, we will, as might be expecteueg
de nitions that indicate what they look like. Lack of spad¢&w-
ever, prevents us from giving all the operations of the piias.
Thus, we have several priorities in selecting operationspiec-
ify. Most importantly, we de ne operations on primitivesauded
to de ne other primitives. Also, we concentrate on openasidor
the rst three primitivespoint, segmentindfacet This is because
the solid operations are not necessary for de ning other primitives.
Also, there are far too many operations involveglid to tin this
paper. We must concentrate on predicates as opposed tdiopsra
that yield another primitive because predicates are mopeitant
for de ning other primitives. We do, however, de ne the inmpant
intersection operations that yield a primitive. We will giboth sig-
natures and semantics for all operations that we de ne. Walsb
provide gures for most of the operations involvifiagces. Figures
for operations involving tw@egmers, however, are already avail-
able in the literature such as [8].

3.1 The Primitives point and segment

First, we de nepoint andsegment We de ne these two primi-
tives together because operations between them are necesse-
ne operations involvingsegmerd. The primitivepointis a pointin
3D space which has representable rational numbers asriteets.
We de ne it as follows.

point= f(X;y;2)jx;y;z2 Q®P'g:

We need the following two predicates points to de nesegment
Suppose = ( X1;Y1;21) andpy = ( x2;Y2; 22) are twopoints. When
the twopoints areequal

=: point point! bool

p1=pP2, X=X Y1=¥Y"71= 2!
When they araot equal

6 : point point! bool

P16 P2, X16X_Yy16Yy:_ 76 2:

Whenp; 6 p2, we also say thap; and p, aredisjoint
Now, we can de nesegmentlt is an ordered pair gboints.

segment f(pg; P2) j p1; P2 2 point; py < pog:

Thus, p1 and py are the endpoints of a three-dimensiosegment
Next, we de ne two predicates betwepnintandsegmenthat are
important in de ning operations between twegmers. Suppos@

is apointands = (py; p2) is asegmentwherep; = (X1;y1;21) and
P2 =( X2;¥2;22). Then we say thap on sif plies on thesegment.s
That is,

on: point segment bool
pons, p2fg=(xy2 ]
i (o x x)_0 x x)
(i) (yo y y2_(2 y i)
(i) (z z z)_( z z)
(iv)XX1ZVY1:ZZ1:
X X1 Y2 Y1 2 g

in: point segment bool

pins, p2fg=(xy.2 |
(i) gons
(i) (x8 x1)" (x& x2)
(iii) (y6 y1)" (Y6 y2)
(iv) (z6 z1)" (26 2)0:

Whenpin s we can also say thatoverlaps por thats intersects p
Also, when: (p on 9, we say thap ands aredisjoint

Now, we de ne operations between tvgegmerg. We refer the
reader to [8] for a gure illustrating them. Suppose= (pz1; P2)
ands, = (g1;gp) are twosegmerg. Also, suppos@; = (X1;Y1;21),
P2 = (X2,¥2:22), Q1 = (X3;Y3:23) and gz = (X4;¥4;24). Whens;
ands, areequal

=: segment segment bool
S1= %, P1= " p2= G2

When they araot equaj

6 : segment segment bool
s16s, P18 a1_p26 o

The twosegmerg s; ands, overlapif they share a commoseg-
ment This means that theegmerg must lie in the same line. Thus,

overlaps. segment segment bool
s; overlaps s,
() (prins)_(p2insy)
_(mins)_(gins) »

(ii) 3 X1_Y¥Y3 M1_ B 74,
X X1 Y2 1 2 g

(iii)x4 X1_Y4a Y1_ 24 721
X2 X1 Y2 Y1 & 7h

Theymeetif they have exactly one common endpoint and no other
commonpoints. Therefore, if the tveegmerg meet it is not pos-
sible for them to intersect at any other place besides tlogimeon
endpoint. That is, if is the XOR operator,

meets segment segment bool
s1 meetss, (i) : (syoverlapssg)”
(i) (pr=a) (P1=0p)
(P2=a1) (P2= q):

Theyintersectif they have one common point other than their end-
points. In the next section (Section 4) we show that this comm
point is rational. More precisely,

intersects segment segment bool
sy intersects s, 9 p2point: (pins)
" (ping):

Onesegment touchehe othersegmentif they have one common
pointwhich is the endpoint of exactly one of teegmers.

touches segment segment bool

sy touches s, (i) : (spoverlapss)”
(ii) (p1ins2) _ (p2in )
_(mins) _(qinsy):



They arecollinear if they are in the same line, but have no common
points.

collinear: segment segment bool

s; collinear g,
(i) 516 $": (s1 meetsy)
A (spoverlapsg) M
(ii) B X_Y¥3 M1_B 4,
X2 X1 Y2 Y1 & Zg

(iii)X4 XN_Ys Y1_ 24 71,
X2 X1 Y2 Y1 2 74

The twosegmertt arecoplanarif they lie in the same plane. Note
that if two segmers are notoplanar, then it is impossible for them
to meet intersect overlapor touch Neither can they beollinear.

coplanar: segment segment bool
X X1 Y2 Y1 2 g

s coplanar s X3 X1 Y3 Y1 3 71 =0
X4 X1 Y4 V1 44 g

Two segmert aredisjoint if they have no commopoints. Stated
in terms of the previous de nitions, they adésjoint if they are not
equaland they do nomeet intersect overlapor touch

There is also an operation involvisggmert that yields another
primitive as its result rather than a boolean value. ibfersection
When twosegmert intersect, thintersectionoperation yields the
point at which they intersect. Amtersectionrmay occur whenever
the segmers meet intersector touch If the segmerg s; ands,
meef intersector touch then

intersection segment segment point
intersectiolfs;; ) = ( xg + Iat; y2 + mt; z + mqt)

where
(= I3 mg =2 X
limg+ Iamy’ ! dp
_ Y2 Y1 _ L 71,
m = & n = &
P 2 7 2.
di= (2 x)?+(y2 yo*+(z z)%
_ X4 X3, _Ya VY3,
I3= & mg & and

p
d3= (xa X)?+(ya Y3)°+(z )%

We will show that this intersection is rational in the nexttsen
(Section 4) despite the presence of square roots.

3.2 The Primitive facet

Now we can turn our attention to de ninfacet Intuitively, a
facetis a nite, contiguous part of a plane in three-dimensional
space. We ustaces as the discrete building blocks feurfaces,
reliefs and boundaries olumes. To de nefacetwe usesegmerd
just like we usedpoints to de nesegment That is,segmert give
the boundary of dacetlike points give the boundary or endpoints
of a segmentWe will refer to thesegmerg forming the boundary
of afacetas boundargegmery. Rigorously,

(iif) No more than two ofsy; s1;:::; al

To de ne some of the operations involvirfgces, we need to
know whether two objects are in the same plane. So, the rst-op
ation we de ne forfaces is thecoplanarpredicate. We will use the
type variablegranging overf point, segmentfaceg. Leto2 gand
let f be afacet Furthermore, lep=(X;y;2) be apointof o and let
Ps = (X3;¥3:23), Pa = (X4;Y4:24) and ps = ( Xs;Ys; z5) be disjoint
points (i.e., endpoints) in the boundasggmers of f. Then,

coplanar: g facet! bool
X X3 Y Y3 Z Z3

o coplanar f, X4 X3 Y4 Y3 Zy zz =0
X5 X3 Y5 Y3 Z5 Z3

More generally, to de ne operations involvirfgces, we must
consider operations that involve mint, a segmentand another
facet We rst consider predicates involving point and afacet
These are the predicates; in andout. They test whether pointis
on one of the boundargegmert of afacet or is inside or outside
of the boundary formed by the boundaggmerg. Theon andin
operations, in particular, are super cially analogoustte @n and
in operations fopoints andsegmers. If f is afacet as before, and
p=(xy;2) is apoint,

on: point facet! bool
ponf,9 s2f:pons

SuUppPOS&max Ymax andzZmax are the maximum coordinate values in
the boundarpegmert de ning thefacet f. Furthermore, lepyig =
(Xbig: Yoig: Zoig) e apointthat iscoplanarwith thefacet fsuch that
Xpig > Xmax Ybig > Ymax @N0dZpig > Zmax Thus,ppig must be outside
thefacet f. Next, letsp be thesegment(p; phig). Intuitively, if p

is inside the boundary formed by the boundaegmert of f, then

Sp mustintersect touch or meetan odd number of the boundary
segmerg. Formally, letS)n(f) be the set obegmert in f whose
right (but not left) endpoint i®n 5. Also, letS(f) be the set of
segmerd in f thatintersect §. Then,

in: point facet! bool

pinf,: (ponf) "jSn(f)j+jS(f)jisodd
out: point facet! bool
poutf,: (ponf_ pinf):

Whenp out f, we also callp and f disjoint

There are many operations involvingegmenand afacet Fig-
ure 1 illustrates them. Let us again suppose fwaf(p1; p2) is a
segmentnd thatf = f 5,5, ... ,Sm 1 g is afacet Thesegment
overlapsthefacetwhen part of it lies inside thfacet That is,

overlaps:
s overlaps f,

segment facet! bool
(i) scoplanar f
@ii) ((prin f A poout f)
_(p2in f ~ pyout )
_(prout f~ poout f
N (9s 2 f:sintersectss
__ s touches p:



It meetsthe facet when it touchesor meetsa boundarysegment
of the facet If the segment touchethe facet however, then its
endpoint must lie on the boundasggmenbf thefacetrather than
the other way around. (This distinguish@getsfrom a predicate
we will cover latertangent)

meets segment facet! bool

s meets f,
(i) : (soverlaps j»

S meets s
_ (s touches s

" (prons _ ppons)):

Theyintersectif the interior of thesegmengoes through onpoint
in the interior of thefacet In the next section (Section 4), we show
that the point where theyptersectis rational and, thus, ispoint

intersects segment facet! bool
sintersects f, 9 pins:pinf
AN (s coplanar ¥:

The segment touchese facetwhen an endpoint of theegments
in the interior of thefacet

segment facet! bool

(ppin f p2 in f)
AN (soverlaps §:

touches
s touches f,

When asegment overlapa boundarysegmenbf a facet the seg-
mentandfacetareincident

incident: segment facet! bool

s overlaps s

They aretangentwhen thesegment intersectne of the boundary
segmert of thefacet It can alsatouchthe boundarnsegmentbut
only if the endpoint of the boundasegments onthe segment

segment facet! bool
(i) : (soverlaps j*

tangent:
stangent f,

(s intersects
_ (s touches s :

A opzons):

pions

Note that asegmentan betangentwith a facetat more than one
point Thesegmenties insidea facetwhen it is completely within
thefacet

segment facet! bool
() (prinf _ pyonf)
AN(pzinf _ ppon f) A
(i) : (9s 2 f: s intersects s
_ s touchesk

inside:
sinside f,

It lies outsidethefacetwhen none of theegments in thefacet

segment facet! bool
(i) prout f~ pyout f~
(i) : (sintersects ¥
N (soverlaps
N (stangent §:

outside:
s outside f,

tangent

outside

>

inside

"

Figure 1: Predicates betweesegmenand afacet

Equivalently, we say thatand f aredisjointwhens outside f

Next, we de ne an operation involvingsegmenand afacetthat
yields another primitive as its result. It is thgersectionoperation
for asegmenand afacet If the segmenandfacetare notcoplanar
andmeet, intersect, touabr aretangent

intersection segment facet! point
intersectiolfs; f) = ( x¢ + It; y1 + mt; z; + nt)

where
(= Q6 x)+ Dlys y)+F(zm z).
G+ Dm+ Fn '
|= X2 X, — Y2 Y1 n= 2 4.
d '’ d '’ d '’
p
d=" (2 x)?+(y2 y1)?+(z2 z)?%
G= Y4 Y3 & & .
Ys Y3 Z5 Z3 '
D= X4 X3 244 Z3 .
Xs X3 Z5 73 '
and F=z ¢ 8 Y4 )3
X5 X3 Y5 Y3

G DandF are the coef cients in the general equation of the plane
in which thefacetis located. We will show more about how a
solution such as this is obtained and that it is rational ictiBe 4.



There are also many operations involving tfazes. Figure
2 illustrates them. The rst four predicates we de ne areciall
to de ning the 3D geometric primitivesolid. They areoverlaps,

1g. Theover-
laps operation between twtaces indicates whether part of their
interiors coincide. Thus, twéaces overlapwhen they areopla-
nar and apoint (i.e., an endpoint) of at least one boundaegment
of one of thefaces isin the otherfacet Thus,

facet facet! bool
@iy fycoplanar ~
(i) 9s1j 2 f1: (p1jain f2)
_ (paj2in f2)
_9%j 2 fai(pzjrin f1)
_ (p2j2in f1):

overlaps:
f, overlaps § ,

The meetsoperation forfaces will be very important in de ning
solid. Two faces meetif they have boundargegmers which are
equal Equivalently, we could say that they have at least one com-
mon segment When twofaces meet the two boundargsegmerd
must beequal and not merelyoverlap Furthermore, they have
nothing else in common besidesgmer that areequal We will
handle the case of when the two boundaegmerd overlaplater

in a different predicate callehcident This makes our de nition

of meetamore restricted than the predicate usually called meets in
the 9-intersection model. We nd this restriction necegsarrder

to de ne solid.

facet facet! bool
(i) : (fpoverlaps %)
Ao (fpoverlaps £) A
(i) 9%y 2 1,952 fp:
S =
(iii) © (9% 2 1,985 2 fa:
s5i overlaps g;
A sy intersects g
~ sy touches g;):

meets
fi meets § ,

The faces intersectif they have at least one commaegmenin
their interiors. Therefordaces thatintersectcannot becoplanar
It is correct to refer to their intersection as containingegment
becausesegments rationally de ned as we show in Section 4.

facet facet! bool
(9s1 2 fy: 51 intersects )
_ (95 2 f2: 5] intersects f)
_ ((9s1j 2 fy:s1j tangent $)
N (9% 2 fp 1 ) tangent §)):

intersects
fq intersects § ,

Onefacet touchesnother when a singlgoint of one of thefaces

is in the interior of the othefacet This can only happen when a
point (i.e., an endpoint) of a boundasggmenbf one of thefaces

is in the otherfacet The meetspredicate does not allow an entire
boundarysegmento beinsidethe otherfacet Thebrushesredi-
cate, which we will de ne later, allows a boundasggmenbf one
facetto beinsidethe otherfacet

touches facet facet! bool
f1 touches §,
(i) : (fpoverlaps %)
Ao (fpintersects §) A
(ii) (9s1 2 f1: sy touches )
_ (955 2 51 s touches §):

meets

incident

Figure 2: Predicates between tfazet

They areincidentwhen a boundargegmenfrom bothoverlap

incident: facet facet! bool
f1 incident §,
@) : (fioverlaps §) ~
(i) (9s4i 2 f1: s incident §)
_ (9% 2 f2: sy incident f):

They aretangentif their boundaries have a common point.

tangent: facet facet! bool
f; tangent $,
(i) : (fpoverlaps %)
AN (fypintersects §) A
(i) (9sy; 2 f1: s tangent %)

_ (9% 2 fy: s tangent §):

The twofaces brushif part of one or moresegmers of onefacetlie
in the interior of the othefacetwhen thefaces are notoplanar

brushes facet facet! bool
fy brushes 4 , (i) : (fycoplanar %)
Ao (fypintersects §) A
(i) (955 2 f1: sy inside b
_ sij overlaps $)
_ (9% 2 fy: s inside f
_ sy overlaps 1):



Moreover, twdfaces aredisjointif they have no points in common.
That is, when they ardisjoint, they do nobverlap, meet, intersect,
touchor brushor are notincidentor tangent

Finally, we de ne theintersectionoperation for twofaces. It
yields points andsegmert as its result. Its signature indicates this:

intersectiont facet facet
If sjs2 point[ segmerd:

Theintersectionoperation is critical for the de nition ofolid. To
de ne theintersectionof two faces we determine thpoint set of
the line formed by the intersection of the supporting plaofethe
two faces and con ne the point set to thfaces themselves. In
doing so, we use thantersectionoperation for asegmentand a
facet Theresultis a set gfoints andsegmert that are all collinear.
Supposesyi = ( pai1; Paiz) andsyj = ( p1ja; P1j2) are boundargeg-
mens offacet  such thaipais = (X3;Y3;23), Pri2 = (X4;Y4;24) and
P1j1=(Xs:Ys;25). Suppose further thap; = ( pai1; P2iz) andsyj =
(p2j1: P2j2) are boundarysegmerd of facet b such thatpyi; =
(%6: Y61 26), P2iz = (X7:¥7,27) and pzj1 = ( Xs; Ys; 28). Assume that
the twofaces are notoplanar

To give the semantics of this operation, we start by de ning a
function that gives theoint set for the line formed by the support-
ing planes of thdacets We will need this function when we put
into lexicographic order the boundapgints of segmertt in the in-
tersection. In the equations that de ne tlpisint set,G1, D1, F 1,
Y1, &,D2,F2 andY 2 are the coef cients and constant terms in
the general equations of the two supporting planes.

line: facet facet!f pj p2 pointg
line(f1; f2) = fp=(xy,2) j 8t2 QP
X=X+ It;y= yo+ mt;z= z5+ ntg

where
= b Fa m= F1 &
D, Fo Fo &
n= & D .
& D
Y1 Fi1 Y1 D
m n
X0 = Y2 F2 Y2 Do .
12+ mP + n? ’
Y1 G Y1 Fi
Yo = Yo & Yo Fo |
0 12+ P+ n? ’
Yo Db Y1 G
_ Y2 D Yo & |
12+ M2+ n? '
_ Ya Y3 4 Z3 |
G Y5 Y3 Z5 z3 '
D, = Xa X3 44 73
1= ;
X5 X3 Z5 Z3
Fqi= X4 X3 Y4 Y3 ’
Xs X3 Y5 Y3

Y1= Gxz+ Drys+ F1zs;

- Y1 Y6 Z1 Z .

& Ys Yo Z8 Zs '

_ X7 X6 71 Zs .

D2 Xg X6 28 Zs '
E,= X7 X6 Y7 Ye

2= ;
Xg Xo Y8 Ye

and  Y2= GXs+ Doy + Fozs:

Next, we get the places where tfaees intersect in a singlpoint
which we denote as the sig. For this purpose, we de ne the set
S which is the set of all boundaryegmerd in one of thefaces
that make contact with the othfarcetat the places where thiaces
intersectin apoint Let

Sp =fs2 f1[ foj
(i) fytouches $ _ f;tangent
(ii) 91 2f 1,29 : stouches;f_ stangent ifg

and let

Pp = fintersectios; f1) j s2 S0
[f intersectiofts; f2) | s2 Sp0:

We will eventually put thepoint setPp in the intersectionof the

two faces. Before we do that, however, we determine the places
where thefaces intersect in &egmentThis is the sePs. To do so,

we de ne the setS; which contains all boundargegmenrt in one

of the faces thatintersectthe otherfacetat the places where the
facesintersectin asegmentLet

S=1s2 1] f2 ]
(i) fymeets$ _ fyintersects §
_ fyincident §_ f1 brushes 3
(ii) 9i 2f 1,29 : s meets;f_ sintersects;f
__stouchesif_ sincident f
_ stangent iy

and let

Ps = fintersectiolfs; f1) j s2 Sg
[f intersectioffs; fo) j s2 Sg:

Lastly, take theoints Ps, reorder them in lexicographic order along
theline(f1; f2). We denote the reordered setRas It must have an
even number opoints because all of itpoints come from places
where the boundary of onfacetmust go through the othdacet
and, therefore, must come back through the dthestagain. Thus,

kiseven™ 8i2f 1;2;::;;kg: pi 2 Pso:

Furthermore, every pair gfoints represents segmenin theinter-

S contains thesegmert in theintersectionof the faces. Thus,
recalling thatPy is the set of singl@oints in theintersection

intersectiorfy; f2) = Pp [ S

This de nition of intersectioninsures that thetersectionis empty
when the twofaces do notmeet, intersect, toucbr brushor are
notincidentor tangent



3.3 The Primitive solid Because of the closure problems of extending realms to 3D tha

As we begin the discussion of the geometric primitsedid, we we noted in Section 2, comparison of the ef ciency of a ration
emphasize that while the abstract data typkimemust provide ~ implementation of a 3D system is not crucial when considgits
for holes,solid does not need them. A 3D object with a hole is not  fobustness. We still state, however, that we believe thattia-r
a primitive. Rather, we would represent such an object inmder nal implementation saves execution time when compared avith
memory by using two primitives. _hypothetlcal extension of realms to 3D. Th_|s is becauselarmt

Just like we usedsegmert to de nefacet we now usefaces implementation does not need the redrawing and enveloping p

to de ne solid. The segmert that de ne afacetessentially give ~ C€Ss required by realms and dual grids, not to speak of the pre
the boundary of théacetand we assume tHacetto be inside the ~ and post-processing algorithms required by the enhanaed 66

boundary. Thesegmers are connected in a way that theyeetin dual grids. Most of the operations involving our rationapeci ed
pairs so that they enclose the area which isféoet Similarly, we primitives involve only mathematical formulas that requionstant
shall de ne asolid by using connectetaces thatmeetat bound- time. This bene tis partially offset because we assume dhith-

the enclosindaces are the boundary of solid. Furthermore, the ~ System where the lengths of numbers can vary. We feel, though

boundaryfaces and the 3D space enclosed by them aresthiiel. that the problems of realms and dual grids that we have pisljio
Note that not just any collection of connecfiades de nes asolid. mentioned more than outweigh the complexities introdugeerb
If a collection of connectethces does not enclose a section of 3D  bitrary precision rational arithmetic. Therefore, greatibustness
space, it is simply aurface For a collection ofaces to de ne a results from the rational implementation of geometric [itiiras.

solid, everyfacetin the collection musteetexactly one othefacet

in the collection at everyone of its boundaggmert. No bound- 4. THE RATIONAL CLOSURE OF INTER-

ary segmenin a facetcan fail to be involved irmeetinganother SECTIONS IN THREE DIMENSIONS
facet More formally, We now proceed to discuss the closure of 3D geometric prim-
solid = ff fo; f1;:5 fng itives under intersection operations. We will prove thdeisec-
() 8i2f0;:ng: f;2 facet tions involving rationally speci edegmers andfaces are rational.
with f; = fS0;§1;:5S:m 10 Taken together with the closure of rational arithmetic, ¢hasure
(i) 8i2f0;::;ng:8sy 2 fi; of intersections means that a closed system results, as fpea
9j2f 0 ngwith j6 i: tial operations are concerned, up to the limit of the preaisiith
(fi meets f) which computer memory can storg rational numbers. Thisigesv
A sy 2 intersection fi; ;) for a large amount of robustness in a 3D spatial databasersyst
(iii) No more than two offg; f1;::5; We need not consider other spatial operations such as udifen,
and f, meetat any onesegmerg; ference and symmetric difference as the proofs of the obssaf
those operations follow from the closure of intersections.

There is such a large proliferation of operations involviatjds Note that considering the intersection of a line and a plaheo
that, by themselves, they would Il a large part of this papenere lines amounts to considering the intersection betwesegment
are operations betwegupints andsolids, betweersegmerg and and afacetor between twsegmerd. However, the intersection of
solids, betweerfaces andsolids and between tweolids. Predi- two faces is different from the intersection of two planes. Thus,
cates foipoints andsolids are similar to what we have seen between the speci c intersections we will consider are of a line arglane,
points and the other two primitivesin, inandout. Examples of op- of two lines and of twdaces. All other intersections, including all
erations forsegmerst andsolids aremeetsintersectstouchesinci- that involvesolids, can be easily derived using these three results.

dent tangent insideandoutside(disjoint). Examples of operations . .
for faces andsolids aremeets intersects cuts touches incident 4.1 The Intersection of a Line and a Plane

tangent brushesinside outside(disjoint), cutaboveandcutbelow We rst prove that the intersection of a rationally speci éde
Finally, examples of operations involving tvgolids areequals not and plane in 3D is rational. We do this rst because the proofs
equals meetsjoins, intersects incident connectslinks, tangent involving the other intersections depend on this one. Iddeace
brushesinside contains disjoint andintersection this proof is given, the proofs for the other two intersesidollow

Due to space limitations, however, we cannot include thende fairly quickly.
tions of operations o$olid. For the same reason, we also cannot Let (x1;y1;21) and(x2;y2;2») be rational points de ning a line.
include the speci cation of directional predicates suchahsve, We will work with the equations of a 3D line in parametric farm
below, rightside, leftside, befoendbehind The parametric equations of a line are

Thus, the four geometric primitives in 3D apwint, segment x=x+lt y=y+mt o z=z+nt @)
facetandsolid. The de nition of point uses a rational coordinate.  wherel;m;n are the direction cosines for the line de ned by (

Furthermore, we uspoints to build asegmentsegmerg to build v1, z1) and(x2; y2; z2). The direction cosines are

a facetandfaces to build asolid. Therefore, all four geometric

primitives, point, segmentfacetandsolid have a rational speci - | = X2 X m= 2 N n= 2 4 2)
cation. We are about to show in Section 4 that the four priesti d d d

are closed under intersection up to the limits of computemog. q

Once we have done so, it paves the way to implement a 3D spa- where d=  (x2 x1)2+(y2 y1)?+(z2 z)%2 (3)
tial database system that relies on arbitrary precisidgarrat arith- The intercept form of the de nition of a plane in 3D is

metic rather than on realms or dual grids. Hence, we comiplete Xy z

eliminate the need to use realms or dual grids. In effecttianal a + b + - 1 (4)

implementation results in an arbitrarily ne grid. This intluces ]
greater exactness of computation to a spatial databasasyst wherea; b andc are thexy andzintercepts of the plane.



Now, supposé€Xo; Yo; Zo) is the point where the line and the plane
intersect. Letg be thet in the parametric equations at the intersec-
tion point(xo; Yo; Zo). Then, the equations 1 and 4 at the intersection
point (Xo; Yo 2o) are

Xo=X+lto  Yo=yi+tmhg Zp=z+nl )
X0, Yo, o _ ..
E+F+E_l' (6)

The resulting equations 5 and 6 are a system of four equaitions
the four variableg; yo; Zp; to which correspond to the intersection
point (Xo; Yo; Zo) . We solve it by substitution starting with plugging
the equations 5 into equation 6.

X1+ It +m z1+ N
1tlto, V1 t0+1 o _

1
a b c
) "170+m7t0+@: ﬁ & ﬂ
a b a b
I m n XX Y1 24
tp -+ —+- =1 — = =
) a b ¢ a b
X1 Y1 24
1 = 2= =
m n
4+ —+ —
a b ¢

Now we can plug the resulting formula frback into equations 5
to get the coordinates at the intersection péxat yo; Zo).

@)

Xo= X+ |

®)

9)

The only variables that can produce irrational results smehua-
tions 7 to 9 aré; m; n, the direction cosines, aralb andc, thex;y
andz intercepts of the plane. Everything else in these equations
involves coordinates that we assume to be rational.

Let us rst look at the direction cosindsm; n in the equations
7 to 9. The thing that suggests the possibility of irratioresults
from the direction cosines are the square roots seen in traieqs
2 and 3 that de ne the direction cosines. However, the foitmy
discussion shows that the square roots all cancel each oitler
will use d from equation 3 to represent the square root. Observe
what happens to the denominator of the equations 7 to 9.

(2 x)=d_(y2 y)=d_ (2 z)=d
a b c

+

m n
— 4+ —_=
b c

Q| —

e x1), 02 y1) (2 z)

1
T d a b c

Thus, 1 tactors out of the denominator of all of the equations for
the intersection coordinates (equations 7 to 9). Now, nwtthere
is a direction cosine as a coef cient to the fractions in akge
equations. Thus, the numerator in each equation for a cuateli
also has a% factor. Thus, the two factors cancel each other elimi-
nating the square roatfrom the intersection coordinate equations.
Thus, the direction cosindsm;n do not introduce an irrational
component to the intersection coordinates.

Next, we will show that thes;y andz interceptsa; b and c must
be rational. Let(x3;y3;23);(Xa;Y4;24) and(Xs;Ys; z5) be rational
coordinates de ning the plane. Then, plugging these coatais
into equation 4 we get

2+ 2y 2=
a b ¢
E E E:l
a b [
§+b+§—1-
a b ¢ ’

This is a system of three linear equations %Jr% and % There-
fore, Cramer's Rule gives as solutions

1l y3 & x3 1 73
1 ya z X 1 z
1 Xs 1
}: Y5 Zs5 ’ }: 5 Z5 ’ (10)
a X3 Y3 Z3 b X3 Y3 Z3
Xa Yo 2y Xa Yo 2y
X5 Y5 75 X5 Y5 75
X3 y3 1
X y4 1
1 X 1
1_ 5 Y5 (11)
c X3 Y3 Z3
X4 Y4 2y
X5 Y5 75

Determinants are completely evaluated using additionstracr
tions and multiplications. Also, we use a division of detaramts

to determineél‘;% and % Since the rational numbers are closed
under arithmetic, equations 10 and 11 show thatandc must be
rational.

So, we have shown that the direction cosihgs;n do not in-
troduce an irrational component to the intersection coatgis and
that x;y andz intercepts of the plane must be rational. Thus, the
equations 7 to 9 give rational coordinates of the intersactiSo,

a line and plane in 3D de ned using rational numbers must lzave
rational intersection.

4.2 The Intersection of Two Lines

Next, we prove that two rationally speci ed intersectingds in
3D have a rational intersection. Suppose we have two irdénse
lines in 3D which are de ned using rational points. L(&§;y1;21)
and(xz;Y»; 22) be the rational points de ning one of the lines and let
(X3;Y3;23) and(X4;Y4;24) be the rational points de ning the other
line. Furthermore, letxo;Yo;20) be the point where they inter-
sect. Choose any other rational po{rg; ys; z5) that is not copla-
nar with the two lines. Then, the points:;y1;z1), (X2;¥2;22) and
(xs;Ys; z5) rationally specify a plane. Furthermore, the line de ned
by (x3;¥3;23) and (x4;Ys;24) intersects this plane &ko;Yo;2o)-
Both the plane and the line are rationally speci ed. Thus they
result of the previous subsection (Subsection 4>X),yo; zg) must
be rational. This point, however, is the point at which the times
intersect. Thus, the two lines have a rational intersection



4.3 The Intersection of Twofaces

Finally, we prove that twdaces have a rational intersection.
First of all, note that botliaces involved in such an intersection
have rationally de ned supporting planes. This is becauseder
ned the endpoints of theegmers forming the boundaries édices
to have rational coordinates. facetmust have at least three of
these rational endpoints (and, in fact, probably has manseno
Thus, the supporting planes are rationally de ned.

Secondly, recall that there can be bptiints andsegmert in the
intersection of twdfaces. Therefore, when considering the inter-
section of twofaces, there are two cases. There is the case when
there are only points in the intersection and the case whemth
tersection includes segments. When there are only pointisein
intersection, they must occur at places where ftes touch or
aretangent When an intersection point is produced because the
faces touch it must occur at the endpoint of a rationally de ned
segment The endpoints ofegmerg arepoints and, therefore, ra-
tional. When an intersection point is where the tiaoet aretan-
gent it must occur where tweegmerd of thefaces intersector
touch In either situation, the previous subsection (Subseectigh
shows that the intersection is rational. Thus, the pointhénin-
tersection of thdaces are rational. Observe that, when there are
more than two of these intersection points, they must be en th
same line. This line is the intersection of the supportiranpk of
the twofaces. The line of intersection of the supporting planes is
therefore rationally de ned (i.e., has at least two ratioc@ordi-
nates).

Suppose there are one or more line segments at the intersecti
of the faces. To show that the intersection is rational amounts to
showing that the supporting line of the line segments forrogd
the intersection of théaces is rationally de ned. Two boundary
segmert of thefaces must intersect the supporting line at separate
points. Now, suppose both intersecting boundsegmerg of a
facetcross the othefacetat an endpoint. These two endpoints are
rational. Since they lie on the supporting line of the inget®on of
thefaces, the line is rationally de ned.

Let us assume therefore that the intersections do not oteur a
endpoint of thesegmers. Thus, they occur in the interior of the
two segmert crossing thdaces. Bothsegmers and bothfaces
are rationally de ned. So, by Subsection 4.1, the pointhatib-
tersection of thesegmerd and the supporting planes of tfazes
are rational. Both of these points, however, are in the sujmgp
line at the intersection of thfaces. Thus, the supporting line is
rationally de ned implying that théaces have a rational intersec-
tion. (Now, the situations where orsegmenintersects dacetat
an endpoint and the other in its interior follow from thessulés.)

5. CONCLUSIONS AND FUTURE WORK

In this paper, we have given a design of robust three-dimeasi
geometric primitives. Their robustness comes from the @isa-o
tional numbers to specify them. We have compared our design f
the primitives with extensions from two dimensions of siioigll
complexes, realms and dual grids (near the beginning anldeat t
end of Section 3). This has included reviewing the poteiafiah-
tional arithmetic and discussing the amount of represéatalmm-
bers, time requirements and the rational closure of inttiges of
the primitives.

In the future, we need to complete the de nitions of the opera
tions for the geometric primitives, especially those initod solid,
those that yield another primitive as their result and thbse are
directional predicates. We also need to investigate thagéore-
quirements of our primitives compared to 3D extensions alims

and dual grids. Thirdly, we have developed a rational nursisr
tem that allows number representations of arbitrary, réegth
and called it RATIO. We have not discussed RATIO in this pa-
per. Thus, in the future, we need to document and present®ATI
Finally, we need to use our primitives to implement the audtr
three-dimensional spatial data types in a spatial datahatem.
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