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Abstract

Spatial database systems and geographical information systems are currently only able to support
geographical applications that deal wittisp spatial objectsthat is, objects whose extent, shape, and
boundary are precisely determined. Examples are land parcels, school districts, and state territories.
However, many new, emerging applications are interested in modeling and processing geographic data
that are inherently characterized bpatial vaguenessr spatial indeterminacy This requires novel
concepts due to the lack of adequate approaches and systems. In this chapter, we focus on an important
kind of spatial vagueness callsgatial fuzzinessSpatial fuzziness captures the property of many spatial
objects in reality which do not have sharp boundaries and interiors or whose boundaries and interiors
cannot be precisely determined. We will designate this kind of entitikszag spatial objectExamples
are air polluted areas, temperature zones, and lakes. We propose an abstract, formal, and conceptual
model of so-calleduzzy spatial data type@hat is, afuzzy spatial algebfaintroducingfuzzy points
fuzzy linesandfuzzy regiongn the two-dimensional Euclidean space. This chapter provides a definition
of their structure and semantics, which is supposed to serve as a specification of their implementation.
Further, we introductuzzy spatial set operatiofige fuzzy unionfuzzy intersectiorandfuzzy difference
as well aduzzy topological predicatess they are useful ifuzzy spatial joingndfuzzy spatial selections
We also sketch implementation strategies for the whole type system and show their integration into
databases. An outlook to future research challenges rounds off the chapter.

INTRODUCTION

Spatial database systef®DBS are full-fledged database systems which, in addition to the functionality of
standard database systems for alphanumeric data, provide special support for the storage, retrieval, manage-
ment, and querying of spatial data, that is, objects in space. In particular, SDBS are used as data management
components oGeographical Information Syster(fS1S). For modeling and storing spatial data, special data

types calledspatial data typegsee Schneider (1997) for an introduction and survey) have been designed.
The most established spatial data types are caltaat, line, andregion We speak ofpatial objectsas

instances of these data types. So far, these data types are only able to represent spatial data whose extent
and hence border is precisely determined and homogeneous. Spatial phenomena are represented by sharply
describegointswith exactly known coordinatesineslinking a series of exactly known points, arejions

bounded by exactly defined lines callegundaries The properties of the space at the points, along the lines,

or within the regions are given by attributes whose values are assumed to be constant over the total extent of
the objects. Well known examples are especially man-made spatial objects representing engineered artifacts
like highways, houses, or bridges and some predominantly immaterial spatial objects exerting social control



like countries, districts, and land parcels with their political, administrative, and cadastral boundaries. We
denote this kind of entities agisp or determinatespatial objects.

In the last years, geographical applications and GIS have shown increasing interest in data models for
spatial data that are characterized by the inherent featuspaifal vagueneser spatial indeterminacy
(Burrough & Frank, 1996). The reason for this interest is that the current mapping of spatial phenomena
of the real world to exclusively crisp spatial objects has turned out to be an inadequate abstraction process
for many kinds of spatial data. Consequently, applications based on indeterminate spatial data are not
covered by current GIS and SDBS. In this chapter we focus on a special kind of spatial vagueness called
spatial fuzzinesg~uzziness captures the property of many spatial objects in reality which do not have sharp
boundaries and interiors or whose boundaries and interiors cannot be precisely determined. Examples are
natural, social, or cultural phenomena like land features with continuously changing properties (such as
population density, soil quality, vegetation, pollution, temperature, air pressure), oceans, deserts, English
speaking areas, or mountains and valleys. The transition between a valley and a mountain usually cannot
be exactly ascertained so that the two spatial objects “valley” and “mountain” cannot be precisely separated
and defined in a crisp way. We will designate this kind of entitieiasyor indeterminatespatial objects.

This chapter delineates ongoing research on fuzzy spatial objects in databases and pursues several goals.
First, we present an abstract, formal, and conceptual object model proViding spatial data typef®r
fuzzy pointsfuzzy linesandfuzzy regionsn the two-dimensional Euclidean space. Second, we introduce
some fuzzy spatial operations and a concept of fuzzy topological predicates. The entire effort is supposed to
lead to a formal specification offazzy spatial algebraFuzzy set theorgZadeh, 1965; Buckley & Eslami,

2002) andfuzzy topologyLiu & Luo, 1997) are the formal framework of the algebra design. Third, we

show how fuzzy spatial data types, operations, and topological predicates can be integrated into database
systems and their query languages and be used as attribute types in database schemas. Fourth, we provide
some implementation ideas.

Section “Related Work” explains different aspects of spatial vagueness and presents related work. Sec-
tion “Abstract Definition of Fuzzy Spatial Data Types” introduces some basic concepts and notations of
fuzzy set theory and fuzzy topology, as far as they are used in this chapter, and formally defines the data
types for fuzzy points, fuzzy lines, and fuzzy regions. In Section “Fuzzy Topological Predicates”, we in-
troduce a concept of fuzzy topological predicates describing the relative position of fuzzy spatial objects
towards each other. Section “Database Integration of and Querying with Fuzzy Topological Predicates”
deals with the integration of the fuzzy spatial algebra into databases by leveraging the concept of abstract
data types and demonstrates the use of fuzzy topological predicates in an SQL-like spatial query language.
Section “Conclusions and Future Work” draws some conclusions and considers future work.

RELATED WORK

The first subsection discusses the nature of imperfect spatial data and gives an overview of the general
methods for modeling them. The second subsection dealsswittial fuzzinesgrhich is a special kind of
spatial imperfectiorand the topic of this chapter.

SPATIAL IMPERFECTION

For a long time, the treatment of imperfect data has found large research interest in computer science. In the
database field, the emphasis has been on investigating the impact of imperfect data (Parsons, 1996) on data
modeling, classical database functions like storage, indexing, retrieval, update, and query functionalities as
well as the entire database system architecture.

In this chapter, we deal with the imperfection of spatial data. More precisely, we focus on a special kind
of spatial imperfection, which we cadipatial vaguenessSpatial vagueness manifests itself in indetermi-



nate boundaries and interiors of spatial objects. In the real world, there are essentially two categories of
indeterminate boundaries: sharp boundaries whose position and shape are unknown or cannot be measured
precisely, and boundaries which are not well-defined or which are useless (for example, between a mountain
and a valley) and where essentially the topological relationship between spatial objects is of interest. Spatial
objects with indeterminate boundaries are difficult to model and implement and are so far not supported
in spatial databases systems. According to the two categories of boundaries, mainly two lspdtabf
vaguenessan be identified: spatial uncertainty and spatial fuzzin&matial uncertaintys traditionally

equated with randomness and chance occurrence and relates either to a lack of knowledge about the position
and shape of an object with an existing, real boundaogitionaluncertainty) or to the inability of measur-

ing such an object preciselynéasuremenincertainty).Spatial fuzzinests an intrinsic feature of an object

itself and describes the vagueness of an object which certainly has an extent but which inherently cannot or
does not have a precisely definable boundary.

The subject of modeling spatial vagueness has so far been predominantly treated by geographers and
GIS experts but rather neglected by computer scientists. A main reason is that the treatment of spatial
objects with indeterminate boundaries is especially problematic for the computer scientist who is confronted
with the difficulties how to model such objects in his database system so that they correspond to the user’s
intuition, how to finitely represent them in a computer format, how to develop spatial algorithms and index
structures for them, and how to draw them. He is accustomed to the abstraction process of simplifying spatial
phenomena of the real world through the concepts of conventional binary logic, reduction of dimension,
and cartographic generalization to precisely defined, simply structured, and sharply bounded objects of
Euclidean geometry like points, lines, and regions. At least four alternatives are proposed as general design
methods: exact object models, probabilistic models, rough set-based models, and fuzzy set-based models.

Exact object modelgransfer data models, type systems, and concepts for spatial objects with sharp
boundaries to objects with unclear boundaries. A benefit of this approach is that existing definitions, tech-
niques, data structures, algorithms, etc. need not be redeveloped but only modified and extended, or simply
used. The approaches in (Clementini & Di Felice, 1996a; Cohn & Gotts, 1996; Schneider, 1996) propose a
zone concepfThe central idea is to consider determined zones surrounding the indeterminate boundaries of
a region proad boundariesand expressing its minimal and maximal extent. The zones serve as a descrip-
tion and separation of the space that certainly belongs to the region, that perhaps belongs to the region, and
that is certainly outside. The approaches in (Erwig & Schneider, 1997; Pauly & Schneider, 2004) generalize
these concepts and introdueague spatial data typdsr vague pointsvague linesandvague regionsA
vague spatial object is modeled as a pair of two meeting or disjoint crisp spatial objects. For example, a
vague region is given as a pair of two meeting or disjoint crisp regions. The first objectksriied part
and models the part that definitely belongs to the vague spatial object. The second objecbigebtire
part from which we can only assume that it or parts of it belong to the vague object. Predicates on vague
spatial objects are based on a three-valued logic with the valuedgalse andmaybe(Pauly & Schneider,

2005; Pauly & Schneider, 2006).

Probabilistic modelsre able to represent positional and measurement uncertainty. Their lpasisas
bility theorywhich defines the grade of membership of an entity in a set by a statistically defined probability
function and deals with the expectation of a future event, based on something known now. As an example
of a large amount of literature, Blakemore (1984) describes the uncertainty in the position of a line using a
band of widthe.

Rough set-based modelse based orough set theoryPawlak, 1982) and model vague spatial objects
by a lower and an upper spatial approximation. As an example, Beaubouef, Ladner, and Petry (2004) show
how rough sets can be used for spatial data modeling in a data mining environment.

Fuzzy set-based modealse based ofuzzy set theor{Zadeh, 1965). It describes tlaglmission of the
possibility(given by a so-callechembership functigrthat an individual is a member of a set or that a given
statement is true. Hence, the vagueness represented by fuzziness is not the uncertainty of expectation. Itis



the vagueness resulting from the imprecision of meaning of a concept. We describe some relevant literature
in the next subsection.

SPATIAL FUZZINESS

Fuzzy databases have established themselves as an important branch in the database field to handle fuzzy
data as a particular kind of imperfect data. This has led to a large volume of literature in this field. Exam-
ples of books on fuzzy databases that cover modeling, design, and implementation issues are (Petry, 1996;
Galindo, Urrutia, & Piattini, 2006). The books of Yazici and George (1999) and Ma (2005) emphasize the
aspect of fuzzy database modeling.

The deployment of fuzzy set theory and fuzzy logic for spatial applications and spatial analysis methods
has found large attraction in the geoscience and GIS communities and also led to a large amount of literature
on fuzzy approaches in the GIS domain. A spatial concept is vague or fuzzy if locations exist that cannot be
completely associated with the concept or with its complement. For example, when mapping vegetation, it
is difficult to determine whether a certain location belongs to one vegetation class or to another. Examples
from the geosciences that exhibit transition zones instead of sharp boundaries and that have been modeled
with fuzzy concepts are geomorphological units (Burrough, van Gaans, & Macmillan, 2000), soil types and
boundaries (De Gruijter, Walvoort, & Vangaans, 1997; Lagacherie, Andrieux, & Bouzigues, 1996), land-
scape objects (Cheng, Molenaar, & Lin, 2001), forest types (Brown, D.G., 1998), soil pollution classes in
environmental applications (Hendricks Franssen, van Eijnsbergen, & Stein, 1997), and hydrological stud-
ies (Bogardi, Bardossy, & Duckstein, 1990). Burrough (1996) introduces fuzzy geographical objects for
modeling natural objects with indeterminate boundaries. Dutta (1989, 1991) as well as Kollias and Voliotis
(1991) deal with qualitative spatial and temporal reasoning using fuzzy logic. Edwards (1994) and Wang
and Hall (1996) deal with fuzzy representations of geographical boundaries in GIS. Usery (1996) defines
concepts like core and boundary of a fuzzy region and gives examples of membership functions for modeling
fuzzy regions. Wang (1994) presents a fuzzy query approach in order to introduce more natural language
expressions into GIS user interfaces. Wang, Hall, and Subaryono (1990) propose a fuzzy relational data
model for geographic information; each tuple is annotated with a membership value. Another chapter in this
book written by Xeko presents a tool for fuzzy reasoning and querying and its application into a GIS for
modeling a malaria surveillance system in Brazil.

The references mentioned so far demonstrate the usefulness of fuzzy concepts in geoscience applications
from a modeling standpoint. However, they do not deal with the issue of representing, storing, retrieving,
and querying fuzzy spatial objects fazzy spatial databasedncreasingly, there is interest in pursuing
these goals. Altman (1994) presents fuzzy set theoretic approaches for handling imprecision in spatial
analysis and introducdazzy regionss a binary relation on the domainif (N denotes the set of natural
numbers). Distance and directional metrics on fuzzy regions demonstrate their possible use in qualitative
spatial analysis. Schneider (1999) provides the foundatidnzafy spatial data typder fuzzy pointsfuzzy
lines andfuzzy regionsand also specifieRizzy spatial operationkke fuzzy spatial unionfuzzy spatial
intersectionandfuzzy spatial differenc@ he author presents an abstract specification in which fuzzy spatial
objects are defined as special fuzzy sets fRfmDilo, de By, & Stein (2007) introduce a similar type system
of vague spatial data typesith a more comprehensive set of operations. Instead of the term “fuzzy”, they
use the term “vague”. As an extension, they specify the conceptvafjae partition Schneider (2003)
proposes a conceptual model and an implementation model of fuzzy spatial objects tiattdmfned on
the Euclidean plane but on a discrete geometric domain called grid partition; it takes into account finite-
precision number systems available in computers. Membership values are assigned to the points, edges, and
cells as elements of the grid partition; fuzzy objects are built from these grid elements. Schneider (2000)
presents metric operations on fuzzy spatial objects like the area of a fuzzy region or the length of a fuzzy
line. Different models of fuzzy topological predicates, which characterize the relative position of two fuzzy



spatial objects towards each other, are discussed in (Petry et al., 2002; Schneider, 2001a, 2001b; Shi & Guo,
1999; Tang X., & Kainz W., 2002; Zhan, 1997, 1998).

ABSTRACT DEFINITION OF FUZZY SPATIAL DATA TYPES

For crisp, two-dimensional spatial data, spatial data types for points, lines, and regions (Schneider, 1997)
have found a broad consensus in the spatial database and GIS communities as appropriate two-dimensional
abstractions of real world objects. In this section, we give formal definitions of their fuzzy counterparts. The
definitions are abstract, that is, based on fuzzy set theory and fuzzy topology. They focus on the determi-
nation of the essential features of fuzzy spatial objects without taking into account any data representation
issues and algorithmic aspects in computer systems and are intended as a specification for a possible im-
plementation. Therefore, we can use concepts like infinite sets, relations, and functions in our definitions.
Finiteness only plays a role when we specify the number of components of an object. Since there will never
be a chance to represent an object with an infinite number of components in a computer, we require this
number to be finite. On the other hand, to represent the infinite point set of an object component by a finite
representation is usually possible.

The first subsection introduces some basic concepts and notations of fuzzy set theory and fuzzy topology
as far as they are used in this chapter. The subsequent three subsections formally define the data types for
fuzzy points, fuzzy lines, and fuzzy regions respectively.

FUZZY SETS AND FUZZY TOPOLOGY

Crisp spatial data types (for example, (Clementini & Di Felice, 1996b; Schneider, 1997; Schneider & Behr,
2006)) for points, lines, and regions have been formally defined on the basis of point seisirnset
topology(Gaal, 1964). Our goal is to leverage their fuzzy counterparts for a definition of fuzzy spatial data
types. In this section, we summarize some needed basic concepts and notations of fuzzy set theory and
fuzzy topology.

Fuzzy set theory (Zadeh, 1965; Buckley & Eslami, 2002) is an extension and generalization of Boolean
set theory. LeX be a classical (crisp) set of objects, called dméverse(of discoursg Membership in a
classical subsei of X can then be described by thearacteristic functiorya : X — {0, 1} such that for all
x € X holds:

1 if,andonlyif,xc A
XA(X) = { Y

0 if,andonly if,x¢ A

This function, which discriminates sharply between members and non-members of a set, can be general-
ized such that all elements Efare mapped to the real interval [0,1] indicating tregree of membershgd
these elements in the set in question. Hence, fuzzy set theory permits an element to have partial membership

in a fuzzy set and/or multiple membership in several, different fuzzy sets. Larger values designate higher
grades of set membership. Letagain be the universe. Then

Mz X —[0,1]
is called themembership functioaf A, and the set
A={(x.Hz(x) | x€ X}

is called &uzzy sein X. All elements ofX receive a valuation with respect to their membershié.iﬁhose
elements € X that in the classical sense do not belong\tget the membership valyg (x) = 0; elements
x € X that completely belong t& get the membership valyg(x) = 1.



Next, we extend the set inclusion as well as the basic crisp set operations to fuzzy sets. We will comply
with the definitions in Zadeh (1965). LAtandB be fuzzy sets irXX. Then

() _ -A = {(xHa) [ XEX (X =1-Mg(X)}
(i) ACB & VxeX:pg(x) < pg(x)
(i)  ANB = {(X,Uz5(X)) [ XE€ X A Hig(X) = min(dz(X), Hg(x)) }

(iv) AUB = {(%Mg (X)) [Xx€X A pz,g(X) = maxpz(x), Hs(¥))}
v) A-B = An-B

An a-cutor a-level setof a fuzzy setA for a specified value is the crisp set
ACY ={xeX|ui(x) >a A 0<a<1}

A strict a-cut or strict a-level setof a fuzzy sef for a specified value is the crisp set
A% ={xeX|ui(x) >a A 0<a <1}

The stricta-cut fora = 0 is called thesupportof A, that is,supgA) = A>%. Thea-cut fora = 1 is
called thecoreof A, that is,corg(A) = A=, For a fuzzy sef anda, 3 € [0,1] holds

(i) X=A>0
(i) a<p=ADAP

The set of all levelsx € [0,1] that represent distinet-cuts of a given fuzzy sék is called thdevel set
A of A:

Ni={a€0,1] | Ixe X :pz(x)=a}

Fuzzy (point set) topology (Chang, 1968; Liu & Luo, 1997) is a straightforward extension and general-
ization of ordinary point set topology and allows one to distinguish specific topological structures of a fuzzy
set like its closure or interior.

For a non-empty, crisp sét, let [0,1]* = {f| f : X — [0,1]} be the set of all mappings fro to [0, 1].

Let 1X be the function that corresponds to the wholeXeand0* be the function that corresponds to the
empty set. A fuzzy topologpn X is a familyZ C [0,1]* of fuzzy sets satisfying the following conditions:

() XeT,00eT
(i) A€T,BeT = ANBeT
(i) SCT = UzesAeET
The pair ¥, 7) is said to be duzzy topological spac&he elements of are callecopen fuzzy sets
The familyZ” of all closed fuzzy sét$n a fuzzy topological space( 7) is given by
T ={-A|lAe T}
Theclosureof a fuzzy sefA in a fuzzy topological spac&( ) is the smallest closed fuzzy set contain-
ing A, that is,
clr(A) = N{B|Be T’ A ACB}
~Theinterior of a fuzzy sefA in a fuzzy topological space( T) is the largest open fuzzy set contained
in A, that is,
intr-(A) = U{B|Be T A BCA}
We obtain an example of a fuzzy topological space if we eqiatéth the Euclidean plan&?. The
fuzzy topological spacéR?,T) is just of interest in this chapter.

Lintuitively speaking, a (crisp or fuzzy) setis open if you can “wiggle” or “change” any pointin U by a small amount in
any direction and still be insidé.

2A (crisp or fuzzy) closed set contains its own boundary. Intuitively speaking, if you are “outside” a closed set and you “wiggle”
a little bit, you will stay outside the set. The reason is that the complement of a closed set is open.



FUZZY POINTS

The goal of this subsection is to design a concept fafizay pointobject and to introduce a corresponding
fuzzy spatial data typ&point for this class of objects. First, we informally discuss some features of fuzzy
points and compare them to crisp points. Then, we give their formal definition.

WHAT ARE FUZZY POINTS?

Points are the simplest geometric abstraction. They are the atoms, that is, the elements, of the Euclidean
spaceR? and form the basis of the point set paradigm. Each element of a crisp poXta$ét? belongs
definitely and totally to this set. For each pointRA, we can definitely say whether it belongsXar not.

A crisp point object, as it has been defined, for example, in (Schneider, 1997; Schneider & Behr, 2006),
includes a finite set of points in order to ensure the closure of set operations.

In the fuzzy domain, a fuzzy point sEtalso represents a subsetR? but each point oK only has a
certain partial membership in this set. It can also partially belong to another fuzzy set, that is, multiple set
membership is possible.

For example, if we consider an air-polluted area (which is a fuzzy region), then each point of this area
is fuzzy since the concentration of air pollution at this point is not 100 percent. That is, the degree of
membership of this fuzzy point in the air-polluted area is less than 1 and larger than 0. Fuzzy points can also
arise as the result of two fuzzy lines.

FORMAL DEFINITION OF FUZZY POINTS

We now provide a formal definition of fuzzy points. We also show that the definition of a corresponding
fuzzy spatial data type is not necessarily straightforward and that instead, due to the feature of spatial vague-
ness, several options can exist. We present here two meaningful definitions of fuzzy points that can be used
as a foundation for a definition of the tyfigoint.

The first definition views a fuzzy point as a point in the two-dimensional Euclidean space with a mem-
bership value greater than 0, since 0 documents the non-existence of a phintyAvointd at (a,b) in R?,
written p(a, b), is a fuzzy singleton ifk? defined by

m if (x,y) = (a,b)
0 otherwise

Hpab) (X%,Y) = {

with 0 < m < 1. Pointp is said to havesupport(a,b) and valuen. Let P; be the set of all fuzzy point$
is a proper superset &, the set of all crisp points iR2. For= p = (a,b) € P, we obtainusa b (X Y) =
Xp(X,y) =1, if (x,y) = (a,b), and O otherwise.

The second definition uses a membership function that returndetiree of proximityf a point to a
reference poinp. That is, we consider that the poif¢ y) is “approximately(a, b)” or “about (a,b)” to the
degregusap (X,Y). A fuzzy pointi(a, b) is then generally defined by

() Hpanb) is upper semicontinuoBs

(i) Hpab) (x,y) = 1if, and only if, (x,y) = (a,b)
(i) VO0<a<1:p~%isaconveg subset ofR?

The “distance-based” membership function

3A function f : X — R is upper semicontinuous= ¥V r € R : {x| f(x) < r} is open. (The notation::” means “is defined as
being equivalent”.)

4A setX C R?is calledconvex< V p,ge R2VYA e R* withO<A < 1:r=Ap+(1—A)ge X (p, g, andr are here regarded
as vectors).



Mo(ap) (% y) = ¢ (% (y-b)?)

with ce R™, ¢ > 1, andA > Oillustrates this definition. The degree of proximity decreasgxas moves
further away from(a,b). It reaches 1 i{x,y) = (a,b).

Unfortunately, this membership function with unbounded support is difficult to represent. Alternatively,
we can employ the following, restricted but more practical function which defines a circle giatmavith
radiusr e R*:

(x—a)2+(y—b)2 . 2 y s
1-Y=———-= - if (x—a _b2<r
Hp(ap) (X,Y) = g ( _) +(y—b)?<
0 otherwise

Next, we define thregeometric primitive®n fuzzy points which are valid for both definitions of fuzzy
points. Letp(a,b),q(c,d) € Pr with a,b,c,d € R. Then

) p(ab) =d(c.d) = a=cAb=d A Usab) = Hjca)
(ii) p(a,b) #q(c,d) = —(p(a,b)=q(c,d))
(i)  P(a,b) andf(c,d) aredisjoint :< supgdf(a,b))Nsupdd(c,d)) =<
In contrast to crisp points, for fuzzy points we also have a predicate for disjointedness. We are now able
to define an object of the fuzzy spatial data tfpeintas a set of disjoint fuzzy points:

fpoint={Q C Pt |V p,§ € Q: p(a,b) and(c,d) aredisjoint A Qs finite}

Disjointedness of the single fuzzy points of a fuzzy point object is required since the membership degree
of each single fuzzy point should be unique.

FUZZY LINES

This subsection provides a concept diiazy lineobject and introduces a corresponding fuzzy spatial data
typefline. First, we informally discuss some features of fuzzy lines and compare them to crisp lines. Then,
we give their formal definition.

WHAT ARE FUZZY LINES?

Lines are the one-dimensional, geometric abstraction for linear features like rivers, boundaries, and trans-
portation routes. Each crisp line is a subset of the Euclidean f®&ngith particular properties. Each
element of a single crisp line is a crisp point that definitely and totally belongs to the line. A crisp line object
(see, for example, Schneider, 1997; Schneider & Behr, 2006) includes a finite set of blocks. Each block
consists of a finite set of simple lines (curves) such that each pair of simple lines is either disjoint or meets
in a common end point.

Fuzzy lines are supposed to adopt the fundamental structure of crisp lines. That is, a fuX-éise
the same linear geometry as a crisp line and is hence a sub®ét hbwever, each point ok may only
be to some degree a memberXf For example, the pollution of a river can be represented by the line
geometry of the river where each point represents the degree or concentration of pollution at that location.
The concentration is larger than O for all points of the fuzzy line but usually different at different locations.

FORMAL DEFINITION OF FUZZY LINES

We now specify the fuzzy spatial data tyfi@e for fuzzy lines For that, we first introduce simplefuzzy

line as a continuous curve with smooth transitions of membership grades between neighboring points of the
line (Figure 1(a)). We assume a total orderRhwhich is given by the lexicographic ordex* on the
coordinates (firsk, theny) of the points ofR?. The membership function of simple fuzzy lind is then

defined by



W fr — [0, 1] with f;: [0,1] — R? such that
(i) yyis continuous
(i) f;is continuous
(i) Vabel0,1:a#b = fi(a) # fi(b)
(iv) vYae{0,1}Vbe]0,1]: fi( );Afl( b)
V) f(0) < (1) v (fr(0) = f(1) A va€]0,1]: f(0) < fr(a))

Function f; on its own models a continuous, simpesp line (acurve. The pointsf;(0) and f;(1)
are called thend pointsof f. The definition allows loopsff(0) = f(1)) but prohibits equality of interior
points and thus self-intersections (condition (iii)). The reason is that self-intersections do not occur in spatial
reality; hence, our model excludes them. Condition (iv) disallows the equality of an interior point with an
end point. Condition (v) requires that incébosed simple line(0) must be the leftmost point, that is, the
smallest point with respect to the lexicographic ordef.” The main reason of the conditions (iii) to (v)
is to ensure the uniqueness of representation of a simple fuzzy line. For example, consider a simple line
that intersects itself one time and is not closed. An alternative to model this configuration is to model the
intersection point explicitly with three incident simple lines from which one line forms a closed loop. This
alternative concept leads to a unique representation.

All conditions together define a fuzzy lirieas the fuzzy point sdt= {(p,(p))|p € ([0,1])}. Let
SLs be the set of fuzzy simple lines, and Ieti; € SLs. Then we define:

() [1andi;aredisjoint < supgii)Nsupriz) = @
(i) l1andl; meet < f(001) N (J0,1) =2 A {f,(0), f, (D} N {f,(0), fi, (1)} # &

A fuzzy bloclb is the fuzzy seb = (J, i such thal

() neN,V1<i<n:ijeSL

(i) vi<i<j<n:f(0,1)Nf; (0,1) =2

(i) V1<i<j<n:{f(0),f()}Nf(10,1) =2 A fi(

(v) Vi<i<n3i<j<nj#i:{f(0),f(1}n{f0),

(v) Vlgi,jgnVa,ke{O,l}IetVlf‘:{(J k)| f; ():f
vi<i<nvVae{01}:(V?=1) v (yvﬂa|>2)

(vi) V1<i<nvae{0,1}V(j,k) eV (f;(a)=uw;(f; k)

10,1) N {; (0), ff (1)} = &
(1)} #2
(K

}. Then we require:

Intuitively, a fuzzy block is a maximal, connected fuzzy line component (Figure 1(b)). Condition (i)
states that a fuzzy block consists of a finite set of fuzzy simple lines. Condition (ii) requires that the elements
of a fuzzy block do not intersect or overlap within their interior. Moreover, they may not be touched within
their interior by an endpoint of another element (condition (iii)). The main reason for both conditions is
again their uniqueness of representation. Condition (iv) ensures the property of connectivity of a fuzzy
block; isolated fuzzy simple lines are disallowed. Condition (v) expresses that each endpoint of an element
of b must belong to exactly one or more than two incident elemeriigiodte that alwaysi,a) Va) This
condition supports the requirement of “maximal elements” and hence achieves uniqueness of representation.
Condition (vi) requires that the membership values of more than two elementgitsfa common end point
must have the same membership value; otherwise we get a contradiction saying that a point of a fuzzy block
has more than one different membership value.

The set of all fuzzy blocks oveBL; is denoted byB;. The disjointedness of any two fuzzy blocks
by, by € Bt is defined as follows:

by andb, aredisjoint :< supp(by) Nsupgbz) =

5The application of a functior to a setX of values is defined as(X) = { f(x) | xe X}.
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Figure 1: Example of a simple fuzzy line (a) and a (complex) fuzzy line (b). Fuzziness is indicated by
shading. The complex fuzzy line consists of two fuzzy blocks that are made up of seven fuzzy simple lines.

r.'lu

A fuzzy spatial data type for fuzzy lines calléthe can now be defined in two equivalent ways. The
structured viewor component vievus based on fuzzy blocks:

fline={U",bilneN AV1<i<n:beBs AV1<i<j<n:b andb; aredisjoint}
The “unstructured view” is based on fuzzy simple lines:

fline= {UM,fijmeN A V1<i<m:ijeSk A o
V1<i< j<m:(ljandlj aredisjoint v |j andl; meey A
vi<i<nvae{01}: (V¥ =1) v (V¥ >2)}

An example of a fuzzy line object is given in Figure 1(b).

FUZZY REGIONS

The aim of this subsection is to develop and formalize the conceptfafzy regionand to introduce a
corresponding fuzzy spatial data tyfsegionfor them. First, we informally discuss some intrinsic features

of fuzzy regions and compare them to classical crisp regions. Then, we provide their formal definition.
Finally, we give some examples of possible membership functions for them.

WHAT ARE FUZZY REGIONS?

Research on spatial data modeling has so far focused on crisp or determinate spatial objects. The properties
of crisp regionshave been described in many publications. A very general definition defines a crisp region
as a set of disjoint, connected areal components, ctdlegs possibly with disjointholes(Clementini &

Di Felice, 1996b; Schneider, 1997; Schneider & Behr, 2006) in the Euclidean Bgackhis model has

the nice property that it is closed under (appropriately defined) geometric union, intersection, and difference
operations. For example, if we intersect two crisp regions, the result is always a crisp region. The model
also allows crisp regions to contain holes and islands within holes to any finite level.

By analogy with the generalization of crisp sets to fuzzy sets, we strive for a generalization of crisp
regions to fuzzy regions on the basis of the point set paradigm and fuzzy concepts. At the same time we
would like to transfer the structural definition of crisp regions (that is, the component view) to fuzzy regions.
Thus, the structure of a fuzzy region is supposed to be the same as for a crisp region but with the exception
and generalization which amounts to a relaxation and hence greater flexibility of the strict belonging or
non-belonging principle of a point in space to a specific region and which enables a partial membership of a
point in a region. This is just what the term “fuzzy” means here.

There are at least three possible, related interpretations for a point in a fuzzy region. First, this situation
may be interpreted as tlueegree of belongingp which that point isnsideor part of some areal feature.
Consider the transition between a mountain and a valley and the problem to decide which points have to
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Figure 2:Example of a fuzzy region consisting of two fuzzy faces as components.

be assigned to the valley and which points to the mountain. Obviously, there is no strict boundary between
them, and it seems to be more appropriate to model the transition by partial and multiple membership.
Second, this situation may indicate ttiegree of compatibilityf the individual point with the attribute or
concept represented by the fuzzy region. An example are “warm areas” where we must decide for each
point whether and to which grade it corresponds to the concept “warm”. Third, this situation may be viewed
as thedegree of concentratioof some attribute associated with the fuzzy region at the particular point. An
example is air pollution where we can assume the highest concentration at power stations, for instance, and
lower concentrations with increasing distance from them. All these related interpretations give evidence of
fuzziness

When dealing with crisp regions, the user usually does not employ point sets as a method to conceptu-
alize space. The user rather thinks in terms of sharply deterrbimecdariesenclosing and grouping areas
with equalproperties or attributes and separating different regions with different properties from each other;
he or she has purelyualitativeconcepts in mind. This view changes when fuzzy regions come into play.
Besides the qualitative aspect, in particular tluantitativeaspect becomes important, and boundaries in
most cases disappear (between a valley and a mountain there is no strict boundary!). The distribution of
attribute values within a region and transitions between different regions nsagdehor continuous This
feature just characterizes fuzzy regions.

There are a lot of spatial phenomena showing a smooth behavior. Application examples are air pollution,
temperature zones, magnetic fields, storm intensity, and sun insolation. Figure 2 demonstrates a possible
visualization of a fuzzy region object which could model the expansion of air pollution caused by (two
nearby) power stations. The left image shows a radial expansion of the first power station where the degree
of pollution concentrates in the center (darker locations) and decreases with increasing distance from the
power station (brighter locations). The right image shows the distribution of air pollution of the second
power station that is surrounded by high mountains to the north, the south, and the west. Hence, the pollution
cannot escape in these directions and finds its way out of the valley in eastern direction. In both cases we
can recognize the smooth transitions to the exterior. We call each connected compozeptface

FORMAL DEFINITION OF FUZZY REGIONS

Since our objective is to model two-dimensional fuzzy areal objects for spatial applications, we consider a
fuzzy topologyZ on the Euclidean planig?. In this spatial context, we denote the elementg aisfuzzy
point sets The membership function for a fuzzy point #eit the plane is then described by:R2 — [0,1].

From an application point of view, there are two observations that prevent a definition of a fuzzy region
simply as a fuzzy point set. We will discuss them now in more detail and at the same time elaborate
properties of fuzzy regions.

Avoiding Geometric Anomalies: Regularization.The first observation refers to a necessagularization
of fuzzy point sets. The first reason for this measure is that fuzzy (as well as crisp) regions that actually
appear in spatial applications in most cases cannot be just modeled as arbitrary point sets but have to be
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Figure 3: Example of a fuzzy set that is not fuzzy region due to lower-dimensional, geometric anomalies
like cuts, punctures, and dangling lines.

represented as point sets that do not have “geometric anomalies” and that are in a certaiagséase
Geometric anomalies relate to isolated or dangling line or point features and missing lines and points in the
form of cuts and punctures. Spatial phenomena with such degeneracies never appear as entities in reality.
The second reason is that, from a data type point of view, we are interested in fuzzy spatial data types that
satisfy closure properties for (appropriately defined) geometric union, intersection, and difference.

We are, of course, confronted with the same problem in the crisp case where the problem can be avoided
by the concept ofegularity (Tilove, 1980; Schneider, 1997). It turns out to be useful to appropriately
transfer this concept to the fuzzy case. Bdie a fuzzy set of a fuzzy topological spa@?, 7). Then

Ais called aregular open fuzzy séft A = int(cls(A))

Whereas crisp regions are usually modeledegsilar closed crisp setsve will useregular open fuzzy
setsdue to their vagueness and their usual lack of boundaries. Regular open fuzzy sets avoid the aforemen-
tioned geometric anomalies, too. Since application examples show that fuzzy regions can also be partially
bounded, we admipartial boundarieswith a crisp or fuzzy character. For that purpose, we define the

frontier of a fuzzy set as (The notation=" means “is defined as”.):

frontier,- (&) == {((xY), Hi(x.¥)) | (x.Y) € SupgA) — supiiint.-(A))}

The termsupgA) — supgint,(A)) determines the crisp locations of all fuzzy pointsfofhat are not
interior points. However, these locations do not necessarily all belong to the boundasjneeA has not
been constrained so far. This is done in the following definition.

A fuzzy setAis called aspatially regular fuzzy sét, and only if,

0] intT(A) is a regular open fuzzy set
(i) frontiers(A) C frontier, (cly (into(A)))

(iii) frontier,(A) is a partition ofn € N connected boundary parts (fuzzy sets)

Not every sefA is a spatially regular fuzzy set. Therefore, condition (i) ensures that the interfor of
is without any geometric anomalies. The other two conditions arrange for a correct (partial) boundary if
it exists. Condition (i) works as follows: On the right side af™ the setA’ = cl(int+(A)) is aregular
closed fuzzy sethat is, the interior oA is complemented by its boundary without any geometric anomalies.
Hence, thefrontier, operator applied ta\ yields the boundary of’. The condition now requires that
the frontier ofA is a subset of the frontier & and does not contain other fuzzy points. Condition (iii)
states that the frontier @ has to consist of a finite number of connected pieces due to the “finite component
assumption” explained before. Infinitely many boundary pieces cannot be represented in an implementation.
From the definition ofrontier.., we can conclude thdtontier, (A) = & if A is regular open. We will
base our definition of fuzzy regions on spatially regular fuzzy sets and defiegutarizationfunction
reg; which associates the interior of a fuzzy detvith its corresponding regular open fuzzy set and which
restricts the partial boundary &f(if it exists at all) to a part of the boundary of the corresponding regular
closed fuzzy set of:
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regs (A) := intr(clz (A)) U (frontier (A) N frontier, (cl+ (intr (A))))

The different components of the regularization process work as followsntéméor operatorints elim-
inates dangling point and line features since their interior is empty.cldseireoperatorcl; removes cuts
and punctures by appropriately adding points. Furthermoresltiseireoperator introduces a fuzzy bound-
ary (similar to a crisp boundary in the ordinary point-set topological sense) separating the points of a closed
set from its exterior. The operatfrontier; supports the restriction of the boundary.

The following statements about set operations on regular open fuzzy sets are given informally and with-
out proof. The intersection of two regular open fuzzy sets is regular open. The union, difference, and
complement of two regular open fuzzy sets are not necessarily regular open since they can produce anoma-
lies. Correspondingly, this also holds for spatially regular fuzzy sets. Hence, we intnetudarized set
operationson spatially regular fuzzy sets that preserve regularity A& be spatially regular fuzzy sets of
a fuzzy topological spacg®?, 7), and leta—b = a— b for a> b anda-b = 0 otherwise § b € R}). Then

(i) AU B:=reg(AUB)
(i) A B:=regi(AnB) )
(i)  A—rBi=regi({((xy),Hz_s(%Y) [ (Xy) € SUPHA) A Hz_ 5(XY) =Ha(XY)—H5(X,Y)})

(V) A= regs(-A)

Note that we have changed the meaning of difference fe.; B £ AN, —B) since the right side of
the inequality is not meaningful in the spatial context. Regular open fuzzy sets, spatially regular fuzzy
sets, and regularized set operations express a natural formalization of the desired closure properties of fuzzy
geometric set operations. In the crisp case, this is taken for granted but mostly never fulfilled by spatial type
systems, geometric algorithms, spatial database systems, and GIS.

Whereas the subspaB&CCSof regularclosedcrisp sets together with the crisp regular set operations
“@" (geometric union) and®” (geometric intersection) and the set-theoretic order relatiohforms a
Boolean lattice, this is not the case RFSdenoting the subspace ghatially regularfuzzy sets. Here
we obtain the (unproven but obvious) statement 8RIESogether with the regularized set operations™
and ‘N;"” and the fuzzy set-theoretic order relatiofn™is a pseudo-complemented distributive lattice. This
|mpI|es that (i) SRFSC) is a partially ordered set (reflexivity, antisymmetry, tranS|t|V|ty) (ii) every pair
B of elements oSRFShas a least upper bouddJ; B and a greatest lower bourdd; B, (iii) (SRFSC) has
a maximal element®” := {((x%y),1(x,¥) | (x,y) € R? A u(x,y) = 1} (identity of “,”) and a minimal
elemen0® = {((x,y),u(x,Y)) | (xy) € RZ A p(x,y) =0} (identity of “U;"), and (iv) algebraic laws like
idempotence, commutativity, associativity, absorption, and distributivity holdfgrand “n;,”.

(SRFS Q) is not a complementary lattice. Although the algebraic laws of involution and dualization
hold, this is not true for the laws of complementarity. If we take the standard fuzzy set operations presented
in the Section “Fuzzy Sets and Fuzzy Topology” as a basis, the law of excluded nidgleA = 1R
and the law of contradictioAn, —A = 0% do not hold in general. This fact explains the term “pseudo-
complemented” from above and is not a weakness of the model but only an indication of fuzziness.

Modeling Smooth Attribute Changes: Continuous Membership Functions.The second observation is

that, according to the application cases shown before, the mappigelf may not be arbitrary but must

take into account the intrinsic smoothness of fuzzy regions. This property can be modeled by the well known
mathematical concept @ontinuity Here, we employ the concept of a piecewise continuous function for
modeling the smooth membership distribution in a single fuzzy face. A functipiretewise continuous

if it is made of a finite number of continuous pieces. Hence, it has only a finite humbksaointinuities
(continuity gap} and its left and right limits are defined at each discontinuity. The only possible kinds of
discontinuities for a piecewise continuous function are removable and step discontinuittemo®able
discontinuityrepresent a hole in the function graph. It can be repaired by filling in a single poistepA
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discontinuity(also calledsemi-continuityis a location in the function graph where the graph steps or jumps
from one connected piece of the graph to another. Formally, it is a discontinuity for which the limits from
the left and right both exist but are not equal to each other.

Defining Fuzzy Regions.We can now give the definition of a fuzzy spatial data type for fuzzy regions
calledfregion It supports thestructured viewand is based on fuzzy faces:

fregion= {Re SRFS () R=U",R,neN
(i) V1<i<n:R isaconnected component (fuzzy face)
(i) Hg=Ul1Mg
(iv) V1<i<n:pg isapiecewise continuous functipn
Since different connected components of a set are disjoint (except for single common boundary points
perhaps), the fuzzy faces of a fuzzy region object are disjoint too.
To give an equivalent definition for the unstructured view turns out to be difficult since most properties
of the structured view have to be repeated. We there omit it here.

EXAMPLES OF MEMBERSHIP FUNCTIONS FOR FUZZY REGIONS

In this subsection we give some simple examples of membership functions which fulfil the properties re-
quired in the previous subsection. The determination of suitable membership functions is the difficulty in
using the fuzzy set approach. Frequently, expert and empirical knowledge is necessary and used to de-
sign appropriate functions. We start with an example for a smooth fuzzy region. By taking a crisp region
A with boundaryBp as a reference object, we can construct a fuzzy region on the basis of the following
distance-based membership function:

N 1 if (xy) €A
Ha(X,Y) = {aid((x,w,m) if (x,y) A

whereae R™ anda > 1, A € R* is a constant, and((x,y), Ba) computes the distance between pdigt)
and boundanBa in the following way:

d((x,y),Ba) = min{dist((xy), (X,Y)) | (X,¥) € Ba}

wheredist(p, q) is the usual Euclidean distance between two pgintse R2. Unfortunately, this member-
ship function leads to an unbounded spatially regular fuzzy set (regular open fuzzy set) which is impractical
for implementation. We can also give a similar definition of a membership function with bounded support:

1 if (x,y) €A
HA(xY) =  1—xd((x,y),Ba) if (x,y) € A d((X,y),Ba) <A
0 otherwise

In the same way as the distance from a point outsidetofB, increases ta, the degree of membership
of this point toA decreases to zero.

Usery (1996) also presents membership functions for smooth fuzzy regions. The applications considered
are air pollution defined as a fuzzy region with membership values based on the distance from a city center
and a hill with elevation as the controlling value for the membership function. Lagacherie, Andrieux, &
Bouzigues (1996) models the transition of two smooth regions for soil units with symmetric membership
functions. Burrough (1996) uses arpriori imposed membership function with which individual spatial
objects can be assigned membership grades. This is known seartfaatic import approacbr model
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A method to design a membership function for a finite-valued fuzzy regionmptissible membership
values (truth values) is to code thesalues by rational numbers in the unit inter{@|1]. For that purpose,
the unitinterval is evenly divided into— 1 subintervals and takes their endpoints as membership values. We
obtain the sel, = ﬁ Ine N,0<i<n-—1} of truth values. This is an example ofwzzy plateau region
since we obtaim regions of equal membership each, that is, a plateau. Assuming that we intend to model
air pollution caused by a power station located at ppirt R?, we can define the following (simplified)
membership function fon = 5 degrees of truth representing, for instance, areas of extreme, high, average,
low, and no pollutiond,b,c,d € R™ denote distances):

-~

1 if dist(p,(x,y)) <a
3 ifa<dist(p,(xy)) <b
Ha(xy) = 3 if b<dist(p,(xy)) <c
I ifc<dist(p,(xy)) <d
0 ifd<dist(p,(xy))

Ve

FUZZY TOPOLOGICAL PREDICATES

Topological relationshipsharacterize the relative locations of two spatial objects to each other, for example,
whether theyoverlap meet or aredisjoint. In spatial databases and GIS, they are important for formulating
spatial selections and spatial joins; they are usually used in the WHERE clause of an SQL statement. In
this section, we present a concepttopological predicatedor fuzzy spatial data types on the basis of
available topological predicates for crisp spatial data types. The concept is generic and applicable to each
pair of fuzzy spatial data types. Further, we assume spatial objects with the most general structure including
multiple components and holes in regions; they are also cetletplex spatial objects contrast tassimple

spatial objectsincluding only single points, continuous lines, and simple regions that are topologically
equivalent to a disk. First, we form the basis and introduce crisp topological predicates. Then, we show how
they can be leveraged for a formal definition of fuzzy topological predicates. Finally, we demonstrate how
fuzzy topological predicates can be deployed for querying in a database system.

TOPOLOGICAL PREDICATES ON COMPLEX CRISP SPATIAL OBJECTS

We introduce crisp topological predicates with an example. Consider the map of the 50 states of the USA.
Each state has besides its thematic attributes like name and population also a geometry which describes its
territory. It can have holes (like enclaves) and consist of several components (like mainland and islands).
Cities can be modeled as points, that is, we are here interested in their location only and not so much in their
extent. In a relational database management system (DBMS), we can declare them in the two relations
Here,pointandregionare crisp spatial data types. They are used in the same way as standard data types
like string andinteger. A query could ask for all pairs of city names and state names where a city is located
in a state. This can then be formulated apatial joinquery:

select cname, sname
from cities, states
where locationinsideterritory

The terminsideis a topological predicate testing whether a point is located inside a region and yielding
a Boolean value as a result. All existing topological predicates can be used instesidef

Interdisciplinary research on crisp topological relationships has lead to a large number of publications
in spatial databases, GIS, linguistics, cognitive science, and the geosciences. Two main questions are in the
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Figure 4: The eight topological relationships between two simple regldasdB: disjoint (a), meet(b),
overlap(c), equal(d), contains(e), inside(f), covers(g), andcoveredBy(h).

focus of interest. The first issue relates to the design of appropriate models for crisp topological relationships
such that the relationships are expressive, mutually exclusive and hence unique, and cover all topological
configurations between two spatial objects. The second issue refers to an efficient implementation of the
topological predicates, which requires geometric data structures and algorithnSdroputational Geom-
etry (de Berg & van Krefeld & Overmars & Schwarzkopf, 2000). A detailed discussion of both issues is far
beyond the scope of this chapter.

Our definitions of fuzzy topological relationships are based on the so-caitgdr@ection modglEgen-
hofer, 1989) from which a complete collection of mutually exclusive topological relationships can be derived
for each combination of the crisp spatial tygesnt, line, andregion The model is based on the nine possi-
ble intersections aboundary interior, andexterior (Gaal, 1964) of a spatial object with the corresponding
components of another obje@-@ = 9 combinations). Each intersection is tested for the topologically in-
variant criteria of non-emptinesg® = 512 different spatial configurations are possible from which only a
limited subset makes sense depending on the combination of spatial objects just considered. For example,
for two simple regions (no multiple components, no holes), eight meaningful configurations have been iden-
tified which lead to the eight topological predicatisjoint, meet overlap equal inside contains covers
andcoveredByillustrated in Figure 4. Egenhofer (1986) presents a derivation of the topological relation-
ships between two simple lines, two simple regions, and a simple line and a simple region. Schneider &
Behr (2006) generalize this work to all nine combinations (including three symmetric combinations) of the
complex spatial data typgwint, line, andregion and give a thorough, systematic, and complete specifi-
cation of topological relationships for all type combinations together with a prototypical visualization of
each predicate. Table 1(b) shows the increase of topological predicates for complex objects compared to
simple objects (Table 1(a)). The collection of topological predicates is proven to be mutually exclusive and
complete for each spatial data type combination. The large amount of topological predicates in Table 1(b),
which can be used individually but are difficult to handle, has led to the concegsitred topological
predicategSchneider & Behr, 2006). The idea is to merge topological predicates with similar features to
a single clustered predicate. Different predicate clusters are possible. Schneider & Behr (2006) propose

simple simple simple complex complex complex
point line  region point line region
simple point| 2 3 3 complex point 5 14 7
simple line 3 33 19 complex line 14 82 43
simple region| 3 19 8 complex region 7 43 33
(a) (b)

Table 1:Numbers of topological predicates between two simple spatial objects (a) and between two complex
spatial objects (b)
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a cluster that results in the s& = {disjoint, meetoverlap equal inside containscoverscoveredBy of
clustered topological predicates falt pairs of complex spatial data types.

TOPOLOGICAL PREDICATES ON COMPLEX FUZZY SPATIAL OBJECTS

The concept of topological predicates on complex fuzzy spatial objects that we propose now amounts to a
counterpart ofl, that is, to a collectioffs = {disjoint, meet, overlap, equa}, inside, containg, covers,
coveredBy} of fuzzy topological predicates. Itis generic in the sense that it is applicable to all combinations
of the fuzzy spatial data typdgoint, fline, andfregion It is able to answer queries like

e Do regionsA andB overlapa little bit?

e Determine all pairs of regions thaearly completelypverlap.
e Does regiorA somewhatontain regiorB?

e Which regions liquiteinsideB?

In a similar way as we can generalize the characteristic fungtionX — {0,1} to the membership
function iz : X — [0,1]% we can generalize a (binary) predicge: X x Y — {0,1} to a (binary)fuzzy
predicate p: X x Y — [0,1]. Hence, the value of a fuzzy predicate can be interpreted as the degree to which
the predicate holds for its operand objects. In our case of topological prediXates,{point line, region},

{0,1} = bool, pc € T, andX,V¥ e {fpoint fline, fregion} hold. For the sef0,1] we introduce a new type
fboolfor fuzzy booleans

For the definition of fuzzy topological predicates, we describe a fuzzy spatial dhjegte {fpoint,
fline, fregion} in terms of nested-level sets @-cuts) (see Section “Fuzzy Sets and Fuzzy Topology”). They
represent crisp spatial obje@s? for ana € [0,1] and are defined as

A= =reg({(xy) € R?|uz(xy) > a})

Without going into detail, the functioreg, is a regularization function that adjusts geometric anomalies
for all three crisp spatial data types. We o&dl2 an a-level spatial object Clearly, A>3 is a crisp spatial
object which is defined by all points with membership value greater than or equaltee core ofA is then
equal toAl0. A property of thea-level spatial objects of a fuzzy spatial object is that they are nested, that
is, if we select membership valugs= a; > a, > --- > ap > dp 1 = 0for somen € N, then we obtain

A= C A=>02 Cc---C A=0n C AZOn+1

For showing that the proper inclusion relationship holds betweemtlevel spatial objects, we can
distinguish two cases. First,|if ;| = n+1, then for anyp € A=% — A=%-1withi € {2,...,n+1}, ya(p) = a;
holds. We obtairfuzzy plateau objectshat is, each spatial object is annotated with a single membership
value. For the case thilz| > n+1, we getuz(p) € [0, ai_1) which leads tanterval-based spatial objects
that is, each spatial object is annotated with an interval of membership values. As a result, we obtain:

A fuzzy spatial objectan be represented as a finite senai-level spatial objects, that is,
A={A=% |1<i<n n<|Az] € N}withaj >ai; = A2 C A% for1<i<n-—1

From an implementation point of view, one of the advantages of using finite collectienteuél sets
to describe fuzzy spatial objects is that available geometric data structures and geometric algorithms known
from Computational Geometry (de Berg & van Krefeld & Overmars & Schwarzkopf, 2000) can be applied.
The open question now is how to compute the topological relationships of two collectionrieoél
spatial objects, each collection describing a fuzzy spatial object. We use the concept of basic probability

6Note thatya is a unary crisp predicate and thatis a unary fuzzy predicate.
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assignment (Dubois & Jaulent, 1987) for this purposebasic probability assignmenh(A=%) can be
associated with each-level regionA=% and can be interpreted as the probability tAati is the “true”
representative oA. It is defined as

m(AZO‘i) =0;— 01

for 1 <i < nfor somen € N with a; = 1andan,.1 =0. That is,mis built from the differences of successive
aj's. Itis easy to see that for the telescoping sum holds:

n
Zlm(Azai) =01—Opp1=1-0=1

Let g (A, B) be the value that represents a (binary) propgrtigetween two fuzzy spatial objectsand
B of equal or different data types. For reasons of simplicity, we assuméhat/\z =: A\. Otherwise, it
is not difficult to “synchronize’A\; andAg by forming their union and by reordering and renumbering alll
levels. Based on the work in (Dubois & Jaulent, 1987), propaitgf A andB can be determined as the
summation of weighted predicates by

WA =3 3 ) men) w5

whereTi,(A=% B=%) yields the value of the corresponding propemgyfor two crispa-level spatial objects
A=% andB=%. This formula is equivalent to

n
% (A,B) = le —Qjy1) - 0(j+1) 'ch(Azaiszqj)

If 7% is a topological predicate dfi = {disjoint, meet, overlap, equa}, inside, containg, covers,
coveredBy} between two fuzzy spatial objects, we can compute the degree of the corresponding relationship
with the aid of the pertaining crisp topological predicatec T.. The value ofri,(A=% B=%) is either 1
(true) or O (falsg. Once this value has been determined for all combinatiowslefrel spatial objects from
A andB, the aggregated value of the topological predloa(é\ B) can be computed as shown above. The
more fine-grained the level satfor the fuzzy spatial object& andB is, the more precisely the fuzziness of
topological predicates can be determined.

It remains to show thal < 1% (A l§) < 1holds, that st is really a fuzzy predicate. Sincg — a1 >0
for all 1 <i < nand sincat.(A>% B>%) > Oforall 1<i,j <n, (A B) > 0 holds. We can show the other
inequality by determining an upper bound ftm(A, B):

=}
=}

(A B) = (0 — Oti1) - (O — Oj41) - Ter (A%, B=Y)
1

sl

INA
&M:

(0 — Qi) - (0 — jo1)  (Sincer (A%, B2%) < 1)

0( 02)(0lg — O2) + -+ + (01 — 02) (An — Olpy1) + -+ +
0‘n+1)(0(1—0l2) 4+ (An— Oy 1) (0p — Oy 1)

(
(0

= (01— 0) (01 —02) + -+ (O —0ny1)) + -+
(an— O(n+1)((0(1—0(2)+"'+(Ofn—O(n+n1))

= (0p—02)+---+(0p—0Ony1) (sinceZ(ai—aiH):D

-1 -
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Hence (A, B) < 1 holds.

This generic predicate definition reveals its quantitative character. If the predig#te® B=%1) is
never fulfilled, the predicates (A, I§) yieldsfalse The morea-level spatial objects ofA and B fulfil the
predicater,(A=% B=%), the more the validity of the predicate increases. The optimum is reached if all
topological predicates are satisfied.

DATABASE INTEGRATION OF AND QUERYING WITH FUZZY TOPO-
LOGICAL PREDICATES

In this section, we demonstrate how fuzzy spatial data types can be used in a relational database system and
how fuzzy topological predicates can be integrated into an SQL-like spatial query language.

We have shown before the integration of crisp spatial data types into a relational database schema when
we discussed the relation schenséatesandcities The integration of fuzzy spatial data types takes place
in the same way. For example, assuming that we have a refaiaution which stores among other things
the blurred geometry of polluted zones as fuzzy regions, and a relatidnse which keeps information
about the use of land areas and which stores their vague spatial extent as fuzzy regions. Finally, we assume
that we are given living spaces of different animal species in a relationalsand that their vague extent
is also represented as a fuzzy region. We obtain relation schemas like

pollution(pollid: integer, pollzone: fregion, .)
landuse(lid: integer, name: string, use: string, area: fregion,
animals(aid: integer, name: string, territory: fregion)

We can make the following observations. Complex data typespliket, line, region, fpoint, fline, and
fregion are used in the same manner as attribute data types as standard data tyegéikbool, anddate
The main difference is that the former data types have an internal complexity that is hidden from the user
and only accessible by operations (methods) and predicates. The data type representation is not scattered
over a collection of relation tables but concentrated in the attribute value representing the complex object.
This has the main advantage that the implementation of a complex data type can be exchanged and improved
without any consequences for the query language and application programs. This apgnoaghts to the
concept ofabstract data types in databasgitonebraker, Rubenstein, & Guttman, 1983).

In the particular fuzzy context, we can make an additional observation. The aspect of fuzziness is
neither explicitly modeled at the tuple level nor at the attribute level. It is represented and hidden inside the
representation of fuzzy spatial objects, that is, only the fuzzy spatial data types know about and are able to
handle the fuzzy aspects. The advantages of this concept are that object-relational database management
systems can be used which integrate fuzzy spatial data types by the well known UDT (user defined type)
mechanism and that the standard relational database theory is still valid and not subject to changes like the
corresponding theory for fuzzy databases that deviates from the standard theory.

The fact that the membership degree yielded by a fuzzy topological predicate is a computationally
determined quantification between 0 and 1, that is, a fuzzy boolean, impedes a direct integration of fuzzy
predicates into SQL, which is the standard query language of relational databases. First, it is not very
comfortable and user-friendly to use such a numeric value in a query. Second, spatial selections and spatial
joins expect crisp predicates with Boolean values as filter conditions and are not able to cope with fuzzy
predicates.

As a solution, we propose to embed adequate qualitative linguistic descriptions of nuances of topological
relationships as appropriate interpretations of the membership values into a spatial query language. For

“It also relieves us of the necessity to describe the implementation of fuzzy spatial data types. Such a description requires
sophisticated concepts from Computational Geometry and is beyond the scope of this chapter.
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Figure 5: Membership functions for fuzzy modifiers.

instance, depending on the membership value yielded by the predisiate, we could distinguish between
notinside,a little bit inside,somewhainside,slightly inside,quiteinside,mostlyinside,nearly completely
inside, andcompletelyinside. Thesduzzy linguistic termgan then be incorporated into spatial queries
together with the fuzzy predicates they modify. We call these téuzwy modifiersince their meaning is
that of intensifying or relaxing the constraint expressed by the primary term to which they are applied. For
instancesomewhat insidis a relaxation of the constraiimsidesince we can expect that it is better satisfied
thaninsideeven if some portions are outside. It is conceivable that a fuzzy modifier is either predefined and
anchored in the query language, or user-defined.

We know that a fuzzy topological predicate is defined asg : X x Y — [0,1] whereX andY are
fuzzy spatial data types. The idea is now to represent each fuzzy madifier= {not, a little bit, some-
what slightly, quite, mostly nearly completelycompletely by an approprlate fuzzy set with a membership
functionpy : [0,1] — [0,1]. Leta, B € {fpoint, fline, fregion}, Aca,andBep.

Let y1y be a quantified fuzzy predicate (lilmewhat insidevith y = somewhatnd s = inside).
Then we can define:

vyt (A B)=true = (ots)(AB)=1

That is, only for those values @f (A, B) for which My yields 1, the predicatert; is true. A membership
function that fulfils this quite strict condition is, for instance, the crisp partitiof0gf] into || disjoint
or adjacent intervals completely coverif@ 1] and the assignment of each interval to a fuzzy modifier.
If an interval [a,b] is assigned to a fuzzy modifigs the intended meaning is thay(Te (A, B)) = 1, if
a < 1% (A,B) < b, and0 otherwise. For example, we could select the inter{a 0.02) for not, [0.02,0.05]
for a little bit, [0.05,0.2] for somewhat[0.2,0.5] for slightly, [0.5,0.8] for quite, [0.8,0.95 for mostly
[0.95,0.98] for nearly completelyand[0.98,1.00] for completely

Alternative membership functions are shown by the fuzzy sets in Figure 5. While we can always find
a fitting fuzzy modifier for the partition due to the complete coverage of the int@vH| this is not nec-
essarily the case here. Each fuzzy modifier is associated Viithzg numbehaving a trapezoidal-shaped
membership function. The transition between two consecutive fuzzy modifiers is smooth and here modeled
by linear functions. Within a fuzzy transition arqg,yields a value less than 1 which makes the predicate
y1i; false. Examples in Figure 5 can be found0d, 0.5, or 0.8. Each fuzzy number associated with a
fuzzy modifier can be represented as a quadr(gle, c,d) where the membership function startat0),
linearly increases up t(h,1), remains constant up t@, 1), and linearly decreases up td,0). Figure 5
assigns(0.0,0.0,0.0,0.02) to not, (0.01,0.02 0,03,0.08) to a little bit, (0.03,0.08 0.15,0.25) to some-
what (0.15,0.25,0.45,0.55) to slightly, (0.45,0.55,0.75,0.85) to quite, (0.75,0.85,0.92,0.96) to mostly
(0.92,0.96,0.97,0.99) to nearly completelyand(0.97,1.0,1.0,1.0) to completely

So far, the predicategrt is only true ifpy, yields 1. We can relax this strict condition by defining:
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vy (A B)=true = (yoTs)(AB) >0

In a crisp spatial database system this gives us the chance also to take the transition zones into account
and to let them make the predicatg; true. When evaluating a fuzzy spatial selection or join in a fuzzy
spatial database system, we can even set up a weighted ranking of database objects satisfying the predicate
yTi; at all and being ordered by descending membership ddgreg,(x) > O.

A special, optional fuzzy modifier, denoted by all, represents the existential modifier and checks
whether a predicata; can be fulfilled to any extent. An example query is: “Do regiénandB (at all)
overlap?” With this modifier we can determine whethgix) > 0 for some value € [0, 1].

Assuming an available implementation of fuzzy spatial data types and fuzzy topological predicates, the
following few example queries demonstrate how fuzzy spatial data types and quantified fuzzy topological
predicates can be integrated into an SQL-like spatial query language. It is not our objective to give a full
description of a specific language.

What we need first is a mechanism to declare user-defined fuzzy modifiers and to activate predefined or
user-defined fuzzy modifiers. This mechanism should allow to specify trapezoidal-shaped and triangular-
shaped membership functions as well as crisp partitions. In general, this means to aédissfization
which could be expressed in the following way:

create classificationfq

(not (0.00,0.00,0.00,0.02),
a little bit (0.01,0.02,0,03,0.08),
somewhat (0.03,0.08,0.15,0.25),
slightly (0.15,0.25,0.45,0.55),
quite (0.45,0.55,0.75,0.85),
mostly (0.75,0.85,0.92,0.96),
nearly completely (0.92,0.96,0.97,0.99),
completely (0.97,1.0,1.0,1.0))

Such a classification could then be activated by
set classificationfq

Assuming our relationpollution, landuse andanimals we now pose some example queries. A query
could be to find out all inhabited areas where people are rather endangered by pollution. This can be
formulated in an SQL-like style as (we here use infix notation for the predicates):

select landuse.name

from  pollution, landuse

where landuse.use = “inhabitedind
pollution.pollzonequite overlapdanduse.area

This query and the following two ones represtrrzy spatial joinsAnother query could ask for those
inhabited areas lying almost entirely in polluted areas:

select landuse.name
from  pollution, landuse
where landuse.use = “inhabitedind
landuse.areaearly completely insidpollution.pollzone

For animals, we can search for pairs of species which share a common living space to some degree:
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select A.name, B.name
from animals A, animals B
where A.territory at all overlapsB.territory

As a last example, we can ask for animals that usually live on land and seldom enter the water or for
species that never leave their land area (the built-in aggregation fuscitiois here applied to a set of fuzzy
regions and aggregates this set by repeated application of fuzzy geometric union):

select name
from animals
where (select sungarea)from landuse)
nearly completely coverw completely coverterritory

CONCLUSIONS AND FUTURE WORK

In this chapter, we have introduced a fuzzy spatial algebra (type system) that introduces spatial data types for
fuzzy points, fuzzy lines, and fuzzy regions for a use in databases, and that includes fuzzy spatial operations
and fuzzy topological predicates operating on these data types. Structure and semantics of types, operations,
and predicates are formally defined on the basis of fuzzy set theory and fuzzy point set topology in an
abstract model. The characteristic feature of the design is the modeling of smoothness and continuity which
is inherent to the objects themselves and to the transitions between different fuzzy objects. Assuming an
implementation of the introduced fuzzy approach, we demonstrate how fuzzy spatial data types can be
employed as attribute data types in relation schemas on the basis of the abstract data type concept and how
fuzzy topological predicates can be leveraged in queries based on an extension of SQL.

A first research issue of future work refers to the design of additional fuzzy spatial operations and
predicates like directional relationships in order to complete the fuzzy spatial algebra. A second issue
relates to the implementation of the whole fuzzy spatial algebra. Appropriate data structures for the fuzzy
spatial data types have to be designed, and algorithms for the fuzzy spatial operations and predicates on
these data structures have to be devised. The design of fuzzy data structures and algorithms belongs to the
development of aliscrete model The abstract model can be seen apacificationof a discrete model.

A discrete model aims at finding finite representations for the data types of the abstract model as well as
algorithms operating on these finite representations for the operations and predicates of the abstract model.

Another interesting research topic refers to the developmefizzy spatial index structurds the
context of databases. While index structures for crisp spatial data have been widely explored, there is not
much research on index structures that include the aspect of spatial vagueness. Their design could lead to a
more efficient execution of fuzzy spatial joins and selections.
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KEY WORDS AND THEIR DEFINITIONS
Fuzzy spatial algebraA system of fuzzy spatial data types including a comprehensive set of fuzzy spatial
operations and fuzzy spatial predicates and satisfying closure properties.

Fuzzy spatial data typData type for representing a fuzzy point, fuzzy line, or fuzzy region object that can
be employed as an attribute data type in a database system.

Fuzzy spatial query languagé&ull-fledged query language that integrates fuzzy spatial data types, opera-
tions, predicates, modifiers, and other fuzzy concepts.

Fuzzy topological predicatéA predicate that characterizes the relative position of two fuzzy spatial objects
to each other.

Geometric anomalyResults of geometric set operations on fuzzy regions that from an application standpoint
are considered as degeneracies like isolated or dangling point or line features and missing points and lines
in the form of cuts and punctures in the interior of regions.

Regularization Formal concept based on fuzzy topology that removes geometric anomalies on fuzzy re-
gions.
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Spatial database systerfrull-fledged database system which, in addition to the functionality of standard
database systems for alphanumeric data, provides special support for the storage, retrieval, management,
and querying of spatial data, that is, objects in space.

Spatial fuzziness, spatial vaguenesterent property of many spatial objects in reality which do not have
sharp boundaries or whose boundaries cannot be precisely determined.

Topological spaceA setX together with a collectior?” of subsets o satisfying the following axioms:

(@) The empty set and are inZ7. (b) The union of any collection of sets ih is also inZ7. (c) The
intersection of any pair of sets @ is also inZ7. The collectionT is called atopologyon X, and the
elements oKX are calledoints Under this definition, the sets {h are theopen setsand their complements

in X are theclosed sets The requirement that the union of any collection of open sets be open is more
stringent than simply requiring that all pairwise unions be open, as the former includes unions of infinite
collections of sets.
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