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Abstract. Many geographical applications deal with spatial objects that cannot
be adequately described by determinate, crisp concepts because of their intrinsi-
cally indeterminate and vague nature. Current geographical information systems
and spatial database systems are unable to cope with this kind of data. To support
such data and applications, we present a modebgtie pointsvague linesand

vague regionsvhich covers and extends previous approaches. The formal frame-
work is based on already existing, general exact models of crisp spatial data types,
which simplifies the definition of the vague spatial model. In addition, we obtain
executable specifications for the operations which can be immediately used as
implementations. This paper gives a formal definition of the three vague spatial
data types as well as some basic operations and predicates.

1 Introduction

The current mapping of spatial phenomena of the real world to exclusively crisp, i.e.,
precisely determined, spatial objects is an insufficient abstraction process for many geo-
metric applications since often the featurespétial vaguenessr spatial indeterminacy
is inherent to many geometric and geographic data [2]. Applications based on this kind
of geometric data are so far not covered by current GIS and spatial database systems.

So far, often contrary to reality, spatial data modeling implicitly assumes that the po-
sitions of points, the locations and routes of lines, and the extent and hence the boundary
of regions are precisely determined and universally recognized. The properties of the
space at points, along lines, and within regions are given by attributes whose values are
assumed to be constant over the whole objects. Examples are man-made spatial objects
(e.g., monuments, highways, buildings) and predominantly immaterial spatial objects
(e.g., countries, districts, land parcels with their political, administrative, and cadastral
boundaries). We denote this kind of entitiecasp or determinate spatial objects

On the other hand, there are many geometric applications in which positions of
points are not exactly known, the locations and routes of lines are unclear, and regions
do not have sharp boundaries, or their boundaries cannot be precisely determined. Ex-
amples are social or natural phenomena (e.g., terrorists’ refuges and escape routes, pop-
ulation density, unemployment rate, soil quality, vegetation, oceans, oil fields, biotopes,
deserts). We denote this kind of entitiesvagueor indeterminate spatial objects

This paper presents an object model for defining spatial data typeadae points
vague linesandvague regiondlt rests on “traditional” (i.e., exact) modeling techniques



and extends, rather than replaces, the current theory of spatial database systems and
GIS. Further, moving from an exact to a vague domain does not necessarily invalidate
conventional (computational) geometry; it is merely an extension. Hence, exact object
models can be considered as special cases of our vague object modelgéd spa-

tial data typesand several vague spatial operations are defined generically, i.e., without
type-specific definitions. Since our vague spatial data types and operations are based
on their crisp counterparts and can be expressed by them, we ektaintable specifi-
cationsthat can be directly used as an implementation. In this paper, we do not aim at
developing a type system with a “complete” set of operations and predicates. The goal
is more to demonstrate the power, simplicity, and expressiveness of our model.

Section 2 discusses related work. Section 3 informally introduces the concept of
vague spatial objects and motivates it by giving some application examples. Section 4
gives a generic definition of vague spatial data types and vague spatial set operations.
Section 5 deals with type-specific operations. Section 6 introduces some vague topolog-
ical predicates. Finally, Section 7 draws some conclusions and addresses future work.

2 Related Work

Spatial vagueness has to be seen in contrast to spatial uncertainty resulting from either
a lack of knowledge about the position and shape of an objesit{onaluncertainty)

or the inability of measuring such an object preciseigfsuremenincertainty). Much
literature, which we will not consider here, has been published on dealing with posi-
tional and measurement uncertainty; it mainly proposes probabilistic models. Spatial
vagueness is an intrinsic feature of a spatial object where we cannot be sure whether
certain components belong to the spatial object or not. Our vague spatial data types
cover both aspects of spatial uncertainty and spatial vagueness.

Three main alternatives have been proposed as general design metioatits
based on fuzzy sefs.g., [1, 11]) are all based on fuzzy set theory, allow a much more
fine-grained modeling of vague spatial objects, but are computationally much more ex-
pensive with respect to data structures and algoritivieslels based on rough sdtsg.,

[13]) work with lower and upper approximations of spatial objects, which is similar to
our approach. But the formal background is rather diffefdioidels based on exact spa-

tial objects(e.qg., [3, 4, 10, 6] extend data models, type systems, and concepts for crisp
spatial objects to vague spatial objects. The model described in this paper belongs to
this latter category.

A benefit of the exact object model approach is that existing definitions, techniques,
data structures, algorithms, etc., need not be redeveloped but only modified and ex-
tended, or simply used. So far, four object models have been proposed for vague re-
gions. The first three models use some kind of zone concept, either without holes [3, 4]
or with holes [10]. The central idea is to consider determined zones surrounding the in-
determinate boundaries of a region and expressing its minimal and maximal extension.
The zones serve as a description and separation of the space that certainly belongs to
the region and the space that is certainly outside. While [3] and [4] are mainly interested
in classifications of topological relationships between vague regions for which a simple
model is assumed, [10] proposes a model of complex vague regions with vague holes



and focuses on their formal definition. Unfortunately, the three approaches are limited
to “concentric” object models and have problems with geometric closure properties.
The model described in [6] also pursues the exact model approach but is much more
general and much simpler than the other approaches. It is a precursor of this paper and
introduces the concept of vague regions.

3 What are Vague Spatial Objects?

The central idea oflague spatial objectss to base their definition on already well
known, geometric modeling techniques. Our concept necessitates a general object model
incorporating determinate spatial data tyjpeit, line, andregionthat are closed un-

der (appropriately defined) geometric union, intersection, difference, and complement
operations. Suctrisptype systems have, e.g., been proposed in [9, 7], and we will take
them and their corresponding formal definition for granted in this paper. Informally,
these models considerpmint object as a finite set of individual points liae object

as a finite set of disjoinblockswhere each block represents a finite set of curves, and

a region object as a finite set of disjoint, connected areal components (dalbed
possibly with disjoint holes (see Figure 1).

—
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Fig. 1. Examples of a (complex crisp) point object (a), a (complex crisp) line object (b), and a
(complex crisp) region object (c). Each collection of components forms a single crisp object.

As an illustrating example, we consider a homeland security scenario to introduce
our concept for dealing with spatial vagueness and to demonstrate its usability. Secret
services (should) have knowledge of the whereabouts of terrorists. For each terrorist,
some of their refuges are precisely known, some are not and only conjectures. We can
model these locations asvague poinbbject where the precisely known locations are
called thekernel pointobject and the assumed locations are denoted asotfijecture
point object. Secret services are also interested in the routes a terrorist takes to move
from one refuge to another. These routes can be modeledgag lineobjects. Some
routes, called&ernel lineobjects, have been identified. Other routes can only be assumed
to be taken by a terrorist; they are denoted@@sjecture lineobjects. Knowledge about
areas of terroristic activities is also important for secret services. From some areas it is
well known that a terrorist operates in them; we call theamel regionobjects. From
other areas we can only assume that they are the target of terroristic activity; we denote
them asconjecture regiorobjects. Figure 2 gives some examples. Grey shaded areas,
straight lines, and grey points indicate kernel parts; areas with white interiors, dashed
lines, and white points refer to conjecture parts.
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Fig. 2. Examples of a (complex) vague point object (a), a (complex) vague line object (b), and a
(complex) vague region object (c). Each collection of components forms a single vague object.

Based on this scenario and taking into account spatial vagueness, we are able to
pose interesting queries. We can ask for the locations where any two terrorists have
taken the same refuge. We can determine those terrorists that operated in the same area.
We can compute the locations where routes taken by different terrorists crossed each
other. Many further queries are possible. Vague concepts offer a greater flexibility for
modeling properties of spatial phenomena in the real world than determinate concepts
do. Still, vague concepts comprise the modeling power of determinate concepts as a
special case.

In this sense, many scenarios can be found that could make meaningful use of the
concept of vague spatial objects. They all have in common that a vague spatial object
(e.g., avague line) is described by a pair of two disjoint or adjacent crisp spatial objects
(e.g., two crisp lines). The first crisp spatial object, calledkdwael part describes the
determinate component of the vague object, that is, the component that definitely and
always belongs to the vague object. The second crisp spatial object, calleshjke-
ture part describes the vague component of the vague object, that is, the component
from which we cannot say with any certainty whether it or subparts of it belong to the
vague object or notMaybethe conjecture part or subparts of it belong to the vague
object,maybethis is not the case. Or we could say that thigriknown

4 A Generic Definition of Vague Spatial Data Types and Vague
Spatial Set Operations

Based on the motivation in the previous section, we now give a formal definition of
vague spatial data types (Section 4.1) and vague spatial set operations (Section 4.2). An
interesting observation is that these definitions can be given in a generic manner, i.e.,
type-specific considerations are unnecessary. At the end, Section 4.3 introduces a few
other generic operations as well as predicates.

4.1 Vague Spatial Data Types

For the definition of vague points, vague lines, and vague regions we make use of the
data typespoint for crisp points line for crisp lines, andegion for crisp regions. All

crisp spatial data types € {point line, region} are assumed to have a complex inner
structure as it has been defined, e.g., on the basis of point sets and point set topology in
[7], or in concrete implementations in [8]. In particular, this means thatiat object



includes a finite number of single pointdjree object is assembled from a finite number
of curves, and aegion object consists of a finite number of disjoint faces possibly
containing a finite number of disjoint holes. Further, these types must be closed under
the geometric set operationmion (d : o x a — a), intersection(® : a x a — A),
difference(© : a x a — o), andcomplemen{~ o — o). Each typex together with the
operationsp and® forms a boolean algebra. The identity®ofis denoted by, which
corresponds t#R?. The identity of® is presented bg, which corresponds to the empty
spatial object (empty point set).

Syntactically, the extension of a crisp spatial data type to a corresponding vague
type is given by a type constructeas follows:

v(a) =axd Va e {point line, region}

That is, each vague spatial data type is represented as a pair of corresponding crisp
spatial data types. For example, foe pointwe obtainv(point) = pointx point, which

we also name/point Accordingly, the data typedine andvregionare defined. For a
vague spatial objeat = (k,c) € v(a), we callk € a the kernel partof w, andc € a
denotes theonjecture parof w.

Semantically, the kernel part represents the determinate, crisp partie., the
area which definitely and always belongsatoThe conjecture part describes the vague
part ofw, i.e., the area for which we cannot say with any certainty whether it or parts
of it belong tow or not.Maybeit or parts of it belong tav, maybethis is not the case.
We could also say that this imknownor unclearand thus a conjecture. To enable this
intended semantics, we require:

Va e {point line,region} Vw = (k,c) € v(a) : disjoint(k,c) v meetk,c)

The functiondisjointandmeetwhich operate on complex crisp spatial objects, denote
generalized versions [12] of the well known topological predicates on simple spatial
objects [5].

Let points: v(a) — IR? be an auxiliary function that yields the (unknown) point set
of a vague spatial object. For an object (k,c) € v(a) we can then conclude that

k C point§w) Cke®c

Hence,k can be regarded as a lower (minimal, guaranteed) approximatianamid

k@ c can be considered as an upper (maximally possible, speculative) approximation of
w, which brings us near to rough set theory. Even if we do not know the exact point set
of w, we assume and require thagintgw) is not arbitrary but compatible tw, i.e.,

point§w) e a  and pointgw) ok e a

Using the characteristic functiondeciding about the existence or non-existence of an
element in a set, we obtaj(p) = 1 for all p € k, x(p) = 0 for all p € IR? — (kUc),
X(p) =1V x(p)=0forall pec—k, andx(p) = 1for all p € pointgw) € a. Note the
deliberate use of set-theoretic operations. Especially common boundary pdiraaaf

¢ (knc # @) are mapped to 1.



4.2 Vague Spatial Set Operations

The three vague geometric set operatiomgon, intersection, and difference have

all the same signaturg(a) x v(a) — v(a). In addition, we define the operation
complementwith the signatures(a) — v(a). It is our goal and makes sense to define
them in a type-independent and thus generic manner. In order to define them for two
vague spatial objectsandw, it is helpful to consider meaningful relationships between
the kernel part, the conjecture part, and the outside pareofdw. For each operation

we give a table where a column/row labeleddyg, or o denotes the kernel part, conjec-

ture part, or outside part ofw. Each entry of the table denotes a possible combination,
i.e., intersection, of kernel parts, conjecture parts, and outside parts of both objects, and
the label in each entry specifies whether the corresponding intersection belongs to the
kernel part, conjecture part, or outside part of the operation’s result object.

union | k ¢ o intersection | k ¢ o difference | k ¢ o
k| k k k k| k co k[ock complement|k c o
clkcec cicco clocc \ock
o|lkco o|loo0oO o|loo0oO

Table 1. Components resulting from intersecting kernel parts, conjecture parts, and outside parts
of two vague spatial objects with each other for the four vague geometric set operations.

Theunion (Table 1) of a kernel part with any other part is a kernel part since the
union of two vague spatial objects asks for membership in either object and since mem-
bership is already assured by the given kernel part. Likewise, the union of two conjec-
ture parts or the union of a conjecture part with the outside should be a conjecture part,
and only the parts which belong to the outside of both objects contribute to the outside
of the union.

The outside of théntersection(Table 1) is given by either region’s outside because
intersection requires membership in both regions. The kernel part of the intersection
only contains components which definitely belong to the kernel parts of both objects,
and intersections of conjecture parts with each other or with kernel parts make up the
conjecture part of the intersection.

Obviously, thecomplemen{Table 1) of the kernel part should be the outside, and
vice versa. With respect to the conjecture part, anything inside the vague part of an
object might or might not belong to the object. Hence, we cannot definitely say that
the complement of the vague part is the outside. Neither can we say that the comple-
ment belongs to the kernel part. Thus, the only reasonable conclusion is to define the
complement of the conjecture part to be the conjecture part itself.

The definition ofdifference(Table 1) between andw can be derived from the defi-
nition of complement since it is equal to the intersection wfith the complement of.

That is, removing a kernel part means intersection with the outside which always leads
to outside, and removing anything from the outside leaves the outside part unaffected.
Similarly, removing a conjecture part means intersection with the conjecture part and

thus results in a conjecture part for kernel parts and conjecture parts, and removing the
outside ofw (i.e., nothing) does not affect any partiwof



Motivated by the just informally described, intended semantics for the four opera-
tions, we now define them formally. An interesting aspect is that these definitions can
be based solely on already known crisp geometric set operations on well-understood
exact spatial objects. Hence, we are able to gikecutable specificatiorigr the vague
geometric set operations. This means, if we have the implementation of a crisp spatial
algebra available, we can directixecutehe vague geometric set operations without
being forced to design and implement new algorithms for them.

Let u,w € v(a), and letuk andwX denote their kernel parts® andw® their con-
jecture parts, and® andw® their outside parts. The outside of e.g., is defined as
w =~ (U@ u°). We define:

u union w (UK DWK, (L€ DWE) © (WK D WKX))
uintersectionw = (W@WK (ULC@W) @ (UK@WE) @ (U° @ WX))
udifferencew = (U*® (~WX), (LCRWE) B (LK@ WE) @ (U ® (~WK)))
complementu = (~uku°)

Due to their lengthiness, we omit the proofs that the definitions of the four opera-
tions realize the behavior specified in Table 1.

We introduce juxtaposition as an abbreviating notation for the intersection of two
crisp spatial objects and assign intersection higher associativity than union and dif-
ference. Hence, the above definition fodifference w could also be specified more
concisely aguX(~wK), uwe @ UWE @ uC(~wK)).

4.3 Other Generic Operations and Predicates
Sometimes it is helpful to be able to explicitly deal with the kernel part or the conjecture

part of a vague spatial object, or to swap its kernel part and conjecture part. For that
purpose, we define the following generic operationasfer (uX, u®) € v(a):

kernel(u) = (U,0)
conjecture(u) = (0,uf)
invert(u) = (% u¥)

All three operations have the signatw@) — v(a)!. Thekernel operation espe-
cially facilitates computations exclusively with the exact part of a vague spatial object
u, because the vague spatial operations, applied to vague spatial objects with an empty
conjecture part, behave exactly like the corresponding crisp spatial operations. This can
be easily seen from the definitions and is intended. Consequently, crisp spatial objects
are a special case of their corresponding vague counterpartonjecture opera-
tion allows one to focus on the unclear, indeterminate patt dheinvert operation
changes the role of kernel part and conjecture paut of

1 To really connect vague and crisp spatial data types and to map the kernel part or the conjec-
ture part of a vague spatial object to the corresponding crisp spatial object, one could define
projection functionst, T : v(a) — o with T (u) = UK andmie(u) = L.



It is also possible to identify generic predicates. The most obvious ones, afe
v(a) — bool. Foru,w € v(a), they are defined as follows:

u=w = (WK=wkA U =)
U£w = (UK#£W VvV UC#we)

5 Type-Specific Spatial Operations

In this section we describe a few operations requiring particular types as operands.
The operatiorboundary with the signaturesregion— vline allows us to extract the
boundary of a vague region as a vague line. Its definition requires the crisp operation
boundary. region— line which determines the boundary of a crisp region as a crisp line.
Vice versa, the operatianterior with the signaturerline — vregiondetermines faces

in a vague line object and transforms them into a vague region. Its definition requires the
crisp operatiofinterior : line — regionwhich calculates the faces of a crisp line and col-
lects them into a crisp region. Foie vregionin particularinterior (boundary(r)) =r

holds, i.e., the operationaterior andboundary are inverse. The operatiorertices

with the signaturesline — vpointandvregion— vpointcollects the end points of the
segments of a vague line and the end points of the segments of the boundary of a vague
region respectively. Its definition is based on the crisp operatisticeswith the sig-
naturedine — pointandregion— point Let furtherl € vline. We define:

boundary(r) := (boundaryrk),boundaryrc))
interior (1) = (interior(I%), interior(I°))
verticeg|) = (verticegl¥), verticegI®))
verticesr) := (verticegr¥),verticegr®))

We have so far described thietersection operation only for two vague spatial
objects of the same type. We extend this definition now to all mixed type combina-
tions with the signaturegpointx vline — vpoint vpointx vregion— vpoint, vline x
vregion— vline, vregionx vpoint— vpoint, vregionx vline — vline, andvline x vpoint—
vpoint For this purpose, we generalize the crisp intersection operatitmall corre-
sponding crisp variants of the just mentioned signatures. These crisp variants are well
defined. The already known definition fmtersection can then also be applied in case
of the mixed type combinations.

The operatiorcommon border incorporates a special kind of intersection. It com-
putes the shared boundary of two extended vague spatial objects as a vague line. Its
signatures argline x vline — vling, vline x vregion— vline, vregionx vline — vline,
andvregionx vregion— vline. The definitions can be reduced to the well defined crisp
spatial operatiomommonborder: line x line — line which computes the common line
parts of two crisp lines. We define foym € vline andr, s € vregion

commonborder(l,m) := (commonborder(l¥,m),commonborder(I®,n’))

l,m)
commonborder(l,r) := commonborder(l,boundary(r))
commonborder(r,l) := commonborder(l,r)
commonborder(r,s) := commonborder(boundary(r),boundary(s))

8



Finally, we discuss the vague operatumvexhull : vpoint— vregion A subset
S of the plane is calledonvexif and only if for any pair of pointsp,q € Sthe line
segment betweep andq is completely contained i6. The well known crisp opera-
tion convexhull : point— regioncomputes the smallest convex region that contains all
points of a given point object. We define the convex hull of a vague gminvpointas

convexhull(p) := (convexhull(p¥),convexhull(pka p) & convexhull(pk))

The smallest, guaranteed convex hullpi given by the convex hull of its kernel
part. If all points of the conjecture part @flie inside or on the boundary of the con-
vex hull of its kernel part, the conjecture part of the resulting vague regioniis.,
the empty region object. Otherwise, the convex hull involving all points both from the
kernel part and the conjecture part will be larger than the convex hull of the kernel part.

6 Vague Topological Predicates

Topological predicates provide information about the relative position of spatial objects
towards each other. The result typevafjue topological predicatéss a value of a new
vague data type nametiool= {true, false maybg. That is, we use a three-valued logic

as the range of these predicates. The definition of/tfygie logical operatorand, or,
andnot (Table 2) parallels the definition of the vague spatial operations in Section 4.2
(t, f, andmare used as abbreviations tane, false mayb@.

not

3|3

Table 2. Vague logical operators (three-valued logic).

We first consider a generic definition of the vagaoside predicate which has the
signaturespointx a — vboolwith a € {vpoint vline,vregion}, vline x f — vboolwith
B € {vline, vregion}, andvregionx vregion— vbool Let u be the first operand ana
be the second operand according to the signatures. Then their definition is as follows:

true  if k@ Ut Cwk
uinsidew:= < false  if K Z WK we
maybe otherwise

Hence, we can safely say thainside w holds if everything ofu (i.e., kernel part
and conjecture part) is inside the kernel partwofif this is not the case, we cannot
simply conclude thati inside w is false since this requires definite knowledge about
a part ofu being outside any part of In other words, if we can excludeue as the

2 In this paper, we deliberately omit the discussion of a “complete” collection of vague topo-
logical predicates for which we are currently designing a comprehensive concept that will be
presented in a future paper.



predicate result and ifi C wX @ we, we are not sure about insideness, and we define
uinsidew asmaybe

Next we present a generic definition of the vaguersectspredicate which has the
signaturex x o — vboolwith a € {vpoint vline,vregion}. We define fou,w € a:

true  if wK#£0
uintersectsw:= < false  if U\wWKa@ uwe @ Uwe @ uwk = 0
maybe otherwise

The definition means that the predicate holds if the kernel pattsnfiw intersect.
This is true independent from the valueuSive. Likewise, if Uk @ u¢ andwk @ we are
disjoint, we can definitely say thatandw do not intersect at all. However, ifwX = 0
andu®w® # 0, we cannot be sure about the intersection ahdw and let the predicate
return the valuenaybe

The predicaten_border _of : vpointx a — vboolwith a € {vline,vregion} checks
whether a vague point is located on a vague line and a vague region respectivplg. Let
vpoint | € vline, andr € vregion We use the operatidnoundary defined in Section 5
to compute the boundary of a vague region as a vague line and define:

on_border_of(p,I) := inside(p,l)
on_border_of(p,r) inside(p,boundary(r))

The predicatdorder_in_commonhas the signaturedine x vline — vbool vline x
vregion— vbool vregionx vline — vbool andvregionx vregion— vbool It determines
whether two extended vague spatial objects share a common bordemileetline and
r,se vregion Then

true  if IKmK£0 A IKmK e viine

false if Ikmko It lkmCaImk =0V
I*mk @ 1°m° @ 1 @ 1°mK ¢ viine

maybe otherwise

border_in_.common(l,r) := border_in_.common(l,boundary(r))

border_in_.common(r,I) := border_.in_.common(l,r)

border_in_common(r,s) border_in_common(boundary(r),boundary(s))

border_in_.common(l,m) :=

7 Conclusions and Future Work

We have defined a data model of points, lines, and regions that is capable of describing
many different aspects of spatial vagueness. It is a canonical extension of determinate
spatial data models, which facilitates the treatment of vague and exact objects in one
model. Since our approach is based on exact spatial modeling concepts, it allows to
build upon existing work and simplifies many definitions. In particular, we can leverage
already existing implementations of crisp spatial type systems to realize vague spatial
objects with only minimal effort by executable specifications.
Currently we are working on a comprehensive conceptégue topological predi-

catesand also deal witivague numerical operationimplementation tuning is another
topic.
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