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Abstract. To guaranteeaumericalrobustnesstopologicalcorrectnessandsimultaneouslheffi-
cieng/ of geometricahlgorithmscanbe currentlyregardedasoneof the mosturgentchallenges
of computationalgeometry Thesepropertiesrepresenfundamentalrequirementdor spatial
predicatesandoperationsn non-standarépplicationareadik e spatialdatabasesystemsGIS,
VLSI design,and CAD. Due to the discrepang betweenthe infinite-precisionassumptiorof
computationalgeometryandthe finite-precisionreality of computersystemstheseproperties
cannotbe warrantedby geometricalgorithmscurrently available. The emplgyment of these
algorithmsin practicefrequentlyamountgo unacceptablaumericalroundingerrorsandtopo-
logical inconsistenciesnddegeneraciesT his paperpresentgjeometricalgorithmsthat satisfy
the propertiesrequiredabore andthat reston a discretegeometricbasisin form of a uniform
integergrid. The paperalsoemphasizethat,from anapplicationpoint of view, thedesigngoals
pursuedy algorithmsof computationabeometrydiffer to somedegreefrom thoseof theappli-
cation areas mentioned algo
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1 I ntroduction

Numericalrobustnesstopological correctnessteliability, accurag, and simultaneouslyeffi-
cieng/ of geometricablgorithmsarefundamentatequirementsor spatialpredicateandoper-
ationsin spatialdatabasegyeographicalnformationsystemsyVLSI design,CAD, and other
related,non-standar@pplicationareas Althoughtheoretical computationajeometryhaspro-
vided a large numberof usefulandefficient geometricalgorithms,we encountethe problem
thatit is basedon Euclideangeometryand on continuous,infinite-precisionarithmetic(real
numbers)yandthatit ignoresthe reality of a discrete finite-precisionarithmetic(floating point
numbersyvailablein computersThus,theoreticallycorrectgeometricalgorithmsarenot nec-
essarily practically alid!

Frequently precision,robustnessand correctnes®f geometricprimitives (like segment
intersection point-in-polygontest) within geometricalgorithmsare simply takenfor granted.
But geometricalgorithmsare quite sensitve regardingthis procedureandin the end,thetask
Is mostlyleft to the programmeto closethe gap betweertheoryandpractice.This leadsinev-
itably not only to numericalroundingerrorsbut alsoto topologicalinconsistencieanddegen-
eracies[DS90, For85, GY86, Hof89], since topological information is commonly inferred
from coordinate-basedeometricdata.Hence,an applied computationageometryis needed
which tales into account the finite representatiovelable in computer systems.

In this paperwe designnumericallyrobust, topologicallyconsistentandat the sametime
efficient geometricalgorithmswhoseargumentand result objectsare definedon an integer
grid. They restonthetraversalandplane-sweeparadigmWe will alsoseethat,from anappli-



cationpointof view, the designgoalspursuedoy algorithmsof computationajeometrydiffer
to some dgree from those of the application areas mentionedeabo

Theknowledgeaboutthe gap betweertheoryandpracticeof computationagjeometryhas
raisedgrowing interestin solvingissuesof numericalrobustnessndtopologicalcorrectnessf
geometricalgorithms.Two approachesanbe mainly distinguishedperturbation-freendper-
turbationapproachesPerturbatiorrelatesto slightly changinginput dataor computedvalues
in a suitableway when they are assignedto variables.Perturbation-freeapproachege.g.
[KM83, MK84, OTU87, S188]) aim at performingexact geometriccomputationswith such
sufficiently high precisionthatcorrectandrobustnumericalresultsmustbe obtained Provided
thattheinput dataareexact, thetaskis to determinenow mary digits of precisionarerequired
by numerical computationsso that the algorithm producescorrect results and takes into
accountesiredaccurag. Perturbatiorapproache¢e.g.[DS90,EM88, GM95, GSS89,GY86,
HHKS88, Mil89, NME90, Sch94])allow to slightly changeinput dataor computedresults.
Becausan mary applicationsthe input dataare approximatefrom the beginning, suchslight
alterations seem to be tolerable.

This paperis basedon an interestingsubclasf perturbationapproacheshat attemptto
transformgeometricdatafrom the continuousdomainto the discretedomainin the form of a
uniform (integer) grid andto performcomputationageometryin this discretedomain.Thatis,
points,endpointsof line segments verticesof polygons,etc. have integer insteadof floating
point coordinatesand lie on grid points. This hasled to a subfield called finite-resolution
[GY86] or finite-precision[Yao92]computationalgjeometrydealingwith geometryperformed
on a discretedomain.On a grid, problemscanfrequentlybe solved moreefficiently andsim-
pler thanin Euclideanspace[Ove88a].On the otherhand,problemslike how to handlethe
intersection point of tev integerbased line ggments are more complicated [GM95, GY86].

Finite-precisiorcomputationafjeometryhassofar only beenstudiedby a few researchers
(overviews canbefoundin [KK81, Ove88a,0ve88b]).More efficient solutionsin comparison
with their Euclideancounterpartdiave beenfoundfor the nearesheighborsearchingoroblem
[KM85], rangesearchingon agrid [Ove88b,0ve88c],the pointlocationproblem[M185], the
computatiorof rectanglantersectionandmaximalelementsy divide-and-conqugiK O88b],
computingthe corvex hull of a setof points,reportingall intersectionsf a setof arbitrarily
orientediine sggmentsandthe calculationof rectanglentersection@ndmaximalelementdy
using the plane-sweep techniqued88a, Oe88b].

A main problemis the treatmentof the intersectionpoint of two integer line segments
which usuallydoesnotfall onagrid pointwith integercoordinatesut hasrationalcoordinates
andthusviolatesthe closurepropertyof thegrid domain.GreeneandYao’s redrawing concept
[GY86] and Guibasand Marimont’s snap rounding method[GM85] have turnedout to be
acceptablendrobustsolutionsfor this problem.Both approacheallow slight perturbation®f
the original line segmentsby roundingthe end pointsandintersectionpointsof line sggments
to representablgrid points, but in a way so that topologicalconsisteng is globally guaran-
teed.Thatis, both methodscannotanddo not preventimprecisionfrom the original data,but
they provide consciouslycontrolledperturbationof the original dataand the maintenancef
their global topology

Section2 summarizeghe assumptionsndthe designgoalsthat underliethis paperand
thathave bothespeciallyto be seenin adatabaseontext. In this context geometricdatastruc-
tureshave to be viewed asrepresentationsf spatialobjectsfurnishedwith a complex seman-
tics andstoredin databasesseometricalgorithmsarethenrealizationsof operationon these
spatialobjects.Section3 introducesdatastructuredor appropriatelydefinedpoint, line, and
areafeaturesbasedon anintegergrid. Sectiond andSection5 introducesomegrid-basedjeo-
metric algorithmswhich are basedon the parallel traversal and the plane-sweepparadigm,
respectrely. Section6 dravs some conclusions.



2 Assumptions and Design Goals

This sectionsummarizesssumptionanddesigngoalsthatareimportantfor anunderstanding
of the objectvesof this paper The assumptionseflectthe conceptsandresultsof the authors
work in the pastandmotivatethe designgoalsof the geometricalgorithmspresentedherefrom
an application-oriented point of vie

2.1 Reorganizing the Underlying Space: Discrete Geometric Bases

As a basisfor geometricmodeling and computing,very often Euclideanspaceis usedor
implicitly assumeadavhich representpointsin theplaneby pairsof infinitely preciserealnum-
bers.Unfortunately numbersystemsn computersarefinite andoffer only limited approxima-
tionslik e floating numbersignoring this factalmostcertainlyleadsto unacceptablerrorsin
spatialquery processingsincespatialobjects,predicatesand operationsare usually realized
by geometricdatastructurespredicatesandalgorithms,respectrely, which arejust basedon
thesefinite representationand thus have shortcomingswith respectto numericalrobustness
and topological consisteync

A proposalo overcometheseproblemss to exchangethe underlyingdomainuponwhich
geometricobjectsaredefinedandto introducea discrete geometric basis for theseobjectsboth
for modelingandfor implementationLet Py, = N x N with N = {0, ...,n-1} O IN beafinite
discretespacqauniformintegergrid). Pointsandendpointsof line sggmentsarepresupposed
to have coordinatesn N. We assumethat the intersectionpoint of ary two line seggments,
which usuallydoesnotlie onthegrid, is perturbedo thenearesgrid (i.e., representablg)oint
by applyingGreene& Yao's redrawing concep{GY86] or Guibas& Marimont’s snap round-
ing [GM95] idea, for instance.Theseconceptsensurenumericalrobustnessand topological
consisteng of a collection of line ggments.

Transformingan applications setof pointsandpossiblyintersectingine sggmentsin this
way, we obtaina discretegeometricbasiscalledrealm [GS93,Sch97].1t representshe full
underlyinggeometryof a particularapplicationspaceandconsistsof a finite setof pointsand
non-intersecting line sggmentsHence arealmcanberegardedasanothetermfor domain and
is somavhat similar to anenumeratiortypein programminganguagesBenefitsof the realm
conceptare,in particular thatit shieldsspatialalgebrasandgeometricalgorithmsbuilt ontop
of realms from problems of numerical udbness and topological correctness.

Graph-theoreticallya realmis a spatially embedded planar graph over a finite resolution
grid. Thereforewe canmorepreciselycharacterizerealm(over N) asa setof pointsandline
segmentswith thefollowing properties(1) Eachpointandeachendpoint of aline sggmentof
arealmis a grid point. (2) Eachend point of a realm segmentis also a point of the realm.
(3) No realmpointlies within arealmsegment(which meansnit withoutbeinganendpoint).
(4) No two realmsggmentshave commonpointsexceptat their end points. This definition s
basedon a collection of robust geometric primitives offering basicpredicateson grid-based
pointsandsegmentslik e whethertwo line segmentsintersectwithin their interiors,whethera
point lies on a line segment,or whethertwo line segmentsmeetin oneof their endpoints.A
formal definition of realms and rabt geometric primities is gven in [GS93, Sch97].

2.2 Spatial Data Types

Soatial data types [Sch97]like points, lines, andregions arespecialabstractlatatypesthatare
employed to model geometryandto suitably represengeometricdatain databasesystems.
They provide a fundamentalabstractionfor modeling the geometricstructureof objectsin



a points object alines object aregions object

Figurel

spaceaswell astheir relationshipspropertiesandoperationsWe speakof spatial objects as
valuesof spatialdatatypes.In the contect here,we focuson two-dimensionakpatialobjects
thataredefinedon top of realmsandin termsof pointsandline sggmentspresenin therealm.
Thatis, their constructiorandupdateareindirectly performedby selectingsomerealmobjects
and by propagting changego the dependenspatial objects,respectrely. Thus, all spatial
objectsconsideredherearerealm-based. A proposabf suchacollectionof realm-basedpatial
datatypeshasbeenprovidedby the ROSE (RObust Spatial Extension) algebra [GS95,Sch97].
Within this framework, a points objectis afinite setof grid points,alines objectis a setof

pairwisedisjoint blocks, eachblock being a maximal setof connectedine segments,anda
regions objectis a setof pairwiseedge-disjoinfaces (edge-disjoinineanghattwo facesmay
have a commonvertex but no commonsement),eachfacebeinga simple polygonpossibly
containinga setof disjoint simple polygonscalledholes (seethe examplein Figurel). More-

over, a comprehensie setof spatial operations (the ROSE algebracontainsapproximately70
differentspatialoperations)s specifiedon theseobjects.This set,for instancejncludesbinary
spatial predicatesexpressingtopological relationshipslik e intersects, inside, adjacent, and
binary spatialoperatorgeturningspatialobjectslik e intersection, common_border, and con-

tour. All datatypesandoperationgmaintainclosurepropertiesThey are,in particular closed
underthe operationsunion, intersection, anddifference with regardto the samerealm.Thatis,

the resultof suchan operationis a realm-baseabjectaswell and correspondso the defini-

tions of the spatialdatatypesgiven abore. A formal definition of realm-basedpatialdata
types and operations isvgn in [GS95, Sch97].

2.3 Design Goals

Themainobjectve of this paperis to demonstratéhatthe implementatiorof mary operations
of a spatialalgebracanbe simplifiedif this algebrahasa discretegeometrichasis.Simplifica-
tion in this contet relateson the one handto the reductionof the algorithmic compleity of
known Euclidean-basedolutionsfor the operationsandon the otherhandto the reductionof
run time, eitherby a whole time complity classor at leastby constantfactors.Taking the
implementatiorof the ROSEalgebraasanexample we provide efficient datastructuredor the
realm-basedspatial datatypes and numerically robust and efficient realm-based geometric
algorithms for the operations, all defineder a uniform and discrete inger grid.

Fromanapplicationpoint of view, the designgoalspursuedy algorithmsof currentcom-
putational geometrydiffer to some degree from those of the applicationareasmentioned
above. These application-oriented design aspects areatexdi as follws:

» The representationgor spatial data types by meansof geometric data structuresare
designedor usein adatabaseontet. Thisimplies,in particulay thattheserepresentations



areno dynamicpointerdatastructuresn mainmemory but areall embeddednto compact
storage areas which can bé&aéntly transferred between a main memougfér and disk.

» All spatialobjectsprocesse@ndproducedoy the operationsarerealm-based,e., they are
definedover a discretebasisandin particularno two segmentsintersectwithin their interi-
ors and no point lies within a segment(closurepropertyof spatialdatatypesand opera-
tions).As implementation®f realm-basedpatialoperationsgeometricalgorithmsoperate
onrepresentationsf realm-basedpatialobjectswith a complex semanticandnot on arbi-
trary setsof pointsor line segments.This meansthat the geometricproblemsconsidered
herearered/blueproblems Geometricalgorithmsfor spatialoperationghatproducerealm-
basedspatialobjectsyield representationthat conformto the correspondingealm-based
spatial data type (closure property of geometric data structures and algorithms).

» Thefactthatall spatialobjectsprocessetby operationsarerealm-basedanbeexploitedfor
designingefficientgeometricalgorithms For example,someoperationsannow berealized
througha simpleparalleltraversalfor which otherwisemore complex andexpensve plane
sweepalgorithmswould be neededOperationghatareto berealizedby plane-sweeplgo-
rithmsarenow muchsimplerandmoreefficient, sincethey neednotdiscover new intersec-
tions and treat specialcases.Sweepstationscan only be isolatedpoints or end points of
segmentswhich areall known in advance Hence a staticsweepeventstructurefor manag-
ing the sweepstationss sufficient. We will alsoseethataninitial sortingphases unneces-
sary for plane-sweep algorithms.

» Differentalgorithmsprocessinghe samekind of spatial objectsusually prefer different
internalobjectrepresentationfor achieving highestefficiengy. But in contrastio traditional
work on geometricalgorithms the focushereis not on finding the most efficient algorithm
for onesingle problem(operation)togetherwith a correspondingophisticatedlatastruc-
ture, but ratheron consideringa spatialalgebrawith a large numberof operationsas a
whole andon reconcilingthe variousrequirementgosedby differentalgorithmswithin a
single, universal data structurefor eachtype. Otherwise,we would be forcedto design
expensve corversion functions for diérent representations of the same type.

In the sequeldatastructuresandalgorithmsaredescribedat a high abstractiorlevel. Thealgo-
rithms can be groupedinto parallel traversal, plane-sweep, and graph algorithms [GRS95,
Sch97].Thelattergroupis not describedn this paper For thefirst two paradigmswe shav a
few “prototype” operatorsandtheir algorithmsandsketchwhich otheroperatorscanbe real-
ized similarly. Many algorithmsrequireonly lineartime, the remainingonesO(n log n) time
wheren is a bound on the size of the operand objects.

3 Data Structures

This sectionintroducesthe datastructuregepresentingbjectsof the threedatatypespoints,
lines, and regions. Ratherthan describingthesedata structuresdirectly in termsof arrays,
recordsetc.,we introducea high-level descriptionwhich offers suitableaccessand construc-
tion operationgo be usedin thealgorithms Basically we defineanabstractatatypefor each
of the threedatastructureslt is thenleft to a later stepto designandimplementeachdata
structure concretely

Type points is definedas the setof all orderedsequences py, ..., p, > of n N-points
(denotingthe elementsf Py) togetherwith a logical pointerindicatinga positionwithin the
sequence.



points = { (pos, <Py, ...,Pn >) |
(1) pos=0;n=0
(2 O1<isn:p OPy
(3) O1<i<n:p <pyq}

The“<“-relation in thedefinitionabove denoteshe usual(x, y)-lexicographicorderon Py
which is defined as

Op,pOPN i #] D pi<p = X <x00=%0y <y).

A numberof functionsis definedon points objects.Thesefunctions(andlatercorrespond-
ing functionson typeslines andregions) serne asconstructionscan,retrieval, andmanipula-
tion functions in algorithms for ROSE algebraoperations.Their syntax is given by the
following signature:

new : - points
select first : points - points
select next : points - points
end_of pt : points - bool
get_pt . points - Py
insert . pointsxPy - points

Their semanticsdescriptionis given by a set-theoreticspecification.Let P, = < py, ...,
Pn >, P = (i, Py) U points, andp [J Py. Moreover, let symbok denote the empty sequence.

new() = (0,9)

select first(P) = O

(0, 9) otherwise

0@ +1, Pp) ifl<i<n
select_next(P) = O

H(0, Pp) otherwise
end of pt(P) = (i=0)

Op; ifl<i<n
get_pt(P) =0

Cundefined otherwise

03, Pp) ifOjO{L, ...,n}:p=p,
_ (1, <p>) ifn=0
Insert(P’ p) = D(]-’ <P, P1; ---sPn >) If P<pPp

O(n+ 1, <pyg, ... Py P>) if p>p

OG+1, <Py P P Py 5P >) if Of O, ...,ne1} 1 <p<pjyg
The representatiorof the more complex lines and regions objectsis basedon ordered
sequences of halfsegments. Let Sy = {(p, 9) | p U Py, g U Py} denotethe setof N-segments.
The equality of tw N-segmentss, = (p;, ¢;) ands; = (9}, q;) is defined as
s=§ < (E=pUg=q) (@ =090p=0q)
Without loss of generality we normali&g by the assumption that

OsO0Sy: s=@E9 O p<q

This enablesus to speakof a left anda right end point of an N-segment.Let further Hy =
{(s,d) |sO Sy, d U {left, right}} bethesetof halfsegments. A halfsggmenth = (s, d) consists
of anN-segments anda flag d emphasizingoneof the N-segments endpointswhichis called



the dominating point of h. If d = left then the left (smaller) end point of s is the dominating
point of h, and his called left halfsegment. Otherwise, the right end point of sisthe dominating
point of h, and his called right halfsegment. Hence, each N-segment s is mapped to two half-
segments (s, left) and (s, right). Let dp be the function which yields the dominating point of a
halfsegment.

For two distinct halfsegments h, and h, with a common end point p, let a be the enclosed
angle such that 0° < a < 180° (an overlapping of hy and h, is excluded by the realm properties).
Let a predicate rot be defined as follows: rot(h;, hy) is true iff h; can be rotated around p
through a to overlap h, in counterclockwise direction. We can now define a complete order on
halfsegments which is basically the (x, y)-lexicographic order by dominating points. For two
halfsegments h; = (s, d;) and h, = (s,, d,) we obtain:

hy<h, < dp(hy) <dp(hy) O
(dp(hy) = dp(hy) O((dy = right Ody = left) 0 (dy = d, Orot(hy, hy))))

We can now continue with the definition of type regions (the definition of type lines is
amost the same, see below). Type regions is defined as the set of ordered sequences
< hy, ..., hy > of n halfsegments where each halfsegment h; has an attached set of attributes g
whose elements are values of some new type attr. Attribute sets are used in algorithmsto attach
auxiliary information to N-segments.

regions= {(pos, < hy, ..., h,>,<ay, ..., a,>) |
(1) pos=0,n=0
(2 O0i0{1,..,n}:h OHy, g O attr
3) Til{1,..n1}:h<hq}

Also on regions objects a number of functionsis defined. Their syntax is given by the fol-
lowing signature:

new : — regions
select first : regions — regions
select next : regions — regions
end of hs : regions - bool
get_hs . regions - Hy
get_attr . regions - attr
update attr : regionsx attr - regions
insert . regionsx Hy - regions

For their semantics description let R, =<hy, ..., h,> Ry=<ay, .., a,> R=(, Ry, Ry) U
regions, and h [0 Hy;.

new() = (0, 9,9)

01, Ry, Ry) ifn>1
select first(R) = O

(0, ¢, 90) otherwise

O3 +1, Ry Ry if1<i<n
select next(R) = O

(0, Ry, Ry) otherwise
end of hs(R) = (i=0)

Oh, if1<i<n
get_hs(R) = 0O

Cundefined otherwise



Oa ifl<i<n
get_attr(R) =0
Oundefined otherwise

OG@, Ry, <aq, -, 8.1, &, @41, -.,ap>) If1<i<n
update_attr(R, a)=01

(Jundefined otherwise
03, Ry, Ry) if 0jO{1, ...,n}: h=h
0(1, <h>, <0 >) if R,=9
{1, <h, hl, oy > <0, &, ...,a,>) if h<hg
insert(R, h) = O(n+1,<hy, ...,hn, h >,
O <ay, ...,8y U >) if h>h,
OG +1, <hg ....hj hhigg, by >,
O <a11 "'!aj1D1a]+ll an>) if DJD{l n'l}:hj<h<hj+l

Notethatthesefunctionsmanipulatehalfsggmentsequencesl his doesnot guaranteehat
sucha sequenceeally representa well-definedand correctregions object. The algorithms
using this structureare responsiblefor constructingonly sequenceghat indeedrepresent
regions objects.Typelines (not presentedherein detail) is identicalto type regions exceptfor
all the parts related to attrites which are not needed.

Concretamplementation$or eachof the threedatatypescouldrepresena sequencef n
points or halfsgmentsin a linked list or sequentiallyin an array The latter representation
would also be compatiblewith the “compactstoragearea” requirementneededfor efficient
databasdoading/storing.In this case,all functionsexceptfor insert needO(1) time; insert
requiresO(n) time for arbitrarypositionsandO(1) time for appendinganelementatthe endof
the sequenceSucha representationwould in fact be quite good for all “parallel traversal”
algorithms,becauseesultobjectsare alwaysconstructedn the lexicographicalpoint or half-
seggment order and can therefore haithn linear time®

4 Traversal Algorithms

A numberof operatorsdefinedon the typespoints, lines, andregions can be realizedby a
simple or parallel traversal (i.e., a scan)[GRS95,Sch97]throughthe point or halfsggment
sequence®f one or two objects.In this sectionwe will explain someexample algorithms
which areanalysedwith respecto their worst casetime andspacerequirementsTo simplify
thedescriptionof algorithms for eachpossiblecombinationof two spatialdatatypesour high-
level notationis extendedby two further functionswhich enablea paralleltraversalthrough
two ordered sequences of elements (hgifsmnts, points).

As anexample,we considerthe two functionsfor two regions objectsgiven by their half-
seggmentsequences-unctionrr_select_first(R;, Ry, object, status) selectghefirst halfsgment
of eachof the two regions objectsR; andR, (compareto the function select_first definedon
typeregions) andpositionsalogical pointeron both of them.The parametepbject with possi-
ble values{ none, first, second, both} indicateswhich of the two objectrepresentationson-
tainsthe smallerhalfsggment.If the valueof object is none, no halfsggmentis selectedsince
R, andR, areempty If thevalueis first (second), the smallerhalfsgmentbelongsto R; (Ry).
If it is both, thefirst halfsggmentsof R; andR, areidentical. The parametestatus with possi-
ble values{end of none, end of first, end of second, end of both} describesthe state of
both halfsggmentsequencedf thevalueof statusis end_of none, both objectsstill have half-

1 For database-specific reasons that are out of the scope of thisthegetual representation (see Sedsipn
usedor all threedatastructureanAVL-tree embeddedhto anarray Theelementgpointsor halfsgmentsiare
additionally linked in sequence ordéffth this representation, all functionsoeptinsert needO(1) time and
insert O(log n) time.



segments. If it is end_of_first (end_of_second), R; (Ry) is empty. If it is end_of_both, both
object representations are empty.

Function rr_select_next(R;, R,, object, status) searches for the next smaller halfsegment
of Ry and Ry; parameters have the same meaning as for rr_select_first. Obviously, thisis real-
ized by select_next functions of the two objects.

Both functions together alow one to scan in linear time two object representations like
one ordered sequence. Analogous functions can be defined for two lines objects (Il _select first,
Il_select_next) and alinesand aregions object (Ir_select first, Ir_select_next). For the compar-
ison of halfsegments with points, the dominating points of the halfsegments are used so that
points and lines objects (pl_select first, pl_select next) and correspondingly points and
regions objects (pr_select first, pr_select_next) can be treated in a similar way.

To distinguish the functions on data types (written in italic) from the ROSE algebra opera-
tions on data types, the latter are written in bold face. In the sequel, we discuss example algo-
rithms for three operations. The second and third operation are at the same time examples of
operations whose agorithms only need O(n) time (n denotes the total size of the operands) in
contrast to their Euclidean counterparts which require O(n log n) time. Their signatures are:

pr_on_border_of : pointsxregions -  bool
[l_intersects : linesx lines - bool
[I_digoint . linesx lines - bool

Operator pr_on_border_of determines whether all points of a points object lie on the
faces' boundaries of aregions object. Hence the algorithm checks whether for each point p of a
points object P (denoted by p O P(P) = {py, ..., Pn}) @ hafsegment h of a regions object R
(denoted by h O H(R) = {hy, ..., hy}) exists whose dominating point is equal to p.

algorithm pr_on_border_of
input: A points object P and aregions object R
output: true, if Op O P(P) Oh O H(R) : p=dp(h)
false, otherwise

begin

pr_select first(P, R, object, status);

while (object # first) and (status = end_of _none) do

pr_select_next(P, R, object, status);

end-while;

return (object # first) and (status # end_of second)
end pr_on_border_of.

The while-loop of the algorithm is executed as long as no point is found which isin P but
not a dominating point of a halfsegment of R and as long as none of the object sequences is
exceeded. For the predicate to be true, termination of the while-loop must not have occurred
because a point was found which is not on the boundary of R (object # first). Thisimplies that
termination is due to reaching the end of one or both sequences, and the predicate istrueif this
was not the regions sequence alone (status # end_of second).

Operator |1_inter sects examines whether two lines objects L, and L, intersect. According
to its definition in the ROSE algebra it yields true if both objects have no common (half)seg-
ments but at least one common point which is not a meeting point but an intersection point.
Point p is a meeting point if the angularly sorted list of halfsegments of L, and L, with the
same dominating point p can be subdivided into two sublists so that one list contains only half-
segments of L, and the other list only halfsegments of L,. The ideais now to walk around p,
scanning the segments, and to count the number of “object changes’ in this ordered list of half-



segments of L, and L,. Point p is a meeting point if this number is less than or equal to two;
otherwise an intersection point has been found.

algorithm Il_intersects
input: Two lines objects L, and L,
output: true, if no common segment exists, but a common point which is not a meeting
point
false, otherwise
begin
[l_select_first(L4, L, Object, status);
if object = first then act_dp := dp(get_hs(L,))
elseif object = second then act_dp := dp(get_hs(L,))
end-if;
old_obj := object; found := false; count :=0;
while (status = end_of _none) and (object # both) do
[I_select_next(L,, L,, object, status);
if (status# end_of both) and (object # both) and not found then
if object = first then
new_dp := dp(get_hs(L,))
elseif object = second then
new_dp := dp(get_hs(L,))
end-if;
if new_dp # act_dp then (* new point *)
act_dp := new_dp;
count := 0,
old_obj := object;
elseif object # old_obj then (* object switch *)
count := count + 1;
old_obj := object;
found := found or (count > 2);
end-if;
end-if;
end-while;
return found and (object # both);
end Il_intersects.

The while-loop of the algorithm terminatesif either the end of one of the objects has been
reached or a common halfsegment has been found. In the latter case the result value is false
(object # both), in the first case the decision is based on whether at least one intersection point
has been found or not (found).

Operator II_dig oint examines whether two lines objects L, and L, are digoint. According
to its definition in the ROSE algebraiit is not sufficient only to test for common halfsegments
because the operator yields also false if there are segments of both objects which have common
points. Due to the realm properties such a common point can only be an end point of two seg-
ments of L, and L,. Hence, there must be two halfsegments h,; O H(L;) and h, 00 H(L,) with
the same dominating point. Since in the halfsegment order all halfsegments with the same
dominating point lie one behind the other, a parallel object traversal can check whether two
consecutive halfsegments from different objects have the same dominating point. In such a
case, L, and L, are not digoint.
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algorithm Il_digoint
input: Two lines objects L, and L,
output:true, if O hy O H(L,) O hy, O H(L,) : dp(hy) # dp(hy)
false, otherwise
begin
[I_select_first(L4, L,, Object, status);
if object = first then act_dp := dp(get_hs(L,))
elseif object = second then act_dp := dp(get_hs(L,))

end-if;
old_obj := object;
found := false;

while (object # both) and (status = end_of _none) and not found do
[I_select_next(L,, L,, object, status);
if (status# end_of both) and (object # both) then
if object = first then
new_dp := dp(get_hs(L,))
else
new_dp := dp(get_hs(L,))
end-if;
if object # old_obj then
found := (new_dp = act_dp);
end-if;
act_dp := new_dp;
old_obj := object;
end-if;
end-while;
return (object # both) and not found,;
end |l_digaint.

The while-loop is executed as long as no common halfsegment has been found (object #
both), the end of both objects has not been reached (status = end_of none) and no common
point has been discovered (not found). Hence, the operator returns true if the end of at least
one object has been reached and neither a common halfsegment nor a common point has been
found.

Further 29 operators of the ROSE algebra can be realized either by simple or paralel tra-
versal. These operators include tests whether two points objects are equal, unequal, or digoint
(pp_equal, pp_unequal, pp_digoint), whether two lines or two regions objects are equal,
unequal, or have common segments (II_equal, Il_unequal, Il_border_in_common, rr_equal,
rr_unequal, rr_border_in_common), whether two lines objects meet in common end points
(Il_meets), whether a points objects lies completely on alines object (pl_on_border_of), and
whether a lines and a regions object have segments in common (Ir_border_in_common,
rl_border_in_common). Several operators yield spatial objects as results. The operators
pp_intersection, pp_plus, pp_minus, |l_intersection, |l_plus, and Il_minus yield the inter-
section, union, and difference of two points objects and two lines objects, respectively. Some
operators compute the common segments of two lines objects, two regions objects, or a line
and a region object, resp. (Il_common_border, rr_common_border, Ir_common_border,
rl_common_border). The operators |_vertices and r_vertices return the end points of the
boundary segments of a lines object and a regions object, respectively. The remaining opera-
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tions yield numerical values. They calculate the number of single points of a points object
(p_no_of _components), the length of alines object (I_length), and the area and perimeter of a
regions object (r_area, r_perimeter).

For al predicates and for operations returning numbers the worst case time complexity is
O(n), where n is the total number of points or halfsegments in the one or two operands. For
operations returning new spatial objects the time bound is O(n + k) where? k is the number of
points or halfsegments in the result object. O(n) time is needed for scanning the operands and
O(K) for constructing the result. Since k = O(n), thisis aways bounded by O(n). It isleft to the
reader to determine those operators based on the traversal paradigm whose algorithms need
O(n [+K]) time in aream-based but O(n log n [+K]) time in Euclidean space.

5 Plane-Sweep Algorithms

A number of operators defined on the types points, lines, and regions are realized by a plane-
sweep [GRS95, Sch97]. In this section, too, we will explain some example algorithms which
are analysed with respect to their worst case time and space requirements. In the special case of
realm-based (grid-based) computational geometry where no two segments intersect within
their interiors, the event point schedule is static (because new event points cannot exist) and
given by the ordered sequence of points or halfsegments of the operand objects. No further
explicit event point structure is needed. Also, no initial sorting is necessary since the plane-
sweep order of points and segments is the base representation of objects anyway.

If aleft (right) halfsegment of a regions object is reached during a plane-sweep, its seg-
ment component is stored into (removed from) the segment sequence of the sweep line status
sorted by the order relation above. A segment s lies above a segment t if the intersection of
their x-intervals is not empty and if for each x of the intersection interval the y-coordinate of s
is greater than the one of t (except possibly for a common end point where the y-coordinates
are equal). Points and halfsegments of lines objects are used to query the sweep line status. A
point p lies above a non-vertical segment t if the x-coordinate of p lies within the x-interval of t
and the y-coordinate of p is greater than the y-coordinate of t at p.x. If t is vertical, the
x-coordinates of p and t must be identical and the y-coordinate of p must be greater than all
y-coordinates of t.

We define an auxiliary type status which reflects the sweep line status at each moment of a
plane-sweep algorithm. The sweep line status is described by an ordered sequence of segments
with respect to the order relation above. A logical pointer indicates the position within the
sequence, and each segment has an attached set of attributes of some sort attr. Several func-
tions are defined on type status. Function new_sweep creates a new sweep line status structure
S The functions add left and del_right insert and remove a segment, respectively, from S.
Functions pred_of s and pred_of p yield the segment lying directly below a given segment
and point, respectively, in S. Function current_exists checks whether S contains at least one
segment. Function pred_exists tests whether the segment whose position is currently indicated
by the logical pointer has a predecessor. Function get_attr (get pred attr) retrieves the
attribute of (the predecessor of) the segment currently indicated by the logical pointer. Func-
tion set_attr assigns an attribute to the segment currently indicated by the logical pointer. For
the sweep line status an efficient internal dynamic structure like the AVL tree can be employed
which realizes each of the operations add_left, del_right, pred_of s, and pred_of p in worst
case time O(log n) and the other operations in constant time.

2 For an AV L-tree embeddi ng in an array thistime bound is O(n + k log k).
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For all algorithms we assume that al those halfsegments of a regions object R have an
associated attribute InsideAbove where the area of R lies above or left of its segments. This seg-
ment classification can be computed by a plane-sweep algorithm (not shown here) which views
all segments intersecting the current sweep line from bottom to top. It is obvious that the low-
est segment obtains the attribute InsideAbove, the following does not, the third again obtainsiit,
etc. Whether the attribute InsideAbove is associated with a segment depends on the assignment
of the attribute to the immediately preceding segment in the sweep line status.

We distinguish two classes of plane-sweep algorithms. The first class of plane-sweep algo-
rithms considers the relationships between a points or lines object and a regions object. The
algorithmic scheme isto insert only the segments of the regions object into the sweep line sta-
tus and to use the elements of the points and lines object, respectively, as query elements. As
an example, we show the algorithm for rl_inter section which has the signature

rl_intersection : regionsxlines - lines

The algorithm for rl_intersection produces a new lines object which contains all seg-
ments lying within R. It is crucial for the correctness of this algorithm that we can be sure that
a complete (half)segment lieswithin R, if its dominating point lies within an area of R. Thisis
because the boundary of R cannot intersect the interior of the segment due to the realm proper-
ties. This algorithm requires O((I + m) log m + k) where3 k is the size of the result object and |
and m denote the size of the lines and regions operand, respectively.

algorithm rl_intersection

input: A lines object L and aregions object R

output: A new lines object Lq, containing all halfssgments of L whose segment
componentsliein R

begin
Liay := New();
S:=new_sweep();

Ir_select first(L, R, object, status);
while status = end_of none do
if (object = both) or (object = second) then
h:=get hs(R); (* Leth=(s,d). *)
attr := get_attr(R);
if d =left then
S:=add I€eft(S, 9);
if InsideAbove [ attr then
S:=set_attr(S {InsideAbove});
end-if
else
S:=dd _right(S s);
end-if
end-if;
if object = both then
h:=get_hs(L);
Lnay := insert(Leq N);
elseif object = first then
h:=get_ hs(L); (* Leth=(s, d). *)

3 For an AVL-tree embedding in an array thistime bound is O((l + m) log m+ k log k).
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S:=pred of S(S 9);
if current_exists(S) and (InsideAbove [J get_attr(S)) then
Lnew = insert(Lpaw )
end-if;
end-if;
Ir_select_next(L, R, object, status);
end-while;
return Lpgas
end rl_intersection.

Further six operators belonging to this class check whether a points object lies inside a
regions object (pr_inside) and whether alines object intersects, has single common end points
with, or lies inside a regions object (Ir_intersects/rl_intersects, Ir_meetsrl_meets,
Ir_inside). For all these operations of this class, the time complexity is O((I + m) log m) if mis
the size of the regions operand and | the size of the other operand. Of course, for n=1 + m,
O(n log n) isasimpler upper bound for all operations.

The second class of plane-sweep algorithms considers the relationships between two
regions objects. Note that here the immediate application of the technique introduced above is
impeded by the fact that regions objects may have holes. Hence, for the algorithms of this class
we introduce the concepts of overlap numbers and segment classification. A point of the realm
grid obtains the overlap number k if it is covered by (or part of) k regions objects. For example,
for two intersecting simple polygons the area outside of both polygons gets overlap number O,
the intersecting areas overlap number 2, and the other areas overlap number 1. Since a segment
of aregions object separates space into two parts, an inner and an exterior one, each segment is
associated with apair (mvn) of overlap numbers, alower (or right) one mand an upper (or left)
one n. The lower (upper) overlap number indicates the number of overlapping regions objects
below (above) the segment. In this way, we obtain a segment classification of a fixed set of
regions objects and speak of (m/n)-segments.

For two regions objects (we only consider binary operators here) m, n < 2 holds; of the
nine possible combinations only seven describe valid segment classes. Thisis because a (0/0)-
segment contradicts the definition of a regions object, since then at least one of both regions
objects would have two holes or an outer cycle and a hole with a common border. For similar
reasons, (2/2)-segments cannot exist, since then at least one of the two regions objects would
have a segment which is common to two outer cycles of the object. Hence, possible (nVn)-seg-
ments are (0/1)-, (0/2)-, (1/0)-, (1/1)-, (1/2)-, (2/0)-, and (2/1)-segments.

As an example for a plane-sweep algorithm of the second class we present the algorithm
for rr_inside which has the signature

rr_inside: regions x regions —  bool

and which tests whether a regions object R; is completely contained in a regions object R,.
Thismeansthat all segments of R; must lie within the area of R, but no segment (and hence no
hole) of R, may lie within Ry. If we consider the objects R, and R, as halfsegment sequences
together with the segment classes, the predicaterr_insideistrueif (i) al halfsegmentsthat are
only element of Ry have segment class (1/2) or (2/1), since only these segments lie within R,,
(i) al halfsegments that are only element of R, have segment class (0/1) or (1/0), since these
definitely do not lie within Ry, and (iii) all common halfsegments have segment class (0/2) or
(2/0), since the areas of both objects lie on the same side of the halfsegment. In the case of a
(1/1)-segment the areas would lie side by side so that R; could not be contained by R,. In the
agorithm, whenever a segment is inserted into the sweep line status, first the pair (my/ny) of
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overlap numbers of the predecessor is determined (it is set to (*/0) if no predecessor exists).
Then the overlap numbers (my/ng) for this segment are computed. Obviously mg = n, must
hold; ngis also initialized to n, and then corrected.

algorithm rr_inside
input: Two regions objects R; and R,
output: true, if Ry lieswithin R,
false, otherwise
begin
S:=new_sweep();
inside := true;
rr_select_first(Ry, Ry, object, status);
while (status # end_of first) and inside do
if (object =first) or (object = both)
then h:=get_hs(R;); (* Leth= (s, d). *)
elseh:=get_hs(Ry); (* Leth=(s, d). *)

end-if;
if d=right then

S:=dd _right(S s);
else

S:=add I€eft(S s);
if not pred_exists(S)
then (my/ny) := (*/0)
else {(myny)} = get_pred_attr(S)
end-if;
Mg 1= Ny;
Ng 1= nNg;
if ((object =first) or (object = both)) and
(InsideAbove [ get_attr(R;))
thenng:=ng+1
elseng:=ng—1
end-if;
if ((object = second) or (object = both)) and
(InsideAbove [J get_attr(Ry))
thenng:=ng+1
elseng:=ng—1
end-if;
S:= set_attr(S {(mgng});
if object = first then inside := ((my¢ng) O {(1/2), (2/1)})
elseif object = second then inside := ((mdng) U { (0/1), (1/0)})
elseinside := ((myng) [ {(0/2), (2/0)})
end-if;
end-if;
rr_select_next(Rq, Ry, object, status);
end-while;
return inside;
end rr_inside.
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If Ry hasl andR, m halfsegmentsthewhile-loopis executedatmostn = | + mtimes,since
eachtime a new halfsgmentis visited. The mostexpensve operationswithin theloop arethe
insertionandtheremoval of a segmentinto andfrom the sweepine status Sinceat mostn ele-
mentscanbe containedn the sweepline status,the worst casetime complity of the algo-
rithm isO(n log n) which is also &lid for all other operations of this class.

Furtheroperatorsbelongingto this secondclasscheckwhethertwo regions objectsare
disjoint with respectto area (rr_area digoint), additionally have no segmentstogether
(rr_edge_digoint), andalsohave no commonendpointstogether(rr_digoint), whetherone
regions objectR; is inside anotherregions objectR, and hasno commonsegmentswith R,
(rr_edge_inside) and alsono commonend pointswith R, (rr_vertex_inside), whethertwo
regions objectsintersect(rr_intersects), are adjacent(rr_adjacent) or have commonend
points (rr_meets), and whethera regions objectis containedin anotherone (rr_encloses).
Moreover, operatorscomputingregionsobjectsastheresultof intersectionunion, anddiffer-
ence of tvo regionsobjects belong to this clagy (intersection, rr_plus, rr_minus).

6 Conclusions

This paperhasdemonstratethatit is feasibleto designnumericallyrobust,topologicallycor-
rect,andefficientgeometricalgorithmson afinite discretedomain,i.e.,onauniformgrid. The
useof high-level primitiveshasmadeit possibleto describea large numberof algorithmsin
compact,precisenotation.Due to a large amountof operatorghe emphasishasnot beento
designa specialsolutionfor eachsingle geometricproblembut to treata spatialalgebraasa
whole andin a uniform way. This view implies the developmentof universaldatastructures
and the emplogyment of generalalgorithmic paradigms(e.g., simple and parallel traversal,
plane-sweepbhatarewell appropriatdor alarge numberof geometrigproblems As animpor-
tantresult,a comparisorwith the algorithmsof classicalcomputationageometryrevealsthat
realm-basedjeometricalgorithmsare much simpler and more efficient than their Euclidean
counterparts.

The realm-basedgrid-based)data structuresand algorithms have beenimplemented
within a collectionof software modulescalledthe ROSEsysten|Rid95] which waspartof a
diplomathesiswritten by Thomasde Ridder The sourcecodewrittenin Modula-2is available
to the interested reader by the author of this paper
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