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Abstract. To guaranteeaumericalrobustnesstopologicalcorrectnessandsimultaneouslyefp-
cieng/ of geometricahlgorithmscanbe currentlyregardedasoneof the mosturgentchallenges
of computationalgeometry Thesepropertiesrepresenfundamentalrequirementdor spatial
predicatesandoperationsn non-standarépplicationareadik e spatialdatabasesystemsGIS,
VLSI design,and CAD. Due to the discrepang betweenthe inPnite-precisiorassumptiorof
computationalgeometryandthe bnite-precisiorreality of computersystemstheseproperties
cannotbe warrantedby geometricalgorithmscurrently available. The emplgyment of these
algorithmsin practicefrequentlyamountso unacceptabl@umericalroundingerrorsandtopo-
logical inconsistenciesnddegeneraciesT his paperpresentgjeometricalgorithmsthat satisfy
the propertiesrequiredabore andthat reston a discretegeometricbasisin form of a uniform
integergrid. The paperalsoemphasizethat,from anapplicationpoint of view, thedesigngoals
pursuedy algorithmsof computationaeometrydiffer to somedegreefrom thoseof theappli-
cation areas mentioned algo
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1 Intr oduction

Numericalrobustnesstopological correctnessteliability, accurag, and simultaneouslyef-
cieng/ of geometricablgorithmsarefundamentatequirementsor spatialpredicateandoper-
ationsin spatialdatabaseggyeographicalnformation systemsyVLSI design,CAD, and other
related,non-standar@pplicationareas Althoughtheoretical computationabeometryhaspro-
vided a large numberof usefulandefbcientgeometricalgorithms,we encountethe problem
thatit is basedon Euclideangeometryand on continuous,nbPnite-precisiorarithmetic(real
numbers)yandthatit ignoresthe reality of a discrete pnite-precisiorarithmetic(3oatingpoint
numbersyvailablein computersThus,theoreticallycorrectgeometricalgorithmsarenot nec-
essarily practically alid!

Frequently precision,robustnessand correctnes®f geometricprimitives (like segment
intersection point-in-polygontest) within geometricalgorithmsare simply taken for granted.
But geometricalgorithmsare quite sensitve regardingthis procedureandin the end,thetask
Is mostlyleft to the programmeto closethe gap betweertheoryandpractice.This leadsinev-
itably not only to numericalroundingerrorsbut alsoto topologicalinconsistencieanddegen-
eracies[DS90, For85, GY86, Hof89], since topological information is commonly inferred
from coordinate-basedeometricdata.Hence,an applied computationageometryis needed
which tales into account the Pnite representatiaaslable in computer systems.

In this paperwe designnumericallyrobust, topologicallyconsistentandat the sametime
efbcientgeometricalgorithmswhoseargumentand result objectsare dePnedon an integer
grid. They restonthetraversalandplane-sweeparadigmWe will alsoseethat,from anappli-



cationpoint of view, the designgoalspursuedoy algorithmsof computationajeometrydiffer
to some dgree from those of the application areas mentionedeabo

Theknowledgeaboutthe gap betweertheoryandpracticeof computationagjeometryhas
raisedgrowing interestin solvingissueof numericalrobustnessndtopologicalcorrectnessf
geometricalgorithms.Two approachesanbe mainly distinguishedperturbation-freendper-
turbationapproachesPerturbatiorrelatesto slightly changinginput dataor computedvalues
in a suitableway when they are assignedto variables.Perturbation-freeapproachege.g.
[KM83, MK84, OTU87, S188]) aim at performingexact geometriccomputationswith such
suf®cientlyhigh precisionthatcorrectandrobustnumericalresultsmustbe obtained Provided
thattheinput dataareexact, thetaskis to determinenow mary digits of precisionarerequired
by numerical computationsso that the algorithm producescorrect results and takes into
accountesiredaccurag. Perturbatiorapproache¢e.g.[DS90,EM88, GM95, GSS89,GY86,
HHK88, Mil89, NME9O0, Sch94])allow to slightly changeinput dataor computedresults.
Becausan mary applicationsthe input dataare approximatefrom the beginning, suchslight
alterations seem to be tolerable.

This paperis basedon an interestingsubclasf perturbationapproacheshat attemptto
transformgeometricdatafrom the continuousdomainto the discretedomainin the form of a
uniform (integer) grid andto performcomputationageometryin this discretedomain.Thatis,
points,endpointsof line segments verticesof polygons,etc. have integer insteadof 3oating
point coordinatesand lie on grid points. This hasled to a sub®eldcalled bnite-esolution
[GY86] or Pnite-pecision[Yao92]computationagjeometrydealingwith geometryperformed
on a discretedomain.On a grid, problemscanfrequentlybe solved more ef®cientlyand sim-
pler thanin Euclideanspace[Ove88a].On the otherhand,problemslike how to handlethe
intersection point of tev integerbased line gments are more complicated [GM95, GY86].

Finite-precisiorcomputationafjeometryhassofar only beenstudiedby a few researchers
(overviews canbefoundin [KK81, Ove88a,0ve88b]).More ef®cientsolutionsin comparison
with their Euclideancounterpartdiave beenfoundfor the nearesheighborsearchingoroblem
[KM85], rangesearchingpn agrid [Ove88b,0ve88c],the pointlocationproblem[MYI85], the
computatiorof rectanglantersectionandmaximalelementsy divide-and-conqugik O88b],
computingthe corvex hull of a setof points,reportingall intersectionf a setof arbitrarily
orientediine sggmentsandthe calculationof rectanglentersection@ndmaximalelementdy
using the plane-sweep techniqued88a, Oe88b].

A main problemis the treatmentof the intersectionpoint of two integer line segments
which usuallydoesnotfall onagrid pointwith integercoordinatesut hasrationalcoordinates
andthusviolatesthe closurepropertyof thegrid domain.GreeneandYao®redrawing concept
[GY86] and Guibasand Marimont® snap rounding method[GM85] have turnedout to be
acceptablendrobustsolutionsfor this problem.Both approacheallow slight perturbation®f
the original line segmentsby roundingthe end pointsandintersectionpointsof line sggments
to representablgrid points, but in a way so that topologicalconsisteng is globally guaran-
teed.Thatis, both methodscannotanddo not preventimprecisionfrom the original data,but
they provide consciouslycontrolledperturbationof the original dataand the maintenancef
their global topology

Section2 summarizeghe assumptionsndthe designgoalsthat underliethis paperand
thathave bothespeciallyto be seenin adatabaseontext. In this context geometricdatastruc-
tureshave to be viewed asrepresentationsf spatialobjectsfurnishedwith a complex seman-
tics andstoredin databasesseometricalgorithmsarethenrealizationsof operationon these
spatialobjects.Section3 introducesdatastructuredor appropriatelyde®nedooint, line, and
areafeaturesbasedon anintegergrid. Sectiond andSection5 introducesomegrid-basedyeo-
metric algorithmswhich are basedon the parallel traversaland the plane-sweepparadigm,
respectrely. Section6 dravs some conclusions.



2 Assumptions and Design Goals

This sectionsummarizesssumptionanddesigngoalsthatareimportantfor anunderstanding
of the objectvesof this paper The assumptionsel3ectthe conceptsandresultsof the authors
work in the pastandmotivatethe designgoalsof the geometricalgorithmspresentedherefrom
an application-oriented point of vie

2.1 Reorganizing the Underlying Space: Disagte Geometric Bases

As a basisfor geometricmodeling and computing,very often Euclideanspaceis usedor
implicitly assumeadavhich representpointsin theplaneby pairsof in®nitelyprecise realnum-
bers.Unfortunately numbersystemsn computersare®niteandoffer only limited approxima-
tionslike Roatingnumbersignoring this factalmostcertainlyleadsto unacceptablerrorsin
spatialquery processingsincespatialobjects,predicatesand operationsare usually realized
by geometricdatastructurespredicatesandalgorithms,respectrely, which arejust basedon
these®niterepresentationand thus have shortcomingswith respectto numericalrobustness
and topological consisteypc

A proposalo overcometheseproblemss to exchangethe underlyingdomainuponwhich
geometricobjectsarede®nedndto introducea discretegeometrichasisfor theseobjectsboth
for modelingandfor implementationLet Py, = N x N with N = {0, ...,n-1} O IN bea®nite
discretespacqauniformintegergrid). Pointsandendpointsof line sggmentsarepresupposed
to have coordinatesn N. We assumethat the intersectionpoint of ary two line sggments,
which usuallydoesnotlie onthegrid, is perturbedo thenearesgrid (i.e., representablg)oint
by applyingGreene& Yao's redrawing concep{GY86] or Guibas& Marimont's snapround-
ing [GM95] idea, for instance.Theseconceptsensurenumericalrobustnessand topological
consisteng of a collection of line ggments.

Transformingan applications setof pointsandpossiblyintersectingine sggmentsin this
way, we obtaina discretegeometricbasiscalledrealm [GS93,Sch97].1t representshe full
underlyinggeometryof a particularapplicationspaceandconsistsof a ®nitesetof pointsand
non-intesectingline sggmentsHence arealmcanberegardedasanotheitermfor domainand
is somavhat similar to anenumeratiortypein programminganguagesBene®tof the realm
conceptare,in particular thatit shieldsspatialalgebrasandgeometricalgorithmsbuilt ontop
of realms from problems of numerical udness and topological correctness.

Graph-theoreticallya realmis a spatially embeddegblanar graph over a ®niteresolution
grid. Thereforewe canmorepreciselycharacterizerealm(over N) asa setof pointsandline
segmentswith thefollowing properties(1) Eachpointandeachendpoint of aline sggmentof
arealmis a grid point. (2) Eachend point of a realm segmentis also a point of the realm.
(3) No realmpointlies within arealmsegment(which meanson it withoutbeinganendpoint).
(4) No two realmseggmentshave commonpointsexceptat their endpoints. This de®nitionis
basedon a collection of robust geometricprimitives offering basicpredicateson grid-based
pointsandsegmentslik e whethertwo line segmentsintersectwithin their interiors,whethera
point lies on a line segment,or whethertwo line segmentsmeetin oneof their endpoints.A
formal de®nition of realms and i geometric primites is gven in [GS93, Sch97].

2.2 Spatial Data Types

Spatialdatatypes[Sch97]like points lines andregionsarespecialabstractlatatypesthatare
employed to model geometryandto suitably represengeometricdatain databasesystems.
They provide a fundamentalabstractionfor modelingthe geometricstructureof objectsin
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spaceaswell astheir relationshipspropertiesandoperationsWe speakof spatial objectsas
valuesof spatialdatatypes.In the contect here,we focuson two-dimensionakpatialobjects
thatarede®neabn top of realmsandin termsof pointsandline sggmentspresenin therealm.
Thatis, their constructiorandupdateareindirectly performedby selectingsomerealmobjects
and by propagting changego the dependenspatial objects,respectrely. Thus, all spatial
objectsconsideredherearerealm-basedA proposabf suchacollectionof realm-basedpatial
datatypeshasbeenprovided by the ROSE(RObust Spatial Extension algebra [GS95,Sch97].
Within this framework, a pointsobjectis a ®nitesetof grid points,alinesobjectis a setof

pairwisedisjoint blocks, eachblock being a maximal setof connectedine segments,and a
regionsobjectis a setof pairwiseedge-disjoinfaces(edge-disjoinineanghattwo facesmay
have a commonvertex but no commonsegment),eachfacebeinga simple polygonpossibly
containinga setof disjoint simple polygonscalledholes(seethe examplein Figurel). More-

over, a comprehensie setof spatial opeations(the ROSE algebracontainsapproximately70

differentspatialoperations)s speci®en theseobjects.This set,for instancejncludesbinary
spatial predicatesexpressingtopological relationshipslik e intersects inside adjacent and
binary spatialoperatorgeturningspatialobjectslik e intersection common_bater, and con-
tour. All datatypesandoperationgmaintainclosurepropertiesThey are,in particular closed
underthe operationsunion intersection anddifferencewith regardto the samerealm.Thatis,

the resultof suchan operationis a realm-baseabjectaswell and correspondso the de®ni-
tions of the spatialdatatypesgiven abore. A formal de®nitionof realm-basedpatialdata
types and operations isvgn in [GS95, Sch97].

2.3 Design Goals

Themainobjectve of this paperis to demonstratéhatthe implementatiorof mary operations
of a spatialalgebracanbe simpli®edf this algebrahasa discretegeometrichasis.Simpli®ca-
tion in this contet relateson the one handto the reductionof the algorithmic compleity of
known Euclidean-basedolutionsfor the operationsandon the otherhandto the reductionof
run time, eitherby a whole time complity classor at leastby constantfactors.Taking the
implementatiorof the ROSEalgebraasanexample we provide ef®cientdatastructuredor the
realm-basedspatial datatypes and numerically robust and ef®cientrealm-basedyeometric
algorithmsfor the operations, all de®neeko a uniform and discrete iger grid.

Fromanapplicationpoint of view, the designgoalspursuedy algorithmsof currentcom-
putational geometrydiffer to some degree from those of the applicationareasmentioned
above. These application-oriented design aspects areatexdi as follws:

¥ The representationgor spatial data types by meansof geometric data structuresare
designedor usein adatabaseontet. Thisimplies,in particulay thattheserepresentations



areno dynamicpointerdatastructuresn mainmemory but areall embeddednto compact
storage areas which can b®eiently transferred between a main memarfyeln and disk.

¥ All spatialobjectsprocesse@ndproducedby the operationsarerealm-based,e., they are
de®nedver a discretebasisandin particularno two segmentsintersectwithin their interi-
ors and no point lies within a segment(closurepropertyof spatialdatatypesand opera-
tions).As implementation®f realm-basedpatialoperationsgeometricalgorithmsoperate
onrepresentationsf realm-basedpatialobjectswith a complex semanticandnot on arbi-
trary setsof pointsor line segments.This meansthat the geometricproblemsconsidered
herearered/blueproblems Geometricalgorithmsfor spatialoperationghatproducerealm-
basedspatialobjectsyield representationthat conformto the correspondingealm-based
spatial data type (closure property of geometric data structures and algorithms).

¥ Thefactthatall spatialobjectsprocessetby operationsarerealm-basedanbeexploitedfor
designingef®cientgeometricalgorithms For example,someoperationcannow berealized
througha simpleparalleltraversalfor which otherwisemore complex andexpensve plane
sweepalgorithmswould be neededOperationghatareto berealizedby plane-sweeplgo-
rithmsarenow muchsimplerandmoreef®cientsincethey neednotdiscover new intersec-
tions and treat specialcases.Sweepstationscan only be isolatedpoints or end points of
segmentswhich areall known in advance Hence a staticsweepeventstructurefor manag-
ing the sweepstationss suf®cient We will alsoseethataninitial sortingphases unneces-
sary for plane-sweep algorithms.

¥ Differentalgorithmsprocessinghe samekind of spatial objectsusually prefer different
internalobjectrepresentationfr achieving highestef®cieng. But in contrastio traditional
work on geometricalgorithms the focushereis not on ®ndingthe mostef®cientalgorithm
for onesingle problem(operation)togetherwith a correspondingophisticatedlatastruc-
ture, but ratheron consideringa spatialalgebrawith a large numberof operationsas a
whole andon reconcilingthe variousrequirementgosedby differentalgorithmswithin a
single, universal data structurefor eachtype. Otherwise,we would be forcedto design
expensve corversion functions for diérent representations of the same type.

In thesequeldatastructuresandalgorithmsaredescribedat a high abstractiorlevel. Thealgo-
rithms can be groupedinto parallel traversal, plane-sweepand graph algorithms[GRS95,
Sch97].Thelattergroupis not describedn this paper For the ®rsttwo paradigmswe shav a
few Oprototype@peratorsandtheir algorithmsand sketchwhich otheroperatorscanbe real-
ized similarly. Many algorithmsrequireonly lineartime, the remainingonesO(n log n) time
wheren is a bound on the size of the operand objects.

3 Data Structures

This sectionintroducesthe datastructuregepresentingbjectsof the threedatatypespoints
lines andregions Ratherthan describingthesedata structuresdirectly in termsof arrays,
recordsetc.,we introducea high-level descriptionwhich offers suitableaccessand construc-
tion operationgo be usedin thealgorithms Basically we de®neanabstractatatypefor each
of the threedatastructureslt is thenleft to a later stepto designandimplementeachdata
structure concretely

Type pointsis de®nedas the set of all orderedsequences pq, ..., p, > of n N-points
(denotingthe elementsof Py) togetherwith a logical pointerindicatinga positionwithin the
sequence.



points= { (pos <py, -..,Pn >) |
(1) pos=0;n=0
(2 Ol<isn:p OPy
() O1l<i<n:p <pq}

The O<O-relatiom the de®nitionabave denoteghe usual(x, y)-lexicographicorderon Py
which is de®ned as

Op,pOPN i #] D pi<p = X <x00=x0y <y).

A numberof functionsis de®nean pointsobjects.Thesefunctions(andlatercorrespond-
ing functionson typeslines andregiong serne asconstructionscan,retrieval, andmanipula-
tion functions in algorithms for ROSE algebraoperations.Their syntax is given by the
following signature:

new : - points
select ®&t : points - points
select nget : points - points
end_of pt : points - bool
get_pt . points - Py
insert . pointsxPy - points

Their semanticsdescriptionis given by a set-theoreticspeci®cationLet P, = < py, ...,
Pn >, P = (i, Py) U points andp [J Py. Moreover, let symbok denote the empty sequence.

new() = (0,9)

0(1, Py) ifn>1
select &t(P) = O

(0, 9) otherwise

0@ +1, Pp) ifl<i<n
select_net(P) = O

H(0, Pp) otherwise
end of ptP) = (i=0)

Op; ifl<i<n
get_ptP) =0

Ounde®ned otherwise

0@, Pp) if0jO{L, ...,n}:p=p,

01, <p>) ifn=0
inser(P,p) = O(1, <p, Py, ....,Pn >) if p<py

O(n+ 1, <pyg, ... Py P>) if p>py

OG+1, <Py P P Py 5P >) if Of O, ..., 01} 1 <p<pjog
The representatiorof the more comple lines and regions objectsis basedon ordered
sequencesf halfsgmentsLet Sy = {(p, 9) | p U PN, g U Py} denotethe setof N-s@gments
The equality of tw N-segmentss; = (p;, g;) ands; = (9}, ¢f)) is de®ned as
s=5 < (E=pUg=0q) (@ =090p=0q)
Without loss of generality we normali&g by the assumption that

OsOSy: s=@EQq O p<q

This enablesus to speakof a left and a right end point of an N-segment.Let further Hy =
{(s,d) |sO Sy, d T {left, right}} bethesetof halfsgmentsA halfsggmenth = (s, d) consists
of anN-seggments anda ag d emphasizingneof the N-segments endpointswhichis called



the dominatingpoint of h. If d = left thenthe left (smaller)endpoint of s is the dominating
pointof h, andh is calledleft halfsggment Otherwisetheright endpoint of sis thedominating
point of h, andh is calledright halfsgment Hence ,eachN-segments is mappedo two half-
seggments(s, left) and(s, right). Let dp be the functionwhich yieldsthe dominatingpoint of a
halfsggment.

For two distincthalfsggmentsh; andh, with acommonendpointp, let a betheenclosed
anglesuchthat0° < a < 18C° (anoverlappingof h; andh, is excludedby therealmproperties).
Let a predicaterot be de®nedas follows: rot(h;, h,) is true iff h; canbe rotatedaroundp
througha to overlaph, in counterclockwiselirection.\We cannow de®nea completeorderon
halfsggmentswhich is basicallythe (x, y)-lexicographicorder by dominatingpoints. For two
halfsgmentsh,; = (s, d;) andh, = (s,, d,) we obtain:

hy<h, « dp(hy) <dp(hy) O
(dp(hy) = dp(h) O ((d; = right Od, = left) 0 (d; = d, Orot(hy, hy))))

We cannow continuewith the de®nitionof type regions (the de®nitionof type lines is
almost the same, see belaw). Type regions is de®nedas the set of ordered sequences
< hy, ....,h, > of n halfsgmentswhereeachhalfsggmenth; hasanattachedsetof attributesa,
whoseelementsarevaluesof somenew typeattr. Attribute setsareusedin algorithmsto attach
auxiliary information tadN-segments.

regions= {(pos <hg, ...,hy >, <ay, ...,a,>) |
(1) pos=0,n=0
(2) 0i0{1,...,n}: h OHy, g Oattr
(3) TilO{1,...,n1}: hy<hjsq}

Also onregionsobjectsa numberof functionsis de®nedTheir syntaxis given by the fol-
lowing signature:

new : - regions
select ®&t : regions — regions
select_net : regions - regions
end_of hs : regions - bool
get_hs . regions - Hy
get_attr . regions -~ attr
update_attr : regionsx attr — regions
insert . regionsx Hy — regions

For their semanticslescriptionet R, =<hy, ...,h,>, Ry=<ay, ...,a,> R=(, Ry, Ry) U
regions andh O Hy.

new() = (0,9,9)

01, Ry, Ry) ifn>1
select &t(R) = O

(0, 0, 0) otherwise

O3 +1, Ry Ry ifl<i<n
select net(R) = O

(0, Ry, Ry) otherwise
end_of hR) = (i=0)

Oh, ifl<i<n
get_hgR) = 0O

Cunde®ned otherwise



Oa ifl<i<n
get_att(R) =0
Ounde®ned otherwise

OG@, Ry, <aq, -, 8.1, &, @41, -.,an>) If1<i<n
update_att(R, a)=01

Ounde®ned otherwise
03, Ry, Ry) if 0jO{1,...,n}: h=h
0(1, <h>,<0 >) if R,=9
{1, <h, hl, oy > <0, &, ...,a,>) if h<hg
inser(R, h) = O(n+1,<hy, ...,hn, h >,
O <ay, ...,8n U >) if h>hp,
OG +1, <hg, ....hj hhigg, by >,
O <a11 "'!aj1D1a]+ll an>) if DJD{l n'l}:hj<h<hj+l

Notethatthesefunctionsmanipulatehalfsggmentsequencesl his doesnot guaranteehat
sucha sequenceeally representa well-de®nedand correctregions object. The algorithms
using this structureare responsiblefor constructingonly sequenceghat indeedrepresent
regionsobjects.Typelines (not presentedherein detail) is identicalto type regionsexceptfor
all the parts related to attrites which are not needed.

Concretamplementation$or eachof the threedatatypescouldrepresena sequencef n
points or halfsgmentsin a linked list or sequentiallyin an array The latter representation
would also be compatiblewith the @compactstorageareaQequiremenineededior ef®cient
databasdoading/storing.In this case,all functionsexceptfor insert needO(1) time; insert
requiresO(n) time for arbitrarypositionsandO(1) time for appendinganelementatthe endof
the sequenceSucha representationwould in fact be quite good for all 2parallel traversalO
algorithms,becauseesultobjectsare alwaysconstructedn the lexicographicalpoint or half-
seggment order and can therefore haithn linear time®

4 Traversal Algorithms

A numberof operatorsde®nedon the typespoints lines andregions canbe realizedby a
simpleor parallel traversal (i.e., a scan)[GRS95, Sch97]throughthe point or halfsggment
sequence®f one or two objects.In this sectionwe will explain someexample algorithms
which areanalysedwith respecto their worst casetime andspacerequirementsTo simplify
thedescriptionof algorithms for eachpossiblecombinationof two spatialdatatypesour high-
level notationis extendedby two further functionswhich enablea parallel traversalthrough
two ordered sequences of elements (hgifsmts, points).

As anexample,we considerthe two functionsfor two regionsobjectsgiven by their half-
seggmentsequences-unctionrr_select_®st(R;, Ry, object statug selectshe ®rsthalfsegment
of eachof the two regionsobjectsR; andR, (compareto the function select_®st de®nedn
typeregiong andpositionsalogical pointeron both of them.The parameteobjectwith possi-
ble values{ none ®sst, second both} indicateswhich of the two objectrepresentationson-
tainsthe smallerhalfsggment.If the valueof objectis none no halfsggmentis selectedsince
R, andR, areempty If thevalueis ®ist (secongl, the smallerhalfsgmentbelongsto R; (Ry).
If it is both the ®rsthalfsggmentsof R; andR, areidentical. The parametestatuswith possi-
ble values{end_of noneend_of &t end_of secondend_of both describesthe state of
both halfsggmentsequencedf thevalueof statusis end_of nongbothobjectsstill have half-

1 For database-speci®c reasons that are out of the scope of thjshpapetual representation (see Sedsipn
usedor all threedatastructureanAVL-tree embeddedhto anarray Theelementgpointsor halfsgmentsiare
additionally linked in sequence ordéffth this representation, all functionsoeptinsertneedO(1) time and
insertO(log n) time.



sggments.If it is end_of_®&st (end_of_secondR; (R,) is empty If it is end_of_bothboth
object representations are empty

Functionrr_select_ngt(R;, R,, object statug searchedor the next smallerhalfsggment
of Ry andR,; parameterfiave the samemeaningasfor rr_select_®st Obviously, thisis real-
ized byselect_ngt functions of the tw objects.

Both functionstogetherallow oneto scanin linear time two objectrepresentationike
oneorderedsequenceAnalogoudunctionscanbe de®nedor two linesobjects(ll_select @st,
ll_select_ngt) andalinesandaregionsobject(lr_select &st, Ir_select ngt). For thecompar-
ison of halfsggmentswith points,the dominatingpoints of the halfsggmentsare usedso that
points and lines objects (pl_select ®&t, pl_select net) and correspondinglypoints and
regionsobjects pr_select &t pr_select_net) can be treated in a similalayw

To distinguishthe functionson datatypes(writtenin italic) from the ROSEalgebraopera-
tions on datatypes,the latterarewrittenin bold face.In the sequelwe discussexamplealgo-
rithms for threeoperationsThe secondandthird operationare at the sametime examplesof
operationsvhosealgorithmsonly needO(n) time (n denoteghetotal size of the operands)n
contrast to their Euclidean counterparts which requirel@n) time. Their signatures are:

pr_on_border_of : pointsxregions -  bool
[l_intersects : linesxlines - bool
[I_digoint : linesxlines - bool

Operatorpr_on_border_of determineswhetherall points of a points objectlie on the
faces'boundarie®f aregionsobject.Hencethealgorithmcheckswhetherfor eachpointp of a
points objectP (denotedby p [l P(P) = {py, ..., Py}) a halfsgmenth of a regions objectR
(denoted byn OO H(R) = {hy, ...,h,}) exists whose dominating point is equalpto

algorithm pr_on_border_of
input: A pointsobjectP and aregionsobjectR
output: true, if Op O P(P) Oh O H(R) : p=dp(h)
false otherwise

begin

pr_select &t(P, R, object statug;

while (object# ®rst) and (status=end_of _nongedo

pr_select_net(P, R, object statug;

end-while;

return (objectz ®st) and (statusz end_of _second
end pr_on_border_of.

Thewhile-loop of the algorithmis executedaslong asno pointis foundwhichis in P but
not a dominatingpoint of a halfsggmentof R andaslong asnoneof the objectsequencess
exceededFor the predicateto be true, terminationof the while-loop mustnot have occurred
because pointwasfoundwhich is not on the boundaryof R (objectz ®ist). This impliesthat
terminationis dueto reachinghe endof oneor bothsequencesndthe predicatds trueif this
was not theegionssequence alonstatusz end_of second

Operatorl_inter sects examineswhetherntwo linesobjectsL; andL, intersect According
to its de®nitionin the ROSE algebrait yieldstrue if both objectshave no common(half)seay-
mentsbut at leastone commonpoint which is not a meetingpoint but an intersectionpoint.
Point p is a meetingpoint if the angularlysortedlist of halfsggmentsof L, andL, with the
samedominatingpoint p canbesubdvidedinto two sublistssothatonelist containsonly half-
segmentsof L, andthe otherlist only halfsggmentsof L,. Theideais now to walk aroundp,
scanninghe sggmentsandto countthenumberof 2objectchangesin this orderedist of half-



seggmentsof L, andL,. Pointp is a meetingpoint if this numberis lessthanor equalto two;
otherwise an intersection point has been found.

algorithm Il_intersects
input: Two linesobjectsL; andL,
output: true, if no commonsegmentexists, but a commonpoint which is not a meeting
point
false otherwise
begin
Il_select_®st(L,, L,, object statug;
if object=®istthen act_dp:=dp(get_hgL,))
elseif object=secondhen act_dp:= dp(get_hgL,))
end-if;
old_obj:=object found:=false count:= 0;
while (status=end_of_nongand (object# both) do
Il_select_net(L,, L,, object statug;
if (status# end_of_bothand (object# both) and not foundthen
if object=®istthen
new_dp:=dp(get_hgL,))
elseif object=secondhen
new_dp:=dp(get_hgL,))
end-if;
if new_dp# act_dpthen (* new point *)
act_dp:=new_dp
count:= 0;
old_obj:=object
elseif object# old_objthen (* object switch *)
count:=count+ 1,
old_obj:=object
found:=foundor (count> 2);
end-if;
end-if;
end-while;
return foundand (object# both);
end Il_intersects.

Thewhile-loop of thealgorithmterminatesf eithertheendof oneof the objectshasbeen
reachedor a commonhalfsggmenthasbeenfound. In the latter casethe resultvalueis false
(object# both), in the ®rstcasethe decisionis basedn whetherat leastoneintersectiorpoint
has been found or ndb(ng.

Operatorl_disoint examineswhethertwo linesobjectsL; andL, aredisjoint. According
to its de®nitionin the ROSE algebrait is not suf®cientonly to testfor commonhalfsggments
becausehe operatolyieldsalsofalseif therearesegmentsof bothobjectswhich have common
points.Dueto therealmpropertiessucha commonpoint canonly be anendpoint of two seg-
mentsof L, andL,. Hence theremustbe two halfsggmentsh; O H(L;) andh, O H(L,) with
the samedominatingpoint. Sincein the halfsggmentorder all halfsggmentswith the same
dominatingpoint lie one behindthe other a parallel objecttraversalcan checkwhethertwo
consecutre halfsggmentsfrom different objectshave the samedominatingpoint. In sucha
casel ; andL, are not disjoint.
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algorithm Il_digoint
input: Two linesobjectsL; andL,
output:true, if O hy O H(L,) O hy, O H(L,) : dp(hy) # dp(h,)
false otherwise
begin
Il_select_®st(L,, L,, object statug;
if object=®istthen act_dp:=dp(get_hgL,))
elseif object=secondhen act_dp:=dp(get_hgL,))
end-if;
old_obj:=object
found:=false
while (object# both) and (status= end_of_nongand not founddo
Il_select_net(L,, L,, object statug;
if (status# end_of_bothand (object# both) then
if object=®istthen
new_dp:=dp(get_hgL,))
else
new_dp:=dp(get_hgL,))
end-if;
if object# old_objthen
found:= (new_dp=act_dp;
end-if;
act_dp:=new_dp
old_obj:=object
end-if;
end-while;
return (object# both) and not found
end |l_digaint.

The while-loopis executedaslong asno commonhalfsggmenthasbeenfound (object#
both), the end of both objectshasnot beenreachedstatus= end_of _noneandno common
point hasbeendiscorered(not found. Hence,the operatorreturnstrue if the endof at least
oneobjecthasbeenreachedandneithera commonhalfsggmentnor acommonpoint hasbeen
found.

Further29 operatorsof the ROSEalgebracanbe realizedeitherby simpleor paralleltra-
versal.Theseoperatorsncludetestswhethertwo pointsobjectsareequal,unequalor disjoint
(pp_equal, pp_unequal, pp_digoint), whethertwo lines or two regions objectsare equal,
unequalor have commonseggments(ll_equal, Il_unequal, Il_border_in_common, rr_equal,
rr_unequal, rr_border_in_common), whethernwo lines objectsmeetin commonendpoints
(Il_meets), whethera pointsobjectslies completelyon a linesobject(pl_on_border_of), and
whethera lines and a regions object have segmentsin common (Ir_border_in_common,
rl_border_in_common). Sereral operatorsyield spatial objects as results. The operators
pp_intersection, pp_plus, pp_minus, |l_intersection, |I_plus, andll_minus yield the inter-
section,union, anddifferenceof two pointsobjectsandtwo lines objects,respectiely. Some
operatorcomputethe commonsegmentsof two lines objects,two regionsobjects,or a line
and a region object, resp. (Il_common_border, rr_common_border, Ir_common_border,
rl_common_border). The operators_vertices andr_vertices return the end points of the
boundarysegmentsof a lines objectanda regionsobject,respectrely. The remainingopera-
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tions yield numericalvalues.They calculatethe numberof single points of a points object
(p_no_of _components), thelengthof alinesobject(l_length), andtheareaandperimeternof a
regionsobject (_area, r_perimeter).

For all predicatesandfor operationgeturningnumberghe worst casetime compleity is
O(n), wheren is the total numberof pointsor halfsggmentsin the one or two operandsFor
operationgeturningnew spatialobjectsthetime boundis O(n + k) wheré k is the numberof
pointsor halfsggmentsin the resultobject.O(n) time is neededor scanninghe operandsand
O(K) for constructingheresult.Sincek = O(n), thisis alwaysboundedoy O(n). It is left to the
readerto determinethoseoperatorshasedon the traversalparadigmwhosealgorithmsneed
O(n [+K]) time in a realm-basedubO(n log n [+K]) time in Euclidean space.

5 Plane-Sweep Algorithms

A numberof operatorde®nedn the typespoints lines, andregionsarerealizedby a plane-
sweep GRS95,Sch97].In this section,too, we will explain someexamplealgorithmswhich
areanalysedvith respecto theirworstcasetime andspaceequirementsin thespecialcaseof
realm-basedgrid-based)computationalgeometrywhere no two segmentsintersectwithin
their interiors, the event point schedulds static (becausenen event points cannotexist) and
given by the orderedsequencef points or halfsgmentsof the operandobjects.No further
explicit event point structureis neededAlso, no initial sortingis necessargincethe plane-
sweep order of points andgseents is the base representation of objegtaay

If aleft (right) halfsggmentof a regionsobjectis reachedduring a plane-sweepits seg-
mentcomponents storedinto (removed from) the sggmentsequencef the sweepline status
sortedby the orderrelationabove A segments lies above a sggmentt if the intersectionof
their x-internvalsis not emptyandif for eachx of the intersectionnterval the y-coordinateof s
is greaterthanthe oneof t (exceptpossiblyfor a commonend point wherethe y-coordinates
areequal).Pointsandhalfsegmentsof lines objectsareusedto querythe sweepline status A
point p lies aboveanon-werticalsegmentt if the x-coordinateof p lies within the x-interval of t
and the y-coordinateof p is greaterthan the y-coordinateof t at p.x. If t is vertical, the
x-coordinatef p andt mustbe identicalandthe y-coordinateof p mustbe greaterthanall
y-coordinates of.

We de®neaanauxiliary type statuswhichre ectsthe sweepine statusateachmomentof a
plane-sweeplgorithm.Thesweepine statuss describedy anorderedsequencef segments
with respectto the orderrelation above A logical pointerindicatesthe position within the
sequenceand eachsegmenthasan attachedsetof attributesof somesort attr. Several func-
tionsarede®nedn type status Functionnen_sweereatesa nev sweepline statusstructure
S The functionsadd_leftand del_right insertand remove a sggment,respectrely, from S
Functionspred_of_sand pred_of_pyield the sggmentlying directly belov a given sgment
and point, respectrely, in S, Functioncurrent_eists checkswhetherS containsat leastone
segment.Functionpred_iststestswhetherthe segmentwhosepositionis currentlyindicated
by the logical pointer has a predecessorFunction get_attr (get_pred_att) retrieves the
attribute of (the predecessoof) the segmentcurrentlyindicatedby the logical pointetr Func-
tion set_attrassignsan attribute to the segmentcurrentlyindicatedby the logical pointer For
thesweepine statusanef®cientinternaldynamicstructurelik e the AVL treecanbeemployed
which realizeseachof the operationsadd_left del_right pred_of sandpred_of pin worst
case timeé)(log n) and the other operations in constant time.

2 For an A/L-tree embedding in an array this time boun®{a + k log k).
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For all algorithmswe assumehat all thosehalfsggmentsof a regions objectR have an
associatedttribute InsideAbaewheretheareaof Rliesabove or left of its segmentsThis segy-
mentclassi®catiowanbe computedoy aplane-sweeplgorithm(notshavn here)which views
all sgmentsintersectinghe currentsweepline from bottomto top. It is obviousthatthe low-
estseggmentobtainsthe attribute InsideAbwe, thefollowing doesnot, thethird again obtainsit,
etc.Whethertheattribute InsideAbweeis associateavith a sggmentdepend®n theassignment
of the attrilute to the immediately precedingyseent in the sweep line status.

We distinguishtwo classe®f plane-sweeplgorithms.The®rstclassof plane-sweeplgo-
rithms considergshe relationshipsbetweena pointsor lines objectand a regionsobject. The
algorithmicschemas to insertonly the segmentsof the regionsobjectinto the sweepline sta-
tus andto usethe elementof the pointsandlines object,respectrely, asqueryelementsAs
an xample, we shw the algorithm forl_inter section which has the signature

rl_intersection : regionsxlines - lines

The algorithm for rl_intersection producesa new lines objectwhich containsall sey-
mentslying within R. It is crucialfor the correctnessf this algorithmthatwe canbe surethat
a complete(half)sgmentlies within R, if its dominatingpoint lies within anareaof R. Thisis
because¢he boundaryof R cannotintersectheinterior of the sgmentdueto therealmproper-
ties. This algorithmrequiresO((I + m) log m + k) wheré k is the sizeof theresultobjectandl
andm denote the size of timesandregionsoperand, respeegly.

algorithm rl_intersection
input: A linesobjectL and aregionsobjectR
output: A new lines object Lo, containing all halfsgments of L whose segment
components lie iR
begin
Lnew := nen();
S:=new_sweef);
Ir_select_®@st(L, R, object statug;
while status=end_of_nonelo
if (object=both) or (object=secondlthen
h:=get hgR); (* Leth= (s, d). *)
attr := get_attr(R);
if d =leftthen
S:=add_lefS 9);
if InsideAbwe [ attr then
S:=set_att(S {InsideAbwe});
end-if
else
S:=del_righ(S s);
end-if
end-if;
if object=boththen
h:=get _hgL);
Ly = inserfL g N);
elseif object=®stthen
h:=get_hgL); (* Leth= (s, d). *)

3 For an A/L-tree embedding in an array this time boun®{gd + m) logm + k log k).
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S:=pred_of £S 9);
if current_eistgS) and (InsideAbee [ get_att(S)) then
Lnay :=inser(Lnen N);
end-if;
end-if;
Ir_select_n&t(L, R, object statug;
end-while;
return Lpgus
end rl_intersection.

Furthersix operatorsbelongingto this classcheckwhethera points objectlies inside a
regionsobject(pr_inside) andwhetheralinesobjectintersectshassinglecommonendpoints
with, or lies inside a regions object (Ir_intersects/rl_intersects, Ir_meetsrl_meets,
Ir_inside). For all theseoperation®f this classthetime compleity is O((I + m) log m) if mis
the size of the regionsoperandand| the size of the otheroperand Of coursefor n=1 + m,
O(nlog n) is a simpler upper bound for all operations.

The secondclassof plane-sweepalgorithms considersthe relationshipsbetweentwo
regionsobjects.Note thatheretheimmediateapplicationof the techniquantroducedabove is
impededby thefactthatregionsobjectsmayhave holes.Hence for thealgorithmsof this class
we introducethe conceptf overlapnumbes andsegmentclassi®cationA point of therealm
grid obtainstheoverlapnumberk if it is coveredby (or partof) k regionsobjects For example,
for two intersectingsimplepolygonsthe areaoutsideof both polygonsgetsoverlapnumberO,
theintersectingareasoverlapnumber2, andthe otherareasoverlapnumberl. Sincea segment
of aregionsobjectseparatespacanto two parts,aninnerandanexterior one,eachsegmentis
associateavith a pair (nvVn) of overlapnumbersalower (or right) onem andanupper(or left)
onen. Thelower (upper)overlapnumberindicatesthe numberof overlappingregionsobjects
belowv (above) the segment.In this way, we obtain a segmentclassi®catiorof a ®»ed set of
regionsobjects and speak afy{n)-segments.

For two regions objects(we only considerbinary operatorshere)m, n < 2 holds; of the
nine possiblecombinationonly sevendescribevalid segmentclassesThisis because (0/0)-
segmentcontradictsthe de®nitionof a regionsobject,sincethenat leastone of both regions
objectswould have two holesor anoutercycle anda hole with a commonborder For similar
reasons(2/2)-s@mentscannotexist, sincethenat leastone of the two regionsobjectswould
have a segmentwhichis commonto two outercyclesof the object.Hence possible(nmvn)-seg-
ments are (0/1)-, (0/2)-, (1/Q)-1/1)- (1/2)- (2/0)-, and (2/1)-ggments.

As anexamplefor a plane-sweemlgorithmof the secondclasswe presenthe algorithm
for rr_inside which has the signature

rr_inside: regionsx regions — bool

andwhich testswhethera regions objectR; is completelycontainedin a regions objectR,.
Thismeanghatall sgmentsof R; mustlie within theareaof R, but no sggment(andhenceno
hole) of R, maylie within Ry. If we considerthe objectsR, andR, ashalfsggmentsequences
togethemwith the segmentclassesthe predicater_insideis trueif (i) all halfsggmentshatare
only elementof R; have sggmentclass(1/2) or (2/1), sinceonly thesesegmentslie within R,,
(i) all halfsgmentsthatareonly elementof R, have sgmentclass(0/1) or (1/0), sincethese
de®nitelydo not lie within Ry, and(iii) all commonrhalfsgmentshave sggmentclass(0/2) or
(2/0), sincethe areasof both objectslie on the sameside of the halfsggment.In the caseof a
(1/1)-sgmentthe areaswould lie sideby sidesothatR; could not be containedby R,. In the
algorithm,whenever a sgmentis insertedinto the sweepline status®rstthe pair (my/n,) of
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overlapnumbersof the predecessais determined(it is setto (*/0) if no predecessoexists).
Then the overlap numbers(mg/ng) for this segmentare computed.Obviously mg = n, must
hold; ngis also initialized ta, and then corrected.

algorithm rr_inside

input: Two regionsobjectsR; andR,

output: true, if Ry lies withinR,
false otherwise

begin
S:=new_swee();
inside:=true;

rr_select_@®8t{(R,, Ry, object statug;
while (status# end_of &) and insidedo
if (object=®sst) or (object= both)
then h :=get_hgR;); (* Leth = (s, d). *)
elseh :=get_hgRy); (* Leth = (s, d). *)

end-if;

if d=right then
S:=del_righ(S s);

else

S:=add_lef(S s);
if not pred_eistqS)
then (my/ny) := (*/0)
else {(myny)} := get_pred_att(S)
end-if;
Mg :=Ny;
Ng :=Ng;
if ((object=®sst) or (object=both)) and
(InsideAbee ] get_att(R;))
thenng:=ng+ 1
elseng:=ng-1
end-if;
if ((object=secondlor (object=both)) and
(InsideAbee ] get_att(Ry))
thenng:=ng+ 1
elseng:=ng-1
end-if;
S:=set_att(S {(myny});
if object=®istthen inside:= ((m/ng) U {(1/2), (2/1)})
elseif object=secondhen inside:= ((mgng) [ {(0/1), (1/0)})
elseinside:= ((myng) [ {(0/2), (2/0)})
end-if;
end-if;
rr_select_ngt(R,, Ry, object statug;
end-while;
return inside
end rr_inside.
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If Ry hasl andR, m halfsegmentsthewhile-loopis executedatmostn = | + mtimes,since
eachtime a new halfsggmentis visited. The mostexpensve operationswithin theloop arethe
insertionandtheremoval of a segmentinto andfrom the sweegine status Sinceat mostn ele-
mentscanbe containedn the sweepline status,the worst casetime compleity of the algo-
rithm isO(n log n) which is also alid for all other operations of this class.

Furtheroperatorsbelongingto this secondclasscheckwhethertwo regions objectsare
disjoint with respectto area (rr_area digoint), additionally have no segmentstogether
(rr_edge_digoint), andalsohave no commonendpointstogether(rr_digoint), whetherone
regions objectR; is inside anotherregions objectR, and hasno commonsgmentswith R,
(rr_edge_inside) and alsono commonend pointswith R, (rr_vertex_inside), whethertwo
regions objectsintersect(rr_intersects), are adjacent(rr_adjacent) or have commonend
points (rr_meets), and whethera regions objectis containedin anotherone (rr_encloses).
Moreover, operatorscomputingregionsobjectsastheresultof intersectionunion, anddiffer-
ence of tvo regionsobjects belong to this clagy (intersection, rr_plus, rr_minus).

6 Conclusions

This paperhasdemonstratethatit is feasibleto designnumericallyrobust,topologicallycor-
rect,andef®cientgeometricalgorithmson a ®nitediscretedomain,i.e.,onauniformgrid. The
useof high-level primitiveshasmadeit possibleto describea large numberof algorithmsin
compact,precisenotation.Due to a large amountof operatorghe emphasishasnot beento
designa specialsolutionfor eachsingle geometricproblembut to treata spatialalgebraasa
whole andin a uniform way. This view implies the developmentof universaldatastructures
and the emplogyment of generalalgorithmic paradigms(e.g., simple and parallel traversal,
plane-sweepbhatarewell appropriatdor alarge numberof geometrigproblems As animpor-
tantresult,a comparisorwith the algorithmsof classicalcomputationageometryrevealsthat
realm-basedjeometricalgorithmsare much simpler and more ef®cientthan their Euclidean
counterparts.

The realm-basedgrid-based)data structuresand algorithms have beenimplemented
within a collectionof software modulescalledthe ROSEsysten|Rid95] which waspartof a
diplomathesiswritten by Thomasde Ridder The sourcecodewrittenin Modula-2is available
to the interested reader by the author of this paper
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