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Abstract. To guaranteenumericalrobustness,topologicalcorrectness,andsimultaneouslyefÞ-
ciency of geometricalalgorithmscanbecurrentlyregardedasoneof themosturgentchallenges
of computationalgeometry. Thesepropertiesrepresentfundamentalrequirementsfor spatial
predicatesandoperationsin non-standardapplicationareaslike spatialdatabasesystems,GIS,
VLSI design,andCAD. Due to the discrepancy betweenthe inÞnite-precisionassumptionof
computationalgeometryandthe Þnite-precisionreality of computersystems,theseproperties
cannotbe warrantedby geometricalgorithmscurrently available. The employment of these
algorithmsin practicefrequentlyamountsto unacceptablenumericalroundingerrorsandtopo-
logical inconsistenciesanddegeneracies.This paperpresentsgeometricalgorithmsthatsatisfy
the propertiesrequiredabove andthat reston a discretegeometricbasisin form of a uniform
integergrid. Thepaperalsoemphasizesthat,from anapplicationpointof view, thedesigngoals
pursuedby algorithmsof computationalgeometrydiffer to somedegreefrom thoseof theappli-
cation areas mentioned above.
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1 Intr oduction

Numericalrobustness,topologicalcorrectness,reliability, accuracy, and simultaneouslyefÞ-
ciency of geometricalalgorithmsarefundamentalrequirementsfor spatialpredicatesandoper-
ationsin spatialdatabases,geographicalinformationsystems,VLSI design,CAD, andother
related,non-standardapplicationareas.Althoughtheoretical computationalgeometryhaspro-
videda largenumberof usefulandefÞcientgeometricalgorithms,we encountertheproblem
that it is basedon Euclideangeometryandon continuous,inÞnite-precisionarithmetic(real
numbers)andthat it ignoresthereality of a discrete,Þnite-precisionarithmetic(ßoatingpoint
numbers)availablein computers.Thus,theoreticallycorrectgeometricalgorithmsarenotnec-
essarily practically valid!

Frequently, precision,robustness,andcorrectnessof geometricprimitives (like segment
intersection,point-in-polygontest)within geometricalgorithmsaresimply taken for granted.
But geometricalgorithmsarequitesensitive regardingthis procedure,andin theend,thetask
is mostlyleft to theprogrammerto closethegapbetweentheoryandpractice.This leadsinev-
itably not only to numericalroundingerrorsbut alsoto topologicalinconsistenciesanddegen-
eracies[DS90, For85, GY86, Hof89], since topological information is commonly inferred
from coordinate-basedgeometricdata.Hence,an appliedcomputationalgeometryis needed
which takes into account the Þnite representations available in computer systems.

In this paperwe designnumericallyrobust,topologicallyconsistent,andat thesametime
efÞcientgeometricalgorithmswhoseargumentand result objectsare deÞnedon an integer
grid. They restonthetraversalandplane-sweepparadigm.Wewill alsoseethat,from anappli-
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cationpoint of view, thedesigngoalspursuedby algorithmsof computationalgeometrydiffer
to some degree from those of the application areas mentioned above.

Theknowledgeaboutthegapbetweentheoryandpracticeof computationalgeometryhas
raisedgrowing interestin solvingissuesof numericalrobustnessandtopologicalcorrectnessof
geometricalgorithms.Two approachescanbemainlydistinguished:perturbation-freeandper-
turbationapproaches.Perturbationrelatesto slightly changinginput dataor computedvalues
in a suitableway when they are assignedto variables.Perturbation-freeapproaches(e.g.
[KM83, MK84, OTU87, SI88]) aim at performingexact geometriccomputationswith such
suf®cientlyhighprecisionthatcorrectandrobustnumericalresultsmustbeobtained.Provided
thattheinput dataareexact,thetaskis to determinehow many digits of precisionarerequired
by numerical computationsso that the algorithm producescorrect results and takes into
accountdesiredaccuracy. Perturbationapproaches(e.g.[DS90,EM88,GM95,GSS89,GY86,
HHK88, Mil89, NME90, Sch94])allow to slightly changeinput dataor computedresults.
Becausein many applicationsthe input dataareapproximatefrom the beginning,suchslight
alterations seem to be tolerable.

This paperis basedon an interestingsubclassof perturbationapproachesthat attemptto
transformgeometricdatafrom thecontinuousdomainto thediscretedomainin the form of a
uniform(integer)grid andto performcomputationalgeometryin this discretedomain.Thatis,
points,endpointsof line segments,verticesof polygons,etc.have integer insteadof ßoating
point coordinatesand lie on grid points. This has led to a sub®eldcalled Þnite-resolution
[GY86] or Þnite-precision[Yao92]computationalgeometrydealingwith geometryperformed
on a discretedomain.On a grid, problemscanfrequentlybesolvedmoreef®cientlyandsim-
pler than in Euclideanspace[Ove88a].On the otherhand,problemslike how to handlethe
intersection point of two integer-based line segments are more complicated [GM95, GY86].

Finite-precisioncomputationalgeometryhassofaronly beenstudiedby a few researchers
(overviews canbefoundin [KK81, Ove88a,Ove88b]).More ef®cientsolutionsin comparison
with their Euclideancounterpartshave beenfoundfor thenearestneighborsearchingproblem
[KM85], rangesearchingonagrid [Ove88b,Ove88c],thepoint locationproblem[MŸl85], the
computationof rectangleintersectionsandmaximalelementsby divide-and-conquer[KO88b],
computingthe convex hull of a setof points,reportingall intersectionsof a setof arbitrarily
orientedline segments,andthecalculationof rectangleintersectionsandmaximalelementsby
using the plane-sweep technique [KO88a, Ove88b].

A main problemis the treatmentof the intersectionpoint of two integer line segments
whichusuallydoesnot fall onagrid pointwith integercoordinatesbut hasrationalcoordinates
andthusviolatestheclosurepropertyof thegrid domain.GreeneandYaoÕsredrawingconcept
[GY86] and Guibasand MarimontÕs snaproundingmethod[GM85] have turnedout to be
acceptableandrobustsolutionsfor thisproblem.Bothapproachesallow slightperturbationsof
theoriginal line segmentsby roundingtheendpointsandintersectionpointsof line segments
to representablegrid points,but in a way so that topologicalconsistency is globally guaran-
teed.That is, bothmethodscannotanddo not prevent imprecisionfrom theoriginal data,but
they provide consciouslycontrolledperturbationof the original dataandthe maintenanceof
their global topology.

Section2 summarizesthe assumptionsandthe designgoalsthat underliethis paperand
thathave bothespeciallyto beseenin a databasecontext. In this context geometricdatastruc-
tureshave to beviewedasrepresentationsof spatialobjectsfurnishedwith a complex seman-
tics andstoredin databases.Geometricalgorithmsarethenrealizationsof operationson these
spatialobjects.Section3 introducesdatastructuresfor appropriatelyde®nedpoint, line, and
areafeaturesbasedon anintegergrid. Section4 andSection5 introducesomegrid-basedgeo-
metric algorithmswhich are basedon the parallel traversaland the plane-sweepparadigm,
respectively. Section6 draws some conclusions.
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2 Assumptions and Design Goals

Thissectionsummarizesassumptionsanddesigngoalsthatareimportantfor anunderstanding
of theobjectivesof this paper. Theassumptionsreßecttheconceptsandresultsof theauthor's
work in thepastandmotivatethedesigngoalsof thegeometricalgorithmspresentedherefrom
an application-oriented point of view.

2.1 Reorganizing the Underlying Space: Discrete Geometric Bases

As a basisfor geometricmodeling and computing,very often Euclideanspaceis usedor
implicitly assumedwhichrepresentspointsin theplaneby pairsof in®nitelyprecise,realnum-
bers.Unfortunately, numbersystemsin computersare®niteandoffer only limited approxima-
tions like ßoatingnumbers.Ignoring this factalmostcertainlyleadsto unacceptableerrorsin
spatialqueryprocessingsincespatialobjects,predicates,andoperationsareusually realized
by geometricdatastructures,predicates,andalgorithms,respectively, which arejust basedon
these®niterepresentationsandthushave shortcomingswith respectto numericalrobustness
and topological consistency.

A proposalto overcometheseproblemsis to exchangetheunderlyingdomainuponwhich
geometricobjectsarede®nedandto introduceadiscretegeometricbasisfor theseobjectsboth
for modelingandfor implementation.Let PN = N × N with N = {0, ..., n−1} ⊆ IN bea ®nite
discretespace(auniform integergrid). Pointsandendpointsof line segmentsarepresupposed
to have coordinatesin N. We assumethat the intersectionpoint of any two line segments,
whichusuallydoesnot lie on thegrid, is perturbedto thenearestgrid (i.e., representable)point
by applyingGreene& Yao's redrawingconcept[GY86] or Guibas& Marimont's snapround-
ing [GM95] idea, for instance.Theseconceptsensurenumericalrobustnessand topological
consistency of a collection of line segments.

Transforminganapplication's setof pointsandpossiblyintersectingline segmentsin this
way, we obtaina discretegeometricbasiscalledrealm[GS93,Sch97].It representsthe full
underlyinggeometryof a particularapplicationspaceandconsistsof a ®nitesetof pointsand
non-intersectingline segments.Hence,arealmcanberegardedasanothertermfor domainand
is somewhatsimilar to anenumerationtype in programminglanguages.Bene®tsof therealm
conceptare,in particular, that it shieldsspatialalgebrasandgeometricalgorithmsbuilt on top
of realms from problems of numerical robustness and topological correctness.

Graph-theoretically, a realmis a spatiallyembeddedplanar graphover a ®niteresolution
grid. Therefore,we canmorepreciselycharacterizea realm(over N) asa setof pointsandline
segmentswith thefollowing properties:(1) Eachpoint andeachendpoint of a line segmentof
a realm is a grid point. (2) Eachendpoint of a realmsegmentis alsoa point of the realm.
(3) No realmpoint lieswithin arealmsegment(whichmeanson it withoutbeinganendpoint).
(4) No two realmsegmentshave commonpointsexceptat their endpoints.This de®nitionis
basedon a collectionof robust geometricprimitivesoffering basicpredicateson grid-based
pointsandsegmentslike whethertwo line segmentsintersectwithin their interiors,whethera
point lies on a line segment,or whethertwo line segmentsmeetin oneof their endpoints.A
formal de®nition of realms and robust geometric primitives is given in [GS93, Sch97].

2.2 Spatial Data Types

Spatialdatatypes[Sch97]likepoints, lines, andregionsarespecialabstractdatatypesthatare
employed to model geometryand to suitably representgeometricdatain databasesystems.
They provide a fundamentalabstractionfor modeling the geometricstructureof objectsin
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spaceaswell astheir relationships,properties,andoperations.We speakof spatialobjectsas
valuesof spatialdatatypes.In the context here,we focuson two-dimensionalspatialobjects
thatarede®nedon top of realmsandin termsof pointsandline segmentspresentin therealm.
Thatis, their constructionandupdateareindirectlyperformedby selectingsomerealmobjects
and by propagating changesto the dependentspatialobjects,respectively. Thus, all spatial
objectsconsideredherearerealm-based. A proposalof suchacollectionof realm-basedspatial
datatypeshasbeenprovidedby theROSE(RObustSpatialExtension) algebra [GS95,Sch97].

Within this framework, apointsobjectis a®nitesetof grid points,a linesobjectis asetof
pairwisedisjoint blocks, eachblock beinga maximal setof connectedline segments,anda
regionsobjectis a setof pairwiseedge-disjointfaces(edge-disjointmeansthat two facesmay
have a commonvertex but no commonsegment),eachfacebeinga simplepolygonpossibly
containinga setof disjoint simplepolygonscalledholes(seetheexamplein Figure1). More-
over, a comprehensive setof spatialoperations(theROSEalgebracontainsapproximately70
differentspatialoperations)is speci®edon theseobjects.Thisset,for instance,includesbinary
spatial predicatesexpressingtopological relationshipslike intersects, inside, adjacent, and
binary spatialoperatorsreturningspatialobjectslike intersection, common_border, andcon-
tour. All datatypesandoperationsmaintainclosureproperties.They are,in particular, closed
undertheoperationsunion, intersection, anddifferencewith regardto thesamerealm.Thatis,
the resultof suchan operationis a realm-basedobjectaswell andcorrespondsto the de®ni-
tions of the spatialdatatypesgiven above. A formal de®nitionof realm-basedspatialdata
types and operations is given in [GS95, Sch97].

2.3 Design Goals

Themainobjective of this paperis to demonstratethattheimplementationof many operations
of a spatialalgebracanbesimpli®edif this algebrahasa discretegeometricbasis.Simpli®ca-
tion in this context relateson the onehandto the reductionof the algorithmiccomplexity of
known Euclidean-basedsolutionsfor theoperationsandon theotherhandto thereductionof
run time, eitherby a whole time complexity classor at leastby constantfactors.Taking the
implementationof theROSEalgebraasanexample,weprovideef®cientdatastructuresfor the
realm-basedspatial data typesand numerically robust and ef®cientrealm-basedgeometric
algorithms for the operations, all de®ned over a uniform and discrete integer grid.

Fromanapplicationpointof view, thedesigngoalspursuedby algorithmsof currentcom-
putationalgeometrydiffer to somedegree from thoseof the applicationareasmentioned
above. These application-oriented design aspects are motivated as follows:

¥ The representationsfor spatial data types by meansof geometricdata structuresare
designedfor usein a databasecontext. This implies,in particular, thattheserepresentations

apoints object a lines object a regions object

Figure1
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areno dynamicpointerdatastructuresin mainmemory, but areall embeddedinto compact
storage areas which can be ef®ciently transferred between a main memory buffer and disk.

¥ All spatialobjectsprocessedandproducedby theoperationsarerealm-based,i.e., they are
de®nedover a discretebasisandin particularno two segmentsintersectwithin their interi-
ors andno point lies within a segment(closurepropertyof spatialdatatypesandopera-
tions).As implementationsof realm-basedspatialoperations,geometricalgorithmsoperate
onrepresentationsof realm-basedspatialobjectswith acomplex semanticsandnotonarbi-
trary setsof pointsor line segments.This meansthat the geometricproblemsconsidered
herearered/blueproblems.Geometricalgorithmsfor spatialoperationsthatproducerealm-
basedspatialobjectsyield representationsthat conformto the correspondingrealm-based
spatial data type (closure property of geometric data structures and algorithms).

¥ Thefactthatall spatialobjectsprocessedby operationsarerealm-basedcanbeexploitedfor
designingef®cientgeometricalgorithms.For example,someoperationscannow berealized
througha simpleparalleltraversalfor which otherwisemorecomplex andexpensive plane
sweepalgorithmswould beneeded.Operationsthatareto berealizedby plane-sweepalgo-
rithmsarenow muchsimplerandmoreef®cient,sincethey neednot discover new intersec-
tions and treatspecialcases.Sweepstationscanonly be isolatedpointsor endpointsof
segmentswhich areall known in advance.Hence,a staticsweepeventstructurefor manag-
ing thesweepstationsis suf®cient.We will alsoseethataninitial sortingphaseis unneces-
sary for plane-sweep algorithms.

¥ Different algorithmsprocessingthe samekind of spatialobjectsusually prefer different
internalobjectrepresentationsfor achieving highestef®ciency. But in contrastto traditional
work on geometricalgorithms,thefocushereis not on ®ndingthemostef®cientalgorithm
for onesingleproblem(operation)togetherwith a correspondingsophisticateddatastruc-
ture, but ratheron consideringa spatialalgebrawith a large numberof operationsas a
whole andon reconcilingthe variousrequirementsposedby differentalgorithmswithin a
single, universaldatastructurefor eachtype. Otherwise,we would be forced to design
expensive conversion functions for different representations of the same type.

In thesequel,datastructuresandalgorithmsaredescribedatahighabstractionlevel. Thealgo-
rithms can be groupedinto parallel traversal, plane-sweep, and graph algorithms[GRS95,
Sch97].Thelattergroupis not describedin this paper. For the®rsttwo paradigms,we show a
few ÒprototypeÓoperatorsandtheir algorithmsandsketchwhich otheroperatorscanbe real-
ized similarly. Many algorithmsrequireonly linear time, the remainingonesO(n log n) time
wheren is a bound on the size of the operand objects.

3 Data Structures

This sectionintroducesthedatastructuresrepresentingobjectsof the threedatatypespoints,
lines, and regions. Ratherthan describingthesedatastructuresdirectly in termsof arrays,
records,etc.,we introducea high-level descriptionwhich offerssuitableaccessandconstruc-
tion operationsto beusedin thealgorithms.Basically, we de®neanabstractdatatypefor each
of the threedatastructures.It is then left to a later stepto designand implementeachdata
structure concretely.

Type points is de®nedas the set of all orderedsequences< p1, ..., pn > of n N-points
(denotingthe elementsof PN) togetherwith a logical pointerindicatinga positionwithin the
sequence.
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points = { (pos, < p1, ...,pn >) |
(1) pos≥ 0; n ≥ 0
(2) ∀ 1 ≤ i ≤ n : pi ∈ PN
(3) ∀ 1 ≤ i < n : pi < pi+1}

TheÒ<Ò-relationin thede®nitionabovedenotestheusual(x, y)-lexicographicorderonPN
which is de®ned as

∀ pi, pj ∈ PN, i ≠ j : pi < pj ⇔ xi < xj ∨ (xi = xj ∧ yi < yj).

A numberof functionsis de®nedonpointsobjects.Thesefunctions(andlatercorrespond-
ing functionson typeslinesandregions) serve asconstruction,scan,retrieval, andmanipula-
tion functions in algorithms for ROSE algebraoperations.Their syntax is given by the
following signature:

new : → points
select_®rst : points → points
select_next : points → points
end_of_pt : points → bool
get_pt : points → PN
insert : points× PN → points

Their semanticsdescriptionis given by a set-theoreticspeci®cation.Let Pp = < p1, ...,
pn >, P = (i, Pp) ∈ points, andp ∈ PN. Moreover, let symbol◊ denote the empty sequence.

new() = (0, ◊)
 (1, Pp) if n ≥ 1

select_®rst(P) = 
 (0, ◊) otherwise
 (i + 1, Pp) if 1 ≤ i < n

select_next(P) = 
 (0, Pp) otherwise

end_of_pt(P) = (i = 0)
 pi if 1 ≤ i ≤ n

get_pt(P) = 
 unde®ned otherwise
 (j, Pp) if ∃ j ∈ {1, ..., n} : p = pj
 (1, <p >) if n = 0

insert(P, p) =  (1, <p, p1, ...,pn >) if p < p1
 (n + 1, <p1, ...,pn, p >) if p > pn
 (j + 1, <p1, ...,pj, p, pj+1, ...,pn >) if ∃ j ∈{1, ...,n-1} : pj < p < pj+1

The representationof the more complex lines and regions objectsis basedon ordered
sequencesof halfsegments. Let SN = {( p, q) | p ∈ PN, q ∈ PN} denotethe setof N-segments.
The equality of two N-segmentssi = (pi, qi) andsj = (pj, qj) is de®ned as

si = sj ⇔ (pi = pj ∧ qi = qj) ∨ (pi = qj ∧ pj = qi)

Without loss of generality we normalizeSN by the assumption that

∀ s ∈ SN : s = (p, q) ⇒ p < q

This enablesus to speakof a left and a right end point of an N-segment.Let further HN =
{( s, d) | s ∈ SN, d ∈ { left, right}} bethesetof halfsegments. A halfsegmenth = (s, d) consists
of anN-segments anda ¯ag d emphasizingoneof theN-segment's endpointswhich is called
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the dominatingpoint of h. If d = left thenthe left (smaller)endpoint of s is the dominating
pointof h, andh is calledleft halfsegment. Otherwise,theright endpointof s is thedominating
point of h, andh is calledright halfsegment. Hence,eachN-segments is mappedto two half-
segments(s, left) and(s, right). Let dp bethefunctionwhich yields thedominatingpoint of a
halfsegment.

For two distincthalfsegmentsh1 andh2 with a commonendpoint p, let α betheenclosed
anglesuchthat0° < α ≤ 180° (anoverlappingof h1 andh2 is excludedby therealmproperties).
Let a predicaterot be de®nedas follows: rot(h1, h2) is true iff h1 can be rotatedaroundp
throughα to overlaph2 in counterclockwisedirection.Wecannow de®nea completeorderon
halfsegmentswhich is basicallythe (x, y)-lexicographicorderby dominatingpoints.For two
halfsegmentsh1 = (s1, d1) andh2 = (s2, d2) we obtain:

h1 < h2 ⇔ dp(h1) < dp(h2) ∨
(dp(h1) = dp(h2) ∧ ((d1 = right ∧ d2 = left) ∨ (d1 = d2 ∧ rot(h1, h2))))

We cannow continuewith the de®nitionof type regions (the de®nitionof type lines is
almost the same,see below). Type regions is de®nedas the set of ordered sequences
< h1, ....,hn > of n halfsegmentswhereeachhalfsegmenthi hasanattachedsetof attributesai
whoseelementsarevaluesof somenew typeattr. Attributesetsareusedin algorithmsto attach
auxiliary information toN-segments.

regions = { (pos, < h1, ...,hn >, <a1, ...,an >) |
(1) pos≥ 0, n ≥ 0
(2) ∀ i ∈ {1, ..., n} : hi ∈ HN, ai ⊆ attr
(3) ∀ i ∈ {1, ..., n-1} : hi < hi+1}

Also on regionsobjectsa numberof functionsis de®ned.Their syntaxis givenby thefol-
lowing signature:

new : → regions
select_®rst : regions → regions
select_next : regions → regions
end_of_hs : regions → bool
get_hs : regions → HN
get_attr : regions → attr
update_attr : regions× attr → regions
insert : regions× HN → regions

For their semanticsdescriptionlet Rh = < h1, ..., hn >, Ra = < a1, ..., an >, R = (i, Rh, Ra) ∈
regions, andh ∈ HN.

new() = (0, ◊, ◊)
 (1, Rh, Ra) if n ≥ 1

select_®rst(R) = 
 (0, ◊, ◊) otherwise
 (i + 1, Rh, Ra) if 1 ≤ i < n

select_next(R) = 
 (0, Rh, Ra) otherwise

end_of_hs(R) = (i = 0)
 hi if 1 ≤ i ≤ n

get_hs(R) = 
 unde®ned otherwise
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 ai if 1 ≤ i ≤ n
get_attr(R) = 

 unde®ned otherwise
 (i, Rh, < a1, ...,ai-1, a, ai+1, ...,an >) if 1 ≤ i ≤ n

update_attr(R, a)= 
 unde®ned otherwise
 (j, Rh, Ra) if ∃ j ∈ {1, ..., n} : h = hj
 (1, <h >, <∅ >) if Rh = ◊
(1, <h, h1, ...,hn >, <∅, a1, ...,an >) if h < h1

insert(R, h) =  (n + 1, < h1, ...,hn, h >,
 < a1, ...,an, ∅ >) if h > hn
 (j + 1, < h1, ...,hj, h, hj+1, ...,hn >,
 < a1, ...,aj, ∅, aj+1, ...,an >) if ∃ j ∈ {1, ...,n-1} : hj < h< hj+1

Notethatthesefunctionsmanipulatehalfsegmentsequences.This doesnot guaranteethat
sucha sequencereally representsa well-de®nedand correctregions object.The algorithms
using this structureare responsiblefor constructingonly sequencesthat indeedrepresent
regionsobjects.Typelines(not presentedherein detail) is identicalto typeregionsexceptfor
all the parts related to attributes which are not needed.

Concreteimplementationsfor eachof thethreedatatypescouldrepresenta sequenceof n
points or halfsegmentsin a linked list or sequentiallyin an array. The latter representation
would also be compatiblewith the ªcompactstorageareaÓrequirementneededfor ef®cient
databaseloading/storing.In this case,all functionsexcept for insert needO(1) time; insert
requiresO(n) time for arbitrarypositionsandO(1) time for appendinganelementat theendof
the sequence.Sucha representationwould in fact be quite good for all ªparallel traversalÓ
algorithms,becauseresultobjectsarealwaysconstructedin the lexicographicalpoint or half-
segment order and can therefore be built in linear time.1

4 Traversal Algorithms

A numberof operatorsde®nedon the typespoints, lines, and regions can be realizedby a
simpleor parallel traversal (i.e., a scan)[GRS95,Sch97]throughthe point or halfsegment
sequencesof one or two objects.In this sectionwe will explain someexamplealgorithms
which areanalysedwith respectto their worst casetime andspacerequirements.To simplify
thedescriptionof algorithms,for eachpossiblecombinationof two spatialdatatypesourhigh-
level notationis extendedby two further functionswhich enablea parallel traversalthrough
two ordered sequences of elements (halfsegments, points).

As anexample,we considerthetwo functionsfor two regionsobjectsgivenby their half-
segmentsequences.Functionrr_select_®rst(R1, R2, object, status) selectsthe®rsthalfsegment
of eachof the two regionsobjectsR1 andR2 (compareto the function select_®rst de®nedon
typeregions) andpositionsa logical pointeronbothof them.Theparameterobjectwith possi-
ble values{ none, ®rst, second, both} indicateswhich of the two object representationscon-
tainsthesmallerhalfsegment.If thevalueof objectis none, no halfsegmentis selected,since
R1 andR2 areempty. If thevalueis ®rst (second), thesmallerhalfsegmentbelongsto R1 (R2).
If it is both, the®rsthalfsegmentsof R1 andR2 areidentical.Theparameterstatuswith possi-
ble values{ end_of_none, end_of_®rst, end_of_second, end_of_both} describesthe stateof
bothhalfsegmentsequences.If thevalueof statusis end_of_none, bothobjectsstill have half-

1 For database-speci®c reasons that are out of the scope of this paper, the actual representation (see Section6)
usesfor all threedatastructuresanAVL-treeembeddedinto anarray. Theelements(pointsor halfsegments)are
additionally linked in sequence order. With this representation, all functions exceptinsert needO(1) time and
insertO(log n) time.
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segments.If it is end_of_®rst (end_of_second), R1 (R2) is empty. If it is end_of_both, both
object representations are empty.

Functionrr_select_next(R1, R2, object, status) searchesfor the next smallerhalfsegment
of R1 andR2; parametershave thesamemeaningasfor rr_select_®rst. Obviously, this is real-
ized byselect_next functions of the two objects.

Both functionstogetherallow one to scanin linear time two object representationslike
oneorderedsequence.Analogousfunctionscanbede®nedfor two linesobjects(ll_select_®rst,
ll_select_next) anda linesandaregionsobject(lr_select_®rst, lr_select_next). For thecompar-
ison of halfsegmentswith points,the dominatingpointsof the halfsegmentsareusedso that
points and lines objects (pl_select_®rst, pl_select_next) and correspondinglypoints and
regions objects (pr_select_®rst, pr_select_next) can be treated in a similar way.

To distinguishthefunctionsondatatypes(written in italic) from theROSEalgebraopera-
tionson datatypes,thelatterarewritten in bold face.In thesequel,we discussexamplealgo-
rithms for threeoperations.The secondandthird operationareat the sametime examplesof
operationswhosealgorithmsonly needO(n) time (n denotesthetotal sizeof theoperands)in
contrast to their Euclidean counterparts which require O(n log n) time. Their signatures are:

pr_on_border_of : points × regions → bool
ll_intersects : lines× lines → bool
ll_disjoint : lines× lines → bool

Operatorpr_on_border_of determineswhetherall points of a points object lie on the
faces'boundariesof aregionsobject.Hencethealgorithmcheckswhetherfor eachpointp of a
points object P (denotedby p ∈ P(P) = { p1, ..., pn}) a halfsegmenth of a regions object R
(denoted byh ∈ H(R) = {h1, ...,hn}) exists whose dominating point is equal top.

algorithm pr_on_border_of
input: A points objectP and aregions objectR
output: true, if ∀ p ∈ P(P) ∃ h ∈ H(R) : p = dp(h)

false, otherwise
begin

pr_select_®rst(P, R, object, status);
while (object≠ ®rst) and (status = end_of_none) do

pr_select_next(P, R, object, status);
end-while;
return (object≠ ®rst) and (status≠ end_of_second)

end pr_on_border_of.

Thewhile-loopof thealgorithmis executedaslong asno point is foundwhich is in P but
not a dominatingpoint of a halfsegmentof R andaslong asnoneof the objectsequencesis
exceeded.For the predicateto be true, terminationof the while-loop mustnot have occurred
becausea point wasfoundwhich is not on theboundaryof R (object≠ ®rst). This impliesthat
terminationis dueto reachingtheendof oneor bothsequences,andthepredicateis true if this
was not theregions sequence alone (status≠ end_of_second).

Operatorll_intersects examineswhethertwo linesobjectsL1 andL2 intersect.According
to its de®nitionin theROSEalgebrait yields true if bothobjectshave no common(half)seg-
mentsbut at leastonecommonpoint which is not a meetingpoint but an intersectionpoint.
Point p is a meetingpoint if the angularlysortedlist of halfsegmentsof L1 andL2 with the
samedominatingpointp canbesubdividedinto two sublistssothatonelist containsonly half-
segmentsof L1 andtheotherlist only halfsegmentsof L2. The ideais now to walk aroundp,
scanningthesegments,andto countthenumberof ªobjectchangesºin thisorderedlist of half-
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segmentsof L1 andL2. Pointp is a meetingpoint if this numberis lessthanor equalto two;
otherwise an intersection point has been found.

algorithm ll_intersects
input: Two lines objectsL1 andL2
output: true, if no commonsegmentexists,but a commonpoint which is not a meeting

point
false, otherwise

begin
ll_select_®rst(L1, L2, object, status);
if object = ®rst then act_dp := dp(get_hs(L1))
else if object = secondthen act_dp := dp(get_hs(L2))
end-if;
old_obj := object; found := false; count := 0;
while (status = end_of_none) and (object≠ both) do

ll_select_next(L1, L2, object, status);
if (status≠ end_of_both) and (object≠ both) and not foundthen

if object = ®rst then
new_dp := dp(get_hs(L1))

else if object = secondthen
new_dp := dp(get_hs(L2))

end-if;
if new_dp≠ act_dpthen (* new point *)

act_dp := new_dp;
count := 0;
old_obj := object;

else if object≠ old_objthen (* object switch *)
count := count + 1;
old_obj := object;
found := foundor (count > 2);

end-if;
end-if;

end-while;
return foundand (object≠ both);

end ll_intersects.

Thewhile-loopof thealgorithmterminatesif eithertheendof oneof theobjectshasbeen
reachedor a commonhalfsegmenthasbeenfound. In the latter casethe resultvalueis false
(object≠ both), in the®rstcasethedecisionis basedon whetherat leastoneintersectionpoint
has been found or not (found).

Operatorll_disjoint examineswhethertwo linesobjectsL1 andL2 aredisjoint.According
to its de®nitionin theROSEalgebrait is not suf®cientonly to testfor commonhalfsegments
becausetheoperatoryieldsalsofalseif therearesegmentsof bothobjectswhichhavecommon
points.Dueto therealmpropertiessucha commonpoint canonly beanendpoint of two seg-
mentsof L1 andL2. Hence,theremustbe two halfsegmentsh1 ∈ H(L1) andh2 ∈ H(L2) with
the samedominatingpoint. Since in the halfsegmentorder all halfsegmentswith the same
dominatingpoint lie onebehindthe other, a parallelobject traversalcancheckwhethertwo
consecutive halfsegmentsfrom different objectshave the samedominatingpoint. In sucha
case,L1 andL2 are not disjoint.
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algorithm ll_disjoint
input: Two lines objectsL1 andL2
output:true, if ∀ h1 ∈ H(L1) ∀ h2 ∈ H(L2) : dp(h1) ≠ dp(h2)
false, otherwise
begin

ll_select_®rst(L1, L2, object, status);
if object = ®rst then act_dp := dp(get_hs(L1))
else if object = secondthen act_dp := dp(get_hs(L2))
end-if;
old_obj := object;
found := false;
while (object≠ both) and (status = end_of_none) and not founddo

ll_select_next(L1, L2, object, status);
if (status≠ end_of_both) and (object≠ both) then

if object = ®rst then
new_dp := dp(get_hs(L1))

else
new_dp := dp(get_hs(L2))

end-if;
if object≠ old_objthen

found := (new_dp = act_dp);
end-if;
act_dp := new_dp;
old_obj := object;

end-if;
end-while;
return (object≠ both) and not found;

end ll_disjoint.

Thewhile-loop is executedaslong asno commonhalfsegmenthasbeenfound (object≠
both), the endof both objectshasnot beenreached(status= end_of_none) andno common
point hasbeendiscovered(not found). Hence,the operatorreturnstrue if the endof at least
oneobjecthasbeenreachedandneithera commonhalfsegmentnor a commonpoint hasbeen
found.

Further29 operatorsof theROSEalgebracanberealizedeitherby simpleor paralleltra-
versal.Theseoperatorsincludetestswhethertwo pointsobjectsareequal,unequal,or disjoint
(pp_equal, pp_unequal, pp_disjoint), whethertwo lines or two regions objectsare equal,
unequal,or have commonsegments(ll_equal, ll_unequal, ll_border_in_common, rr_equal,
rr_unequal, rr_border_in_common), whethertwo linesobjectsmeetin commonendpoints
(ll_meets), whethera pointsobjectslies completelyon a linesobject(pl_on_border_of), and
whethera lines and a regions object have segmentsin common(lr_border_in_common,
rl_border_in_common). Several operatorsyield spatial objects as results.The operators
pp_intersection, pp_plus, pp_minus, ll_intersection, ll_plus, and ll_minus yield the inter-
section,union,anddifferenceof two pointsobjectsandtwo linesobjects,respectively. Some
operatorscomputethe commonsegmentsof two lines objects,two regionsobjects,or a line
and a region object, resp.(ll_common_border, rr_common_border, lr_common_border,
rl_common_border). The operatorsl_vertices and r_vertices return the end points of the
boundarysegmentsof a lines objectanda regionsobject,respectively. The remainingopera-
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tions yield numericalvalues.They calculatethe numberof single points of a points object
(p_no_of_components), thelengthof a linesobject(l_length), andtheareaandperimeterof a
regions object (r_area, r_perimeter).

For all predicatesandfor operationsreturningnumberstheworstcasetime complexity is
O(n), wheren is the total numberof pointsor halfsegmentsin the oneor two operands.For
operationsreturningnew spatialobjectsthetime boundis O(n + k) where2 k is thenumberof
pointsor halfsegmentsin theresultobject.O(n) time is neededfor scanningtheoperandsand
O(k) for constructingtheresult.Sincek = O(n), this is alwaysboundedby O(n). It is left to the
readerto determinethoseoperatorsbasedon the traversalparadigmwhosealgorithmsneed
O(n [+k]) time in a realm-based but O(n log n [+k]) time in Euclidean space.

5 Plane-Sweep Algorithms

A numberof operatorsde®nedon the typespoints, lines, andregionsarerealizedby a plane-
sweep[GRS95,Sch97].In this section,too, we will explain someexamplealgorithmswhich
areanalysedwith respectto theirworstcasetimeandspacerequirements.In thespecialcaseof
realm-based(grid-based)computationalgeometrywhere no two segmentsintersectwithin
their interiors,the event point scheduleis static (becausenew event pointscannotexist) and
given by the orderedsequenceof pointsor halfsegmentsof the operandobjects.No further
explicit event point structureis needed.Also, no initial sorting is necessarysincethe plane-
sweep order of points and segments is the base representation of objects anyway.

If a left (right) halfsegmentof a regionsobject is reachedduring a plane-sweep,its seg-
mentcomponentis storedinto (removedfrom) thesegmentsequenceof thesweepline status
sortedby the order relationabove. A segments lies above a segmentt if the intersectionof
their x-intervals is not emptyandif for eachx of theintersectioninterval they-coordinateof s
is greaterthanthe oneof t (exceptpossiblyfor a commonendpoint wherethe y-coordinates
areequal).Pointsandhalfsegmentsof linesobjectsareusedto querythesweepline status.A
pointp liesaboveanon-verticalsegmentt if thex-coordinateof p lieswithin thex-interval of t
and the y-coordinateof p is greaterthan the y-coordinateof t at p.x. If t is vertical, the
x-coordinatesof p andt mustbe identicalandthe y-coordinateof p mustbe greaterthanall
y-coordinates oft.

Wede®neanauxiliary typestatuswhichre¯ectsthesweepline statusateachmomentof a
plane-sweepalgorithm.Thesweepline statusis describedby anorderedsequenceof segments
with respectto the order relation above. A logical pointer indicatesthe position within the
sequence,andeachsegmenthasan attachedsetof attributesof somesort attr. Several func-
tionsarede®nedon typestatus. Functionnew_sweepcreatesa new sweepline statusstructure
S. The functionsadd_leftand del_right insert and remove a segment,respectively, from S.
Functionspred_of_sand pred_of_pyield the segmentlying directly below a given segment
andpoint, respectively, in S. Functioncurrent_existscheckswhetherS containsat leastone
segment.Functionpred_existstestswhetherthesegmentwhosepositionis currentlyindicated
by the logical pointer has a predecessor. Function get_attr (get_pred_attr) retrieves the
attribute of (the predecessorof) the segmentcurrentlyindicatedby the logical pointer. Func-
tion set_attrassignsanattribute to thesegmentcurrentlyindicatedby the logical pointer. For
thesweepline statusanef®cientinternaldynamicstructurelike theAVL treecanbeemployed
which realizeseachof the operationsadd_left, del_right, pred_of_s, andpred_of_pin worst
case timeO(log n) and the other operations in constant time.

2 For an AVL-tree embedding in an array this time bound isO(n + k log k).
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For all algorithmswe assumethat all thosehalfsegmentsof a regionsobjectR have an
associatedattributeInsideAbovewheretheareaof Rliesaboveor left of its segments.Thisseg-
mentclassi®cationcanbecomputedby aplane-sweepalgorithm(notshown here)whichviews
all segmentsintersectingthecurrentsweepline from bottomto top. It is obviousthat thelow-
estsegmentobtainstheattributeInsideAbove, thefollowing doesnot, thethird againobtainsit,
etc.WhethertheattributeInsideAboveis associatedwith asegmentdependson theassignment
of the attribute to the immediately preceding segment in the sweep line status.

Wedistinguishtwo classesof plane-sweepalgorithms.The®rstclassof plane-sweepalgo-
rithms considersthe relationshipsbetweena pointsor lines objectanda regionsobject.The
algorithmicschemeis to insertonly thesegmentsof theregionsobjectinto thesweepline sta-
tusandto usetheelementsof thepointsandlinesobject,respectively, asqueryelements.As
an example, we show the algorithm forrl_intersection which has the signature

rl_intersection : regions× lines → lines

The algorithm for rl_intersection producesa new lines object which containsall seg-
mentslying within R. It is crucial for thecorrectnessof this algorithmthatwe canbesurethat
a complete(half)segmentlies within R, if its dominatingpoint lies within anareaof R. This is
becausetheboundaryof Rcannotintersecttheinteriorof thesegmentdueto therealmproper-
ties.This algorithmrequiresO((l + m) log m + k) where3 k is thesizeof theresultobjectandl
andm denote the size of thelines andregions operand, respectively.

algorithm rl_intersection
input: A lines objectL and aregions objectR
output: A new lines object Lnew containing all halfsegments of L whose segment

components lie inR
begin

Lnew := new();
S := new_sweep();
lr_select_®rst(L, R, object, status);
while status = end_of_nonedo

if (object = both) or (object = second) then
h := get_hs(R); (* Let h = (s, d). *)
attr := get_attr(R);
if d = left then

S := add_left(S, s);
if InsideAbove∈ attr then

S := set_attr(S, {InsideAbove});
end-if

else
S := del_right(S, s);

end-if
end-if;
if object = boththen

h := get_hs(L);
Lnew := insert(Lnew, h);

else if object = ®rst then
h := get_hs(L); (* Let h = (s, d). *)

3 For an AVL-tree embedding in an array this time bound isO((l + m) log m + k log k).
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S := pred_of_s(S, s);
if current_exists(S) and (InsideAbove∈ get_attr(S)) then

Lnew := insert(Lnew, h);
end-if;

end-if;
lr_select_next(L, R, object, status);

end-while;
return Lnew;

end rl_intersection.

Furthersix operatorsbelongingto this classcheckwhethera pointsobject lies insidea
regionsobject(pr_inside) andwhethera linesobjectintersects,hassinglecommonendpoints
with, or lies inside a regions object (lr_intersects/rl_intersects, lr_meets/rl_meets,
lr_inside). For all theseoperationsof thisclass,thetimecomplexity is O((l + m) log m) if m is
the sizeof the regionsoperandandl the sizeof the otheroperand.Of course,for n = l + m,
O(n log n) is a simpler upper bound for all operations.

The secondclassof plane-sweepalgorithmsconsidersthe relationshipsbetweentwo
regionsobjects.Notethatheretheimmediateapplicationof thetechniqueintroducedabove is
impededby thefactthatregionsobjectsmayhaveholes.Hence,for thealgorithmsof thisclass
we introducetheconceptsof overlapnumbers andsegmentclassi®cation. A pointof therealm
grid obtainstheoverlapnumberk if it is coveredby (or partof) k regionsobjects.For example,
for two intersectingsimplepolygonstheareaoutsideof bothpolygonsgetsoverlapnumber0,
theintersectingareasoverlapnumber2, andtheotherareasoverlapnumber1. Sinceasegment
of a regionsobjectseparatesspaceinto two parts,aninnerandanexteriorone,eachsegmentis
associatedwith apair (m/n) of overlapnumbers,a lower (or right) onemandanupper(or left)
onen. Thelower (upper)overlapnumberindicatesthenumberof overlappingregionsobjects
below (above) the segment.In this way, we obtaina segmentclassi®cationof a ®xed setof
regions objects and speak of (m/n)-segments.

For two regionsobjects(we only considerbinary operatorshere)m, n ≤ 2 holds;of the
ninepossiblecombinationsonly sevendescribevalid segmentclasses.This is becausea (0/0)-
segmentcontradictsthe de®nitionof a regionsobject,sincethenat leastoneof both regions
objectswould have two holesor anoutercycle anda holewith a commonborder. For similar
reasons,(2/2)-segmentscannotexist, sincethenat leastoneof the two regionsobjectswould
have a segmentwhich is commonto two outercyclesof theobject.Hence,possible(m/n)-seg-
ments are (0/1)-, (0/2)-, (1/0)-, (1/1)-, (1/2)-, (2/0)-, and (2/1)-segments.

As anexamplefor a plane-sweepalgorithmof thesecondclasswe presentthealgorithm
for rr_inside which has the signature

rr_inside : regions× regions → bool

andwhich testswhethera regionsobjectR1 is completelycontainedin a regionsobjectR2.
Thismeansthatall segmentsof R1 mustlie within theareaof R2 but nosegment(andhenceno
hole)of R2 maylie within R1. If we considertheobjectsR1 andR2 ashalfsegmentsequences
togetherwith thesegmentclasses,thepredicaterr_inside is trueif (i) all halfsegmentsthatare
only elementof R1 have segmentclass(1/2) or (2/1), sinceonly thesesegmentslie within R2,
(ii) all halfsegmentsthatareonly elementof R2 have segmentclass(0/1) or (1/0), sincethese
de®nitelydo not lie within R1, and(iii) all commonhalfsegmentshave segmentclass(0/2) or
(2/0), sincetheareasof bothobjectslie on thesamesideof thehalfsegment.In thecaseof a
(1/1)-segmenttheareaswould lie sideby sidesothatR1 couldnot becontainedby R2. In the
algorithm,whenever a segmentis insertedinto the sweepline status,®rstthe pair (mp/np) of
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overlapnumbersof the predecessoris determined(it is set to (*/0) if no predecessorexists).
Then the overlap numbers(ms/ns) for this segmentare computed.Obviously ms = np must
hold;ns is also initialized tonp and then corrected.

algorithm rr_inside
input: Two regions objectsR1 andR2
output: true, if R1 lies withinR2

false, otherwise
begin

S := new_sweep();
inside := true;
rr_select_®rst(R1, R2, object, status);
while (status≠ end_of_®rst) and insidedo

if (object = ®rst) or (object = both)
then h := get_hs(R1); (* Let h = (s, d). *)
else h := get_hs(R2); (* Let h = (s, d). *)

end-if;
if d = right then

S := del_right(S, s);
else

S := add_left(S, s);
if not pred_exists(S)

then (mp/np) := (*/0)
else {(mp/np)} := get_pred_attr(S)

end-if;
ms := np;
ns := np;
if ((object = ®rst) or (object = both)) and

(InsideAbove∈ get_attr(R1))
then ns := ns + 1
else ns := ns − 1

end-if;
if ((object = second) or (object = both)) and

(InsideAbove∈ get_attr(R2))
then ns := ns + 1
else ns := ns − 1

end-if;
S := set_attr(S, {(ms/ns)});
if object = ®rst then inside := ((ms/ns) ∈ {(1/2), (2/1)})
else if object = secondthen inside := ((ms/ns) ∈ {(0/1), (1/0)})
else inside := ((ms/ns) ∈ {(0/2), (2/0)})
end-if;

end-if;
rr_select_next(R1, R2, object, status);

end-while;
return inside;

end rr_inside.
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If R1 hasl andR2 mhalfsegments,thewhile-loopis executedatmostn = l + mtimes,since
eachtime a new halfsegmentis visited.Themostexpensive operationswithin theloop arethe
insertionandtheremoval of asegmentinto andfrom thesweepline status.Sinceatmostn ele-
mentscanbe containedin the sweepline status,the worst casetime complexity of the algo-
rithm isO(n log n) which is also valid for all other operations of this class.

Furtheroperatorsbelongingto this secondclasscheckwhethertwo regions objectsare
disjoint with respectto area (rr_area_disjoint), additionally have no segments together
(rr_edge_disjoint), andalsohave no commonendpointstogether(rr_disjoint), whetherone
regionsobjectR1 is insideanotherregionsobjectR2 andhasno commonsegmentswith R2
(rr_edge_inside) andalsono commonendpointswith R2 (rr_vertex_inside), whethertwo
regions objects intersect(rr_intersects), are adjacent(rr_adjacent) or have commonend
points (rr_meets), and whethera regions object is containedin anotherone (rr_encloses).
Moreover, operatorscomputingregionsobjectsastheresultof intersection,union,anddiffer-
ence of two regions objects belong to this class (rr_intersection, rr_plus, rr_minus).

6 Conclusions

This paperhasdemonstratedthat it is feasibleto designnumericallyrobust,topologicallycor-
rect,andef®cientgeometricalgorithmsona®nitediscretedomain,i.e.,onauniformgrid. The
useof high-level primitiveshasmadeit possibleto describea large numberof algorithmsin
compact,precisenotation.Due to a large amountof operatorsthe emphasishasnot beento
designa specialsolutionfor eachsinglegeometricproblembut to treata spatialalgebraasa
whole andin a uniform way. This view implies the developmentof universaldatastructures
and the employment of generalalgorithmic paradigms(e.g., simple and parallel traversal,
plane-sweep)thatarewell appropriatefor a largenumberof geometricproblems.As animpor-
tant result,a comparisonwith thealgorithmsof classicalcomputationalgeometryrevealsthat
realm-basedgeometricalgorithmsaremuchsimplerandmoreef®cientthan their Euclidean
counterparts.

The realm-based(grid-based)data structuresand algorithms have been implemented
within a collectionof softwaremodulescalledtheROSEsystem[Rid95] which waspart of a
diplomathesiswrittenby ThomasdeRidder. Thesourcecodewritten in Modula-2is available
to the interested reader by the author of this paper.
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