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Summary. Topological predicates between spatial objects have fong time been a focus

of intensive research in a number of diverse disciplinethdécontext of spatial databases and
geographical information systems, they support the cootn of suitable query languages
for spatial data retrieval and analysis. Whereas to a laxgeneconceptual aspects of topo-
logical predicates have been emphasized, the developrhefitient evaluation techniques
for them has been rather neglected. Recently, the desigspofdgical predicates for differ-
ent combinations oEomplexspatial data types has led to a large increase of their niember
and accentuated the need for their ef cient implementatiime goal of this paper is to de-
velop ef cientimplementation techniques for them withiretframework of the spatial algebra
SPAL2D.

Key words: topological predicates, spatial relationships, ef ciemaluation, com-
plex spatial objects, complex regions, predicate impleatem

1 Introduction

Topological predicates between spatial objects have aagn a main area of re-
search in spatial data handling, reasoning, and query &y&giin a number of dis-
ciplines like arti cial intelligence, linguistics, robits, and cognitive science. They
characterize the relative position between two (or moré¢aib in space. The fo-
cus of this research has been on the conceptual design okasdning with these
predicates. In contrast to this large amount of conceptoakywmplementation is-
sues for topological predicates have been widely neglestedpt for spatial index
support as a pre-stage in query processing to identify datelipairs of spatial ob-
jects that could possibly ful Il the predicate of intere$he main reason is probably
the (simplifying) view that some plane-sweep algorithmu$@ent to implement
topological predicates. Certainly a plane sweep plays goitant role for the im-
plementation of these predicates, but there are (at le@staspects that make such
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an implementation much more challenging. The rst aspefgreeto the details of
the plane sweep itself. Issues are how the plane sweep pascesnplexinstead of
simplespatial objects, whether spatial objects have been prepsed in the sense
that their intersections have been computed in advance kg.@mploying a realm-
based approach [7]), how intersections are handled, antlkivtthof information the
plane sweep must output so that this information can be dgest for predicate de-
termination. The second aspect deals with the kind of queseg. Given two spatial
objectsA andB, we can pose (at least) two kinds of topological queries?[b) A
andB satisfy the topological predicaf®” and (2) “What is the topological predi-
cate betweed andB?”. Only query 1 yields a Boolean value, and we call it hence
averi cation query. Query 2 returns a predicate (name) and we call it herdmter-
mination queryWe will see that these two kinds of query bene t from two ditnt
evaluation procedures.

The goal of this paper is to present ef cient implementattrategies for topo-
logical predicates on simple and complex regions withinfthenework of the spa-
tial algebra SPAL2D. Section 2 discusses related work aspatial data types and
available design and implementation concepts for topokligiredicates. Fqoredi-
cate executiomve distinguish two phases: In axploration phasgdescribed in Sec-
tion 3, a plane sweep scans a given con guration of two spakigects and collects
metadata that can help us later derive the topologicalioelstiip between both ob-
jects. In the next phase, called taluation phasand described in Section 4, these
metadata are matched against characteristic properttee adpological predicates.
This enables us to determine the Boolean result of a topcdbgredicate (query 1)
and the kind of topological predicate (query 2). Section $cdbes implementation
results and performance analysis. Finally, Section 6 dsamge conclusions.

2 Related Work

For the implementation of topological predicates we neexitinds of ingredients: a
concept and implementation of spatial data types and a ppotéopological pred-
icates to be implemente&@patial data typegsee [7] for a survey) likgoint, line,
andregionhave been accepted as fundamental abstractions for mgdiérstruc-
ture of geometric entities, their relationships, progertand operations. Whereas in
the past, spatial objects were only simple structures igipgints, continuous lines,
simple regions), the trend is now towards complex spatigaib allowing, e.g., mul-
tiple object components and holes in regions. The reasothi®development lies
in the need of applications and in the requirement of clopuoperties for spatial
operations. Formal de nitions of complex spatial data typan be found in [9].
Implementation descriptions of spatial data types are @ue implementation uses
strategies found in [7].

The amount of conceptual work eapological predicatess large. The two most
important approaches are tharflersection modej4] and theRandell-Cui-Cohn
model (RCC)3]. But since these approaches only deal with topologicetiizates
for simplespatial objects, we have extended the approach in [ébtaplexspatial
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objects in [9], which is the basis of our implementation. As move to complex
spatial objects, the number of topological predicatessiases signi cantly. This re-
quires more sophisticated and ef cient evaluation techag For two complex re-
gions, one obtains 33 topological predicates whereas oakis between two sim-
ple regions. The details about the determination procasbedound in [9]. Table 1
shows the matrix representations of the 33 predicates.

Only a few papers have dealt with the execution and impleatiemt of topolog-
ical predicates. The paper in [2] uses an optimization teglensimilar to our matrix
thinning technique in Section 4.3 to minimize the numberedaed computations.
Ad hoc implementations of topological predicates have lpFeposed in [8].

3 The Exploration Phase: Collecting Topological Informaton

In this section, we give an overview of a process of explorapglogical information
between two spatial objects (here: regions). The detallisfirocess is discussed in
[8]. Inthis process, we scan a given con guration of the twegeats in order to collect
data that help us later to derive the topological relatigmbletween both objects in
the evaluation phase. The objective is to discover the tipodl information of each
object represented by overlap numbers using the plane spaagigm. The con-
cepts resemble those described in [6, 7] but are differah&isense that they are not
realm-based and that they allow intersecting segmenteafrdlument objects. Thus,
we describe the general case. Section 3.1 depicts the dattuse implemented for
theregiondata type. Section 3.2 sketches some needed geometrigutstike par-
allel object traversal, overlap numbers, and plane swedpami emphasis on special
features as they are relevant to our context. Section 3.&iesgthe algorithm com-
bining these concepts and the output information providefLirther analysis in the
evaluation phase.

3.1 Data Structure for the region Data Type

In the implementation described in this paper, we employve rational arithmetic
called RATIO. RATIO provides a data typational whose value representations can
be of arbitrary, nite length and are only limited by main memn. This ensures nu-
merical robustness and topological consistency in ourémgintation. Conceptually,
complex regions can be considered from a “structured” andtaview. The struc-
tured view de nes an object of typegionas a set of edge-disjoint faces. A face is
a simple polygon possibly containing a set of edge-disjbaies. A hole is a sim-
ple polygon. Two simple polygons aeelge-disjoinif their interiors are disjoint and
they possibly share single boundary points but not bounstgynents. The at view
de nes an object of typeegion as a collection of line segments which altogether
preserve the constraints and properties of the structuesd For a formal de nition
see [5].

All coordinates are given as numbers of RATIO's data tyatonal. A value
of type pointis represented by a recopd= (x;y) wherex andy are coordinates.
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We assume the usual lexicographical order on pointgegion object is given as
an orderedsequence (array) dfalfsegmentsNote that we omit all components of
a region object representation that do not play a role in this conféke idea of
halfsegments is to store each segment twice. A single sdgroemesponds to two
halfsegments: a left halfsegment and a right halfsegmeteftAright) halfsegment
is de ned by the left/smaller (right/larger) point of thegseent as itsdlominating
point The order relation on these halfsegments is de ned rstlogy order of their
dominating points, type, angle, and length. Detail on thentd de nition of this
order relation is discussed in [8].

(hm; am)i of m halfsegmentd; 2 H with h; < h; for all 1 i <j m.
Since inserting a halfsegment at an arbitrary position 8€¥an) time, in our im-
plementation we use an AVL-tree embedded into an array wleseents are linked
in sequence order. An insertion then requig{og m) time. EacHheft halfsegment
hi = (si;left) has an attached sat of attributes Attributes contain auxiliary in-
formation that is needed by geometric algorithms. It is Ulgusnecessary to attach
attributes toright halfsegments since their existence in an ordered halfsegsee
guence only indicates to plane sweep algorithms that thpeotise segment has to
be removed from theweep line statysn our implementation they are omitted. In
the case for a region object theleft halfsegments carry an associated attribote
sideAbovavhere the interior of lies above or left of their respective segments.

3.2 Parallel Object Traversal, Overlap Numbers, Plane Swae

Three main and well understood concepts are needed for dglogithin to be de-
signed: parallel object traversal, the concept of overlaplpers, and the well-known
plane sweep paradigrRarallel object traversahllows us, during the plane sweep,
to traverse the halfsegment sequences of both region afemraparallel since each
sequence is already in halfsegment sequence order. Thidsaggpensive, initial
sorting. Hence, by employing a cursor on both sequences siificient to check
the halfsegments at the current cursor positions of bothesarps and to take the
lower one with respect to halfsegment sequence order ftiducomputation. Be-
low we will describe a slight extension of the parallel obbjaversal in the sense
that it will traverse four instead of two halfsegment sequeesand return the smallest
halfsegment from the four current cursor positions.

Finding out the degree of overlapping of region parts is irtgodt for determining
the topological relationship between two complex regidias.this purpose, we em-
ploy the concept obverlap number§s]. A point has overlap numbér if k regions
contain this point. For two regiorts andG, a pointp obtains the overlap number 2,
iff p2 F andp 2 G. It obtains the overlap number 1, iff eithp2 F andp2 G ,
orp2 F andp 2 G. Otherwise, its overlap number is 0. Since a segment of a
region separates space into two parts, an inner and anaxoeré, during a plane
sweep each (half)segment is associated wibgment claswhich is a paim=n)
of overlap numbers, a lower (or right) oneand an upper (or left) one. The lower
(upper) overlap number indicates the number of overlappggn objects below
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Fig. 1. Changing overlap numbers after an intersection.

(above) the segment. In this way, we obtaisegment classi catiomf two region
objects and speak abofrh=n)-segments. Obviously;n 2 holds.

Figure 1 shows the overlap numbers de ned by two intersgaggments. The
segment class dof; [s;] left of the intersection point i0=1) [(1=2)]. The segment
class ofs; [s;] right of the intersection point i$1=2) [(0=1)]. That is, after the
intersection point, seen from left to rigls, ands, exchange their segment classes.
The reason is that the topology of both segments changedladtmtersection point.

To preserve these bene ts and to enable the use of overlappersnalso for
arbitrary segments, in the case that two segments fronreliffeegion objects in-
tersect, partially coincide, or touch each other withintiterior of a segment, we
pursue a splitting strategy that is executed during thegokwmeep “on the y”. If
segments intersect, they are split at their common intégepoint so that each
of them is replaced by two segments (i.e., four halfsegmédrigure 2a). If two
segments partially coincide, they are split each time thdpeimt of one segment
lies inside the interior of the other segment. Dependindertdépological situations,
which can be described by Allen's thirteen basic relatiomgervals [1], each of the
two segments either remains unchanged or is replaced bythpet® segments (i.e.,
six halfsegments). From the thirteen possible relatioigteelations (four pairs of
symmetric relations) are of interest here (Figure 2b). IBadpoint of one segment
touches the interior of the other segment, the latter segimeplit and replaced by
two segments (i.e., four halfsegments) (Figure 2c).

This splitting strategy is feasible from an implementatsb@ndpoint since RA-
TIO ensures numerical robustness, exactness, and topalaginsistency of inter-
section operations. Intersecting and touching points eaxactlycomputed, leading
to representable points with rational coordinates praviole RATIO, and are thus
precisely located on the intersecting or touching segments

(a) (b) (c)

Fig. 2. Splitting of two intersecting segments (a), two partialyrciding segments (without
symmetric counterparts) (b), and a segment whose interitouiched by another segment (c).
Digits indicate part numbers of segments after splitting.
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However, the splitting of segments entails some algorithefiiort. On the one
hand, we want to keep the halfsegment sequences aétfien objects unchanged
since their update is expensive and is only temporarily edddr the plane sweep.
On the other hand, the splitting of halfsegments has antaffethese sequences. As
a compromise, for eaagkgionobject, we maintain its “static” representation, and the
halfsegments obtained by the splitting process are storeah iadditional dynamic
halfsegment sequence. The dynamic part is also organized &L tree which
is embedded in an array and whose elements are linked in isegjoeder. Assum-
ing thatk splitting points are detected during the plane sweep, we additional
O(k) space, and to insert them requif@&k logk) time. After the plane sweep, this
additional space is released.

3.3 Topological Exploration Algorithm for the Region/Region Case

Using the three aforementioned concepts, the main goakahtploration algorithm

is to determine the segment classi cation of eaegion object. Each object is as-
signed aBoolean segment classi cation vectdrhis vector contains a eld for the
segment classg9=1) and(1=0), a eld for (0=2) and(2=0), a eld for (1=2) and
(2=1), and a eld for(1=1). That is, symmetric segment classes are merged since
only either their non-existence or the existence of at leastof the two classes is
later relevant. Each eld is initialized witfalse An additional agpointin_.common
indicates whether any two segments of both objects meetamamn endpoint.

The segment classi cation is determined with the same svieepstatus struc-
ture of the plane sweep that handles necessary segmest $pktpseudocode below
presents the algorithm for its computation. When we enayumtight halfsegment
in the event point schedule, its segment is looked up in theepwine status and
removed. For a left halfsegment, its segment is insertedid sweep line status ac-
cording to they-coordinate of its left endpoint. Its lower overlap numizassigned
the upper overlap number of its predecessor and its uppdapvaimber is assigned
its incremented or decremented lower overlap number depgiod whether the ag
InsideAbovés true or false, respectively.

The algorithm uses some auxiliary operations which we lyrigescribe. The
rst two operations,r_select rst andrr_selectnext support parallel object traver-
sal. These operations check which of the t@gionobjectsF andG (i.e., the rst,
the second, or both) has the smaller halfsegment. If thesstdthe traversal is equal
to endof_both, both object representations have been traversed. The m¢leeed
operations refer to management of the sweep line statughwhiinitialized with
newsweeplf a left (right) halfsegment of eegionobject is reached during a plane-
sweep, the operatioaddleft (delright) stores (removes) its segment component
into (from) the segment sequence of the sweep line statesopératiorpred exists
(commonpointexisty checks whether, for the segment currently considereddn th
sweep line status, a predecessor (a neighbored segmentiatate below the cur-
rent segment) exists. The operatisetattr (getpred.attr) sets (gets) a set of at-
tributes for (from the predecessor of) the segment cugrenthsidered in the sweep
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line status. Finally, the operatigiet attr yields the attributes associated with a half-
segment.

algorithm SegmentClassi cation
input: regionobjectsF andG, initialized segment classi cation vectovs andve
output: updated vectorgr andvg
begin
S = newsweef); pointin_.common= false rr_select rst (F, G, object status;
while (statusé endof_both) do
if (object= rst) or (object= both) then h :=gethqF) /* Let h = ('s;d).*/
elseh := gethqG) endif; /* Let h = ( s;d). */
if d =right then deLright(S, s) elseadd.left(S, s);
pointin_commort= pointin_commoror commonpoint existgS);
if not pred.exist¢S) then (m,=np) := ( =0)
elsef (mp=n,)g := getpred.attr(S) endif;
Ms = Np; Ns := Np;
if ((object= rst) or (object= both) and (InsideAbove2 getattr(F))
thenns ;= ns +1 elsens := ns  1endif;
if ((object= second or (object= both)) and (InsideAbove? getattr(G))
thenns ;= ns +1 elsens := ns  1endif;
S :=setattr(S, f (ms=ns)Q);
if (object= rst) then vr [(Ms=ns)] :=true
else if(object= second then vg [(ms=ns)] :=true
else if(object= both) then ve [(Ms=ns)] :=true; v [(Ms=ns)] := true; endif
endif;
rr _selectnex(F , G, object statug;
endwhile
end SegmentClassi catian

If F hasl andG hasm halfsegments, the while-loop is executed at most
| + m times, because each time a new halfsegment is visited. Tisé expensive
operations within the loop are the insertion and the remof/al segment into and
from the sweep line status. We implement the status stratiyian AVL tree which
realizes each of the two update operations in tf®g n) and the other operations
in constant time. Since at mastelements can be contained in the sweep line status,
the worst time complexity of the algorithm @(n logn).

4 The Evaluation Phase: Matching Topological Relationship

So far, we are able to compute for two given complex reglredG their segment
classi cation vectors/s andvg. The values of both vectors depend on the relative
positions ofF andG to each other. The existence or non-existence of a segment
class invg andvg, respectively, conveys a topological information. Forrapée, if

Ve indicates the existence (#=1) segments iffr , we can conclude thd& contains
segments that are located outsideGafBut this does not enable us to derive the
topological predicate between both objects, since it caa disjoint-like, overlap-

like, or covers-like relationship. To be able to decide,this need to consider more
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information in both vectors. Before we get to the actual esbn process, we give
a de nition for segment classi cation to better understahd semantic behind these
classi cations.

De nition 1. The possible segment classes for a segraearita complex regior
with respect to another complex regi@are given by a functio®Cas follows:

8(O=1) iffs2 @F" IA(s;F) » s2 G
(1=0) iffs2 @F" : IA(s;F) » s2 G
1=2) iffs2 @F" IA(s;F) » s2 G

e (221 iffs2 @F™: IA(s;F) A s2 G

SC(s;F;G) = (0=2) iffs2 @F" 1A(s;F) » s2 @G” IA(s;G)

%(2=0) iffs2 @F" : IA(s;F) » s2 @G” : IA(s;G)
(1=1) iffs2 @F"® s2 @G™ ((IA(s;F) ~: 1A(s;Q)) _

' (L 1A(s;F) * 1A(s;G))

Of the nine possible combinations only seven describe \sdigiment classes.
This is because @=0)-segment contradicts the de nition of a complesgion ob-
ject, since then at least one of both regions would have tweshar an outer cycle
and a hole with a common border. Similaf{2=2)-segments cannot exist, since then
at least one of the two regions would have a segment whichisrean to two outer
cycles of the object.

With this de nition, we can establish a connection to thedlmgical predicates
by constructing an evaluation technique calleth@rsection matrix(9-IM) char-
acterization(Section 4.1). This technique is used to answer both vetibcaand
determination queries. Section 4.2 describes a ne-tumgdaach calledninimum
cost decision tre¢or predicate determination. Section 4.3 delineates aistpfted
approach calledhatrix thinningfor predicate veri cation.

4.1 9-Intersection Matrix Characterization

Instead of characterizing each topological predicatectlireghe idea of this approach
is to uniquely characterize each element of the 3-matrix of the 9-intersection
model [4]. Such an element is a predicate that checks oneedfitte intersections
between the bounda®@F; interiorF , or exteriorF of a spatial objecE with the
boundary@ GinteriorG , or exteriorG of another spatial obje& for inequality
to the empty set (see the left sides of the equivalence of fEned). We call such
an elementnatrix predicate For each topological predicate, its speci cation is then
given as the conjunction of the characterizations of the matrix predicates. In
the region/region case jaatrix predicate characterizatios again performed on the
basis of a segment classi cation and nally on the regiorsjsent classi cation
vectors. The goal of the following lemmas is to lead us to @ueicharacterization
of all matrix predicates by means of segment classes. Irw@liias, leH (F) and
H (G) be the set of all halfsegments (including any split halfsegthin F andG
respectively. The rst lemma provides a translation of eaelgment class into a
matrix predicate. Due to space limitations, detailed ps@ré omitted.
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Lemma 1. LetF andG be two complex regions. Then we can infer the following im-
plications and partial equivalences between segmentetaasd matrix predicates:

() 9h 2 H(F): SC(h;F;G) 2f (0=1); (1=0)g, @F\ G 6 ?
(i) 992 H(G): SC(9;G;F) 21 (0=1);(1=0)g, F \ @G8 ?
(i) 9h 2 H(F):SC(h;F;G) 2f (1=2);(2=1)g, @F G 6 ?
(iv) 992 H(G): SC(g;G;F)2f(1=2);(2=l)g, F \ @G8 ?
(v) 9h 2 H(F): SC(h;F;G) 2f(0=2);(2=0)g) @F @G8 ? "F \ G 6 ?
(vi) 9g2 H(G): SC(g;G;F) 21 (0=2); (2=0)g ,9 h2 H(F):

SC(h;F;G) 2 f (0=2); (2=0)g

(vij) 9h 2 H(F): SC(h;F;G) 2 f (1=1)g ) @A @6 ? " F \ G 62
AF \G 67
(viii) 992 H(G): SC(g;G;F) 2 f (1=1)g L9 h2H(F):

SC(h;F;G) 2f (1=1)g

The proof for this lemma follows directly from the segmergsdi cation de nition
(De nition 1) and the de nition of complex region in [9]. Theecond lemma pro-
vides a translation of some matrix predicates into segmiasses.

Lemma 2.LetF and G be two complex regions. Then we can infer the following
implications between matrix predicates and segment ctasse

() F \'G 62 )9 h2H(F): SC(h:F:G) 2f (0=2); (2=0); (1=2); (2=1)g _
992 H(G): SC(g;G;F) 2f (0=2); (2=0); (1=2); (2=1)g
() F \G 62)9 h2H(F): SC(h;F;G) 2 f (0=1); (1=0); (1=1)g _
992 H(G): SC(g;G;F) 21 (1=2); (2=1); (1=1)g
(i) F \' G 6?2)9 h2H(F): SC(h:F:G) 2 f (1=2); (2=1); (1=1)g _
992 H(G): SC(g;G;F) 2f (0=1); (1=0); (1=1)g

This lemma is proved using the ovelap number concept in cmtijpn with complex
region de nition. The third lemma states some implicatidregween matrix predi-
cates.

Lemma 3.LetF and G be two complex regions. Then we can infer the following
implications between matrix predicates:

(i) point_in_common) @F @G86 ?

@A G 6?2 ) F\G 6?2 "F \G 62
(i) F \ @Gs 2 ) F\G6?2"F \G 672
(v) @R G 6 ? ) F\G 6?2"F \G 62
V) F \ @G ? ) F\G 6?2 "F \G 672

The proof for this lemma is based on the de nitionmafint _in _common and point

set topological concepts found in [9]. The following themreollects the results
we have obtained so far and proves the lacking parts of the miatrix predicate
characterizations.

Theorem 1.Let F and G be two complex regions. Lét (F) and H(G) be the
set of possibly split halfsegmentsfofand G. Then the matrix predicates of the 9-
intersection matrix are equivalent to the following segir@ass characterizations:
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()F \G 62 ,9 h2H(F):SC(h;F;G) 2f (0=2); (2=0); (1=2); (2=1)g _
992 H(G): SC(g;G;F) 2 f(0=2); (2=0); (1=2); (2=1)g
(i) F\ @G ? ,9 g2H(G): SC(g;G;F) 2f (1=2); (2=1)g
(i) F\G 672 ,9 h2H(F):SC(h;F;G) 2f (0=1); (1=0); (1=1)g _
992 H(G): SC(g;G;F) 2f (1=2);(2=1); (1=1)g
(ivy @R G 8? ,9 h2H(F):SC(h;F;G) 2f (1=2); (2=1)g
v) @R @G8 ? ,9 h2H(F):SC(h;F;G) 2f (0=2); (2=0); (1=1)g _
992 H(G): SC(g;G;F) 2f (0=2); (2=0); (1=1)g _
point _in _common

(v @R G 67 ,9 h2H(F):SC(h;F;G) 2f (0=1); (1=0)g
(vi F \G 67? ,9 h2H(F):SC(h;F;G) 2f (1=2); (2=1); (1=1)g _
992 H(G): SC(g;G;F) 2f (0=1); (1=0); (1=1)g
(vii) F \ @G ? ,9 g2 H(G): SC(g;G;F) 2f(0=1); (1=0)g
ix) F \G 67?, true

Theorem 1 provides us with a unique characterization of @stiiidual matrix
predicate of the 9-intersection matrix. This approach leasml bene ts. First, it is
systematic and has a formal and sound foundation. Henceawbe sure about the
correctness of segment classes assigned to matrix preslieaid vice versa. Second,
this evaluation method is independent of the number of tugiohl predicates and
only requires a constant number of evaluations for mateximate characterizations.
Instead of nine, even only eight matrix predicates have toHezked sincé& \

G 6 ? is always true (Theoreml(ix)). Third, we have proved theetness of
our corresponding implementation.

Based on this result, we can perform the predicate veriarafor a topological
predicatep on the basis op's 9-intersection matrix (see Table 1). In the case of a
value 1 rue) for a matrix predicate, we take its equivalent, assighgdnaat classi-
cation on the right side in Theorem 1 and match it with thersemt classi cation
vectorsvg andvg computed in the exploration phase. If there is a match, we pro
ceed with the next value and matrix predicate in the 9-ietien matrix; otherwise
p is false In the case of a value @alse for a matrix predicate, we pursue the same
strategy but have to negate the assigned segment classhaa the right side in
Theorem 1 rst.

For a predicate determination we take the following appmnogor the rst topo-
logical predicate, we begin with the segment class characterization of thema-
trix predicate on the right side in Theorem 1 and match it wihandvg. For a
value 1 for the matrix predicate, this means tatandvg must satisfy the segment
class characterization on the right side of the matrix meei. For a value O of the
matrix predicateyr andvg must satisfy the negated segment class characterization.
If they match, we know that this matrix predicate is satisatt we continue with
the segment class characterization of the next matrix pageli Otherwisep is false
and we perform the whole procedure with the next topologioadliicate. In the worst
case, this requires 33 tests of topological predicates.
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4.2 TheMinCostDecisionTreéAlgorithm

In this and the next section we ne-tune the approach of aatil. A rst observa-
tion is that for predicate determination we have to test alt@ological predicates
in the worst case. We propose a concept cat@aimum cost decision trg®1CDT)

in this section which avoids this drawback and is similar technique introduced in
[2] for topological predicates for simple regions. The it construct a binary de-
cision tree whose inner nodes are matrix predicates andenbagnodes are the 33
topological predicates. The tree partitions the searcbespeach node and progres-
sively excludes more and more other topological predicétebe best case, at each
node of the decision tree the search space is partitionetliothalves. This requires
logs computations whers is the number of topological predicates. Bor 33 the
height of the tree is at least 6.

The pseudocode below shows our recursive algorithm for caimgpa minimum
cost decision tree. Assuming that all topological relagtdps occur with equal prob-
ability, our cost model is to sum up all the path lengths fraulretopological pred-
icate to the root. The algorithm takes as input the list adriséction matrices of the
topological predicates (Table 1). These matrices lateoinecthe leaves of the deci-
sion tree. In addition, a node list is required such that theréhm may skip those
decision branch elements that already appeared in the rattie This node list is
empty at the start of the program and updated for every rizeurall. The algorithm
constructs the best tree by traversing through each vatidida branch using depth
rst search as it makes recursive calls. The recursion stacks once a leaf is found,
and at this point we have a sub-tree for which we can calcthattotal cost. Then the
recursion returns and recursively nds the next leaf. By paning each alternative
minimum cost sub-tree from each decision branch at a levebbtain the minimum
cost sub-trees at the parent level of the current level. Thimparison takes place
from the bottom up until the complete minimum cost tree isstnrcted and the root
is chosen.

algorithm MinCostDecisionTree
input: A matrix list mat[] and a node list nodeList[]
output: The root node of a minimum cost decision tree.
begin
element := firstElement (); bestNode:= newN ode();
while (element:isV alid ) do node := newN ode(element);
if (node:isUnary ) then continue ;
else if(node:isLeaf ) then bestNode:id := mat[0]:id; bestNode:cost:= 0; break;
elsenodeList:add (node); node:IChild := MinCostTre¢node:IChildren; nodeList );
node:rChild := MinCostTre¢node:rChildren; nodeList );
node:cost:= node:IChild:cost + node:rChild:cost + node:IChildren:length +
node:rChildren:length ;
if (node:cost < bestNode:cost) then bestNode:= node; endif;
endif; element := nextElement ();
endwhile;
return bestNode
end MinCostDecisionTree
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Several trees exist with the minimum total path length (mimin cost). For our
case, we choose the rst tree found. Due to space limitatismescannot show the
tree. It has heigh®, and the total cost (path length) for all topological predés is
170. Compared with the cost & 33 = 264 for the solution of Section 4.1, this
reduces the cost for predicate determinatio646a

4.3 Matrix Thinning

A second observation is that for predicate verication ndtrmaatrix predicates
have to be evaluated. For example, for predicate 1 in Table Tombination that
F\G =2 ~ @F\ @G= ? holds (indicated by two 0's) is unique among
the 33 predicates. Hence, only these two matrix predicates to be tested in order
to decide aboutrue or falseof the predicate. The question arises how the matrices
can be “thinned out” and nevertheless remain unique aman@3ipredicates. We
have implemented a brute-force algorithm which for eachrgection matrix checks
all combinations of matrix predicate values for uniquersgmsng the 32 other inter-
section matrices. The algorithm begins with single matredicate values and then
proceeds with pairs, triples, quadruples, quintuples, Eble 1 shows the result.
The ' elements correspond to “don't care” elements wharether elements are
the essential elements. We have found 6 matrices with 2 xratedicates that have
to be checked, 6 matrices with 3 matrix predicates to be awckO matrices with
4 matrix predicates to be checked, and 11 matrices with Sixnatedicates to be
checked. The total cost& 2+6 3+10 4+11 5= 125. Compared with the cost
of 8 per topological predicate for the solution of Sectioh, Zhis reduces the average
cost for predicate veri cation t&:8 (= 47%) per topological predicate. [2] uses a
similar approach which is based on a greedy heuristic. Irastito this work, we
also provide an implementation concept.

5 Implementation and Performance Analysis

The aforementioned techniques have been tested and véhiredgh an implemen-
tation of the topological predicates as part of the SPAL2Ekpge. The implementa-
tion makes use of a complex spatial data type system (SDTghwhiturn is built on
top of the rational number system (RATIO). This design fraumik ensures system-
wide numerical robustness and topological consistenogeSperformance is one of
the goals for this implementation, we choose a popular cledphnguag€++ for
the development.

As far as topological predicate implementation is concertige 9-intersection
matrix characterization technique makes it possible tegse a single matrix predi-
cate at a time. This gives rise to the possibility of usingslea tree or thin matrices
depending on the query type. An empirical study has beempeed to verify both
correctness and performance improvement in using theseatiean methods. Figure
3illustrates the result for predicate determination.
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1j 0j 0jo 1j 0j 0jo 1j 0j 0joO 1j 0j 0jo 1j1 0jO 1j1
6:@0j01j 0 A 7:@1j 0j0o0j A 8@1j11 0 A 9@1j11j10] A 10@0j01j 0j0A
1j1 1j 1j 1 1j 1j 1o 1j 0jO 1j 1j 1j11j 1 1 1j 1j
1j 0jo 1j1 1j1 0jO 1j 1j1 0jO 1j 1j1 0jO 1j1 1j 0jo 1j1
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0j0 0j 1j 1j1 0jO 1j 1 1j1 1j 1 1 1 1j 0jO 1j
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1j 0j0 1j1 1j 0jO 1j 1j 0j0 1j 1j 1j 1j 1j1 1j 1j
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31:@1j1 1j1 0j0A 32:@1j1 1j1 1j1A 33@1j1 1j1 1j1A
1j 1j1 1j 1j 0jO 1j 1j 1j1 1j

Table 1. Topological matrice$ thinning matrices for the 33 topological predicates betwee
two complex regions.

Fig. 3. Predicate Determination Comparison

Without using the decision tree, one would have to perfornmeak search
through all 33 predicates. Logarithmic search is not pdssimce there is no com-
parison relation between these predicates. Hence, thetinetion is a monotonely
increasing function with the best case requiring 8 matredgrate comparisons and
worst case requiring up® 33 = 264 comparisons. In contrast, by using the decision
tree, each predicate determination is limited to at most Bimpredicate compar-
isons. Our test cases are designed to cover all predicatesriplex regions. Using
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a 1:8 GHz 64-bit processor, the average predicate evaluation time détlision tree
is 0:6416micro seconds as opposed3®228micro seconds without decision tree.
This reduces the cost tB%which indicates an improvement 82%

For predicate veri cation, evaluation without thin mag& requires8 matrix
predicate comparisons, whereas at nflbsbmparisons are required with thin ma-
trices. Furthermore, by using thin matrices, we can rejesiuation as soon as there
is a mismatch of matrix predicates. For our test cases, tHeaton requires an
average oB:24 matrix predicate comparisons. This reduces the co$d:&6 which
indicates an improvement 60:5%.

6 Conclusions and Future Work

This paper presents research results on the evaluatiomgmeinentation of topolog-
ical predicates on complex regions. It considers the twanpaiblems of topological
predicate veri cation and determination. The main ideaisharacterize each matrix
predicate of the 9-intersection matrix by a unique set ofreag classes that have
to be checked. This characterization allows the use of minincost decision tree
and matrix thinning, which signi cantly speed up the prextee determination and
veri cation processes. The approach has been implementibeiSPAL2D software
library which is currently under development and determifoe an integration into
extensible databases. In the future, we plan to considendleation of topological
predicates for all type combinations that also include tfatial data typepointand
lines

References

1. J. F. Allen. Maintaining Knowledge about Temporal Insdsv Communications of the
ACM, 26:832-843, 1983.

2. E. Clementini, J. Sharma, and M.J. Egenhofer. ModelingoTagical Spatial Relations:
Strategies for Query Processing. 18(6):815-822, 1994.

3. Z. Cui, A. G. Cohn, and D. A. Randell. Qualitative and Tagptal Relationships3rd,
LNCS 692, pp. 296-315, 1993.

4. M. J. Egenhofer and R. D. Franzosa. Point-Set Topolo@patial Relations. 5(2):161—
174, 1991.

5. R. H. Giting and M. Schneider. Realm-Based Spatial Dgted: The ROSE Algebra.
4:100-143, 1995.

6. R.H. Guting, T. de Ridder, and M. Schneider. Impleméoredf the ROSE Algebra: Ef -
cient Algorithms for Realm-Based Spatial Data Types. p6—2B9, 1995.

7. M. SchneiderSpatial Data Types for Database Systems - Finite Resol@mometry for
Geographic Information Systemglume LNCS 1288. Springer-Verlag, Berlin Heidel-
berg, 1997.

8. M. Schneider. Implementing Topological Predicates fomplex Regions. pp. 313-328,
2002.

9. M. Schneider and T. Behr. Topological Relationships leetwComplex Spatial Objects.
ACM Transactions on Database Syste@G06. Accepted for publication.



