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Abstract: In mary geographical applications there is a need to model spatial phenom-
ena not simply by sharp objectstivather through indeterminate @gue concepts.or
support such applications we present a modelagfug rgions which ceers and
extends preious approaches. The formal fran@k is based on a generaket model

of spatial data types. On the one hand, this simplifies the definition cdigie model
since we cantild upon alreadyasting theory of spatial data types. On the other hand,
this approachdcilitates the migration fronxact to \ague models. Moreer, exact spa-

tial data types are subsumed as a special case of the pressytiedcencepts. &/
present gamples and stvohow they are represented within our framark. We give a
formal definition of basic operations and predicates which particulariy @lonore
fine-grained imestigation of spatial situations than in the puxa@ case. Walso dem-
onstrate the ingration of the presented concepts into an SQ&-djkery language.

1 Introduction

In the literature about spatial database systems and geographical information systems
(GIS) that adacates an entity-oriented weof spatial phenomena, the general opinion
prevails that special data types are necessary to model geometry aficigatsf rep-

resent geometric data in database systemsxéongle [Eg89, GNT91, GS93, GS95,
Gu88, LN87, OM88, Sc95, SV89]. These data types are commonly dencieatias

data typessuch agoint, line, orregion. We speak ofpatial objectsas occurrences of
spatial data types.

So far, spatial data modeling implicitly assumes that ttterg and hence the boundary

of spatial objects is precisely determined andensially recognized. This leadscbu-

sively to exact object modelsSpatial objects are represented by sharply described
points, lines, and geons in a defined reference frame. Lines link a seriexaxftly
known coordinates (points), andyiens are bounded byactly defined lines which are
calledboundaries The properties of the space at the points, along the lines, or within
the rgions are gien by attrilntes whose alues are assumed to be constaeatr dhe

total extent of the objects. Examples are especially man-made spatial objects represent-
ing engineered aratts (like highways, roads, houses, and bridges) and some predom-
inantly immaterial spatial objectxerting social control (li& countries and districts
with their political and administrate boundaries or land parcels with their cadastral
boundaries). W will denote this kind of entities a@eterminate spatial objects



Increasinglyresearchers aredgpaning to realize that there are ngagpatial objects in

reality which do not hae sharp boundaries or whose boundaries cannot be precisely
determined. Examples are natural, social, or cultural phenomenariit features with
continuously changing properties (such as population dessityguality vegetation),
oceans, biotopes, deserts, an English speaking area, or mountaiaiegsdMe tran-

sition between aalley and a mountain usually cannot baetly determined so that the

two spatial objects ‘alley” and “mountain” cannot be precisely separated and defined.
Frequentlythe indetermingcof spatial objects is associated with temporal changes; for
example, clouds and sandbanks dynamically change their shapes in the course of time.
We will denote this kind of entities &ague or indeter minate spatial objects.

This paper presents an object model for definengue rgions'L which rests on “tradi-

tional” (that is, &act) modeling techniques. This modeling sygtsimultaneously
expresses the authors’ opinion that it is unnecessarygio frem scratch when mod-

eling vague spatial objects. On the contratyis possible to @end, rather than to
replace, the current theory of spatial database systems and GIS. Furtherrvorg, mo
from an &act to a mgue domain does not necessariyalidate comentional geometry;

it is merely an etension. Consequentlfthe current xact object models that are
restricted to determinate spatial objects can be considered as simplified special cases of
a richer class of models for general spatial objects. It turns out that thectyehe

case for the model to be presented.

Section 2 gies a characterization of tharious meanings of indeterminacliscusses

the notion of “boundary”, and presents a classification of the approaches proposed so
far. Section 3 informally introduces the concept afjwe rgions and motiates the
necessity of ague topological predicates anague spatial operations. Section 4 for-
malizes these concepts and discusses the problem of adequately defining numerical
operations onague rgions. Section 5 demonstrates an embedding into an S@L-lik
query language, and Section 6wsasome conclusions and/gs a prospect of future
research aatities.

2 Classifying Modelsfor Vague Spatial Objects

A first attempt of a taxonomy ofague spatial objects has beewegi by Couclelis
[C096]. She proposes taamine the essence addgue spatial objects from threefeif

ent perspectes: the empirical nature of the object, the mode of obsery and the
users purpose. All three perspeas are based on the intuéimeaning of the notion
“boundary”. The nature of the object (foraenple, whether it is homogeneous or het-
erogeneous, continuous or discontinuous, solid or fluiddfor meing) influences
how we becomewsare of the boundaries and theigdse of sharpness. The mode of
obsenation (gven, for ékample, by scale, resolution, time, errofeafs the knaledge
about the position of the boundafihe uses purpose for which a model is designed
leads to a preference for one modetiothe othersince diferent user cagories hae

1. Concepts for &gue points andague lines are currently not &akinto account.



different requirements and conceptual views. Administrators, for instance, demand pre-
cisely defined objects; scientists, however, strive to integrate the vagueness of bound-
ariesinto their models.

The entity-oriented view of spatia phenomena, which we will take in this paper, con-
siders spatial objects as conceptual and mathematical abstractions of real-world entities
which can be identified and distinguished from the rest of space. For example, aregion
divides space into three parts: one part inside the object, another part on the border of
the object, and the remaining part outside the object. The three parts form a partition of
space, that is, they are mutually exclusive and covering the whole space. Hence, the
notion of aregionisintrinsically related to the notion of aboundary, beit sharp or inde-
terminate.

So far, in spatial data modeling boundaries are considered as sharp lines that represent
abrupt changes of spatial phenomena and that describe and thereby distinguish regions
with different characteristic features. The assumption of crisp boundaries harmonizes
very well with the internal representation and processing of spatial objects in a com-
puter which requires precise and unique internal structures. Hence, in the past, there has
been atendency to force reality into determinate objects. In practice, however, thereis
no apparent reason for the whole boundary of aregion to be sharp or to have a constant
degree of vagueness. There are a lot of geographical application examples illustrating
that the boundaries of spatial objects can be indeterminate. For instance, boundaries of
geological, soil, and vegetation units (see for example [Al94, Bu96, KV91, LAB96,
WH96]) are often sharp in some places and vague in others; many human concepts like
“the Indian Ocean” are implicitly vague.

The treatment of spatial objects with indeterminate boundaries is especialy problem-
atic for the computer scientist who is confronted with the difficulties how to model such
objects in his database system so that they correspond to the user’s intuition, how to
finitely represent them in acomputer format, how to develop spatial index structuresfor
them, and how to draw them. He is accustomed to the abstraction process of simplifying
gpatial phenomena of the real world through the concepts of conventional binary logic,
reduction of dimension, and cartographic generalization to precisely defined, simply
structurgd, and sharply bounded objects of Euclidean geometry like points, lines, and
regions.

In redlity, there are essentially two categories of indeterminate boundaries: sharp
boundaries whose position and shape are unknown or cannot be measured precisely, and
boundaries which are not well-defined or which are useless (for example, between a
mountain and a valley) and where essentially the topological relationship between spa-
tial objectsisof interest.

2. lronically, this abstraction process itself mapping reality onto a mathematical model implicitly
introduces a certain kind of vagueness and imprecision.



Spatial objects with indeterminate boundaries arfecdif to model and are saif not
supported in spatial database systems. According to theatgories of boundaries,
two kinds of \agueness or indeterminaconcerning spatial objectsveato be distin-
guishedUncertainty relates either to a lack of kwtedge about the position and shape
of an object with anasting, real borderpgositional uncertainty) or to the inability of
measuring such an object precisehgdsurement uncertainty) Fuzzinessis an intrinsic
feature of an object itself and describes thgueness of an object which certainly has
an tent lut which inherently cannot or does novéa precisely definable border

The subject of modeling spatiadgueness has sarfbeen eclusively treated by geog-
raphers bt rather nglected by computer scientists. At least three alteremtre pro-
posed as general design methods:

» fuzzy models [Al94, Ba93, Bu96, Ed94, KV91, LAB96, Us96,a84, WHS90]
which are all based on fuzzy set theory and predominantly model fuzziness,

 probabilistic models [BI84, Bu96, Fi93, Sh93] which are based on probability
theory and predominantly model positional and measurement unceréaidty

» exact models [CF96, CG96, Sc96] which transfer data models, type systems, and
concepts for spatial objects with sharp boundaries to spatial objects without clear
boundaries and which predominantly model uncertaintyatso aspects of fuzz-
iness.

Fuzzy sets were first introduced by Zadeh [Za65] to treat imprecise concepts in a defin-
able way. Fuzzy set theory is axtension or generalization (and not a replacement) of
classical boolean set theory and deals only with fuzziness, not with unce Fairgy

ness is not a probabilistic attmite, in which the grade of membership of anvittlial

in a set is connected to asgn statistically defined probability function. Rathers an
admission of the possibility that an imdiual is a member of a set or that eegi state-

ment is true. Examples of fuzzy spatial objects include mountaatieys; biotopes,
oceans, and mgrother geographic features which cannot be rigorously bounded by a
sharp line.

Probability theory can be used to represent uncertdirdgfines the grade of member-
ship of an entity in a set by a statistically defined probability function. Examples are the
uncertainty about the spatiattent of particular entities l& regions defined by some
property such as temperature, or thetewr level of a lale.

The main dificulty of fuzzy and probabilistic models is that their use with spatial data

is still a non-trvial application. On the one hand, our current computational technology
does not allev efficient processing of uncertain and fuzzy spatial data. On the other
hand, it is an open problemvado integrate and transform these models into the concept

of spatial data types.

A benefit of the ract object model approach is thaisting definitions, techniques,
data structures, algorithms, etc., need not bevetoleed it only modified and
extended, or simply used. The currently proposatemethods modekgue rgions



by using some kind of zone concept, either without holes [CF96, CG96] or with holes
[Sc96]. The central ideaisto consider determined zones surrounding the indeterminate
boundaries of a region and expressing its minimal and maximal extension. The zones
serve as a description and separation of the space that certainly belongs to the region
and the space that is certainly outside.

While [CF96] and [CG96] are mainly interested in classifications of topological rela-
tionships between vague regions for which asimple model isassumed, [ Sc96] proposes
amodel of complex vague regions with vague holes and focusses on their formal defi-
nition. Unfortunately, the three approaches are limited to “concentric” object models
and have problems with geometric closure properties. The model described in this paper
also pursues the exact model approach but is much more general and much simpler than
the approaches suggested so far.

3 What are Vague Regions?

Our goal to base a concept of vague regions on traditional modeling techniques first
necessitates ageneral exact object model for determinate regions. We will introducethis
model only informally here. A formal definition of thismodel based on the point set par-
adigm and on point set topology is given in the Appendix. Each alternative model
should fulfill the properties described there. Possible candidates are the models
described in [ECF94, WB93], and the discrete model of the ROSE algebra [GS93,
GS95, Sc95].

A (determinate) region is a set of digoint, connected areal components possibly with
digoint holes (see the picture below). This model is very general and closed under
(appropriately defined) geometric union, intersection, difference, and complement
operations. It allows regions to contain holes and islands within holes to any (finite)
level. The requirement of digointedness is not meant in a strict sense; components of
regions aswell as holes of acomponent may be neighbored in acommon boundary line
or in common single boundary poi nts.3 We only require that the employed model satis-
fies the requirements defined in the Appendix.

Qo

3. Usually, common boundary lines make no sense, since then adjacent components and adjacent holes,
respectively, could be merged together by eliminating the common boundary parts. For our purposes,
this aspect is not relevant.



Our concept of vague regions mainly deals with the aspect of uncertainty but also
includes some aspects of fuzziness. Frequently, there is uncertainty about the spatial
extent of phenomena in space, that is, objects can shrink and extend. An exampleis a
|ake whose water level depends on the amount of precipitation or on the degree of evap-
oration and which has thus a minimal and maximal extent. Another example is a map
of natural resources like iron ore. For some areas experts definitely know the existence
of iron ore because of soil samples. For other areas experts are not sure and only assume
the incidence of this mineral. These are the kinds of vague regions we are especially
interested in. On the other hand, our concept isalso ableto model the aspect of fuzziness
that areal objects have an extent but cannot be bounded by a precise border, for example,
the transition between amountain and avalley. Continuous changes of features (like air
pollution continuously decreasing from city centers to rural areas) cannot currently be
modeled by this concept (but see Section 5).

A vagueregionisapair of digoint regions. Thefirst region, called the kernel, describes
the determinate part of the vague region, that is, the area which definitely and always
belongs to the vague region. The second region, called the boundary, describes the
vague part of the vague region, that is, the area for which we cannot say with any cer-
tainty whether it or parts of it belong to the vague region or not. Maybe the boundary or
parts of it belong to the vague region, maybe thisis not the case. Or we could say that
this is unknown. It is important to notice that boundaries need not necessarily be one-
dimensional structures but can be regions, and that the semantics of the boundary of a
vagueregion isnot fixed by our model but depends on the meaning the application asso-
ciateswithit.

The figure below gives an abstract example of a vague region v. The blank areas anno-
tated with v depict kernels, the shaded areas annotated with v denote the boundaries of
the vague region v, and the blank areas that are not annotated describe holes. The exam-
ple demonstrates the complexity of the model. Kernels and boundaries may be adjacent;
they may have holes which themselves can contain a hierarchy of kernels and bound-
aries with holes.

y v @
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We now briefly present two real life applications and motivate the use of vague regions,
vague topological predicates, and vague spatial operations. Vague concepts offer a



greater flexibility for modeling properties of spatial phenomenain the real world than
determinate concepts do. Still, vague concepts comprise the modeling power of deter-
minate concepts as a special case.

The first example is taken from the animal kingdom and demonstrates the need of dif-
ferent vague intersects predicates and the use of a vague intersection operation. We
view the living spaces of different animal species and distinguish kernel areas where
they mainly live and boundary areaslike peripheral areasor corridorswherethey in par-
ticular hunt for food or which they cross in order to migrate from one kernel area to
another one. We now consider some relationships of their living spaces and ask:

* Which animals (partially) share their living spaces?
» Which hunters penetrate into the living space of other animals?
* What are the areas where two species can only meet by accident?

For two animal species u and v, the interesting situations for the queries are shown
below. They all relate to different kinds of intersection which amount to three different
kinds of topological predicates (introduced in the next section). The first query asksfor
kernel/kernel intersections, the second query for kernel/boundary intersections but not
kernel/kernel intersections, and the third query exclusively for boundary/boundary
intersections. The situation on the left is definitely an intersection. In contrast, the situ-
ation in the middle is a vague intersection which, however, is a stronger case than the
situation on the right. Other examples of topological relationships and their use will be
presented in the next section.

e ofﬂv @

The task to compute the common living spaces of two animal species asksfor the inter-
section of two vague regions. The intersection of two kernelsis certainly akernel, and
the intersection of an exterior part with anything elseis an exterior part. The open ques-
tion is now the intersection of a kernel with a boundary and the intersection of two
boundaries. Since boundaries are vague, we cannot make a unique statement whether
these intersections belong to the kernel parts or to the boundary parts. It only remains
to regard these intersections as boundary parts.

The second example demonstrates that concentric models like those presented in
[CF96, CG96, Sc96] are captured by our concept. Consider alakel which hasaminimal
water level in dry periods (kernels) and amaximal water level inrainy periods. Dry peri-
ods can entail puddies. Small islands in the lake which are less flooded by water in dry
and more (but never completely) flooded in rainy periods can be modeled through holes



surrounded by a boundary. If an island like a sandbank can be flooded completely, it
belongs to the boundary part.

Lake

Puddl e \ @

Sandbank

Island

4  An Exact Model of Vague Regions

In this section, we give aformal account of vague regions. We first define vague spatial
operations in Section 4.1. After that we define predicates in Section 4.2. There we will
see that a concept, such as inside, is not anymore simply a question of true and false,
but rather needs a vague kind of booleans containing a value like maybe. That is, we
actually employ a three-valued logic as the range of (standard) predicates. Similarly,
numeric operations given in Section 4.3 seem to require a concept of vague numbers
(given, for example, by intervals). Since thisentailsrather extensive changesto the type
of real numbers and on its operations, we instead define different exact versions of
numeric operations capturing various aspects of vagueness. In general, the problem is
how to integrate vague regions with other types and operations of a datamodel. We will
pick up thisissue again in Section 6.

For the definition of vague regions we make use of a suitable model for determinate
regions as sketched in the previous section. One possible candidate is the point set
model the relevant parts of which are given in the Appendix. We can choose any other
model aslong asit offers the following operations (let R denote the type of regions and
IR the set of real numbers):

®:RxR - R (union)
®:RxR- R (intersection)
©:RXR - R (difference)
©:R-R (complement)
dist:RxR - IR (minimum distance)
area:R - IR (area)

Moreover, R together with the operations © and ® must form a boolean algebra. The
order predicate of the corresponding boolean latticeisthen givenby r s < r 0 s=s
(e rns=r).

We define avague region v as a pair of digoint regions (k, b) where k gives the kernel
of v and b denotes the boundary of v. We employ the following notation: V¢ = k and
v =h. Finally, the exterior, or outside, of v is defined as V¢ = O(k @ b).



4.1 Vague Spatial Operations

In order to define operations, such as union, inter section, and difference of two vague
regions u and v, it is helpful to consider the possible relationships between the kernel,
boundary, and outside parts of u and v. We do this by giving atable for each operation
where a column/row labeled by @, ©, or O denotes the kernel, boundary, or outside
part of u/v. Each field of the table denotes a possible combination (that is, intersection)
of kernel, boundary, and outside parts of both objects, and the label in each field speci-
fies whether the corresponding intersection belongs to the kernel, boundary, or outside
part of the operation’s resullt.

union @ O O intersection @ O© O
® @@ @ e ®@ ®@ © O
O @ © O O o O O
OO @ © O OO0 O O

For example, the union of a kernel part with any other part is a kernel part since the
union of two regions asksfor membership in either region and since membershipis cer-
tain for each kernel part. Likewise, the union of two boundaries or the union of abound-
ary with the outside should be a boundary, and only the parts of the space which belong
to the outside of both regions contribute to the outside of the union.

On the other hand, the outside of the intersection is given by either region’s outside
because intersection requires membership in both regions. The kernel of theintersection
only contains parts which definitely belong to the kernel of both arguments, and inter-
sections of boundary parts with each other or with kernel parts make up the boundary
of the intersection.

The definition of difference is motivated by the definition of complement. Clearly, the
complement of the kernel should be the outside, and the complement of the outside
should be the kernel, but what about the boundary part? Anything inside the vague part
of an object might or might not belong to the object, so we cannot definitely say that the
complement of the vague part is the outside. Neither can we say that the complement
belongs to the kernel. So the only reasonable definition is to define the complement of
the boundary to be the boundary itself:

complement|. o O
O 0 @

Now theresult of removing avague region v from another vague region u can be defined
astheintersection of u with the complement of v. That is, removing akernel part means
intersection with the outside which always yields outside, and removing anything from
the outside leaves the outside part unaffected. Similarly, removing a boundary means



intersection with the boundary and thus results in a boundary for kernel and boundary
parts, and removing the outside of v (that is, nothing) does not affect any part of u.
difference @ O© O
®@ O O @
oo O O
Ol O O

Next weformally define these operations simply by using regions operations, that is, we
express the notion of vague regions using well-understood exact regions. Let uand v be
two vague regions. Then we define:

uunion v =DV WP VB) o (U@ W)

uintersection v = (U ® V&, (P @ P) @ (U @ VP) @ (UP ® VX))
udifferencev = (UK ® (W), P @ W) © (1K ® V) © (P ® (V1))
complement v = (6VK, VP)

In the following we use as an abbreviating notation for the intersection of two (determi-
nate) regions simple juxtaposition, and we assign intersection higher associativity than
union and difference. That is, the above definition for u difference v could also be writ-
ten more concisely as (U<(EVK), UPVP @ UKVP @ uP(eVX)).

It isnot difficult to check that the definitions realize the behavior specified by the tables
given above. Consider, for example, the union-operation. For w = u union v we haveto
show the following three identities:

(1) WK = UKV @ uKVP @ UNE @ UPVK @ uEK
) WP = PP @ uPvE @ UBVP
(3) WE = UAVE

For proving (1) we first observe that @ is idempotent. We can therefore duplicate the
first term u¥v¥. Then using the fact that ® distributes over @ we can factorize both u*
and V¢ and obtain:

WK = (U (VK @ VP @ VE)) @ (VUK D uP @ )
Since V¢ ® WP ® VE = 1gand U¢ @ uP @ UE = 1z and since 1 isthe identity of ® we get
W= (UK ® 1) ® (V@ 1g) = UK @ X,

whichisthedefinition of the kernel part of union. Equation (2) can be shown asfollows.
For arbitrary regionsr and s we know:

res=rs®r(Os) ® (or)s
We can use thisidentity to rewrite the boundary definition as:

BB @ uPevP) @ (BUPR © (UK @ U (BVX) @ (BUKWX)

_10_



Next we evaluate all complements (note that OVP = VX @ V& or O = VP @ \#):
PV @ LB © VB) © (UK @ LEWVE © (UK ® UK(VB D V) @ (UP @ LEWX)),
and apply distributivity of ®:
PP @ P @ uPVE @ UR @ LUBVR © (UK @ UNVE @ UKV @ UPVK @ LEWK)
In the resulting term, only uPvk and ukvB appear in both parts of the difference; all other

intersectionsto be subtracted have no effect at all sinceall intersectionsare pairwisedis-
joint. Therefore theresult is:

PP @ PV @ LEVP

which is exactly the condition required for wA. For the proof of relationship (3), first
note that in a boolean lattice we have for any two regionsr ands: 1, ® sS=s, 15 s=
1, and 1z = r @ (©r). Therefore, we know that s= (r @ (©r))s = rs® (@r)s, and it
followsthatr @ s=r @ rs® (Or)s. Wealso know thatr © rs=r(1g® s) =r, sothat r
® s=r @ (Or)s. Since (Or)sis another way of denoting the differenceso r, we get: r
® (sOr)=r @ s. Now we have by definition that

W= OWK WP =o(U &V @ (UP @ VP) © (UKD W) =k & v D uP & \P)
By commutativity and de Morgan’s law this reduces to:
U ® uP) ® (O @ W)

which is by the definition of complement equal to u® ® V#, the condition required for we.
The correctness of the other operationsis shown in asimilar way.

In addition to having the four basic spatial operations on vague regions, it is also some-
times helpful to be ableto explicitly deal with their boundary and kernel parts. Thus, we
define the following operations:

boundary(v) := (O, vB)

kernel(v) = (V& O)
invert(v) = (VB V)

In particular, these operations facilitate the computation with parts of vague regions in
apurely exact way since the vague spatial operations, applied to vague regions with an
empty boundary, behave exactly like the corresponding exact spatial operations. (This
can be easily seen from the definitions.)

4.2 Vague Predicates

One of the most basi ¢ rel ationships that can be observed for two regionsis whether they
intersect or not. Many different cases of intersection can beidentified leading to special-
ized predicates, like covers or meets, that describe more specific relationships. To define
an intersection predicate for two vagueregionsu and v it isinstructive to look at the pos-

_ll_



sible resultsfor the kernel and boundary of w = uinter section v. Surely, we want to say
that u and v intersect if wW* = U*v¥ is not empty, that is, if the kernel regions of u and v
overlap. Thisistrue independent from the value of WA, Likewise, if the regions of u® @
uP and V¢ @ P are disjoint, we can safely say that u and v do not intersect at all. How-
ever, if wK = Og and WP # Og, we cannot be sure about the intersection of u and v. This
means, we can neither return true nor false, but we rather have to define the predicate to
yield something like maybe or unknown (comparableto NUL L-valuesknown from rela-
tional databases).

Therefore, we use athree-valued | ogic as the range of boolean predicates. The definition
of the logical operators parallels the definition of the operations for vague regions (1, O,
and ? are used as abbreviations for true, false, and maybe):

and| 1 ? 0 ol 1 ? 0 not| 1 2 0
111 2 0 111 1 1 \o 1
2 2 0 201 2?2 2
0O 0 O ol1 2 o0

Now wereturn to the definition of vague predicates. For example, the definition of inter-
sectioniis:

O true if UV€#0g
0

uintersectsv= [ false if UV @ uPVB @ UP @ UK = 0
0

0 maybe  otherwise

The maybe-case of intersection can be distinguished further according to whether aker-
nel/boundary or only a boundary/boundary intersection exists. An example for both sit-
uations is shown below:

B (#p

vague intersection weak vague intersection
We consider the situation depicted on the left to be a stronger indication of intersection

than the situation on the right. Accordingly, we define two predicates, v-inter sects
(vague intersection) and w-inter sects (weak vague intersection) as follows:

_12_



O true if uPVK @ UVP £ Og and UKV = 0g
uv-intersectsv=_[1

O false otherwise

O true if uPvB £ 0g and UPV¢ @ UVR @ UK = 0
uw-intersectsv =0

O false otherwise

A special case of intersection is aso given when u liesinside v. We can safely say that
uinsidev holdsif everything of u (that is, kernel and boundary) is inside the kernel of
v. If thisis not the case, we cannot simply conclude that u inside v is false since this
requires definite knowledge about a part of u being outside any part of v. In other words,
whenever Uk 0 V¢ @ VP we are not sure about insideness, and we should define u inside
v as maybe:

0 true if UK uP O
U

uinsdev=0Cfalse  if U< [ D
U
0 maybe otherwise

Aswe have done for intersection we can discriminate the maybe-case further. If the ker-
nel part of uiscompletely inside the kernel part of v, then only the boundary of u makes
the decision of insideness vague. Thisisastronger indication for the inside relationship
than in the case that also a part of u's kernel lies in the boundary of v. Some possible
relationships are shown in the following picture:

Qo G Q-
2 ANz v

7

vague inside weak vague inside

Asindicated by the two situations on the right, the predicate for weak vague inside can
be distinguished further. We do not follow thisline, since thisleads quickly to an infla-
tion of predicates.

O true if Uk O V< and uP 2 V&
uv-insidev= [
0 false otherwise
O true if U OV VP and Uk [
uw-insidev=_[0
0 false otherwise
The complementary predicate for inter sectsisdigoint, and its definition is obtained by
simply exchanging true and false in the definition of inter sects.

_13_



Note that we cannot directly express relationships, such as meets or adjacent, since we
currently have no concept of lines and points in our model. However, we can regard
weak vague intersections as akind of adjacency as done by [CF96, CG96].

4.3 Vague Numeric Operations

The definition of numeric operations on vague regions must be based on the correspond-
ing functionsfor regions. Let us consider, for example, the area of avague region. The
areais at least the area of the kernel part and at most the area of kernel plus boundary.
So the result of the vague area operation could be an interval given by the minimum and
maximum areaval ues. We then, however, have to work with intervalsin any further cal-
culations using such an area value. This requires a whole new set of vague arithmetic
operationsworking with intervals. (The situation issimilar to the extension to three-val -
ued logic used for predicates.) So in order to keep things simple we instead define two
operations, min-area and max-ar ea, and can thus keep ordinary numeric operations.

min-area(v) := area (V)
max-area(v) ;= area (V¢ ® vP)

The definition of the distance between two vague regions u and visvery similar. Again
the distance is a vague value: An upper bound is obtained by the distance between the
kernel parts of u and v, that is, we are sure that the distance is at most the distance
between the kernels. The distance might be smaller, but it is at least as large asthe dis-
tance between the maximal extensions of u and v, in other words, the minimum distance
is given by the distance taking kernel and boundary into account.

min-dist (u, v) := dist (U< © uB, V¢ @ \P)
max-dist (u, v) := dist (UX, v¥)

The generalization of area and dist to vague regionsisrather straightforward. There are
other useful operations on regions, however, for which a generalization to the vague
caseis not quite so simple or even impossible. Consider, for example, the definition of
perimeter. The definition for the exact case iswell-known, but what could be the perim-
eter of avagueregion?In afirst approach one could be tempted to define minimum and
maximum versions similar to the definition of area. This, however, might lead to wrong
results. We have indicated that the boundary region can be thought of (at least in some
applications) as describing possible locations of the region’s contour. But then we can-
not give any upper bound on the length of such a curve. In particular, the contour might
be much longer than the perimeter of the boundary region, for instance:
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Moreover, we cannot simply take the perimeter of the kernel part asthe minimal perim-
eter. This can be seen asfollows. Usually, holes contribute to the perimeter of aregion.
If now, for example, akernel part of avague region v contains a hole which is equal to
aboundary part of v, the perimeter of the holeisnot counted in the perimeter of the max-
imal possible region.

C

In this example, the minimal possible region has a perimeter of length(C) + length(c)
whereas the maximal possible region has the minimal possible perimeter of length(C).

Another exampleisan operation giving the number of connected componentsfor which
the generalization to vague regions heavily depends on the semantics of the boundary
parts. Since regions need not be connected, a“ possible regions’ -semantics of boundary
parts might well allow several unconnected parts, that is,

O gﬁ could be a possible region of

Hence, we cannot give an upper bound on the number of components. But, in general,
we cannot even give anon-trivial lower bound either (for example, the number of kernel
components) since kernel components might be connected by boundary regions. Thus
in the example below, the minimal number of componentsis 1 although there are three
kernel regions.

(If we required, however, that a possible region extending into an adjacent boundary is
connected, we could give a meaningful definition.)

We deliberately have avoided definitions of operations, such as perimeter and number
of components, since we are then not forced to fix a semantics for vague regions. This
means, the semantics can be assumed by each application as required and thus makes
our model more general.
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5 Embedding Vague Regionsinto Query L anguages

In the previous section we have defined operations on vague regions. Next we indicate
how these operations can play a part in aspatial query language. We do not give a full
description of a specific language. We rather assume a relational data model where
tables may contain vague region objects together with a SQL -like query language. For
example, if wewant to find out al regions where lack of water isa problem for cultiva-
tion, we can pose the following query:

select region from weather where climate = dry

Here we assume a table weather having a column named region containing vague
region values for various climatic conditions given by the column climate. A similar
guery could ask for bad soil regions as a hindrance for cultivation.

Note that the result of both queriesisa set of vague regions. If we now want to find out
about regions where cultivation isimpossible due to either reason, we ask for the union
of the two region sets. Thus, we first have to cast the setsinto single region objects. We
therefore use the built-in aggregation function sum which, when applied to a set of
regions, aggregatesthis set by repeated application of union (in the sense of fold/reduce
of functional languages). So we can determine regions where cultivation isimpossible

by:

(select sum(region) from weather wher e climate = dry)
union
(select sum(region) from soil where quality = bad)

Pollutions are nowadays a central ecological problem and cause an increasing number
of environmental damages. Important examples are air pollution and oil soiling. Pollu-
tion control ingtitutions, ecological researchers, and geographers, usually use maps for
visualizing the expansion of pollution. We can ask, for example, for inhabitable areas
which are air polluted (where the kernel part of air pollution denotes heavily polluted
areas and the boundary part gives only slightly polluted regions).

select sum(pollution.region) inter section sum(areas.region)
from pollution, areas
where area.use = inhabited and pollution.type = air

Then the kernel part of the result consists of inhabited regions which are heavily pol-
luted, and the boundary consists (a) of slightly polluted inhabited regions, (b) of heavily
polluted regions which are only partially inhabited, and (c) of slightly polluted and par-
tially inhabited regions. If we want to reach all people who live in heavily polluted
areas, we need the kernel of the intersection together with part (b) of the intersection
boundary. How can we get this from the above query? The trick is to force boundary
parts (a) and (c) to be empty by restricting pollution areas to their kernel region:
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select kernel(sum(pollution.region)) inter section sum(areas.rgion)
from ...

A slightly different query is to find out all areas where people are definitely or possibly
endangered by pollution. Of course, wed# use an intersection predicate. More pre-
cisely, we want to find those areas for whigtter sects either yieldgrue or maybe. For

this purpose we can prefixyapredicate withmaybe which causes the predicate &al f

only if it returnsfalse. (Technicallymaybe turns amaybe value intotrue.) So the query

is:

select areas.name
from pollution, areas
where area.use = inhabiteahd
pollution.ragion maybe inter sects areas.rgion

We could alsoxgpress the query by using simphyter sects and &plicitly adding the
two cases fov-inter sects andw-inter sects. This would be, of course, much longer and
less clear

The followving example describes a situation which stresses the conflicting interests of
economy and ecolog®ssume on the one hand areas of animal species and plants that
are worth being protected (nature reses\and national parks are trezthel rggions) and

on the other hand mineral resources the mining of which prospects high profits. An
example for forming a diérence of mgue rgions is a query which asks for mining
areas that do notfatt the lving space of endangered species.

(select sum(region) from resourcesvhere kind = mineral)
difference
(select sum(region) from naturewhere type = endangered)

The lernel of the result describegiens where mining should be alled. The bound-

ary consists (a) of ggons where mineral resources are uncertain and (b) of res@urce k
nels that lie in (non-rnel) rgions hosting endangered species. Since national parks are
generally protected by the wgrnment, it is especially geons (b) conseationists
should carefully obseer We can determine thesegrens by:

(select kernel(sum(region)) from resourcesvhere kind = mineral)
inter section
(select boundary(sum(region)) from naturewhere type = endangered)

The result is aague rgion with an empty &rnel and a boundary that just consists of
the intersection of the mineral resouregriel and the endangered nature boundary

Next we consider anample from biology already mentioned in Section 3. Assume we
are gven living spaces of diérent animal species. Therkel describes places where
they normally live, and the boundary describegioms where thecan be found occa-
sionally (for xample, to hunt for food or to migrate from orermel area to another
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through a corridor). First, we can search for pairs of species which share a common li
ing space. This asks forgiens which hae a non-empty intersectiortnel:

select A.name, B.name
from animals (A), animals (B)
where A.regionintersects B.region

A quite diferent question, also based on intersection, is whether there are animals that
only sometimes enter thetnel rgion of other animals, forxample, to attack them

(but usually lve in different areas). Here, we ask for an empty interseceéamekand a
non-empty boundaryéicnel intersection which isxactly the concept ofague intersec-

tion. The abwe query changes to:

select ...
where A.regionv-intersects B.region

Finally, we can also ask for animals that only encounter each other in their boundaries.
This would be, for instance, the case footanimal species that are both hunters and
usually aoid contact. The corresponding query is obtained by simply wsimger -

sects instead ofv/-inter sects.

Assume that we are\gin a map of land areasetkels) and mied areas lik shores and
banks (boundaries) where theitig spaces of animals with theietkel and ague
regions are depicted. \can ask for animals that usuallyelion land and sometimes
enter the \ater or for species that vex leave their land area. This can bepeessed
using the inside predicate. The firsample is characterized by an animdiving space
beingv-inside land:

select name
from animals
where regionv-inside (select sum(region) from land)

The second»ample demands plain (that is, stronggide.

A quite different ekample using insideness relates to the historicaldpment of the
Roman Empire, in particulaits expansion. At apm moment during this delopment
there were &rnel rgions representing the areas currently occupied by the Roman con-
qguerors and spheres of influencague parts) that were under the control of the Roman
Empire lut not annged. If we consider tevpoints in timet <t,) and hence tarvague
regionsu andv, we could ask whether wrf the occupied areas fgthave been pre-
sened tot,. This is the case if theeknel ofu is completely inside, in other vords,
whenuinsidevor uv-insidev. If they had to gie up lernel rgions, this is amample

of uw-insidev.

Let us finally preide some gamples for numeric operations. Oil companies are often
interested to determine whether it i®nih exploiting a recently disogered oilfield.
Hence, thg classify oilfields in areas where thastence of oil vas praed by soil sam-
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ples and in areas where the incidence of oil is only assumed. The decision of exploiting
then depends on the guaranteed minimal extensions of the oilfields:

select min-area(region) from oilfields

An example for applying max-area is again pollution where we should be pessimistic
and consider the worst case of all possible polluted regions.

The minimum distance between a forest fire and a region of endangered species indi-
cates where protective measures should be performed first. For another example con-
sider an attacked country that might have secure parts (kernel), battle regions (bound-
ary), and even lost parts (outside). To move from one safe areato another one might con-
sider therisk of such atrip be given by the maximum distance between different regions,
that is, the difference between secure parts.

6 Conclusionsand Future Work

We have defined a data model of regions that is capable of describing many different
aspects of vague spatial objects. It is a canonical extension of a determinate region
model which facilitates the treatment of vague and exact regions in one model. In par-
ticular, this alows a smooth migration from already existing models to vague concepts
(at least asfar asregions are concerned). Our approach is based on exact spatial model -
ing concepts which allows to build upon existing work and simplifies many definitions.
In particular, we can (re-)use already existing regions implementations to realize vague
regions with only minimal effort.

Of course, the current model islimited in some ways, and we are currently investigating
extensions along several different lines. First, the presented concept of vagueness can
be extended to other spatial objects, such as points and lines. For example, avagueline
could be thought of as consisting of akernel part given by a set of (unconnected) curves
and avague part described by aboundary region. An exampleisariver which may con-
tain fixed segments (determined, for instance, by levees) and a boundary which
describes possible flows that depend on water level or season.

M

A vague point can be smply given by a vague region (with empty kernel) describing
possible positions of the point. To define such extensions we first have to extend the
basic model of exact regions by lines and points together with operations defined for
them. These can then be used to define vague lines and points. We also should consider
operations concerning objects of different vague types, for example, the intersection of
avague line with a vague region.

Another direction of extension isthe notion of vaguenessitself. Asyet, thereisonly one
kind of vagueness, but there are many applications which can be best described by hav-
ing different degrees of vagueness. For example, zones of decreasing pollution or
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regions of diferent possibilities for certain virus infections. Our model can be easily
extended to deal with this kind of applications byihg a set of rgions labeled with
different \alues of a suitable domald which is subject to certain restrictionsorF
example, we need operatiomsx andmin to gve meaningful gtensions of operations
like union andinter section.

Finally, we consider théntegration of vague rgions (and their possiblextensions)

into other data models.&have already seen ofor predicates and numeric operations
the \agueness of gegons afects the corresponding domains of booleans and real num-
bers. It is lilely that the situation is similar for other domains as well. So thgratten

of vague rgions into ag existing data model and query language might cause some
trouble since it either requires a redefinition of the data types or a redefinition (and
duplication) of operations. That this can be tedious and-prome has been demon-
strated in the description of numeric operations. Note that the probleragfe\nfec-

tion” is not restricted to standard data types. &ample, in [EG94, Er94] graphsv&a
been intgrated into a spatial data modelith\fespect to &gue spatial objects, an oper-
ation like subgraph that computes part of a graph according to a possibly spatial pred-
icate should return @ague graph. Now, what are ague graphs, and Wwocan all the
graph operations adapted to thregue case? ¥/currently consider the irgeation an
open problem.
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Appendix

We gve a formal definition of the general model for determinai@®ns that has been
informally described in Section 3. An adequate and general method to formally define
this model is to use the point set paradigm and point set topdlbgypoint set para-
digm expresses that space is composed of infinitelyynpamts and that spatial objects

like areal objects are distinguished subsets of space whichwaes\as entities. Point

set topology [Al61, Ar83, Ga64] alles one to distinguish special topological structures

of a point set lik its boundary or interiokMe start with some basic concepts of point
set topology

Definition. LetX be a set and@ O 2X be a subset of the per set ofX. The pair X, T)
is called aopological space, if the following three axioms are satisfied:

(T1) XOT,00T
(T2) UOT,VOT O UnVOT

(T3) sOT O [JuOoT
ulos

T is called atopology for X. The elements ofl are calledopen sets, their
complements iX closed sets. The elements of are callegoints.

When no confusion can ariskeis nhot mentioned, and denotes a topological space. In
the sequel, leX be a topological space aid] X.

Definition. The interior of Y, denoted byy®, is the union of all open sets that are
contained inY. Theclosure of Y, denoted byy, is the intersection of all closed sets
that containy. Theexterior of Y, denoted byr", is the union of all open sets that are
not contained inY. The boundary of Y, denoted by, is the intersection of the

closure ofY and the closure of the complementypthat isdY =Y n X-Y.

The relationships between these four topological structures\ame lgy the preable
statements (1Y n oY =0, (2)Y°OJAdY=Y,(3)Y noY=0,and 4)Y° n Y =0.
Obviously we can conclud& =dY [0 Y° 0 Y.

Since our objecte is to model tw-dimensional areal objects for spatial applications,
we embed them in the Euclidean space (pliefeds an instance of a topological sgace
with metric properties. A problem of applying pure set-theoretic operations to point sets
is that undesired geometric anomalies can arise. These anomaligsidegl &y the
concept ofegularity [Ti80].

Definition. Y is calledregular closed if Y = Y.

Intuitively, regular closed sets model areal objects containing their boundaries and
avoid both isolated or dangling line or point features and missing lines and points in the
form of cuts and punctures. Hence, it mslsense to defineregularization function

reg which associates a séwith a reyular closed set, as fols:

4. Note that most of the definitions and results in the sequel also hold for general topological spaces.
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reg(y) := Y

An example of regularization is shown below where the set Y consists of areal, point,
and line objects. Some areal objects contain only parts of their boundaries (drawn with
broken lines) and have cuts (drawn with broken lines) and punctures. Theregularization
process eliminates point and line features, cuts and punctures, and includes the missing
boundary parts of the areal objects.

P

QX @@

Y reg(Y)

The union of afinite number of regular closed sets is regular closed. The intersection
and difference of regular closed sets are not necessarily regular closed. Hence, weintro-
duce regular set operations that preserve regularity.

Definition. Let A, B be regular closed sets, and let = A denote the (set-theoretic)
complement IR? — A of A. Then
(i) AQOB:==regAOB)=AOB
(i) An,B:=reg(An B)
(i) A—- B:=reg(A-B)
(V) - A=reg(-A)

It is obvious that the subspace RCS of regular closed sets together with the regular set
operationsis atopological space. Regular closed sets and regular set operations express
anatural formalization of the dimension-preserving property taken for granted by many
gpatial type systems and geometric algorithms. The following important theorem holds:

Theorem. RCSwith the set-theoretic order relation O is a Boolean lattice.

Thisimpliesthat (i) (RCS [) isapartially ordered set, (ii) every pair A, B of elements
of RCShas aleast upper bound A [J, B and a greatest lower bound A n, B, (iii) (RCS
[1) has a maximal element 1, := IR? (identity of n,) and a minimal element O, := [
(identity of [1,), (iv) algebraic laws like idempotence, commuitativity, associativity, and
distributivity hold for I, and n,, (v) (RCS ) is a complementary lattice, that is, [1 A
ORCS:An,-/A=0,andA, - A=1,.

Definition. A regionisaregular closed set.

Definition. Thetype R consists of all regions and has the operations ®, ®, ©, and ©
that are equated with the regular set operations [1,, n,, —, and -, respectively, and
theelements 1 = 1, and O = 0.
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