Partition and Conquer

Martin Erwig & Markus Schneider

FernUnversitat Hagen, Praktische Informatik 1V
D-58084 Hagen, Germgn
[martin.erwig | markus.schneider]@fernuni-hagen.de

Abstract. Although maps and partitions are ubiquitous in geographical informa-
tion systems and spatial databases, there is only litit& wvestigating their
foundations. W give a rigorous definition for spatial partitions and propose par-
titions as a generic spatial data type that can be used to model arbitrary maps and
to support spatial analysis.efilentify a set of three perful operations on par-

titions and she that the type of partitions is closed under them. These basic op-
erators are sfi€ient to express all knan application-specific operations. More-

over, mary map operations will be considerably generalized in our frarie

We also indicate that partitions can b&eetively used as a meta-model to de-
scribe other spatial data types.

1 I ntroduction

In spatially-oriented disciplines kkgeograpy cartograpi, and related areas as well

as in computeassisted systems &kgeographical information systems (GIS), spatial
database systems, and image database systems, the most fundamental anavvell-kno
metaphor is that of map. A map is a widely recognized geometric structure; iiples

a paverful concept capable of carrying agaramount of information in visual form. It

can be vieed from two different perspeates: thespace-based approach models a map

as a point set; each point in space represents a coordinate location and is associated with
some properties or attrites. Theobject-based approach adwates thexplicit and &-

act representation of spatial objects as single, self-contained entities. A nugpdsde

as a composition of a set of point objects, a set of line objects, and a gairobigects.
Spatial data types for points, lineggi@ns, etc. hae been intensgely investicated in the
literature and assessed as appropriate concepts for modeling spatial phenomena (for e
ample, [CZ96, Eg89, EG94, Er94, GS95, G188, LN87, Sc95]). A maivbdik of the
object-based approach is the incapability of modeling topological relationships between
elements of a set of spatial objects.

This paper focuses on a formal treatmerpartitions as the central element of maps.
The importance of partitions is in particular reflected by #oe that the notion “map”
is frequently used as a syryon for “partition”. A partition is a subdiision of the plane
into pairwise disjoinblocks orregionswhere each ggon is associated with an attiie,
which can hee a simple orven compl& structure. It implicitly models topological re-



lationships between the participatingiens. First of all, the neighborhood relationship

is of particular interest here wherefdient rgions may hae common boundaries. This
property is immediately visible on a map. A related aspect is tHatatif rggions of a
partition are alays disjoint (if we nglect common boundaries), so that a visual repre-
sentation of a partition has ary simple structure and is easy to gragptifons by na-

ture do not modelv@rlap and containment relationships which can be considered for
single and self-contained spatial objects [EF91].

There are numerousc@mples of partitions in the realowd like subdiisions of the

world map into countries, classifications of rural areas according to their agricultural
use (maps arising from classifying space according to some aspect are frequently called
thematic maps or categorical coverages), or sites in cadastral applications. In geograph-
ically-oriented applications and systems partitions agarded as the primary tool for
spatial analysis tasks [Be87, Fr87, HSH92, NW#®0T \a91, FVM97, VE93]. Dis-

tinct features wer the same space are to be combined ealdaed under diérent re-
quirements. Brtition-based spatial analysis functions include operatioesoli&rlay,
generalization, and reclassification (see Section 2y @th@roduce a ne partition as

a result.

In the literature partitions ke been identified as a centsghtial concept [Fr90] to or-
ganize our perception and understanding of spacey. ddreespond to the cognié e-
perience and kivdedge the human has of areal phenomena in the mrld ViHumans
cannot perceke overlapping rgions lut always disjoint decompositions of space. fhe
can only guess and mentally complete the obscured partgiba (except for translu-
cent rgions). Also, if we consider the same space with respecutdifferent thematic
or cognitive aspects (fon@mple, districts and cereals) modeled as partitions, their
overlay is a partition amn.

All the more it is surprising that a formal definitiongptial partitions and operations
on them has been glected. The wrk on catgorical cowerages done by FrankoN&,
and others [FVYM97,VE93] focuses on partitions of atiiéhalues alone — spatial op-
erations are completely ignored, in particutsrundaries are not considered which play
an important role in connection with geometric intersection. Irgosital cowverages,
themes and attrilie \alues are fi®d, which means that dynamixtensions or combi-
nations of diferent partitions are not possible.

In this paper we study partitions thoroughly aneega formal semantics to them and
their operations. \&/shav that partitions can sesvas a fundamental and uéeendly

data modeling tool &éring a formal and peerful basis for coping with spatial analysis
and cartographical tasks. All application-specific operations proposadase twered

and @en etended by our approach. Hence, our partition model is in particular interest-
ing for GIS and spatial database systems. In our frame from a data type and data-
base point of vi, a partition is a generic spatial data type which is formalized through
a type constructoFrom a general point of wig partitions model collections of objects



(not single objects), or more preciseatpllections of objects that are somehelated
togetherin particulay partitions are data types for collections of objects witlgnated
constraints like topological relationships.

On the one hand, partitions enable us to consider theuégibf single points (space-
based vie/), on the other hand, thalso preide access to collections of pointsima
equal attrilutes (object-based wig. Thus our model closes thambetween these ow
views of areal features. In this sense our franr& yields a lybrid model. Ungpect-
edly, some ‘ery specific concepts are alsoreced by partitions; we are, foxample,
able to modelague egions[ES97] and een generalizations thereof on the basis of par-
titions.

Section 2 gies an werview of partitions and application-specific operations in the lit-
erature. In Section 3 we define a general model of spatial partitions. Section 4 identifies
and formalizes three basic anely paverful operations on partitions. In Section 5 we
demonstrate that these operationficaito express andwen generalize the application-
specific operations introduced in Section 2. Section 6 concludes the paper

2 Previous Work

In this section we ge an @erview of previous work on partitions and pertaining appli-
cation-specific operations as yheave been identified in the geographically-oriented
and computer science literature. Theerwien will reveal that, surprisinglyformal
models for spatial partitions and formal descriptions of their semantiesritd yet
been studied satesftorily. Expositions on this topic are predominantly based on an in-
formal and intuitve level.

On (spatial) partitions tavkinds of partial ordering can be defined, either induced by
refinement or by inclusion [Fr87]. A partitionis said to be aefinemenbf a partition

o if each rgion inTtis contained in a ggon ofo. With respect to refinement and inclu-
sion partitions form not only a partially ordered seitlattice. Both lattice structures
are related it distinct: the lattice induced by refinement is one in which the elements
are the partitions, whereas the lattice induced by inclusion consists of sgigherer-
dered by the spatial subdiion in regions.

From a data type perspeatithere hee been some unsatistory attempts to model
partitions. In [GU88] a spatial data typeeais introduced to guarantee the disjointed-
ness constraint. ihin the framevork of an etended relational data model, called the
geo-relational algebra, the set of polygons occurring in a relation as a column of an at-
tribute of typeareahas to fulfill the intgrity constraint that all polygons are disjoint.
Unfortunately the maintenance of this property is not supported by the data maidel, b

it is up to the uses'responsibilityA generic data type (type constructor) for partitions,
calledtessellationis informally introduced by [HSH92] as a specialized type for sets
of polygons; this type can be parametrized with an atwibf a yet unspecified type.

In [GS95] so-calledestriction typehiave been proposedoFa data typd and a binary



predicatep a special set P of types (called “kind”) is defined; each tygein d P de-
scribes a set ofalues such that for griwo distinct elements af’ the predicatg holds.
Furthermore, ansuch typeal’ is defined to be subtypeof d which means that all op-
erations defined for typeare also applicable to instances of tghdf, for example,d

is a type for rgions ando is equal to a predicate “disjoint”, we obtain a kind for parti-
tions. In [MC80] partitions (maps) ta been recognized as a fundamental geometric
data type which is realized in files. Their whole system GADS (Geographic Analysis
and Display System) is based on this single structure.

Previous approaches to define the semantics of operations on partitierisdesm based

on a relational [GU88, SV89] or object-oriented [HSH92] setting. Unfortunakedy

do not formalize the concept of a partition. In [SV89] spatial join, spatial selection, spa-
tial product, and fusion are introduced as spatial auxiliary operators which are then used
to express the application-specific operations on partitions.

For spatial analysis tasksvesal application-specific operations on partitiongehizeen
identified. The most important operation is tiverlay operation [Be87, Da90, Fr87,
GS95, Gu88, HSH92, KBS91, Sc95, SV889T, \a91] which allavs to lay tw parti-
tions with diferent attritute catgories on top of each other and to combine them
through intersection into a wepartition of disjoint rgions? The attrilutes from the in-
put partitions are then either distited to each block in the refined partition or appro-
priately combined to form a meattribute. o different interpretations of theverlay
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1. The dashed b@s in the follaving figures represent equal reference frames of partitions.



mechanism are gen in the literature. In the first interpretationgflay,) [GS95, Gu88,
KBS91, Sc95, SV89] only thosegiens are part of the nepartition that result from
intersecting a igion of the first partition with a géon of the second partition. Since the
plane need not be completelyweoed by rgions, it is possible that agien of one par-
tition does not intersect wmegion of the other partition. In this case it will not be part
of the nev partition. In the second interpretatiavérlay,) [HSH92] also those ggons
are talen into account that do not intersecy asgion of the other partition.

The reclassify operation [Be87, Da90, HSH92] retains the geometric structure of the
partition and performs a transformation on the partition ate# It can be thought of

as a “recoloring” process; each or only & fegions are assigned with amer modi-

fied attritute. An &ample is to map the population number of eagforeto its popu-
lation density

The fusion operation [CZ96, GS95, HSH92, KBS91, Sc95, SV89], catkedje in
[KBS91] andgeneralization in [HSH92], is a kind of grouping operation with subse-
quent geometric union. It mges adjacent ggons of a partition with respect to partially
identical attrilutes. An &ample is a partition depicting districts together with their land
use (left side of the image). The task is to compute tiene with the same land use.
Neighboring districts with the same land use are replaced by a siggle,rthat is,

their common boundary line is erased. District boundaries are not distinguigshed an
more.

Thecover operation proposed by [SV89] forms the geometric union of gilbns of a
partition and yields a partition consisting of ongioa. Since polygons with holes are
not alloved in [SV89], the input partition must be complete, that is, it must nat ha
holes. ¢ will drop this restriction. Thelipping operation [SV89] is a special case of
the averlay operation; it computes the intersection of a partition angka géctangular
window. We will generalize this operation and will allso-called “unit partitions” as
clipping windaws. The rgions of a unit partition are associated with a “neutral” at-
tribute which leses an attribte of the first partition unchanged during an intersection.

The difference operation [HSH92] tads two partitions definedwer the same attritte
domain and computes the geometriéaiténce of their point sets. All thegiens of the
first partition are maintained in the result partiticept for those parts thatveathe
same attribtes in both partitions. @/will generalize the diérence operation in v



ways. First, we will allow partitions as operands with different attribute domains. Sec-
ond, we can observe that giving priority to the first partition leads to a kind of “weak”
difference. The difference operation getsastronger interpretation if we allow the second
partition to dominate. This means that the area of the second partition (precisely: its
cover) is subtracted from the area of the first partition. Consider a partition of mineral
resources and a partition of inhabitable areas. Subtracting the second partition from the
first one yields the partition of currently exploitable areas. We will take both interpreta-
tions into account.

The superimposition operation [CZ96, SV89] allows to superimpose the regions of a
partition onto another partition and to cover and erase parts of the other partition.

The window operation [SV89] allows to retrieve those (compl ete) regions of a partition
whose intersection with a given (rectangular) window is not empty. Windowing is also
applied in querieswhere thewindow is defined as acircle with center p and radiusr, for
instance, if we ask for all regions whose distance from agiven point pislessthanr. We
generalize this operation and allow unit partitionsinstead of rectangles or circles.

The divide operation [CZ96] takes a partition, which consists of one region, and a spa-
tially embedded planar graph as operands and yields a new partition which results from



the decomposition or splitting of the input partition through the graph structure, as far
asthisispossible.

3 A Formal Model of Spatial Partitions

In naive set theory a partition is a complete decomposition of a set Sinto non-empty,
digoint subsets{S |i O 1}, called blodks, that is,

() Ciolsg=#0d,

(i) Ujgr§=Sand

i) O, jOnLi#zjgn §£0.
Here, | isjust an uninterpreted index set used to name different blocks, that is, | has no
semantically relevant content. Equivalently, a partition can be regarded as a total and
surjective function 1t: S - 1. Accordingly, one could try to define a spatial partitiori’-
simply as a set-theoretic partition of the plane, that is, as a partition of the set of points

IR? or as afunction 1t IR? — |. There are two observations, however, that motivate a
dlightly different definition.

First, from an application point of view, different blocks (or regions) of a spatial parti-
tion are often colored or marked differently. Colors and marks are only examples of
rather arbitrary values, also called labels that can be assigned to regions. A partition
model should take thisinto account and should therefore regard point sets together with
the associated values. The set of valuesthat are actually used in a specific partition, say,
A, determinesin a certain way the type of the partition. Note that A might be a smple
type, such asIN or {red, green, blue}, or a cartesian product of two or more sets where
labels are actually given by n-tuples of values. This meansthat spatial partitions of type
Aareactualy functionsTt: IR? - AwhereA, in contrast to I, contains semantically rel-
evant values. In most cases partitions are defined only partialy, that is, there are regions
which have no explicitly assigned labels. (These regions are sometimes considered the
outsideof the partition.) To ensure that Ttis atotal function, we assume that each label
type A contains an element [ (called undefinedr unknown and that the outside area
of apartition is labeled by ,. For the cartesian product of two types A and B we let
Oaxg = (0a, Op) (thisis like the identification of bottom elements in domain theory),
and for the union of A and B we identify O, Og, and g (that is, we take the coa-
lesced sum). If no ambiguities can arise, we sometimes omit the type index and simply
use [.

Second, regions that actually do appear in applications are in most cases not just point
sets, but point sets that are in a certain sense regular. This means that regions typically
do not have isolated points or lines or cuts or punctures. Thisideais well modeled by
the topological concept of regular sets as shown by Tilove [Ti80].3 So we would like to

2. Inthefollowing we will mostly use the term partition in place of spatia partition.



have regularity for partitions, too; in particular, we require interior regions (that is, re-
gionswithout their boundary) to be regular open sets. Since points on the boundary can-
not be uniquely assigned to either adjacent region, we cannot simply map themto single
A-values. Instead we map boundary pointsto the set of values given by the labels of al
adjacent regions. Thus spatial partitions are defined as functions 1t: IR? - A0 24
(with additional constraints). We give the definition in several steps.

Definition 1. A spatial mapping of type A isatotal mapping Tt: IR? - AO2A

Therange of aspatial mapping rtgivesthe set of labelsactually used in tand is denoted
by range(m).The blocks of aspatial mapping Ttare point setsthat are mapped to the same
value. Formally, the blocks are given by the quotient of IR? with respect to the equiva-
lence relation ker(m), the kernel of Tt

The application of afunction f to a set of values A is defined as: f(A) := {f(a) |a T A},
and for convenience we use the following definition of function inverse: forf: X - A
and Da 0 A: f(a) := {x O X |f(x) = a} . Note that f 1 applied to a set yields a set of sets.
Now the block for asinglelabel a (or aset sof labels) issimply given by n‘l(a) (n‘l(s)).
The common label of ablock b of Ttis denoted by ib], that is, T(b) = {I} O T{b] =1.

The cardinality of block labelsidentifies different parts of a partition. In the first place,
we can distinguish between the interior of a partition and its boundary. A region of Ttis
any block of mtthat is mapped to a single element of A, and aborder of Ttis given by a
block that is mapped to a set of A-values. The interior of 1tisthe union of al of itsre-
gions, and the boundary is given by the union of all of its border blocks:

Definition 2. Let Ttbe a spatial mapping of type A.

() p(m) = tl(range(m) n A) (regions)
(i) B(m) := wi(range(r) n 2% (borders)
(i) () == Orgpmy (interior)
(iv) (M) := Upmpery b (boundary)

Now we can define a spatial partition by topologically constraining regions to regular
open setsand by semantically constraining boundary |abelsto those of adjacent regions.

Definition 3. A spatial partition of type A isaspatia mapping 1t of type A with
(i) Or O p(m): risaregular open set, and
(i) Ob O R(m): T{b] ={rfr] |r D p(m) ObO T} 3
The set of all spatial partitions of type Aisdenoted by [A], that is, [A] O IR? - AO2A

The partition boundary can be viewed as an undirected planar graph. From this point of
view, we can discriminate the cardinality of border labels further: an edge block is

3. For the standard notions of open/closed set and interior/closure of a set A (denoted by Int(A)/
A), see any textbook on topology, such as[Du66]. An open set Aiscalled regular if A= Int(A).
An important property of regular open setsis that they are closed under intersection.



mapped to atwo-element A-set and defines border curves between two regions. A vertex
block is mapped to an A-set containing three or more elements; a vertex block is always
asingleton point set and describes locations where three or more regions of a partition
meet.

Definition 4. Let 1t: [A]. Then
(i) e(m:={b0Op(m: |fb]| =2} (edge blocks)
(i) v(m :={bOB(m: r{b]| > 2} (vertex blocks)

The distinction between edge and vertex blocksis hel pful when describing the behavior
of some of the following operations.

4  Basic Operationson Partitions

Asit turns out, there are three basic, yet very powerful, operators on partitions which
suffice to express most of the conceivable application-specific operations.

4.1 Intersection

Given two partitions of types A and B, we consider the partition that results from actu-
aly computing the intersections of all regions: each resulting region is labeled with a
pair of values from A x B, and the values on the boundary are derived from these. Thus
we first determine the regions of the intersection. This can be done by a simple set-in-
tersection of all regions, since n is closed on regular open sets.

Pa(t 0) :={r n's|rO0p(m), s p(0)}
Now theinterior of the intersection isthe union of al these regions:

(L 0) = Derm(n, o'
Next we define the spatial mapping restricted just to the interior: the label of each inte-
rior point is simply given by the pair of labels of the argument partitions.

t-intersection(t, 0) := {(p, (T(p), o(p))) | p O 1 (1T, O)}

Finally, the boundary labels are derived from the labels of all touching regions. We say
that aregion r touchesapoint pif pOr. Now let R:=p, (1 0), | :=1,(1, 0),and T :=
1-intersection(Tt, 0). Then we have:

intersection : [A] x [B] - [A x B]
intersection(rt, o) :=t O {(p, {t[r] [r OROpO}) |pO IR? - 1}

Figure 1 show two partitions 1tand o of type C and R modeling two countries ¢ and d
and mineral resources oil (0) and gas (g). Overlaying these two partitions is actually
equivalent to computing their intersection. In Figure 2 regions colored Q (&) denote
oil fieldsin country c (d) and are labeled by (c, 0), respectively, (d, 0). The region col-
ored & islabeled (d, g) and denotes the gas field in country d (thereis no gasfield in
country c). Region colors QO and & with labels (U, 0) and (Cc, g) show mineral re-



Figurel. Two partitions for countries and mineral resources.

sources in no masland, whereas geons (O and with labels ¢, Ug) and €, Og)
shav country parts with unkmen mineral resources. Finallthe outside of the inter-
section, that is, the géon colored’ ) and labeled({, Og) = Ucxg denotes the part of
the no mars land with unknen mineral resources. In a similaaywe can distinguish
the labels on the resulting partition boundary: f@mple, points, y, andz have all the
same label §, Og} undero and the labels, {c, d}, and {d, O} underTt In contrastt

= intersection(t, 0) maps them to { 0), (c, Or)}, {( ¢, 0), (¢, Ur), (d, 0), (d, COR)}, and
{(d, 0), (d, OR), (Cc, 0), Ocxg}, respectiely. For w the original partitions ge r(w) =
{c, d, Oc} and o(w) = o whereag(w) = {(c, 0), (d, 0), (L, 0)}.

Figure2. Intersection partition for countries and mineral resources.

We have to shav that the definition afntersection is sound, that is, partitions are closed
underintersection:

Lemma 1. If 1t: [A] ando : [B], thenintersection(tt, 0) : [A x B].

Proof. Lett = intersection(Tt, 0) andt’ := I-intersection(Tt, 0). First, it is olvious from
the definition ofintersection thatt is a total map otR? and tharange(t) O (A x B) O
2(A*B) |t remains to be sk that ) 0Or O p(1): r is a rgular open set, and that (ii)
Ob O B(t): t[b] = {1[r] |r O p(t) Ob Or}. Concerning (i) it is clear thai(t) = p (1T, O)
(which we knaev to be a set of galar open sets) since orfymaps to single alues and
since the domain af is exactly p, (11, 0). Concerning (ii) we hae for all border points
pOb:tp) ={t[r]|r Op,(m o) OpOr}={1[r]|r Op(t) OpOr}sincep,(m o) =



p(T) and sinca’ equalst onp(t). Sincef(t) = IR? - 1, we thus hee Ob O B(1): 1[b] =
{t[r]|r Op(t) ObOT} O

4.2 Relabel

Relabeling a partitiomn of typeA essentially means to apply a functforh — Bto each
region of 1t In the simplest case, whérs injective, the rgions ofrtremain the same,
and only the labels change as demandefd lnygeneral, haever, f might map tw or
more rgjions ofrtto the sam®-value, and if some of thesegiens are adjacent i,
the border between them disappears and tiierrs are fused in the result partitione W
would like to express relabeling simply by applyifigo the alue each point has under
Tt Then, havever, border points might be mapped to singleton sets whereowie \sx-
pect a single alue. Considerfor example, tvo adjacent rgionsr andr’ with 1qr] = x
and 1ir'] =y. The borderb betweenr and r’ is labeled m{b] = {X, y}. Now if
f(x) = f(y) = z, we hae 1{b] = {Z where we vould like to hae r{b] = z. We can adjust
cases lile this by simply applying a functidtat : A 0 2% . AD 2* that leaes single
values and sets with twor more elements unchanged arttazts elements from sin-
gleton sets:

if | ={a}

otherwise

Now we can easily define relabeling of partitions:

relabel: [A] x (A - B) - [B]
relabel, f) := {(p, flat(f(r(p)))) | p O IRZ}

Wheneer a border label is mapped gt to a single &lue, the border and its adjacent
regions are identified and makup a n& region containing the union of the border
points and the points of all adjacergimns. This means that border points can become
interior points through relabeling:

I(relabe(r, f)) O () and d(relabe(, f)) O a(m)

As an application consider the task aflding a map shweing regions of oil fields that
can be eploited by either countrg or d shaving a possible conflict betweerandd.
Such a partition can be defined by applyiaeabelto the intersection aft andc from
above using a function mappin@ & R)-tuples toE = {e, Og} for just coloring exploit-
able oil fields. This function is defined by:

if xO{c,d}andy=0

otherwise

flat(l) = @Ia

fx,y) = ﬁEE

Thus, the required map isvgh by the gpressiorrelabelintersectior{r, o), f).The re-
sult is shavn in Figure 3 as gions coloredX); for clarity we hae included the bound-
aries of the original partitions.
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Figure3. Reclassification of country/oil map

The points, q, r, ands are mapped by, o, andt = relabel (intersection(T, o), f) to the
following values:

T a 1
p c o] e
q DC [0} DE
r {c, d} 0 e

S {d, Oc} {o, Or} {e, Og}

Again, we hae to shav thatrelabel indeed yields proper partitions.eMse the folle-
ing results which mads the abee mentioned relationships between interior and bound-
ary of a partition and its relabeledrgion more precise. First, all borders whose labels
are mapped bf/to a singleton set are “med” byflat into the interiorThus we knw:

Lemma2. Let1t: [A] andf: A - B. ThenpB(relabel(1t, f)) = {b O B(m): [f(r{b])| > 1}

Establishing a similar relationship foigiens gets a bit morevnlved. The application
of f induces an equalence on blocks. Let:

Or, s 0 (p(m) O B(r): r~s: < {f(r{r])} = f(r{s]) Tf(r{r]) = {f(r{s])}
The relationship ~ collects pairs ofjiens and borders that are mapped to one identical
value. The equalence relatiom = s is then defined as the refiee, symmetric, and
transitive closure of ~ (thatis=s: = (r~s) O(s~r) O(d: s=t0t=r)). The equialence
classes of are maximal sets of adjacent blocks thatehthe same label. Thegiens
of relabel are nev obtained by taking the unions of blocks of all @glénce classes that
have a single label.

Lemma 3. Lett: [A] andf: A - B. Then
p(relabel(m, f)) = {U,gs 1 | s U (p(m) O B(m)/=: flat(f(r{s])) U B}

Now we can shw that partitions are closed undetabel:
Lemmad. If it: [A] andf: A - B, thenrelabel(, f) : [B].

Proof. Let o = relabel (1, f). The fact thato is a spatial mapping of typgfollows di-
rectly from the definition.



We must now show that Or [0 p(0): r isaregular open set. We consider two cases. first,
s={r} O(p(m) O B(m)/=, that is, r resultsfrom asingleton set and thus O, ;g =r. This
can only be the caseif r O p(1), since for any border b O B(m) that is mapped to a sin-
gleton set, say {c}, at least the adjacent regions will also be mapped to ¢, and thus the
equivalence class contains more than one element. Then we know from the partition
property of Ttthat r isaregular open set. On the other hand, if r isaunion of two or more
sets, the definitions of ~ and = ensure that these are borders and regions of Tt that are
completely connected. Thismeansthat (i) for each border there are at | east two adjacent
regions, (ii) for each pair of regionsthere is an adjacent border, and (iii) for each set of
regions that are adjacent to apoint p, { p} isasoinr. Thisimpliesthat the union O,gr
contains no dangling points or lines and no punctures and cuts which just meansthat r
isaregular open set.

Next we must show that b O B(0): a[b] ={ofr] |r O p(c) Db Or}. If fisinjective, o
isidentical to Ttup to a“renaming” of labels which means that the above property fol-
lows directly from the same property of Tt If f is not injective, we consider two cases:
(i) b O g(m). Let T{b] = {X, y}, and assume {r, r'} are the adjacent regions. W.l.0.g. let
1(r) =xand 1(r’) = y. Now if f(X) = z# Z =f(y), b remains an edge border with adjacent
regionsr andr’, that is, b 0 &(a), and we have: o[b] ={z, Z} ={ofr] |r Op(c) ObOr}.
If, on the other hand, f(xX) = z = f(y), the pointsin b are mapped to the single value z
(caused by the application of flat), and thus b is merged with r and r’ (which are also
mapped to 2) into a single region. (ii) b={p} O v(m). Consider any subset of labels
| O rib] that ismapped by f to the same value z. It isclear that each regionr that touches
pwith rfr] O | isalso mapped to z. Since the edge borders between any two such regions
are also mapped to z, al regions are merged into a single new region s of o which, of
course, also touches p. So the one-to-one correspondence between the single labels of
regions and the set of labels of adjacent points is preserved by mapping with f. O

At this point we can describe overlays of partitions by intersection and by choosing an
appropriate function f partitions can be arbitrarily generalized or reclassified through
relabel. In particular, if fis not injective, a coarseningof partitions is achieved. How-
ever, we cannot really refine a single partition, for example, into its connected compo-
nents. Therefore we need an additional operation refinethat extends labels of apartition
to distinguish different connected components of aregion.

4.3 Refine

It is often the case that aregion of a partition consists of two or more components. This
might result from a preceding intersectionor relabeloperation, or it might be simply
given by the application. In any case, it is sometimes interesting to distinguish different
components. For example, if wewant to find out mineral resourcesthat can be exploited
by a specific country ¢, we would like to perform akind of windowoperation with win-
dow c on the partition of mineral resources. The result contains only some components



of regions that interseat, and for a specific resource, say olil, this also is, in general,
only a subset of the corresponding components.

Refining a partition means to add tags (feeraple, numbers) to the components of a
region so that thecan be distinguished. Intwigly, a connected component of an open
setsis a maximum subset[] s such that antwo points ofc can be connected by a
curve lying completely inside (for a formal account, see [Du66]).e/denote the set
of connected components of gienr O p(m) by y(r) = {c,, ..., cnr}. First, we define
refinement on the interior:

1-refindm) := {(c;, (1(c;), 1)) |r O p(m) Oy(r) = {cq, ...,cnr} gio{a, ...n}
The set of all components are thgioms of the refined partition, and the interior is just
the union of all components:

Py := Drgp(ry ()

(M) = Derym) r
This means that the set of interior points (and thus the boundary points, too) is not
changed byefine As we hae done in the definition for intersection, we dettihe la-
bels of the boundary from the interitet o :=1-refingm).

refine: [A] - [Ax IN]

refingm) :=o U {(p, {o[r] |r O p(m) Up D MlpO IR? - (1D}
An immediate use of thefineoperation is toxplicate diferent components of specific
partition regions. For example, we might be interested in the number of oil fields of the

mineral resources partitian Sincerefindo) labels all components of agien consec-
utively, we can get the result as the maximum numtedrary (o, n) label.

Partitions are closed undezfine
Lemma5. If 1t: [A], thenrefingT) : [A x IN].

The proof is ery similar to that for Lemma 1, and we omit it for\wtg It is clear that
all regions of a refined partition are connected:

Lemma 6. p(refingm)) = p(refingm).
Finally, as a corollary of lemmas 1, 4, and 5 we obtain thevfollp closure properties:

Theorem 1. Spatial partitions are closed undatersection relabel andrefine

5 Applications

Applications of partitions can be found almogtywhere in cartographspatial anal-

ysis, etc. Operations that arise in those applications been already reported in Sec-
tion 2. Next we shav how these (and some additional operations) can be realized and
generalized by the basic operators introduced in théque® section. & thus come to

the “conquering” step by demonstrating that our set of operations is complete from an



application point of vie. We shall also neeal interesting relationships among the dif-
ferent application operators (foxample clipping is just a special case oferlay,, and
cover is just a special case foiion). If not stated otherwise, we assume thafA] and

o : [B]. Itis interesting to note that only twof the basic operatorsvyebeen identified,
more or less direct)yn applicationsoverlay corresponds timter section, andreclassify,
fusion, andcover are all special cases i@abel, hawever, refine has no direct counter-
part.

To begin with overlay, it is obvious that
overlay,(Tt, @) = intersection(Tt, 0)

In contrastoverlay, forgets all parts of the intersection that are undefined (that is, la-
beled with[J) in either agument partition. \& can receer this behaior by relabeling

the intersection with a function mapping partially undefingldes to undefined:

HDAXB if x= DA ory= DB

O(x,y) otherwise

Then we simply hee:

overlay, (T, o) = relabel (intersection(t, 0), both)

both(x, y) =

Reclassification presezs the spatial structure of a partition and thus corresponds to re-
labeling with an injectie function:

reclassify(, f) = relabel (Tt f) (reclassify is only defined if is injective)

In contrastfusion does not perform grreal computations on labels, it essentially de-
fines an eqwalence relationship on labels which causes adjacgitngwith equia-
lent labels to be mged. Echnically fusion applies to partitions of typg A (which
isA; x ... x A forl ={1, ..., K} and models attributes). As an additional gument
fusion takes a se®={iy, ..., in} 0| specifying which attribtes are to bedpt. o realize
this byrelabel we need a functiollg: x5, A — XjgsA; that projects onto the atttites
given bySas follaws: Mg(ay, ..., a) = @, ..., & ). So we hae:

fusion(tt, §) = relabel (1, My
Sincecover is a special case @fsion, it can also be realized lbglabel: cover ignores
all attributes of a partition and only distinguishes between inside and outside (with label
0). This amounts to fusion with an empty subset, that is,

cover (i) = fusion(rt, O)
Although we are able tocpresscover by fusion, a more direct realization obver is to
relabel the partition with a special constant function that mapédefined) alue to a
unit value “s” of typeU = {¢}. (U denotes the unit type that consists of just aieer)

unit(x) = @D Tx=0
~ O otherwise



This also makes the type of cover more explicit, namely, cover : [A] - [U]. (We call
partitions of type [U] unit partitions.) Now cover is defined by:
cover (1) = relabel (1T, unit)

The clipping operation is essentially a special case of overlay;. The restriction is that
the overlaid partition consists of exactly one (unlabeled) rectangle. In particular, this
means that the second argument is a unit partition and that the result partition should be
of the same type as the first argument. Hence clipping has the restricted type
[A] x [U] - [A] so that the correspondence to overlay, only holds up to isomorphism
of the two types[A] and [A x U].

clipping(tt, o) Doverlay,(T, 0)
The type-correct realization of clipping by intersection and relabeling thus differs
slightly from that of overlay,. With
X
inside(x. y) = ﬁ
inside(x, y) Oa
we thus obtain:

ify=se
otherwise

clipping(mt, ©) = relabel (intersection(Tt, 0), inside)

Compared with the operations considered so far, window has a remarkably complex
definition. It is aso the only operation that really requires the use of refine. In applica-
tions, the window is assumed to be a rectangle, again of type U. We give a definition
which alows windowing with respect to an arbitrary unit partition. This facilitates
many more applications: for instance, we can window the country partition

(i) with aspecific oil field,
(i) with al ail fields, or even
(iii) with the (cover of the) whole mineral resources partition

to determine

(i) dl countriesthat are possible competitors for that specific oil field,
(if) al countriesthat can exploit oil, or
(iii) all countries that have accessto mineral resources at all.

For the definition of the window operation, we assume we are given a partition 1t: [A]
and awindow w : [U]. First, we refine 1t and construct the intersection of the compo-
nents with . We then determine the set L of all labels that contain « which means to
obtain the labels of all components that intersect . Finally, we relabel the components
with afunction that keeps labels contained in L and maps all other labelsto [

window(Tt, w) = relabel (refing(Ti), covered)
where L ={(x 1) |((x 1), *) O range(intersection(refine(1), w))

S_fAx  ifxDOL
covered(x, ')‘EDA otherwise



What makes the definition of window so complex compared with all other operations?
The fundamental difference isthat usually in an operator definition the label of any re-
gion isdetermined locally, that is, independent from other regions. However, thisis not
the case for window: to compute the label of aregionit is necessary to look at al adja
cent regions since the final label of aregion labeled ((x, i), [) cannot be predicted in
isolation: theresult is x if there exists an adjacent region with label ((x, i), ¢), anditisO
if there is no such region. So what we express here is essentially a kind of aggregation
of partitions. We have deliberately omitted such an operator to keep the partition model
simple and short.*

We can explain the meaning of difference(tt, o) by specifying the label for each region
of the intersection of tand o. Regions that are undefined in any argument partition, re-
main unchanged. It is also clear that regions that are labeled equally should be mapped
to . It remains to define the label of intersection regionsr for which 1{r] = x and ofr]
=y (with x # y). Now this can be done in two different ways: we can give priority to
either argument partition Ttor 0. In the first case, this means to simply ignore the sub-
traction of y since it does not match, that is, r will remain labeled x. Thisis, in acertain
sense, a“ conservative”’ view that allows subtraction only for matching region labels. In
contrast, the “aggressive” point of view subtracts everything (except [) so that r will get
labeled . We capture this behavior by the following two relabeling functions:

~ 0 if x=y

|eft(xa Y) - ﬁ X otherwise
. 00 ifyz0

right(x, y) = Hx otr):erwise

Now we can define left and right difference simply by:

|-difference(tt, 0) = relabel (intersection(m, o), left)
r-difference(Tt, 0) = relabel (intersection(t, o), right)

Finally, we can define the superimposition of two partitions tand o very similarly to
overlay;: we build the intersection of Ttand o and perform arelabeling giving priority
to 0. The function second takes the label given by o aslong asit is defined:

X if y=0g

second(x, y) = @ .
y otherwise
Then we have (note that superimposition has type [A] x [B] — [A O B]):

4. Actually, aggregations of partitions are closely related to the aggregation of (their dua)
graphs, and as shown in [Er97] there are quite different reasonabl e possible definitionsfor that.
Moreover, we can actually express all presented application operations without an aggregation
operator. Nevertheless, aggregation has quite interesting applications, for example, testing
whether amap is colored consistently, that is, checking for each region whether it is colored
differently from all neighbors. We will deal with aggregations of partitions in a subsequent

paper.



superimposition(Tt, o) = relabel (intersection(tt, 0), second)

Since we hee concentrated on operations on partitions alone, we cannot currently de-
fine an operatiodivide(tt, G) operator which requires a planar grapgguanentG. How-

ever, when we clipG with cover () and adcdover (1), this results in a partition which

is actually the remainder & with respect to the relant area, that is, the area to which
divide actually applies. Then we obtain the same resulivéde by simple intersection:

divide(t, G) = intersection(t, IN)

6 Conclusions

We hare presented aevy general model of partitions which, to our Wwiedge, is the

first rigorous formal approach to defining a spatial partition typehaké defined three
powerful operators that carxjgress any application operation that has been mentioned
so far — actuallyfor most operators weven achige a much more general definition.
The presented model sessas a specification for general spatial analysis and map-ma-
nipulation systems which can be the bases foryn@&® applications. Of course, it re-
mains to inestigate the relationships of partitions to points and lines and to define cor-
responding types and operations.

The partition model can also seras a meta-model for (some) spatial data types: for
instance, an element of agien data type can be wed as a partition with only one
region or as a unit partition. Anothexample is the model ofague rgions presented
in [ES97]: avagueregion is given by a pair of disjoint ggonsv = (r, s) wherer denotes
the part which definitely belongs ¥ands gives the uncertain part. It is\wibus that a
vague rgion can be vieed as a partition of typecértain, uncertain} with exactly two
regions. All operations onague rgions can then be defined in termsnbérsection and
relabel.° With this representation we can immediately obtain a generalizatiagogv
regions: a ague rgion can be simply garded as a partition without a restriction on the
number of rgions, and labels are dva from a type containingalues for diferent de-
grees of agueness, foxample, real &lues from the inteat [0..1].
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