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ABSTRACT

Mapsarea fundamentalmetaphorin GIS. We introduceseveralnew operationson mapsthatgo far
beyondwell-known operationslike overlayor reclassi�cation.In particular, we identify andgener-
alizeoperationsthatareof practicalinterestfor spatialanalysisandthatcanbeusefulin many GIS
applications. We give a precisede�nition of theseoperationsbasedon a formal model of spatial
partitions. This providesa theoreticalfoundationfor mapswhich alsoservesasa speci�cationfor
implementations.

1 INTRODUCTION

Numerousapplicationsin spatially-orienteddisciplineslike geography, cartography, andrelatedareas,
aswell asin computer-assistedsystemslike geographicalinformationsystemsandspatialdatabase
systemswitnesstheimportanceof mapsor spatialpartitions. A mapis afundamentalandwell-known
metaphoranda widely recognizedgeometricandtopologicalstructurethat is capableof carryinga
largeamountof information.

In a formerpaper(Erwig et al., 1997)we have layedthefoundationfor a formal treatmentof spatial
partitions. This formal framework restson threebasicandpowerful partition operationsto which
all application-speci�coperationsknown in the literaturecanbe reduced.In this paper, we identify
advancedoperationsonmapsandextendtheformal framework accordingly.

1.1 Maps Revisited

A spatialpartitionis a subdivisionof theplaneinto pairwisedisjoint regionswhereregionsaresep-
aratedfrom eachotherby boundariesandwhereeachregion is associatedwith an attributehaving
simple or even complex structure. That is, a region with an attribute incorporatesall points of a
spatialpartitionhaving this attribute. A spatialpartition implicitly modelstopologicalrelationships
betweenthe participatingregionswhich canbe regardedasintegrity constraints.First, it expresses
neighborhoodrelationshipswheredifferentregionsmayhave commonboundaries.This propertyis
immediatelyvisible on a map. A secondrelatedaspectis thatdifferentregionsof a partitionareal-
waysdisjoint (if we neglectcommonboundaries)so thata visual representationof a partitionhasa
very simplestructureandis easyto grasp.

Thebasicideafor modelingaspatialpartitionis to maptheEuclideanspaceto somelabelor attribute
type, i.e., regionsof a partitionareassignedsinglelabels. Adjacentregionshave differentlabelsin
their interior, andaboundaryis assignedthepairof labelsof bothadjacentregions.

A numberof application-speci�coperationshasbeende�nedonmaps.Themostimportantoperation
is overlaywhich allows to arrangetwo partitionswith differentattribute categorieson top of each
otherandto combinethemthroughgeometricintersectioninto anew partitionof disjointandadjacent
regions. Anotheroperationis reclassifywhich retainsthegeometricstructureof thespatialpartition



andtransformsall or somepartitionattributesto new or modi�ed attributes.Theoperationfusionis
a kind of groupingoperationwith subsequentgeometricunion. It mergesneighboredregionsof a
partitionwith respectto partially identicalattributes.Thegeometricunionof all regionsof apartition
is formedby the operationcover; it yieldsa resultpartition consistingof a singleregion. With the
operationclippingwecancomputetheintersectionof apartitionandagivenrectangularwindow. The
differenceoperationtakestwo spatialpartitionsde�ned over thesameattributedomainandcomputes
thegeometricdifferenceof theirpoint sets.All theregionsof the�rst partitionaremaintainedin the
resultpartitionexceptfor thosepartsthathave thesameattributesin bothpartitions.Thetaskof the
operationsuperimposeis to lay theregionsof apartitionoveranotherpartitionandto coveranderase
partsof theotherpartition.Finally, theoperationwindowallowsto retrieve thosecompleteregionsof
a spatialpartitionwhoseintersectionwith a givenwindow is notempty.

In (Erwig et al., 1997)we have shown thatall theseapplicationoperations(andevengeneralizations
of them)canbereducedto threefundamentaloperationsintersection, relabel, andre�ne. Intersecting
two spatialpartitionsmeansto computethegeometricintersectionof all regionsandto produceanew
spatialpartition;eachresultingregion is labeledwith thepairof labelsof theoriginal two intersecting
regions,andthe valueson the boundariesarederivedfrom these.Relabelinga spatialpartitionhas
theeffectof changingthelabelsof its regions.Thiscanhappenby simply renamingthelabelof each
region; or, in particular, distinct labelsof two or moreregionsaremappedto thesamenew label. If
someof theseregionsareadjacentin thepartition,theborderbetweenthemdisappears,andthey are
fusedin theresultpartition. Re�ning a partitionmeansto look with a �ner granularityon its regions
andto revealandto enumeratetheinternalcomponentstructureof regions.

1.2 NewApplications

Despiteall theseoperationscopingwith a large numberof mapapplications,therearequeriesthat
cannotbeansweredby themandthatrequirea new classof advancedmapoperations.Assumethat
we aregiven a countrymapwith the populationnumberfor eachcountry. Thenwe can ask, for
instance,for thetotal populationof all countries.This queryneedsa traversalover all countriesand
a simultaneoussummationof all populationnumbers.We provide theoperationmapaggregationfor
calculatingsuchkindsof statisticsover a map.Or we areinterestedin labelingeachcountrywith its
region'sarea.Wecannotperformthisoperationby asimplerelabelingsinceit is appliedonly to labels
of singlepointsandnot to wholeregions.For thispurposeweoffer anoperationcalledregion-based
mapannotation.

In addition,theadvancedoperationscomprisemapselectionfor extractingregionswith selectedat-
tributesinto a new map,maplayeringspreadingmapinformationto differentlayersby distributing
andgroupingattributes,mapjoining for combiningmapswith identicalgeometriesbut differentat-
tributes,maplookupsearchingfor mapinformationby attributepatterns,mapannotationfor adding
informationto theregionsof amapthatis givenby tables(functions),andpathextractionfor �nding
a pathbetweentwo regionsof a map.

With two exceptions(mentionedlater)ourmodeldoesnot leave thecontext of maps.Hence,theonly
supportweneedatauserinterfacearepartitionsandafacility to enterarguments.As aconsequence,
we will obtainsimpleanduser-friendly interfaces.

Section2 discussesrelatedwork. Sections3 to 6 introducethe advancedmapoperationsin more
detail andgive applicationexamplesfor them. Section7 brie�y reviews the formal modelof maps
andmapoperationsasdescribedin (Erwig et al., 1997).Section8 formalizesde�nitions of thenew
mapoperations.Finally, Section9 drawssomeconclusions.



2 RELATED WORK

Mapshave beenidenti�ed asa centralspatialconcept(Frank,1990)to organizeour perceptionand
understandingof space.They correspondto thecognitiveexperienceandknowledgehumanshave of
arealphenomenain therealworld.

Frequently, mapsarisefrom classifyingspaceaccordingto someattribute (like rural areasaccord-
ing to their agriculturaluse). They arethencalledthematicmapsor categorical coverages(Frank
et al., 1997;Volta et al., 1993). Theoperationsin this context focusonly on partitionsof attribute
valuesalone;spatialoperationson mapsincludinggeometricintersectionsarecompletelyignored.
In categorical coverages,themesand attributesare �x ed. This meansthat dynamicextensionsor
combinationsof differentpartitionsarenotpossible.

In geographically-orientedapplicationsandsystemsmapsareregardedastheprimarytool for spatial
analysistasks(Berry, 1987;Frank,1987;Franket al., 1997;Huanget al., 1992;Nagyet al., 1979;
Tomlin, 1990;Valenzuela,1991;Volta et al., 1993). Thesetasksaresolvedon thebasisof themap
operationssummarizedin theIntroduction.Application-orientedexpositionsof theseoperationscan
befoundin (Berry, 1987;Dangermond,1990;Frank,1987;Güting,1988;Gütingetal., 1995;Huang
et al., 1992; Kriegel et al., 1991; Schneider, 1997; Scholl et al., 1989; Tomlin, 1990; Valenzuela,
1991)for overlay, in (Berry, 1987;Dangermond,1990;Huanget al., 1992)for reclassify, in (Chan
et al., 1996;Güting et al., 1995;Huanget al., 1992;Kriegel et al., 1991;Schneider, 1997;Scholl
et al., 1989) for fusion, in (Scholl et al., 1989) for cover, in (Scholl et al., 1989) for clipping, in
(Huangetal., 1992)for difference, in (Chanetal., 1996;Scholletal., 1989)for superimposition,and
in (Scholletal., 1989)for window.

At a �rst glance,it seemsthat several advancedoperationsintroducedin this papercanbe simply
realizedwith therelationalmodel.This is, indeed,truefor thematicdatabut in nocasevalid for geo-
metricattributes.The�rst problemof therelationalmodelis to storegeometryin relations.Thishas
led to extendedrelationaldatamodelsandto theintroductionof spatialdatatypes(Schneider, 1997)
asattribute typesin relationschemes.A datatype for regionsis anexample. Thesecondproblem
is thateventhis approachhasnot solvedtheissuehow to modelthe integrity constraintsunderlying
partitions,namelythe disjointednessandadjacency of the regionsof a partition. Thesetopological
constraintscannotbemaintainedby therelationalmodelsothat it is unsaferegardingthis aspect.A
few unsatisfactoryproposalshave beenmade.In (Güting,1988)a spatialdatatypeareais suggested
to modelconstraintsonpartitions.Within theframework of anextendedrelationaldatamodeltheset
of polygonsoccurringin a relationasa columnof anattributeof typeareahasto ful�ll theintegrity
constraintthat all polygonsareadjacentor disjoint to eachother. Unfortunately, the maintenance
of this propertyis not supportedby the datamodel, ratherit is up to the user's responsibility. A
genericdatatype for partitions,calledtessellation, is informally introducedin (Huanget al., 1992)
asa specializedtype for setsof polygons;this type canbe parametrizedwith an attribute of a yet
unspeci�edtype. In (Güting et al., 1995)so-calledrestrictiontypeshave beenproposed.This con-
ceptallowsoneto restrictthegeneraltypefor regionsto subtypeswhosevaluesall satisfya speci�c
topologicalpredicate(like disjoint) andwhich neverthelessinherit the propertiesandoperationsof
themoregeneraltypefor regions.But it is unclearwhich DBMS componentcontrolstheadherence
to this constraint.Thethird problemis that it is unclearandprobablyimpossiblehow to implement
geometricoperationslike intersectionwith theaidof therelationalmodel.

3 EXTRACTING AND COMBINING MAP LAYERS

A maplayer (or simplya layer) is similar to whatis sometimescalledacoverage, a thematicmap, an
overlay, or a layer in GIS andcartography. It representsa setof datadescribingthespatialvariation
of oneor morerelatedattributesin astudyarea.We will call areasof amapassociatedwith thesame
attributeregions.

Usually, geometricinformationcontainedin a mapis modeledasa sequenceof maplayerswhich
canafterwardsbe overlayedinto a singlemap. In this section,we go the otherway round. From



an applicationpoint of view, we will introduceoperationsfor extractinglayersfrom mapsby map
selectionandfor recombininglayersinto asinglemapby aspecialkindof mapoverlaycalleddisjoint
mapcomposition.

As anintroductoryexamplewe assumea mapwhich presentsa classi�cationof landuse.Theclas-
si�cation comprisesattributeslike “wheat”, “steel industry”, “coal mining”, “barley”, “chemicalin-
dustry”, “vegetable”,etc.(seeFigure1).

wheat

coal

steel
rye
barley

Figure1: Exampleof amap

Thenwecanask,for instance,for only thoseareasthatareonly cultivatedwith wheator barley; i.e.,
the useof the remainingareasis not of interestfor us. This queryrequiresa mapoperationcalled
mapselectionwhich extractsonly thoseregionsof theoriginal mapwhich have anattributeout of a
collectionof pre-speci�edattributes.Theresultis a new singlemap(Figure2).

Map selectioncan be generalizedto an operationcalled map layer generation. Imaginethat we
plan to distributethe informationof our mapfrom Figure1 andto show regionsof agriculturaland
industrialuseon two separatemaplayers. Thenwe groupthe attributesindicatingagriculturaluse
into themoregeneralcategory “agricultural” andtheattributesindicatingindustrialuseinto themore
generalcategory “industrial”. (In general,we can,of course,usemorethantwo attributecategories.)
Afterwards,basedon theoriginalmap,for eachof thetwo generalcategoriesa separatemaplayeris
produced,andeachmaplayercontainsall thoseregionsbelongingto a generalcategory andlabeled
accordingto the original attribute resolution. Figure3 presentsthe resultof maplayer generation
basedon themapof Figure1. Thegeneralcategoriesarevisualizedasstringsbesidethemaplayers.
Map layergenerationis, in particular, interestingfor spatialanalysistaskssolvedwith theaidof user
interfaceswhereit canbeemployedby theuserto produceandmanagenew collectionsof maps.
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Figure2: Mapaftermapselection
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Figure3: Mapaftermaplayergeneration

Obviously, dueto thedescribedconstructionprocessof maplayers,thegeometriesof all maplayers
aredisjointwith respectto their interiors.Only boundariesof regionsof differentlayersmaypartially
coincide.Hence,theoriginalmapcanberecombinedby amapoverlayoperationwhichdoesnotneed
to computeany intersectionsbut simply form their geometricunion andadopttheir corresponding
attributes.We call it disjoint mapcomposition. Fromthis point of view, disjoint mapcompositionis
theinverseoperationof maplayergeneration.

4 JOINING AND INSPECTING MAPS

Spatialanalysisfrequentlyproducescollectionsof differentmapswhosespatialreferencesystemand
whosesubdivisionof spaceinto regions(i.e., whosegeometry)is thesame.Thesemapsessentially



differ in the themesthey dealwith andhencein the attribute distributions. An interestingtask is
thereforeto integrateall attributeinformationswith respectto thesameregionsinto asinglemap.

ConsiderasanexampletheEuropeancountriesandassumethata collectionof mapsgathersstatis-
tical datafor eachcountryinvolving countryname,population,populationdensity, averageincome,
unemploymentrate,spokenlanguage,etc. Figure4 shows two maps,eachmappresentingthree�c-
titious countries.The �rst mapis labeledwith countrynames,andthe secondmapis labeledwith
populationdensity.

Next, we couldbeinterestedin anintegratedview of all attributeson a singlemap.Theeffect is that
all attributesarejoined;thegeometryof theresultingmapis thesameasthegeometryof theoriginal
mapcollectionandremainsunchanged.We call this operationa mapjoin. Figure5 visualizesthe
mapjoin of thetwo mapsof Figure4.

A
B

C

256
357

268

Figure4: Two examplemapswith thesame
geometrybut differentthemes

(A, 256)
(B, 357)

(C, 268)

Figure5: Mapaftermapjoining

Sometimes,one is interestedin the functionalrelationshipbetweenpartsof an attribute labelinga
region. Concerningour exampleof Figure5 we canobtaina functionfrom countrynameto popula-
tion densitywith the instancesA �

� 256,B �

� 357,andC �

� 268. We call this operationfunctional
extraction sincethe functionalrelationshipbetweendifferentattribute partspertainingto the same
region is extractedfrom amap.

A mapusuallyoffers a global view of a collectionof regions labeledwith someattribute. Often,
the useris interestedin retrieving only partial informationof a mapwheresomekind of “search
key” is given asan attribute patternto specify the desireddata. Usually, an attribute hasa more
complex structureandconsistsof severalcomponents.Consideragaina mapof Europeancountries
with the countryname,thepopulation,andthe spokenlanguagefor eachcountry. Assumethat we
are interestedin all countrieswhereGermanis the spokenlanguage.Thenwe cansearchwith the
attributepattern( , , German)for all thesecountries.Thesymbol“ ” servesasawildcardandstands
for an arbitraryvalueof the respective attribute component.Hence,an attribute patternmay have
wildcardsor concretevaluesof thecorrespondingattributecomponentasentries.In theexample,the
resultis a mapcontainingonly thosecountriesspeakingGerman.We call thisoperationmaplookup.

5 INFORMA TION EXPANSION IN MAPS

Frequently, we areinterestedin extendingtheinformationavailableona map.Assumethata mapof
oil �elds with theirnamesis givenandthatwe additionallyhavea tableindicatingtheownerof each
oil �eld (Figure6).

To producea mapshowing theconnectionbetweenthenameandtheownerof anoil �eld, we have
to supplementthenameattributeof eachoil �eld appropriately. Theresultis shown in Figure7; we
combinethemapandthetable(givenasa function)andobtaina new maplabeledwith thenameand
theownerfor eachoil �eld. Thisoperationis calledmapannotation.

Sofar, annotationin mapshasnottakeninto accountthegeometryandthegeometricpropertiesof the
singleregionsof amap.However, geometry-basedannotationleadsto very interestingandimportant
queries.For instance,we canaskfor thearea,theperimeter, or thediameterof eachoil �eld in the
map.Thisnecessitatesanaccessto singleregionsof amapandelementaryunaryfunctionscomputing
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Figure6: Oil �eld mapandownershiptable

(X, BP)
(Y, Shell)

(Z, Exxon)

Figure7: Mapaftermapannotation

numericalpropertiesof eachregion. Theoil �eld mapandafunctionfor calculatingregionareas,e.g.,
arethencombinedandyield a new mapwhereeachregion is taggedwith theoil �eld nameandits
area.We call thisoperationregion-basedmapannotation.

6 MAP AGGREGATION AND CONNECTIVITY

Anotherimportantmapoperationis mapaggregationwhichservesfor calculatingsummarystatistics
over a mapor over a distinguishedcollectionof regionsof a map. Imaginea mapof districtswhere
eachdistrict is taggedwith its nameandits populationnumber(Figure8).

To computethe total populationof all districts,we have to traversethemandto accumulateall pop-
ulation numbers.That is, as input we takethe map,a function which addsthe currentpopulation
numberto theintermediatesumof thedistrictsalreadyvisited,andaninitial valuefor thesummation
processto startwith. In our example,theinitial valueis 0. Theresultis a new map(Figure9) where
theaggregationvalueis attachedto eachdistrict region of themap.

(A, 301)
(B, 482)

(C, 113)
(D, 68)

Figure 8: Map showing districts
andtheirpopulation

(A, 301,
  964)

(B, 482, 964)

(C, 113, 964)

(D, 68, 964)

Figure9: Mapshowing thetotal popu-
lationnumberattachedto all districts

Aggregationvaluesare often usedin further map operations.For instance,with the available in-
formationwe cancomputethe ratio of eachregion's populationto the total populationof all dis-
tricts andlabel eachdistrict with this result. In our examplewe obtain the following proportions:
A : 31� 22%� B: 50%� C : 11� 72%� andD : 7 � 06%.

Besidessummationwe can,of course,useothernumericalaggregationfunctions.For example,we
cancomputetheminimumaverageincomeof a numberof countriesto identify thepoorestcountry,
or themaximumbirth or deathratein countriesof theThird World.

An exampleof a non-numericalaggregationfunctionis theinsertionof anelementinto a collection
of values. Imaginea countrymapshowing for eachcountryits name,the economiccommunityto
which it belongs(like theEuropeanUnion), andits mostimportantnaturalresource.Thetaskis to
�nd out all naturalresourcesthatareavailablein aneconomiccommunity“A”. First, we identify all
countriesbelongingto theeconomiccommunity“A” by maplookup(seeSection4). Afterwards,we
aggregateover this intermediatemapandinsertall namesof naturalresourcesinto a set. Hence,the
initial valuemustbetheemptyset. Theresultis a new mapwhereall attributesof theoriginal map
have beenextendedby thesetresultingfrom aggregation.



Anotherinterestingissuerelatesto connectivity propertiesof maps.Thisis illustated,for example,by
theapplicationswhetherit is possibleto reachacountryK from acountryA overland,or whethertwo
friendly nationsA andK locatedon thesamecontinentcanvisit eachotheroverlandwithout being
forcedto traverseenemyterritory(Figure10).

Theseapplicationsaskfor apathbetweenA andK. As inputweneedacountrymapandtwocountries
A andK for expressingthe startanddestinationof a possiblepathbetweenthem. In any case,the
resultis a new map(Figure11).
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Figure10: Searchingapathonamap
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Figure11: Findingapathonamap

If a pathexists, theresultis a mapwith a pathof minimal lengthto indicatetheexistenceof sucha
path. If a pathdoesnot exist, only startanddestination(here: thecountriesA andK) areshown on
theresultmap.We call thisoperationpathextraction.

7 SPATIAL PARTITIONS: A FORMAL MODEL OF MAPS

In this sectionwe brie�y repeatthe de�nitions of our model for spatialpartitions. We provide a
precisede�nition for thetypeof two-dimensionalpartitionsin Section7.1followedby ade�nition of
thebasicoperationsin Section7.2.

Beforewe startgiving mathematicalde�nitions for partitions,we shortlysummarizetheusednota-
tion. Theapplicationof a function f : A � B to asetof valuesS

�

A is de�ned as f � S� : ��� f � x��� x �

S	

�

B. If wearesurethat f � S� yieldsasingletonset,wewrite f 
 S� to denotethissingleelement(in-
steadof thesingletonset),i.e., f � S���
� y 	���� f 
 S��� y. ( f 
 S� is unde�nedif � f � S����� � 1.) Similarly,
for doubly-nestedsingletonsetswe usef 
�
�� ��� to extractelements,i.e., f � S������� y 	�	���� f 
�
 S����� y.

Below we frequentlyhave to denotefunctionsusedasparametersfor operations.For thiswe employ
thelambda-notationl x:S� E � x� (whereE is anexpressionusingx). This is anabbreviation for theset
expression��� x � E � x����� x � S	 (whichactuallyrepresentsa function).

Theinversefunction f �

1 : B � 2A of f is de�ned by f �

1
� y� : ��� x � S � f � x��� y 	 . Notethat f �

1 is
a total functionandthat f �

1 appliedto a setyieldsa setof sets.Therangeof a function f : A � B is
de�ned asrng � f � : � f � A� . Laterwefrequentlyhave to denotetherangeof apartition.Therefore,we
de�ne for aset-valuedfunction f : A � 2B thenotations-rng
 f � : �
� b � B ��� b 	 � rng � f �!	 giving the
valuesoccurringin singleton-sets.

Wealsointroduceanotationfor powersetscontainingsetsof constrainedsize:for "#�$�&% ��' �(�)	 and
k � IN wede�ne S*

k : �
� s � 2S
�&� s�

" k 	 .

Let � X � T � bea topologicalspacewith topologyT
�

2X, andlet S
�

X.1 Theinterior of Sis de�ned
asthe unionof all opensetsthat arecontainedin S andis denotedby IntS, andthe closure of S is
de�ned asthe intersectionof all closedsetsthatcontainSandis denotedby S. Theexterior of S is
givenby ExtS: � Int � X + S� , andtheboundary(or frontier) of S is de�ned asFrS: � S , X + S. An

1Recallthatin a topologicalspacethefollowing threeaxiomshold (Dugundji,1966):(i) U - V . T /�0 U 1 V . T, (ii)
S 2 T /�043 U 5 SU . T, and(iii) X . T, 67. T. Theelementsof T arecalledopensets, theircomplementsin X arecalled
closedsets, andtheelementsof X arecalledpoints.



opensetis calledregular if A � IntA. Thetypeof regularopensetsis closedunderintersection.The
topologicalspacethatwework with in thispaperis IR2.

A partition of a setS canbe viewedasa total function f : S � I into an index setI ; f inducesan
equivalencerelationship� f onSthatis de�nedby x � f y �7� f � x� � f � y� . Theequivalenceclasses
S

�

� f arecalledblocks. Theblock Si thatcorrespondsto anindex i is givenby Si : � f �

1
� i � , andthe

wholepartition � Si � i � I 	 ( � S
�

� f ) is alsogivenby f �

1
� I � if f is surjective.

7.1 The Type of Spatial Partitions

A spatialpartition(in thetwo-dimensionalcase)is not just de�ned asa function f : IR2 � I for two
reasons:�rst, in mostapplicationsf cannotbeassumedto betotal,andsecond,f cannotbeuniquely
de�ned on bordersbetweenadjacentsubsetsof IR2. Moreover, it is desirablefrom an application
pointof view to requireblocks(modelingregionsof acommonlabel)to beregularopensets(Tilove,
1980).

Therefore,we have de�ned spatialpartitionsin several steps(Erwig et al., 1997): �rst, a spatial
mappingof typeA is a total functionp : IR2 � 2A. We requiretheexistenceof anunde�nedelement

�

A � A, which is usedto representunde�nedlabels,i.e., the“exterior” or “outside” of a partitionis
theblock b

�

IR2 with p 
 p���

�

A for all p � b. Thepower setrangetype2A is usedto modellabels
on region borders:a region of p is a block that is mappedto a singletonsetwhereasa border of p is
a block that is mappedto a subsetof A containingtwo or moreelements.Thenthe interior of p is
de�ned astheunionof p's regions,andtheboundaryof p is de�ned astheunionof p'sborders.

De�nition 1 Let p beaspatialmappingof typeA.
(i) r � p � : � p �

1
� rng � p ���

1
�

(ii) w � p � : � p �

1
� rng � p ���

1
�

(iii) i � p � : �	� r 
 r � p �

r
(iv) b � p � : �

� b 
 w � p �

b

(regions)
(borders)
(interior)
(boundary)

Finally, a spatialpartition of type A is a spatialmappingof type A whoseregionsareregular open
setsandwhosebordersarelabeledwith theunionof labelsof all adjacentregions:

De�nition 2 A spatialpartition of typeA is aspatialmappingp of typeA with:
(i) 
 r � r � p � : r � Intr

(ii) 
 b � w � p � : p 
 b���
� p 
�
 r ��� � r � r � p ��� b
�

r 	

The useof p 
 b� on the left handsideandp 
�
 r ��� on the right handside in (ii) canbe madeclearas
follows: considera block of a partition p, e.g.,a region r or a borderb. For eachpoint p that is
containedin r or in b, p � p� yieldsasa labela setof values.For p � r, this is a singletonset,say � a 	 ,
andfor p � b, this is a set � a � b � � � � 	 of two or moreelements.Now whenweapplyp to thewholeset
r (or b), we obtainthesetof all labelsfor all points. By de�nition theseareall equal,sotheresults
of p � r � andp � b� are ��� a 	�	 and ��� a � b � � � � 	�	 , respectively. Thus,if we wantto denotethe common
labelof all pointsof a block, this is givenby p 
 r ��� � a 	 or p 
 b����� a � b � � � � 	 , respectively. Likewise,
p 
�
 r ����� a. Hence,p 
 b� denotesthecommonlabel,a set � a � b � � � � 	 , of borderblock b, andp 
�
 r ��� gives
thelabelof eachtouchingregion.

We denotewith 
 A� thetypeof all spatialpartitionswith labeltypeA.

7.2 Operationson Partitions

We have de�ned threebasicoperationson spatialpartitions: intersection, relabel, andre�ne. The
intersectionof two partitionsp1 andp2 of typesA andB, respectively, is againa spatialpartition(of
typeA � B) whereeachinterior point p is mappedto thepair of values � p1 
 p� � p2 
 p� � , andall border



pointsaremappedto the setof labelsof all adjacentregions(asrequiredby the secondpart of the
de�nition of apartition).Formally, wecande�ne theintersectionof twopartitionsp1 : 
 A� andp2 : 
 B�

in severalsteps:�rst, we computetheregionsof theresultingpartition. This canbedoneby simple
set intersectionsinceregionsare,by de�nition, regular opensetsandsince , is closedon regular
opensets:

r ��� p1 � p2 � : �
� r , r
�

� r � r � p1 ��� r
�

� r � p2 � 	

Second,the union of all theseregions gives the interior of the resultingpartition: i � � p1 � p2 � : �

�

r 
 r � � p1 �

p2 �

r. Now the spatialmappingrestrictedto the interior can be just obtainedby mapping
eachinteriorpoint p � I : � i � � p1 � p2 � to thepairof labelsgivenby p1 andp2:

pI : � l p:I � ��� p1 
 p� � p2 
 p� � 	

Third, theboundarylabelscanbederivedfrom thelabelsof all adjacentregions.Let R: � r
� � p1 � p2 � ,

I : � i ��� p1 � p2 � , andF : � IR2
+ I . Thenwe have:

intersection: 
 A� � 
 B�

�


 A � B�

intersection� p1 � p2 � : � pI
�

l p:F � � pI 
�
 r ����� r � R � p � r 	

To understandthe useof p 
�
�� ��� in the above de�nition, recall the remarkafter De�nition 2: since
we have to placepairsof labelsin the resultsetandsincep � r � � ����� a � b�!	�	 , we obtain � a � b� by
applicationof p 
�
�� ��� .

Relabelinga partition p of type A by a function f : A � B is de�ned as f � p, i.e., in the resulting
partitionof typeB eachpoint p, interior aswell asboundary, is mappedto f � p � p��� (recall thatp � p�

yieldsa singletonset,e.g., � a 	 , and f appliedto thissetyieldsthesingletonset � f � a�!	 ):

relabel: 
 A� � � A � B�

�


 B�

relabel� p � f � : � l p:IR2
� f � p � p���

Finally, the re�nement of a partition meansthe identi�cation of connectedcomponents.This is
achievedby attachingconsecutive numbersto thecomponents.A connectedcomponentof anopen
setSis amaximumsubsetT

�

Ssuchthatany twopointsof T canbeconnectedby acurvelying com-
pletely insideT (Dugundji,1966). Let g� r � � � c1 � � � � � ckr 	 denotethesetof connectedcomponents
of a region r. Then,similar to intersection, wecande�ne theoperationre�ne in severalsteps.

First, theregionsof theresultingpartitionaretheconnectedcomponentsof all regionsof theoriginal
partition.

r g � p � : �

�

r 
 r � p �

g� r �

Again, the unionof all theseregionsgivesthe interior of the resultingpartition: i g � p � : �

�

r 
 r g � p �

r.
This meansthatneithertheinteriornor theboundaryis changedby re�ne.

We cannow directly de�ne the resultingpartitionon the interior, sincethroughthe computationof
the connectedcomponentswe automaticallyobtaina setof numbersthat canbe usedasadditional
labels.Thus,there�nementof theinterior is givenby:

pI : �
� � p � � � p 
 p� � i � 	 � � r � r � p � � g� r ���
� c1 � � � � � ckr 	

�

i � � 1 � � � � � kr 	 � p � ci 	

Finally, we have to derive the labels for the boundaryfrom the interior. (Recall that b � p � �

b � re�ne � p � � .) Now let R: � r g � p � , I : � ig � p � , andF : � IR2
+ I . Thenwehave:

re�ne : 
 A�

�


 A � IN �

re�ne � p � : � pI
�

l p:F � � pI 
�
 r ��� � r � R � p � r 	

In (Erwig et al., 1997) we have proved that partitions are closed under the three operations
intersection, relabel, andre�ne.



8 ADDITION AL HIGH LEVEL PARTITION OPERATIONS

Thethreebasicoperatorspresentedin theprevioussectioncoverabroadrangeof application-speci�c
operationsthat have beensummarizedin the Introduction. In the following subsectionswe de�ne
several additionaloperationsto formalizethe advancedandin part novel applicationsdescribedin
Sections3 to 6.

8.1 Operations for Layering

Theselectoperationis usedto extractspeci�c partsof a partition. It canbeconsidered,in fact,asa
specialcaseof relabelingin which all non-interestingpartsof thepartitionaremappedto unde�ned
andall interestingpartsarekeptunchanged.Thedecision,which partsto keepandwhich to forget,
is basedon thelabelsof thepartitionandis thusrealizedby a predicateon thelabel typeA. We can
thereforede�ne selectusingtheoperationrelabel:

select: 
 A� � � A � IB �

�


 A�

select� p � P� : � relabel� p � l x:A � if P � x� then x else
�

A �

The “dual” of a partition select� p � P� is alwaysgiven by the expressionselect� p ��� P� . Intuitively,
theoverlayof select� p � P� andselect� p ��� P� shouldalwaysyield theoriginal partitionp. To express
this relationshipformally, we �rst de�ne anoperationunionthatcombinestwo partitionsof thesame
type thataredisjoint in the following sense:two partitionsp : 
 A� andp

�

: 
 A� arecalleddisjoint if f

 p � IR2 : p 
 p���

�

A
�

p
�


 p���

�

A. Wewrite p ,

/ p
�

to expressthefact thatp andp
�

aredisjoint.

Now unionis de�ned to yield thelabelof eitherp or p
�

. If p andp
�

arenot disjoint,unionis de�ned
to yield

�

A for all pointsof theircommondomain.Wecande�ne unionby relabelingtheintersection
of p andp

�

with thefollowing function(for a � a
�

� A):

a � a
�

: �

�

� � a
�

if a �

�

A
a if a

�

�

�

A
�

A otherwise

We cannow de�ne:

union: 
 A� � 
 A�

�


 A�

union� p � p
�

� : � relabel� intersection� p � p
�

� � l � x � y� :A � A � x � y�

Thus,wecanexpresstheabovecharacterizationof selectas

union� select� p � P� � select� p ��� P� � � p

which is truebecauseselect� p � P��,

/ select� p ��� P� .

Theoperationlayer is a generalizationof relabelandconstructslayersof partitionsaccordingto the
relabelingfunction.In practice,thetargettypeB of therelabelingfunction f : A � Bwill oftenbeused
to groupsetsof A-labelsinto differentclasses,andfor eachclassanown partitionis computed.More
precisely, for eachlabelb � B let Ab

�

A bethesetof A-labelsmappedby f to b (i.e.,Ab � f �

1
� b� ).

Thenwith p : 
 A� , layer� p � f � constructsfor eachb � B a partitionpb : 
 Ab� which is identicalto p on
all pointsmappedto a label in Ab andwhich yields

�

A everywhereelse. Therelationshipbetween
eachlabelb � B andits correspondinglayer 
 Ab� is capturedby thefact that layer returnsa function
of typeB �


 A� .

layer : 
 A� � � A � B�

�

� B �


 A� �

layer� p � f � : � l b:B � select� p � l x:A � f � x��� b�

This meansthat layer� p � f � yieldsfor eachb � B anA-partitionwhoselabelsareall mappedby f to
b. We call functionsof typeB �


 A� thatresultfrom thelayer operationalsolayeredpartitionsanda
partitionAb a layer.



We have a similarcharacterizationfor layeredpartitionsasfor select. To expressthis,we extendthe
unionoperationfrom thebinarycaseinto anoperationcollapsethat is ableto aggregatea complete
layeredpartition:

collapse: � B �


 A� �

�


 A�

collapse� L � : � p1union � � � unionpn whereL � B����� p1 � � � � � pn 	

With collapsewecanexpressthefactthattheoverlayof alayeredpartitiongeneratedby theoperation
layer from apartitionp yieldsagainthepartitionp:

collapse� layer� p ����� p

which is truebecausethelayersgeneratedby selectarepairwisedisjoint.

8.2 Joining and InspectingPartitions

Therelateoperationallows to accessspeci�c region labelsof onepartitionp
�

: 
 B� by usinganother
partition p : 
 A� to identify the correspondingregion. This requiresboth partitionsto have exactly
the sameregions, i.e., r � p ��� r � p

�

� . In that casewe can computea function that gives for each
a � s-rng
 p�

�

A the valueb � B to which the region is mappedby p
�

. We can de�ne the relate
operationby composingp �

1 with p
�

.

relate: 
 A� � 
 B�

�

� A � B�

relate� p � p
�

� : � l x:A � p
�


�
 p �

1
� � x 	 � ���

Sincep �

1 yieldsa region, i.e., a setof points,we have to usep 
�
�� ��� to extract thesinglelabelvalue.
Therelationshipsbetweenp, p

�

, andrelate� p � p
�

� aresummarizedin Figure12.

IR2

p

����
��
��
��

p �

��9
99

99
99

9

A
p � 1

BB��������
relate� p

�

p �
�

//B

Figure12: De�nition of relate

We can well considerpartitionsas databaseobjects: then the regions serve, in a sense,as object
identi�ers, andpartitions,suchasp : 
 A� , play the role of attributes(with namep anddomainA).
In the context of the operationrelate, we notice that p is usedlike a key attribute. (Note that by
de�nition, any partitionis akey attributein thesensethatthelabelsidentify theregions.)

Onedrawbackof therelateoperationis thattheresultof theoperation,afunctionof typeA � B, is not
a partition. In contrast,all otheroperationsdo returnpartitions(exceptlayer which returnsa layered
partition).Therefore,we favor adifferentwayof accessingpartitionlabels,which is describedin the
following.

First, we canaccumulatedifferentlabelsfor the sameregionsby simply usingthe intersectionop-
erationon correspondingpartitionsp : 
 A� andp

�

: 
 B� . This resultsin a partition having againthe
sameregionsasp andp

�

, but whoselabelsareof typeA � B. Theapplicationof intersectionto two
partitionshaving the sameregions representsan importantspecialcase,andwe call this operation
join.

Thentheretrieval of speci�c informationsfrom partitionsis achievedby theoperationlookup, which
takesapartitionp : 
 A� andapatternof typeA, andconstructsa(sub-)partitionof typeA of all those
partswhoselabelsmatchthe pattern.First of all, we have to explain whata patternis: a patternis
eitheravalueor thewildcardsymbol“ ”. Thetypeof patternsover a(non-product)typeA is denoted
by A andis de�ned as:

A : � A
�

� 	



Thus,e.g.,17and areelementsof thepatterntypeIN. A patternoveraproducttypeis simplya tuple
of patternsover thecomponenttypes,i.e.,

A1 � � � � � Ak : � A1 � � � � � Ak

Hence,� 3 � true� is apatternof typeIN � IB, asare � 0 � � or � � � . A patternspeci�esthevalueslookup
shouldsearchfor in a partition. The wildcardsserve as“don't care”-valuesthat matchany value.
Formally, matchinga patternf (which canbea wildcard or a valuey) againsta valuex, written as
f � x, is de�ned by thefollowing rules:

� x
y � x �7� y � x

� f 1 � � � � � f k �

�

� x1 � � � � � xk � �7� f 1
� x1 � � � � � f k

� xk

The �rst line expressesthe fact that a wildcard matchesany value,the secondline saysthat values
matchonequality, andthelastline de�nesthattuplesmatchcomponent-wise.

Now lookupcanbesimplyde�ned by usingselect:

lookup: 
 A� � A �


 A�

lookup� p � f � : � select� p � l x:A � f � x�

Theresultof lookupis apartitioncontainingall regionswhoselabelsmatchthespeci�edpattern.

8.3 Extend Operators

We de�ne two “label extension”operatorsthataddresstwo shortcomingsof therelabeloperationas
de�ned in Section7.2.Theseoperatorsrealizemapannotation.

First, thenewly assignedlabelsareautomaticallykeys of thepartitionresultingfrom relabel, which
leadssometimesto undesiredfusioneffects.Consider, e.g.,a userwho triesto assignwith relabela
numericlabel to a partition of countries.Now if two countriesaccidentallyget the samelabel, the
regionsof the two countriesarefusedin thepartition that is returnedby relabel, which is generally
not whattheuserexpected.A possiblesolutionis to keeptheoriginal label togetherwith thenewly
assignedone. This is actuallypossiblewith relabel itself, but sincethis operationwill occurquite
frequently, wegive it anown name.Therefore,we de�ne anoperationextendasfollows:

extend: 
 A� � � A � B�

�


 A � B�

extend� p � f � : � relabel� p � l x:A � � x � f � x�����

An importantpropertyof extendis thattheregionsof theargumentpartitionarenotchanged.We can
expressthis formally by:

r � extend� p � f ����� r � p �

Thesecondlimitation of relabelis that it is a local operationin thesensethateachpoint is assigned
a new label independentfrom all otherpoints; relabeldependsonly on the old label of eachpoint.
In somesituations,however, it is importantto assigna label to a wholesetof pointswherethelabel
valuedependson thatset. This is particularlytrue in caseswhennumericlabelsareto beassigned
thatdependonregions,suchastheareaor thediameterof aregion. In mostcasesoneis not interested
in gettingregionsof thesamelabel fused.Thus,we de�ne theoperationr-extendsimilar to extend:
theonly differenceis thattheparameterfunctionis not appliedto eachpoint'slabelbut to theregion
thepoint lies in.

r-extend: 
 A� � � 2IR2
� B�

�


 A � B�

r-extend� p � f � : � relabel� p � l x:A � � x � f � p �

1
� � x	 � �����

As for extend, theregionsof theargumentpartitionarenot affectedby r-extend:

r � r-extend� p � f ����� r � p �



8.4 Partition Aggregation

In thedesignof anaggregationoperatorwe have strivedfor a compromisebetweena powerful oper-
atorthat is capableof expressingmany interestingmapoperationsanda simpleoperatorthatis easy
to understandby users. We have arrived at an operatoraggregatethat accumulatesthe labelsof a
partitionp : 
 A� with a binaryfunction f : A � B � B startingwith anelementu : B (u is calledunit).
In many caseswe will have B � A, e.g.,whenaggregatingnumericallabelsby min, � , andso on.
However, therearealsocasesin which a typeB �� A is needed,e.g.,whencollectinglabelsin a set;
in thatcasewe have: B � 2A. Sincethede�nition of aggregatedoesnot have to taketheadjacency
structureof the mapinto account,we canusethe well-known aggregationsof sets(Breazu-Tannen
et al., 1991; Erwig et al., 1991; Breazu-Tannenet al., 1992; Fegaraset al., 1995): agg� f � u � S� to
denotetheaggregationof a �nite, non-emptysetby abinaryfunction:

agg� f � u ���#�$� u
agg� f � u � � a 	

�

S�$� f � a � agg� f � u � S� �

Now wecande�ne mapaggregationasfollows(recallthatfor p : 
 A� wehaves-rng
 p� � � a � A � � a 	 �

rng � p �!	 ):

aggregate: 
 A� � � A � B � B� � B �


 A � B�

aggregate� p � f � u� : � extend� p � l x:A � agg� f � u � s-rng
 p� ���

Note thatwe do not just returntheaccumulatedvalue,but ratherextendall regionsof theargument
partitionwith theaccumulatedvalue.This is in line with our approachto staywithin partitiontypes,
andit alsoprovidesbettersupportfor many applicationswheretheaccumulatedvalueis, in a further
step,relatedto theregions' values(e.g.,to show theproportionof anareato thetotalarea).

We could have de�ned aggregatein a muchmoregeneralway: by taking the dual graphof a par-
tition anaggregationoperatorcanmove in an exactly prescribedway throughthis graph. We have
actuallyde�ned andinvestigatedseveralversionsof suchanoperatorin a differentcontext (Erwig,
1997).Exploitingadjacency (andimplicitly alsodistance)informationof regionsclearlymakessuch
aggregationoperatorsmoreexpressive,but they alsorequiresomepracticeto beeffectively used.

Instead,we adda further operatorto supportapplicationsthat exploit the topologicalstructureof
partitions. We de�ne the operationconnectthat takesa partition p : 
 A� andtwo labelsx � y : A and
determineswhethertheregionslabeledx andy areconnected,i.e., whethertheregionsareadjacent
or whetherthereis a chainof regionsconnectingthem.

Thedual graphGp of a partitionp : 
 A� is de�ned asanundirected,unlabeledgraphin which nodes
are representedby region labels: Gp � � s-rng
 p� � Ep � whereEp � rng � p �

�

2. Note that an edgeis
representedby atwo-elementsetof A-labels,andsincebordersbetweenadjacentregionsareuniquely
labeledwith asetcontainingbothregions' labels,wecansimplytakethesetof all two-elementborder
labelsasthesetof edges.A pathin Gp betweentwo nodesx andy is anon-emptysequenceof nodes
p � x1 � � � � � xn with x � x1, y � xn, and � xi � xi � 1 	 � Ep for i � � 1 � � � � � n + 1 	 . Thelengthof suchapath
is ��� p� : � n + 1. We denoteby Nx

�

y � Gp � thesetof nodescontainedin a shortestpath(with respectto
� ) betweenx andy. Whennopathexistsin Gp betweenx andy, Nx

�

y � Gp � is de�ned to yield � x � y	 .

Now connectis de�ned to return a sub-partitionof p that containsall regions of a shortestpath
betweenx andy in Gp if it existsandjust theregionsfor x andy otherwise.

connect: 
 A� � A � A �


 A�

connect� p � x � y� : � select� p � l z:A � z � Nx
�

y � Gp ���

9 CONCLUSIONS

Wehaveidenti�ed severalnew operationsonmaps.By usingaformalmodelfor partitionsweprovide
a theoreticalframework thatis well-suitedfor studyingmapsandoperationson them:thede�nitions
becomequitesimple,whereat thesametime, theoperationsarevery powerful. In particular, varia-
tionsandextensionsof mapoperationscanbeeasilyde�ned andstudied.
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Güting, R. H. and Schneider, M. (1995). Realm-BasedSpatialData Types: The ROSE Algebra.

VLDBJournal, 4(2), 100–143.
Huang,Z., Svensson,P. andHauska,H. (1992). SolvingSpatialAnalysisProblemswith GeoSAL,

a SpatialQueryLanguage.6th Int. Working Conf. on Scienti�c andStatisticalDatabaseManage-
ment.

Kriegel, H.-P., Brinkhoff, T. andSchneider, R. (1991). TheCombinationof SpatialAccessMethods
andComputationalGeometryin GeographicDatabaseSystems.2ndSymp.onAdvancesin Spatial
Databases. LNCS525. 5–21.

Nagy, G. andWagle,S.(1979). GeographicDataProcessing.ACM ComputingSurveys, 11(2), 139–
181.

Schneider, M. (1997). SpatialData Typesfor DatabaseSystems- Finite ResolutionGeometryfor
GeographicInformationSystems. LNCS1288.Springer-Verlag.

Scholl, M. and Voisard, A. (1989). ThematicMap Modeling. 1st Int. Symp.on Large Spatial
Databases. LNCS409. 167–190.

Tilove,R. B. (1980).SetMembershipClassi�cation:A Uni�ed Approachto GeometricIntersection
Problems.IEEETransactionsonComputers, C-29, 874–883.

Tomlin, C. D. (1990).GeographicInformationSystemsandCartographicModeling. PrenticeHall.
Valenzuela,C. R. (1991).DataAnalysisandModeling. RemoteSensingandGeographicalInforma-

tion Systemsfor ResourceManagementin DevelopingCountries. 335–348.
Volta, G. S. and Egenhofer, M. J. (1993). Interactionwith Attribute Data Basedon Categorical

Coverages.1stInt. Conf. onSpatialInformationTheory. LNCS716. 215–233.


