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ABSTRACT

Mapsarea fundamentametaphoiin GIS. We introduceseveral new operationson mapsthatgo far
beyond well-known operationdike overlay or reclassi cation. In particular we identify andgener
alize operationghatare of practicalinterestfor spatialanalysisandthat canbe usefulin mary GIS
applications. We give a precisede nition of theseoperationsbasedon a formal model of spatial
partitions. This providesa theoreticalfoundationfor mapswhich also senesasa speci cationfor
implementations.

1 INTRODUCTION

Numerousapplicationsn spatially-orientedlisciplinedike geographycartographyandrelatedareas,
aswell asin computerassistedsystemdike geographicainformationsystemsandspatialdatabase
systemsvitnessheimportanceof mapsor spatialpartitions. A mapis afundamentahndwell-known
metaphoranda widely recognizedgeometricandtopologicalstructurethatis capableof carryinga
large amountof information.

In aformerpaper(Erwig etal., 1997)we have layedthe foundationfor aformal treatmenbf spatial
partitions. This formal framevork restson threebasicand powerful partition operationgo which
all application-speci coperationknown in the literaturecanbe reduced.In this paper we identify
adwancedoperation®n mapsandextendthe formalframevork accordingly

1.1 Maps Revisited

A spatialpartitionis a subdvision of the planeinto pairwisedisjoint regionswhereregionsare sep-
aratedfrom eachotherby boundariesand whereeachregion is associatedvith an attribute having
simple or even comple structure. Thatis, a region with an attribute incorporatesall points of a
spatialpartition having this attribute. A spatialpartitionimplicitly modelstopologicalrelationships
betweenrthe participatingregionswhich canbe regardedasintegrity constraints.First, it expresses
neighborhoodelationshipsvheredifferentregions may have commonboundaries.This propertyis
immediatelyvisible on amap. A secondrelatedaspecis thatdifferentregionsof a partitionareal-
waysdisjoint (if we neglectcommonboundariesyo thata visualrepresentationf a partitionhasa
very simplestructureandis easyto grasp.

Thebasicideafor modelinga spatialpartitionis to mapthe Euclidearspaceo somedabel or attribute
type i.e., regionsof a partition are assignedsinglelabels. Adjacentregions have differentlabelsin
theirinterior, andaboundaryis assignedhe pair of labelsof bothadjacentegions.

A numberof application-speci mperationdiasbeende ned on maps.Themostimportantoperation
is overlaywhich allows to arrangetwo partitionswith differentattribute cateyorieson top of each
otherandto combinethemthroughgeometridntersectiorinto anew partitionof disjointandadjacent
regions. Anotheroperationis reclassifywhich retainsthe geometricstructureof the spatialpartition



andtransformsall or somepartitionattributesto newv or modi ed attributes. The operatiorfusionis
a kind of groupingoperationwith subsequengeometricunion. It meigesneighboredegionsof a
partitionwith respecto partially identicalattributes.The geometriaunionof all regionsof a partition
is formedby the operationcover, it yields a resultpartition consistingof a singleregion. With the
operatiorclippingwe cancomputetheintersectiorof a partitionandagivenrectangulawindow. The
differenceoperatiortakestwo spatialpartitionsde ned over the sameattribute domainandcomputes
the geometriadifferenceof their point sets.All theregionsof the rst partitionaremaintainedn the
resultpartitionexceptfor thosepartsthathave the sameattributesin both partitions. The taskof the
operatiorsuperimposes to lay theregionsof apartitionover anotherpartitionandto cover anderase
partsof theotherpartition. Finally, the operatiorwindowallowsto retrieve thosecompleteregionsof
aspatialpartitionwhoseintersectiorwith a givenwindow is notempty

In (Erwig etal., 1997)we have showvn thatall theseapplicationoperationgandevengeneralizations
of them)canbereducedo threefundamentabperationsntersectionrelabel andre ne. Intersecting
two spatialpartitionsmeando computehegeometriantersectiorof all regionsandto produceanew
spatialpartition;eachresultingregion is labeledwith the pair of labelsof theoriginal two intersecting
regions,andthe valueson the boundariesre derived from these.Relabelinga spatialpartition has
theeffect of changingthelabelsof its regions. This canhapperby simply renaminghelabelof each
region; or, in particular distinctlabelsof two or moreregionsaremappedo the samenew label. If
someof theseregionsareadjacenin thepartition,the borderbetweerthemdisappearsandthey are
fusedin theresultpartition. Re ning a partitionmeango look with a ner granularityon its regions
andto revealandto enumeratéheinternalcomponenstructureof regions.

1.2 NewApplications

Despiteall theseoperationscopingwith a large numberof mapapplicationsthereare queriesthat
cannotbe answeredy themandthatrequirea new classof advancedmapoperations Assumethat
we are given a country map with the populationnumberfor eachcountry Thenwe can ask, for
instancefor the total populationof all countries.This queryneedsa traversalover all countriesand
asimultaneousummatiorof all populationnumbersWe provide the operatiormapaggregationfor
calculatingsuchkinds of statisticsover amap. Or we areinterestedn labelingeachcountrywith its
region'sarea.We cannofperformthis operatiorby asimplerelabelingsinceit is appliedonly to labels
of singlepointsandnotto wholeregions. For this purposewe offer an operationcalledregion-based
mapannotation

In addition,the advancedoperationccomprisemapselectionfor extractingregionswith selectedat-
tributesinto a newv map, maplayering spreadingnapinformationto differentlayersby distributing
andgroupingattributes,mapjoining for combiningmapswith identicalgeometriesut differentat-
tributes,maplookupsearchingor mapinformationby attribute patternsmapannotationfor adding
informationto theregionsof amapthatis givenby tables(functions),andpathextractionfor nding
apathbetweertwo regionsof amap.

With two exceptiongmentionedater) our modeldoesnotleave thecontet of maps.Hence theonly
supportwe needat a userinterfacearepartitionsandafacility to enteraguments As aconsequence,
we will obtainsimpleanduserfriendly interfaces.

Section2 discusseselatedwork. Sections3 to 6 introducethe advancedmap operationsn more
detail andgive applicationexamplesfor them. Section7 brie y reviews the formal modelof maps
andmapoperationsasdescribedn (Erwig etal., 1997). Section8 formalizesde nitions of the new
mapoperationsFinally, Section9 dravs someconclusions.



2 RELATED WORK

Mapshave beenidenti ed asa centralspatial concept(Frank,1990)to organizeour perceptiorand
understandingf space.They correspondo the cognitive experienceandknowledgehumanshave of
arealphenomenén therealworld.

Frequently mapsarisefrom classifyingspaceaccordingto someattribute (like rural areasaccord-
ing to their agriculturaluse). They arethencalledthematicmapsor cateyorical coverages(Frank
etal., 1997;Voltaetal., 1993). The operationdn this contet focusonly on partitionsof attribute
valuesalone; spatialoperationson mapsincluding geometricintersectionsare completelyignored.
In categorical coveragesthemesand attributesare x ed. This meansthat dynamicextensionsor
combinationf differentpartitionsarenotpossible.

In geographically-orientedpplicationsandsystemsnapsareregardedasthe primarytool for spatial
analysistasks(Berry, 1987; Frank,1987;Franketal., 1997;Huangetal., 1992;Nagyetal., 1979;
Tomlin, 1990;Valenzuela]1991;Volta et al., 1993). Thesetasksare solved on the basisof the map
operationssummarizedn theIntroduction. Application-orientedxpositionsof theseoperationan
befoundin (Berry, 1987;Dangermond]1990;Frank,1987;Giiting, 1988;Gliting etal., 1995;Huang
etal., 1992; Kriegel et al., 1991; Schneider1997; Scholl et al., 1989; Tomlin, 1990; Valenzuela,
1991)for overlay, in (Berry, 1987; Dangermond1990; Huanget al., 1992)for reclassifyin (Chan
etal., 1996; Guting et al., 1995; Huangetal., 1992; Kriegel etal., 1991; Schneider1997; Scholl
et al., 1989)for fusion in (Scholl et al., 1989)for cover, in (Scholl et al., 1989)for clipping, in

(Huangetal., 1992)for differencein (Chanetal., 1996;Scholletal., 1989)for superimpositio, and
in (Scholletal., 1989)for window

At a rst glance,it seemghat several advancedoperationgntroducedin this papercanbe simply
realizedwith therelationalmodel. Thisis, indeed truefor thematicdatabut in no casevalid for geo-
metricattributes.The rst problemof therelationalmodelis to storegeometryin relations.This has
led to extendedrelationaldatamodelsandto theintroductionof spatialdatatypes(Schneider1997)
asattribute typesin relationschemes A datatype for regionsis an example. The secondproblem
is thateventhis approachasnot solvedtheissuehow to modelthe integrity constraintsuinderlying
partitions,namelythe disjointednessndadjaceng of the regionsof a partition. Thesetopological
constraintcannotbe maintainedoy therelationalmodelsothatit is unsaferegardingthis aspect A
few unsatisfactoryproposalfave beenmade.ln (Giting, 1988)a spatialdatatype areais suggested
to modelconstraintn partitions.Within theframevork of anextendedrelationaldatamodelthe set
of polygonsoccurringin arelationasa columnof anattribute of typeareahasto ful Il theintegrity
constraintthat all polygonsare adjacentor disjoint to eachother Unfortunately the maintenance
of this propertyis not supportecby the datamodel, ratherit is up to the users responsibility A
genericdatatype for partitions,calledtessellationis informally introducedin (Huangetal., 1992)
asa specializedype for setsof polygons;this type canbe parametrizedvith an attribute of a yet
unspeci edtype. In (Giting etal., 1995)so-calledrestrictiontypeshave beenproposed.This con-
ceptallows oneto restrictthe generakypefor regionsto subtypesvhosevaluesall satisfya speci ¢
topologicalpredicatg(like disjoint) andwhich neverthelessnherit the propertiesand operationsof
themoregenerakypefor regions. But it is unclearwhich DBMS componentontrolsthe adherence
to this constraint. The third problemis thatit is unclearandprobablyimpossiblehow to implement
geometricoperationsike intersectiorwith theaid of therelationalmodel.

3 EXTRACTING AND COMBINING MAP LAYERS

A maplayer (or simply alayer) is similarto whatis sometimegalleda coveage athematicmap an
overlay, or alayerin GIS andcartographylt representa setof datadescribinghe spatialvariation
of oneor morerelatedattributesin astudyarea.We will call areasof amapassociateavith thesame
attributeregions

Usually, geometricinformationcontainedn a mapis modeledasa sequencef map layerswhich
can afterwardsbe overlayedinto a singlemap. In this section,we go the otherway round. From



an applicationpoint of view, we will introduceoperationdor extractinglayersfrom mapsby map
selectiorandfor recombinindayersinto asinglemapby aspeciakind of mapoverlaycalleddisjoint
mapcomposition

As anintroductoryexamplewe assumes mapwhich presents classi cationof landuse. The clas-
si cation comprisesttributeslike “wheat”, “steelindustry”, “coal mining”, “barley”, “chemicalin-
dustry”, “vegetable” etc. (seeFigurel).

wheat
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rye
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Figurel: Exampleof amap

Thenwe canask,for instancefor only thoseareaghatareonly cultivatedwith wheator barley; i.e.,
the useof the remainingareass not of interestfor us. This queryrequiresa map operationcalled
mapselectionwhich extractsonly thoseregionsof the original mapwhich have anattribute out of a
collectionof pre-speci edattributes.Theresultis a new singlemap(Figure2).

Map selectioncan be generalizedo an operationcalled map layer geneation. Imaginethat we

planto distributethe informationof our mapfrom Figurel andto shov regionsof agriculturaland

industrialuseon two separateanaplayers. Thenwe groupthe attributesindicatingagriculturaluse
into themoregenerakateory “agricultural” andtheattributesindicatingindustrialuseinto themore

generakategory “industrial”. (In generalwe can,of course usemorethantwo attribute categories.)
Afterwards basedon the original map,for eachof thetwo generakateyoriesa separatenaplayeris

producedandeachmaplayer containsall thoseregionsbelongingto a generalkateyory andlabeled
accordingto the original attribute resolution. Figure 3 presentghe resultof maplayer generation
basednthemapof Figurel. Thegenerakatgoriesarevisualizedasstringsbesidehe maplayers.
Map layergenerations, in particular interestingfor spatialanalysigaskssolvedwith theaid of user
interfacesvhereit canbe employedoy the userto produceandmanagenew collectionsof maps.
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Figure2: Map aftermapselection Figure3: Map aftermaplayergeneration

Obviously, dueto the describedconstructiorprocesof maplayers,thegeometrieof all maplayers
aredisjointwith respecto theirinteriors.Only boundarie®f regionsof differentlayersmaypartially
coincide.Hencetheoriginalmapcanberecombinedy amapoverlayoperationrwhichdoesnotneed
to computeary intersectiongut simply form their geometricunion and adopttheir corresponding
attributes.We call it disjoint mapcomposition Fromthis point of view, disjoint mapcompositions
theinverseoperationof maplayergeneration.

4 JOINING AND INSPECTING MAPS

Spatialanalysidrequentlyproducesollectionsof differentmapswhosespatialreferencesystemand
whosesubdvision of spacento regions(i.e., whosegeometry)is the same.Thesemapsessentially



differ in the themesthey dealwith andhencein the attribute distributions. An interestingtaskis
thereforeto integrateall attributeinformationswith respecto the sameregionsinto asinglemap.

Considerasan examplethe Europearcountriesandassumehat a collectionof mapsgathersstatis-
tical datafor eachcountryinvolving countryname population,populationdensity averageincome,
unemploymentate,spokenlanguageetc. Figure4 shavs two maps,eachmappresentinghree c-
titious countries. The rst mapis labeledwith countrynames,andthe secondmapis labeledwith
populationdensity

Next, we could beinterestedn anintegratedview of all attributeson a singlemap. Theeffectis that
all attributesarejoined;the geometryof theresultingmapis the sameasthe geometryof theoriginal
map collectionand remainsunchangedWe call this operationa mapjoin. Figure5 visualizesthe
mapjoin of thetwo mapsof Figure4.

Figure4: Two examplemapswith the same Figure5: Map aftermapjoining
geometnybut differentthemes

Sometimespneis interestedn the functionalrelationshipbetweenpartsof an attribute labelinga
region. Concerningour exampleof Figure5 we canobtaina functionfrom countrynameto popula-
tion densitywith theinstanceA  256,B  357,andC  268. We call this operationfunctional
extraction sincethe functionalrelationshipbetweendifferentattribute partspertainingto the same
region is extractedfrom amap.

A map usually offers a global view of a collectionof regions labeledwith someattribute. Often,
the useris interestedn retrieving only partial informationof a mapwheresomekind of “search
key” is given asan attribute patternto specify the desireddata. Usually, an attribute hasa more
comple structureandconsistf several componentsConsideragaina mapof Europearcountries
with the countryname,the population,andthe spokenlanguageor eachcountry Assumethatwe
areinterestedn all countrieswhereGermanis the spokenlanguage.Thenwe cansearchwith the
attribute pattern(_, ., Germanyor all thesecountries.Thesymbol*_" senesasawildcardandstands
for an arbitraryvalue of the respectie attribute component.Hence,an attribute patternmay have
wildcardsor concretevaluesof the correspondingttributecomponentisentries.In theexample the
resultis amapcontainingonly thosecountriesspeakingserman . We call this operatiormaplookup

5 INFORMATION EXPANSION IN MAPS

Frequentlywe areinterestedn extendingtheinformationavailableon a map. Assumethata mapof
oil elds with theirnameds givenandthatwe additionallyhave a tableindicatingthe ownerof each
oil eld (Figure6).

To producea map shawving the connectiorbetweerthe nameandthe ownerof anoil eld, we have
to supplementhe nameattribute of eachoil eld appropriately The resultis shavn in Figure7; we
combinethe mapandthetable(givenasafunction)andobtaina new maplabeledwith thenameand
theownerfor eachoil eld. Thisoperations calledmapannotation

Sofar, annotatiorin mapshasnottakeninto accounthegeometryandthegeometrigoropertief the
singleregionsof amap.However, geometry-basednnotatioreadsto very interestingandimportant
queries.For instancewe canaskfor the area,the perimetey or the diameterof eachoil eld in the
map. Thisnecessitatesnaccess$o singleregionsof amapandelementaryinaryfunctionscomputing
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Figure6: Oil eld mapandownershiptable Figure7: Map aftermapannotation

numericalpropertieof eachregion. Theoil eld mapandafunctionfor calculatingregionarease.qg.,
arethencombinedandyield a nev mapwhereeachregion is taggedwith theoil eld nameandits
area.We call this operatiorregion-basednapannotation

6 MAP AGGREGATION AND CONNECTIVITY

Anotherimportantmapoperationis mapaggregationwhich senesfor calculatingsummarystatistics
over amapor over a distinguistedcollectionof regionsof a map. Imaginea mapof districtswhere
eachdistrictis taggedwith its nameandits populationnumber(Figure8).

To computethe total populationof all districts,we have to traversethemandto accumulatell pop-
ulation numbers. Thatis, asinput we takethe map, a function which addsthe currentpopulation
numberto theintermediatesumof thedistrictsalreadyvisited,andaninitial valuefor the summation
procesdo startwith. In our example theinitial valueis 0. Theresultis anew map(Figure9) where
theaggreationvalueis attachedo eachdistrictregion of themap.

Figure 8: Map shawing districts Figure9: Map shawing thetotal popu-
andtheir population lation numberattachedo all districts

Aggregation valuesare often usedin further map operations. For instance with the availablein-
formationwe can computethe ratio of eachregion's populationto the total populationof all dis-
tricts andlabel eachdistrict with this result. In our examplewe obtain the following proportions:
A:3122%B:50% C:1172% andD : 7 06%.

Besidessummationwe can,of courseuseothernumericalaggrgationfunctions. For example,we
cancomputethe minimum averageincomeof a numberof countriesto identify the pooresicountry
or themaximumbirth or deathratein countriesof the Third World.

An exampleof a non-numericahggreationfunctionis theinsertionof anelementnto a collection
of values. Imaginea countrymap showving for eachcountryits name,the economiccommunityto
which it belongs(like the Europearlnion), andits mostimportantnaturalresource.The taskis to
nd outall naturalresourceshatareavailablein aneconomiccommunity“A”. First, we identify all
countriesbelongingto the economiccommunity“A” by maplookup (seeSectiond). Afterwards,we
aggregateover thisintermediatanapandinsertall namesof naturalresourcednto a set. Hence the
initial valuemustbe the emptyset. Theresultis a nev mapwhereall attributesof the original map
have beenextendedby the setresultingfrom aggregation.



Anotherinterestingssuerelatego connectvity propertieof maps.Thisis illustated for example, by
theapplicationsvhetheiit is possibleto reachacountryK from acountryA overland,or whethertwo
friendly nationsA andK locatedon the samecontinentcanvisit eachotheroverlandwithout being
forcedto traverseenemyterritory (Figure10).

Theseapplicationsaskfor apathbetweem andK. As inputwe needacountrymapandtwo countries
A andK for expressingthe startanddestinationof a possiblepathbetweenthem. In ary case the

resultis anewv map(Figurell).
Ze @
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Figurel0: Searchingapathonamap Figurell: Findingapathonamap

If apathexists, theresultis a mapwith a pathof minimal lengthto indicatethe existenceof sucha
path. If a pathdoesnot exist, only startanddestination(here:the countriesA andK) areshavn on
theresultmap.We call this operatiornpathextraction

7 SPATIAL PARTITIONS: A FORMAL MODEL OF MAPS

In this sectionwe brie y repeatthe de nitions of our modelfor spatial partitions. We provide a
precisede nition for thetype of two-dimensionapartitionsin Section?7.1followedby ade nition of
thebasicoperationsn Section7.2.

Beforewe startgiving mathematicatle nitions for partitions,we shortly summarizehe usednota-
tion. Theapplicationof afunctionf : A Btoasetof valuesS Aisdenedasf S: fx x

S B.If wearesurethatf S yieldsasingletonset,wewrite f S to denotehis singleelement(in-
steadof thesingletonset),i.e.,f S y fS vy (f Sisundenedif f S 1.) Similarly,
for doubly-nestedingletonsetswe usef  to extractelementsi.e., f S y fS v

Below we frequentlyhave to denotgfunctionsusedasparameterfor operationsFor this we employ
thelambda-notatiort X SE x (whereE is anexpressiorusingx). Thisis anabbreiation for the set
expression X E x x S (whichactuallyrepresentsfunction).

Theinversefunctionf 1:B 2Aof fisdenedbyf 'y : x S fx y.Notethatf lis
atotalfunctionandthat f * appliedto a setyieldsa setof sets.Therangeof afunctionf : A Bis
denedasrng f : f A . Laterwefrequentlyhave to denotetherangeof apartition. Thereforewe
de ne for aset-aluedfunctionf : A 2Bthenotations-rngf : b B b g f givingthe
valuesoccurringin singleton-sets.

We alsointroducea notationfor power setscontainingsetsof constrainedize:for and
k INwedeneSk: s 25 s k.

Let X T beatopologicalspacewith topologyT 2%, andletS X.! Theinterior of Sis de ned
asthe union of all opensetsthatare containedn Sandis denotedby IntS, andthe closure of Sis
de ned asthe intersectiorof all closedsetsthatcontainS andis denotedoy S. The exterior of Sis

givenby ExtS: Int X S, andtheboundary(or frontier) of Sisde nedasFrS: S X S An

1Recallthatin atopologicalspacehefollowing threeaxiomshold (Dugund;ji,1966): () U V. T u v T,(i
S T u sU T,and(ii) X T, T. Theelementf T arecalledopensets theircomplementin X arecalled
closedsets andthe elementof X arecalledpoints



opensetis calledregular if A IntA. Thetypeof regularopensetsis closedunderintersectionThe
topologicalspacethatwe work with in this paperis IR?.

A partition of a setS canbe viewed asa total function f : S | into anindex setl; f inducesan
eguialenceaelationship ¢ onSthatisde nedbyx ;y f x fy.Theequivalenceclasses
S ¢ arecalledblocks Theblock S thatcorrespondso anindex i isgivenby §: f 1 i, andthe
wholepartiton § i | ( S ¢)isalsogivenby f 11 if fissurjecte.

7.1 The Type of Spatial Partitions

A spatialpartition (in thetwo-dimensionatase)is not justde ned asafunction f : IR?> | for two
reasons:rst, in mostapplicationsf cannotbeassumedo betotal,andsecond,f cannotbeuniquely
de ned on bordersbetweenadjacentsubsetof IR?. Moreover, it is desirablefrom an application
pointof view to requireblocks(modelingregionsof acommonlabel)to beregularopensets(Tilove,
1980).

Therefore,we have de ned spatialpartitionsin several steps(Erwig et al., 1997): rst, a spatial
mappingof typeA is atotal functionp : IR? 22, We requirethe existenceof anunde nedelement
A A, whichis usedto representinde nedlabels,i.e., the “exterior” or “outside” of a partitionis
theblockb IR? withp p aforall p b. Thepowersetrangetype 2” is usedto modellabels
onregion borders:aregion of p is a blockthatis mappedo asingletonsetwhereasa border of p is
a block thatis mappedo a subsebf A containingtwo or moreelements.Thenthe interior of p is

de ned asthe unionof p'sregions,andtheboundaryof p is de ned astheunionof p'sborders.

De nition 1 Letp beaspatialmappingof typeA.

() rp: ptmgp * (regions)
(i) wp: plmgp ? (borders
(i ip: yipr (interior)
(iv), bp: pwpb (boundary

Finally, a spatial partition of type A is a spatialmappingof type A whoseregionsareregular open
setsandwhosebordersarelabeledwith the unionof labelsof all adjacentegions:

De nition 2 A spatialpartition of type A is aspatialmappingp of type A with:
@ r rp:r Intr
(i) b wp:pb pr r rp b

=l

The useof p b ontheleft handsideandp r ontheright handsidein (ii) canbe madeclearas
follows: considera block of a partition p, e.g.,aregionr or a borderb. For eachpoint p thatis
containednr orinb, p p yieldsasalabelasetof values.For p r,thisisasingletonset,say a ,
andfor p b, thisisaset ab of two or moreelementsNow whenwe applyp to thewholeset
r (or b), we obtainthe setof all labelsfor all points. By de nition theseareall equal,sotheresults

ofpr andpb are a and ab , respectiely. Thus,if we wantto denotethe common
labelof all pointsof a block, thisis givenby p r aorpb ab , respectiely. Likewise,
pr a Hencepb denoteshecommonlabel,aset a b , of borderblockb, andp r gives

thelabelof eachtouchingregion.

We denotewith A thetypeof all spatialpartitionswith labeltypeA.

7.2 Operationson Partitions

We have de ned threebasicoperationson spatialpartitions: intersection relabel andre ne. The
intersectiorof two partitionsp, andp, of typesA andB, respectiely, is againa spatialpartition (of
type A B) whereeachinterior point p is mappedo the pair of values p; p p2 p , andall border



pointsare mappedo the setof labelsof all adjacentegions (asrequiredby the secondpart of the
de nition of apartition). Formally, we cande ne theintersectiorof two partitionsps : A andpz: B
in several steps: rst, we computethe regionsof theresultingpartition. This canbe doneby simple
setintersectionsinceregions are, by de nition, regular opensetsandsince is closedon regular
opensets:

r-prpz2: r r r rpp r rp2

Second,the union of all theseregions gives the interior of the resulting partition: i p; p2 :
r r ppe I~ NOw the spatialmappingrestrictedto the interior can be just obtainedby mapping
eachinteriorpointp |: i p1 p2 tothepairof labelsgivenby p; andpa:

P lpdl pip p2p

Third, theboundarnyjabelscanbe derivedfrom thelabelsof all adjacentegions.LetR: r p1 p2,
l: i ppp2,andF: IR? I. Thenwe have:

intersection A B A B
intersectionpy p2 : p IpF ppr r R p T

To understandhe useof p  in the above de nition, recall the remarkafter De nition 2: since
we have to placepairsof labelsin the resultsetandsincep r ab ,weobtain ab by
applicationof p

Relabelinga partition p of type A by afunctionf : A Bisdenedasf p,i.e., intheresulting
partition of type B eachpoint p, interior aswell asboundaryis mappedo f p p (recallthatp p
yieldsasingletonset,e.g., a , andf appliedto this setyieldsthesingletonset f a ):

relabel:. A A B B
relabelp f : IpIR>fpp

Finally, the re nement of a partition meansthe identi cation of connectedcomponents. This is
achieved by attachingconsecutie numbergo the componentsA connecteccomponenbf anopen
setSisamaximumsubsefl  Ssuchthatary two pointsof T canbeconnectedby acurvelying com-
pletelyinsideT (Dugundiji,1966). Letgr C1 C, denotethe setof connecteccomponents
of aregionr. Then,similarto intersectionwe cande ne theoperatiorre ne in severalsteps.

First, theregionsof theresultingpartitionarethe connecteddomponentsf all regionsof theoriginal
partition.

rgp : gr
rrp

Again, the union of all theseregionsgivestheinterior of the resultingpartition:igp @  pT.
This meanghatneithertheinterior nor the boundaryis changedy re ne.

We cannow directly de ne the resultingpartition on the interior, sincethroughthe computationof
the connecteccomponentsve automaticallyobtaina setof numbersthat canbe usedasadditional
labels.Thus,there nementof theinterioris givenby:

pi: p ppi r rp gr a & I 1 k pg
Finally, we have to derive the labelsfor the boundaryfrom the interior. (Recallthatb p
brenep .)NowletR: rgp,l: igp,andF: IR? I. Thenwehave:

rene: A A IN
renep: p IpFppr r Rpr

In (Erwig et al., 1997) we have proved that partitions are closed under the three operations
intersectionrelabel andre ne.



8 ADDITION AL HIGH LEVEL PARTITION OPERATIONS

Thethreebasicoperatorpresentedh theprevioussectioncover abroadrangeof application-speci ¢
operationghat have beensummarizedn the Introduction. In the following subsectionsve de ne
several additionaloperationgo formalize the advancedandin part novel applicationsdescribedn
Sections3 0 6.

8.1 Operationsfor Layering

The selectoperationis usedto extractspeci c partsof a partition. It canbe consideredin fact,asa
specialcaseof relabelingin which all non-interestingartsof the partitionaremappedo unde ned
andall interestingpartsarekeptunchangedThe decision,which partsto keepandwhich to forget,
is basedon thelabelsof the partitionandis thusrealizedby a predicateon thelabeltype A. We can
thereforede ne selectusingthe operatiorrelabel

select A A B A
selectp P : relabelp | xAif P x thenxelse a

The “dual” of a partition selectp P is alwaysgiven by the expressionselectp P . Intuitively,

the overlayof selectp P andselectp P shouldalwaysyield the original partitionp. To express

thisrelationshipgformally, we rst de ne anoperationunionthatcombinegwo partitionsof thesame

type thataredisjointin the following sense:two partitionsp: A andp : A arecalleddisjointiff
p IR?:pp APDP A- Wewrite p / p to expressthefactthatp andp aredisjoint.

Now unionis de ned to yield thelabelof eitherp or p . If p andp arenotdisjoint, unionis de ned
toyield A for all pointsof theircommondomain.We cande ne unionby relabelingtheintersection
of p andp with thefollowing function(fora a A):

a if a A
a a: a if a A
A Otherwise

We cannow de ne;:

union: A A A
unionp p : relabelintersectionpp | xXy:A AX Yy

Thus,we canexpresstheabove characterizatioof selectas
union selectp P selectp P p

whichis truebecauseselectp P / selectp P ..

Theoperationlayer is a generalizatiorof relabelandconstructdayersof partitionsaccordingo the
relabelingiunction. In practice thetargettypeB of therelabelingunctionf : A Bwill oftenbeused
to groupsetsof A-labelsinto differentclassesandfor eachclassanown partitionis computed More
preciselyfor eachlabelb BletA, Abethesetof A-labelsmappeddy f tob (i.e., A, f 1Db).
Thenwithp: A, layerp f constructdor eachb B apartitionpy: A, whichisidenticalto p on
all pointsmappedo alabelin A, andwhichyields a everywhereelse. Therelationshipbetween
eachlabelb B andits correspondindayer Ay, is capturedoy thefactthatlayer returnsafunction
oftypeB A.

layer: A A B B A
layerp f : IbBselectpl xAfx b

This meanghatlayer p f yieldsfor eachb B anA-partitionwhoselabelsareall mappecdoy f to
b. We call functionsof typeB A thatresultfrom thelayer operatioralsolayeredpartitionsanda
partition A, alayer.



We have a similar characterizatioffor layeredpartitionsasfor select To expressthis, we extendthe
union operationfrom the binary caseinto anoperationcollapsethatis ableto aggrgyatea complete
layeredpartition:

collapse B A A
collapseL : piunion unionpy whereL B p1 Pn

With collapsewe canexpresghefactthattheoverlayof alayeredpartitiongeneratedy theoperation
layer from a partitionp yieldsagainthe partitionp:

collapselayer p p

whichis true becaus¢helayersgeneratedy selectarepairwisedisjoint.

8.2 Joining and Inspecting Partitions

Therelateoperationallows to accesspeci ¢ region labelsof onepartitionp : B by usinganother
partitionp : A to identify the correspondingegion. This requiresboth partitionsto have exactly
the sameregions,i.e.,r p r p . In thatcasewe cancomputea function that givesfor each
a s-rngp  Athevalueb B to which the region is mappedby p. We cande ne therelate
operatiorby composingp with p.

relate: A B A B
relatepp : IxAp p ! x

Sincep !yieldsaregion,i.e.,asetof points,we haveto usep  to extractthe singlelabelvalue.
Therelationshipdetweerp, p, andrelatep p aresummarizedn Figurel2.

@2
) %%
p 1
A———IB

relatep p

Figurel2: De nition of relate

We canwell considerpartitionsas databasebjects: thenthe regions sene, in a senseas object
identi ers, and partitions,suchasp: A, play therole of attributes(with namep anddomainA).
In the context of the operationrelate we noticethat p is usedlike a key attribute. (Note that by
de nition, ary partitionis akey attributein the sensehatthelabelsidentify theregions.)

Onedrawvbackof therelateoperations thattheresultof theoperationafunctionof typeA B, isnot
apartition. In contrastall otheroperationslo returnpartitions(exceptlayer which returnsa layered
partition). Thereforewe favor a differentway of accessingartitionlabels,whichis describedn the
following.

First, we canaccumulatedifferentlabelsfor the sameregions by simply usingthe intersectionop-

erationon correspondingartitionsp : A andp : B. Thisresultsin a partition having againthe

sameregionsasp andp , but whoselabelsareof type A  B. Theapplicationof intersectionto two

partitionshaving the sameregions representsn importantspecialcase,and we call this operation
join.

Thentheretrieval of speci ¢ informationsfrom partitionsis achiezed by theoperationookup which

takesapartitionp : A andapatternof type A, andconstructsa (sub-)partitionof type A of all those
partswhoselabelsmatchthe pattern. First of all, we have to explain whata patternis: a patternis

eitheravalueor thewildcardsymbol“_". Thetypeof patternver a(non-productlypeA is denoted
by A andis de ned as:

A: A _



Thus,e.g.,17 and_ areelement®f thepatterntypeIN. A patternover aproducttypeis simplyatuple
of patternsover thecomponentypes,i.e.,

Ay Aci Au A

Hence, 3 true isapatternoftypelN 1B, asare O _ or _ _ . A patternspeci esthevaluedookup
shouldsearchfor in a partition. The wildcardssene as“don't care”-\aluesthat matchary value.
Formally, matchinga patternf (which canbeawildcard _ or avaluey) againsta valuex, written as
f X isde nedby thefollowingrules:
- X
y X
fi fk X1 Xk f1 X fr X
The rst line expresseghe fact that a wildcard matchesary value,the secondine saysthatvalues
matchon equality andthelastline de nesthattuplesmatchcomponent-wise.

Now lookupcanbe simply de ned by usingselect

lookup: A A A
lookupp f : selectp | xAf X

Theresultof lookupis a partitioncontainingall regionswhoselabelsmatchthe speci edpattern.

8.3 Extend Operators

We de ne two “label extension”operatorghataddresgwo shortcoming®f therelabeloperationas
de nedin Section7.2. Theseoperatorgealizemapannotation.

First, the newly assignedabelsareautomaticallykeys of the partitionresultingfrom relabel which

leadssometimedo undesiredusion effects. Consideye.g.,a userwho triesto assignwith relabela
numericlabel to a partition of countries.Now if two countriesaccidentallygetthe samelabel, the
regionsof the two countriesarefusedin the partitionthatis returnedby relabel whichis generally
not whatthe userexpected.A possiblesolutionis to keepthe original labeltogetherwith the newly

assignedne. This is actually possiblewith relabelitself, but sincethis operationwill occurquite
frequently we give it anown name.Thereforewe de ne anoperatiornextendasfollows:

extend: A A B A B
extendp f : relabelp | XA x f x

An importantpropertyof extendis thattheregionsof theargumentpartitionarenotchangedWe can
expresshisformally by:

r extendp f rp

The secondimitation of relabelis thatit is alocal operationin the sensehateachpointis assigned
anew labelindependentrom all otherpoints; relabeldependsnly on the old label of eachpoint.
In somesituations however, it is importantto assigna labelto a whole setof pointswherethe label
valuedependsn thatset. This is particularlytrue in casesvhennumericlabelsareto be assigned
thatdependnregions,suchastheareaor thediameterof aregion. In mostcase®neis notinterested
in gettingregionsof the samelabelfused. Thus,we de ne the operatiorr-extendsimilar to extend
the only differenceis thatthe parametefunctionis not appliedto eachpoint'slabelbut to theregion
thepointliesin.

rextend: A 2" B A B
r-extendp f : relabelp IxA x fp 1 x

As for extend theregionsof theargumentpartitionarenot affectedby r-extend

r r-extendp f rp



8.4 Partition Aggregation

In the designof anaggregationoperatomwe have strivedfor acompromisebetweera powerful oper
atorthatis capableof expressingnary interestingmapoperationsanda simpleoperatorthatis easy
to understandy users. We have arrived at an operatoraggregatethat accumulateshe labelsof a
partitionp : A with abinaryfunctionf : A B B startingwith anelementu: B (u is calledunit).
In mary casesve will have B A, e.g.,whenaggr@atingnumericallabelsby min, , andsoon.
However, therearealsocasesn whichatypeB A s needede.g.,whencollectinglabelsin a set;
in thatcasewe have: B 2”. Sincethe de nition of aggregatedoesnot have to takethe adjaceng
structureof the mapinto accountwe canusethe well-known aggreationsof sets(Breazu-&nnen
etal., 1991; Erwig et al., 1991; Breazu-&nnenet al., 1992; Feggaraset al., 1995):agg f u S to
denotetheaggreationof a nite, non-emptysetby abinaryfunction:

agg f u u
aggfu a S faaggfus

Now we cande ne mapaggreationasfollows(recallthatfor p: A wehaves-rngp a A a
mgp )

aggregate: A A B B B A B
aggegatep f u : extendp | xAagg f u s-rngp

Note thatwe do not just returnthe accumulatedialue,but ratherextendall regionsof the agument
partitionwith theaccumulatedalue. Thisis in line with our approactto staywithin partitiontypes,
andit alsoprovidesbettersupportfor mary applicationsvherethe accumulatedalueis, in afurther
step,relatedto theregions' values(e.g.,to shav the proportionof anareato thetotal area).

We could have de ned aggregatein a muchmore generalway: by taking the dual graphof a par
tition anaggregationoperatorcanmove in an exactly prescribedvay throughthis graph. We have
actuallyde ned andinvestigatedseveral versionsof suchan operatorin a differentcontect (Erwig,
1997).Exploiting adjaceng (andimplicitly alsodistancejnformationof regionsclearlymakessuch
aggreationoperatorsnoreexpressve, but they alsorequiresomepracticeto be effectively used.

Instead,we add a further operatorto supportapplicationsthat exploit the topologicalstructureof
partitions. We de ne the operationconnectthattakesa partitionp : A andtwo labelsx y: A and
determinewvhetherthe regionslabeledx andy areconnectedi.e., whetherthe regionsareadjacent
or whetherthereis a chainof regionsconnectinghem.

Thedualgraph G, of apartitionp : A is de ned asanundirectedunlabeledgraphin which nodes
arerepresentedy region labels: G,  s-rngp E, whereE, rngp 2. Notethatan edgeis
representetly atwo-elemensetof A-labels,andsincebordersetweeradjacentegionsareuniquely
labeledwith asetcontainingbothregions' labels we cansimply takethesetof all two-elemenborder
labelsasthe setof edges A pathin G, betweertwo nodesx andy is anon-emptysequencef nodes
p X1 XaWithx X1,y Xp,and X % 1 Epfori 1 n 1 . Thelengthof suchapath
is p : n 1. Wedenoteby Nyy Gy thesetof nodescontainedn ashortespath(with respecto
) betweernx andy. Whenno pathexistsin G, betweerx andy, Nyy G, isde nedtoyield xvy .

Now connectis de ned to returna sub-partitionof p that containsall regions of a shortestpath
betweerx andy in Gy, if it existsandjusttheregionsfor x andy otherwise.

connect A A A A
connectp xy : selectp 1 zAz Nyy Gp

9 CONCLUSIONS

We haveidenti ed sereralnew operation®nmaps.By usingaformalmodelfor partitionswe provide
atheoreticaframevork thatis well-suitedfor studyingmapsandoperation®n them:thede nitions
becomequite simple,whereat the sametime, the operationsarevery powerful. In particular varia-
tionsandextensionsof mapoperationcanbeeasilyde ned andstudied.
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