Appendix E

Reversible Schrodinger wave
simulation

This appendix gives the complete code for SCH, the reversible simulator of the Schro-
dinger wave equation that was mentioned in §9.5.6 (p. 241), and in §C.5 (p. 309). We
give the C, R, and PISA versions of the program.

E.1 Derivation of discrete update rule

Here we derive a naive approximate method for simulating Schrédinger’s equation in
discrete, reversible fashion. Later we will derive some alternatives.

A bit of history. Most of the following is original work, except that the final key
idea, for making the simulation exactly reversible, is something that I learned about
from Margolus in personal discussions. This trick apparently originated with Fredkin
and Barton in 1975, in the context of their own work (in collaboration with Richard
Feynman) on a discrete reversible Schrédinger equation update rule. (I was not aware
of this work when I reinvented part of it in the early versions of my own simulation.)
The story of the serendipitous discovery of this trick is told in Fredkin 1999 [75],
which also describes their version of the discrete rule in some detail.

Now, let us begin our derivation. We start with the full general form of the wave
equation when expressed in a state space in which the eigenstates correspond to
particle positions. It is possible to describe a system’s state space in many other
ways, but this way seems most straightforward and natural to those not immersed
in quantum physics. It also lends itself to visualization of the wave function on a
graphics display.
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Here is the Schrédinger equation in its full glory:

L T 0y () () h— ()

2 2

It requires some explanation for the general reader. & is lanck’s constant over 2 |,

1055 10 s.  is the number of positional degrees of freedom, 3 for particles
in 3 dimensions. is the mass associated with the th degree of freedom, in 3
dimensions the mass of particle 3 . isa vector of all particle position coordinates,

and  is particular position coordinate. is time. is a potential energy function
which is a function of the positions of all particles and optionally (if representing a
time-dependent potential) the time. is the wave function itself, a function of the
positions of all particles and of time its value is generally a complex number with
both real and imaginary parts, . The imaginary unit —1 appears
on the right-hand side of the equation. The magnitude of (), thatis, 2 2
is, when normalized, thought of as the probability density of finding the system in
state at time .

The important point to note, from the perspective of a dynamical simulation, is
that the equation describes how the wave function evolves over time, via the partial
derivative with respect to time that appears on the right side of the equation.

Now that we’ve seen the full form of the equation, let’s proceed to strip it down
to a slightly simpler form. First, we’ll get rid of the summation over the vector
since we are restricting ourselves for the moment to one particle in one dimension,
there is only one coordinate , and only one mass

h2 2
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Next, rather than writing the () arguments to and repeatedly, let them be
understood.

h2 2
5% h—
Next, we rewrite partial derivative operators as where isadi eren-

tial operator meaning the infinitesimal change in the given quantity when variable
changes by an infinitesimal amount  and everything else is held constant .
h? 2
- h—
9 2
This notational change will allow us to extricate the di erentials in the numerator
and denominator of a partial derivative operator from each other.
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Now, we solve for , the subscript reminding us that this is the that is
associated with  in the original expression

h2 2
T2 2 1)

This equation gives us the infinitesimal changein () at a point as time increases
by an infinitesimal amount  and the point is held constant. This is the most direct
statement of how  evolves over time.

Now we come to our first approximation. So far we have treated time and space
as continuous:  means an infinitesimally small amount of time, and  an infinites-
imally small distance in space. However, in our simulation we will time and
space into points with a minimum, non-infinitesimal distance between them, so that
we only have to represent the state of the wave function at a finite number of points,
and so that when we advance to the next time, there will be a non-infinitesimal
change in the wave function state. We indicate this conceptual change by replacing

with meaning the distance between our discrete points, the distance
between our discrete times, and the change in () in a time
h2 2
—_ —— 2
i 2 (2)

The earlier equation with the di erentials (equation .1) expresses the fact that the
two sides of this equation with the deltas approach equality in the limit, as and

approach zero. But hereafter in our derivation, we will treat the two sides as being
equal even though the deltas are not zero that is our approximation.

We believe we can prove that this approximation is correct to second order, i.e.,
that as long as the real rate of change of is small during the entire interval |
and if the minimum wavelength in the represented wave is significantly longer than

, then the di erence between our computed and the actual will improve
quadratically, proportionately to the square of 2 as this ratio is decreased.

Now, before we can make further progress, we need to decide how to evaluate
the expression 2 at particular points . In general, by we mean the change
in quantity , a function of , when changes by . However, how are we to
define () for a particular point ne symmetrical answer is that it is simply

( - ( — 2

pplying this to our particular case, we find (omitting still the ever-present
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argument):

nd plugging this into the equation .2 (considered as an equality) we get:

O
o ) = )y () ()

I 2
However, rather than sprinkling things like throughout our equations from
here on, let us take it as given that is always evaluated at points that are separated
by integer multiples of | and so we can treat as a vector with elements indexed
by integers . So hereafter we will replace ( )by , ( ) by , , and
similarly for () as well.
h2
B2 2 B

Now, let’s play around with this expression algebraically, and collect together the
terms involving

h2
R 2 B B
h h
R 2 2 hi
h h
2 2 ( ) — 2 h
h h
2 ( )_ 2 B

Next, to make the expression more concise, we introduce the following new quan-
tities to use as abbreviations:

h
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and rewrite our formula in terms of them:

S ) -
But now, this is all ust giving us the change in  over a time . How
exactly will this let us calculate at some future time given  at the current time
Well, using our earlier definition for , we can expand the left hand side of the
equation as follows (reintroducing as an explicit argument):

If we solve this for 2), we get

and if we now replace  everywhere with 2  (a change which does not matter since
was an arbitrarily chosen value already), including within the definitions of and

, we get
( ) (- ) (0 () -2 ()
Now for conciseness we replace ( ) as an argument with 1 as a subscript,
similarly to what we did earlier when we replaced ( ) with 1, and obtain

(( ) =2 )

Well, there are a couple of important things to note about this equation. First
rather than deriving the state of the wave at the next time step 1 from the state
at step , the equation requires using the states at the two previous steps and —1.
It’s a second order di erence equation, and it’s of the form that Fredkin has shown to
always be totally reversible, given a numeric representation that supports a reversible
addition operation.

The second important point is that although the equation is complex, the real
part of depends only on the real part of and the imaginary part of
Specifically:

(2 - ( ) (-3)

and similarly, the imaginary part of depends only on the imaginary part of
and the real part of

- @ - ( ) (4
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Therefore, if we consider the real components of at all the even-numbered steps

2 (for an integer), and the imaginary components of  at all odd-numbered
steps 2 1, we see that the evolution of those components is totally self-
contained, and we can ignore the real components at odd times, and the imaginary
components at even times, and thus work with only a single real number at each time
step. Let us do so, and define, for integers , the real quantities

2

2

Then we can rewrite the equations ( .3 and .4) above as two equations:

where (for  being either or )by  we mean the vector of all values , and
where (now omitting the subscript):

() 2 = )

The update rule ( .5) lends itself to a particularly simple pseudo-code implementation
given reversible addition subtraction instructions, as are the C language’s  and
operators when performed on integers:

()
- ()

where the absence of the subscript is intended to suggest application of each op-
eration to every element of the given vector. The is implicit, and is no longer
needed each value of  that is computed will implicitly represent the value of  two
time steps beyond the previous value that was computed, and each value of  that is
computed will implicitly represent the value of one time step beyond the previous
value of |, and two time steps beyond the previously computed

This process of updating and , can then be exactly undone by:

()
- ()
So the above analysis gives us a method of reversibly updating two arrays, repre-

senting the real and imaginary parts of  at successive times. Note that this does not
tell us both components of  at either particular time, but if  is changing gradually,



E. . DERIVATION O DISCRETE UPDATE RULE 383

as it will be if is su ciently small, then the two components taken together will
be a fairly accurate representation of ’s complex value at either of the times.

We note that if there is actually only one spatial point 0, so that the neigh-
boring points 1 and -1, are actually, in modulus 1 arithmetic, the same point
as itself, then the above algorithm actually reduces to (letting ):

which is an approximate circle-drawing algorithm, with the ’s and ’s giving the
coordinates of points on (or near) a circle. It is essentially the same algorithm as that
described by Margolus in [115], §2.8.2, pp. 82 84, with our energy-based quantity
2 2 h representing a quantity which can be thought of as being approx-
imately the amount of change in the ( ) vector per 2 time, as a fraction of its
length. This quantity takes the place of the 2sin( ) quantity which plays the same
role in Margolus’s equation, determining there the angular change (in radians) of the

point ( ) across a span of 2 time steps. Note that if 1 and 0, then
2 2sin( ).
ro orith s. The above algorithm has the aw that if  is too large,

so that and all s do not all remain small numbers, then the resulting evolution
will be far from the sort of unitary, norm-preserving operation that we would like to
have.

The dynamical system that Margolus originally described did not su er from this
problem, since his was based on an iteration that was exact even if
was large. We would really prefer to have a way of stepping through the Schrodinger
equation that benefited from a similar property.

I have produced other, slightly more sophisticated versions of the above algorithm,
which attempt to do a better ob of preserving unitarity, at least, even when is
large.

ctually I think no algorithm based on discrete spatial simulation will work in
the case where the potential energy function that is imposed on the system leads
to a particle acquiring a momentum that corresponds to a wavelength that is small
compared to the separation between points. However, as long as the separation
between points is much smaller than the shortest wavelength that ever appears, it
should be possible to construct a simulation that is reasonably accurate even when
fairly large amounts of time are umped over in a single step.

I could at this point go on and discuss in much more detail all my di erent
variations of this simulation, and their pros and cons, but at this point it seems to
be a low priority. For now, su ce it to say that I have a 100 percent reversible
technique for simulating the evolution of the Schrodinger wave function in this simple
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system, it is accurate as a first order approximation (although I have not here taken
the space to formalize and prove that assertion), and empirical demonstrations (on a
normal computer) verify that the simulation behaves quite well in a variety of simple
test cases involving di erent initial position distributions, velocities, and potential
energy functions. henomena such as tunneling and interference have been observed.
Total probability is nearly conserved. nd total reversibility has been experimentally
validated.

For Fredkin and Barton’s update rule, which is essentially the same as ours,
Richard Feynman apparently discovered that there is a definition of total probabil-

ity that is conserved by the update rule [75]. In the context of our discussion,
the corresponding definition of the exactly conserved probability over time steps
would be: 2 - We ust recently learned of Feynman’s invariant,

and we have not yet checked our own update rule to make sure that it works.

We now show how to port the above algorithm to a reversible processor. p-
dating the state need involve only integer addition and multiplication. ( endulum
does not currently support a built-in multiplication operation, so I had to implement
multiplication as a subroutine, which was easy to write in my high-level language.)

I believe this program, as it stands, constitutes an interesting demonstration of a
significant reversible program in our reversible language, and also demonstrates the
ability of a totally reversible program written in our language to simulate physics
without incurring an asymptotically increasing need for storage.

E. eversi le i ple entation

I have several di erent versions of my C program for simulating the Schrodinger
equation. The following version, , 1s an exactly-reversible version that uses
only integer arithmetic, and thus was the basis for the version of the program to run
on endulum, since we have not created any oating-point support for endulum as
of yet.

Large parts of this program are simply concerned with drawing the graphics dis-
play using the  window system, and are therefore uninteresting from the point of
view of the simulation technique itself. We have tried to isolate most of the graphics
code into a section at the bottom of the program.

The user interface to the program is currently very minimal. ny key press prints
out current statistics about the wave function. ny mouse button press exits the
program. To change any parameters of the simulation, one must edit the appropriate
constant and recompile the program. Fortunately, the program is short enough so
that this does not take very long.

The key functions in the program are: , which is the integer
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multiplication routine for integers taken as representing fractions between -1 and 1,

, which computes the appropriate function at a given point that gives the
amount by which a component of the wave vector should be changed at that point,
and and , which perform a state update in the given
time direction. These functions contain the core functionality which we ported to R
and endulum assembly.
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E. ource code in lan ua e

The following is the complete source code for the Schrédinger simulation as ported
into the R programming language, except for the multiplication routine, which the
compiler provides as a standard library function. See the constructin§ .4.16
(p. 368) for the R source for the multiplication subroutine.

Note that the initial wavefunction state is provided in the form of a static data
array, so that we do not have to port the trigonometric functions that were used to
generate the initial state in the C version of the program. lso note that we did not
bother to port the graphics code. utput is instead provided in a raw form which is
parsed, displayed, and compared with the original C program’s output by a separate
program which is wrapped around the endulum simulator.
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E. o piled code

The following is the exact IS assembly code output that was produced from the
above input file by the R compiler ¢ P we listed in ch. . It consists of 830
machine words (395 of data, 435 of program). We will not review this code in detail
here. However, when it was executed under our endulum virtual machine

(a C program written by Matt eBergalis), it was found to produce exactly identical
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output, on every step, to that of the original C version of the program, listed earlier,
thus validating the correctness of ¢ P and (at least for this program).
nd when execution was stopped and reversed at any point, the processor state re-

turned exactly to the orignal state at the start of the program (validating s
guarantee of reversibility).

22

22

22
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