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Abstract—A compressive sensing framework is described for
hyperspectral imaging. It is based on the widely used linear
mixing model, LM M, which represents hyperspectral pixels
as convex combinations of small numbers of endmember (ma-
terial) spectra. The coefficients of the endmembers for each
pixel are called proportions. The endmembers and proportions
are often the sought after quantities; the full image is an
intermediate representation used to calculate them. Here a
method for estimating proportions and endmembers directly
from compressively sensed hyperspectral data based on LM M
is shown. Consequently, proportions and endmembers can be
calculated directly from compressively sensed data with no need
to reconstruct full hyperspectral images. If spectral information
is required, endmembers can be reconstructed using compressive
sensing reconstruction algorithms. Furthermore, given known
endmembers, the proportions of the associated materials can be
measured directly using a compressive sensing imaging device.
This device would produce a multi-band image; the bands would
directly represent the material proportions.

I. INTRODUCTION

Hyperspectral image can be thought of as a three-

dimensional array, X (4, j, A), of real values. The first two
dimensions correspond to standard spatial coordinates and the
third dimension corresponds to wavelength [1]. The values
in the array generally correspond to the physical quantities
of reflectance, radiance, or emissivity. Typical wavelength
ranges include the Visible, Near-Infra-Red, Short-Wave IR,
and Long-Wave IR. These wavelength ranges are imaged in
tens or hundreds of narrow spectral bands. We will refer to the
vector of values at each spatial location as a pixel, keeping in
mind that these vectors range in dimensionality from tens to
hundreds. Hyperspectral image analysis differs from standard
gray-scale, color, or even multi-spectral image analysis by
virtue of the fact that the major focus is on using spectral
information at each pixel to detect the presence of materials
in the imaged scene. For this reason, some prefer to refer to
the process of imaging and analyzing hyperspectral images
as Imaging Spectroscopy to highlight the analogy to the use
of spectroscopy in chemistry. In chemistry, the fact that all
atoms have characteristic spectral wavelengths at which they
will emit photons can be used to determine the percentage of
different materials in a substance. Many techniques are used in
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chemistry labs to determine the relative percentage of different
substances within a mixed substance.

Hyperspectral image analysis is based on loosely following
the ideas from spectroscopy in chemistry. It is assumed that
there are a small number of materials in the imaged scene
that contribute to the spectral content measured at each pixel.
The spectra of these materials are referred to as endmembers.
In contrast to general chemistry, however, a hyperspectral
imaging device cannot generally produce information at the
atomic or molecular level. For example, there may be grass,
soil, sidewalks, and leaves in a given scene. In imaging
spectroscopy, those materials would be considered the basic
substances, or endmembers, rather than the different types
of atoms and molecules contained within the grasses. Con-
sequently, the substances or materials that are identifiable in
a hyperspectral scene are usually more complex and have
complicated responses compared to laboratory spectroscopy.

There are a number of possible ways to model the assump-
tion that the spectral vector at a particular pixel is a mixture
of a small number of materials. The most common is the
Linear Mixing Model which models each pixel as a convex
combination of the endmember spectra. The model can be
written x; = Ep; where x; € R is the spectrum at the
it" hyperspectral pixel, E is a DxM matrix whose columns
contain the endmembers in the data [1]. The ;" component
of p;, denoted by p;;, represents the proportion of the gth
endmember in the i*" pixel. The proportions for each pixel
are constrained as in Equation 1.
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LMM holds for a spectral pixel x; with respect to an
endmember matrix E if there exist proportions p; such that
x;, = Ep; ie. if x; is in the simplex defined by E where
x; = Ep,, is called the LM M Representation. The symbols
in LM M will be used consistently throughout this paper.

The term Hyperspectral Unmixing, or simply Spectral Un-
mixing, refers to any physical or computational realization of
a process that decomposes an input hyperspectral scene into
endmembers and proportions. The inputs to the proportion esti-
mation process are: (1) a set of spectra, {e1, es, ..., €5 } repre-
senting endmembers, and (2) a set of spectra, {X1, X2, ..., Xx }»
from a hyperspectral image. The outputs are: a set of M
proportions for each pixel representing the fractions of the
materials associated with the endmembers that appear in the
pixel. The endmember detection problem, loosely defined,
consists of finding a set of endmembers that somehow “best”



represent a the pixels in a hyperspectral image using the
LMM. The union of the problems of endmember detection
and proportion estimation is the problem of representing pixels
in a hyperspectral image using the LM M. The problem is ill-
posed since, for any finite set of spectra, there exist infinitely
many sets of endmembers and proportions that can exactly
represent all the spectra. Therefore regularization terms must
be used. An enormous amount of research has been conducted
in the area of hyperspectral unmixing and endmember detec-
tion [2—4]. It is noted that the LM M is the most common
model. Piecewise linear and other nonlinear models are also
under investigation but are not as well understood.

It is generally difficult to estimate a good LM M using
D dimensions for many reasons, including (1) many bands
are non-informative, either because they do not vary with the
imaged materials or they are absorbed by the atmosphere,
(2) mathematical approaches may require low-dimensionality
for full rank matrices, or (3) numerical problems occur more
easily in high dimensions. Therefore, it is common to reduce
dimensionality using standard transforms such as Principal
Components, Maximum Noise Fraction, or Hierarchical di-
mensionality reduction [5; 6]. Proportion estimation is per-
formed using either a large endmember spectral library or in
conjunction with an endmember detection algorithm. In either
case, each pixel is assumed to be a convex combination of a
small number of the large number of possible endmembers.
Each pixel can be viewed as a sparse combination of the
endmembers [7; 8]. The set of all possible endmembers
forms the dictionary. Typical ranges of values are are that the
dimensionality D ranges from around 100 up to 250 whereas
M ranges from about 3 to 20. Thus, the LM M offers a natural
sparse representation in a basis that is physically meaningful
and can be used directly for hyperspectral image analysis.

Compressive sensing has been investigated intensively re-
cently. Briefly, the compressive sensing framework is as fol-
lows, signals, {x(“) S IRD}, are assumed to have a sparse
representation with respect to a basis. Often, an original
signal, x(*), can be reconstructed from random projections,
x(©) = Sx(®) where the dimensionality of x(¢) is much lower
than x(*). The matrix S is called the sensing matrix. Full
descriptions are easily found [9—11]. Reconstructing x(*) from
x(©) generally requires optimization such as a solving a linear
program or minimizing an /;-penalized quadratic.

Sometimes reconstruction is required to produce an output
suitable for a human, such as an image for viewing. How-
ever, here it is often the case that reconstruction is only an
intermediate step in the process of computing other desired
quantities. The LM M of hyperspectral images can obviate
the need for reconstruction, because parameters of the LM M
can be calculated directly from compressed data. Sensing a
compressed version of a hyperspectral image, reconstructing
it, estimating the parameters of the LMM to produce a
representation in terms of a small number of endmembers is
inefficient. In this paper, it is shown that there is no need
to reconstruct the hyperspectral image to estimate the LM M
model for a hyperspectral image.

More precisely, a traditionally sensed and processed hyper-
spectral image is acquired in D spectral bands, or dimensions,

then reduced to a smaller number of dimensions, and then
further reduced to M dimensions using proportion estima-
tion and endmember detection techniques where M << D
(e.g. M is 5 and D is 220). Using this common line of
hyperspectral analysis, often the desired information are the
proportion maps for a hyperspectral image which indicate the
location and abundance of each material in the scene. The
LM M representation (in M dimensions) contains the desired
information and this fact implies that the decompression and
dimensionality reduction steps are unnecessary. In this paper,
it is shown that: (1) the desired information can be estimated
as accurately from compressively sensed hyperspectral as from
traditionally sensed hyperspectral data and (2) if the LM M
holds, then the proportions of particular materials in each pixel
can be measured directly with a compressive sensing imager.
The approach is similar in spirit to that of Gurbuz et al. who
showed that Hough transforms could be computed directly
from compressively sensed images [12]

The development proceeds by first establishing notation and
then developing items (1) and (2) in the previous paragraph.
Suppose X () is a matrix whose columns are (uncompressed)
hyperspectral pixels, then X(*) = E("P where the columns
of the matrix E(*) are the true uncompressed endmember
spectra and the columns of the matrix P contain the true
proportions associated with each hyperspectral pixel. Let S
denote a sensing matrix and X(©) = SX()  Each column
of X(® is a compressed pixel. The compressed data can
be represented using the sensing matrix, endmembers and
proportions as shown in Equation 2.

X(© = X = SEWP = EP 2)

Hence, compressed pixels can be represented by a convex
combination of the compressed endmembers, E(©), weighted
by their true proportions. Assume the dimensionality of the
compressively sensed data, d, is greater than or equal to one
less than the number of endmembers, M — 1, and that the
endmembers are linearly independent. Consequently, if each
element of S is drawn randomly from a standard Normal
distribution, then it is almost surely full-rank so the columns
of E(© are almost surely linearly independent. Then, this
implies that, given compressed endmembers, the proportions
are uniquely determined and equal to the true proportions.

If the endmembers, E(“), are known, then the endmembers
that would result from compressive sensing can be computed,
E(®) = SE(")_ The proportions for each pixel can be computed
directly from the compressed data, X () using any unmixing
algorithm that produces the correct set of proportions when the
LM M holds for a pixel. As mentioned above, the proportions
so obtained must be the same as those obtained directly from
traditionally sensed hyperspectral data.

Furthermore, if E© is known, then a sensing matrix can
be designed in which the proportions are measured directly
with the compressive sensing imager. In the case that the
endmembers are unknown, then endmember detection and pro-
portion estimation can be performed entirely in the compressed
domain without the need to decompress the measured data. In
Section II, computation of proportions on the compressed data
given known endmembers is described. The effects of noise



are empirically evaluated using simulated data with increasing
levels of noise. In Section III, the method of directly sensing
the proportions using known endmembers is described. In
Section IV, a method of estimating the endmembers given pro-
portions on compressed data is described. These endmembers
could be reconstructed using traditional compresseive sensing
techniques if knowledge of their spectral content is required.
Combining the methods from Section II and Section IV,
an iterative endmember detection and proportion estimation
method is defined for compressively sensed hyperspectral data.

II. SPECTRAL UNMIXING ON COMPRESSIVELY SENSED
DATA

Suppose that S is a random d x D sensing matrix and that

x@ = gx@
E© SE®), (3)

Let U denote an unmixing algorithm that calculates exact
answers when they exist. More specifically, let X(*) be a
D x N matrix of spectral pixels, and E®) be a D x M
matrix of endmembers. If there exist proportions P such that
X® = EWP and if U(X® E®) = P, then P = P. In
such a case it must be true that U(X(®) E(?)) = P. Hence,
algorithm U will calculate the correct answer directly from
the compressively sensed data.

Moreover, if algorithm U generates proportions that mini-
mize the sum of the squared errors (SSE), i.e. if

U(X©,E) = min | X" ~ ECP], “

subject to the constraints in Equation 1, then, even if the
minimum SSE is not zero, U will generate the same propor-
tions from the compressively sensed data as from the tradition-
ally sensed data. To see this, let P* denote the solution of (4).
If Q is any M x N proportion matrix, then || X(¢) — E(C)QH;
= [[SX® — SE®Q|; = [S[3[X(") — EQ];. Since S
is constant, the proportions that minimize the SSE in the
compressively sensed domain must be the same proportions
that minimize the SSE in the traditionally sensed domain.

The effects of noise on the proportions calculated by algo-
rithm U may be different on compressively sensed data than
on traditionally sensed data. The next section describes an
empirical investigation that suggests the effect is not different.
For this evaluation, SPICE is used for algorithm U [13].

Effect of Noise on Proportion Value Estimates The effect
of noise on the estimate of proportion values computed from
compressively sensed hyperspectral data was studied. To this
end, zero-mean Gaussian noise was added to uncompressed
simulated hyperspectral data. The data were simulated using
ten endmembers selected from the ASTER Spectral Library,
version 2.0. The endmembers used were Carbonate Burkeite,
Chloride Carnallite, Sulfate Anhydrite, Dolomite, Phosphorite,
Limestone, Basalt, Quartzite, Basanite, and Rhyolite. Simu-
lated data were generated by sampling proportions from a
uniform Dirichlet distribution and using them to form 2000
convex combinations of the endmembers. These spectra in the
library ranged from 0.4pm to 2.5pum. For this paper, every

374 wavelength was used resulting in D = 351. Gaussian
noise was added to each simulated hyperspectral pixel. The
noise levels were controlled by the standard deviations. The
standard deviations o were set to

smax{X®}

=T 00 ©)

where max{X(*)} denotes the maximum value of the uncom-
pressed data. Experiments were conducted for s = 1,2 and 5
corresponding to 1%, 2% and 5% noise levels, respectively.

For each noise level and projection dimension d €
{20,30,...,351}, 10 sensing matrices S were sampled and
used to compress noisy data. Each s;; was sampled from a
zero-mean, unit-variance Gaussian. For each S, estimates of
the proportion matrix P were estimated from the noisy com-
pressed and uncompressed data. The average error between the
true proportions, P, and the estimated proportions, P, were
computed as follows,

1 MN
error = s Z Z Pij — pijl (6)
i=1 j=1
For each d, the mean and variance of the percentage errors
associated with the 10 sensing matrices were calculated. An
average signal to noise ratio was also calculated. Each time
a noise value was sampled and added to an uncompressed
spectral value, the ratio of the amplitude of the spectral value,
As, to the noise value, A,, was used to calculate a signal-to-
noise ratio, R, according to (7)

As
S = 20[0910147' (7)

n

The plot in Figure (1) summarizes these statistics.

III. MEASURING PROPORTIONS USING COMPRESSIVE
SENSING

In this section, a method of directly sensing the correct
proportions using known endmembers is described. Let S be
a random M x D sensing matrix and define

A = (SEM™)~1s (8)
If X)) = E™P, then

AX® = (SE™)"ISE™P =P )

Therefore, using A as the sensing matrix yields the pro-
portions directly from the sensor. This is a remarkable and
potentially extremely useful result.

IV. COMPUTING ENDMEMBERS AT LOW DIMENSIONS

In this section, compressed endmembers are computed given
the compressed data and the proportion values. When end-
members are unknown for a scene, the endmember estimation
(described here) and the proportion estimation (described in
Section II) steps can be combined to develop a spectral
unmixing algorithm for compressived data without the need
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Fig. 1. Average error of estimated proportion values. The average error for
the uncompressed noisy data with S = I is represented by the dotted line.
The results are found using an S matrix composed of normally distributed
sampled values. Error bars show one standard deviation across 10 random
sensing matrices.

to decompress the measured spectra. The algorithm can pro-
ceed by alternating optimization between these two steps
such as is done in the SPICE algorithm for uncompressed
hyperspectral data [13]. If spectral information is of interest,
then the endmembers can be reconstructed. There are only a
few endmembers compared to the hundreds of thousands or
millions of pixels.

Again for a given d, a random sensing matrix S can be

generated and X(©) can be computed. Recall that X(*) = EP.
We also have the following uniqueness proposition.

Proposition IV.1. If X(©) can be expressed as a convex
combination—using the same proportion matrix P —of the
column vectors of some matrix E© e, X = E©P, then
E© = E© = SE® for all matrix S and for all low
dimensional projections d, provided the number of pixels (N)
is greater than the number of endmembers (M).

The proof of this proposition is straightforward and is
therefore omitted. As is the case for proportions, noise may
mitigate the effectiveness of performing the calculations to
estimate the endmembers directly on the compressively sensed
data. Therefore, an empirical investigation was conducted.

Effect of noise on endmembers Zero-mean Gaussian noise
was added to X(*). The dimension d was varied from 20
to 351 with a step size of ten. For each value of d, one
hundred sensing matrices S were generated where each entry
s;5 was sampled from a zero-mean, standard Gaussian. Each
sensing matrix was used to compute a matrix of compressively
sensed data X(¢). The noise level for the data was controlled
by varying the standard deviation as per (5). For the given
proportion matrix P (i.e. the one that was used to generate
X (®)), the compressed endmembers E(©) were solved for by
minimizing the least squares error. The solution for E© is
given by the following equation.

E© = X©pT (pPT) " (10)
This least squares solution E(©) can be compared to E(©) using
the average error defined as in Eqgs. (6) . The average error
was averaged over different random sensing matrices S and
for different values of d. The plots for 1%, 2%, and 5% noise
levels are shown in Figure (2). As before, the mean signal-to-
noise ratio is also computed. This error is computed over the
estimated endmembers (whereas Figure (1) is computed over
the estimated proportion values).

V. CONCLUSION AND FUTURE WORK

It has been shown that compressive sensing can be used to
directly sense the proportions of materials present in a scene.
In addition, a method to perform proportion estimation and
endmember detection is developed for compressively sensed
hyperspectral data. This method allows spectral unmixing to
be performed directly on compressed data without any need
to reconstruct hyperspectral imagery prior to analysis.

Results indicate that the error of estimate of the compressed
endmembers is, on average, independent of the dimensionality
of the compressed data. However, the variance of the percent-
age error increases with decreased compressed dimensionality.
The error on the estimate of the proportions increases with
decreased dimensionality in addition to an increase in the
variance of the percentage error. This increased error in the
proportion values may be due to the fact that the proportions
are dependent and constrained to sum to one. Therefore, an
error in one proportion value causes that another proportion
value also be incorrect. The errors due to compression should
be studied more, both empirically and analytically.
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Fig. 2. Average errors of estimated endmembers. The results are found
using an S matrix composed of normally distributed sampled values. Error
bars show one standard deviation across 10 random sensing matrices.

Interesting future research activities include investigating
methods for adaptively or non-adaptively optimizing sensing
matrices for scenes, endmembers, and/or sensors building
on ideas proposed in [14; 15] and also producing anomaly
detection maps as direct outputs of the compressive imager.
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