Threeadditionalfacts abouttensorproductsthat we shall use are as follows:
If A and B are matrices,then

(Ao BY = A'® B'. (6.2.3)

If A and B are nonsingularmatrices,then

(A9B)y '=A'@ B! (6.2.4)

If A and B are permutationmatrices,then so is
A®B. (6.2.5)

Theseresultsare not difficult to verify andwe leaveit to the readerto convincehimself of their validity.

We now turn our attentionto somebasicpropertiesof the Fouriermatrix. If F' = (f) denoteshe
Fourier matrix correspondingo the Fourier templatef definedby Eq. 6.1.12,thenthe imagealgebra
formulation of the DFT (Eqg. 6.1.13)is equivalentto the vector-matrixproduct

a=a-F. (6.2.6)

The vector-matrixrepresentatiorof the DFT facilitates the analysisof the transform. In order to
represenkq. 6.2.6more concisely,we let F,, = (fx;), ,, denotethen x n Fouriermatrix, where

ReplacingF by F,, in Eg. 6.2.6 specifiesthe size of both the transformmatrix and signal length.
The representationf Fouriermatricesis commonlysimplified by settingw,, = e andnoting that

frj = wl?

wg = w, :wﬁ” =1
wzﬁ =-1
Wit =
anM:z
wktn = ok

Thus,
11
Fl_(]‘)7 F2_ (1 _1>7
and
11 1 1 11 1 1
F_1w4wzwi’_l—z—lz
Tl W oWt WS T -1 1 -1
1w W Wl 1+ -1 =z
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Similarly,

1 1 1 1 | 1 1 1 1

1 ws w§ wg‘ | -1 —ws —wg — wg

1wl -1 w | 1 w -1 -w

1wl —w! ws | -1 —wd w? -—ws
Fs=|- - - -+ - - - -

1 -1 1 -1 | 1 -1 1 -1

1 —ws wi —wd | -1 ws —w?l W

I - -1 @ | 1 -wi -1

1 —wd —w! —ws | -1 w3 wg )

The conjugateand the conjugatetransposeof a matrix A = (a;;) € C,,x, aredenotedby
A* = (al-*j) and AF = (a}fi),

respectively.We saythat A is symmetridf A’ = A, Hermitianif A” = A, andunitary if AH = A-1,

6.2.1 Theorem. F, is symmetric.

Proof: This is obvioussince f3; = wi’ = wi® = f;;. Therefore,F!. = F,.
Q.ED.

As aneasycorollarywe havethath = (F;{)’ = F7. Thus,F,, is notHermitianif n > 2. However,
since I}, is a real-valuedmatrix for n = 1 or 2, F, is Hermitianwhenevern = 1 or 2.

6.2.2 Theorem. FI . F, = n-1I,.

Proof: Let A = FH . F, andconsiderthe (, j)th entry

n—1 n—1

ai; = Z Kwﬁl)* .wij} = Zwﬁ(rl)_

k=0 k=0

If j =1, thena;; = n. If j #1, thenw;@‘l # 1. Therefore,w,jfl — 1 # 0. However,

n—1 n
j—1 j—1 k(71 k(71 j—1
(1-wi ay = ay - wi lay =Y WU D = 3wk =1 - D=0,
k=0 k=1

Therefore,a;; = 0 wheneverj # [.

Thus,
n 0 --- 0 1 0 0
0 0 0 1 0
A=|. n =nl. . .
0 0 . n 0 U . l

Q.E.D.
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According to this theorem,/,, = %Ff - F,, or, equivalently,

1
Fl= ;F,{I. (6.2.7)

Thus, £, is almostunitary sinceit is a scaledunitary matrix.
Multiplying the Fourier transformequationa = a - F,, by F;! oneobtains

a-F '=a. (6.2.8)

Accordingly, a can be obtainedfrom a using matrix inversion.
Using Eqgns. 6.2.7 and 6.2.8 one obtains

a—a.-Fl=ta.pH-Lla my=Lap
n n n
or 1
a= Eé_ . F* (6.2.9)

which is, of course,equivalentto the image algebraexpressiona = %(é @f*). The significanceof
Eq. 6.2.9is that the original signala may be recoveredfrom the transformedversionwithout the need
for matrix inversion. This propertyis especiallyuseful when computingtwo-dimensionaltransforms
wherethe transformatiormatricesmay be quite large and, therefore the computationof generalinverses
impractical.

6.3 Shuffle Permutations and the Radix Splitting of Fourier Matrices

If p dividesn, thenit is possibleto relate F, to F7,,, and F,. Thisrelationshipknownastheradix-p
splitting of F,,, allows for the computationof an n-point DFT from DFTs of smallersize. Repetitionof
this processis the heartof today’s algorithmsfor the efficient computationof the DFT. The construct
thatprovidesthe link betweenF;, andthe Fouriermatricesof smallerdimensionds a permutationmatrix
that shufflesor sorts the column (or rows) of a matrix in somedesiredorder.

Supposer = pm with 1 < p < m. Let

r:l,x2 —Z, and ¢:Z,xZ — 7,

n/p n/p

denotethe row and column scanningmapsdefinedby

r:(k,l))—)kﬁ—l—l and c:(k,))—Ip+k,
p

respectively.The (p, n)—shufflepermutations, ,, : Z,, — Z,, is definedaso, , = r o ¢~1. Equivalently,

opn(t)y=75 & 3k, )eZ,xZ s.t.c(k,l) =i and r(k,l) = j.

n/p

An easy way of visualizing the (p, n)—shufle permutationis to label the points of the array
X = 7, x Z,;, in row scanorder, then taking the transposeof X and listing the elementsof the
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transposedarray in row—scanorder. The mappingof the subscriptscorrespondgo the permutationof

elementsof Z,, by o,,. Thus, if

Xo X1 X2 Xf_l
Xr Xr Xr rer Xor_
. “+1 42 221
Xor Xgon Xon rer X3r_
X = 2z 2241 2242 32-1 |,
Xp-12 Xp-1241 Xp-1)242 77 Xnod
then
o _ (xo xl x2 xp—]. | Xp XP-I-]. x2p_1 | | xn_p
pn =
X Xr Xon e X n X Xnr e X n Xnr_
0 Xz Xz -z | X Xz (p-1)2+1 | [ S
Equivalently, we have
” _(0 1 2 ... (p_l)l | p p+1 - 2p—1 | -+ | n—p
p,n — n 2n p—1)n n n n
0 O | 1 E_|_1 (p—l);—l—l | | 5_1

The horizontalbarsare addedto emphasizehe structureof the shufle permutation.
The permutationmatrix II(p,n) = P,, , is calledthe modp perfectshuffle

6.3.1 Examples:
0] Supposer = 10 andp = 2. In this casewe have
X = (xo X1 Xz X3 X4>.
X5 Xe X7 X8 X

Hence
S (XO X1 | X2 X3 | X4 X5 | X6 Xr | Xs XQ)
Xp Xp | X1 Xsg | X2 X7 | X3 Xg \ X4 X9

(01 | 23| 456
“\o 5] 16 | 27| 3
)

Sincell(2,10) = P,,,, = (pi;) is défined by

pi; = 1 if 0'2,10(7:) :j
* 0 otherwise,

we have

10(2,10) =

o o oc oo o o o -
S o oo oo o ko o
o oo o=, oo o
oo o OO0 o o o
[ =R =R e i e I e R e i e i ew)
o o oo oo oo
oo oo oo~ o oo
oo oo R o oo o
oo, O oo oo o
— o oo oo o o o o
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(i) If n = 15 andp = 3, then

Xp X3 X2 X3 Xy
X = X5 X6 X7 X8 Xg .

X10 X111 Xi12 Xi13 X4

Xg X7 Xg | X9 Xj0 Xi11 \ X12 X13 Xi14
X2 X7 X112 | X3 Xg Xi13 \ X4 X9 X14

|

|

7 8 | 9 10 11 | 12 13 14
7 12 | 3 8 13 | 4 9 14)

SupposeA is a k x 10 matrix and A(j) denotesthe jth columnof A. Thenaccordingto the above
example,
A-T01(2,10) = (A(0), A(L), ..., A(9)) - II(2, 10)
= (4(0), A(2), A(4), A(6), A(8) | A(1), A(3), A(5), A(T), A(9))-
Thus, A - 1I(2, 10) is just A with its even-indexedtolumnsgroupedfirst. In general,if n = 2m, then
A-TI(2,n) = (A(0), A(2), ... ,A(n — 2)| A(1), A(3), ..., A(n — 1)). (6.3.1)

This is the reasornthat I1(2, ») is referredto asthe even-oddsort permutationmatrix. It is customaryto
denotethe even-oddsort permutationmatrix 11(2,n) by IT,,.

As mentioned,the shufle permutationmatrix plays a key role in linking F, with F,,,,. Consider
the casen = 4. Here we have

1 oo o0oy/t 1 1 1 1 1 1 1 Fy(0)
Ry o S S S At SN (U It S S Fy(2)
4 010 o0f|1 -1 1 -1 1 =i =1 Fy(1) |’

000 1/\1 & -1 —i 1 i -1 —i Fy(3)

where F4(j) denoteshejth row of Fy. Thus,Il} - Fy is just Fy with its even-indexedows groupedfirst.
Of coursesince(IT} - Fy) = F; - (I})" = Fy - T4, this observatioralsofollows from Eq. 6.3.1.

Note that in our case(i.e., n = 4)

11 | 1 1
1 -1 | 1 -1
P P, )
Iy -Fy= |- - - - |= : 6.3.2
B T -1 (F2'92 B o2
1 ¢ | =1 -

Where
0y = (é _02> = diag(1,wy).

Thuseachblock of IT/, - F is either F, or a diagonalscalingof F3. Furthermorethe right-mostmatrix

in Eq. 6.3.2factorsas
F2 F2 . F2 0 12 I2
FQ'QQ —FQ'QQ n O F2 QQ _Q2 ’
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wherel; denoteghe?2 x 2 identity matrix. Hence,multiplying Eq. 6.3.2by H;l = II, = 114 we obtain

(P2 O\(L I
F4‘H4(o FQ)(Qz —92)'

Therefore,if a = (a(0), a(1), a(2), a(3)), then

wr=en(G ) )
= (a(0), a<2>,a<l>7a(3>>(§2 2)({2 —152) 3
= [(a(0), a(2)) - B, (a(1), a(3)) - F3] (éi —152)'

This showshow a four-pointDFT canbe computedn termsof two two-pointDFTs. As the nexttheorem
shows,this holdsin general;i.e., if n = 2m, then F}, canbe split into two half-sizedDFT matrices.

Theorem. If n = 2m and Q,, = diag(l,w,, ..., w™ !), then

F, F,
r — m m

Proof: Let

A B
r o
L, F”_<B C)’

whereA, B, C, and D arem x m matrices. Since F,, - II,, is just F,, with its even-indexed

columnsgroupedfirst andIl/, - F;, = (F, - II,)', I}, - F,, is just F,, with its even-indexedows
groupedfirst. Thus,if A = (a;;) with 0 < j < m and0 < k < m, thena;, = w2k,

But sincew? = w,, w2* = wiF. Therefore,A = F,,.

2j(k+m)

Similarly, if B = (bjz), thenb;; = wy for0 < j < m and0 < k < m. Since

wpl ) = () = I = ol ol = Wl

B =F,.
Since(},, is a diagonalmatrix, Fy, - Q, = (wink wf) where0 < j < mand0 < k < m.
Now if C' = (¢;), then

k

n

o (2i+1)k 2%k .k
—%(L ) )

. - — Wik,
Cik =w " w, =W W

Therefore,C' = F,, - Q,,.
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Finally, let D = (d;x). Usingthe fact thatw* = —1, we obtain

_ 25+1)(k+m) _ 25k, k ,2mj  , om _ ik k
djk_w7(7.] ) )_wnj cwp e wp ™t = —wl e wp

and, hence,D = —F,, - Q,,.

Q.E.D.
It now follows that
v _(Fm O N(In In
HnFn_(O r\a. —a. ) (6.3.4)
If we multiply this equationby II,, we obtain
F, O I, I,
e (B OY (B ), 635)

Hence,if a = (a(0), a(l), ... ,a(n — 1)), then

a-F, = (a(0),a(2), ... ,a(n —2),a(1),a(3) ..., a(n — 1))(%” gﬂ) (é’; _Igm). (6.3.6)

This establisheghe following corollary:

6.3.3 Corollary. If n = 2m anda € C", then
a-F, = (ag-Fy,a -Fm)(I’“ In ) (6.3.7)

Q. —Q
whee ag = (a(0), a(2), ... ,a(n—2)) anda; = (a(l), a(3), ... ,a(n - 1)).

The ideaof splitting the DFT canbe appliedagainif mis even,relatinga, - £, to agp - I3/, and
aor * /2, anday - Fi, t0 @y - F, 5 @andasy - Fi 5. In casen is a power of 2, we candivide and
conquerall the way down to a sequenceof one-pointDFTs.

In casen is not a powerof 2, thenthe radix-2 divide-and-conqueprocessbreaksdown. However,
aslong asn is not a prime number, it is still fairly easyto expressF;, asa function of smallerDFT
matrices. Specifically,if n = pm with 1 < p < m, then F,, canbe expresseds a function of the DFT
matricesF,,, and F,,. The key is to usetensornotation. Note that

diag(Ln, Qm)(Fy ® In) = (Ig gﬂ) [G _11) ®Im]
(6 o) )

B (Im I, )
Qe —Qn )

Thus, Eq. 6.3.4 can be rewritten as

W F, =(IL,® Fy)-diag(l,, Q) - (F, ® I,) (6.3.8)
and Eq. 6.3.7 as

a-F,=(ag-Frn,a1-Fp) By, (6.3.9)
where B,, = diag(ln, Q) - (F2 @ I).
The generalformulation of Eq. 6.3.8is given by the next theorem.
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6.3.4 Theorem. If n = pm andQ,,, = diag(1l,wy, ..., w" 1), then

n

(p,n) - Fy = (I, @ Fy) - diag (I, Qp s -+ 250 - (F, © 1) (6.3.10)

Proof: Let (4,s) = I'(p,n) - F,, and
(Brs) = (I, ® Fp) - diag (In, Qpm, ... , Q2 - (F, @ L),

where0 < r, s < p andeachA,;, B,, is anm x m matrix suchthat (4,;) and (B,,) are
p X p block matrices.

Let [Am]]-k and [B'rs]jk denotethe (j, k)th entry of A, and B,;, respectively. we needto
showthat [A,s];; = [Brs;-

By definition of B,;,

ik k
[Brs]].k = [Fm]Jk . [Q;,m]kk cwp = wh i w Wt

Sincell’(p,n) - F, is just F,, with its rows sortedmod p, we also have
(Ars) = (Fo(0), Fu(p), ..., Fu(n—p)| F(1), Fu(p+ 1), ..., Fo(n—p+ 1) ...
| Falp = 1), Fa2p = 1), ..., Fu(n = 1)),
where F,(j) denoteghe jth row of F,,. Thus,if f,, denoteshe (u,v)th entry of F,,, then
[Arslit = Fripamk = W HPEmR) = ik ofk opem . oede,
Sincew; P = (Wi = (wIY* = 1, W™ = wr*, andwl’" = Wy, we have

[Ars]jk - wf;f w;k ,w;‘s )

Q.E.D.

In analogywith the radix-2 splitting, radix-p splitting can be usedto obtain an n—point DFT by
gluing togetherp DFTs of length m = n/p.
6.3.5 Corollary. If n = pm anda € C™, then
a-F,=(ag-Fp,a1-F,,...,a,_1-F,)B,,,
whee a; = (a(j), a(p+j),...,a(n —p+j)) and
By = diag (L, Qpmy o, 2 - (F, @ L)

Proof: Multiply both sidesof Eq. 6.3.10by a - II(p, n).
Q.E.D.

The matrix B, ,, is known as the radix-p butterfly matrix and derivesits namefrom the graphical
representatiof its actionon aninput vector (Section6.5, Fig. 6.5.1). Notethatfor p = 2, B, , = B,
where B,, is the radix-2 butterfly matrix definedby Eqg. 6.3.9.
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6.4 Radix-2 Factorization, Perfect Shuffles,and Bit Reversals

According to Theorem6.3.4 and its corollary,
a-F,=a-Ml(p,n)-(I,® F,)-B,,=(ag-Fr,a1-Fn,...,a, 1-Fy,) By, (6.4.1)

wherem = n/p and1 < p < m. Now if m; = m, p; = p, andthereexist integersm, andp, such
thatm; = pamgy with 1 < py < mg, thenwe canreapplyEq. 6.4.1to eachof the expressions; - F7,,,
replacingeachDFT of lengthp,; by DFTs of lengthp,. This procedurecan alwaysbe employeduntil
for someindex k, m; cannotbe factoredfurther.

In orderto betterunderstancactualimplementationof the split-and-mege processwe restrict our
attentionto the simple casewheren = 2F andp = 2. The methodologyderivedfrom the analysisof
this casecanthenbe generalizedo deriveimplementation®f the generalformulationexpressedy Eq.
6.4.1(e.g.,[6, 10]). This approachis analogougo our derivationof Eqg. 6.3.10from Eq. 6.3.8.

For p = 2, Eq. 6.4.1becomes
a-F,=a-1l,-(Io® Fy)-B,=(ao- Frn,a1-Fr)-By. (6.4.2)

Assumingn = 2*, the split-and-mege procedurecanbe replacedby applying Corollary 6.3.3to a; - I,
(7 =0, 1) which splits eacha; - F},, into

a; - I, = (ajo “Foy2, a1 Fm/z) - B, . (6.4.3)
Merging Eq. 6.4.3with Eq. 6.4.2resultsin
a-F, = [(agg - F/2, aon - Fm/2) - B, (a10 - Fr 2, an -Fm/2) -Bm] -B,. (6.4.4)
Using tensornotation, we may rewrite Egs. 6.4.2and 6.4.4 as
a-F, = (ag-Fy,a1-F,)- (I ® By) (6.4.5)
and
a-F, = (aoo : Fn/47 aoy - Fn/47 aip - Fn/47 ap - Fn/4) ) (12 ® Bn/2) (It ® Br), (6.4.6)

respectively.

Since I = (1), continuationof the split-and-mege processk — 3 moretimesleadsto the following
formulation of the DFT:

a- I, = (ajo, aj, ..., ajnfl) . (In/2 & B2) s (12 & Bn/?) . (11 & Bn), (647)

where eachof the subscriptsj, is somebinary sequenceof length k.

k-1
Fors = (sg, $1, ..., Sk_1) € [[ Z3, let (s), denotethe base2 expansiorof s; i.e.,
=0

(s)y=s0+s12+ -+ + sp_g2F1,
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Using induction on k, it canbe shownthata; = a((j.),) forr = 0,1,..., n —1 (e.g., Theorem
6.4.3. This implies that

(2o, @7,y - aj,_,) = (alpn(0)), alpn(1)), - .. ,a(pa(n — 1)), (6.4.8)
wherep,, : Z,, — Z,, is the permutationdefinedby p,.(r) = (j,),-
Equivalently, we have
(ajo, aj,, ..., a]-nfl) =a-P,, (6.4.9)

where P, is the permutationmatrix definedby P, = P, . This meansthatthe DFT of a € C™ consists
of a permutationof the componentf a followed by a productof k sparsematrices.

Since P, playsa centralrole in the efficient computationof the DFT, we provide a formal definition
and an image algebraspecificationfor its implementation. The following examplewill provide the
necessarynsightinto understandinghe actionof P, on the coordinatesof a vector.

6.4.1 Example: Supposen = 2* anda € C!8. Then
a-Fig=(ag-Fs,ar-F3) (I1 ® Bis),
where
ap = (a(0), a(2), a(4), a(6), a(8), a(10), a(12), a(14))
and
a; = (a(l1), a(3), a(5), a(7), a(9), a(11), a(13), a(15)).

Using the buttefly matrix Bg, we can synthesizeeach8—point DFT, a; - Fg, from a pair of
4—point DFTs as follows:

(ag - Fs, ay - Fg) = (ago - Fy, agr - Fy, ayo - Fy, ag1 - Fy) - (I3 ® Bg),
where

ago = (a(0), a(4), a(8), a(12)), ap = (a(2), a(6), a(10), a(14)),
aip = (a(l), a(5), a(9), a(13)), and a1 = (a(3), a(7), a(11), a(15)).

Repeatingthis process,we obtain
(ago - Fi, a1 - Fy, aro - Fy, arq - Fy)
= (aooo - F2, agor - F2, aoio - F2, ao11 - Fa, aioo - Fa, aio1 - Fo, aio - Fa, arn1 - F2) - (14 ® Ba),

where

agoo = (a(0), a(8)), aoo1 = (a(4), a(12)), ag
(6), a(14)), awo = (a(1), a(9)), aio

0= (3(2)7 a(lo))v
1= (a(
aiio = (a(3), a(ll)), and a1 = (a(7), a(1h)).

a
aplr = (a
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The final stageis now given by

(agoo * I, agor - F2, ao1o - £, ao1r - I, aroo - I, ator - 2, agio - £, aing - 1)
= (aoooo, 40001, 40010, 40011, 0100, 20101, 0110, 40111, &1000, 31001, 81010, &1011,
a1100, a1101, A1110, a1111) - (I3 ® B2)
= (a(0), a(8), a(4), a(12), a(2), a(10), a(6), a(14), a(1), a(9), a(5), a(13),
a(3), a(11), a(7), a(15)) - (Is ® Bz).

Thus,
a- Pig = (a(0), a(), a(4), a(12), a(2), a(10), a(6), a(14), a(1),a(9), a(5), a(13),
a(3), a(11), a(7), a(15))
= (a(p16(0)), a(p1s(1)), a(p16(2)), - - - , a(p16(13)), a(p16(14)), a(p16(15)))-

Expressingi and p16(¢) in termsof binary notation elucidatesthe action of P,.. Specifically,
we have the following relationship:

¢ p16(i) binary i binary pys(1)
0 0 0000 0000
1 8 0001 1000
2 4 0010 0100
3 12 0011 1100
4 2 0100 0010
5 10 0101 1010
6 6 0110 0110
7 14 0111 1110
8 1000 0001
9 9 1001 1001
10 5 1010 0101
11 13 1011 1101
12 3 1100 0011
13 11 1101 1011
14 7 1110 0111
15 15 1111 1111

Figure 6.4.1 The permutationp,¢ andits correspondingpinary evaluation

It follows from the table that p14(7) is obtainedfrom i by reversingthe order (readingfrom
right-to-left) of the four bits in the binary expressiorof i.
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Becauseof its actionon the indicesof a vector, the permutationmatrix P,, is commonlyknown as
the bit-reversingpermutationmatrix.

For the formal specfication of P,, let n = 2* andfor j = 1, 2, ..., k set
QJ' = IQk*j ® ng .
Define
Pr=Qr Qr-1---Q2-Q1. (6.4.10)
Thus, P, is composedof copiesof the perfectshufle permutationmatricesll,, Iy, ..., II, which,
accordingto Eq. 6.2.5, makesP, a permutationmatrix.

Note that if £ = 1, then
Po=0@1 =1L I =1,,
while for £k = 2,
Pi=0Q2 Q1 =(Lolls) (Lelly)=14-(l2® P).
This suggestghe following theorem:

6.4.2 Theorem. If n = 2 andm = n/2, then
P,=1l,-(I;® P,).

Proof: Leth = k — 1. Thenm = 2" and
P =Qp-Qno1 - Q2-Q1,
where i
Qj =I5 @ y;.
Using Eq. 6.2.1, we obtain
IZ ® @j = 12 ® (IQhﬂ' ® HQJ')
= I2 ® (IQk—l—j ® ng)
= I2k—j ® H2j
= Q] .
Hence,using Eq. 6.2.2, we canfactor I, @ P,, as
LOPn=LoQn Quy Q2 Q1
= (b@@h) (b@@z) : (I2®Q1)
= Q1 Q2-Q1.
Since @ = I ® Il = 1I,, we now have
Hn'(I2®Pm):Qk'Qk—l Q?Ql
Q.E.D.

The recursivecharacterizatiorof P, given by this theoremmakesit easyto provethe bit-reversing
action of P,.
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6.4.3 Theorem. If n = 2¥ and P, is thepermutatiomrmatrixdefinedby Eq. 6.4.10 thenthe permutation
pn definedby

pli) =7 & [P =1
has the property that

Prl(%0s 115 vy hm1)g) = (Tk-1, th=2, -+, t0)y -

Proof: If k = 1, thenP, = I, and,therefore,p,,((i0),) = (%0),-

We now proceedby using induction, assumingthe result to hold for all integerslessthan
k —1, wherek > 2.

Letn =25, ac C*, m =21 andb = a- P,. We mustshowthat
b((i_1s ik—2s -+ » i0)y) = a((i0, i1, -+ » i5_1)y)-
By Theorem6.4.2
b=a-P,=a-1I,-([2® P,) =(ap,a1) - (I2®P,)=(ap: Pn,ar-P,),
whereap(¢) = a(27) anda;(¢:) = a(2i+ 1) fori =0,1,...,m— L.

Let i = (%o, ¢1, ..., tk—1),. Supposd is even. ThenIl, mapsa(i) to ag(z/2). Sincei is
even,ip = 0. Hence,i/2 = iy + 2+ - - - ij_ 282 anda(i) mapsto ag((#1, 42, ..., tk—1)y)-
By induction hypothesis,

P (11, B2y ooy Tkt )y) = (Thety The2y v vn s 1)y
But sinceig = 0, (tx_1, tk_2, .-+, t1)y = (tk—_1, tk_2, --- , i1, t0),. Therefore,
b((Tk-1, k-2, ---» t0)y) = a((fo, 1, -+, Tp—1)y) -
If i is odd, thenis = 1 andII,, mapsa(i) to a;(5t), where
(i-1)/2 = (1 2 i 2R 1)/2 = (i1, 2y -+ ik1)s-
By induction hypothesiswe again have

pm((ilv i27 rer ik—l)Q) = (ik—lv ik—?v L} 7:1)2 .
However,the coordinateposition (ix_1, tx—2, ... , 21), in the vectora, - P,, correspondso
the coordinateposition(ix_y, i3, ... , i1), + m in thevectorb = (ag - P,,, a; - P,,). Thus,

sinceiy = 1,
(ik 1y ik, oo s i)yt mo= (g ik 024 -+ 0257) 4 ig2h !

= (fh—1, Th—2, -+, 1, t0)y -
Therefore,
b((tk—1, tk=2, -+, 0)9) = a((to, T1, - .., th—1)y) -
Q.E.D.

Reversingan index bit twice resultsin the original index. Thus,a - P, - P, = a and, hence,
P, - P, = I,,. Therefore,P, = P, ' = P’. This provesthe following corollary.
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6.4.4 Corollary. P, is symmetric.

Having examinedthe structureof P,, we turn our attentionto the computationof a - P,,.
The following algorithm computesthe permutationfunction p,, .

6.4.5 Algorithm (Evaluatingp,(?))
Forn = 2¥ andi = 0,1, ..., n — 1 definep,(i) as:

begi n

end | oop
returnj
end

Fora € C”*, the computationof a - P, cannow be accomplishedy usingthe simpleimagealgebra

specification:
b :=aop,

Of course by specifyingthe templatep = ~*(P,), we could just aswell computea - P, in terms
of the convolution producta @p.

In view of Eq. 6.4.7,the DFT of a € C" can be obtainedby first computinga - P, followed by
a sequencef k computationf typev = w - (I; ® B,,), whereeachcolumnof I; @ B,, hasexactly
two nonzeroentries. Since eachevaluationof p,(-) involves O(logan) integer operations,Algorithm
6.4.5 requiresO(n - logzn) integer operations. Thus, the amountof integer arithmetic involved in
computinga o p, is of the sameorder of magnitudeas the amountof floating point arithmetic in
computingw - (I; ® B,,). Hencethe overheadassociatedvith bit reversalis nontrivial with respectto
the computationof a - F,,, often amountingfor 10% to 30% of the total computationtime.

6.5 The Fast Fourier Transform

Thevector-matrixproducta- F;, involves(O (n2) complexcomputationsThe FastFourier Transform
or FFT,is a methodthatdrasticallyreduceghe numberof computationsvhenforming the producta - F, .

Using the resultsof the previoussection,we canwrite a - F;, as
a-F,=a-P,-Ay-Ay--- Ay, (6.5.1)

whered; = L; ® B,,, n =2 i=1,2,...,k, m =2 andj = n/m. Thus,we may usethe
following algorithm for computinga - F,:
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6.5.1 Algorithm (Radix-2 FFT)

a := aop, (Algorithm6.4.5

fori:=1 tok |oop
a:=a-A;

end | oop

SinceeachA; hasonly two nonzeroentriesper columnandeachcomplexaddinvolvestwo floating
pointoperationsor flops while eachcomplexmultiply involvessix flops, it is notdifficult to ascertairthat
this algorithmrequiresonly O(n - logzn) flopsif the sparsityof the A;s is exploited. This is the primary
reasonwhy sparsdactorizationsof F;, form the mathematicaframeworkfor the efficient computationof
the DFT. Thesealgorithmsare collectively called Fast Fourier Transforms Algorithm 6.5.1represents
a high-level version of the Cooley-Tikeyradix-2 FFT algorithm[1, 4, 3].

The FFT ranksasoneof the greatcomputationatevelopmentsf this Century. Although Cooleyand
Tukey are,deservedlygiven creditfor the moderndevelopmenbf the FFT asrepresentedby Algorithm
6.5.1 Carl Friedrich Gausshad developedidentical as well as more generalmethodsfor the efficient
computationof the Fourier transformmore than 150 yearsearlier [7]. Consequentlymuchtime and
effort could havebeensavedduring the 1950sand’60s hadresearcherbeenfamiliar with Gauss’swork.
In addition,the generalcomputationaframeworkfor the FFT could havebeenestablishednuchearlier.

DifferentFFT algorithmscorrespondo differentfactorizationsof F,, and,hence to differentfactor-
izationsof the Fouriertemplatef. While templateoperationgrovidea highly structuredenvironmentor
studyingimagetransformtheory, templatefactorizationsprovide a generalframeworkfor studyingkey
aspectf advancedmage transformcomputation;e.g., vectorization,localization, and parallelization.
Someof theseissueshave alreadybeendiscussedn previoussectionswhile otherswill be discussed
in more detail in subsequensections. In this sectionwe focus our attention on the image algebra
specificationof Algorithm 6.5.1

The image algebraequivalentof Eq. 6.5.1is given by

a®f = (a0 p,) DH(1) D) -~ Dt(k), (6.5.2)
wheret (i) = ¢¥~1(A;). Herewe usethe notationt(:) insteadof t; to denotea sequencé, ts, ... , tx
of templates.As will be shownsubsequentlythe sequence(1), t(2), ..., t(k) canbe representedby

a single parametrizedemplatet(p), wherep is of form 2. Thus, the notationt(i) will accustomus to
the idea that t(¢) is a parametrizedemplate.

To computeEqg. 6.5.2,we may usethe following algorithm which looks very muchlike Algorithm
6.5.1

6.5.2 Algorithm

a := aop, (Algorithm6.4.5
fori:=1 tok |oop

a := a@t()

end | oop
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To completethe specfication of this algorithm, we needto examinethe parameterdefining the
templatest(i) = ¥~1(A;).

Supposen = 2¥ andk = 3. In this casewe needto specifyt(1), t(2), andt(3) correspondingo
the matricesA;, A,, and As, respectively.Using the tensorrepresentationf thesematrices,we obtain

~ ~ L5 11
A1—14®Bz—14®<91 _Ql)—f4®(1 _1)

1 1 0 0 0 0 0 O \
1 -1 0 0 0 O 0 0O
o o 1 1 0 0 0 O
oo 1 -1 0 0 0 0
“]l0 0 0 O 1 1 0 0 ’
o o 0 O 1 -1 0 O
0O 0 0 0 0 o0 1 1
\U 0O o 0 0o 0 1 —1)
1 0 1 0
A2:I2®B4:I2®(§I;2 _%2)12@(? (1) _01 [1)
0 wgy 0 —w4
1 0 1 0 0 0 0 0 \
0 1 0 1 0 0 0 0
1 0 -1 0 0 0 0 0
o ws 0 —wi0 0 0 0
1o o 0 0 1 0 1 0 ’
0 0 0 0 0 1 0 1
0 0 0 0 1 0 -1 0
0 0 0 0 0 wy O —w4)
and
As=15L @By =15 ® (éi _%4)
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 0 1 0 0 0 1 0
10 0 0 1 0 0 0 1
11 0 0 0 -1 0 0 0
0 wg 0 0 0 —wsg 0 0
00 w2 0 0 0 -w 0
00 0 w@ 0 0 0 -

At the ith stageof the loop in Algorithm 6.5.2 we computethe productb; = b;_1 ®t(7), where
bg = a o pg. By ddfinition of the productoperator @, the value b;(j) is given by

bi(j)=" > bia(l)-4(i);(1). (6.5.3)
les(t(3);)
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The cardinalityof S'{t(¢). ) is two sincethe templateimaget(:). correspondso the jth columnof
J J

A;. Thus,using Eq. 6.5.3,the computationof eachvalueb;(;j) involves two multiplicationsand one
additionwhich showsthat the imagealgebraformulationa := a ®t(¢) exploitsthe sparsityof A;.

To completethe specificationof the templatet(:), we needto define the weights t(z).(/). Let
b; = b;_; @t(¢), whereby = a o ps. By carefully consideringthe columnsof the matricesA;, it is not
difficult to seethatb;(j) andb; (j + 2"—1) canbe computedin termsof the following two-dimensional
vector product

. . - . . i 1 1
(bi(4), bi(5 +27")) = (biz1(5), bica ( +271)) - (w _w) : (6.5.4)
wherew = w%i’“’dgi*l. Equation6.5.4 canbe representedraphicallyasillustratedin Figure6.5.1

- . - '_1

bi-l(l) bi-l(J) + Wbi-l(l + 2 )

w
. i-1 . . -1
b,,G+27) b, ()~ wb, G + 27

Figure 6.5.1 Graphicalrepresentatiorof the buttefly operation.

With a little imagination,the term “butterfly” becomesevidentwhen viewing this schematicrep-
resentatiorof Eq. 6.5.4. The completeset of butterfly computationsn the eight—pointCooley-Tukey
FFT is shownin Fig. 6.5.2 Here we exploitedthe symmetriesof wgf’“’dw in orderto expresseach
butterfly weight w in terms of wg.
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a(l)

a(5)

a(3)

a(7)

Figure 6.5.2 The Cooley-Tukey dataflow graphfor n = 8.

Equation6.5.4is the key for representinghe templatest(1), t(2), andt(3) in termsof a single
parametrizedemplatet(p). Specifically,let P = {2 : i =0, 1, 2} andfor p € P, definet(p) by

1 if |j/p|isevenand! =j
w(j,p) if [j/p]isevenandl=j+p
t(p);(1) = { ~w(i,p) if [j/p] isodd and I = (6.5.5)
1 if |j/plisoddandl=j—p
0 otherwise,
where w(j,p) = wg;’”d". Using the conventionw(j,1) = 0 V;j and simple inspectionverifies that

for the parametergp = 2°, 2!, and 22, the templatesgeneratecby t(p) correspondio the templates
v1(Ay), ¥v1(As), and ¥1(As), respectively.

The eight-pointradix-2 FFT can easily be generalizedIn the generalcasewe have 4; = I; ® B,,,
wherem = 2° andj = n/m = 2F %, Thus, A; is the 25~ x 2~ block matrix with blocks of size
m X m given by

B,, .0
O B, --- O

A; = : D N
O O --- B,
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where

m/2 m/2
1 0o | 1 0 0
1 o | o0 1 0
: : | :
0 0 1 | 0 o 1
=l- - - - 4+ - - - -
10 0 | -1 0 0
0 wn 0 | 0 —wy 0
' I
0 0 e N (N _anz_)

Sincethe numberof zerosbetweenthe two nonzeroentriesin eachcolumnof B,, is 2= — 1, the
spacingof the two nonzeroentriesin eachcolumnof A; is exactly2'—!. But the nonzeroentriesin the
jth columnof A; correspondso the nonzeroweightsof thetemplateimage[¢—1(A2-)]J,. Thus,Eqg. 6.5.5
alsodefinest(p) forp e P = {20 : i=0,1,..., k—1}.

With the specificationof t(p) completed,we are now able to formulatethe Cooley-Tukey radix-2
FFT using the languageof image algebra.

6.5.3 Algorithm (Radix-2 FFT).If a € C*, n = 2F, and t(p) is specifiedby Eq. 6.5.5, thenthe
following algorithm computesa Pf.

a:= aop,
for i :=1 tologan |o00Op

a = a@t(?iil)
end | oop

The appealingaspectof the image algebraversion of the FFT is that eventhoughit completely
specfies the computationof the FFT, it retainsthe samehigh level appearancasAlgorithm 6.5.1

Although we are only interestedin general algebraicand computationalframeworks,we needto
remind the readerthat many importantissuesarise when trying to obtain highly optimizedversionsof
Algorithm 6.5.3for specfic implementations We briefly discusstwo of theseissues.

Note that asi increasesthe spacingsbetweenthe nonzerovaluesof t(2"—1) increasedyy a factor
of 2°-1. This spacingis called the stride of the butterfly operationat the ith stagein the loop of
Algorithm 6.5.3 More generally,stridesrefer to the spacingsof vector componentghat are namedin
a vector reference.In many advancedcomputerarchitectures|arge power-of-two stridescan severely
degradeperformance. Machineswith interleavedmemoriesserveas good examplesof this problem.
The stride issue can often be resolvedby reorderingthe algorithm in order to achieve unit stride.
However, this reorderingtypically resultsin algorithmshaving a high level of redundantarithmetic.
This representghe typical dilemmaof many currenthigh performancecomputingenvironments:one
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procedures arithmetically efficient but hasnonunit stride, thus severelydegradingperformancedue to
memoryaccessingwhile thealternativehasattractivestridepropertiedbutanexcessf arithmetic[2, 8, 9].

Languagesas well as computerarchitecturegpose problemsfor achievingoptimized FFTs. Some
languagesuchas FORTRAN storecomplexvectorsin stride-2fashion. For example,an n-dimensional
complexvectoru+iv is storedasanarrayof length2n of realnumbers ug, vo, w1, v1, ..., Up_1, Vy_1).
Thus,theextractionof eithertherealor imaginaryvectorcomponentinvolvesstride-2access Algorithms
involving complexvectorsinherit, therefore,all the problemsassociatedvith this access.In addition,
an algorithm describingthe butterfly operation(Eg. 6.5.4)that needsto explicitly referencethe realand
imaginary partsusing stride-2accesswill obviously destroythe simplicity of Eq. 6.5.4and obscurethe
key algorithmic point.

A secondssueconcern®n-lineversusoff-line computations We mayeitherprecomputehetemplate
weightsw(7, p) onceandfor all sothatat executiontime they may be recalledby simplelook-up. Thisis
the off-line paradigm However,the off-line paradigmrequiresvectorworkspace.The vectorworkspace
requirementanbe greatlyreducedsincethe weights associatedvith t(2i*1) areasubsebf theweights
associatedvith t(2¢). This follows from the observatiorthatw?! = w? , wherep; = 2¢ andp; = 21,

If not sufficient workspaceis available,it may be necessaryto use the on-line paradigm which
assumesghat the weightsfor t(2i—1) are generatedoy direct call during the ith stageof the loop. Of
course,on-line computationwill increasethe total computationtime of Algorithm 6.5.3

We concludethis sectionwith the imagealgebraversionof the two-dimensionaFFT andits inverse.

In our observationfollowing Eq. 6.1.22(Section6.1) we notedthat the two-dimensionaDFT can
be computedin two stepsby successivepplicationsof the one-dimensionaDFT; first along eachrow
followed by a one-dimensionaDFT along eachcolumn. Thus, to obtain a fast Fourier transformfor
two-dimensionaimages,we needto apply Algorithm 6.5.3in simple successionHowever,in orderto
performthe operationsa o p,, anda @®t(p) specfied by the algorithm,it becomesiecessaryo extendthe
functionsp,, andt(p) to two-dimensionalarrays. For this purpose supposethat X = Z,, x Z,,, where
m = 2" andn = 2*, and assumewithout loss of generalitythat n < m.

Let P = {2 : i=0,1,...,logam — 1} andfor p € P definethe parameterizedow template
t(p) : X — CX by

1 if |u/p| is even and (z,y) = (u,v)
w(u,p) if [u/p| iseven and (z,y) = (u + p,v)
t(P)(uv) (2, y) = ¢ —wlu,p) if [u/p]is odd and (z,y) = (u,v) (6.5.6)
1 if |u/p]isodd and (z,y) = (v — p,v)
0 otherwise,

Note that for eachp € P, t(p) is a row templatewhich is essentiallyidentical to the templatedefined
by Eq. 6.5.5.

The permutationp is extendedo a function X — X in a similar fashionby restrictingits actions
to the rows of X. In particular, define

m X — X
by rm(i,5) = (pm(i),5) .

With the definitionsof r andt completed,we are now in a position to specify the two-dimensional
radix-2 FFT in termsof image algebranotation.
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6.5.4 Algorithm (2-D FFT).If X, r,, andt arespecifiedasaboveanda € CX, thenthe following
algorithm computesthe two-dimensionalFourier transforma Pf.

a:=aor,
for i :=1 tologaom | o00p
a:= a@t(2!)
end | oop
a:=aor,
for i := 1 tologan |00Op
a:= a@t(?i’l)
end | oop
a:=a’

Following Eq. 6.1.23 (Section6.1) we also observedthat the inverse Fourier transformcan be
computedin termsof the Fourier transformby simple conjugation. The next algorithm computesthe
inverse FFT, -L(a@f*), of a € CX.

6.5.5 Algorithm (2-D inverse FFT).

a

a = a
Al gorithm6.5. 4
a = (ha)’

Whenusingparallelmachinesjt may be advantageous implementthe forward productin orderto
generatehe datathatis broadcasto otherprocessor$5, 11]. In this casethe statement := a@Pt (22'*1)
in the precedingalgorithmsis replacedby a := t/(2'"!) @a.

6.6 Radix-4 Factorization

According to Theorem6.3.4 and its corollary,
a-F,=a-M(p,n)- (I, ® F)- B, =(ag-Fr,ar-Fn,...;a, 1-Fy) By, (6.6.1)

wherem = n/pandl < p < m.

Now, we considerthe casewhere n = 4% and p = 4. The factorizationis very similar to the

radix-2 case.
For p = 4, Eq. 6.4.1becomes
a-F,=a-ll4,- (14 F,,) - Bsn,
an - (L ) Bs (6.6.2)
=(ap-Fn,a1-Fp,ay-Fp,as-F,) By,

Assumingn = 4%, the split-and-mege procedurecanbe replacedoy applying Corollary6.3.3to a; - F,
( =0, 1,2,3) which splits eacha; - F,, into

a; - Fm = (ajg . Fm/27 aj - Fm/2,a]'2 . Fm/27 aj;s3 - Fm/2) . B4,m . (663)
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Merging 6.6.3 with Eg. 6.6.2 resultsin

a-F, =[(aoo Frja aot - Frnja,a02 - Frnja, a0s - Froya) - Bam
(alo . Fm/47 ai - Fm/47312 : Fm/47 ai3 'Fm/4) * Bam, (6.6.4)
(azo : Fm/47 az - Fm/47322 : Fm/47 a3 'Fm/4) * Bam, o
(830 : Fm/4u asi 'Fm/47a32 : Fm/47 ass 'Fm/4) : B4,m] By
Using tensornotation, we may rewrite Egs. 6.6.2 and 6.6.4 as
a-F, = (aO : Fn/47 ap - Fn/47a2 : Fn/47 asz - Fn/4) ’ (Il ® B4,n) (665)
and
a-F, = (ap - Fn/427 ao1 - Fn/427a02 . Fn/427 ao3 - Fn/42 )
alop - Fn/42; aig - Fn/42,a12 . Fn/427 as - Fn/42> (6 6 6)

agp - Fn/427 azy - Fn/427322 : Fn/427 azs - Fn/42-
asp - Fn/427 asi - Fn/427a32 ’ Fn/427 ass - Fn/42) ’ <I4 ® B4,n/4) ’ (Il ® B4,n)7

respectively.

SinceF; = (1), continuationof the split-and-mege processk — 3 moretimesleadsto the following
formulation of the DFT:

a-F, = (aju, a;, ..., a]-nfl) . (In/4 ® B4’4) s (I4 & B4,n/4) . (Il & B4,n) , (667)

where eachof the subscriptsj, is length k sequenceof base4 numbers.

k—1
Fors = (so, $1, ..., Sk-1) € [] Z4, let (s), denotethe base4 expansiorof s; i.e.,
=0

(s)y=s0+s144+ - + sp_q4F1

Using induction on k, it can be shown that a; = a((j,),) for » = 0,1,...,n — 1. Defining
pan i Ly — Ly by pan(r) = (jr), We have

(ajm Ajyy - ey ajn—1) =a- P4,n y (668)

where Py ,, is the permutationmatrix definedby Py, = P,, .. This meansthat the DFT of a € C"
consistsof a permutationof the componentf a followed by a productof k sparsematrices.

The following examplewill provide the necessarynsight into understandinghe action of Py, on
the coordinatesof a vector.

6.6.1 Example: Supposer = 42 anda € C!%. Then
a-Fig=(ag- Fy, a1 - Fy,az- Fy, a3+ Fy) - (I1 ® Baas),

where



az; = (a(2)a a(6)7 a(10)7 a(14))7
and
az = (a(3), a(7), a(11), a(15)).

Repeatingthis process,we obtain

(ag - Fy, ay - Fy, ay - Fy, az - Fy)
= (agg - F1, agr - F1, apy - F1, aps - 11,

ago - F1, ap1 - F1, ap2 - F1, aps - F1,

ago - F1, ap1 - F1, ap2 - F1, aps - F1,

ago - F1, a0 - Fi, apz - Fi, aps - F1) - (14 @ Baa)
= (ago, ao1, a02, ap3,

ai10, A11, 412, 413,

ago, a21, A2, A23,

asp, as1, a3z, a33) . (I4 ® B4.a)

11), a(15)) - (11 ® Ba,a).
Thus,

)7 a(p4,16(2))7 a(P4 16( ))
; ), a(pa,16(6)), a(pa16(7)),
P4,16(8)), a(pa,16(9)), a(pa,16(10)), a(pa,16(11)),

a(pa,16(12)), alpa,16(13)), a(pa,16(14)), a(pa,16(15))).

Expressingi and p4,16(2) in terms of base4 representation®lucidatesthe action of Py .
Specifically,we havethe following relationship:

. pa,16(7) i (base4 ) pa16(i) (based)
0 0 00 00
1 4 01 10
2 8 02 20
3 12 03 30
4 1 10 01

Figure 6.6.1 The permutationp4 ¢ andits correspondingdinary evaluation (Continued). . .
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t pai6(i) i (base4 ) pa16(i) (Dased)
5 5 11 11
6 9 12 21
7 13 13 31
8 20 02
9 21 12
10 10 22 22
11 14 23 32
12 3 30 03
13 7 31 13
14 11 32 23
15 15 33 33

Figure 6.6.1 The permutationp, 16 andits correspondinginary evaluation

It follows from the tablethat p4,16(¢) is obtainedfrom i by reversingthe order (readingfrom
right-to-left) of the digits in the base4 expressiorof i.

The following algorithm computesthe permutationfunction py .

6.6.2 Algorithm (Evaluatingps ,(t))

Forn = 4% andi = 0,1, ..., n — 1 definep, (i) as:
begi n
j =20
m =1
for [:=0tologs(n)—1 1o00p
ho= %]
J =45+ (m — 4h)
m:= h
end | oop
returnj

end

Fora € C™, the computationof a- P, ,, cannow be accomplishedby usingthe simpleimagealgebra
specification:
b :=aops,

Of course,by specifyingthe templatep = ¢ ~(P,,), we could just as well computea - Py, in
terms of the convolution producta @p.
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6.7 Radix-4 FFT Algorithm

Using the resultsof the previoussection,we canwrite a - F, as

a-Fp,=a Py, Ar-Ay -+ A, (6.7.1)

wheren = 4F and 4; = Iy ® By, +=1,2,..., k. Thus,we may use the following algorithm
to computa - F),:

6.7.1 Algorithm (Radix-4 FFT)

a:=a-P;, (Algorithm 6.6.2

fori:=1 tok |oop
a:=a-A;

end | oop

SinceeachA; hasonly four nonzeroentriesper columnandeachcomplexaddinvolvestwo floating
point operationspr flops while eachcomplexmultiply involvessix flops, it is not difficult to ascertain
that this algorithmrequiresonly O(n - logsn) flopsif the sparsityof the A;s is exploited.

The image algebraequivalentof Eq. 6.7.1is given by

a®f = (a0psn) UL D) O --- Dt(k), (6.7.2)

wheret(i) = ¥ 1(4;).
To computeEqg. 6.7.2,we may usethe following algorithm which looks very muchlike Algorithm
6.7.1

6.7.2 Algorithm

a:=aops, (Algorithm6.6.29
fori:=1 tok |oop

a := a@t()

end | oop

To completethe specificationof this algorithm, we needto examinethe parameterdefining the
templatest(:) = ¥ '(4;).
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At the ith stageof the loop in Algorithm 6.7.2 we computethe productb; = b;_; ®t(7), where
by = a o ps16. By definition of the productoperator @, the valueb;(j) is given by

bi(j)= > bia(l)-4(i);(1). (6.7.3)

The cardinality of S(t(i)y) is four sincethe templateimaget (<), correspondso the jth columnof

A;. Thus,using Eq. 6.7.3,the computationof eachvalue b;(j) involvesfour multiplicationsandthree
additionswhich showsthat the imagealgebraformulationa := a ®t(7) exploitsthe sparsityof A;.

To completethe specificationof the templatet(:), we needto define the weightst(i), (/). Let
b; = b;_1 @t(¢), whereby = a o py6. Let

1 1 1 1
wo o—w —w w
W(w) = 6.7.4
(w) v o—w? w?:  —w? |’ ( )
w3 2w3 —w3 —zw3
wherew = w;iim"d S By carefully consideringthe columnsof the matricesA;, it is not difficult to

seethatb;(j), b;(j + 4" '), bi(j +2+4"1), andb;(j + 3+ 4'') canbe computedin termsof the
following vector product

(bi(4), bi(5 + 471, bi(j + 247 1), b;(j +3x4"71)) =

(bi1(§)s bica (G + 47 1), b (G +2% 4 1), biq (f+3%471)) - W(w). (6.7.5)
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Figure 6.7.1 The Cooley-Tukey dataflow graphfor n = 16.

Equation6.7.5is thekey for representinghetemplates (1) andt(2) in termsof asingleparametrized
templatet(p). Specifically,let P = {2* : i =0, 1} andfor p € P, definet(p) by

t(p);(1) = {(EW(WZPMCIP)] rs fti;vii:-ep- (L%J mod 4) =0,p,2p,or 3p (6.7.6)
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wherer = =1 4 (BJ mod 4) ands = BJ mod 4. Using the conventionw(j,1) = 0 ¥; andsimple
inspectionverifiesthat for the parameterg = 4° and4!, the templatesgeneratedy t(p) correspondo
the templatesy ' (A1) and ¢ ~'(Az), respectively.

The 16-pointradix-4 FFT can easily be generalized.

With the specificationof t(p) completed,we are now able to formulatethe Cooley-Tukey radix-4
FFT using the languageof image algebra.

6.7.3 Algorithm (Radix-4 FFT).If a € C*, n = 4F, and t(p) is specifiedby Eq. 6.7.6, thenthe
following algorithm computesa Pf.

a:=aopy,
for ::=1 tologsn |o00Op

a = a@t(él’-*l)
end | oop
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CHAPTER 7
TRANSLATION INVARIANT TEMPLATES ON FINITE DOMAINS

In this chapterwe are concernedwith two importantclassesof templatestranslationinvariantand
circulanttemplates.Thesetemplatesare usedto implementvariousconvolutionsand occurfrequentlyin
digital image processing.As we shall show, thesetemplatesare closely relatedto the discreteFourier
transformandits efficient computation. However,the main emphasif this chapteris on the algebras
associatedvith translationinvarianttemplateson finite domains.

7.1 Translation Invariant Templatesand Toeplitz Matrices

It follows from earlierchapterghattranslationinvarianttemplatesoccurnaturallyin imageprocess-
ing. Translationinvariancewas definedin termsof a group (X, +) (Section4.1) suchas(Z x Z, +).
However,in mostimageprocessingaskstake placeon finite subsetsf the discreteplaneZ x Z which
are not closedsetsunderaddition. For example,if X = 7Z,, x Z, C Z x Z, thendefiningt € (IFX)X
to be translationinvariantif ty(x) = ty;.(x + z) Vx,y,z € X makeslittle sensesincex +z ory + z
may not be pointsin X. This posesthe questionasto the meaningof the term “translationinvariant” or
“shift invariant in casethe underlyingpoint setX is not closedwith respectto addition.

711 pefiniion. If (Y,+) is agroupandX C Y, then t € (FX)™ is saidto be translation

invariant on X if andonly if thereexistsa translationinvariant template t € (IFY)Y such
thatf|(x,|FX) = t.

Thus, translationinvarianttemplateson X arerestrictionsof translationinvarianttemplateson Y. It
follows that translationinvariant templateson X look very muchlike translationinvariant templateson
Y. For example,if Y = 72 and 1 € (IRY)Y denotesthe unit template,then 1|x gx) is alsothe unit

templatefor the set (RX)X. However, the comment“look very muchlike” should not be taken too
literally. SupposeX = Z3 x Zs and t € (IRP)Z is definedby
{ Lif (21, 22) = (91, 92)

by wa) (21, 22) = 4 2 if (21, 22) = (y1 £ 10,2) or (z1,22) = (41,92 £ 10)
0 otherwise.
If we restrict t to (X,R*), thenclearly t|x gx) = 1|x rx)-

It thereforefollows thatif t € (IRX)X is atranslationinvarianttemplate whereX C 72 is finite, then
there existsinfinitely many templatesin (IR%ZQ)Z whoserestrictionsto (X,RX) equalt. It is possible,
however,to identify a translationinvariant templatewith a unique translationinvarianttemplate t on
Y which has essentiallythe samesupporton X ason Y (except,possibly, nearthe boundaryof X).

Specifically, for eachtranslationinvarianttemplatet € ([FX)X let
Y . D
R(t) = {r € (IFX) : ris translation invariant and r|x Fx) = t},

and

S(th): ﬂ S(ry)v yeY.
reR(t)
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Supposewithout loss of generalitythat t is not the zero templateon X. Then for somey € X,
S(ty) # @ and, therefore, S(t,y) # &. Sinceeachr € R(t) is translationinvariant, we have
that S(t,y) # @ Vy € Y.
Now chooseanarbitrarytemplater € R(t) andnotethatif x € S(t,y), thensinceS(t,y) C S(ry),
ry(x) # 0. Define t € (FY)Y by
£, (x) = {ry(x) if x€ 9(t,y)
Y 0 otherwise.
It follows that t € R(t), f\(X,FX) = t, and that
S(ty) C S(ry) Vy € Y and Vr € R(t). (7.1.1)
If t is the zerotemplateon X, thenthe uniquetemplatet correspondingo t is the zero element

of (IFY)Y. This showsthat we canalwaysidentify a translationinvarianttemplateon X with a unique
translationinvarianttemplatet on Y, namelythe one with smallestsupportasdefined by Eq. 7.1.1.

Invariant templatescan just as well be definedin termsof spatialtransformations.If (Y,+) is a
group under point (vector) addition, thena function¢ : Y — Y is called a translation (or shiff) if and
only if thereexistsa pointz € Y suchthat¢(y) =y +z Vy € Y. Thus,for eachz € Y, thereexists
a translationg, : Y — Y which is definedby ¢,(y) =y +2z Vy € Y.

If y € Y and(Y,+) is an abeliangroup, then
(¢z 0 ¢x)(Y) = ¢z(¢x(3’)) = ¢z(y + X) = (y + X) t+tz=y+ (X + z) = ¢x+z(Y) .
Sincey was arbitrarily chosenandz + x = x + z, this showsthat
¢Z © ¢x = ¢x—|—z = ¢z+x = ¢x o ¢z . (7.1.2)
As a trivial consequencef this equationwe havethe following result:

7.1.2 Theorem. If (Y,+) is an abeliangroupand ® = {¢, : z € Y}, then® is an abeliangroup
under the operationof composition.

Proof:

¢Z S (¢X o ¢Y) = ¢Z S ¢X+Y = ¢z+(x+y)
= Qlatx)ty = Putx 0 Py = (¢z0¢x)o Py .
This provesassaociativity. Commutativity follows from Eq. 7.1.2.

Since g, o ¢o = Pu10 = Pz, Go IS the identity of P.

Finally, since¢, o ¢_, = ¢,4(—s) = ¢o, €achelementof ¢ hasaninverse.
Q.E.D.

For X C Y, define
Q‘X = {¢ : ¢:¢z|(X,X)7 ¢z € Q}
Note thatif ¢ € ®|x, then : domain(¢) — X, wheredomain(¢) = {x € X: ¢(x) € X} c X.
Thus, in general,¢ € ®|x is not a function from X to X.
We arenow in a positionof classifyingtranslationinvarianttemplatesn termsof elementsof ®|x.
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7.1.3  Theorem. t ¢ ([FX)X is translation invariant & V¢ € ®|x andVx,y € domain(¢),

ty(x) = ty(y)(o(x))-

Proof: Supposehatt is translationinvariant. Let ¢ € ®|x andx, y € domain(¢). By
definition of ®|x, thereexistsz € Y suchthat¢(u) = u +z Yu € domain(¢). Sincet is
translationinvarianton X, we now have

ty(x) =ty (X +2) = tyy)(9(x)).
To prove the converselet x, y € Y anddefine
T(x,y)={z€Y : x—z€X and y —z € X}.

Note thatif 7'(x,y) # @, thenT(x+w,y + w) # @ Vw € Y. Supposet € (IFX)X
satisfiesty,(xo) = ty(y,)(#(x0)) V¢ € @|x andVxg, yo € domain(¢). Observethat if
u, v € T(x,y), then

x—ueX, y—-ueX, x-veX, andy-veX. 0]
Thus,if z = u — v, then¢:¢z|(x,x) € ®|x andthe following equationshold:
px—u)=x—-vand p(y—u)=y-—v. (i)
In particular, we have
ty u(x—u) =tyy u)(d(x—u)) =ty v(x-v). (iii)
Now define § € (FY)Y by

(x) = ty_u(x —u), where u e T(x,y) is arbitrary, if T(x,y) # @
Y 0 if T(x,y)=@.

It follows from our observation(Egs. (i), (i), and (iii)) that t is well defined.
Letx,y,z € Y. If T(x,y) = @, thenT(x +z,y +z) = @ and, hence,ty(x) = 0 =
tyrz(x+2). If T(x,y) # @, letue T(x,y),veT(x+2zy+z),w=2z—v+u, and

¢=dwl(xx)- Thenx —u e X andg(x —u) = (x - u) +w = (x +z) — v € X. Likewise,
wehavegp(y —u) = (y—u)+w=(y+2z)—v e X. Thus,x—u, y = u € domain(¢) and

ty(x) = ty_u(x—u) = toy—u)(P(X = 0)) = t(yin) v((X +2) - v) = tyra(x +2).

Therefore, t is translationinvarianton Y.

Clearly, if x, y € X, then ty(x) = ty(x). Hence,t|x px) = t. Thereforet is translation
invariant on X.

Q.E.D.

Translationinvarianttemplateson a finite point setX canalsobe classifiedin termsof specialtypes
of Toeplitz matrices.
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7.1.4 Definition. Let A = (a;5),,,. We saythatA is a Toeplitzmatrix if andonly if for every
pair i, j € Z, andfor everyintegerk with the property: + k, j + k£ € Z,, it follows that

Qij = Gitk,j+k-
Accordingto this definition, Toeplitz matricesare constantalong their diagonals.

7.1.5  Definition. An mn x mn matrix A = (a;;) is saidto be block Toeplitzwith Toeplitzblocks
if andonly if A is of form

Ag Ay e Ap
e
Amy Amaz - Ao

wherefor eachi € Z.(,,_;) A; denotesa Toeplitz matrix.

For the remainderof this sectionlet X = 7,,, x Z,,. ConsideringExamples4.9.5and6.1.3 the next
theoremshould not be very surprising.

7.1.6  Theorem. t e (FX)¥ is translationinvariant < 1(t) is block Toeplitzwith Toeplitzblocks.

Proof: Suppose is translationinvarianton X. Since(t) is an mn X mn matrix, we can
write ¥ (t) in termsof a block structuredmatrix

AOO AOI e AO,mfl
AIO All e Al,mfl .
/lb(t) = : . .. . 7 (I)
Am—l,O Am—l,l Ut Am—l,m—l

whereeach 4;; is ann x n matrix. Our first goal is to show that for eachpair ¢, j € Z,,,
A;; is a Toeplitz matrix.

Let A;; = (as:), Wwheres, t € Z,,. It follows from the definition of the isomorphisme> that
ase = t(;j(i,s). Fix sandt, andlet k be anintegersuchthats + k, t + k € Z,. Sincet
is translationinvariant,

Agt = t(j’t)(i,S) = t(j,'H—k)(ivS + k) == as-l—k,t-l—k 9

which implies that 4;; is a Toeplitz matrix.

To showthat ¢ (t) is block Toeplitz, let k be any integersuchthati + &k, j + k € Z,,,. If
A = (as) and Ajyx j+x = (bst), thenfor s, t € Z,, we have

Agt = t(j,t)(ia‘s) = t(]+k,t)(l + k,S) = bst .

This showsthat A;; = Atk i+k-
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Conversely supposehat (t) is block Toeplitz with Toeplitz blocks and written in termsof
Eq. (). Lety = (4,t), x = (¢,5) € Z,, X Z, andsupposehatz = (k,[) € Z x Z suchthat
y+zeZ,x1Z,andx +z € Z,, x Z,. By definition of #(t), t(j,t)(z',s) = a, Wherea,;
is the (s,t) entry of A;;.

Since(t) is block Toeplitz with Toeplitz blocks, a5t = bsy1:41, Wherebs;; 41 denotesthe
(s+1,t+1) entry of A;yx ;+r. Therefore,

ty(X) = Qst = bs‘l'l,H'l = t(j+k,t+l)(i + ki, S + l) = ty_|_z(x + Z) .
Q.E.D.

Sincet is anisomorphisma templatet € (FX)X hasan inverseif andonly if the corresponding
matrix 1(t) hasan inverse. The inverseof t ¢ (IFX)X (if it exists)will be denotedby t~!. Thus,
if t hasaninverse,thent=! = ;b—l(w(t)’l). Obviously, if T is an mn x mn block Toeplitz matrix

with Toeplitz blocks,then ¢*1(T) is aninvarianttemplateon X. However,sincethe inversematrix of a
block Toeplitz matrix with Toeplitz blocksis not necessarilya Toeplitz matrix (seefor example[4, 9]),
Theorem7.1.6 hasthe following implication:

7.1.7 Corollary. Theinverseofatranslationinvarianttemplatds notnecessarilgranslationinvariant.

7.2 Circulant Templates

Implementationof many translationinvariant transformationsoften involve circular convolutions
sincecircular convolutionscanbe computedusingfast transformmethods.Circulanttemplatesthe topic
of this section,are usedto implementcircular convolutions.

Unless otherwise specified, for the remainderof this sectionX = 7,, x Z, C Z x Z. For
x = (i,§) € Z x Z = 7* we definexmod(m,n) = (i(modm), j(modn)).

7.2.1 Definition. A function¢ : X — X is calleda circulanttranslationif andonly if 3z € X
suchthat p(x) = (x + z)mod(m,n) Vx € X

Note that if z € 7Z? andz ¢ X, then zmod(m,n) € X and (x+ z)mod(m,n) =
(x + y)mod(m,n) Vx € X, wherey = zmod(m,n). Therefore,we shall sometimesdefine circu-
lant translationsin termsof z € 72\X.

7.2.2 Theorem. If ¥(X) = {¢ : ¢ is acirculant translation on X } and (X, +) is the additive
group of vectoraddition mod(m, n), then(¥(X), o) is isomorphic(X, +).

Proof: For eachz € X, let ¢, denotethe circulant translationdefinedby ¢,(x) =
(x +2z)mod(m,n) Vx € X. Notethaty € ¥(X) & ¢ = ¢, for somez € X. Thus,
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if we defineh : X — ¥(X) by h(z) = ¢,, thenh is onto. Also, sincey, # ¢, whenever
z #y, h(z) # h(y). Therefore,h is one-to-one.

By definition of h, A(z + y) = ¢,4+y. But

Puty(x) =[x + (2 + y)|mod(m,n)
= [(x + y)mod(m,n) + z|mod(m,n)
= ¢u[(x + y)mod(m,n)]
= ©a(py(x))
= (P2 0 py)(x)

Vx € X. Therefore,h(z +y) = ¢, 0 py.
Q.E.D.

723 Definition. A templatet € (FX)™ is said to be circulant if and only if t,(x) =
toy)(p(x)) Vx,y € X andVyp € ¥(X). We denotethe set of all F-valued circulant
templateson X by C'(F, X).

Suppose € C(F, X) and¢ € ®|x. If x, y € domain(¢), thenthereexistsapointz € Z? suchthat

x+z=¢(x) e Xandy+z = ¢(y) € X. Sincex+z € X andy +z € X, (x + z)mod(m,n) =x+z
and(y + z)mod(m,n) = y + z. Thus,usingthe circulant translationy, € ¥(X), we havethat

ty(x) = t%(y)(c,oz(x)) = ty4u(x+2) = t¢(y)(x)-
This provesthe following theorem:

7.2.4 Theorem. Everycirculanttemplateon X is translationinvariant on X.

7.2.5  Definition. An n x n matrix C = (¢;;) is saidto be a circulant matrix of order n if and
only if for every integerk,

Cij = C(i+k)modn, (j+k)modn -

It follows from this definition thatif C is a circulantmatrix of ordern, thenC is of form

o €1 Cpd
Cp—1 C - Cp-2
C = )
C]. C2 DR CO
Thus,we canusethe simplernotationC' = cire(cg, ¢4, ... , ¢,—1) t0 uniquely representhe matrix C.
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7.2.6  Definition. An mn x mn matrix A is saidto be block circulantwith circulantblocksof type
(m,n) if andonly if A canbe expressedasa block matrix

Ag Ay 0 Ap
A | At Ao Anz )
Ay Ay - A

suchthat each 4; = circ(as,, aiy, ..., ai, ).

We shall alsousethe notation A = circ(Ag, Ay, ..., Am—1) to represent block circulant matrix
with circulantblocks. The next theoremshowsthat circulanttemplatesdeservetheir name.

7.2.7 Theorem. If t € C(F, X), then(t) is block circulant with circulant blocks.

Proof: Sincet is translationinvariant(Theorem7.2.2, v (t) is block Toeplitz with Toeplitz
blocks (Theorem7.1.6

Let
Ao Ay Apy
A_1 Ao Am—2
¢(t) = : : . :
Amay Ama - Ao

We shall show that for eachl € Z.,, 1), 4; is circulant.

Sincel € Zi(n 1), 4; is of form

t(j,O)(‘:v 0) t(j,1)(l:7 0) - t(j,s)(?v 0 - t(j,n_l)(z:, 0)
t(jyo)(l,l) t(j,l)(l,l) t(jys)(l,l) t(j’nil)(l,l)
A = © ) © ' o :
t(]',o)(l, T’) t(]',l)(l, T’) s t(j,s)(l, 1") LR t(j,n—l)(la T’)
tio(hn—1) toylEn-1) - t;gn—1) - t;.q(n-1)

wherel = j — ¢ andi,j € Z,,.
Let £ € Z, z = (0,k), and considerthe circulant translationy, : X — X definedby
0 (x) = (x+ z2)mod(m,n). If x = (z1,22) € X, thenp,(x) = (21,22 + k)mod(m,n) =

(21, (22 + k)modn). Let A; bedenotedby A; = (a,s). Sincet is circulant,we have

Grs = 4(35) (1) = by (1) (22(6,7)) = £ st Rymodn) (s (1 + K)MOAN) = (vt ymodn, s+ kymodn -

Therefore, 4; is circulant
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We now showthat #(t) is block circulant. Let? € {1, 2, ..., m — 1} and 4; = (a,s). Since
[ > 0 and(t) is block Toeplitz, we havethat

to)(0,0) - tapa-1)(0,0)
Al = E ._- E
tro)(0,m—1) -+ tg,-n(0,n—1)
Thus,a,s = t(4(0,7). We needto showthat A; = A_(,, .

Let A,y = (brs), z = (I,0), and define the circulant translationy, : X — X by
¢z(x) = (x + z)mod(m,n). Then

b,s = t(O,s)(m - l,T‘) = th(D,s)(@z(m - l7T)) = t(l,s)(ovr) = Qys .
Q.ED.

The set C'(m,n) of all block circulant matriceswith circulant blocks of type (m,n) forms a
commutativering with unity [6]. Sincev : C(F,X) — C(m,n) is anisomorphism,Theorem7.2.7
implies the following corollary:

7.2.8 Corollary. (C(F,X), @, +) is a commutativeing with unity.

As mentionedpreviously,circulant templatesare usedto implementcircular convolutions. In fact,
if t € C(F,X), then the mappinga > a @t is the circular convolutionof the two-dimensional
sequences;; = a(i,j) andt;; = t(gg)[(—i, —j)mod(m,n)]. Thesecircular convolutionscan be used
for approximatingtranslationinvarianttemplateoperationg1, 14]. The simplesttechniqueswhich are
adequatdor small convolutions(i.e., templatesvith small support),areeitherto padthe arraywith zeros
or to ignore the boundaryeffects.

Circular templatesare closely related to the discrete Fourier transform and the theory of fast
convolutions. The next set of definitionsand theoremshelp to establishthis relationship.

If X = 7,, x 7, andf € (CX)* denotesthe two-dimensionalFourier template,then the two-
dimensionalFourier matrix of order m ® n is denotedby F,,g,. anddefinedby F,.g,. = ¥(f). We
use the tensornotationm ® n in orderto avoid confusionwith the one-dimensionaFourier matrix
F,,, definedin Section6.2 Note thatin generalF,,,s, # F,.,. The relationbetweenF,, g, andthe
one-dimensionakFourier transformmatrix is given by the following equation:

Frgn = Fn @ F, = (F @ L) (L, © Fy). (7.2.1)

This relation correspondgo our previousobservation(Eq. 6.1.22)that the two-dimensionalFourier
transformcan be computedin two successivapplicationsof the one-dimensionaFourier transform.

For eachC = circ(co, ¢1, ..., Cn1), l6t fo(2) = co + 1z + 2% + -+ + ¢, 12"~ L. Thus,if
P = cire(0, 1,0, ..., 0) is of sizen x n, then fo(P) = cgP° + 1P + -+ + ¢, 1 P! = C, where
P° = I,. Furthermore,since

n—1

ijk _fn if k= 0modn
—~ " |0 otherwise,
J:
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it is easyto showthat P = F,,QF, whereQ = diag (wi) withj =0,1, ..., n—1. It nowfollows that
C =F,AF], (7.2.2)

where A = diag(fc(w‘fz)) j=0,1,...,n—1.
Equation7.2.2representshe matrix formulationof the circular convolutiontheorem.Similarly, for
eachblock circulantmatrix C with circulantblocksof type (m, n) we candefineapolynomial fo (z,y) by

fo(z,y) = coo+cory+ -+ + com1y™ '+ 30(610 +eny+ oo+ Cl,nflynil) + - (7.2.3)
N (Cm—1,0 +Cn-11y+ - + Cm—l,n—lynil) ) o

such that
C=(F,®F,)D(F, ® F,)", (7.2.4)

where D = diag (fc (wiﬁ,wﬁ)) . Thus, circulant and block circulant matricesare diagonalizableby

Fouriermatrices.In the languageof imagealgebrathis saysthatif t € C(F,X) anda € FX, thenthere
existsa templates € (FX)* suchthat 5(s ) € X and

at+t=(a+ )+s)+ ! (7.2.5)

Note that the computationof +s canbe implementedusing pointwise multiplication. Equation7.2.5
showsthat the FFT can be usedto facilitate the computationof convolutions.

The Fourier templatef inducesan isomorphismC( , X) X This correspondgo the image
algebraversion of the convolutiontheorem.

7.2.9 Theorem. Thefunction C( ,X) X definedoy (t) =t o, + isaring isomorphism.

Proof: If s, € C( ,X) suchthatt =s+ ,thent,, =sg9 + o0 . Usingthisand
Eqg. 5.1.1 we obtain
(s+ )= (t)=(so0 + o00)+ =(s00 + )+ 00+ )= 5+ ()

From the definition of the Fouriertemplatewe obtain

()= o0 + =
Next supposethatt =s + , =(i,5), = (z,y)e X,and ( )=( — )m d(m,n).
SinceC( ,X) is a commutativering, s + = +s. Hence,

too( )=
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Therefore, can be representedas the cyclic convolution of the two-dimensional
sequences and (seealso Section3.6 and Example3.10.3ii)).
By the Convolution Theoremwe now have

and, hence,

(7.2.6)
Thus, preserveghe ring operations.
To seethat is onto, let . Set and define by setting

and extendingt circularly by defining

Then
To showthat is one-to-onesupposehat . Then and,since
f is invertible, . However,circulanttemplatesare determinedoy their valuesat
one point. Therefore,

Q.E.D.

One of the most useful propertiesof the Fourier transformis that it convertsconvolutionsinto
pointwise multiplications, a fact which is expressedy Eq. 7.2.6. Becauseof this, local algorithms
for computingconvolutionscan be derivedby deriving local algorithmsfor computingdiscreteFourier
transforms.

For , define by . Note that if is a one-pointtemplate
with , then and . In addition,

is a diagonaltemplate.

One-point templates and invertible templates provide a structure which is essentially
the same as the ring . Suppose is invertible.  Define

The structure of is revealed by
the following theorem:

7.2.10 Theorem. is a commutativaing which is isomorphicto

Proof: The proof, which proceedsin two steps, is routine and we leave the
details to the reader. The first step consists of showing that

is a commutative ring (this is trivial),

and that is an isomorphism. This showsthat is a
commutativering.
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The secondstep consistsof verifying that the function defined by

, where , Is anisomorphism. This is also straightforward. For
suppose with and L f
and , then and, similarly,
Thus,
Therefore, . Note thatwe usedEq. 5.1.1to establishthis equality. In

a similar fashion one can show that

The verificationthat is one-to-oneand onto is just asroutine.
Q.E.D.

Thus, if methodscan be found for implementinginvertible transformslocally, then thesemethods
can be usedto implementa larger classof linear transformslocally.

7.3 Circulant Templatesand Polynomials

In the precedingtwo sectionswe definedtranslationinvariantand circulant templatesand outlined
their relationshipto the matrix algebraassociatedvith the discreteFourier transform. In this section
we describea family of relationshipshetweencirculanttemplatesand the quotientrings of polynomial
rings. Theserelationshipsshow that the problem of finding decompositionsof circulant templatesis
equivalentto factoring multivariate polynomials. For separablecirculanttemplatesthe problemreduces
to the single variable caseand s, therefore,equivalentto finding roots of polynomialsin one variable.
This is analogoudo the polynomialfactorizationmethodologieslevelopedn Chapter5. However,the
underlyingtechniquesare different. For circulanttemplatesnve useshifts andthe Fundamentallheorem
of Algebrain orderto obtain minimal local decompositions.

Throughoutthis section,x, y, andz will denoteelementsof , , X andy will
denoteindeterminatesand thering of polynomialsin two variableswith coeficientsin . We let
denotethe quotientring of polynomials and (see
Section3.6). The circulantvon Neumanrconfigurationis the function definedby

In this section,the term “local” shall meanlocal with respectto N.
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7.3.1 Definition. Foreach , define by ,
where

or, equivalently, is calledthe polynomialrepresentativeof t.

Note that by defining we obtain
(7.3.1)
which is identical to Eq. 7.2.3
7.3.2 Example: Let be given by
1 2 3
t = 2 4 6
3 6 9
Then
while
The following propertiesare easyto ascertain:
7.3.3  Properties of
1. If or , thent is local.
2. If or , thent is local.
3. If , thenthe circulanttransform shifts all pixel valuesi units
vertically and j units horizontally.
7.3.4 Theorem. If , then
Proof: For , let denote the circulant translation defined by
If , then . Sinces is circulant,
. Thus,
0
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By definition of polynomial productsin (seeSection3.6), the num-

bers , for , given by Eq. (I) areexactlythe coeficients of the polynomial product

Q.E.D.

7.3.5 Theorem. For every , Is one-to-oneand onto. Moreover, if ,
then

Proof: It is notdifficult to checkthat is one-to-oneandonto,andwe leavethe detailsto the
reader.Similarly, Eq. 1 follows from the fact that addition of templatess definedpointwise.

To prove Eq. 2, let be the circulant translationdefinedby ,

and note that . Now, if , thensince , we havethat
To prove Eq. 3, observethat since and , we
have that

The desiredresult now follows by multiplying the equationby
Q.E.D.
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7.3.6 Example: If t denoteshe circulanttemplatefrom Example7.3.2 then

Also, , Where
1
s = 1 2 3 and r = 2
3
Thus, and . Simple polynomial

multiplication showsthat

The following facts are direct consequencesf Theorems7.3.4and7.3.5

7.3.7 Corollary. is an isomorphism.
7.3.8 Corollary. Let , , and Cf , then
, whee and
7.3.9 Corollary. If , , and , then ,
whee , , and s representsa circular shift units
horizontally and units vertically. Moreover, s can be replacedby a template which

representsa circular shifti units horizontallyandj units vertically.

The collection constitutesa classof mappingsbetweenimagealgebraand polynomial
algebrathat are almost isomorphisms. For , the operationof multiplication is not preserved
(Theorem7.3.5Eq. 3). However,for , they differ from the isomorphism only by shifts. Thus,

if any polynomial representative  of a templatet can be factored, then the templatet can also be
factored. It follows that the templatedecompositiorproblemfor circulanttemplatess equivalentto the
problemof factoringmultivariablepolynomials.We will usethisfactin orderto showhow anyseparable
circulanttemplatecan be implementedocally with respectto the von Neumannconfiguration.Sincethe
von Neumannrestriction simulatesa nearestneighbormesh-connectedrray of processorsthe
methodswe developcan be usedon such machines. Additionally, we shall provide upperboundson
the numberof parallel stepsrequired.

7.3.10 o
Definition. If , then
1. )
2. , and
3.
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7.3.11 Definition. If and , thenwe say that
y is a minimal point for t.

Since is an isomorphism, is separableéf and only if thereexists polynomialsp
and g suchthat . It follows from the precedingcorollariesthat if t is separable,
thenfor every thereexistspolynomials and suchthat . We shall

usethis observationo provide a systematianethodfor factoringany separableirculanttransforminto
local transformswith respectio 4—connectegrocessomrraysand give upperboundsfor the numberof
parallel stepsrequired.

7.3.12 Theorem. Suppose is separableand is a minimal point for t.
Additionally, let and L f and
, then the circulant transform can be computedin at most
local parallel steps. Moreover,
1. of thesestepsconsistof horizontalor vertical shiftsof the entire array by onelocation,
2. of thesestepsconsistof at mostoneadditionand onemultiplication (possiblycomplex)

per pixel, and
3. oneof thesestepsconsistsof at mostone multiplication per pixel.

Proof: Sincet is separablethereexistspolynomialsp andq suchthat
By the FundamentallTheoremof Algebra

where
Define circulant templates suchthat

for and for . By
property 7.3.31), eachof the templates is a local template. In fact,

it shouldbe obviousthat thesetemplateshavethe following geometricrepresentations:

P = R % = % !
By our choiceof p andq, . Furthermoreby Theorem7.3.4
, which implies that . Similarly, . Hence,by

Corollary 7.3.9
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This equationexpresseds as a productof local templates. The numberof stepsrequiredto

implementthecircularconvolutiontransform is alsogivenby this equationnamely,
multiplication stepsand shifts.

Q.E.D.

To provide a specific example,supposethat X representsa array andt a rectangular

separablecirculant template. Then and . Hence,if , then

can be computedlocally in 60 parallel stepsconsistingof at most one multiplication and

addition per pixel, one stepconsistingof one multiplication per pixel, and a total of 28 unit vertical or
horizontal circular shifts. Since the computationin its original form required900 multiplications per
pixel, it is clear that the decompositionis far more efficient with respectto the numberof arithmetic
operationsas well as parallelism. Nontrivial examplesof suchtemplatesare the discretizationof the
Marr-Hildreth edge operators[16].

Another systematiomethodfor decomposingseparablecirculanttransformsinto local transformsis
given by the next theorem. This theoremalso avoids complexmultiplications.

7.3.13 Theorem. Suppose is separableand is a polynomialin one
variable . Let be a minimal point for t.

1. If for some and , thenthe

transform canbe computedn local parallel steps.Furthermoe, of

thesestepsconsistof vertical, circular unit shiftsof the entire array, k of thesestepsconsist
of at mosttwo real multiplicationsand additions per pixel, and one of stepconsistsof at
mostone real multiplication per pixel.

If for some , thenthe conclusionof part (1) holdswith k
replacedby
Proof: We canwrite as , whereeach is amonic quadratic
polynomialwith real coeficients and . For each , define . By

property 7.3.32), each is a local template. Furthermore,

Therefore, , Wheres is a shift template.
If , thenwe canchooses to be a shift of units. If ,
thenwe canlet s be a shift of units. In either case,the shift

can be executedin  steps.

If the secondhypothesiof our theoremholds,write as ,

whereeach is a monic quadraticpolynomial with real coeficients, , and is
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a monic linear polynomialwith real coeficients. Define local templates asbeforeand set
Then

The remainderof the proof is now identicalto the latter part of the proof of part 1.

Q.E.D.
Obviously, an analogougheoremholdsfor with .
If , let denotethe smallestinteger greaterthan or equalto r. The following is an easy
consequenc®f Theorem7.3.13
7.3.14 Corollary. Supposd is a separablecirculant templateand is a minimal point for
t. If _— , and
, then the circulant transform can be computedin
local parallel steps. Moreover, of thesestepsconsistof vertical and
horizontal circular unit shifts of the entire array, of thesestepsconsistof at mosttwo
multiplicationsand additions per pixel, and one of stepconsistsof at mostone multiplication

per pixel.

The templatescorrespondindo the quadraticpolynomialsthat resultfrom the decompositiorof t as
given by Theorem7.3.13or its corollary are depictedin Figure 7.3.1.

Pi

I
&

d;

1
&
g
=

Figure 7.3.1 The quadratictemplatesresultingfrom the
decompositiortechniqueusedin Theorem7.3.13and its corollary.

The rationalefor establishingthe relationshipbetweencirculant templatesand the quotientring of
polynomialsin two variables is the sameas that for establishingthe relation-
ship betweentemplatesand polynomialsdiscussedn Chapter5; the relationshipprovidesa methodfor
decomposingseparablecirculanttemplatesby factoring (or finding the roots) of correspondingpolyno-
mials in one variable. Although finding roots of polynomialscan be a numerically unstableprocedure,
many computerizedechniqueshave beendevelopedthat are capableof factoring polynomialsexactly

[5, 10, 13]. Thesetechniquesanbe appliedin our methodologyfor developingparallel algorithmsfor
computing convolutions.
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7.4 G-Templates

In this sectionwe generalizethe notion of a circulant templateby introducing the conceptof G-
templates.The conceptof G-templateswasfirst introducedby P. Gader[7]. Gader’sgeneralizatiorof
circulant templatesgrew out of an awarenes®f the possibleusesof Cayley networksas modelsfor
parallel computerarchitecturesand the importanceof translationinvariant transformationsn parallel
processingthesegeneralizationsverealsoinfluencedby observationshatthe discreteFouriertransform
is relatedto the theory of group representationf?].

G-templatesare translationinvariant with respectto Cayley networks,which are networkswhose
underlying graphsare the group graphsof some finite group G. Since Cayley networks have been
investigatedas possible models for parallel computerarchitectureg15], G—templateshave potential
applicationsin the field of parallelimage processing.

Roughly speaking,a G-templateis a templatewhich is translationinvariant with respectto a
digraph induced by a neighborhoodconfigurationwhich admitsa group structure. In the casewere
the corfigurationis the von Neumannconfiguration the groupturnsout to be andthe set
of all G-templateswill be the setof all circulanttemplateson X. For generalconfigurationsthe set of
complex-valuedG-templatesis a linear algebraover

The detailsof this sectionreflectmuchof Gader’sinitial work. For the remainderof our discussion
on G-templateswe let X be a finite point set, N will denotea neighborhoocdcorfigurationon X, G will
denotea finite group (written multiplicatively), and imageswill be complexvalued.

7.4.1 Definition.  Let be a setof generatordor the group G. The Cayley
color graph, or group graph of G with respectto is the graph , Where
and suchthat
If and , thenwe saythat is coloredby , orthat hasthecolor
7.4.2 Definition. An automorphisnof a digraph is a permutation with
the propertythat
A color-preservingautomorphismnof a Cayleycolor graph is anautomorphism
of the digraph with the additional property that for every edge , and

have the samecolor.

It is not difficult to ascertainthat the set of color-preservingautomorphism®f is a group
undercompositionwhich is isomorphicto G. Suchanisomorphismcanbe definedby usingthe mapping
rule , Where and is the automorphisnof definedby . Note that this

implies that the group of color-preservingautomorphismss the samefor everygroup graphconstructed
using the generatingsetsof G [3].

7.4.3 Definition. Let and be digraphs. We say that is isomorphicto if andonly
if there existsa one-to-oneand onto function with the property that

340



In Section5.8 we ddfined the digraph of a neighborhoodconfigurationN on X. If
is isomorphic(as a digraph)to for somegroup G and generatingset , thenthe isomorphism
betweenthe digraphsinducesa group structureon X which is isomorphicto G. In orderto demonstrate
this we shall needthe following definition:

7.4.4 Definition. Thepair is saidto simulatethegroupG if andonly if is isomorphic
to for somegeneratingset
If simulatesG, thenwe assignto eacharcin the samecolor as the associatedarc
in
7.4.5 Theorem. If simulatesG, thenthere existsa binary operation on X suchthat

is a group which is isomorphicto G.

Proof: Since simulates G, there exists a one-to-oneand onto function
for somegeneratingset of G. By definition of the respective
digraphs, and . Hence,

Definingthe desiredbinary operation by , we havethat
. To checkthat is indeeda groupis aroutine matterand, therefore omitted.

Q.E.D.

Unless otherwise mentioned, we shall identify X with G whenever simulatesG. Also,
wheneverwe write X asa linearly orderedset , we shall assumehat
, Wheree denotegheidentity of G. Finally, notethatif is anyone-to-oneand
onto function, thenthereexistsa correspondingunction definedby .
Converselygivena one-to-oneand ontofunction , thenthereexistsa correspondindgunction
defined by . Pictorially we have the following two commutative
diagramsrepresentinghesecases:

al T at and o(ll B T a
For this reasonwe shall use to denoteeither map.
7.4.6 Definition. Suppose simulatesG. A template is calleda G-templatef and
only if for everycolor-preservingutomorphism , theequation

holds. We denotethe set of all G-templateson X by
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The setof G-templateds, in a sensethe sameasthe setof templateghat are translationinvariant
with respectto the group graph or since color-preservingautomorphismaare essentially
translationswithin the group.

The next theoremshowsthat G-templatesare indeedgeneralization®f circulanttemplates.

7.4.7 Theorem. If andN denoteghevonNeumanrconfiguration then simulates
the group (written additively). Furthermoe,
Proof: Let , and the identity map.
Thus, is one-to-oneand onto. Hencewe needto show that
Let and . Then or, equivalently,
Therefore, . But this says
that for some . This implies that . The
converseis just as easyto show. Therefore, simulatesG.
To verify that , recall that the setof all circulanttranslationson X is a
group under compositionwhich is isomorphicto (Theorem7.2.2. Also, G is
isomorphicto the groupof color-preservingautomorphism®f for any ; this follows

from the assertioormadeimmediatelyfollowing Definition 7.4.2 Therefore,

wherethe symbol s interpretedas “is isomorphicto.” Thus, a mapping is

a color-preservingautomorphismif and only if  is a circulant translation. By definition,
holds . Therefore,

Q.E.D.

The theoremestablisheshe algebraicstructureof the setof G-templatedor the specialcasewhere
N is the von Neumanrconfigurationon . In this case is identicalto thering of circulant
templates.The nexttheoremrevealsthe algebraicstructureof the setof G-templatedor the generalkase.

7.4.8 Theorem. is a linear algebraover
Proof: Let . Since templateaddition is definedpointwise, it is clear that
. The zerotemplate . Hence,using Theorem4.9.3 we have
that is a commutativegroup.
Sincescalarmultiplication is also definedpointwise,we havethat Lt
now routine to checkthat is a vectorspaceover . This showsthatthe first axiom

of a linear algebrais satisfied(Section3.9).
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Let , acolor-preservingautomorphisnof , and . Notethat

Thus, since is onto, we have

Therefore, , which showsthat is closedundermultiplication.
According to Egs. 5.1.1, template multiplication is associativeand both left and right
distributive over templateaddition. This provesthat the secondand third axiomsof a linear
algebraare satisfied.

The one-pointunit template is clearly an elementof . In view of the
pointwise multiplication of a templateby a scalar,it is also a simple routine to checkthat

. This verifies that the remainingtwo axiomsof a
linear algebraare also satidied.

Q.E.D.

This establisheghe fundamentaklgebraicstructureof generalizectirculanttemplates.In the next
sectionwe shall delve deeperinto the algebraof thesetemplates.

7.5 Group Algebras and G-Templates

Group algebraswere first discussedn Section3.1Q0 In this sectionwe will show that the set
of all G-templatesfor some corfiguration N is isomorphicto the group algebraover  of the group
correspondingto N.

Group algebrasarise quite naturally in the study of linear representationsof groups. These
representationfurnish anotherdescriptionof the set of G-templates. They also provide necessaryand
sufficient conditionsfor determiningthe invertibility of G-templates.

The topic of grouprepresentationhasbeenin existencesincebeforethe turn of the centurywhen
Froboeniudirst definedgroupcharacter$12]. Sinceits earlyformulation,this topic hasseenapplications
in physicsand chemistryaswell asin grouptheory. It is fascinatingto realizethat a subjectdeveloped
at the turn of the centuryhasnow applicationsin the theory of parallel computing.

Let X beafinite point setthathasa multiplicative operationwhich providesX with anabeliangroup
structure. Let G denotethis group and let . The elementsof the group algebra are
formal sumsof the form

(7.5.1)
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where and (seeSection3.10.
The map definedby

where is given by Eq. 7.5.1,is clearly one-to-oneand onto. Also, if

and , then

and

This showsthat h is a vector spaceisomorphism. Accordingto Theorem4.4.3 the vectorspace is

alsoisomorphicto . We have,therefore,establishedhe following result:
7.5.1 Theorem. and  are isomorphicvector spaces.

We let denotethe naturalvector spaceisomorphismso thatif  is given by Eg.
7.5.1,then is given by . For the remainderof this
sectionwe shall write imagesin termsof their vectorrepresentation

Clearly, and are not isomorphic as algebras;image multiplication, which is deflned
pointwise, doesnot correspondo group convolutionsunderf. However,we candefinea new product
on thatwill turn into an algebrawhich is isomorphicto . Considerthe group convolution
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The element is of form , Where , While is given by

But
since . By definingthe convolutionproductof two elements
by suchthat , we havethat
It now follows thatthe algebra is isomorphicto the groupalgebra . Thisisomorphism

providesus with the convenienceof letting the elementsof representhe elementsof

7.5.2 Example: Let G denotethe group with the operationof addition
We make X into a multiplicative group by defining

If , then is given by
where . Equivalently,
Thus, is a circular convolution.

7.5.3 Lemma. Suppose simulatesG, denoteghe color-preservingautomorphism
correspondingto , and L f denotesthe parametrizedtemplate
definedby
where  representsthe identity of X, then is a G-template.

Proof: Let . Sincethe map is a groupisomorphismwe havethat
Therefore,
and

Q.E.D.

345



7.5.4 Theorem. If simulatesG, then is isomorphic(as an algebra)to

Proof: Let and define by

For each , let denotethe corresponding
parametrizedG-template guarantiedby Lemma 7.5.3 By definition of  we have that
This showsthat is onto. In orderto showthat is one-to-one,suppose

that . Again by definition of for each .
Let and a color-preservingautomorphismwith the property . Then

for each . Since is anautomorphismwe have
that . Sincey was arbitrarily chosenthis showsthat

We have left to showthat preserveshe algebraicoperations. Since addition and scalar

multiplication are defined pointwise on both and , the equations

and follow immediately.
Let , , , , , and . Since
and , we havethat
Thus, . However,sinceG is a commutativegroup,we haveby Theorem
3.10.1that and, therefore,

Q.E.D.

7.5.5 Corollary. If sandt are G-templatesthen

Note that if , then isidenticalto themap definedin Section7.3.

At the endof Section3.4 we mentionedthateveryfinite groupG is isomorphicto somesubgroupof

or, equivalently,to somesubgroup of | thegroupof all permutationf G. This fact, knownas
Cayley’sTheoremallows for therepresentatiorof G in termsof . The studyof grouprepresentations
hasbecomea formal theory in its own right. The theory of representationds closely connectedwith
the theory of algebras.It dealswith the problem of mappingan abstractgroup, ring, or group algebra
homomorphically(i.e., without destroyingthe algebraicstructure)into the moreconcretegroupor ring of
matricesor (equivalently)lineartransformation®f a vectorspace.For our purposesthis theoryprovides
anotherdescriptionof G-templatesn termsof the representatiomf the group algebra
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7.5.6 Definition. A linear representationof a group G over is a group homomorphism
for someinteger . A linear representationof the group algebra
over is an algebrahomomorphism ; thatis, preservessums,

products,and scalarmultiplication.

Suppose is a representationf G and e denotesthe identity of G. If and
such that , then
Therefore, . Similarly,
which showsthat . This essentiallyshowsthat is a group. The group

is referredto as the k-dimensionalinear representationof G.
Themap is only a homomorphismWe now turn our attentionto isomorphicrepresentationsAs

before,we let G denotethe multiplicative abeliangroup with identity . For
each , let denotethe permutationdefinedby the rule
7.5.7 Definition. A right regular representationof is a representation
of the form . A right regular representationof is a representation
of the form

where is a right regularrepresentatiorof G.

Notethatfor aright regularrepresentatioof a groupG the cardinalityof G equalsthe dimensionality
of therepresentationin fact, right regularrepresentationareisomorphismsNote thatthereis a different
right regularrepresentatiorof G for every different orderingof G [8].

According to our definition, . Thus,it is clear that any
representation of G canbe extendedo a representation of . In fact, G canbe consideredo
be embeddedn via the map , Where representghe ith elementof the standard
basis. Hencewe candefine and extendlinearly. It canbe shownthat multiplication

is preservedl11]. Henceforth,we usethe samenamefor eitherrepresentationthatis, we take

7.5.8 Theorem. Let and be definedrelative to
this ordering. If  is a right regular representatiorof , then
The function denotesthe restrictionof the isomorphism

definedin Section4.9. The conclusionof the theoremis that the diagram
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g

G(X,C) C(G)
U] a
M,.LC)
Figure 7.5.1
is a commutativediagram.
Proof: Let , , , and . Then
Now let , , and supposehat for sometriple . Then
and . If wealsohave for somel, then and,therefore,
. This implies that . Since
we have . Therefore,

and

Q.E.D.

This concludesour algebraiccharacterizatiomof generalizectirculanttemplates.In the next chapter
we shall examinesomepracticalapplicationsof thesetheoreticalconsiderations.
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CHAPTER 8
INVERSION OF TRANSLATION INVARIANT TEMPLATES

Inverseproblemshavecometo play a centralrole in modernappliedmathematicsuchasmathemat-
ical physics,in imaging areassuchas computerizedomography seismicimaging, remotesensing,and
imagerestoration.The importanceof the Fourier transformwould be drasticallyreducedwereit not for
its invertibility. In this chapterwe are concernedwith the inversionof transformsof form
wheret belongsto the classof generaltranslationinvarianttemplates.Rosenfeldand Kak [17] explalned
the equivalencebetweenthe Wiener filter, leastsquaremethods,and the problem of inverting a block
circulantmatrix with circulantblocks. In 1973, Trapp[18] showedhow the discreteFouriertransformcan
be usedto diagonalizeandinvert a matrix thatis eithercirculantor block circulantwith circulantblocks.
While the algebraicrelationshipbetweencirculantmatricesand polynomialswas completelyformulated
by Davis[2], it wasGaderandRitter [5, 16] who establishedhe connectiorbetweenpolynomials,circu-
lant templatesand G-templates.A consequencef this connectionis that a circulanttemplatet defined
onan arrayis invertible if andonly if its correspondingolynomial hasthe propertythat

for all and (Section8.2).

8.1 The Radon Transform

Our interestin the Radontransformstemsfrom the role this transformplaysin the invertibility of
G-templates.Prior to examiningthis role, we providea brief overviewof somebasicconceptsassociated
with this transform.

In the classicalsetting, the Radon transforminvolves the evaluationof integrals of real-valued
functionsof n variablesover —dimensionahyperplanesTechniquegrom Radontransformtheory
havebeensuccessfullyemployedin medicalimaging (particularly computeraidedtomography)in radio
astronomy,and in non-destructivetesting. Lesswell-known are applicationsin representatiorof Lie
groupsand applied statistics[6, 10, 1, 4].

For functionsof two variables— which areof majorinterestin imageprocessingpplications— the
Radontransformreducedo a line integral. For a continuousfunction , the Radontransform
of a, denotedoby , canbe found by integratingalonga line L given by the normalequation

(8.1.1)

where denotesthe angle betweenthe x—axis and the line perpendiculatto L, and denotesthe
distancefrom the origin to L. Figure 8.1.1 illustratesthe normal form of L.
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Figure 8.1.1 The normal-formrepresentatiorof L.

The parametricequationsfor L are given by

(8.1.2)
Solving for x andy, we obtain

(8.1.3)
Therefore,the Radontransform is given by the integral

(8.1.4)
8.1.1 Example: Let be definedby
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Graphically,a represents disk of radius1 (Figure 8.1.2)

y4
y
1
1
X
Figure 8.1.2 The graphof a.
Since for all pointsx outsidethe circle of radius1 we have

where
The limits of integrationare found by substitutingthe right sideof Eq. 8.1.3for x andy in the

equation . Substitutionyields and, hence,
(seeFigure 8.1.3.
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Figure 8.1.3 The limits of integrationon the line L.

In practice,the Radontransformof animagea is given empirically by sensors.Thesesensorsount
the numberof photonsthat are emittedfrom an x-ray sourceand passthroughsomematerialbody such
as humantissue. Differenttissuedensitieswill absorbdifferent amountsof photons. By knowing the
amountof photonenegy emittedby the sourceversusthe amountof enegy receivedby the sensoran
approximatiorof is obtainedfor afixed positionof thex-ray sourceandsensor.Specifically,

(8.1.5)

whereA representshe numberof photonsthat are detectedby the sensorand C denoteshe numberof
photonswhich are emittedfrom the source;i.e., C correspondso the numberof photonsthat would be
receivedby the sensorif no obstructionwere present. In actualtomographicimaging, the value C is
usually precalibrated.The typical methodby which datais collectedfor transversesectionimagingin
computertomographyis indicatedin Figure 8.1.4

The goalin computertomographyis to reconstructhe imagea from the measurements
Since representshe amountof enegy absorbedalongtheline L, it follows from Eq. 8.1.4
that corresponddo the absorptioncapacityof the tissueat location x. This absorptioncapacity
corresponddgo the tissuedensity at location x.
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Figure 8.1.4 Datacollectionfor computertomography.The imagea to be reconstructeds rectangular
and containsthe areaof obstruction(shadedarea)suchasa crosssectionof the human
body. The supportof the imageto be reconstructeadorrespondso the areaof obstruction.

In the formulation of Eq. 8.1.4thereis an importantdifferencebetweenthe domainsof the image
functiona andthe function . In polarform, theimagefunctiona is definedfor pairsof realnumbers
which representhe polar coordinatesof pointsin the —plane(Figure 8.1.5. The pair of real
numbers in the domainof on the otherhand,is not to beinterpretedas polar coordinatesn
the —plane.Roughlyspeakingthe operator associatewvith afunctiona over —spacenother
function over —spacewhereeachpoint in —spacecorrespondso a uniqueline L
(determinedby ) in —space.The basicrelation between and is given by

(8.1.6)
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Figure 8.1.5 The relationshipbetween and
It is easilyverified that . Hencethe polar form of the Radon
transformis given by
(8.1.7)
Reconstructinghe imagea corresponddgo inverting the Radontransform . This problemwas
solvedin 1917 by Radon[15]. Radonprovedthat
— - — (8.1.8)
where . Note that the integral
where — , IS an integral over a circle of radiusq with center

Althoughthe exactdetailsof 8.1.8may seema bit obscuretheimplicationis clear: the value
is uniquely determinedby the setof all its line integrals;the integrationis with respectto all valuesof
and the partial derivativeis with respectto the variable

In computertomographyonedealswith only a finite numberof receivers.lt is, therefore impossible
to calculateall the line integrals. The basicgeometryfor datacollectionis shownin Figure8.1.6 The
sourceand sensorsare on oppositesidesof the objectto be reconstructed. The sensorsresideon a
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detectorstrip andthe sourceand detectorstrip movein unisonarounda commoncenterof rotation. The
x-ray sourceassumesn distinct positionsduring a stepwiserotation (indicated by

in Figure 8.1.6§. The detectorstrip contains sensorsspacedequally on an arc whose centers
correspondso the sourceposition as shown. For eachposition of the source, measurementare
obtained.The total numberof measurementg.e., the numberof line integrals)is, therefore,

— which is not the infinite numberof measurementsequiredby Eqg. 8.1.8. Hence,thereis no hope
for exactreconstruction.

y
A
Sz S) Sm—l

source§ sensorf;

detector strip

Figure 8.1.6 Fanbeamwith spinning scannerfor data
collection using a single sourceand multiple sensors.

Thereareotherproblemsaswell. Accordingto Eq. 8.1.5,the actualmeasurementsnly approximate
the correspondindine integrals. The left side of the equationcorrespondsnoreto a sum (countof the
numberof photonsabsorbed}hanto an integral. Moreover, by using digital computers,only finitely
many valuesof a can be reconstructed. Theseproblemslead to the discretetreatmentof the Radon
transformandits inversion. The formulation of the discreteRadontransformprovidedbelow is the one
most suitablefor our subsequentiscussions.

8.1.2 Definition. Let , G a finite multiplicative group, , and
, where Cf , thenthe discrete Radontransformof a based

on S is definedas

(8.1.9)

Note that in this definition the integral of Eq. 8.1.4 hasbeenreplacedby a sumandthe line L by
the set . In the casewhere G is the group (with the operationof addition
) and a digital line, the value representshe sumover the line . This
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showsthat Eq. 8.1.9 doesindeedrepresent simplified discreteversionof the Radontransform. This
simpleversionhasfound applicationdgn appliedstatistics.For example Diaconis[3] appliedthis version
to the analysisof syllablecountsin Plato’s Republic For eachsentencen the book, the syllable pattern
in the last five syllableswasrecorded. This provideda binary vectorin . A function

was definedwhich countsthe numberof sentencedgor eachpattern. The function a wasthen analyzed
(characterizedpy consideringthe Radontransformfor various choicesof S

It is naturalto inquire aboutthe choicesof Sthatcharacterizehe functiona whenthe only available
dataconsistsof sumsover the translatesof S We exploretis topic in the next section.

8.2 Invertibility of the Radon Transform and G-Templates.

The fundamentaljuestionthat arisein connectionwith the discreteRadontransformis whetheror
not it is possibleto invert it; i.e., whetherone canrecover(in principle) the function a from the data
providedby . This questionis closely relatedto the invertibility of G-templates.In this section
we presentecessanand suflicient conditionsfor the invertibility of both, the discreteRadontransform
and G-templates.

8.2.1 Lemma If , thenthere existsa set suchthat
Converselygivena non-emptyset , thenthere existsa G-templatet suchthat
Proof: Let , the identity of G, anddefine . Then
To provethe converse supposehat is non-empty. Define by
Accordingto Lemma7.5.3 thereexistsa G-templatet suchthat . Hence,

and by the first part of our proof,

Q.E.D.
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Note that the image definedin the proof of the Lemmais just the characteristidunction on
Hence,in view of Theorem7.5.8 the template definedin termsof the parameter hasthe property

which correspondgo the discreteRadontransformbasedon . Since is determinedby and
definedin termsof , we referto asthe templateinducedby

The relationshipbetweenthe template inducedby andthe discreteRadontransformis revealed
by the next theorem.

is

8.2.2 Theorem. Suppose simulates , and isinducedby . Thediscrete
Radontransformbasedon is invertible if and only if is invertible.

Proof: We identify ~ with . Let and . Then

. Thus, is invertible if and only if the map is

invertible. This will be the caseif andonly if is invertible.

Q.E.D.
Invertibility of the Radontransformis closelylinkedto irreduciblematrices.A matrix
is said to be reducibleif there exists a partition of into two non-emptysubsets and  (i.e.
and ) suchthat wherever and . Otherwise, is
said to be irreducible
8.2.3 Example: Let be a matrix of form
If and , then , , and wherever
and . Therefore, is irreducible. On the other hand,the matrix
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is irreducible.

Notethatif  denoteghe permutationmatrix formed by interchangingthe first and the third rows
of the identity matrix and is the matrix of the aboveexample,then

and

In general,it canbe shownthat is reducibleif andonly if thereexistsa permutation
matrix  suchthat is of form

(8.2.1)

where and aresquarematrices[13]. Thus,an equivalentdefinition of reducibility of a matrix is
to simply require  to havethe form expressedn Eq. 8.2.1.

We now turn our attentionto the collection of matricesof a —dimensionalrepresentation

of the group . If the collection is reducible,then each
matrix may (by choice of an appropriatepermutation)be presentedn the form
where isan matrix, isa matrix, isan matrix,
and denoteshe zeromatrix. Since , the non-singularity
of assumeds of the non-singularityof both and for every . Furthermore,
so that and . Hence, the collection
and furnish  and —dimensionalrepresentation®f

our group , respectively.

The following definitionsare expressedn termsof group representationbut can just as easily be
expressedn termsof representationsf group algebras.

8.2.4 Definition. Let be a representatiomf . We saythat is reducibleif
andonly if thereexistsa non-singularmatrix suchthat

If is not reducible,thenwe saythat is irreducible
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8.2.5 Definition. Two -—dimensionakepresentations and of aresaidto be similar if and

only if thereexistsaninvertible matrix suchthat
It is well-known [9, 11] that if is a right regularrepresentatiorof , then
thereexistsa non-singulamatrix ~ andirreduciblerepresentations of  suchthat for
every
Moreover,if  is any irreduciblerepresentatiorof , then is similar to for some . The
samestatementholds true for as well.

The nextresultrelatesthe invertibility of the Radontransformto irreduciblerepresentations.

8.2.6 Theorem. Let and supposethat is inducedby . Thediscrete Radon
transformbasedon is invertible if and only if is invertible for everyirreducible
representation of

Proof: Let and be anirreduciblerepresentatiorof . If the discreteRadon
transformbasedon is invertible, thenaccordingto Theorem8.2.2 is alsoinvertible. Let

be a right regularrepresentatiorof  and be the isomorphism
definedrelativeto the sameorderingof as . by Theoren7.5.8 . Since is
invertible, we now know that is alsoinvertible. By our observatiorfollowing Definition
8.2.5 there exists a non-singularmatrix and irreducible representations

of suchthat
and for some . Since is invertible, is invertible for each
. Therefore, is invertible.

Conversely supposehat is invertible for everyirreduciblerepresentation of

According to our observation

where  is non-singularand each is an irreducible representatiorof . Thus, each
is invertible, which implies that is invertible. Since is anisomorphismwe

361



havethat is invertible. Therefore,by Theorem8.2.2the discreteRadontransformbasedon
is invertible.

Q.E.D.
Note thatthe proof of Theorem8.2.6yieldsthe moregeneralesultgiven by the following corollary:

8.2.7 Corollary. is invertible if and only if invertible for everyirreducible
representation of

8.2.8 Definition. If is arepresentatiof , thenthe contragedientrepresentationof is the
representation definedby

It follows from the definition that andthat everyrepresentations the contragre-
dient representatiorof somerepresentation.

8.2.9 Theorem. Suppose is an irreduciblerepresentationof , , and is
inducedby . Thematrix is invertible if and only if is invertible.
Proof: Let . In view of our observationfollowing Lemma 8.2.1 we can write
Furthermore,since corresponddo the characteristic
functionon . Therefore, is invertibleif andonly
is invertible. Moreover, is invertible if andonly if
is invertible. However, is invertible if andonly if is invertible.
Q.E.D.

As an immediateconsequenceye now havethe following result:

8.2.10 Corollary. If , thenthe discrete Radontransformbasedon is invertible if and only if
for everyirreduciblerepresentation of , the matrix is invertible.

Proof: By Theorem8.2.6,thediscreteRadontransformbasedon is invertibleif andonly if
for everyirreduciblerepresentation of , the matrix is invertible. But by Theorem
8.2.9this will happenif and only if is invertible.

Q.E.D.

This corollary wasfirst provedby Diaconisand Grahamusing differenttechniqued4].
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The resultsdevelopedin this sectionshow that the invertibility of the discrete Radontransform
is closely linked to the invertibility of —templates.In the caseof circulant templatesthe irreducible
representationsf abeliangroupsare all one-dimensional.As an exampleconsiderthe group algebra

over . If and s aright regularrepresentatiorthenaccordingto Theorem
7.5.8andEqgs. 7.2.4and 7.3.1,

(8.2.2)
where . Thus,theirreduciblerepresentatiomf over arethe elements
of the set

If and is invertible, then — — — . Therefore,
is invertible if and only if for every and
8.2.11 Example: If denotesthe circulant Moore template
1 1 1
t = 1 1 1
1 1 1
then
Let and . Then —
- — . Similarly, - . Therefore, is invertible if andonly

if and arenotdivisible by 3. Hence,the invertibility of the averagingtemplatedepends
on the dimensionof the array !

The inverseof the circulantaveragingtemplategiven in the aboveexamplecan be found explicitly
using the following method:

Let denotethe setof circulantmatriceswith each associate
a polynomial . Now define by
It is not difficult to showthat is a ring isomorphism. Thus,

The inverse is given by
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where — [2]. For example,if , then

and
Therefore, - - - - - and
- . Thetemplate is shownin Fig. 8.2.1
1 1| -2 1
1 1 1 2 1
ty =
2 2 | 4 2
1 1| -2 1
Figure 8.2.1 The inverseof the circulant averagingtemplatet.
Let be definedby . If isinvertible, thensince

we obtain the commutativediagramshownin 8.2.2

R
a abt
R R
1 R
abt a
Figure 8.2.2 Recovering from and
Figure 8.2.3 provides an exampleof this commutativeproperty. Here, with

correspondingo the circulantaveragingemplate.lt maybe somewhasurprisingthatthe extremely
noisy looking image (lower left handimageof Fig. 8.2.3, when locally averagedresultsin
theimageof the SR71spy plane. This surprisedissipatesn view of the fact that containsboth
positive and negativevalues. In orderto display , the pixel valueshave beenlinearly shifted
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by the amount . Thus,the imagedisplayedin the lower left handcorneris not really , but

Figure 8.2.3 Inversionof a locally averagedmage.

Suppose is a circulant —valuedtemplate. According to Theorem8.2.2 the transformation
is invertible if andonly if the Radontransform basedon is invertible.
Furthermore,

As we haveseenin Example8.2.17 if denoteshe Moore neighborhoodof |, thenthe inversion
if fairly straightforward. In general,however,proving invertibility can be rathercomplicatedevenfor
simple neighborhooctonfigurationfor averagingan image, the invertibility is not as easily established.
Specifically, if

then . For , we have
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More generally,

Thus,

Therefore,if , then . It follows from thoseobservationghat if and
5 or 6 divides , thenthe transformis not invertible.

The obviousquestionone may askis: “Doesit follow thatwhenever , then5 or 6
divides ?” This questionwasansweredn the affirmative by Z. ManseurandD. Wilson [12]. In Fact,
Wilson and Manseurprovedinvertibility for a more generalclassof von Neumannneighborhoodased

templates. They consideredhe template definedby
(8.2.3)
where with and . Pictorially, hasrepresentation
b
t, = b a b
b
Their resultsare summarizedby the following theorem:
8.2.12 Theorem. (Manseurand Wison) Let and be definedby Eq. 8.2.3.
1. If , thent fails to beinvertible if and only if either5 or 6 divides
2. If and , then is invertible is odd.
3. If - , then is invertible.

The proofs of statement® and 3 follow the agumentusedto provethe invertibility of the Moore
template. However,the proof of statementl is ratherinvolved. Note also that the hypothesisrequires
a squarearray. It is still an openquestionwhetheror not similar resultshold for rectangular(i.e. not
necessarilysquare)arrays.

Another requirementin the abovetheoremis the symmetryof the pixel valuesaboutthe center
point . Theinvertibility of von Neumanntemplateshavingnon-symmetrigixel valuesremainsanother
open question.
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8.3 Determinants and Inversion

Determinantscan be usedto establishthe invertibility of a template.Specifically,if

and , thent is invertible if and only if . Determinantscan also be usedto
provide explicit expressiondor the inverseof a given template.
If , thenthe determinant is given by
(8.3.1)
The term is obtainedby setting and s, therefore,equalto . Multiplying Eq. 8.3.1
by resultsin the polynomial
(8.3.2)
where and
The polynomial correspondgo the characteristigpolynomial of A (Section3.8).
8.3.1  Theorem. Suppose and f , thent is invertible and
whee and

Proof: It follows from the Cayley-HamiltonTheorem[8] that A satisfiesits characteristic
polynomial. Therefore,

Since , . Hence,
and
— (8.3.3)
Since is anisomorphism, and for
The resultnow follows immediatelyby applying to Eq. 8.3.3.
Q.E.D.

In contrastto Section8.2, the templatesconsiderechere are translationinvariant but not circulant.
Accordingto Corollary 7.1.7, the inverseof a translationinvarianttemplateis not necessarilytranslation
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invariant. Translationvarianttemplateoperationgun notoriouslyslow on currentcomputerarchitectures.
The abovetheoremprovidesa way to write the inverse of a translationinvariant templatein terms
of invariant templates. However, speed-upin performancecan generally not be achievedby simply

replacing with

due to the increasein the numberof convolutionsthat must be performed. Fortunately,it is often
possibleto decomposeéhe polynomial representatiorof a templateinto fewer products. For example,
using polynomial factorization,the polynomial

can be factored as

Thus, the numberof convolutionproductscan be reducedby one-half,from 6 to 3.

A classicalmethodof evaluatingdeterminant®of large matricesis by cofactorexpansion.The next
theoremis a consequencef the useof cofactorexpansioron certaintypesof block Toeplitz matrices.

8.3.2 Theorem. If AandB are matricesand is an block Toeplitzmatrix of form

then

Proof:
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Q.E.D.

8.3.3 Corollary. If is an tridiagonal matrix of form

then

Applying the reductionformula given by the abovecorollary to the matrices

we obtain

and , respectively.
More generally,we have that

(8.3.4)

The abovediscussionprovidesa quick methodfor the determinationof the invertibilty of certain
templates.For example,considerthe template shownin Figure 8.3.1

ry = a b

Figure 8.3.1 A templatewhich is invertible on an arraywith an evennumberof columns.

If , thenthe matrix is the block Toeplitz matrix given by

(8.3.5)

369



where is the matrix

Since if andonly if nis evenand , the templater is invertible if
and only if and the numberof columnsof the array X is even.
An analogousagumentwill showthatthe templates definedin Figure8.3.2is invertibleif andonly
if and the numberof rows of X is even.
a
Sy =
b

Figure 8.3.2 A templatewhich is invertible on an array with an evennumberof rows.

Using the samereasoningalso showsthat the templatesshownin Figure 8.3.3 are neverinvertible.

b

Figure 8.3.3 Two non-inveritible templates.

As anotherexample,considerthe Sobeledgetemplate

1 2 1
ty=
1021
Now , Where
=112 1
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and s is the templateshownin Figure 8.3.2 with and . The matrix is given by
Eq. 8.3.5, where

It is well-known that has n distinct eigenvaluesstrictly betweenO and 4 ([14], p. 101). Thus,

for all n and, hence, for all m andn. Therefore,r is

alwaysinvertible. Sinces is invertible wheneverthe numberof rows of X is even,the Sobeltemplate
is invertible if and only if the numberof rows of X is even.

The matrix in the abovediscussioris almostdiagonallydominant. Recallthatan matrix

is diagonallydominantf andonly if for all . Sincediagonally

dominantmatricesarealwaysinvertible, templatesvhosecorrespondingnatricesarediagonallydominant
must also be invertible. In particular, the template

is invertible.
Our nextresultis alsoa consequencef straightforward cofactorexpansionandinduction.

8.3.4 Theorem. If is an tridiagonal matrix of form
then
Note that if is asabove,then , , and
8.3.5 Theorem. Suppose , is defined by
ry = a 1 b

and isasin Theoem8.3.4 Thenr is invertible if and only if
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Proof: The matrix is an block Toeplitz matrix of form

The resultnow follows from the fact that .
Q.E.D.

As an easyconsequenceve have:
8.3.6 Corollary. Suppose
1. If is defined by
=111/ 1
thenr is invertible if and only if
2. If is definedby
1 1 1
t = 1 1 1
1 1 1
thent is invertible if and only if and
Proof: (1) By Theorem8.3.5 , Where
Let . Thenby Theorem8.3.4 , where , , and
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It follows by induction that , , and with if is
evenand if k is odd. For supposethe resultholds for someintegerk. According
to Theorem8.3.4

Thus, . Similarly,

and

Therefore,

(2) A similar amumentshowsthat the template

is invertible if and only if

Since , and , t is invertible if and only if
and
Q.E.D.

The techniquediscussedn this sectioncan be usedto determinewhethera templateis invertible.
However,with the exceptionof Theorem8.3.1, they do not suggesta methodfor finding the inverseof
a template. Methodsfor inverting templatesare discussedn the next section.

8.4 A Classof Easily Invertible Templates

The precedingsectionssuggestthe obvious: templateinversionis — in general— a difficult
and computationallyinefficient process. Furthermore,the inverse of a translationinvariant template
is generallytranslationvariant. The main objectiveof this sectionis to describea large classof templates
thatcanbe easilyinvertedandhavethe additionalpropertythattheir inversescanbe factoredinto a small
numberof invariant templates. Moreover, the supportof eachtemplatewill havethe samegeometric
configurationas the original template.

In orderto establishthe main goal of this sectionit will be usefulto recall someelementaryfacts
from linear algebra.
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8.4.1 Definition. Let be a polynomial ring. The polynomial
is saidto be symmetricif and only if

for every permutation

Therearen specialsymmetricpolynomialswith integercoeficients, calledthe elementarsymmetric
functionsof degee k:

In particular,the elementarysymmetricfunction of degree is of form

If and A is an matrix, then the equation
(8.4.1)
is an immediateconsequencef the associativeand distributive laws of matrix multiplication. Equiv-
alently, we have

(8.4.2)

where and areelementarysymmetricfunctionsof degreel and 2, respectively.An easyextension
of Eq. 8.4.2 provesthe following fact:

8.4.2 Theorem. If andAis an matrix, then
whee is an elementaryfunction of degeek for
An matrix is called uppertriangular if whenever and strictly
uppertriangular whenever . The matrix A is saidto be nilpotentif thereexistsaninteger
k suchthat . If kis the smallestsuchinteger,then A is said to be nilpotentof order k. With

thesenotionsin mind, the next theorembecomesa routine exercise.
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8.4.3 Theorem. If Ais astrictly uppertriangular matrix, thenA is nilpotentof ordern. Moreover,
the productof any n strictly uppertriangular matricesis the zewo matrix.

The next result follows immediatelyfrom this theorem.

8.4.4 Corollary. If Ais a block matrix with strictly uppertriangular blocks,thenA is nilpotent
of order n.

8.4.5 Theorem. If denotesthe list of the distinct nth roots of unity, then

for , whee  denotesthe elementarysym-

metric function of degee k.

Proof: For , is a root of the polynomial . Thus,

where

But . Therefore,
Q.E.D.

Thesepreliminaryresultsprovidethe necessaryneandor provingthe centraltheoremof this section.

8.4.6 Theorem. Supposé is a nilpotentmatrix of order n. If denoteghelist of the
distinct nth roots of unity, then

In particular, for , the inverseof the matrix

is given by

Proof: By Theorems8.4.2and 8.4.5
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But since A is nilpotent of order n.

For the secondpart supposethat

By the first part,

Therefore,by the uniquenesf inverses,

Q.E.D.
A particularconsequencef this theoremis thatif  is a primitive nth root of unity, then
Thus, if , Where , then
8.4.7 Example: Suppose , isaprimitive nth root of unity, and is givenby
t = a 1
Let U andV denotethe uppertriangular matricesdefinedby
Thus, if , then
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where and denoteghe zero matrix. Accordingto Corollary

8.4.4 A is nilpotentof ordern. Hence, , Whereeach isan
block matrix, consistingof blocks. Speciically,
where denotegshe zeromatrixand s the uppertriangularmatrix of form
Therefore,
where is of form
t; = (wh.al 1

Thus, each is invariant and has the samegeometricconfigurationas t. Furthermore,the
numberof factorsin the decompositionof is one lessthanthe numberof columns. Note
alsothat the primitive nth root of unity canbe chosenin thefield , wherep is alarge prime.
This meansthat all calculationscan be accomplishedusing only integer arithmetic, therefore
avoiding round-of errorsand dealingwith complexnumbers.

The aboveexamplehasthe following generalizations:

8.4.8  Theorem. Suppose and is translationinvariant. If is upper
triangular and , then can be factored into a product of at mostmn invariant
templates Furthermoe, the supportof eachtemplatein the factorizationwill beidenticalto the
supportof t.

Proof: By hypothesis, , Where A is a strictly uppertriangular

matrix. Therefore A is nilpotentof order . Hence,by Theorem8.4.6 the inverseof
canbe factoredinto a productof at mostmn matricesof form ,Where isa

root of unity for . Thus, can be factoredas

where

Q.E.D.
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8.4.9  Theorem. Suppose and is translation invariant. If
is a list of the nth roots of unity andt hasfactorization

suchthat
w;-flw-e
ti = |w;-dw-c
w;-bjwj-al 1
then
whee
w-flu-e
t = |wj-dw-c
wi-bjw-a 1
for
Proof: Let — . Thus A is a block matrix with strictly uppertriangular

blocks and, by Corollary 8.4.4 nilpotentof ordern. Accordingto Theorem8.4.6 we
now have that the inverse of

is given by

Therefore, where for
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Q.E.D.

Notethat Theorem8.4.9is valid for amuchwider classof templateghanindicatedby the hypothesis.
In particular,if is a strictly uppertriangularblock Toeplitzmatrix with strictly uppertriangular
Toeplitz blocks, then the conclusionof the theoremstill holds.

Identical results could also have beenobtainedusing lower triangular matricesinstead of upper
triangular matrices. Furthermore by Schur'sTheorem[7] every matrix with real eigenvalueds equal
to the sum of a diagonalizablematrix and a nilpotent matrix. Thereforewe could have statedmany of
the resultsin this more generalsetting. However, the benefitsof doing so do not warrantthe added
complications.

8.4.10 Example: Let , , andr, s, t, andu be parameterizedeal-valuedemplates
defined by

i-d| i-c 1 ) i-alib

r@) = : s(i) =
i-b|i-al 1 i-c| i-d
i-b|i-al 1 i-c| i-d

t@i) = , and u(i) =
i-d| i-c 1 ) i-alib

wherei, a, b, ¢, and d are integers.
Considerthe transform

This transformis invertiblewhenevethe hypothesesf thetheoremgresentedn this sectionare
satisfied.Observehatpartsof the hypothesearesatidied since and
are block matriceswith strictly uppertriangular blocks, and .
Similarly, and are block matriceswith strictly lower triangula
blocks. Now supposdhata is a imagewith pixel valuesbetween0 and31. As
notedearlier, the theoremshold for the finite field , wherep is a prime. This lets us avoid
complexarithmeticandround-of errors. To invert the transformexactly,we needonly choosea
prime numberp which is larger thanboth the numberof columnsandthe maximumpixel value

(assuming ). Thus,the mostreasonablgrime in this casewould be the integer
Sincethe integers are all the roots of unity in the field , it follows from the
resultsof this sectionthat the transformis invertible if we set for and

. Furthermore the inversetransformis given by

Figure 8.4.1 showsthe result of this transformand its inversionfor and . Note
that for the transform completely disguisesthe airplane. Having used only integer
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arithmetic providesfor an exactinversionof the transformin both casesandthusallows
the recoveryof the original image.

Figure 8.4.1 Masking andinversiontransform. The top row showsthe input imageon
the left andthe resultingimagefor breakvalue on the right. The lower
row showsthe effect when settingthe breakvalue at (left image)and
the invertedimagewich is identical to the sourceimage for both breakvalues.

The foregoingexampleindicateshow imagescan be encryptedand decrypted.Using large primes,
the choice of combinationshecomesextremelylarge, thus making the decodingtask computationally
prohibitive unlessthe basictemplateconfigurationsyvalues,and k are known. Of course,messagess
well asimagescan be encryptedusing thesetechniques.One may simply equatethe letter A with the
integer 1, the letter B with 2, etc. If the messagds enteredinto an array with 80 columns,then the
integer83 will be the smallestprime that will encodeand recoverthe messagesxactly.
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CHAPTER 9
DECOMPOSITION AND INVERSION OF TEMPLATES
OVER HEXAGONALL Y SAMPLED IMAGES

Most digitally sampledimage representationemployedin digital image processingare basedon
placement®f pixelsin arectangulagrid form that correspondso tiling the planewith squaresReasons
for interestin hexagonabrids in imageprocessingarethat digital scenesn low resolutionimagesoften
look morenatural whenpixels arepresentedn hexagonatatherthanrectangulaarrangementhexagons
canbe groupedinto naturalaggregategor fast addressingand sinceeachpointin a hexagonafrid has
six equal-distancaneighbors,the 4—neighbor/8—neighbgoroblemdoesnot exist.

Hexagonalgrids havebeenexaminedand usedby variousresearcherfor severaldecadesin 1963,
B.H. McCormick proposechexagonalrids asa possiblearray representatioffior planarimages[11]. in
1969, M.J.E. Golay proposeda parallel computerfor hexagonakrray processingand developeda basic
theoryfor hexagonapatterntransformationg5]. Kendall Prestondevelopecda specialpurposecomputer
architecturén 1971which wasbasedon hexagonapatterntransformationsn orderto achievehigh-speed
image processingroutines[12]. In the early 1980's, D. Lucasand L. Gibson exploitedthe geometric
advantage®sf the hexagonakepresentatioiin applicationsto automatictarget recognition[2, 3, 4, 8, 9].
NarendraAhuja investigatedpolygonaldecompositiongn 1983 for hierarchicalimagerepresentations
triangular,square,and hexagonalattices[1]. In 1983,D.K. Scholtenand S.G. Wilson showedthat the
hexagonalattice outperformsthe rectangulatattice asa basisfor performingchaincodequantizationof
line drawings[13]. Informative summarieof the propertiesof hexagonahrrayswith emphasinimage
analysisin the morphologicaldomaincanbe foundin J. Serra’swork on mathematicamorphology[14,
15].

The main emphasiof this chapteris on the problemof templatedecompositiorand inversionover
hexagonahrrays. Hexagonsorganizethemselvesaturallyinto a hierarchyof snowflakeshapedegions.
Thesetile the plane and consequentlyyield a simpler definition of circulancy. Unlike the circulancy
of rectangulartiling of the plane, which yields a toroidal topology, the hexagonalanalogueyields the
topology of a circle. As a result, circulanttemplatesare mappedisomorphicallyinto a quotientof the
ring of polynomialsin onevariable. Thesepolynomialsare productsof linear factorsover the complex
numbers. A polynomial will be invertible in the quotientring whenevereachof its linear factors is
invertible. This resultsin a simple criterion for templateinvertibility.

9.1 Generalized Balanced Ternary

Balancedternaryis an addressingsystemproposedoy D.E. Knuth for locatingintegersusing three
symbols[6]. Taking thesesymbolsto be theintegers , , and , the needto addressegativeintegers
requiresthat 2 will be usedin therole of the negativeinteger . Theresultingnotationfor theintegers
is shownin Figure9.1.1 A look at this figure suggestshow to constructaddition and multiplication
tablesfor thesesymbolswhich, whenappliedsequentiallyin the mannerof decimaloperationswill yield
standardarithmetic. In orderto makethings work analogougo integerarithmeticon the discreteline
we must have , , , etc.
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212210211 22 20 21 2 O 1 12 10 11 122120121

Figure 9.1.1 Balancedternary notationfor integerscloseto 0.

GeneralizedBalancedTernary,abbreviatedGBT, extendsthe algebraicand geometricpropertiesof
balancedternary to higher dimensions[7]. The 2—dimensionalgeneralizedbinary ternary numbers,
abbreviated , Wheredevelopedoy L. GibsonandD. Lucasasa methodfor addressing hexagonal
tiling of Euclidean2—spacd?2, 3, 8, 9, 4]. They describethe hexagonatiling as a hierarchyof cells,
where at eachlevel in the hierarchynew cells are constructedaccordingto a rule of aggregation. A
hexagonandits six neighborsform the first level in this hierarchy(Fig. 9.1.2. Note that a first level
aggregatecan alsotile 2—spaceand hasthe sameuniform adjacencypropertythat the hexagonattiling
possessesA first level aggregatendits six first level aggregateeighborsdorm a secondevel aggregate
(Fig. 9.1.3. The hierarchycontinuesin the obviousway. Figure 9.1.4 showsa third level aggregate.

Figure 9.1.2 The first level aggregate.

Figure 9.1.3 The secondlevel aggregate.
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Figure 9.1.4 The third level aggregate.

The addressingnethodof the hierarchicaltiling is basedon the following scheme.A first
level aggregate is chosenand labeledwith the integers through asshownin Figure9.1.5 The
centerhexagonlabeled is consideredas the origin.

Figure 9.1.5 The GBT addressof the first level aggregate.

The six first level aggregateseighboring  arelabeledwith the digits shownin Figure9.1.6and
form a secondlevel aggregate ; eachdigit is someintegerfrom . Readingthesedigits from right
to left, the first digit correspondg$o wherethe labeledhexagonis in its first level aggregate andthe
seconddigit corresponddo where is in the secondlevel aggregate
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Figure 9.1.6 The GBT addressof the secondlevel aggregate.

Figure 9.1.7illustratesthe labeling schemeof the third level aggregatecenteedat . Continuing
in this mannereveryhexagonin thetiling will correspondo a uniquefinite sequencéan address)vith

Figure 9.1.7 The GBT addressof the third level aggregate.
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entriesan integerfrom . Thus,the systemcan be thoughtof asa setof all finite sequences
with entriesfrom the set

9.2 GBT, Arithmetic

The rationalefor usingthe addressingschemedescribedn the previoussectionis rootedin
geometryanda desirefor an efficient addressingystemfor hexagonakrray processing.The geometric
basisbecomesclear if one considersFigure 9.2.1 and the parallelogramliaw of vector addition. If the
hexagorwith addresd) is centeredat the origin of the plane,thenthe resultantof addition of the vector
with terminalpoint at the centerof the hexagonabeledl with the vectorwhoseterminalpoint is located
at the centerof the hexagonlabeled? is the vectorwhoseterminalpoint is at the centerof the hexagon
labeled 3; i.e.,

Figure 9.2.1 Addition of first level aggregate addresses.

A quick checkshowsthat wheneverthe resultantof two vectorswhoseinitial points and terminal
pointsarethe origin andthe centerof one of the hexagonsn the first aggregatetespectivelyjs another
vectorin thefirst aggregatethenthe addressadditionthatyields the correspondingorrectvector
additionis simply addition . In particular, , , and

Proceedingo the secondlevel aggregatewe note that if we usevector additionwe should obtain
. By examiningthe first aggregateand its surroundinghexagongFig. 9.2.2, one obtainsa
simple mechanisnfor defining a new addition on the set
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Figure 9.2.2 The first level aggregateandits surroundinghexagons.

The additiontablecorrespondingdo the vectoradditionin the first level aggregates shownin Figure
9.2.3 We mayview theadditiondefinedby thistablemuchin the samemannerasadditionin thedecimal
system.The sumof any two digits yields a remainderdigit and, potentially, a nonzerocarry digit. For

example hasa remainderof 4 anda carry of 3. Note thatthe remaindercorrespondgo the
addition , while the carry is one of the two digits to be added.

+ 0 1 4 5

0 0 1 4 5

1 1 12 3 34 5 16

2 2 3 24 25 6 0 61

3 3 34 25 36 O 2

4 4 5 6 0 41 52 43

5 5 16 0 1 52 53 4

6 6 0 61 2 43 4 65

Figure 9.2.3 addition table.

Thedigitwise additiondecomposethe additiontableinto aremainderanda carry tableasillustrated
in Figure 9.2.4 The digitwise arithmeticallows for the vectorially correctaddition of any two

388



addressesFor example,the addition of the addressed16 and 346 is given by

where (x) denotesthe carry digit x. Note that nonzerocarry digits in single digit addition indicatethat
the vector sum lies in a different first level aggregate.

+ 1 2 3 4 5 6 + 1 2 3 4 5 6
1 2 3 4 5 6 0 1 1 0 3 0 1 0
2 3 4 5 6 0 1 2 0 2 2 0 0 6
3 4 5 6 0 1 2 3 3 2 3 0 0 0
4 5 6 0 1 2 3 4 0 0 0 4 5 4
5 6 0 1 2 3 4 5 1 0 0 5 5 0
6 0 1 2 3 4 5 6 0 6 0 4 0 6
Figure 9.2.4 Digitwise operationon with remaindeitableon the left andcarrytableon theright.

Negationof GBT addressess accomplishedn a digit by digit basis. The negativeof 0 is 0. The
negativeof any other GBT digit d is the integer differencebetween?7 and d; i.e., . Looking at
Figure 9.1.5 one can easily infer that the negativeof a given digit lies on the oppositeside of 0. To
form the negativeof any other addressone simply takesthe negativeof eachof its digits. For
instance,the negativeof 123 is 654.

Subtractionis defined in terms of addition combined with negationin the usual way. Thus

. In patrticular, .

Multiplication of addressess similar to addition in that it is a digitwise operation. The
multiplication table (Figure hexal?d showsthat the GBT product of two digits is just their integer
productmodulo 7. Multidigit multiplication in is bestexplainedby example. To multiply 254
by 62 we proceedas follows:

Similarly, . Note that the multiplication of two addressegan be viewed as

N
w
IS
ol
(o)}

2 2 4 6 1 3 5

Figure 9.2.5 multiplication table.  (Continued). . .
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3 3 6 2 5 1 4
4 4 1 5 2 6 3
5 5 3 1 6 4 2
6 6 5 4 3 2 1
Figure 9.2.5 multiplication table.

multiplication of vectorsin 2—dimensionakpacejt is identicalwith multiplication of complexnumbers.
That is, it addsanglesand multiplies magnitudes. In particular, it is commutative,associative,and
distributesover addition. As a result,we a commutativering structurewhich is isomorphicto
a subring of the complex numberswith addition correspondingo vector addition and multiplication
correspondingo complex multiplication.

9.3 Imageson Hexagonal Arrays and Polynomial Rings

Let  denotethe subsetof addressegonsistingof all sequencesvhosefirst rightmostk
entriesareequalto zero. Theset is closedunderadditionandmultiplication. Therefore, is anideal
of the quotientring f denotesgthe correspondingjuotientring , then consists

of  equivalenceclassesof addressesind theseaddressesire in one-to-onecorrespondencwvith the
hexagonsof the kth level aggregate [10, 17]. The effect of the quotientring structureon
arithmeticoperationsn a level k aggregates to ignore any carriesbeyondthe k leastsignificantdigits.
This causeghe aggregateo wrap on itself in a toroidal fashion;i.e., any arithmetic operationwhich
would normally resultin a departurefrom the aggregatego anotherlevel will now reenterthe aggregate

at someotherlocation. For example, in the full ring. In the carry into the
third position is ignored so that .

Addition of two images is definedas the usual pointwise addition:
Multiplication canalsobe definedpointwise,yielding a commutativering structureon . Anotherring
structureon , Which is pertinentto this chapter,is a convolutionring. Addition in this ring is again

pointwise addition. However, multiplication is definedin termsof convolutionas

where denoteghe subtractionin the quotientring . This multiplication links the
propertiesof the ring closelyto the structureof the  elementring

Anotherring having elementds . An isomorphism canbe definedby setting

, , and . Thus, , , etc.

The fact that is anisomorphismcan be showndirectly [10] but it is also a consequencef a deeper
isomorphismtheoremlinking the 7—adicintegerswith an extendedversionof the which allows
infinite strings of nonzerodigits [16].
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The inverseof the isomorphism providesfor an elegantcorrespondence
betweenimageson the hexagonalarray and polynomials. With eachimage , one can
associatea polynomial  definedby

For two imagesa and b we have

where by definition of polynomial multiplication. Also,

Therefore thering is isomorphicto the quotientring of polynomials
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