
Threeadditional facts abouttensorproductsthat we shall useareas follows:
If A and B are matrices,then ���������	��
�� � �� ���

(6.2.3)

If A and B are nonsingularmatrices,then�������������
�� ��� ��� ��� �
(6.2.4)

If A and B are permutationmatrices,then so is����� �
(6.2.5)

Theseresultsarenot difficult to verify andwe leaveit to the readerto convincehimself of their validity.

We now turn our attentionto somebasicpropertiesof the Fouriermatrix. If � 
�������� denotesthe
Fourier matrix correspondingto the Fourier templatef definedby Eq. 6.1.12,then the imagealgebra
formulation of the DFT (Eq. 6.1.13)is equivalentto the vector-matrixproduct ! 
 !#" � � (6.2.6)

The vector-matrixrepresentationof the DFT facilitates the analysisof the transform. In order to
representEq. 6.2.6moreconcisely,we let �%$ 
&�('�)+*,� $.-�$ denotethe /102/ Fouriermatrix, where' )�* 
3� * �(45�6
�7 �98;:�<= )�*�>@?BADCE> 4 A /#F3G �
ReplacingF by �%$ in Eq. 6.2.6specifiesthe sizeof both the transformmatrix andsignal length.

Therepresentationof Fouriermatricesis commonlysimplified by setting HI$ 
&7 �98J:�<= andnoting that'K)+*�
 H )+*$H9L$ 
 H $$ 
 H ) $$ 
 GH $NM�O$ 
 FPGH $KM�Q$ 
 F�RHTS $NM�Q$ 
 RH )VU $$ 
 H )$
Thus, � � 
&� G � > � O 
XW G GG FPG�Y >
and �%Q 
[Z\\] G G G GG H^Q H OQ H SQG H OQ H QQ H9_QG H SQ H _Q H9`Q

aVbbc 
dZ\\] G G G GG FeR FfG RG FPG G FPGG R FfG FeR
aVbbc �
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Similarly,

gihej
kllllllllllllm
n n n n o n n n nn p h prqh prsh o tPn tup h tuprqh tup9shn pTqh tPn prqh o n prqh tPn tuprqhn p sh tTp qh p h o tPn tup sh p qh tTp ht t t t v t t t tn tPn n tPn o n tfn n tPnn tTp h p qh tup sh o tPn p h tup qh p shn tup qh tPn p qh o n tup qh tPn p qhn tup sh tTp qh tup h o tPn p sh p qh p h

wVxxxxxxxxxxxxy
z

The conjugateand the conjugatetransposeof a matrix { j}|(~����,�����T����� aredenotedby{e� j��	~ ��������K��� {e� j��	~ ��(�;���
respectively.We saythat A is symmetricif {�� j { , Hermitian if { � j { , andunitary if { � j {P��� .
6.2.1 Theorem.

g%�
is symmetric.

Proof: This is obvioussince ��� �Pj p � �� j p � �� j � � � . Therefore,
g �� j�g%� .

Q.E.D.

As aneasycorollarywe havethat
g �� j�|�g �� � � j�g �� . Thus,

g �
is not Hermitianif ����� . However,

since
g%�

is a real-valuedmatrix for � j n
or 2,

g%�
is Hermitian whenever� j n

or 2.

6.2.2 Theorem.
g ��¡  g � j �  £¢ � .

Proof: Let { j¤g ��   g �
and considerthe

|�¥ �;¦ �
th entry~¨§ ��j � �©�ª�¬«®°¯V± p � §��² �   p � ��´³ j � �©�ª�¬«5 p �¶µ � � §¸·� z

If
¦ j�¥

, then
~E§ �¹j � . If

¦�ºj&¥
, then

p � � §� ºj n
. Therefore,

p � � §� t�n ºj�»
. However,

± n�t¼p � � §�d² ~E§ ��j�~E§ � t¼p � � §� ~E§ ��j � ���ª�½«5 p �Vµ � � §¸·� t �ª�¬« � p �¾µ � � §�·� j n�t�p µ � � §¿·À�� j�» z
Therefore,

~E§ �@jX»
whenever

¦&ºjX¥
.

Thus, { j kllm � »  ¶ ,  »» �  ¶ ,  »
...

...
.. .

...» »  ¶ ,  �
wVxxy j � kllm n »  , ¶  »» n  , ¶  »

...
...

. ..
...» »  , ¶  n
wVxxy z

Q.E.D.
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According to this theorem, ÁVÂÄÃÆÅÂ�Ç°ÈÂÊÉ Ç Â or, equivalently,ÇPË ÅÂ ÃÍÌÎ Ç ÈÂÐÏ (6.2.7)

Thus, Ç Â is almostunitary since it is a scaledunitary matrix.

Multiplying the Fourier transformequation ÑÒ Ã Ò É Ç Â by Ç Ë ÅÂ one obtainsÑÒ É ÇPË ÅÂ Ã Ò Ï (6.2.8)

Accordingly, a can be obtainedfrom ÑÒ using matrix inversion.

Using Eqns. 6.2.7 and 6.2.8 one obtainsÒ ÃÓÑÒ É Ç Ë ÅÂ Ã ÌÎ ÑÒ É Ç ÈÂ Ã ÌÎ ÑÒ ÉKÔ ÇfÕÂ^Ö�× Ã ÌÎ ÑÒ É Ç¹ÕÂ
or Ò Ã ÌÎ ÑÒ É Ç ÕÂ (6.2.9)

which is, of course,equivalentto the image algebraexpressionÒ ÃØÅÂ Ô ÑÒ1ÙÚ�Û Õ Ö . The significanceof
Eq. 6.2.9 is that the original signala may be recoveredfrom the transformedversionwithout the need
for matrix inversion. This property is especiallyuseful when computingtwo-dimensionaltransforms
wherethe transformationmatricesmaybequite largeand,therefore,the computationof generalinverses
impractical.

6.3 Shuffle Permutations and the Radix Splitting of Fourier Matrices

If p dividesn, thenit is possibleto relate Ç Â to Ç ÂÝÜ(Þ and Ç Þ . This relationship,knownasthe radix-p
splitting of Ç Â , allows for the computationof an n-point DFT from DFTs of smallersize. Repetitionof
this processis the heartof today’s algorithmsfor the efficient computationof the DFT. The construct
thatprovidesthe link betweenÇ Â andtheFouriermatricesof smallerdimensionsis a permutationmatrix
that shufflesor sorts the column (or rows) of a matrix in somedesiredorder.

SupposeÎ ÃÐß�à with ÌDá ß á à . LetâfãEä Þfå ä ÂKÜ	Þfæ ä ÂèçKé�ê�ë ã�ä Þ°å ä ÂKÜ	Þfæ ä Â
denotethe row and column scanningmapsdefinedbyâìã Ô(í®î�ï(Ö%ð í Îß Ù ïìñ Îiò ë ã Ô�í®î¬ïJÖóð ï ß Ù í°î
respectively.The Ô ß î Î Ö –shufflepermutationô Þ,õ Â ã�ä Â æ ä Â is definedas ô Þ¶õ Â Ã âeö ë Ë Å . Equivalently,ô�Þ,õ Â Ô�÷+Ö Ã�øúù û Ô�í®î¬ïJÖýü ä Þ å ä ÂNÜ	Þÿþ Ï��¬Ï ë Ô�í®î¬ïJÖ Ã ÷ çÝé�ê â Ô�í®î¬ïJÖ Ã�ø Ï

An easy way of visualizing the Ô ß î Î Ö –shuffle permutationis to label the points of the array� Ã ä Þ å ä ÂNÜ(Þ in row scan order, then taking the transposeof X and listing the elementsof the
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transposedarray in row–scanorder. The mappingof the subscriptscorrespondsto the permutationof
elementsof ��� by ���
	 � . Thus, if

�� �������
��� ��� ��� ����� ������ �� �� � ��! � � ��! � �����"��� ���� ���� �� ��� ��! � ��� ��! � �����"�$# ���� �
...

...
...

.. .
...�&% � � �(' �� �)% � � �*' ��! � �&% � � �+' ��� � ����� � � � �

,
-----.0/
then�1��	 � �32 �4� ��� ��� ����� � � � � 53� � � �  � ����� ��� � � � 56�����758� � � � �����"� � � ��$� � �� ��� �� �����"� % � � �+' �� 53��� � ��! � �����"� % � � �(' ��! � 56�����759� ���� � �����"� � � ��:
Equivalently, we have� ��	 � � 2�; < = �����?>A@ < 5B> >DC < ����� = >E@ < 5F�����75HGI@I> �����9GJ@ <; � � � �� ����� % � � �+' �� 5 < � � C < �����LKM>N@ <PO � � C < 5F�����75 � � @ < �����9GJ@ < :
The horizontalbarsareaddedto emphasizethe structureof the shuffle permutation.

The permutationmatrix Q KR> / G OTSVU$W �YX � is called the modp perfectshuffle.

6.3.1 Examples:

(i) SupposeG � <�; and > � = . In this casewe have�� 2 �$� ��� ��� �$# �$Z�$[ �4\ ��] �$^ �$_ :D`
Hence � � 	 �*� � 2 � � � � 53� � � # 5a� Z � [ 53� \ � ] 59� ^ � _�4� ��[ 53��� �$\ 5a��� ��] 53�$# �4^ 59�$Z �4_ :�32b; < 5 = c 53d e 5af g 5ih j; e 5 < f 5 = g 5 c h 5ad j : `
Since Q K = / <�;�O � U4Wlk X mRn � KR>porq O is defined by> orq �ts < uwv � � 	 �*��Kyx O �{z; |~}*���
�(��u��*� /
we have

Q K = / <�;�O �
����������������

< ; ; ; ; ; ; ; ; ;; ; ; ; ; < ; ; ; ;; < ; ; ; ; ; ; ; ;; ; ; ; ; ; < ; ; ;; ; < ; ; ; ; ; ; ;; ; ; ; ; ; ; < ; ;; ; ; < ; ; ; ; ; ;; ; ; ; ; ; ; ; < ;; ; ; ; < ; ; ; ; ;; ; ; ; ; ; ; ; ; <

,
--------------.
`
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(ii) If ���H��� and ����� , then� ������$� ��� ��� ��� �$���� �$� ��� ��� �$����*� ���+� ���(� ���*� ���*�
 ¡0¢

and£
�
¤ �+� �3¥ �4� ��� ��� ¦a�4� �$� ��� ¦3�4� ��� �4� ¦3�4� ���*� ���(� ¦"���+� ���§� ���*��$� ��� ���*� ¦a��� �$� ���+� ¦3��� ��� ���+� ¦3�4� �4� ���§� ¦ �4� �$� ���*� ¨� ¥�© � ª ¦ � « � ¦�¬  ® ¦a¯ � © �~� ¦ ��ª ��� �
«© � � © ¦ � ¬ �~� ¦ ª  ��ª ¦ � ® ��� ¦ « ¯ �
« ¨ ¢

SupposeA is a °²±{� © matrix and ³µ´M¶b· denotesthe jth columnof A. Thenaccordingto the above
example, ³¹¸�º»´*ª1¼�� © ·&�½´y³»´ © ·¾¼¾³»´+�!·¾¼À¿�¿�¿�¼¾³»´ ¯ ·+·4¸�º»´*ªp¼�� © ·�½´y³»´ © ·¾¼¾³»´Áª�·¾¼¾³»´Â«p·+¼¾³»´ ¬ ·+¼¾³»´ ® · ¦ ³»´+�P·¾¼(³»´Á�1·¾¼¾³»´Á��·+¼(³»´  ·+¼¾³»´ ¯ ·*· ¢
Thus, ³�¸�º»´*ªp¼�� © · is just A with its even-indexedcolumnsgroupedfirst. In general,if �Ã�Äª~Å , then³¹¸�º»´yªÆ¼(�4·&�½´*³»´ © ·Ç¼(³»´Áª�·+¼$¿�¿�¿�¼Ç³»´Á�ÉÈ0ª1· ¦ ³»´+�P·+¼(³»´y�1·+¼�¿�¿�¿�¼¾³»´Á�IÈÊ�!·+· ¢ (6.3.1)

This is the reasonthat º»´*ªp¼¾��· is referredto as the even-oddsort permutationmatrix. It is customaryto
denotethe even-oddsort permutationmatrix º»´*ªp¼¾��· by ºÌË .

As mentioned,the shuffle permutationmatrix plays a key role in linking Í4Ë with Í Ë~ÎÂÏ . Consider
the case ���a« . Here we have

ºÑÐ� ¸�Í � � �ÒÒ� � © © ©© © � ©© � © ©© © © �
 
ÓÓ¡ �ÒÒ� � � � �� ÈÌÔ Èµ� Ô� Èµ� � Èµ�� Ô Èµ� ÈTÔ

 
ÓÓ¡ � �ÒÒ� � � � �� Èµ� � È��� ÈÌÔ Èµ� Ô� Ô Èµ� ÈÌÔ
 
ÓÓ¡ � �ÒÒ� Í � ´ © ·Í � ´*ª�·Í � ´Ç�!·Í � ´*��·

 
ÓÓ¡ ¼
where Í � ´R¶b· denotesthe jth row of Í � . Thus, º Ð� ¸+Í � is just Í � with its even-indexedrowsgroupedfirst.
Of course,since ´yº Ð� ¸�Í � · Ð �½Í Ð� ¸!´*º Ð� · Ð �½Í � ¸�º � ¼ this observationalsofollows from Eq. 6.3.1.

Note that in our case(i.e., �Õ�"« )
ºÖÐ� ¸�Í � � �ÒÒÒÒ�

� � ¦ � �� Èµ� ¦ � Èµ�È È × È È� ÈÌÔ ¦ Èµ� Ô� Ô ¦ Èµ� ÈÌÔ
 
ÓÓÓÓ¡ � ¥ Í � Í �Í � ¸�Ø � ÈÌÍ � ¸�Ø � ¨ ¼ (6.3.2)

Where Ø � � ¥ � ©© ÈTÔ ¨ �ÄÙ�ÔÁÚ!Û�´+��¼ÁÜ � · ¢
Thuseachblock of º Ð� ¸�Í � is either Í � or a diagonalscalingof Í � . Furthermore,the right-mostmatrix
in Eq. 6.3.2 factors as ¥ Í � Í �Í � ¸�Ø � ÈTÍ � ¸�Ø � ¨ � ¥ Í � ÝÝ Í � ¨ ¥ÑÞ � Þ �Ø � ÈÌØ � ¨ ¼
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where ß�à denotesthe áµâÉá identity matrix. Hence,multiplying Eq. 6.3.2by ãµä�åæèç ãÖéæ ç ã æ we obtainê æ ç ã æ�ë ê à ìì ê àÀí ë ß�à ß�àî à ï î à�íñð
Therefore,if ò ç9ó ò óyô�õ¾ö ò ó§÷Põ¾ö ò ó á õ¾ö ò óÁø�õ*õ , thenòNù ê æ ç òEù�ã æ ë ê à ìì ê àÀí ë ß�à ß�àî à ï î àpíçÕó ò ó*ô�õ+ö ò ó á õÇö ò ó+÷!õ¾ö ò óÁø1õ*õ ë ê à ìì ê à í ë ß à ß àî à ï î à íçVúró ò óÁô�õ¾ö ò ó á õ+õ ù ê à ö�ó ò ó+÷!õÇö ò óÁø1õ+õ ù ê à
û ë ß à ß àî à ï î à�í ù (6.3.3)

This showshow a four-pointDFT canbecomputedin termsof two two-pointDFTs. As thenext theorem
shows,this holds in general;i.e., if ü ç á�ý , then

ê4þ
canbe split into two half-sizedDFT matrices.

Theorem. If ü ç á~ý and
î�ÿ ç��������	�(÷~ö�
 þ ö�����Àö�
 ÿ ä�åþ �

, thenã éþ ù ê4þ ç ë ê ÿ ê ÿê ÿ ù î ÿ ï ê ÿ ù î ÿ í ð
Proof: Let ã éþ ù ê4þ ç ë� �� � í ö
whereA, B, C, and D are ýLâ{ý matrices. Since

ê4þ ù~ã þ is just
ê4þ

with its even-indexed
columnsgroupedfirst and ã éþ ù ê4þ ç ó ê4þ ù�ã þ õ é , ã éþ ù ê4þ is just

ê4þ
with its even-indexedrows

groupedfirst. Thus, if � çÕó������Põ with ô������ ý and ô �"!#� ý , then ���$�µç%
 à �&�þ .

But since 
 àþ ç'
 ÿ , 
 à �$�þ ç(
 �$�ÿ . Therefore, � ç ê ÿ .

Similarly, if � ç ó*) �$� õ , then ) �$� ç+
 à ��,-�/. ÿ10þ
for ô �2��� ý and ô �"!#� ý . Since
 à ��,3��. ÿ40þ ç5
 �6,7�6. ÿ80ÿ ç5
 �&��.9� ÿÿ ç5
 �&�ÿ ù 
 � ÿÿ ç:
 �$�ÿ ö� ç ê ÿ

.

Since
î ÿ

is a diagonalmatrix,
ê ÿ ù î ÿ ç<;6
 �&�ÿ ù 
 �þ>= , where ô?�%�@� ý and ô��'!A� ý .

Now if � çHó�B �&� õ , then B �$� ç5
 , à �$. å 0 �þ ç:
 à �$�þ ù 
 �þ ç5
 �&�ÿ ù 
 �þ ð
Therefore, � ç ê ÿ ù î ÿ .
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Finally, let CEDGF�H�I$J�K . Using the fact that LNMO DQPSR , we obtainH I&J D5L4T3U I$VXW&Y T J6V M YO D5L1U I$JO Z L JO[Z L\U M IO Z L MO D]P8L I&JM Z L JO_^
and, hence, C`DaP4b M Zdc M .

Q.E.D.

It now follows that egfO b O Dih b M jj b M?k h1l M l Mc M P c Mmkon (6.3.4)

If we multiply this equationby

e O we obtainb O D e O Z h b M jj b M?k h\l M l Mc M P c M�k n (6.3.5)

Hence,if pqDrF�psFut�K ^ psF&R�K ^v�v�vw^ psF�x�P%R�K*K , thenp Z b O D(FypsF�t�K ^ pF�z�K ^v�v�vX^ psF{x�P�z>K ^ psF&R�K ^ pF�|�K v�v�vw^ pF�x�P+R�K}K h b M jj b M k h l M l Mc M P c M k n (6.3.6)

This establishesthe following corollary:

6.3.3 Corollary. If x~Diz�� and p"��� O , thenp Z b O D�F�p�� Z b M ^ p W Z b M K h l M l Mc M P c Mmk ^ (6.3.7)

where p � DGFypsF�t�K ^ pF�z�K ^�v�v�v�^ psF�x�P2z�K&K and p�W�D'F�psF&R�K ^ pF�|�K ^�v�v�vX^ psF�x�P%R�K*K .
The ideaof splitting the DFT canbe appliedagainif m is even,relating p � Z b M to p �&� Z b M8� U andp � W Z b M1� U , and pXW Z b M to pXW � Z b M\� U and p�W}W Z b M\� U . In casen is a power of 2, we can divide and

conquerall the way down to a sequenceof one-pointDFTs.

In casen is not a powerof 2, thenthe radix-2 divide-and-conquerprocessbreaksdown. However,
as long as n is not a prime number,it is still fairly easyto expressb O as a function of smallerDFT
matrices.Specifically,if x�D���� with Ro�2�A��� , then b O can be expressedasa function of the DFT
matrices b M and bX� . The key is to usetensornotation. Note thatH������XF l M ^�c M K&F*b UN� l M K�D h l M jj l M k�� h R RR P�R k � l Mg�Drh�l M �� c M?k h9l M l Ml M P l M�kDrh\l M l Mc M P c M?k�n
Thus, Eq. 6.3.4 can be rewritten asegfO b O D�F l U � b M K Z Hd�����XF l M ^}c M K Z F�b U � l M K (6.3.8)

and Eq. 6.3.7 as p Z b O D�F�p � Z b M ^ p W Z b M K Z�� O ^ (6.3.9)

where � O D�H������XF l M ^}c M K Z F�b U�� l M K .
The generalformulation of Eq. 6.3.8 is given by the next theorem.
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6.3.4 Theorem. If �: "¡w¢ and £1¤�¥ ¦§ G¨�©�ª�«N¬&>®�¯±°�®s²�²�²�®�¯ ¦4³X´° µ , then¶¸·º¹ ¡®��s»±¼/½ °   ¹�¾ ¤4¿ ½ ¦ »s¼�¨d©�ª�« ¬ ¾ ¦ ®}£ ¤�¥ ¦ ®²�²�²�®6£ ¤�³9´¤�¥ ¦ µ ¼ ¹ ½ ¤4¿ ¾ ¦ »wÀ (6.3.10)

Proof: Let
¹�Á4Â&Ã »o  ¶ · ¹ ¡s®}�s»N¼�½ ° and¹�Ä¸Â&Ã »�  ¹�¾ ¤8¿ ½ ¦ »±¼�¨�©�ª�« ¬ ¾ ¦ ®}£ ¤�¥ ¦ ®²�²�²X®�£ ¤�³w´¤�¥ ¦ µ ¼ ¹ ½ ¤8¿ ¾ ¦ »w®

where ÅAÆ]Ç�®wÈ�Éq¡ and each
ÁgÂ&Ã ® ÄÊÂ&Ã is an ¢ÌËÍ¢ matrix suchthat

¹�ÁgÂ&Ã » and
¹*Ä¸Â&Ã » are¡�Ë@¡ block matrices.

Let Î Á Â&Ã&ÏÑÐ$Ò and Î Ä Â&Ã*ÏÑÐ$Ò denotethe
¹ÔÓ ®&Õ�» th entry of

Á Â&Ã
and

Ä Â&Ã
, respectively. we needto

show that Î Á Â&Ã Ï Ð$Ò  ÖÎ Ä Â&Ã Ï Ð&Ò .
By definition of

ÄÊÂ$Ã
,Î Ä¸Â&Ã Ï Ð&Ò  ]Î×½ ¦ Ï Ð&Ò ¼sØ-£ Â¤�¥ ¦4Ù Ò�Ò ¼}¯ Â&Ã¤  5¯ Ð$Ò¦ ¼6¯ Â Ò° ¼6¯ Â&Ã¤ À

Since
¶ · ¹ ¡s®}�s»±¼�½ ° is just ½ ° with its rows sortedmod p, we also have¹*ÁgÂ&Ã »N  ¹ ½ ° ¹ Å�»6®}½ ° ¹ ¡�»&®�²�²�²X®�½ ° ¹ � Ú?¡�»�Û&½ ° ¹ �»�®�½ ° ¹ ¡oÜ+�»6®�²�²�²�®�½ ° ¹ ��Ú�¡ÝÜ+�»XÛ�²�²�²²�²�²sÛ$½ ° ¹ ¡ÞÚ%�»�®�½ ° ¹�ß ¡àÚ+�»&®²�²�²X®�½ ° ¹ ��Ú+�»*» · ®

where ½ ° ¹áÓ » denotesthe jth row of ½ ° . Thus,if â�ã/ä denotesthe
¹�å ®&æ9» th entry of ½ ° , thenÎ Á Â&Ã Ï Ð$Ò  �â Â$ç Ð ¤�¥ Ã ¦ ç Ò  5¯4è Â&ç Ð ¤êé è Ã ¦ ç Ò é°  %¯ ¤ Ð&Ò° ¼6¯ Â Ò° ¼6¯ Â$Ã ¦° ¼6¯ ¦�¤ Ð Ã° À

Since ¯ ¦ë¤ Ð Ã°   ¹ ¯ ¦�¤°Ì» Ð Ã   ¹ ¯ °° » Ð Ã  G , ¯ Â&Ã ¦°  q¯ Â$Ã¤ , and ¯ ¤ Ð$Ò°  q¯ Ð$Ò¦ , we haveÎ Á Â&Ã*ÏÑÐ&Ò  5¯ Ð&Ò¦ ¼6¯ Â Ò° ¼6¯ Â&Ã¤ À
Q.E.D.

In analogywith the radix-2 splitting, radix-p splitting can be usedto obtain an n–point DFT by
gluing togetherp DFTs of length ¢` i�íì�¡ .
6.3.5 Corollary. If �~ G¡w¢ and î�ï"ð ° , thenî�¼�½ °   ¹ îwñ4¼�½ ¦ ®�î ´ ¼ê½ ¦ ®²�²�²w®&î ¤�³w´ ¼�½ ¦ » Ä ¤�¥ ° ®

where î Ð   ¹ î ¹3Ó »&®�î ¹ ¡[Ü Ó »6®�²�²�²X®&î ¹ ��Ú#¡oÜ Ó »&» andÄ ¤�¥ °  "¨�©�ª�« ¬ ¾ ¦ ®}£ ¤�¥ ¦ ®²�²�²X®�£ ¤�³w´¤�¥ ¦oµ ¼ ¹ ½ ¤_¿ ¾ ¦ »wÀ
Proof: Multiply both sidesof Eq. 6.3.10by î�¼ ¶�¹ ¡s®}�s» .

Q.E.D.

The matrix
Ä ¤�¥ ° is known as the radix-p butterflymatrix and derivesits namefrom the graphical

representationof its actionon an input vector(Section6.5, Fig. 6.5.1). Note that for ¡�  ß , Ä ¤�¥ °   Ä ° ,
where

Ä ° is the radix-2 butterfly matrix definedby Eq. 6.3.9.
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6.4 Radix-2 Factorization, Perfect Shuffles,and Bit Reversals

According to Theorem6.3.4 and its corollary,ò�ó/ôíõàö%ò�ó�÷�øÔùú&ûsü±ó�ø�ý6þ4ÿ�ô��Sü±ó��_þ�� õàö~ø�ò��4ó/ô��oú�ò	�Nó�ô��[ú�
�
�
wú}ò�þ���\ó�ô���ü±ó��gþ�� õ_ú (6.4.1)

where � öGû���ù and ��� ù ��� . Now if � �Ýö � , ù��àö�ù , and thereexist integers ��� and ù � such
that � �¸ö2ù ����� with ��� ù ������� , thenwe canreapplyEq. 6.4.1to eachof the expressionsò��4ó�ô���� ,
replacingeachDFT of length ù�� by DFTs of length ù � . This procedurecan alwaysbe employeduntil
for someindex k, �� cannotbe factoredfurther.

In order to betterunderstandactual implementationof the split-and-merge process,we restrict our
attentionto the simple casewhere û5ö"!  and ù�ö#! . The methodologyderivedfrom the analysisof
this casecanthenbe generalizedto deriveimplementationsof the generalformulationexpressedby Eq.
6.4.1(e.g., [6, 10]). This approachis analogousto our derivationof Eq. 6.3.10from Eq. 6.3.8.

For ùqö$! , Eq. 6.4.1 becomesò ó�ô õ ö+ò�ó�÷ õ ó�øyý � ÿ�ô � ü�ó�� õ ö�ø�ò � ó�ô � ú�ò � ó�ô � üsó�� õ&% (6.4.2)

Assuming û#ö'!  , the split-and-mergeprocedurecanbe replacedby applyingCorollary6.3.3to ò � ó6ô �ø)(Ýö'*�ú � ü which splits each ò+�Sódô�� intoò+�1ó�ô���ö",yò-�.�4ó�ô �0/ � ú9ò+�1�Nó�ô �2/ ��3 ó��4� % (6.4.3)

Merging Eq. 6.4.3 with Eq. 6.4.2 results inò�ó�ô õ ö657,áò �1� ó/ô �0/ � ú�ò �8� ó�ô �0/ ��3 ó�� � ú9,yò �7� ó�ô �0/ � ú�ò �1� ó�ô �2/ ��3 ó�� �;: ó�� õ % (6.4.4)

Using tensornotation,we may rewrite Eqs. 6.4.2 and 6.4.4 asòàó�ôsõ�ö , ò��1ó�ô õ</ � ú�ò=��ó�ô õ>/ ��3 ó�ø�ý���ÿ?�Êõ�ü (6.4.5)

and ò�ó�ôsõàö",uò��1�1ó�ô õ</1@ ú9ò��8��ó�ô õ>/A@ ú�ò	�7�\ó�ô õ>/7@ ú�ò	�1�Nó�ô õ>/7@ 3 ó�,uý � ÿB� õ</ � 3 ó�øyý���ÿ?�Êõ�ü�ú (6.4.6)

respectively.

Since ô � ö(ø � ü , continuationof the split-and-mergeprocessCEDGF moretimesleadsto the following
formulation of the DFT:ò�ó/ôsõ�ö , ò-�IH/ú�ò-� � ú�
�
�
Xú�ò-�.J1K � 3 ó , ý õ>/ � ÿL� � 3 ó�ó�ó , ý � ÿB� õ>/ ��3 ó�øyý���ÿ?�¸õ9ü9ú (6.4.7)

whereeachof the subscripts(�M is somebinary sequenceof length k.

For N ö ø N ��ú N ��ú�
�
�
Xú N  -� ü&O  -�PQSR �UT � , let ø N ü � denotethe base2 expansionof s; i.e.,ø N ü � ö N �0V N ��!4V ó�ó�ó�V N  -��!  �� %
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Using induction on k, it can be shown that W�X1Y[Z\W�]7])^�_�`.a�` for bcZed-f�ghf�i�i�i�f�jlkmg (e.g., Theorem
6.4.3). This implies thatn W+Xpo�f�W-X.q8f�i�i�i	f+W-X.r1s<q1t4Zu]vW�]xwzy�]pd�`{`8f|W�]xw�y+]}g<`7`8f~i�i�i�f{W�]xw�y+]7j�k�g<`{`7`=f (6.4.8)

where wzyc�=�~yl���	y is the permutationdefinedby w�y+].b�`&Z�])^�_�` a .
Equivalently, we have n W-X o f+W-X q f�i�i�i=f-W+X r1s<q t�Z�W�����y&f (6.4.9)

where ��y is the permutationmatrix defined by ��y����U�}r . This meansthat the DFT of W��G� y consists
of a permutationof the componentsof a followed by a productof k sparsematrices.

Since ��y playsa centralrole in theefficient computationof the DFT, we providea formal definition
and an image algebraspecificationfor its implementation. The following examplewill provide the
necessaryinsight into understandingthe actionof ��y on the coordinatesof a vector.

6.4.1 Example: Supposej�Z"�<� and W������7� . Then

W���� �A� Zu]vW��������>f+W � �����<`���]p� ���?�E�7� `�f
where W � Zu]pW�]pd�`}f|W�]p��`8f+W�]x�+`}fzW�].��`1f+W�].��`1f+W�]1g�d�`}f|W�]1g���`1f|W�]8g���`1`
and W � Zu]pW�]1g<`}f|W�]I |`8f+W�]p¡�`1f+W�]1¢h`1f+W�]I£|`8f+W�]1g�g<`}f|W�]1g� �`8f|W�]1g�¡�`1`-¤
Using the butterfly matrix � � , we can synthesizeeach8–point DFT, W-X¥�h��� , from a pair of
4–point DFTs as follows:

]pW��0�����hf+W � �����<`9Zu]vW��1�2��� � f+W�� � ��� � f+W � �0��� � f+W �1� ��� � `��<]p� a �B� �<`-f
where

W��1��Z¦]pW�]pd�`8f+W�]x�-`8f|W�]p�|`8fzW�]}g���`{`8f§W�� � Zu]vW�]p�|`8f|W�]p�|`8f|W�]1g�d|`1f|W�]}g���`{`8fW � � Zu]vW�]1g¨`8f|W�]p¡|`8f|W�]p£�`1f+W�]}g� �`{`8fª©<«�¬�W �1� Z¦]pW�]. �`1f+W�]7¢�`8f|W�]1g�g<`1f|W�]8g�¡�`1`8¤
Repeatingthis process,we obtain

]pW��1�0��� � f|W�� � ��� � fzW � �0��� � f|W �1� ��� � `Zu]vW �{�1� ��� a f+W �1� � ��� a f+W � � � ��� a f+W � �1� ��� a f|W � �1� ��� a f|W � � � ��� a f+W �{� � ��� a f+W �{�1� ��� a `���]p� � �L� � `8f
where

W��1�1��Zm]xW�]7d�`1f|W�]p�|`1`8fW��1� � Zu]pW�]x�+`1f+W�]}g���`{`8f®W�� � ��Zu]vW�]p�|`8f|W�]1g�d|`7`8fW � �1� Zm]xW�]7��`1f|W�]1g��+`1`}f¯W � �1� Z°]xW�]8g¨`1f|W�]p£|`1`}f®W � � � Zu]vW�]p¡|`8f|W�]1g� |`7`8fW �1� � Zu]pW�]p �`}f|W�]1g�g<`{`1fª©<«�¬�W �1�1� Zu]xW�]1¢h`1f+W�]}g�¡�`{`+¤
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The final stageis now given by±x²�³1³1³2´�µ�¶<·+²�³1³A¸2´�µ�¶�·z²�³8¸7³0´�µ�¶<·|²�³8¸1¸�´�µ�¶h·z²	¸7³1³2´�µ�¶<·+²=¸A³8¸9´�µ�¶h·�²=¸{¸7³0´�µ�¶<·+²	¸1¸1¸�´�µ�¶<¹
º ±v²�³1³{³1³�·+²�³{³1³8¸�·+²�³1³8¸7³�·+²�³1³}¸1¸�·+²�³8¸7³1³�·+²�³8¸7³}¸�·+²�³}¸1¸7³�·+²�³8¸1¸1¸�·+²=¸7³{³1³�·1²	¸7³1³8¸�·+²=¸7³}¸7³�·+²	¸7³8¸1¸�·² ¸1¸7³{³ ·+² ¸{¸7³8¸ ·+² ¸1¸1¸7³ ·�² ¸1¸{¸1¸ ¹�´�±p»�¼2½L¾ ¶ ¹
º ±p²�±I¿�¹}·+²�±pÀ�¹1·+²�±pÁ+¹1·+²�±1Â�Ã|¹8·+²�±pÃ|¹8·z²�±8Â�¿�¹8·|²�±IÄ|¹8·+²�±1Â�Á-¹8·z²�±}Â<¹1·|²�±.Å�¹1·+²�±IÆ|¹8·+²�±1Â�Ç|¹8·²�±pÇ�¹}·|²�±1ÂhÂ¨¹1·|²�±1È�¹1·|²�±1Â�Æ�¹|¹�´<±v» ¼ ½?¾�¶�¹�É

Thus,²�´�Ê�¸7Ë º ±v²�±p¿|¹1·|²�±pÀ�¹8·+²�±xÁ-¹8·+²�±1Â�Ã�¹1·|²�±.Ã|¹1·|²�±1Â�¿|¹8·|²�±pÄ�¹8·z²�±8Â�Á�¹8·|²�±1Â¨¹8·A²�±xÅ�¹8·+²�±pÆ|¹8·+²�±1Â�Ç�¹1·²�±pÇ�¹8·z²�±8Â�Â�¹8·|²�±7È�¹8·|²�±1Â�Æ|¹|¹
º ±x²�±pÌ+¸7Ë�±p¿|¹1¹}·|²�±xÌ+¸AË�±}Â<¹7¹8·|²�±xÌ+¸7Ë�±7Ã�¹7¹}·	Í�Í�Í	·�²�±vÌ+¸7Ë�±1Â�Ç�¹{¹8·�²�±xÌ+¸7Ë�±8Â�Á�¹1¹8·|²�±xÌ+¸AË�±}Â�Æ�¹1¹{¹+É

Expressingi and
Ì+¸7Ë�±.ÎA¹

in termsof binary notation elucidatesthe action of
Ê�Ï

. Specifically,
we have the following relationship:

Î Ì+¸7Ë�±7Î7¹
binary

Î
binary

Ì+¸7Ë�±.ÎA¹
0 0 0000 0000

1 8 0001 1000

2 4 0010 0100

3 12 0011 1100

4 2 0100 0010

5 10 0101 1010

6 6 0110 0110

7 14 0111 1110

8 1 1000 0001

9 9 1001 1001

10 5 1010 0101

11 13 1011 1101

12 3 1100 0011

13 11 1101 1011

14 7 1110 0111

15 15 1111 1111

Figure 6.4.1 The permutation
Ì ¸7Ë

and its correspondingbinary evaluation

It follows from the table that
Ì+¸7Ë�±7Î7¹

is obtainedfrom i by reversingthe order (readingfrom
right-to-left) of the four bits in the binary expressionof i.
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Becauseof its actionon the indicesof a vector, the permutationmatrix Ð�Ñ is commonlyknown as
the bit-reversingpermutationmatrix.

For the formal specification of Ð�Ñ , let ÒcÓÕÔ�Ö and for ×¯Ó"ØhÙ�Ô+Ù	Ú�Ú�Ú	Ù�Û setÜ¥Ý Ó�Þ�ß1àAá�âUã?ä4ß â�å
Define Ð Ñ Ó Ü Ö4æ Ü Ö�ç�èéæ�æ�æ Ü ß æ Ü è å (6.4.10)

Thus, Ð�Ñ is composedof copiesof the perfect shuffle permutationmatrices ä ß Ù8ä�ê<Ù�Ú�Ú�Ú	Ù9äëÑ which,
accordingto Eq. 6.2.5, makes Ð�Ñ a permutationmatrix.

Note that if Û¦ÓìØ , then

Ð ß Ó Ü è Ó�Þ è ãLä ß Ó'ä ß Ù
while for ÛmÓìÔ ,

Ð ê Ó Ü ß æ Ü è ÓuípÞ è ãBä ê<î æ ípÞ ß ãBä ß î Ó'ä ê æ ívÞ ß ãBÐ ß î å
This suggeststhe following theorem:

6.4.2 Theorem. If Ò�Ó\Ô Ö and ïðÓ\Ò�ñ<Ô , then

Ð�Ñ[Ó'äëÑ æ íxÞ ß ã?Ð�ò î å
Proof: Let óôÓõÛ�öuØ . Then ï÷ÓøÔhù and

Ð�òuÓðúÜ ù æ úÜ ù ç�è æ�æ�æ úÜ ß æ úÜ è Ù
where úÜ¥Ý Ó�Þ ß1û á�â ã?ä ßAâ å
Using Eq. 6.2.1, we obtain Þ ß ã úÜ Ý Ó'Þ ß ãLívÞ ß1û á�âUã?ä4ß7â îÓ'Þ ß ãLívÞ�ß àAá>üýá�â ãBä4ß â îÓ'Þ ß à7á�â ãBä ß âÓ Ü¥Ý å
Hence,using Eq. 6.2.2, we can factor Þ ß ã�Ð�ò asÞ ß ã?Ð ò Ó�Þ ß ã úÜ ù æ úÜ ù ç-èþæ�æ�æ úÜ ß æ úÜ èÓ ÿ�Þ ß ã úÜ ù � æ�æ�æ ÿ�Þ ß ã úÜ ß � æ ÿ�Þ ß ã úÜ è �Ó Ü Ö�ç�è æ�æ�æ Ü ß æ Ü è å
Since

Ü Ö Ó Þ ß�� ã'ä4ß à ÓõäëÑ , we now have

äëÑ æ ípÞ ß ã?Ð�ò î Ó Ü Ö4æ Ü Ö�ç�èþæ�æ�æ Ü ß æ Ü è å
Q.E.D.

The recursivecharacterizationof Ð�Ñ given by this theoremmakesit easyto provethe bit-reversing
action of Ð�Ñ .
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6.4.3 Theorem. If �����
	 and �� is thepermutationmatrixdefinedbyEq. 6.4.10,thenthepermutation� � definedby � ������� ����� ��� �
����� �! 
has the property that � � ���"�$#
%&�$'(%*)+),)-%�� 	/. ' �"0+� � �1� 	/. ' %&� 	/. 0 %*),),)2%&�3#,�1054

Proof: If 67�8 , then � 0 �:9 0 and, therefore,� � �;���3#,� 0 � � ���3#,� 0 .
We now proceedby using induction, assumingthe result to hold for all integersless than6�<= , where 6!>?� .
Let �@�:� 	
%BADC�E � %GF �:� 	H. ' , and IJ� ALK �� . We mustshow thatI ���1� 	/. ' %M� 	H. 0 %*),)+)&%&�3#(� 0 � � A�1���3#N%&�"'(%*)+),)2%&� 	/. ' � 0 �&4
By Theorem6.4.2,I@� AOK ��P� AOK,Q � K(� 9 0SR �T � � �"A2#N%�A-'H�UKV� 9 0SR �T � � �$A&#BK �T %�A-'WK �T �M%
where A # �"�1� � A� � ��� and A ' ���X� � A� � �&Y  � for � �:Z %  %-),)+)[%2F <\ .
Let � � ��� # %M� ' %*),),)2%&� 	H. ' � 0 . Supposei is even. Then Q � maps A*�1�1� to A # �1�"] � � . Since i is
even, �3# �^Z . Hence,�X] �_� ��'-Y`� 0 � Y�K,K+Ka� 	H. ' � 	H. 0 and A*�"�X� mapsto A&#(�1�1�"'(%b� 0 %*),)+)&%&� 	/. '+� 0 � .
By induction hypothesis,� Tc���"� ' %M� 0 %*)+),)2%&� 	/. ' �"0+� � �"� 	/. ' %b� 	H. 0 %*),),)2%&� ' �10U4
But since �$# �=Z , ��� 	H. ' %&� 	H. 0 %*),)+)-%b��'+� 07� �1� 	/. ' %&� 	/. 0 %*),),)2%&��'(%&�$#+� 0 . Therefore,I ���1� 	/. '(%M� 	H. 0 %*),)+)&%&� # � 0 � � A�1��� # %&� ' %*)+),)2%&� 	/. '+� 0 �&4
If i is odd, then �3# �8 and Q � maps A*�"�X� to A['ed � . '07f , where��� <J ��] �_�8ga Y���' � YhK+K,Ka� 	/. ' � 	/. ' <i kj ] �_� ����'(%b� 0 %*),)+)&%&� 	/. '+� 0 4
By induction hypothesiswe againhave� T ���"��'(%M� 0 %*)+),)2%&� 	/. '(� 0 � � �"� 	/. 'l%b� 	H. 0 %*),),)2%&��'H� 0 4
However,the coordinateposition ��� 	H. ' %&� 	H. 0 %*),)+)-%b� ' ��0 in the vector A ' K � T correspondsto
thecoordinateposition �"� 	H. ' %�� 	/. 0 %*)+),)&%2�"'/��0-Y`F in thevector I@� ��A&#mK �T %�A-'WK �T � . Thus,
since �3# �n ,��� 	/. ' %&� 	H. 0 %*)+),)-%&��'H�10WY�F � g � 	H. ' Yo� 	H. 0 � YhK+K,KYo��' � 	H. 0 j Y��$# � 	H. '� ��� 	H. '(%&� 	/. 0 %*),)+)[%2�"'+%&�$#+� 0 4
Therefore, I ���1� 	/. '(%M� 	H. 0 %*),)+)&%&�3#(� 0 � � A�1���3#N%&�"'(%*)+),)2%&� 	/. '+� 0 �&4

Q.E.D.

Reversingan index bit twice results in the original index. Thus, ApK �� K ��=� A and, hence,�� K ��`�!9H� . Therefore,����:� . '� ���cq� . This provesthe following corollary.
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6.4.4 Corollary. rs is symmetric.

Having examinedthe structureof r s , we turn our attentionto the computationof tOuNr s .
The following algorithm computesthe permutationfunction ves .

6.4.5 Algorithm (Evaluating ves�w�x�y )
For zi{}|(~ and x�{}���*�l�*�,�,�2�&z7�\� define ves�w1x1y as:

begin ��� {��� � {�x
for � := 0 to �$�/�a�/w�zy��\� loop� � {��;� ���J� {�| ��� w � �D| � y� � { �
end loop
return j

end

For t��`� s , the computationof t�uHrs cannow be accomplishedby usingthe simpleimagealgebra
specification: � � {8t��Gves

Of course,by specifyingthe template�@{��m�[ +w"rs2y , we could just aswell computetOu,rs in terms
of the convolution product t �¡ � .

In view of Eq. 6.4.7, the DFT of tJ�J� s can be obtainedby first computing tLu
r s followed by
a sequenceof k computationsof type ¢£{!¤}ulw"¥§¦m¨�© � y , whereeachcolumnof ¥§¦B¨ª© � hasexactly
two nonzeroentries. Since eachevaluationof ves�w§u«y involves ¬w1�$�/�a�kzy integer operations,Algorithm
6.4.5 requires ¬w�zLu,�$�/�a�§zy integer operations. Thus, the amount of integer arithmetic involved in
computing t7�®ves is of the sameorder of magnitudeas the amount of floating point arithmetic in
computing ¤}uVw"¥ ¦ ¨�© � y . Hencethe overheadassociatedwith bit reversalis nontrivial with respectto
the computationof tOu,¯s , often amountingfor 10% to 30% of the total computationtime.

6.5 The Fast Fourier Transform

Thevector-matrixproductt°u±¯ s involves ¬`²�z �´³ complexcomputations.TheFastFourier Transform,
or FFT, is a methodthatdrasticallyreducesthenumberof computationswhenforming theproduct tGu"¯s .

Using the resultsof the previoussection,we can write tLu
¯ s astOu,¯sµ{itPu,rs¶u,·   u,·¸��u,u,u�· ~ � (6.5.1)

where ·º¹_{8¥§¦G¨�© � �oz�{h| ~ �£x_{��
�&|M�[�+�,�-�&»-� � {h| ¹ , and
� {hz5¼ � . Thus, we may use the

following algorithm for computing t½ue¯s :
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6.5.1 Algorithm (Radix-2 FFT)¾À¿«ÁÂ¾`ÃBÄeÅ (Algorithm 6.4.5)
for Æ ¿«Á�Ç to È loop¾!¿«Á8¾7ÉaÊºË
end loop

Sinceeach ÊºË hasonly two nonzeroentriesper columnandeachcomplexaddinvolvestwo floating
pointoperations,or flops, while eachcomplexmultiply involvessix flops,it is notdifficult to ascertainthat
this algorithmrequiresonly Ì�Í3Î É,ÏÑÐ/ÒaÓ ÎÔ flops if the sparsityof the ÊºË s is exploited.This is theprimary
reasonwhy sparsefactorizationsof Õ Å form themathematicalframeworkfor theefficient computationof
the DFT. Thesealgorithmsarecollectively called Fast Fourier Transforms. Algorithm 6.5.1 represents
a high-level versionof the Cooley-Tukeyradix-2 FFT algorithm [1, 4, 3].

TheFFTranksasoneof thegreatcomputationaldevelopmentsof this Century.AlthoughCooleyand
Tukey are,deservedly,given credit for the moderndevelopmentof the FFT asrepresentedby Algorithm
6.5.1, Carl Friedrich Gausshad developedidentical as well as more generalmethodsfor the efficient
computationof the Fourier transformmore than 150 yearsearlier [7]. Consequently,much time and
effort couldhavebeensavedduringthe1950sand’60s hadresearchersbeenfamiliar with Gauss’swork.
In addition,the generalcomputationalframeworkfor the FFT could havebeenestablishedmuchearlier.

DifferentFFT algorithmscorrespondto differentfactorizationsof Õ Å and,hence,to differentfactor-
izationsof theFouriertemplateÖ . While templateoperationsprovidea highly structuredenvironmentfor
studyingimagetransformtheory, templatefactorizationsprovidea generalframeworkfor studyingkey
aspectsof advancedimagetransformcomputation;e.g., vectorization,localization,and parallelization.
Someof theseissueshavealreadybeendiscussedin previoussectionswhile otherswill be discussed
in more detail in subsequentsections. In this section we focus our attention on the image algebra
specificationof Algorithm 6.5.1.

The imagealgebraequivalentof Eq. 6.5.1 is given by¾7×Ø Ö Á Í ¾PÃWÄ Å Ô ×Ø�Ù Í Ç Ô ×ØpÙ Í�ÚeÔ ×Ø É+É,ÉO×Ø@Ù Í�È[Ô2Û (6.5.2)

where
Ù Í�ÆXÔ Á\ÜBÝ&Þ Í ÊºË Ô . Herewe usethe notation

Ù Í�ÆXÔ insteadof
Ù Ë to denotea sequence

Ù Þ Û Ù Ó Û*ß,ß+ß&Û Ù(à
of templates.As will be shownsubsequently,the sequence

Ù Í Ç Ô�Û Ù Í�ÚbÔkÛáß+ß,ß2Û Ù Í�È[Ô can be representedby
a singleparametrizedtemplate

Ù ÍÑâ-Ô , wherep is of form Ú Ë . Thus, the notation
Ù Í1Æ1Ô will accustomus to

the idea that
Ù Í�ÆXÔ is a parametrizedtemplate.

To computeEq. 6.5.2,we may usethe following algorithmwhich looks very much like Algorithm
6.5.1.

6.5.2 Algorithm¾À¿«ÁÂ¾`ÃBÄ Å (Algorithm 6.4.5)
for Æ ¿«Á�Ç to È loop¾!¿«Á8¾D×ØDÙ Í1Æ1Ô
end loop

307



To completethe specification of this algorithm, we needto examinethe parametersdefining the
templatesã(ä1å1æOçéèmê[ë+ä"ì¸í�æ .

Supposeîpç=ïlð and ñ�ç=ò . In this casewe needto specify ã(äkó(ækômã(ä1ïeæ , and ã(ä�òbæ correspondingto
the matricesì ë ôWì¸õ , and ìºö , respectively.Using the tensorrepresentationof thesematrices,we obtainì ë çi÷Hømùoú õ ç£÷Hømù}û ÷ ë ÷ ëü ë ý ü ë&þ ç£÷HømùÂû ó óó ý ó þ

ç
ÿ�����������
ó ó � � � � � �ó ý ó � � � � � �� � ó ó � � � �� � ó ý ó � � � �� � � � ó ó � �� � � � ó ý ó � �� � � � � � ó ó� � � � � � ó ý ó

������������� ô

ì õ ç\÷ õ ùJú ø ç£÷ õ ù û ÷,õ ÷,õü õ ý ü õ þ ç£÷ õ ù
ÿ��� ó � ó �� ó � óó � ý ó �� � ø � ý � ø

� ���
ç
ÿ�����������
ó � ó � � � � �� ó � ó � � � �ó � ý ó � � � � �� � ø � ý � ø � � � �� � � � ó � ó �� � � � � ó � ó� � � � ó � ý ó �� � � � � � ø � ý � ø

� ����������� ô
and ìºöGç\÷ ë ùJú	�Gçi÷ ë ù û ÷ ø ÷ øü ø ý ü ø þ

ç
ÿ�����������
ó � � � ó � � �� ó � � � ó � �� � ó � � � ó �� � � ó � � � óó � � � ý ó � � �� �
� � � � ý ��� � �� � � õ� � � � ý � õ� �� � � � ö� � � � ý � ö�

� ����������� �
At the ith stageof the loop in Algorithm 6.5.2 we computethe product  í ç� í ê&ë��� ã(ä�å1æ , where���ç������ � . By definition of the productoperator �� , the value  í ä��2æ is given by í ä��2æ5ç �� �"! ä$#&% í('�) æ  í ê&ë ä+*�æ-,Hã(ä�åXæ/.,ä+*�æ � (6.5.3)
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The cardinalityof 021436587:9/;=< is two sincethe templateimage 3>5:7:9?; correspondsto the jth columnof@BA
. Thus, using Eq. 6.5.3, the computationof eachvalue C A 5EDF9 involves two multiplicationsand one

additionwhich showsthat the imagealgebraformulation GIH JKGILM 3>5:7:9 exploits the sparsityof
@BA

.

To completethe specificationof the template 3>5:7:9 , we need to define the weights 3>5:7:9 ; 5+N$9 . LetC A JOC A�PRQ LM 3>5:7:9 , where C-S	JOGUTWVYX . By carefully consideringthe columnsof the matrices
@BA

, it is not
difficult to seethat C A 5�DF9 and C A4Z D[L]\ A^P_Q�`

canbe computedin termsof the following two-dimensional
vector product

Z C A 5�DF9bacC A Z DdLe\ A^PcQ `f` J Z C A^PcQ 5�DF9&a_C A^PcQ Z D[L]\ A^PcQ `f`hg�ikj jl m	lon a (6.5.4)

where l JKp ;:qsr:t&u4vxw>yu v . Equation6.5.4canbe representedgraphicallyas illustratedin Figure6.5.1.

b b wb

b
z

b wb

.

.

.

.

 (j)   (j)

 (j + 2
i-1

i-1

  i-1 )   (j + 2

  (j + 2+  

-
  i-1

  i-1

  (j)

   i-1

   i-1
    i-1

    i-1)
{
)
{w|

Figure 6.5.1 Graphicalrepresentationof the butterfly operation.

With a little imagination,the term “butterfly” becomesevidentwhen viewing this schematicrep-
resentationof Eq. 6.5.4. The completeset of butterfly computationsin the eight–pointCooley-Tukey
FFT is shownin Fig. 6.5.2. Here we exploitedthe symmetriesof }W~:���:�&�����"�� � in order to expresseach
butterfly weight w in terms of }�� .
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Figure 6.5.2 The Cooley-Tukey dataflow graph for ����� .

Equation6.5.4 is the key for representingthe templates�>�=�>�=�����+��� , and �>�+��� in termsof a single
parametrizedtemplate�>����� . Specifically,let �����>�> �¡[¢��¤£_�-�¥�c�F¦ andfor �¨§I� , define �>�^��� by

�>�^���/©f�+ª$�W� «¬¬¬¬ ¬¬¬¬® � ¯E°�±x²F³=�6´h¯¶µ¸·�¹¥·�º¼»>ºc½�ª¾�]²¿ ��²��?�F� ¯E°�±x²F³��6´s¯¶µ¸·�¹¥·�º¼»>ºF½Àª¾�]²�ÁI�Â ¿ �E²��?�Ã�Ä¯E°�±x²F³��6´s¯¶µ¸Å�½_½À»�ºc½¼ª��]²� ¯E°�±x²F³��6´s¯¶µ¸Å�½_½À»�ºc½¼ª��]² Â �£ Å¥Æ&ÇÈ·�É&Ês¯¶µb·¸� (6.5.5)

where ¿ �^²Y�8�F�o�ÌË ©+Í�Î:Ï$ÐÑ Ð . Using the convention ¿ ��²��f�Ò�o�Ó£ÕÔY² and simple inspectionverifies that
for the parameters�Ö�×��Ø¥���¥Ù , and � Ñ

, the templatesgeneratedby ������� correspondto the templatesÚ�Û Ù��?Ü Ù ��� ÚBÛ ÙÝ�+Ü Ñ � , and
ÚBÛ ÙÒ�+ÜhÞ>� , respectively.

The eight-pointradix-2 FFT caneasilybe generalized.In the generalcasewe have Ü   �Kß ©�àâádÍ ,
where ãä���   and ²å�æ��³"ãÄ�æ�¥ç Û   . Thus, Ü   is the �¥ç Û  �è �¥ç Û   block matrix with blocks of sizeã è ã given by

Ü   �êéëëì á Í í îfîÒî íí ádÍ îfîÒî í
...

...
. ..

...í í îfîÒî á Í
ï�ððñ �
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where ò	óõô÷ö�ø ó�ùûú ø ó�ù&úü ó�ù&ú ý ü ó�ù&úÈþ
ô ÿ��������������

�

� � ����� � � � � ����� �� � ����� � � � � ����� �
...

...
.. .

...
� ...

...
.. .

...� � ����� � � � � ����� �ý ý ý ý � ý ý ý ý
� � ����� � � ý � � ����� �� 	 ó ����� � � � ý 	 ó ����� �
...

...
.. .

...
� ...

...
.. .

...� � �����
	�� ����ó � � � ����� ý 	�� ����ó

����������������
�

�

Sincethe numberof zerosbetweenthe two nonzeroentriesin eachcolumnof

ò ó
is ��� ��� ý �

, the
spacingof the two nonzeroentriesin eachcolumnof � � is exactly � � ��� . But the nonzeroentriesin the
jth columnof � � correspondsto thenonzeroweightsof the templateimage � � ����! � �#"#$&% . Thus,Eq. 6.5.5

also defines ' !)( " for (+*+,
ô.-

� �0/21
ô ��34�5376�6�683�9 ý �;:

.

With the specificationof ' !)( " completed,we are now able to formulatethe Cooley-Tukey radix-2
FFT using the languageof image algebra.

6.5.3 Algorithm (Radix-2 FFT). If < *>=@? 3BA ô
�5C , and ' !)( " is specifiedby Eq. 6.5.5, then the

following algorithm computes<
�DFE

.< /
ô

<HGJI ?
for KBLNM.O to PRQTSVU�W loopX LYM X[Z\[]�^`_�aRbdcfe
end loop

The appealingaspectof the image algebraversion of the FFT is that even though it completely
specifies the computationof the FFT, it retainsthe samehigh level appearanceasAlgorithm 6.5.1.

Although we are only interestedin general algebraicand computationalframeworks,we needto
remind the readerthat many important issuesarisewhen trying to obtain highly optimizedversionsof
Algorithm 6.5.3 for specific implementations.We briefly discusstwo of theseissues.

Note that as i increases,the spacingsbetweenthe nonzerovaluesof
]�^`_ aRb�c e

increasesby a factor
of

_ aRb�c
. This spacingis called the stride of the butterfly operationat the ith stagein the loop of

Algorithm 6.5.3. More generally,stridesrefer to the spacingsof vector componentsthat are namedin
a vector reference.In many advancedcomputerarchitectures,large power-of-twostridescan severely
degradeperformance. Machineswith interleavedmemoriesserveas good examplesof this problem.
The stride issue can often be resolvedby reorderingthe algorithm in order to achieveunit stride.
However, this reorderingtypically results in algorithms having a high level of redundantarithmetic.
This representsthe typical dilemma of many currenthigh performancecomputingenvironments:one
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procedureis arithmeticallyefficient but hasnonunit stride, thus severelydegradingperformancedue to
memoryaccessing,while thealternativehasattractivestridepropertiesbutanexcessof arithmetic[2, 8, 9].

Languagesas well as computerarchitecturesposeproblemsfor achievingoptimizedFFTs. Some
languagessuchasFORTRAN storecomplexvectorsin stride-2fashion.For example,an n-dimensional
complexvector gihkjml is storedasanarrayof length2n of realnumbersnpo�q5r�s�q5r�o�t�r�s�t�r7u�u�u4r�o�v5w�t�r�s�v5w�t�x .
Thus,theextractionof eithertherealor imaginaryvectorcomponentsinvolvesstride-2access.Algorithms
involving complexvectorsinherit, therefore,all the problemsassociatedwith this access.In addition,
an algorithmdescribingthe butterfly operation(Eq. 6.5.4) that needsto explicitly referencethe real and
imaginarypartsusingstride-2accesswill obviouslydestroythe simplicity of Eq. 6.5.4andobscurethe
key algorithmic point.

A secondissueconcernson-lineversusoff-line computations.Wemayeitherprecomputethetemplate
weights yznY{;r#|}x onceandfor all sothatat executiontime theymayberecalledby simplelook-up. This is
the off-line paradigm. However,the off-line paradigmrequiresvectorworkspace.Thevectorworkspace
requirementcanbegreatlyreducedsincetheweights associatedwith ~��#��� w�t�� area subsetof theweights
associatedwith ~��p� � � . This follows from the observationthat ���������� �i���� , where | � � � � and | t � � � w�t .

If not sufficient workspaceis available, it may be necessaryto use the on-line paradigm which
assumesthat the weights for ~��p��� w�t�� are generatedby direct call during the ith stageof the loop. Of
course,on-line computationwill increasethe total computationtime of Algorithm 6.5.3.

We concludethis sectionwith the imagealgebraversionof the two-dimensionalFFT andits inverse.

In our observationfollowing Eq. 6.1.22(Section6.1) we notedthat the two-dimensionalDFT can
be computedin two stepsby successiveapplicationsof the one-dimensionalDFT; first alongeachrow
followed by a one-dimensionalDFT along eachcolumn. Thus, to obtain a fast Fourier transformfor
two-dimensionalimages,we needto apply Algorithm 6.5.3 in simplesuccession.However,in order to
performtheoperations�����;v and ��h� ~�nR|4x specified by thealgorithm,it becomesnecessaryto extendthe
functions �;v and ~�nR|4x to two-dimensionalarrays. For this purpose,supposethat � ���4����� v , where� � �5� and � � �5� , and assumewithout loss of generalitythat ��� � .

Let   �¢¡ �£�0¤2j �¦¥ r7§Vrdu�u�u4r�¨R©�ª � �¬« §V and for |+®¯  define the parameterizedrow template~�nR|4x°¤±� ² ³@´ by

~£n)|4x&µ ¶�· ¸8¹pn�º»r&¼�x �
½¾¾¾¾¿ ¾¾¾¾À

§ ÁÃÂ�ÄRo7Åf|5Æ±ÁÈÇiÉ�Ê5É�ËÍÌ£Ë�ÎÏn�º»r8¼�x � n�o»r8s;xyznpo7r#|�x ÁÐÂ�ÄRo4Åf|;ÆÑÁÈÇiÉ�ÊVÉ�ËÒÌ£Ë�ÎÏn�º»r8¼�x � n�oBh�|7r8sÓx« yzn#o»rm|4x¬ÁÐÂ�ÄRo4Åf|;ÆÑÁÈÇiÔ�Î�Î�Ì�Ë�ÎÕn#º7r8¼�x � n�o»r8s;x§ ÁÐÂ�ÄRo4Åf|;ÆÑÁÈÇiÔ�Î�Î�Ì�Ë�ÎÕn#º7r8¼�x � n�o « |7rfs;x¥ Ô5ÖØ×�É�ÙpÚ@ÁÈÇpÉÛr
(6.5.6)

Note that for each|[®F  , ~�n)|}x is a row templatewhich is essentiallyidentical to the templatedefined
by Eq. 6.5.5.

The permutation� is extendedto a function �Ü²¢� in a similar fashionby restrictingits actions
to the rows of X. In particular, define Ý � ¤Þ�
²¢�ßÞà Ý � n�jØr#{;x � nÈ� � npjpx&r#{�x4á
With the definitions of r and t completed,we are now in a position to specify the two-dimensional
radix-2 FFT in termsof imagealgebranotation.
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6.5.4 Algorithm (2–D FFT). If â�ã@ä�å and t arespecifiedasaboveand æ°ç�è@é , then the following
algorithm computesthe two-dimensionalFourier transform æ�êëFì

.æîí ïðæHñ2ä å
for òBí ïðó to ôÈõTöV÷�ø loopæ¯íYïùæ[êë[ú�û`ü�ýRþdÿ��
end loopæ�í ï æ��4ñ2ä��
for òBí ïðó to ôÈõTö ÷�� loopæ¯íYïùæ[êëFú�û`ü ýRþ�ÿ �
end loop�æ íYï æ �

Following Eq. 6.1.23 (Section6.1) we also observedthat the inverseFourier transformcan be
computedin termsof the Fourier transformby simple conjugation. The next algorithm computesthe
inverseFFT,

ÿå��
	 �æ�êëFì���
, of

�æ ç è é .

6.5.5 Algorithm (2–D inverseFFT).æ íYï �æ �
Algorithm 6.5.4æ íYï û ÿå�� æ � �

Whenusingparallelmachines,it maybeadvantageousto implementthe forwardproductin orderto
generatethedatathatis broadcastto otherprocessors[5, 11]. In this case,thestatementæHí ï+æ�êëFú û ü�ýRþ�ÿ �
in the precedingalgorithmsis replacedby æ+íYï ú � û#ü ý)þ�ÿ � êë æ .

6.6 Radix-4 Factorization

According to Theorem6.3.4 and its corollary,æ������Íï�æ���� 	�� ã �  � 	������ �»å  ��� ��� ��ï 	 æ! ����»åBãÓæ ÿ �"�»å0ã$#�#"#�ãØæ � þ�ÿ ���»å  ��� �"� � ã (6.6.1)

where ø ï �
% � and ó'& � &Üø .

Now, we considerthe casewhere � ï)(+* and � ï)( . The factorizationis very similar to the
radix-2 case.

For � ï)( , Eq. 6.4.1 becomesæ,��� � ï+æ��"��- � � � 	.� - � � å  �"�/- � �ï 	 æ0 1���»åBã�æ ÿ ���»åBã&æd÷2���»åBã�æ�3����»å  ��� - � �54 (6.6.2)

Assuming � ï6(7* , the split-and-mergeprocedurecanbe replacedby applyingCorollary6.3.3to æ98:���»å
	�; ï=<�ã7óVã ü ã?>  which splits each æ�8@�A�»å intoæ 8 �"� å ï û æ 8B ��� å1C&÷ ã�æ 8 ÿ ��� åDC&÷ ã&æ 8&÷ ��� å1CØ÷ ãÓæ 8B3 ��� åDC&÷ � ��� - � å 4 (6.6.3)
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Merging 6.6.3 with Eq. 6.6.2 results in

E�F�G�HJILK.MNE0OPO1F"G$Q�R�SAT�E0OVUDF�G�QDR?SATPE0OBWDF�G�Q1RVSATXE0O?Y�F�G�QDR?S�Z�F�[ S�\ Q T
MNE]U?O1F"G Q1R?S T�E]UPU�F�G QDR?S TPE]UPW2F�G Q1RVS TXE]U?YDF�G QDR?S Z�F�[ S�\ Q T
MNE]W?O1F"G Q1R?S T�E]WPU�F�G QDR?S TPE]WPW2F�G Q1RVS TXE]W?YDF�G QDR?S Z�F�[ S�\ Q T
MNE YPO F"G�Q1R?SAT�E Y�U F�G�QDR?SATPE Y�W F�G�Q1RVSATXE YPY F�G�QDR?S�Z�F�[ S�\ Q�^ F"[ S�\ H�_

(6.6.4)

Using tensornotation,we may rewrite Eqs. 6.6.2 and 6.6.4 as

E�F�G�HJI`MaE!O1F"G H R?S T�E]U�F�G H R?S TPEbW�F�G H RVS TXE0Y1F"G H R?S Z�Fdc�e�U�fg[ S�\ H�h (6.6.5)

and E,F�G�HJIic�E!OPODF�G H R?S�j T9E!O�U�F�G H RVS�j TPE0O�W�F�G H R?S�j T�E0OPY1F"G H R?S�j T
E U?O F�G H R?S j T9E UPU F�G H RVS j TPE UPW F�G H R?S j T�E U?Y F"G H R?S j T
E W?O F�G H R?S j T9E WPU F�G H RVS j TPE WPW F�G H R?S j T�E W?Y F"G H R?S j _
E0YPODF�G H R?S j T9E!Y�U�F�G H RVS j TPE0Y�W�F�G H R?S j T�E0YPY1F"G H R?S j hkF0MNe S fg[ Sl\ H R?S Z�Fdc.e"U�fg[ S�\ H�h�T

(6.6.6)

respectively.

Since G
U�ILcVmnh , continuationof the split-and-mergeprocessoqpsr moretimesleadsto the following
formulation of the DFT:

E�F�G�H�ItMNE�u.v�T�E9uBw�T$x�x"x!T�E9uByPzdwPZ�F!Mae H R?S f{[ S�\ S ZJF�F"FkMae S f|[ Sl\ H R?S Z�F"c.e�U�f|[ S�\ H7hbT (6.6.7)

whereeachof the subscripts}�~ is length k sequenceof base4 numbers.

For � I�c � OAT � UdT$x�x�x]T �"��� U h5� �l�
U���� O2� S , let c � h S denotethe base4 expansionof s; i.e.,

c � h S I � O1� � U��@� F�F�F � � �l� U � ��� U _
Using induction on k, it can be shown that E9uB��I�E�c?c }"~ h S h for � I��9T$mAT]x�x"xbT0� p m . Defining� S�\ H{� � H{� � H by � S�\ H�c � h�I)c }"~ h S , we have

M�E�u v T7E�u w T$x"x�x]T�E9u yPzdw Z/I6E�F"� S�\ H5T (6.6.8)

where � Sl\ H is the permutationmatrix definedby � S�\ H�� �2�P�a� y . This meansthat the DFT of E��i� H
consistsof a permutationof the componentsof a followed by a productof k sparsematrices.

The following examplewill provide the necessaryinsight into understandingthe action of � S�\ H on
the coordinatesof a vector.

6.6.1 Example: Suppose��I � W and E��6� UB� . Then

E�F�G UV� Iic�E O F"G S TXE U F�G S TPE W F�G S T�E Y F�G S hkFdc.e U fg[ Sl\ U?� h!T
where E O Iic.E�c.�7h�TXE�c � h�T�E$c. 7h�T�E$cPm�¡¢hPh�T

EbU£Iic.E�cPmdh�TXE�ca¤7¥�¦�§]¨B©7¥�¦�§$¨Pª�«¢¥P¥�¦
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¬!/®°¯.¬�¯a±7²�³9¬$¯.´7²P³�¬�¯�µ�¶X²�³�¬�¯Pµ�·9²P²P³
and ¬�¸@®°¯.¬�¯a¹7²�³�¬$¯?ºA²P³�¬�¯�µ¢µ"²�³X¬�¯Pµl»X²P²P¼
Repeatingthis process,we obtain

¯.¬�½�¾�¿�ÀA³�¬bÁ�¾�¿�ÀA³�¬]1¾�¿�À7³+¬0¸Â¾"¿�Àd²
®i¯�¬!½P½D¾�¿
Ád³�¬!½�Á�¾�¿
ÁA³+¬0½��¾�¿
Ád³�¬!½P¸D¾�¿
Ád³
¬0½P½1¾"¿
Ád³X¬0½�Á�¾�¿
Ád³�¬!½��¾�¿
Ád³�¬!½Ã¸1¾�¿
Ád³
¬0½P½1¾"¿
Ád³X¬0½�Á�¾�¿
Ád³�¬!½��¾�¿
Ád³�¬!½Ã¸1¾�¿
Ád³
¬0½P½1¾"¿
Ád³X¬0½�Á�¾�¿
Ád³�¬!½��¾�¿
Ád³�¬!½Ã¸1¾�¿
Á"²k¾"¯.Ä�ÀDÅ|ÆÇÀ�È Àd²

®i¯�¬ ½P½ ³�¬ ½�Á ³�¬ ½� ³�¬ ½P¸ ³
¬]Á?½d³�¬bÁPÁ"³�¬]ÁP�³�¬]Á?¸�³
¬ ?½ ³�¬ PÁ ³�¬ P ³�¬ ?¸ ³
¬ ¸P½ ³�¬ ¸�Á ³�¬ ¸� ³�¬ ¸P¸ ²k¾n¯.Ä À Å|Æ À�È À ²

®i¯�¬$¯.¶X²�³+¬$¯�·�²P³�¬$¯BÉX²P³X¬�¯Pµ"±7²�³
¬�¯Pµd²�³X¬�¯.»7²�³�¬$¯.Ê7²�³�¬$¯Pµ"¹¢²�³
¬�¯.±7²�³X¬�¯.´7²�³�¬$¯Pµ"¶7²P³X¬�¯�µl·7²�³
¬�¯.¹7²�³X¬�¯?ºA²�³�¬$¯Pµ¢µd²P³X¬�¯�µ"»¢²P²�¾n¯.Ä À Å{Æ À�È À ²�¼

Thus, ¬,¾�Ë�À�È Á?Ì5®L¯.¬�¯.¶7²P³�¬$¯N·9²�³X¬�¯.ÉX²�³X¬�¯Pµ�±X²P³
¬]¯�µd²�³+¬�¯B»X²P³X¬�¯BÊX²P³X¬�¯Pµ�¹X²�³
¬]¯?±7²�³+¬�¯B´X²P³X¬�¯�µ"¶¢²�³X¬�¯Pµ�·9²�³
¬]¯?¹7²�³+¬�¯Pº¢²P³X¬�¯�µ¢µ"²�³X¬�¯Pµ�»X²P²

®L¯.¬�¯�Í À�È ÁVÌ ¯B¶X²?²�³X¬�¯NÍ À�È Á?Ì ¯Pµd²Ã²�³X¬$¯NÍ À�È ÁVÌ ¯B±X²P²P³X¬$¯�Í À�È Á?Ì ¯?¹7²?²�³
¬�¯NÍ7À�È Á?Ì�¯�·�²P²�³¢¬�¯.Í7À�È Á?Ìl¯B»7²?²�³7¬�¯NÍ7À�È Á?Ì"¯B´X²?²�³X¬$¯NÍ7ÀlÈ Á?Ì�¯?º¢²P²�³
¬�¯NÍ7À�È Á?Ì�¯?É7²P²�³¢¬�¯.Í7À�È Á?Ìl¯BÊ7²?²�³7¬�¯NÍ7À�È Á?Ì"¯�µ"¶¢²P²�³7¬�¯NÍ7À�È Á?Ì�¯�µAµd²Ã²P³
¬�¯NÍ7À�È Á?Ì�¯�µ�±7²Ã²P³7¬�¯.Í7À�È ÁVÌ�¯�µ"¹¢²P²�³X¬$¯NÍ7ÀlÈ Á?Ì�¯�µl·�²Ã²P³7¬�¯.Í7À�È Á?Ìl¯�µ�»¢²Ã²P²�¼

Expressingi and Í7À�È Á?Ì�¯BÎV² in terms of base4 representationselucidatesthe action of Ë�À�È Ï .
Specifically,we have the following relationship:

Î Í+ÀlÈ Á?Ì�¯BÎV² Î (base4 ) Í7À�È Á?Ì"¯BÎV² (base4)

0 0 00 00

1 4 01 10

2 8 02 20

3 12 03 30

4 1 10 01

Figure 6.6.1 The permutationÍ7À�È ÁVÌ andits correspondingbinary evaluation (Continued). . .
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Ð ÑAÒ�Ó Ô�ÕdÖ Ð?× Ð
(base4 )

Ñ7Ò�Ó Ô?Õ"Ö ÐV×
(base4)

5 5 11 11

6 9 12 21

7 13 13 31

8 2 20 02

9 6 21 12

10 10 22 22

11 14 23 32

12 3 30 03

13 7 31 13

14 11 32 23

15 15 33 33

Figure 6.6.1 The permutation
Ñ Ò�Ó Ô?Õ

and its correspondingbinary evaluation

It follows from the table that
Ñ Ò�Ó Ô?Õ Ö Ð?×

is obtainedfrom i by reversingthe order (readingfrom
right-to-left) of the digits in the base4 expressionof i.

The following algorithm computesthe permutationfunction
Ñ7Ò�Ó Ø

.

6.6.2 Algorithm (Evaluating
Ñ7Ò�Ó Ø7Ö Ð?×

)

For Ù�ÚÜÛ+Ý and
Ð ÚßÞ9à$áAà$â"â�â!à0Ùäã=á define

Ñ7Ò�Ó Ø7Ö ÐV×
as:

begin å°æ ÚçÞè æ Ú Ð
for é := 0 to éNêlë Ò"Ö Ù × ã�á loopì æ Ú�íÃî Ò
ïå{æ ÚßÛ åñð Ö è ãòÛ ì ×è æ Ú ì
end loop
return j

end

For ósôsõ Ø , thecomputationof ó5ö?÷ Ò�Ó Ø cannow beaccomplishedby usingthesimpleimagealgebra
specification: ø æ Úùóûú Ñ Ò�Ó Ø

Of course,by specifyingthe template ü°ÚþýÂÿ Ô Ö ÷ Ò�Ó Ø × , we could just as well compute ósöA÷ ÒlÓ Ø in
terms of the convolution product ó ð� ü .
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6.7 Radix-4 FFT Algorithm

Using the resultsof the previoussection,we can write ������� as

���	�
������������ ���	�������������	������� (6.7.1)

where � �"! � and �$#%�'&(��)+*-,.�(� �/)0�1��32��545��6�6	67�98 . Thus, we may use the following algorithm
to compute�:�;�
� :
6.7.1 Algorithm (Radix-4 FFT)

�=<>�?�@���
�(� � (Algorithm 6.6.2)
for 1�<>�A2 to 8 loop�B<>�"�@��� #
end loop

Sinceeach� # hasonly four nonzeroentriespercolumnandeachcomplexaddinvolvestwo floating
point operations,or flops, while eachcomplexmultiply involvessix flops, it is not difficult to ascertain
that this algorithmrequiresonly CEDF���	GIH/J��	��K flops if the sparsityof the � # s is exploited.

The imagealgebraequivalentof Eq. 6.7.1 is given by

�MLNPO �QDR��SUT �(� � KULN:V D(2WKULNPV DX4;KYLN �	����LNZV DX89K[� (6.7.2)

where
V D\1\K��^]�_ � D\� # K .

To computeEq. 6.7.2,we may usethe following algorithmwhich looks very much like Algorithm
6.7.1.

6.7.2 Algorithm

�=<>�?�`S�Ta�(� � (Algorithm 6.6.2)
for 1�<>�A2 to 8 loop�B<>�"�PLNPV D\1\K
end loop

To completethe specificationof this algorithm, we needto examinethe parametersdefining the
templates

V DX1bK��^]c_ � DF� # K .
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Supposedfehg and ije?k�l . In this casewe needto specify mWnpoWq and mWnrg;q correspondingto the
matricess.t and s�u , respectively.Using the tensorrepresentationof thesematrices,we obtain

s t e=v(w�xZy.w(z w.ev(w�xf{}|F~��Y��v t	��� w(z t��p� uw(z t �p���w(z t��$� n��
w�xZv t q
e=v(w�x

���� o � � �� o � �� � o �� � � o
�(��� �
���� o o o oo �.| ��o |o �%o o �%oo | ��o �.|

�(���

e

�����������������������������

o o o o � � � � � � � � � � � �o ��| ��o | � � � � � � � � � � � �o �%o o �%o � � � � � � � � � � � �o | ��o �.| � � � � � � � � � � � �� � � � o o o o � � � � � � � �� � � � o ��| �%o | � � � � � � � �� � � � o �%o o ��o � � � � � � � �� � � � o | �%o �.| � � � � � � � �� � � � � � � � o o o o � � � �� � � � � � � � o �.| �%o | � � � �� � � � � � � � o �%o o ��o � � � �� � � � � � � � o | �%o �.| � � � �� � � � � � � � � � � � o o o o� � � � � � � � � � � � o �.| �%o |� � � � � � � � � � � � o �%o o �%o� � � � � � � � � � � � o | �%o �.|

�(����������������������������
and

s u ev t xZy.w/z tF� ev t xZ{a|R~�� � v tW��� w(z w �p� uw(z w �p���w(z w � � nX�
w�xPv(wWq

�

�����������������������������

o � � � o � � � o � � � o � � �� o � � � o � � � o � � � o � �� � o � � � o � � � o � � � o �� � � o � � � o � � � o � � � oo � � � �.| � � � �%o � � � | � � �� �/��� � � � �.|�� t\� � � � ��� t\� � � � |0� t\� � �� � � ut\� � � � �.|0� utb� � � � ��� utb� � � � |0� ut\� �� � � � �tb� � � � ��|0� �t\� � � � ��� �t\� � � � |0� �t\�o � � � ��o � � � o � � � �%o � � �� � ut\� � � � ��� ut\� � � � � utb� � � � ��� ut\� � �� � � wt\� � � � ��� wt\� � � � � wt\� � � � ��� wt\� �� � � � �tb� � � � ��� �t\� � � � � �t\� � � � ��� �t\�o � � � | � � � �%o � � � �.| � � �� � �t\� � � � |0� �t\� � � � ��� �t\� � � � �.|I� �t\� � �� � � �t\� � � � |I� �t\� � � � ��� �tb� � � � �.|0� �t\� �� � � �U�tb� � � � |0�U�t\� � � � �����t\� � � � �.|I���t\�

�(����������������������������

�
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At the ith stageof the loop in Algorithm 6.7.2 we computethe product �� .¡?�
 I¢[£.¤¥:¦}§X¨R© , where�
ª�¡Q«�¬��®(¯ £R° . By definition of the productoperator ¤¥ , the value �   §²±9© is given by

�
  §²±9© ¡ ³´>µ·¶ §R¸r¹  �º�» © �
 I¢7£ §X¼R©�½(¦W§X¨b©¿¾	§X¼R©7À (6.7.3)

The cardinalityof Á�Â ¦W§\¨\© ¾ÄÃ is four sincethe templateimage
¦�§X¨b© ¾

correspondsto the jth columnofÅ   . Thus,usingEq. 6.7.3, the computationof eachvalue �
  §I±9© involves four multiplicationsand three
additionswhich showsthat the imagealgebraformulation «@Æ>¡«@¤¥P¦W§\¨\© exploits the sparsityof

Å   .
To completethe specificationof the template

¦W§\¨\©
, we need to define the weights

¦W§\¨\© ¾ §X¼X©
. Let�
 �¡'�
 I¢7£�¤¥P¦W§X¨b© , where � ª ¡"«M¬$ ®(¯ £\° . Let

Ç §XÈÉ© ¡
ÊËËÌ
Í Í Í ÍÈ Î�¨RÈ Î.È ¨FÈÈ.Ï Î.È.Ï È.Ï Î.È.ÏÈcÐ ¨FÈcÐ Î.ÈcÐ Î.¨FÈcÐ

Ñ(ÒÒÓ:Ô (6.7.4)

where
È ¡ÖÕ ¾;×$Ø\Ù ®�ÚÜÛ}Ý® Ú . By carefully consideringthe columnsof the matrices

Å   , it is not difficult to
seethat �
  §Þ±9© , �
 Äß ± ¤Zà  I¢á£(â , �
 Äß ± ¤Zã.äUà  I¢á£(â , and �
 Äß ± ¤Zå.äUà  I¢á£(â can be computedin termsof the
following vector product

ßR�
  §I±9© Ô �
 Äß ± ¤Pà  I¢7£ â Ô �
 pß ± ¤Zã.ä�à  I¢7£ â Ô �
 (ß ± ¤æå.äUà  I¢7£ â�â ¡ßR�  I¢7£ §²±9© Ô �  I¢7£ ß ± ¤Pà  I¢7£ â Ô �  I¢7£ ß ± ¤ZãçäUà  I¢7£ â Ô �  I¢7£ ß ± ¤æå.äUà  ²¢7£ â�â ½ Ç §XÈÉ©áÀ (6.7.5)
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Figure 6.7.1 The Cooley-Tukey dataflow graphfor éjêìë	í .
Equation6.7.5is thekey for representingthetemplatesîWï�ëWð and îWïXñað in termsof asingleparametrized

templateîWï²òóð . Specifically,let ôõêìö·ñW÷�ø�ùYê-ú5û�ë;ü and for ò:ýZô , define îWï¿òóð by

îWïIòóð¿þ	ïXÿRð ê �������	� þ�
�������� ������� � ��� ÿ��! #"@ò%$ �'& þ�)(+*-,�.0/ � ê-úáûFò�ûpñ/ò�û214365(òú 1�798;:	3�< �>= :�û (6.7.6)
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where ?A@CBED;FG�HJILK FG)M#N-O�PRQTS and UV@ K FG)MWN-O�PXQ . Using the conventionY[Z�\^]	_�`R@badc)\ andsimple

inspectionverifies that for the parametersef@ QTg and QTh , the templatesgeneratedby i�Z�ej` correspondto
the templatesk D h Zml h ` and k D h Zmlonp` , respectively.

The 16-point radix-4 FFT can easily be generalized.

With the specificationof i�Z�ej` completed,we are now able to formulatethe Cooley-Tukey radix-4
FFT using the languageof image algebra.

6.7.3 Algorithm (Radix-4 FFT). If qsrstvuw]yxs@ Q)z , and i�Z�ej` is specifiedby Eq. 6.7.6, then the
following algorithm computesq H{}| .qb~E@�q!�#�T��� u
for �y~�@�_ to � O�� � x loopq�~E@�q H{ i�� QT� D h	�
end loop
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CHAPTER 7
TRANSLATION INVARIANT TEMPLA TES ON FINITE DOMAINS

In this chapterwe areconcernedwith two importantclassesof templates,translationinvariant and
circulanttemplates.Thesetemplatesareusedto implementvariousconvolutionsandoccurfrequentlyin
digital imageprocessing.As we shall show, thesetemplatesare closely relatedto the discreteFourier
transformand its efficient computation.However,the main emphasisof this chapteris on the algebras
associatedwith translationinvariant templateson finite domains.

7.1 Translation Invariant Templatesand Toeplitz Matrices

It follows from earlierchaptersthat translationinvarianttemplatesoccurnaturally in imageprocess-
ing. Translationinvariancewas definedin termsof a group �m�����#� (Section4.1) suchas �2�������	�[� .
However,in most imageprocessingtaskstakeplaceon finite subsetsof the discreteplane ����� which
are not closedsetsunderaddition. For example,if ���b�������� �¡��¢��� , then defining £%¤¦¥2§©¨«ª ¨
to be translationinvariant if £¬®�°¯��6�±£�¬³²�´��µ¯¶�}·;�d¸w¯6��¹v�9·%¤!� makeslittle sensesince ¯-��· or ¹-�}·
may not be points in X. This posesthe questionasto the meaningof the term “translationinvariant” or
“shift invariant” in casethe underlyingpoint setX is not closedwith respectto addition.

7.1.1 Definition. If �2º}�	�X� is a group and �»¡¼º , then £�¤ ¥ §'¨ ª ¨ is said to be translation

invariant on X if and only if thereexistsa translationinvariant template ½£�¤ ¥ §'¾ ª ¾ such
that ¿£;ÀÂÁ ¨0Ã ÄTÅwÆ ��£ .

Thus,translationinvarianttemplateson X arerestrictionsof translationinvarianttemplateson Y. It
follows that translationinvariant templateson X look very muchlike translationinvariant templateson
Y. For example,if ºÇ�¼�ÉÈ and Ê�¤ ¥µË ¾ ª ¾ denotesthe unit template,then Ê®ÀÌÁ ¨RÃ ÍÎÅwÆ is also the unit

templatefor the set ¥µË ¨ ª ¨ . However, the comment“look very much like” should not be taken too

literally. Suppose�Ï�Ð��Ñy����Ò and ½ £!¤ ¥µË'ÓÎÔ9Õ�Ö�× is definedbyØÙ�Ú�Û�ÜmÝ Û ×µÞ�ßmà®á�â�à;ãpä�åÐæ�ç è>é ßmà á â�à ã ä�å�ßmê á â�ê ã äë è>é ßmà á â�à ã ä�å�ßmê áíì çî â�ê ã äLï�ðRßmà á â�à ã ä�å�ß�ê á â�ê ã6ì çpî äî ï4ñ9ò;ó	ð9ô èöõ óT÷If we restrict
ØÙ

to ø2ù âûú'ü Õ , then clearly ýÙ^þ Ú ü Ý ÿ�� Þ å � þ Ú ü Ý ÿ�� Þ .It thereforefollows thatif
Ù�� ø ú ü Õ ü is a translationinvarianttemplate,where ù��	� ã is finite, then

thereexistsinfinitely many templatesin ø ú Ö × Õ�Ö × whoserestrictionsto ø°ù â�ú ü Õ equalt. It is possible,
however,to identify a translationinvariant templatewith a unique translationinvariant template

ØÙ
on

Y which has essentiallythe samesupporton X as on Y (except,possibly, near the boundaryof X).
Specifically,for eachtranslationinvariant template

Ù
� ø�� ü Õ ü , let ß Ù ä6å ��� � ø�� ü Õ���� � è õ ñ ð���� õ � �³ñ è ï�� è �����³ð è ���^ñ������! #"%$%&(' )�*�+-,	.
/10

and 2�3
.
054�6

, 78:9<; $>=?+
2@3
 <A
6�0B4DCFEHG
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Supposewithout loss of generality that t is not the zero templateon X. Then for some IKJML ,NPORQTS�UDVWYX and , therefore,
N@ORQ�Z I U[VWKX . Since each \]J_^ O`Q�U is translationinvariant, we have

that
NPO�Q�Z I UaVWbX c IdJfe .

Now chooseanarbitrarytemplate\gJB^ O`Q�U andnotethat if hiJ N@O`Q�Z I U , thensince
N@ORQ�Z I Ukj]NPO \ S U ,\ S O h UaVWml . Define nQ Jpo`qsrut r bynQ S O h U WHv \ SwO h Uyx{z hiJ NPO�Q�Z I Ul |�}:~����5� x�� ���

It follows that nQ J�^ O`Q�U , �Q������(� ����� W Q , and thatN o��Q S t j�N@O \ S U c I�J�e ����� c \gJB^ O�Q�U � (7.1.1)

If t is the zero templateon X, then the unique template nQ correspondingto t is the zero element
of o`q r t r . This showsthat we canalwaysidentify a translationinvariant templateon X with a unique
translationinvariant template nQ on Y, namelythe onewith smallestsupportasdefined by Eq. 7.1.1.

Invariant templatescan just as well be definedin termsof spatial transformations.If
O e Z���U is a

groupunderpoint (vector)addition, thena function �D��e���e is called a translation (or shift) if and
only if thereexistsa point  FJBe suchthat � O I U W I �   c I�J
e . Thus,for each  FJBe , thereexists
a translation �w¡¢�weY�Ye which is definedby �w¡ O I U W I �   c I£J¤e .

If IHJ¥e and
O e Z��¦U is an abeliangroup, thenO �w¡(§¨�w© U:O I U W �w¡ O �w© O I U?U W �w¡ O I � h U W O I � h Uª�   W I �¥O h �   U W �w©�«�¡ O I U �

Sincey was arbitrarily chosenand   � h W h �   , this showsthat� ¡ §-� © W � ©�«�¡ W � ¡�«w© W � © §¨� ¡ � (7.1.2)

As a trivial consequenceof this equationwe havethe following result:

7.1.2 Theorem. If
O e Z��uU is an abeliangroup and ¬ Wd �w¡��u ¢JFe¤® , then ¬ is an abeliangroup

under the operationof composition.

Proof: �w¡(§ O �w©�§¨� S U W �w¡¯§¨�w©�« S W � ¡�« � ©�« S �W � � ¡�«w© � « S W � ¡�«w© §¨� S W O � ¡ §¨� © U §¨� S �
This provesassociativity. Commutativity follows from Eq. 7.1.2.

Since � ¡ §°�²± W � ¡�« ± W � ¡ , ��± is the identity of ¬ .

Finally, since �w¡(§(�´³�µg¶£· µ�¸s¹{º�µ�» ¶¼·�½ , eachelementof ¾ hasan inverse.

Q.E.D.

For ¿ ÀMÁ , define ¾uÂ Ã]¶HÄ�·�Å�·�¶a·wµ�Â ¹%Ã(Æ ÃP»�Ç ·wµ�È¤¾uÉ�Ê
Note that if ·�È�¾uÂ Ã , then ·�ÅsË�Ì�ÍFÎ�Ï`ÐsÑ`·´ÒgÓ ¿ , where Ë�Ì�Í�Î�Ï�Ð´ÑÔ·´Ò�¶pÕ<Ö×È
¿ØÅD·´Ñ`Ö-Ò-ÈB¿
ÙÚÀd¿ .
Thus, in general, ·]È�¾¦Â Ã is not a function from X to X.

We arenow in a positionof classifyingtranslationinvarianttemplatesin termsof elementsof ¾¦Â Ã .
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7.1.3 Theorem. ÛÝÜ�Þ�ßsà°á à is translation invariant â ã²äpÜdåuæ à and ã²çPè�éêÜdë�ì�í
î�ïRðsñ?äªò ,Û�ó�ñRç�òõômÛ�ö�÷ ó�ø ñÔä´ñ`ç-ò5ò .
Proof: Supposethat t is translationinvariant. Let ä�Ü�å¦æ à and çPè�é�Ü]ë�ì�í�î�ï`ð´ñ?ä´ò . By
definition of åuæ à , thereexists ùÚÜiú suchthat ä´ñ5ûsò°ôHû
ü×ù¥ãªû	Ü×ë�ì�í�î�ï`ð´ñ?ä´ò . Sincet is
translationinvariant on X, we now haveÛ ó ñ`ç�ò�ôÝÛ ó�ýwþ ñRçFüDù�òPô¥Û ö�÷ ó�ø ñÔä´ñ�ç�ò?ò#ÿ
To prove the converse,let çPè�é�Ü[ú and define� ñ�çPè5ésòPô��<ù¢ÜFú �iç��ÚùõÜ��Yî�ð�ë×é��Úù¢Ü���	Pÿ
Note that if

� ñ�çPè5é�ò�
ô�� , then
� ñ`çFü�Úè?éFü�
ò�
ô�� ã� Ü�ú . Suppose Û×Ü Þ ß à°á à

satisfies Û ó�� ñRç���òFôMÛ<ö�÷ ó � ø ñÔä´ñ�ç��Tò5ò�ã²äHÜ å¦æ à and ã�ç���è é��×ÜHë�ì�íFî�ï�ð´ñÔä´ò . Observethat ifû�è��dÜ � ñ`ç@è5ésò , thenç�� ûiÜ��Úègé�� ûaÜ��Úè ç����×Ü��Úè��! �"[é����×Ü�� ÿ (i)

Thus, if ùFô�û��#� , then ä�ôaäwþ�æ ÷ à%$ à ø Ü¤å¦æ à and the following equationshold:ä´ñ�ç��[ûsò�ôÝç&���'�! ("	ä´ñ`é��[ûsòPô	é����¢ÿ (ii)

In particular, we haveÛ�ó�)�*wñ`ç��DûsòPô	ÛTö�÷ ó+)�*�ø ñÔä´ñ�ç��Dûsò5òPô	Û ó+)�,wñ`ç&���@ò�ÿ (iii)

Now define -ÛDÜØÞ�ß/.uá . by- Û ó ñ`ç�ò�ô 0 Û�ó1)�*wñ`ç��[ûsò è3254�68796ÚûiÜ � ñ�çPè5ésò;:=<>�!79?1:A@B7C�!7EDªèF:HG � ñ�çPè5ésòI
ôJ�K :LG � ñ`çPè5é-ò�ôJ�!ÿ
It follows from our observation(Eqs. (i), (ii), and (iii)) that -Û is well defined.

Let çPè�ékè�ù[Ü]ú . If
� ñ`ç@è5ésò ôM� , then

� ñRçFü×ùwè5éFüDù�ògôN� and , hence, -Û ó ñ�ç�ò�ô K ôOÛ�ó�ýwþ�ñ�ç üiùwò . If
� ñ`ç@è5ésòP
ôQ� , let ûÝÜ � ñ�çPè5ésò , ��Ü � ñ`çFüiù�è:éBüiùwò , bô¼ù����Úü]û , andä�ôaä(R�æ%÷ àS$ à ø . Then çT�¤ûiÜ�� and ä´ñ`ç&�[ûsòPô�ñ�ç�� ûsò²ü�pô�ñ�çFüiùwòU���DÜ�� . Likewise,

we have ä´ñ`é�� ûsòPô�ñ`é�� ûsò�üVdô�ñ�éFü×ù#ò+���×Ü�� . Thus, çW�Fû�è�é¤ô�ûiÜBë�ì�íFî�ï�ð´ñÔä´ò and-Û ó ñ�ç�ò�ô	Û ó1)�* ñRç��[ûsò�ô]Û<ö�÷ ó1)X* ø ñ`ä´ñ`ç��[ûsò5ò�ô	Û�÷ ó�ýwþ�øY)�, ñ:ñ`çFü×ù�ò/���@ò�ô OÛ ó�ý�þ ñRçFü×ù�ò�ÿ
Therefore, - Û is translationinvariant on Y.

Clearly, if çPè�é�ÜZ� , then -Û ó ñRç�òuô�Û ó ñ`ç�ò . Hence,
OÛ#æ ÷ à5$ [�\�]_^'` . Thereforet is translation

invariant on X.

Q.E.D.

Translationinvarianttemplateson a finite point setX canalsobeclassifiedin termsof specialtypes
of Toeplitz matrices.
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7.1.4 Definition. Let aQbQcedgfih8jlk�mgk . We say that A is a Toeplitzmatrix if and only if for every
pair n9ogprqts k and for every integer k with the property nvuxwyozp>u{wZqJs k it follows thatdgfih�b|d fH}�~�� h�}y~ .

According to this definition, Toeplitz matricesareconstantalong their diagonals.

7.1.5 Definition. An �&�����&� matrix a�b'ced fih j is said to be block Toeplitzwith Toeplitzblocks
if and only if A is of form

a�b����� a5� a_� �8���3a5�_���a �X� a � �8���3a �5�U�
...

...
.. .

...a �����5���C� a �U�H�5���9� �8��� a �
����� o

wherefor each n_q�s�� ���S����� a5f denotesa Toeplitz matrix.

For the remainderof this sectionlet ��bxs��x�&s k . ConsideringExamples4.9.5and6.1.3, the next
theoremshould not be very surprising.

7.1.6 Theorem. � qt¡£¢¥¤I¦ ¤ is translationinvariant §©¨5c£�ªj is block Toeplitzwith Toeplitzblocks.

Proof: Supposet is translationinvariant on X. Since ¨5cl�ªj is an �&�����&� matrix, we can
write ¨5c£�!j in termsof a block structuredmatrix

¨5c£�!j«b ���� a5�B� a5�C� ���8� a5��� �S���a ��� a �9� ���8� a ��� �S���
...

...
.. .

...a5�S����� � a5�5�X�¬� � ���8�a5�S����� �5�X�
����� o (i)

whereeach a fih is an �#��� matrix. Our first goal is to show that for eachpair nBo�p�q®s � ,a5fih is a Toeplitz matrix.

Let a5fih�b¯cld+°²±Ej , where ³go�´ q®s k . It follows from the definition of the isomorphism̈ thatd1°£±;bµ� ��hE� ±H� cenBoC³�j . Fix s and t, and let k be an integersuch that ³¶urwyo�´«urw®qZs k . Since t
is translationinvariant,d1°Y±¥br� �ihe� ±A� cln9oC³ªj¥br� �ihe� ±A}y~�� cln9oC³%u®w(j¥b{d1°²}U~�� ±A}y~%o
which implies that a5fih is a Toeplitz matrix.

To show that ¨5c£�!j is block Toeplitz, let k be any integer such that n¥uxw�ozp�uxwtqtsy� . Ifa5fih·bQcld1°£±Bj and a5f¸}y~�� h�}y~&bQce¹�°Y±Ej , then for ³zo(´;q�s k we haved+°Y±/bt� �ihe� ±º� cenBoB³ªj¥br� �ih�}y~�� ±=� clnyu�wyoC³ªj¥bx¹�°Y±�»
This showsthat a5fih�bNa5fH}U~�� h�}y~ .
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Conversely,supposethat ¼%½²¾z¿ is block Toeplitz with Toeplitz blocksand written in termsof
Eq. (i). Let À®Á'½AÂ1ÃEÄB¿CÃ�Å�Á'½eÆBÃ�Çª¿SÈ�ÉyÊÌË�ÉyÍ andsupposethat Î&Á'½eÏ�Ã�Ðe¿ÑÈ�É�Ë�É suchthatÀ�Ò�Î�È�É Ê Ë�É Í and Å�Ò�Î�È�É Ê Ë�É Í . By definition of ¼5½£¾ª¿ , ¾!Ó�ÔEÕ ÖH×E½eÆBÃCÇ�¿SÁÌØ1Ù Ö , where Ø1Ù Ö
is the ½lÇzÃ9Ä�¿ entry of Ú5Û Ô .
Since ¼5½£¾!¿ is block Toeplitz with Toeplitz blocks, Ø Ù Ö Á'Ü�ÙlÝ�Þ Õ Ö ÝyÞ , where Ü�Ù²ÝyÞ Õ Ö ÝyÞ denotesthe½eÇÑÒ�ÐEÃ9ÄyÒ®Ð²¿ entry of Ú5ÛHÝUß Õ Ô Ýyß . Therefore,¾8à(½£Å¥¿«ÁtØ Ù Ö ÁxÜ Ù²ÝUÞ Õ Ö ÝyÞ Ár¾!ÓiÔ Ýyß Õ Ö ÝyÞ ×E½eÆyÒ�Ï�ÃCÇ%Ò®Ð£¿áÁr¾�à Ýyâ ½lÅ&Ò�Î(¿�ã

Q.E.D.

Since ¼ is an isomorphism,a template ¾äÈtålæFçIè ç hasan inverseif andonly if the corresponding

matrix ¼5½£¾ª¿ has an inverse. The inverseof ¾�ÈQå²æ ç è ç (if it exists) will be denotedby ¾!éUê . Thus,

if t hasan inverse,then ¾ é�ê Áë¼ éXêXì ¼5½£¾!¿ é�êBí . Obviously, if T is an î&ï�Ë�î&ï block Toeplitz matrix

with Toeplitz blocks,then ¼ é�ê ½lð;¿ is an invarianttemplateon X. However,sincethe inversematrix of a
block Toeplitz matrix with Toeplitz blocks is not necessarilya Toeplitz matrix (seefor example[4, 9]),
Theorem7.1.6 has the following implication:

7.1.7 Corollary. Theinverseof a translationinvarianttemplateis notnecessarilytranslationinvariant.

7.2 Cir culant Templates

Implementationof many translationinvariant transformationsoften involve circular convolutions
sincecircularconvolutionscanbecomputedusingfast transformmethods.Circulanttemplates,the topic
of this section,are usedto implementcircular convolutions.

Unless otherwise specified, for the remainderof this section ñ ÁòÉ Ê ËxÉ ÍNó É�Ë{É . ForÅZÁô½lÆBÃlÂX¿õÈ�É�Ë�ÉöÁ�É�÷ we define ÅFî�ø!ùX½lî�ÃCï�¿IúQ½lÆ�½eî�ø!ù+î�¿CÃYÂ(½=î�ø!ù+ïû¿E¿ .
7.2.1 Definition. A function ütý�ñÿþ ñ is calleda circulant translation if and only if

� Î�È�ñ
suchthat üá½lÅv¿¶ÁM½£Å&Ò�ÎX¿eî�ø!ùX½eî�ÃBïy¿���Å'Èrñ

Note that if Î È É ÷ and Î �È ñ , then Î+î&ø!ùX½Eî�ÃBï�¿©È ñ and ½lÅ&Ò�Î�¿eî�ø!ùX½lî�ÃBï�¿�Á½lÅ&Ò�Àá¿lî�ø!ùX½eî�ÃBï�¿��(ÅôÈ'ñ , where ÀQÁÎ1î&ø!ùX½eî Ã9ï�¿ . Therefore,we shall sometimesdefine circu-
lant translationsin terms of ÎtÈÌÉ�÷���ñ .

7.2.2 Theorem. If �W½lñ�¿ Á
	!üQý ü�Æ²ÇIØ���Æ�����(Ð£Ø1ï(ÄûÄ�!Ø+ï�Ç8Ð£ØgÄEÆlø!ï�ø!ï�ñ�� and ½Eñ�ÃyÒ;¿ is the additive
group of vectoraddition î�ø!ùX½eî�ÃBï�¿ , then ½��W½eñ�¿9Ã��z¿ is isomorphic ½eñ Ã�ÒW¿ .

Proof: For each Î¯È|ñ , let üFâ denote the circulant translationdefined by üFâ!½lÅv¿�Á½lÅ&Ò�Î(¿lî�ø!ùX½eî�ÃBï�¿��(Å È'ñ . Note that ü¯È��W½lñ�¿�� ü�Áÿüûâ for some ÎJÈ'ñ . Thus,
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if we define �������! �"#�%$ by �&"�'($*),+.- , then h is onto. Also, since +/-10)2+43 whenever'50)�6 , �7"8'($90):�&"�6;$ . Therefore,h is one-to-one.

By definition of h, �7"8'*<�6;$�)=+4-�>?3 . But+ -�>?3 "�@A$A)CBD@E<F"8'�<G6;$�HJIEK�L("�INMPO/$)CBQ"8@E<G6R$�I%K�LS"#ITMPOU$.<G'VHWI%K�L("�ITMPOU$)X+4-YBZ"�@E<G6R$�I%K�LS"#ITMPOU$�H)X+4-�"�+43?"�@[$#$)\"#+/-^]^+/3_$`"�@[$a @cbX� . Therefore, �&"�'*<�6[$d)=+4-*]e+43 .
Q.E.D.

7.2.3 Definition. A template f,b!g�hAikj i is said to be circulant if and only if f�37"l@[$5)fnmVo 3Yp "#+^"l@A$`$ a @;Mq6rb=� and
a +sbt u"���$ . We denotethe set of all h –valued circulant

templateson X by vw"�hxMS�N$ .
Supposef�b1v�"�hxMS�N$ and yzbz{*| i . If @RMV6�b�L}K�IE~(�8OU"�yU$ , thenthereexistsa point '9b1�U� suchthat@u<�'�)XyU"�@[$[b1� and 6w<E'�)�yU"�6;$[b1� . Since @u<E'9b1� and 6w<E'9b�� , "8@E<�'($�IEK�LS"�IzMPO&$R)5@u<E'

and "l61<�'($#I%K�LS"#ITMPO&$^)�61<�' . Thus,using the circulant translation+ - bG u"���$ , we havethatf�37"�@[$/)�f m���o 3Yp "#+/-�"�@[$�$[)5f�3Y>?-Y"8@9<�'S$R)5f�� o 3Yp "8@A$_�
This provesthe following theorem:

7.2.4 Theorem. Everycirculant templateon X is translation invariant on X.

7.2.5 Definition. An O���O matrix v�)
"#�����n$ is said to be a circulant matrix of order n if and
only if for every integer k, � ��� )X��o � >.��p��^�����V� o � >7��pJ�x�#��� �

It follows from this definition that if C is a circulantmatrix of ordern, thenC is of form

v2) ���� ��� ��� �n�n�r� �¡  ����¡  � � � �n�n�r���¡  �...
...

.. .
...� � � � �n�n� � �
¢�££¤ �

Thus,we canusethe simplernotation v¥)\���l¦���"#� � M_� � M�§�§n§7M_���¡  � $ to uniquelyrepresentthe matrix C.
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7.2.6 Definition. An ¨E©�ª�¨%© matrix A is saidto be blockcirculantwith circulantblocksof type« ¨z¬�©. if and only if A can be expressedas a block matrix

®�¯±°²²³ ®µ´ ®*¶ ·�·n·r®¹¸µº_¶® ¸¹º_¶ ® ´ ·�·n·r® ¸¹º�»
...

...
.. .

...®k¶ ®k» ·�·n· ®µ´
¼�½½¾ ¬

suchthat each
®¹¿k¯=À�ÁlÂ�À(Ã�Ä¡¿ZÅ ¬ Ä¡¿WÆ ¬.ÇnÇ�Ç_¬ Ä¡¿ÉÈPÊ�Æ�Ë .

We shall alsousethe notation
®Ì¯CÀ�Á�Â�À « ®µ´ ¬ ®k¶ ¬.Ç�ÇnÇ_¬ ®µ¸¹º_¶  to representa block circulantmatrix

with circulantblocks. The next theoremshowsthat circulant templatesdeservetheir name.

7.2.7 Theorem. If Í�ÎGÏ «#Ð ¬_Ñ� , then Ò « Í� is block circulant with circulant blocks.

Proof: Sincet is translationinvariant (Theorem7.2.2), Ò « ÍÓ is block Toeplitz with Toeplitz
blocks (Theorem7.1.6)

Let

Ò « Í� ¯ °²²³ ®µ´ ®k¶ ·n·n·r®µ¸µºS¶®Ôº_¶ ®µ´ ·n·n·r®µ¸µºS»
...

...
. ..

...® º7ÕÖ¸µºS¶`× ® º7ÕQ¸¹º_»P× ·n·n· ® ´
¼ ½½¾GØ

We shall show that for each ÙeÎFÚ.Û ÕQ¸¹º_¶P× , ®eÜ is circulant.

Since ÙuÎCÚUÛ ÕÖ¸µºS¶`× , ® Ü is of form

® Ü ¯ °²²²²²²²²³
Í ÕQÝ�Þ ´P× « Á ¬PßV Í Õ�Ý�Þ ¶P× « Á ¬�ß¡ ·n·�· Í Õ�Ý#Þ à�× « Á ¬�ß¡ ·n·n· Í Õ�Ý#Þ á¡ºS¶`× « Á ¬�ß¡Í ÕQÝ�Þ ´P× « Á ¬�â� Í Õ�Ý�Þ ¶P× « Á ¬nâ� ·n·�· Í Õ�Ý#Þ à�× « Á ¬nâ� ·n·n· Í Õ�Ý#Þ á¡º_¶P× « Á ¬nâ�

...
...

.. .
...

. ..
...Í ÕãÝ�Þ ´�× « Á ¬ Â  Í ÕãÝ�Þ ¶P× « Á ¬ Â  ·n·�· Í Õ�Ý�Þ à�× « Á ¬ Â  ·n·n· Í Õ�Ý#Þ á¡º_¶�× « Á ¬ Â 

...
...

.. .
...

. ..
...Í Õ�Ý#Þ ´�× « Á ¬�©åäFâ�!Í Õ�Ý#Þ ¶P× « Á ¬�©åäFâ� ·n·�· Í ÕQÝ�Þ à�× « Á ¬`©�ä5âÓ ·n·n· Í Õ�Ý�Þ áYº_¶�× « Á ¬�©åäFâ�

¼�½½½½½½½½¾ ¬
where Ù ¯,æ ä Á and

Á ¬ æ Î\Ú ¸ .

Let çéè:ê[ë\ì¥íïî�ð(ëPñ7ò , and considerthe circulant translation ó.ô�õ*ö ÷ ö definedbyó4ô�î�ø[ò¹í,î�øEù�ì(ò#úEû�üSî�úzë�ýUò . If øFí�î�þ�ÿ�ë�þ���ò*è�ö , then ó/ô�îløAòeí,î�þ_ÿ�ë�þ��Aù�ñ&ò�úEû�üSî�úzë`ýUò¹íî#þ?ÿ�ë�î�þ��Rù�ñ?ò�úEû�üVý/ò . Let
���

be denotedby
��� íCî��	��
 ò . Sincet is circulant,we have� ��
 í�	����� 
�� î��`ë��¡òRí����������� 
�� î#ó ô î��Pë���ò�òRí���������� 
��! "�$#&%('*)+� î��Pë�î��µù ñ�ò#úEû�üVýUò/í,�-� ���. /�0#1%�'�) ��� 
��. /�0#1%�'�)32

Therefore,
� �

is circulant
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We now showthat 4&5�6�7 is block circulant. Let 8:9<;	=	>@?A>!BCB�B�>@DFEG=�H and I3JLKM5(NPO*QR7 . Since8�SUT and 4V5W6�7 is block Toeplitz, we have that

I J K XYZ 6P[ J]\ ^�_ 5�TA>�TP7 `�`C` 6+[ Ja\ bPced�_ 5�TA>�TP7
...

.. .
...6 [ J]\ ^�_ 5�TA>*fgE�=�7 `�`C`h6 [ Ja\ b	c@d"_ 5(TA>�fgE=C7

i/jkml
Thus, NPO�Q�Kn6�[ J]\ Qo_ 5�TA>*pP7 . We needto show that I�JqKUI c [sr c-J]_ .
Let I c []r c@J]_ Kt5�u"O�Q"7">wvnKt5�8�>�TP7 , and define the circulant translation xzyM{�| } | byx:y�5�~�7�K�5o~��mv@7�D����-5�D�>�fz7 . ThenuRO*Q�K6+[ ^/\ Qo_ 5�D�E�8�>�pC7qK�6����"[ ^/\ Q�_ 5(x�y�5�DFEm8�>"p�7�7�K6+[ J]\ Q�_ 5�TA>�p+7qK�NPO�Q l

Q.E.D.

The set ��5�D�>�fz7 of all block circulant matriceswith circulant blocks of type 5(D�>�fz7 forms a
commutativering with unity [6]. Since 4�{���5(�&>�|�7�} ��5(D�>�fz7 is an isomorphism,Theorem7.2.7
implies the following corollary:

7.2.8 Corollary. 5���5���>�|�7">��� >.��7 is a commutativering with unity.

As mentionedpreviously,circulant templatesareusedto implementcircular convolutions. In fact,
if 6�9���5(��>�|�7 , then the mapping ��  ¡�¢£¥¤ is the circular convolution of the two-dimensional
sequences¦	§a¨�©�¡!ª(«�¬oA® and ¯o§°¨�© ¤�±]²"³ ²�´�µ ª�¶�«�¬·¶�¸®�¹�º	»-ª�¹�¬�¼z®�½ . Thesecircular convolutionscan be used
for approximatingtranslationinvariant templateoperations[1, 14]. The simplesttechniques,which are
adequatefor smallconvolutions(i.e., templateswith smallsupport),areeitherto padthearraywith zeros
or to ignore the boundaryeffects.

Circular templatesare closely related to the discrete Fourier transform and the theory of fast
convolutions.The next setof definitionsand theoremshelp to establishthis relationship.

If ¾¿©ÁÀLÂ�ÃGÀ�Ä and ÅGÆÈÇoÉ&Ê�Ë Ê denotesthe two-dimensionalFourier template,then the two-
dimensionalFourier matrix of order ¹hÌM¼ is denotedby ÍzÂ1Î�Ä and definedby ÍzÂ&Î�Ä©ÈÏVªWÅ	® . We
use the tensornotation ¹ÁÌw¼ in order to avoid confusionwith the one-dimensionalFourier matrixÍzÂqÄ definedin Section6.2. Note that in general ÍzÂ1Î�Ä�Ð©UÍzÂqÄ . The relation betweenÍzÂ&Î�Ä and the
one-dimensionalFourier transformmatrix is given by the following equation:ÍzÂ1Î�ÄÑ©�ÍzÂ�ÌÒÍzÄ�©Mª�Í!Â�Ì¥Ó/ÄA®�ª�Ó/ÂGÌÒÍzÄ�®*Ô (7.2.1)

This relation correspondsto our previousobservation(Eq. 6.1.22) that the two-dimensionalFourier
transformcanbe computedin two successiveapplicationsof the one-dimensionalFourier transform.

For each ÕÈ©�Ö/«W×�ÖCª(Ö ² ¬@Ö/Ø�¬!Ù�ÙCÙ@¬@Ö"ÄPÚ-ØC® , let Û�Ü�ª�Ý.®�©�Ö ² ¢Ö/Ø/Ýg¢Ö/Þ/Ý Þ ¢àß�ßCßá¢�Ö"ÄPÚ@Ø/Ý ÄPÚ-Ø . Thus, ifâ ©wÖ/«o×�ÖCªäãA¬!å	¬@ã-¬!Ù�ÙCÙ@¬@ãæ® is of size ¼�Ã�¼ , then Û�Ü�ª â ®&©wÖ ² â ² ¢çÖ·Ø â ¢�ß�ßCß:¢ÒÖ"ÄPÚ@Ø â Ä	Ú@Ø ©wÕ , whereâ ²�è Ó Ä . Furthermore,since ÄPÚ@Øé¨*ê ².ë ¨*ìÄ ©îí ¼ ïsðmñ è ãP¹�º�»¸¼ã òôó�õ@ö/÷�ø�ï0ù*öú¬
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it is easyto showthat û�üMýzþæÿVý��þ , where ÿ�ü �������
	���þ�� with �gü������������������ �!� . It now follows that" ü�ý þ$# ý �þ � (7.2.2)

where # ü ���%��� 	�&�'(	 � þ �)� ��ü*�+�����������,�-�.�/� .
Equation7.2.2representsthe matrix formulationof the circular convolutiontheorem.Similarly, for

eachblock circulantmatrix C with circulantblocksof type 021.�3�)4 we candefineapolynomial
&5' 076)�98�4 by& ' 076)�38�4�ü�:�;<;>=?:�;<@A8B=DC�C�C)=?:E;AF þ�G @A8 þ�G @ =H6JI%:A@2;K=H:A@<@�8L=*C�C�C�=H:M@�F þ�G @A8 þ�G @�N =DC�C�CC�C�C)=H6+O G @ I%: O G @�F ; =P: O G @�F @ 8(=*C�C�C�=P: O G @�F þ�G @ 8 þ�G @�N � (7.2.3)

such that " ü/0�ý O?Q ý þ 47RS0�ý OTQ ý þ 4 � � (7.2.4)

where Rtü ���%�5�K	 & 'U	�� O � �WVþ �,� . Thus, circulant and block circulant matricesare diagonalizableby

Fouriermatrices.In the languageof imagealgebrathis saysthat if XZY " 0�[K�3\]4 and ^_Y.[a` , thenthere
existsa template bcYdI%[a` e ` suchthat f>07b�g,4�hji�k�lnm-koYP\ and^.=p X üq0<0�^!=pHr 4>=p b54
=psr G @5t (7.2.5)

Note that the computationof u?=p b can be implementedusingpointwisemultiplication. Equation7.2.5
showsthat the FFT can be usedto facilitate the computationof convolutions.

The Fourier templatef inducesan isomorphism
" 07v(�3\S4Uw vK` . This correspondsto the image

algebraversion of the convolution theorem.

7.2.9 Theorem. Thefunction xzy " 02vB�3\S4{w|vK` definedby x�0}X�4�ü~X�� ;AF ;<� =p�r is a ring isomorphism.

Proof: If b��+�cY " 0�v(��\S4 suchthat X�ü�b�=T� , then X � ;AF ;<� ü�b � ;AF ;3� =T� � ;AF ;<� . Using this and
Eq. 5.1.1 we obtainx�0�bK=H��4áü�x�0}X�4�ü I b � ;AF ;<� =?� � ;AF ;<� e =psr ü I b � ;MF ;9� =psr e = I � � ;MF ;9� =p�r e ü�x�0�b�4�=?x�0���4 t
From the definition of the Fourier templatewe obtainx�0���4�ü�� � ;AF ;�� =psr üo� t
Next supposethat X ü�bL=p � , ��ü�0 � ����4��_�Gü�0�6��38�4 YP\ , and �a�50%��43ü�0��_�.��4�1c� � 021.�3�)4 .
Since

" 02vB�3\S4 is a commutativering, bL=p �gü��L=p b . Hence,X � ;AF ;<� 0��W4�ü���A���z������� �3�9� ��¡£¢�¤ � ��¥�¡�¦�§�M���z���¨�A� �<�2�}�+¡{¢A¤5©5ª�� � �9�7« � �}¥W¡<¡
¦ §�¬®� ¯<� �5� � ��A� �<� �7°�±}²+¡£¢�¤ �³�A� �3� �<�7´¶µH°9¡¸·c¹�º�·»±-�7¼Lµ_²�¡7·c¹5º$½)¡�¾
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Therefore, ¿5À¨Á�Â Á3Ã2Ä}Å�Æ can be representedas the cyclic convolution of the two-dimensional
sequencesÇ�È À¨ÁAÂ Á<Ã Ä�É+ÆAÊ�ËAÌ5Í and Ç�Î ÀÁAÂ Á<Ã Ä}É�Æ�Ê�ËMÌ�Í (seealso Section3.6 and Example3.10.3(ii)).
By the ConvolutionTheoremwe now have¿ À¨ÁAÂ Á<Ã�ÏÐsÑBÒÔÓ È À¨ÁAÂ Á<Ã�ÏÐ�Ñ�Õ×Ö+Ó Î À¨ÁAÂ Á<Ã�ÏÐØÑ�Õ
and, hence, Ù Ä�È ÏÐ Î�Æ Ò Ù Ä�È5Æ Ö Ù Ä�Î�Æ�Ú (7.2.6)

Thus,

Ù
preservesthe ring operations.

To seethat

Ù
is onto, let Û�ÜnÝ Í . Set Þ Ò Û ÏÐ�Ñ�ß,à and define ¿sÜoáâÄ7ÝBã<ä!Æ by setting¿ À¨ÁAÂ Á<Ã Ä%Å�Æ Ò Þ)Ä}ÅWÆ]å-Å�ÜPä and extendingt circularly by defining¿Aæ�Ä�ÅWÆ Ò ¿5ÀçÁAÂ Á<Ã2è¨Ä�Å_é.ê>Æ7ëcì5í�Ä�ë.ã3î)Æ�ïdå-êHÜ!ädÚ

Then

Ù Ä}¿5Æ Ò ¿ À¨ÁAÂ Á<ÃJÏÐsÑcÒ Þ ÏÐØÑðÒñÓ Û ÏÐsÑ ß-à Õ ÏÐsÑðÒ Û .

To showthat

Ù
is one-to-one,supposethat

Ù Ä�È5Æ Ò Ù Ä�Î�Æ . Then È5ÀÁMÂ Á9Ã ÏÐsÑUÒ Î�À³ÁAÂ Á<Ã ÏÐsÑ and,since
f is invertible, È�ÀÁAÂ Á<Ã Ò Î�À¨ÁAÂ Á<Ã . However,circulant templatesaredeterminedby their valuesat
one point. Therefore, È Ò Î .

Q.E.D.

One of the most useful propertiesof the Fourier transform is that it convertsconvolutionsinto
pointwise multiplications, a fact which is expressedby Eq. 7.2.6. Becauseof this, local algorithms
for computingconvolutionscan be derivedby deriving local algorithmsfor computingdiscreteFourier
transforms.

For ¿òÜ Ó�ó Í Õ Í , define Þ)Ä}¿5ÆôÜ ó Í by Þ�Ä%¿5Æ Òdõ ¿ . Note that if ÈòÜ Ó�ó Í Õ Í is a one-pointtemplate
with ö>Ä�ÈMæ-Æ Òø÷ ê�ù*å�êÔÜoä , then Þ)Ä�È�Æ<Ä�ÅWÆ Ò ÈAú�Ä}Å�Æ and Û ÏÐ È Ò Þ)Ä�È�Æ Ö Û å�Û�Ü ó Í . In addition,û Ä�È�Æ is a diagonal template.

One-point templates and invertible templates provide a structure which is essentially
the same as the ring áâÄ�ÝBã3äSÆ . Suppose ¿ Ü Ó Ý Í Õ Í is invertible. Define üSÄ%¿�ã3ä!Æ Òý ¿ ß�à ÏÐ È ÏÐ ¿HþUÈBÜ Ó Ý Í Õ ÍPÿ��������	� é�
 �5ÿ��������� 
�� ������ . The structure of üSÄ}¿�ã3ä!Æ is revealed by
the following theorem:

7.2.10 Theorem. üSÄ�¿�ã3äSÆ is a commutativering which is isomorphicto Ý Í .

Proof: The proof, which proceeds in two steps, is routine and we leave the
details to the reader. The first step consists of showing that

û Ä�üSÄ�¿�ã�äSÆ<Æ Òý û Ä%¿5Æ ß-à Ö ö Ö û Ä}¿5Æzþòö ÿ�������ÿ���������� � ����� �9ÿ"!#�
is a commutative ring (this is trivial),

and that
û þBüSÄ}¿�ã3ä!Æ%$ û Ä�üSÄ�¿�ã�äSÆ�Æ is an isomorphism. This shows that üSÄ�¿�ã�äSÆ is a

commutativering.
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The secondstep consistsof verifying that the function &('�)+*-,.�/1032 465 defined by&7*�890�:<;=*?>�0 , where >@:A,CBD 8EBD ,�F�G , is an isomorphism.This is alsostraightforward. For
suppose8�.�HJIK)+*L,�.M/10 with 8N:O,�F�G�BDQP G BD , and HR:O,�F�G�BDSPUT BD , . If 8 G :V,WBD 8EBD ,�F�G
and H G :(,WBD HSBD ,�F�G , then 8 G :(,XBD<Y ,�FZG[BD3P G BD ,]\WBD ,�F�G^: P G and, similarly, H G : P_T

.
Thus, &`*�890aBS&`*�>�0#:J;=*b8 G 0aBR;c*-H G 0:Ode8 G BJd�H G:Od P G Bfd P_T

:Ode* P G B P T 0:Od�,XBDhgbY , F�G BDRP G BD ,U\iB Y , F�G BD3P T BD ,�\kj�BD , Fcl:Od�,XBD *�8�BRH�0iBD , Fml:V&`*�8�B3>�0Zn
Therefore,&7*�890mBQ&7*b>�0#:V&`*�8^BS>�0 . Note that we usedEq. 5.1.1 to establishthis equality. In
a similar fashionone can show that &7*�890�op&`*q>�0r:s&7*�8EBD >�0 .
The verification that & is one-to-oneand onto is just as routine.

Q.E.D.

Thus, if methodscan be found for implementinginvertible transformslocally, then thesemethods
can be usedto implementa larger classof linear transformslocally.

7.3 Cir culant Templatesand Polynomials

In the precedingtwo sectionswe definedtranslationinvariant and circulant templatesandoutlined
their relationshipto the matrix algebraassociatedwith the discreteFourier transform. In this section
we describea family of relationshipsbetweencirculant templatesand the quotientrings of polynomial
rings. Theserelationshipsshow that the problem of finding decompositionsof circulant templatesis
equivalentto factoringmultivariatepolynomials.For separablecirculant templates,the problemreduces
to the single variablecaseand is, therefore,equivalentto finding roots of polynomialsin one variable.
This is analogousto the polynomial factorizationmethodologiesdevelopedin Chapter5. However,the
underlyingtechniquesaredifferent. For circulant templateswe useshifts andthe FundamentalTheorem
of Algebra in order to obtain minimal local decompositions.

Throughoutthis section,x, y, andz will denoteelementsof /t:OuwvOxyuwz , {|:A*L}�.M}�0 , x andy will
denoteindeterminates,and 4�~��=.���� thering of polynomialsin two variableswith coefficientsin 4 . We let4[~��=.����-��*L� vV�J� .�� z��J� 0 denotethe quotientring of polynomials �^���Z*q� v��f� 0 and �^���Z*q� z��3� 0 (see
Section3.6). The circulant von Neumannconfigurationis the function ��'/�2�� 5 definedby

�N*L��.-�	0�:A��*q��.?�Z0�.w*�*b�w� � 0q�+���7�K.?��0�.w*b��.w*"�W� � 0L�+�����#0q�7n
In this section,the term “local” shall meanlocal with respectto N.
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7.3.1 Definition. Foreach���1� , define�U�W���C�q�� ��^¡�¢���£¥¤= M¦�§©¨��q¤�ªJ«f¬� M¦�C«J¬_¡ by �]���L®�¡�¯3°�±-² ,
where ° ±L² �q¤= M¦Z¡�¯ ª´³mµ¶ ·"¸�¹ �³�µ¶º ¸	¹ ® � �q»� -¼Z¡q¤

·
¦
º
½

� � �-®�¡ or, equivalently,° ± ² is called the polynomialrepresentativeof t.

Note that by defining ¾ ·¿ºÁÀ ®����q»� ?¼`¡ we obtain°Z± ² �L¤= M¦Z¡#¯Â¾ ¹�¹iÃ ¾ ¹ µ ¦
ÃÅÄUÄ_ÄcÃ ¾ ¹MÆ �³�µ ¦ �³�µ

Ã ¤�ÇL¾ ¹�¹�Ã ¾ ¹ µ ¦
ÃÅÄUÄ_ÄcÃ ¾ ¹�Æ �³�µ ¦ �³�µ�È

ÃÉÄUÄ_ÄÄ_ÄUÄ=Ã ¤ ª´³�µ Ç ¾ ª´³�µ
Æ ¹iÃ ¾ ªe³Zµ

Æ
µ ¦

Ã�Ä_ÄUÄ=Ã ¾ ª´³�µ
Æ
�³Zµ ¦ �³�µ�È (7.3.1)

which is identical to Eq. 7.2.3

7.3.2 Example: Let ®Ê�Â�C�b�� M�+¡ be given by

t
Ë

=

 1  2  3

 2  4  6

 3  6  9

ThenÌ�ÍÏÎ�Ð Î�ÑÓÒLÔ�Õ�ÖJ×�ØQÙ�Ú�Ø3Û�Ú�Ü�Ý�Þ�ØQÙ�ßàØQá�ß	Ú�ØSâ�ß�Ú�Ü�ÝZÞiØQÛ�ßZã´Ý�Þ�Ø3â�ßZã´Ý�Þ�Ú�ØQßZã´Ý�Þ�Ú�Ü�ÝZÞ�ä
while

Ì Í Þ Ð Þ Ñ ÒÓÔ�Õ�Ö<åiØQÛ�Ú�ØSâ�Úæ�ØQÛ�ßCØS×7ß	Ú�ØSÙ�ß	Ú7æ�ØQâ�ß�æ�ØSÙ�ß	æ�Ú�ØQá�ß	æMÚ7æ�ç

The following propertiesare easyto ascertain:

7.3.3 Properties of

ÌUè
.

1. If

Ì ÍÏÎ�Ð Î�Ñ ÒLÔ�ÕrÖéßÁØ�ê
or

Ì ÍÏÎ�Ð Î�Ñ Ò-Ô�Õ�ÖsÚCØJê
, then t is local.

2. If

Ì Í"Î�Ð Î�Ñ ÒÓÔ�ÕëÖ<ê Î ØQê Þ ß@Ø3ê æ ß æ
or

Ì ÍÏÎ�Ð Î�Ñ ÒÓÔ�ÕëÖOê Î ØQê Þ ÚWØQê æ Ú æ
, then t is local.

3. If

Ì ÍìÎ�Ð Î�Ñ ÒLÔ�Õ´Ö<ß�í-Ú�î
, then the circulant transform ï%ð ï Øñ Ô

shifts all pixel valuesi units
vertically and j units horizontally.

7.3.4 Theorem. If ò�ó�ô^õ3öà÷qø�ó�ù1ú , then ûpü�÷bò�ýþ ô�ú ÿsû_ü7÷Lô�ú � ûUü`÷qò�ú .
Proof: For � õ ù , let ��� denote the circulant translation defined by ����÷���ú ÿ÷��
	 � ú�����Z÷��Kó��=ú . If �Jÿ�ò[ýþ ô , then �Uü7÷��Zú%ÿ ������ ò � ÷��Zú � ô�ü�÷ � ú . Since s is circulant,ò � ÷��Zú ÿhò������ ��� ÷�� � ÷���ú�ú�ÿ(òUü�÷�÷ �!	 � ú"�#���Z÷"�Kó$�wú�ú . Thus,�Uü7÷��Zú�ÿ&%����� ô�ü�÷ � ú � ò_ü�÷�÷��
	 � ú�����Z÷"�Eó'�=ú�ú)( (I)
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By definition of polynomialproductsin *,+.-�/'0�132�4�-6587:9�/�0<;
7=9?> (seeSection3.6), the num-
bers @�A<4�B6> , for BDCFE , given by Eq. (I) areexactly the coefficientsof the polynomialproductGIH�J 4�-K/�06>ML G)N�J 4�-K/�06> .

Q.E.D.

7.3.5 Theorem. For every BOP4"QR/'S�>TCUE , V�W is one-to-oneand onto. Moreover,if X</IYDC[Z\4�*,/�E#> ,
then 9<]^V_W�4"XM`UY<>aObV_W�4"X?>c`UV�W<4"Y<>d ]^V W 4"Y<>�O8-Ie�0gfhViAj4�Y<>k ]^-lei0jfmV W 4�X
`n Y<>�O8V W 4"Y<>oLiV W 4"X?>�]

Proof: It is not difficult to checkthat V W is one-to-oneandonto,andwe leavethedetailsto the
reader.Similarly, Eq. 1 follows from the fact that additionof templatesis definedpointwise.

To prove Eq. 2, let p W be the circulant translationdefinedby p W 4�qr>sO&4�q`[Bl>�tu�v)4�tw/yx�> ,
andnotethat p W 4"zo>aO8B . Now, if Y\CwZ\4�*{/$E#> , thensince -65|O}9{O~0<; , we havethat

V W 4"Y<>rO 5��)�� � �I� ;<�I��� �l� Y W 4"�$/��)>"-
�
0 �

O 5T�I�� � �I� ;<�I��� �l� Y�W�4'4��R`UQl>"t#u�vjtw/�4m�
`:S >�tu�vjxK>�-
���

e�0 �
�
f

Ob- e 0 f L 5T�I�� � �l� ;��I��� �l� Y A 4"�$/��j>"-
�
0 �

Ob-Ie�0jf6L G6��J 4�-c/�0)>rOb-le�0jfmV A 4�Y<>)]
To prove Eq. 3, observethat since V A 4�X,`n Y<>�O�V A 4"Y<>�LjV A 4"X?> and V W 4 @�>�O�- e 0 f V A 4�@?> , we
have that

V W 4"X{`n Yg>�Ob-lei0jfhViAj4�X�`n Y<>Ob-lei0jfhViAj4�Y<>RL�ViAj4�X�>Ob-lei0jf���- 5T� e�0 ;�� f�V W 4�Y<>KL�- 5T� e�0 ;�� fmV W 4"X?>��Ob- 5T� e�0 ;�� f�V W 4"Y<>�L�V W 4"X?>)]
The desiredresult now follows by multiplying the equationby - e 0 f .

Q.E.D.
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7.3.6 Example: If t denotesthe circulant templatefrom Example7.3.2, then ���m��� ������ �¡£¢~¤R¥j�?�§¦�� ¦'���  �¡ .
Also,  U¢�¨{©ª¬«

, where

r =s® = and¯ 1  2  3

 1

 2

 3

Thus, °?±³²�´ ²"µy¶"·?¸º¹¼»º½}¾�»l¿À½}Á�»l¿gÂ and °?±³²�´ ²�µy¶"Ã<¸[¹Ä¿#½}¾<»l¿F½}Á<»lÂ�¿ . Simple polynomial
multiplication showsthat° ±m²�´ ²�µ ¶�Ã<¸oÅi° ±³²�´ ²"µ ¶"·?¸�¹b»l¿j° ±³²�´ ²�µ ¶�Æ�¸�¹8»I¿j° ±³²�´ ²"µ ¶"·,½Ç Ã?¸lÈ

The following facts are direct consequencesof Theorems7.3.4 and 7.3.5.

7.3.7 Corollary. °�É is an isomorphism.

7.3.8 Corollary. Let ÆËÊÍÌÎ¶"Ï,Ð'ÑÍ¸ , Ò:¹|¶"Ó'Ð Ôl¸ , and Õ#¹Ö¶"×RÐ'Ø�¸ . If Ù6Ú�Û<¶�»cÐ�¿)¸M¹=Ù ² ¶"»KÐ$¿)¸�Å�Ù Â ¶"»KÐ�¿6¸ , thenÙ6Ú�Ü�¶"»KÐ�¿j¸a¹ÞÝ ² ¶�»cÐ�¿j¸rÅiÝ Â ¶�»KÐ�¿6¸ , where Ý ² ¶�»cÐ�¿j¸£¹~»lß�àIá ¿jâ�àjã"Ù ² ¶�»KÐ$¿ä¸ and Ý Â ¶�»cÐ�¿)¸a¹UÙ Â ¶"»KÐ$¿ä¸ .
7.3.9 Corollary. If ÆËÊ[ÌÎ¶"Ï{Ð$Ñ#¸ , Ò:¹å¶�Ó$Ð�Ô6¸ , and Ù6Ú Û ¶"»KÐ�¿j¸T¹=Ùo¶"»KÐ�¿j¸�Å�Ý<¶"»KÐ�¿j¸ , then ÆË¹ÞÆ ² ½Ç Æ Â ½Ç · ,

where Æ ² ¹æ° à ²ç ¶�Ùo¶"»KÐ$¿ä¸'¸ , Æ Â ¹æ° à ²ç ¶�Ý<¶"»KÐ$¿ä¸'¸ , and s representsa circular shift èêéÞÓ units
horizontally and ëìé:Ô units vertically. Moreover, s can be replacedby a template í· which
representsa circular shift i units horizontallyand j units vertically.

Thecollection î�°�ïsð,Õ�ÊFÑÀñ constitutesa classof mappingsbetweenimagealgebraandpolynomial
algebrathat are almost isomorphisms. For Õóò¹õô , the operationof multiplication is not preserved
(Theorem7.3.5Eq. 3). However,for ÕFò¹Þô , they differ from the isomorphism°�É only by shifts. Thus,
if any polynomial representativeÙ Ú Ü of a templatet can be factored,then the templatet can also be
factored.It follows that the templatedecompositionproblemfor circulant templatesis equivalentto the
problemof factoringmultivariablepolynomials.We will usethis fact in orderto showhow anyseparable
circulanttemplatecanbe implementedlocally with respectto thevon Neumannconfiguration.Sincethe
von Neumannrestrictionsimulatesa nearestneighbormesh-connectedarray of è÷öUë processors,the
methodswe developcan be usedon such machines.Additionally, we shall provide upperboundson
the numberof parallel stepsrequired.

7.3.10
Definition. If Ùo¶"»KÐ$¿ä¸
¹óø à ²ùá³úlû

ü à ²ùã'úlû�ý áþã » á ¿ ã , then

1. ÿ����R¶mÙR¶�»KÐ$¿j¸$¸��&è ý »oî�Ó ½FÔ8ð ý á ã ò¹��äñ ,
2. ÿ����
	j¶�Ùo¶�»cÐ�¿)¸�¸��&è ý »oî�ÓÎð ý á ã ò¹��jñ , and
3. ÿ����
��¶mÙo¶"»KÐ$¿ä¸'¸� è ý »oî�Ô ð ý á ã ò¹��jñ .
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7.3.11 Definition. If �������������� and �������! #"�$%�'&(�*)+�-,/.0�1���2�3 #"�45��&(�6)7�8�:9<;=��� , thenwe say that
y is a minimal point for t.

Since >5? is an isomorphism,�@�0�A�8���6�B� is separableif and only if thereexists polynomialsp
and q suchthat  "DC �8&E�6)7�GF� H�'&H��IKJ%��)7� . It follows from the precedingcorollariesthat if t is separable,
then for every ;=�@� thereexistspolynomials  7L and J�L suchthat  " 4 �'&(�6)��MF� 7LN�'&H��IKJ�LN�')7� . We shall
usethis observationto providea systematicmethodfor factoringany separablecirculant transforminto
local transformswith respectto 4–connectedprocessorarraysandgive upperboundsfor the numberof
parallel stepsrequired.

7.3.12 Theorem. Suppose�O�P�A�����6�B� is separableand QRF �'SH�*T'� is a minimal point for t.
Additionally, let UFV�����
W �  "�$ �'&(�6)7� , and XYFV�����
Z �  "[$ ��&E�6)7� , . If \]FV^BU�_(`KS2�<^ba@Sdc ande Ff^BU�_(`NT8��_Ba�T[c , then the circulant transform gih g=jk � can be computedin at most\lj e j�UmjnXjpo local parallel steps. Moreover,

1. \qj e of thesestepsconsistsof horizontalor verticalshiftsof theentire array byonelocation,
2. U
j�X of thesestepsconsistsof at mostoneadditionandonemultiplication(possiblycomplex)

per pixel, and
3. oneof thesestepsconsistsof at mostonemultiplication per pixel.

Proof: Sincet is separable,thereexistspolynomialsp andq suchthat  " $ �8&E�6)r�sF@ 2�8&H�%I�J%��)7� .
By the FundamentalTheoremof Algebra 2��&H�sF�t7�'&uav <wx�8�'&uav <yx�zI5IxI#�8&ua= #{[�}|N~<�]J%�')7��F��x�')�anJ�wx�8�')�anJ�yx�zI5IxId��)�a�J��5�6�
where td�<�N�� <wN�N <yN�E�x�5�2�N #{��#J�w��2�5�x�2�<J��=��� .

Define circulant templates���<���<�mwN�2�5�x�+���({'�#�EwN�E�x�5�<�d�d� suchthat >5?�������F� 2�8&H�6��>5?�������FJ%�')7����> ? �8���x�sF��'&ua� d�5� for �Fpo%�<�#�E�x�5�<�dU and > ? �'�(�5��F0�8)�a@J��5� for �Fpo%�<�#�2�5�x�+�%X . By
property7.3.3(1), eachof the templates�mwN�E�5�x�<�6�({8�<�Ewx�E�5�x�<�<�+� is a local template. In fact,
it shouldbe obviousthat thesetemplateshavethe following geometricrepresentations:

ζp� ζq�  ζ-q ζ-p= =

 1

 1

By our choiceof p and q, �x�d���N�M���x���8���m�N�x���' �� . Furthermore,by Theorem7.3.4, �x���'���M�¡£¢¥¤¦§�¨2© � � ��� § �[ª , which implies that �Y� ¡£¢«¤¬§�¨2© � § ª . Similarly,  l�p ¢�®¬§�¨+©   § ª . Hence,by

Corollary 7.3.9, ��� ¡ G¯°m±²´³µ ¶�·2¸E¹ ¶�º»´¼½¿¾²OÀµ ¶�·2¸�Á ¶�º»¿¼½ÃÂ�ÄÅzÆ
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This equationexpressest as a productof local templates.The numberof stepsrequiredto
implementthecircularconvolutiontransformÇ�ÈÉÇvÊË�Ì is alsogivenby thisequation;namely,Í Ê@Î/ÊpÏ multiplication stepsand ÐlÊÒÑ shifts.

Q.E.D.

To provide a specific example,supposethat X representsa Ó7Ï�ÔBÕÃÓ7Ï5Ô array and t a rectangularÖ�× Õ Ö%× separablecirculant template. Then ØÚÙiÛ�Ï�ÜdÝ5Ï�Ü�Þ and Ð�ÙbÑ0ÙßÏ�Ü . Hence,if Çáà�âGã , thenÇÒÈ Ç=ÊËnÌ can be computedlocally in 60 parallel stepsconsistingof at most one multiplication and
additionper pixel, one stepconsistingof onemultiplication per pixel, anda total of 28 unit vertical or
horizontal circular shifts. Since the computationin its original form required900 multiplications per
pixel, it is clear that the decompositionis far more efficient with respectto the numberof arithmetic
operationsas well as parallelism. Nontrivial examplesof such templatesare the discretizationof the
Marr-Hildreth edgeoperators[16].

Anothersystematicmethodfor decomposingseparablecirculant transformsinto local transformsis
given by the next theorem.This theoremalso avoidscomplexmultiplications.

7.3.13 Theorem. Suppose
Ì àpäAÛ-åæÝ6çvÞ is separableand è#éëê5Û�ì(Ý6í7ÞuÙ«è#î�Û�ìHÞ is a polynomial in one

variable ï2ð@àáç . Let Û�ñ8Ý × Þ be a minimal point for t.

1. If ò�ó�ôsõöè2÷ùøùú û6ü[Û'ìHÞ'ýÒÙPÔ�þ for some þ«à]ÿ�� and ÐOÙ�� Í���� �	��
 þ��@ñ
 Ý�
 þ���ñ�
�� , then the
transform Ç�ÈÉÇvÊËlÌ canbecomputedin Ð Ê@þ ÊáÏ local parallel steps.Furthermore, Ð of
thesestepsconsistof vertical, circular unit shiftsof theentire array, k of thesestepsconsist
of at most two real multiplicationsand additionsper pixel, and one of stepconsistsof at
mostone real multiplication per pixel.

2. If ò�ó�ôsõöè ÷ùøùú û�ü Û'ìHÞ'ý�Ù¥Ô�þ/ÊpÏ for someþnàáÿ � , thenthe conclusionof part (1) holdswith k
replacedby þ Ê«Ï .

Proof: We canwrite �
÷ùøùú û�ü8Û Ì Þ as �N÷3øöú û�ü*Û Ì ÞsÙ�� ������� è � Û'ìHÞ , whereeachè � Û�ìHÞ is a monicquadratic

polynomialwith real coefficientsand � à�å . For each
Í à�ÿ �� , define � � Ù����! "  �# $&% ')(+*,'.-0/�/ . By

property7.3.3(2), each 1 * is a local template. Furthermore,243 ',56/87�-:9<; 2 " ; # $&% '=56/>7�?@-:9A;CBD*�E  2 "  F# $G% ' 1 *,/H7�?I- B 9A;CBD*�E  2J3 ' 1 *,/<K
Therefore,

5L7M?0N BO*�E  1 *QPSRTVU
, wheres is a shift template.

If WYX�Z , thenwe canchooses to be a shift of [ 7]\_^=`�a WcbdZ�e \ b ' W�bdZ /Gf units. If W_ghZ ,
then we can let s be a shift of [ 7i\Y^�`�a Z!bjW0e \ b ' ZAbdW /Gf units. In either case,the shift
can be executedin [ steps.

If the secondhypothesisof our theoremholds,write
2 " ; # $&% '=56/ as

2 " ; # $% '�56/>7�?�k Bl*�E  ( * '�-:/Qmon=(0'.-:/ ,whereeach
(+*,'.-:/

is a monic quadraticpolynomial with real coefficients,
?�pVq

, and
(:'�-0/

is
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a monic linear polynomialwith real coefficients. Define local templatesr�s as beforeandsetrutwvyxAz{S|)}0|.~:��� . Then

v { |��6� t�� ~ x<�y�o��s�� z v�� z�� �&� | r�s �Q�_� v { | r � t]� ~ � xA�y����s�� z v { | r�s ���Y� v { | r �<�
The remainderof the proof is now identical to the latter part of the proof of part 1.

Q.E.D.

Obviously,an analogoustheoremholdsfor ������|.���F�Y� with }+���@|�~��G�<� t]�@� |��<� �0¡_�¢� .

If £ �V� , let ¤)£I¥ denotethe smallestintegergreaterthan or equal to r. The following is an easy
consequenceof Theorem7.3.13.

7.3.14 Corollary. Supposet is a separablecirculant templateand ¡ t |�¦0�&§¨� is a minimal point for

t. If ©�t ª�«¬�®°¯²±y³&´ �@µ ¯ � ¶&�· ¸0¹ � º t ª�«y¬F® ¶ ±y³&´ �@µ ¯ � ¶F�· ¸0¹ �>» t½¼_©=¾�¿À¼ÂÁÄÃÅ©�Á ¦ Ã � Ã ©�Á ¦ Ã�Æ , andÇ tw¼Y©�¾�¿6¾ÈÁhÃ º Á § Ã � Ã º Á § Ã�Æ , then the circulant transform É]Ê Ë�ÌÍjÎ can be computedinÏ ÌVÐ�ÌÒÑ�ÌÔÓ�Ì]Õ local parallel steps.Moreover, Ï ÌVÐ of thesestepsconsistof vertical and
horizontal circular unit shifts of the entire array, ÑÖÌÒÓ of thesestepsconsistof at most two
multiplicationsand additionsper pixel, and one of stepconsistsof at mostone multiplication
per pixel.

The templatescorrespondingto the quadraticpolynomialsthat result from the decompositionof t as
given by Theorem7.3.13or its corollary are depictedin Figure 7.3.1.

p�    = q�    =  1

 1

a× 0
Ø

a× 1i i a× 0
Ø a× 1

Figure 7.3.1 The quadratictemplatesresulting from the
decompositiontechniqueusedin Theorem7.3.13and its corollary.

The rationalefor establishingthe relationshipbetweencirculant templatesand the quotientring of
polynomials in two variables Ù_ÚÀÛ<Ü�ÝßÞÒàÒá6âAãåäcàÄá6æ is the sameas that for establishingthe relation-
ship betweentemplatesandpolynomialsdiscussedin Chapter5; the relationshipprovidesa methodfor
decomposingseparablecirculant templatesby factoring (or finding the roots)of correspondingpolyno-
mials in one variable. Although finding roots of polynomialscan be a numericallyunstableprocedure,
many computerizedtechniqueshavebeendevelopedthat are capableof factoring polynomialsexactly
[5, 10, 13]. Thesetechniquescanbe appliedin our methodologyfor developingparallelalgorithmsfor
computingconvolutions.
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7.4 G-Templates

In this sectionwe generalizethe notion of a circulant templateby introducing the conceptof G-
templates.The conceptof G-templateswas first introducedby P. Gader[7]. Gader’sgeneralizationof
circulant templatesgrew out of an awarenessof the possibleusesof Cayley networksas modelsfor
parallel computerarchitecturesand the importanceof translationinvariant transformationsin parallel
processing;thesegeneralizationswerealsoinfluencedby observationsthat the discreteFouriertransform
is relatedto the theory of group representations[2].

G-templatesare translationinvariant with respectto Cayley networks,which are networkswhose
underlying graphsare the group graphsof some finite group G. Since Cayley networks have been
investigatedas possiblemodels for parallel computerarchitectures[15], G–templateshave potential
applicationsin the field of parallel image processing.

Roughly speaking,a G-template is a templatewhich is translation invariant with respectto a
digraph inducedby a neighborhoodconfigurationwhich admits a group structure. In the casewere
the configuration is the von Neumannconfiguration,the groupturnsout to be çéè�ê0ëhì_ê0í andthe set
of all G-templateswill be the set of all circulant templateson X. For generalconfigurations,the setof
complex-valuedG-templatesis a linear algebraover î .

The detailsof this sectionreflectmuchof Gader’sinitial work. For the remainderof our discussion
on G-templateswe let X be a finite point set,N will denotea neighborhoodconfigurationon X, G will
denotea finite group (written multiplicatively), and imageswill be complexvalued.

7.4.1 Definition. Let ï�è	ðIñåòJóyñô6ó�õJõ4õAó�ñåö�÷ be a set of generatorsfor the group G. The Cayley
color graph, or group graph, of G with respectto ï is the graph ø�ùßú.û�ü�èýú.þ�óGÿ ü , whereþ è û and ú � ó��<ü��Vÿ � � ñ	�
� ï suchthat � ñ	� è�� .

If ú � ó��<ü�� ÿ and � ñ � è� , thenwe saythat ú � ó��<ü is coloredby ñ � , or that ú � ó��<ü hasthecolor ñ � .
7.4.2 Definition. An automorphismof a digraph ø èuú.þ�ó&ÿcü is a permutation���0þ�� þ with

the property that ú � ó��<ü��Òÿ � ú�� ú � üFó���ú��<ü�ü��Òÿ .

A color-preservingautomorphismof a Cayleycolor graph ø�ùßú.û ü è]ú�þ�ó&ÿ ü is anautomorphism� of the digraph ø ùAú�û�ü with the additional property that for every edge ú � ó��yü , ú � ó��yü andú�� ú � ü&ó�� ú��+ü�ü have the samecolor.

It is not difficult to ascertainthat the set of color-preservingautomorphismsof ø ùßú.û ü is a group
undercompositionwhich is isomorphicto G. Suchan isomorphismcanbedefinedby usingthemapping
rule ñ�� ��� , where ñ��Ôû and ��� is the automorphismof ø�ùßú.û ü definedby �����]ñ � . Note that this
implies that the groupof color-preservingautomorphismsis the samefor everygroupgraphconstructed
using the generatingsetsof G [3].

7.4.3 Definition. Let ø ò and ø ô be digraphs. We say that ø ò is isomorphicto ø ô if and only
if thereexists a one-to-oneand onto function � �>þ�ú�ø�òJü!� þ�ú�ø ôIü with the property thatú � ó��yü��hÿ�ú�ø òIü"� ú#�6ú � ü&ó��6ú$�<üGü���ÿ ú�ø ôJü .
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In Section5.8 we defined the digraph %'&�(*) of a neighborhoodconfigurationN on X. If %'&�(�)
is isomorphic(as a digraph) to %,+-&�.!) for somegroup G and generatingset / , then the isomorphism
betweenthe digraphsinducesa groupstructureon X which is isomorphicto G. In order to demonstrate
this we shall needthe following definition:

7.4.4 Definition. Thepair &�0 12( ) is saidto simulatethegroupG if andonly if %'&�(�) is isomorphic
to %!+3&�.!) for somegeneratingset / .

If &�0 1�( ) simulatesG, then we assignto eacharc in %'&�(*) the samecolor as the associatedarc
in %!+4&�.!) .
7.4.5 Theorem. If &�0 1�(5) simulatesG, thenthere existsa binary operation 6 on X suchthat &�0 1-6	)

is a group which is isomorphicto G.

Proof: Since &#0 1�(7) simulates G, there exists a one-to-oneand onto function 8 9: &�%'&�(�)�)<; : &�%!+3&#.!)#) for somegeneratingset / of G. By definition of the respective
digraphs,

: &#%'&�(�)=)?>@0 and
: &�%!+3&#.!)=)A>@. . Hence, 8B9C0D;E. .

Definingthedesiredbinaryoperation6 by FG6�HJIK8MLCNO&#8M&PFM)RQS8�&�HT)#) , we havethat 8�&�FU6VH�)M>8�&�F�)�Q�8�&$HT) . To checkthat &#0 1C6	) is indeeda groupis a routinematterand,therefore,omitted.

Q.E.D.

Unless otherwisementioned,we shall identify X with G whenever &�0 1�(5) simulatesG. Also,
wheneverwe write X asa linearly orderedset 0W>YXZF\[]1^F N 1\_S_Z_314Fa` L3NZb , we shall assumethat F\[c>ed&$f�gih	gj1V8�&�F [ )M>Kdk) , whereedenotestheidentityof G. Finally, notethatif lm9�.n;o. is anyone-to-oneand
onto function, thenthereexistsa correspondingfunction plm9	0q;r0 definedby pl�&�F�)s>K8 L3N &$l�&�8�&#FM)#)�) .
Conversely,givena one-to-oneandontofunction plJ9	0�;r0 , thenthereexistsa correspondingfunctionlt9V.u; . defined by l�&$vw),>x8Gy pl
y�8 L3N &zvw)z{Z{ . Pictorially we have the following two commutative
diagramsrepresentingthesecases:

X
|

X
|

G G

G G

X X

and} α

β

α-1

β

α
β

α-1

β

For this reasonwe shall use ~ to denoteeither map.

7.4.6 Definition. Suppose��� ��� � simulatesG. A template�,�������?� � is calleda G-templateif and
only if for everycolor-preservingautomorphism~m������� , theequation�O�����	�P��~M�P�M���s��� � �����
holds. We denotethe set of all G-templateson X by �!�������'� .
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The setof G-templatesis, in a sense,the sameas the setof templatesthat are translationinvariant
with respectto the group graph �!�3���c� or �'����� sincecolor-preservingautomorphismsare essentially
translationswithin the group.

The next theoremshowsthat G-templatesare indeedgeneralizationsof circulant templates.

7.4.7 Theorem. If ���K a¡<¢G C£ andN denotesthevonNeumannconfiguration,then ���7¤��¥� simulates
the group �¦�e C¡n¢¥ a£ (written additively). Furthermore, �!��§G¤��'���e¨!��§G¤��'� .

Proof: Let ©B��ªk��«	¤=¬��2¤w��¬^¤S«Z��¤C��¯®°«	¤�¬k�=¤C��¬^¤²±'®³«´�=µ , and ¶n·\�o¸¹� the identity map.
Thus, ¶�·�º��#�'�����#�»¸ º¼�#�,�-���!�=� is one-to-oneand onto. Hencewe needto show that��½T¤�¾���¿BÀ¼���'�����#�xÁ �P½V¤=¾���¿�À¼�#�,�4�#�!�=� .
Let ¾��¹��Â�¤ÄÃ^��¿W� and ��½T¤=¾Å�Æ¿WÀ¼���'�#�¥�#� . Then ½�¿Ç�*�$¾T� or, equivalently, ½o¿ª	����ÂCÈK«´��<É´Ê� ¤´Ã-��¤C��Â=¤C�ËÃGÈK«Ì��UÉ´Ê�±Í��µ . Therefore, �P¾5® ½���'É´Ê4��¥¤=±Í�U¿e© . But this says
that ¾n�W��½UÎ�Ï-��'É´Ê^�� ¤�±Í� for some ÏÐ¿ © . This implies that �$½V¤=¾��!¿BÀ¼���!�3�#�!�=� . The
converseis just as easyto show. Therefore, ���¥¤��7� simulatesG.

To verify that �!��§�¤��'�Ñ�t¨!��§�¤��'� , recall that the set of all circulant translationson X is a
group undercompositionwhich is isomorphicto �W�Ò��� ¤-Î�� (Theorem7.2.2). Also, G is
isomorphicto the groupof color-preservingautomorphismsof �!�3�#�!� for any © ; this follows
from the assertionmadeimmediatelyfollowing Definition 7.4.2. Therefore,

�=Óc���7�2¤wÔ	�MÕ���¥¤wÎ��V�K�nÕ�,�^���!��¤
where the symbol Õ is interpretedas “is isomorphicto.” Thus, a mapping Ö¯·M�×¸ � is
a color-preservingautomorphismif and only if Ö is a circulant translation. By definition,Ø ¿ ¨!��§G¤����¥Á ØSÙ�ÚÜÛ	Ý ��ÖT�$½��=�s� Ø Û �P½M� holds Þ-½V¤4¾³¿<� . Therefore,�!�#§G¤��'�V�K¨!��§G¤��'� .

Q.E.D.

The theoremestablishesthe algebraicstructureof the setof G–templatesfor the specialcasewhere
N is thevon Neumannconfigurationon  C¡�¢� a£ . In this case�!��§�¤��'� is identicalto thering of circulant
templates.Thenext theoremrevealsthealgebraicstructureof thesetof G-templatesfor thegeneralcase.

7.4.8 Theorem. �,��§�¤��'� is a linear algebraover § .

Proof: Let ßk¤ Ø ¿�!��§�¤��'� . Since templateaddition is definedpointwise, it is clear thatß
Î Ø ¿��!��§�¤��'� . The zero template à�¿��!��§�¤��'� . Hence,using Theorem4.9.3, we have
that ���!��§�¤��'�=¤CÎc� is a commutativegroup.

Sincescalarmultiplication is alsodefinedpointwise,we havethat á Ø ¿��,�#§G¤��'�UÞwá,¿�§ . It
now routine to checkthat �!��§�¤��'� is a vectorspaceover § . This showsthat the first axiom
of a linear algebrais satisfied(Section3.9).
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Let âTã4ä�ãæåUç è , é a color-preservingautomorphismof êUë#ì í , and îcïð�ñò�ó . Note that

ó]ô�õ÷öæø ë�â�ísï ó öVù éTú3ûZë�â�ízü�ýÌþwÿYð��-ë�éTëPå4í�í�ïKð ô ��� õ � ø ëPå4í��
Thus, since é ú3û is onto, we have

î ô�õ�ö	ø ë�éTëPå4í�íÅï ����
	 ð��4ë�é ë�å4í�í ó ô�õ ö	ø ë�â�íÅï ����
	 ð ô �
� õ � ø ë�å^í ó ö ù é ú3û ë�âMí ü
ï �� �
	 ð � ë�å^í ó ö ë�7íMï"î ö ë�å4í��

Therefore, î»ïtðcñòJó ç��!ë��Gã�è'í , which showsthat �!ë��Gã�è'í is closedundermultiplication.
According to Eqs. 5.1.1, template multiplication is associativeand both left and right
distributive over templateaddition. This provesthat the secondand third axiomsof a linear
algebraare satisfied.

The one-pointunit template �*ç ù � 	 ü 	 is clearly an elementof �!ë���ã�è'í . In view of the
pointwise multiplication of a templateby a scalar,it is also a simple routine to check thatë�� ó íVñò ð ï ó ñò ë��OðÌí�ï��Zë ó ñò ðÌí���� ç�� . This verifies that the remainingtwo axioms of a
linear algebraare also satisfied.

Q.E.D.

This establishesthe fundamentalalgebraicstructureof generalizedcirculant templates.In the next
sectionwe shall delve deeperinto the algebraof thesetemplates.

7.5 Group Algebras and G-Templates

Group algebraswere first discussedin Section 3.10. In this sectionwe will show that the set
of all G-templatesfor someconfiguration N is isomorphic to the group algebraover � of the group
correspondingto N.

Group algebrasarise quite naturally in the study of linear representationsof groups. These
representationsfurnish anotherdescriptionof the set of G-templates.They also provide necessaryand
sufficient conditionsfor determiningthe invertibility of G-templates.

The topic of group representationshasbeenin existencesincebeforethe turn of the centurywhen
Froboeniusfirst definedgroupcharacters[12]. Sinceits earlyformulation,this topic hasseenapplications
in physicsandchemistryaswell as in grouptheory. It is fascinatingto realizethat a subjectdeveloped
at the turn of the centuryhasnow applicationsin the theoryof parallel computing.

Let X bea finite point setthathasa multiplicativeoperationwhich providesX with anabeliangroup
structure.Let G denotethis groupand let � ï������
 4ë�è5í . The elementsof the group algebra � ë��!í are
formal sumsof the form ! ï#" ú3û� $ %'& � $ â $ ã (7.5.1)

343



where (*),+�- and ./)0+�1 (seeSection3.10).

The map 2�34165�708:9 1<; definedby2=5�>?84@�5�./A�BC.ED
B*FGFGF'BC. ;GH DI8�B
where > is given by Eq. 7.5.1, is clearly one-to-oneand onto. Also, ifJ @ ;GH DK )ML'AON )P(*)
and Q�+R1 , then 2=5�>TS J 8U@�2WV ;GH DK )PL'A . ) ( ) S ;GH DK )PL'A4N ) ( )YX@�2WV ;GH DK )PL'A 5Z./)�S N )Z8[(\) X@]5Z. A S N A BC. D S N D B\FGFIF^BC. ;GH D S N ;GH D 8@]5Z.�A�BC.�D
B\FGFIFCBC. ;GH DI8\S_5 N A
B N DGB\FIFGF^B N ;IH D�8@�2^5�>?8=S`2=5 J 8
and QOaG2=5�>?84@bQOaI5�./A�BC.ED
B\FIFGF'BC. ;GH DI8@�5ZQ�./A�BcQ�.ED
B\FIFGFCB'Q�. ;GH DI8@b2WV ;GH DK )ML'A 5�Q�./)�8Z(*) X@b2WV^QOa ;GH DK )PL'A ./)�(\) X@b2^5�Q�>?8cd
This showsthat h is a vector spaceisomorphism.According to Theorem4.4.3, the vector space1 ; is
also isomorphicto 1fe . We have,therefore,establishedthe following result:

7.5.1 Theorem. 1g5�-h8 and 1 e are isomorphicvectorspaces.

We let i�3'1g5�-h8f9j1 e denotethe naturalvector spaceisomorphismso that if > is given by Eq.
7.5.1, then i*5�>?86@lk�+m1 e is given by k*5Z( ) 86@n. )po�q @srtB^u�B\FIFGF^B
vTw#u . For the remainderof this
sectionwe shall write imagesin termsof their vectorrepresentationkx@y5�k*5Z( A 8zB{k\5�( D 8�B=FIFGF^B�k\5[( ;GH D 8|8 .

Clearly, 165�-}8 and 1 e are not isomorphic as algebras;image multiplication, which is defined
pointwise,doesnot correspondto groupconvolutionsunder f. However,we can definea new product
on 1 e that will turn 1 e into an algebrawhich is isomorphicto 1g5�-h8 . Considerthe groupconvolution>h~ J @ ;IH DK )ML'Ap�� K�
��� ��� L ��� ./� N��I�� ( ) @m�0d
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The element � is of form �����G�����P�^��� ���\� , where � � � ��G��� ��� � ���¡ £¢¡¤�¥ , while ¦\§[�\¨,�R©pªm«O¬ is given by©�§ � � ¨� � � . But� � � ®�G�|� �
� � ���  £¢¡¤ ¥ � ®�G�|� �
� � ����¯ § � ¢ ¨�°?§ � ¥ ¨±�²®�G��³ ¬ ¯ § � ¢ ¨Z°µ´ �\��¶�� �C�¢�·¹¸
since � ¢ ¶I� ¥ � �\�»º � ¥ � � �c�¢ ¶I�\� � �\�^¶G� �c�¢ . By definingthe convolutionproductof two elements¯ ¸ °¼ª« ¬ by ©0� ¯0½ ° suchthat ©�§ �*� ¨?� �¾{³ ¬ ¯ §|¿À¨Á°WÂ �\��¶ ¿ �C�GÃ , we havethat ¦*§�Ä ½4Å ¨4�b¦*§�Ä?¨ ½ ¦*§ Å ¨ .
It now follows that the algebra Â « ¬ ¸CÆ0¸ ½ Ã is isomorphicto the groupalgebra«6§[ÇÈ¨ . This isomorphism
providesus with the convenienceof letting the elementsof «f¬ representthe elementsof «g§�Ç0¨ .
7.5.2 Example: Let G denotethe group ÉÊ�RË^ÌlÍ»Ë^Î with the operationof addition ÏTÐ�Ñc§ZÏ ¸ÓÒ ¨ .

We makeX into a multiplicative group by defining�\�^¶z� ¢ � � ¥ º § �\� Æ � ¢ ¨�ÏTÐ
Ñc§�Ï ¸|Ò ¨4� � ¥4Ô
If ¯ ¸ °lª#«f¬ , then ©Õ� ¯h½ ° is given by©{§ �*� ¨4� ®�G��� ��� � �/� ¯ § � ¢ ¨�°?§ � ¥ ¨±� ®�G��³ ¬ ¯ § � ¢ ¨�° ´ �\��¶z� �C�¢ · ¸
where � � ¶G� �c�¢ �Ö§ � �^× � ¢ ¨�ÏxÐ
Ñc§�Ï ¸|Ò ¨ . Equivalently,©{§ �*� ¨4� ®¾�³ ¬ ¯ §�¿À¨�°U§�§ � × ¿À¨ZÏxÐ
Ñt§�Ï ¸�Ò ¨|¨ Ô
Thus, ¯h½ ° is a circular convolution.

7.5.3 Lemma. Suppose§�É ¸ÓØ ¨ simulatesG, Ù*Ú,ÛEÉÖÜÝÉ denotesthecolor-preservingautomorphism
correspondingto Þmª�É , and ¯ ª�« ¬ . If ß
§ ¯ ¨ÈªàÂ[« ¬ Ã ¬ denotesthe parametrizedtemplate
definedby ß
§ ¯ ¨âá^§ � ¨±�Rã ¯ § � ¨ ä[¦måÕ� � �¯ Â[Ù �C�á § � ¨ Ã ä[¦må_æ� � � ¸
where �\� representsthe identity of X, then ß
§ ¯ ¨ is a G-template.

Proof: Let � ¸ å ¸ ÞçªpÉ . Sincethe map ÞÈè éÀê is a groupisomorphism,we havethaté?ë�ìí
îzïñð�ò�ó é±ê óÁôÀõ�õ4ö é ï÷í î ï÷ð�òYò�ø
ù ó éÀê óZô?õ�õ'ú
Therefore, é ëCìí
î�ïûð�ò ó é ê óZô?õ|õ±ö�ó é ê óÁüýõ�õ ëcìOþ é ê ó[ôUõ±öÿó���ü?õ ëCì ��ô»ömü ëCì ô}ö é ëCìð ó�ôUõ��
and � ó��*õ í
î�ïûð�ò ó é ê ó�ô?õ|õÀö�� � é ëCìí
î|ï÷ð�ò ó é ê ó�ôUõ�õ	�pö
��� é ëCìð ó[ôUõ	 ö � ó��\õ ð ó[ôUõcú

Q.E.D.
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7.5.4 Theorem. If ��������� simulatesG, then ����������� is isomorphic(as an algebra)to ������� .
Proof: Let � �!�����"�#��� and define $&%'�����"�#���)(*������� by

$+���,�.-/�0�21435�7698,���+�:1432�06<;2���'=>=2='�?�:1435��6A@>B�;2�C�ED
For each FG- �0F9��6 8 �H�IFJ�06 ; �H�K=>=2='�LF9��6 @>B�; �C�M�N�O�P��� , let �,�PF9� denote the corresponding
parametrizedG-template guarantiedby Lemma 7.5.3. By definition of $ we have that$+���Q��F9�P�R-SF . This showsthat $ is onto. In order to show that $ is one-to-one,suppose
that $+���Q�)-T$+��U,� . Again by definition of $ , � 1 35��6JV��W-/U 1 3:��6JV0� for each XY-[Z?�J\]�J=>=>=A�_^R`a\ .
Let bN�c� and d a color-preservingautomorphismwith the property d.��6 8 �e-fb . Then�:g'�0d.��6JV��C�h-/U5g���d.��69V��P� for each Xi-jZk�E\]�J=>=>=A�_^R`a\ . Since d is an automorphism,we have
that �:g'��6.��-/U5g?��6.�ml�6!�&� . Sincey wasarbitrarily chosenthis showsthat �n-/U .
We have left to show that $ preservesthe algebraicoperations. Since addition and scalar
multiplication are definedpointwise on both �o���"�#��� and ������� , the equations$+��UYpq�]�o-$+��UQ�<p
$+���,� and rts,$+���,��-c$+��rYs:�,� follow immediately.

Let U]�?�o�u�����"�#��� , F�-a$+�PU,� , vw-x$+���,� , yn-
�opz U , {|-
$+�Py]� , and }w-x$+��UQ�K~i$+���,� . Since

�>�A��6.�.-
� 1 3:�����L�,�C��6.�#��-
� 1 3L�	6us,� B�;�� -avO�	6�sQ� BK�>�
and U 1 3 �#����-�F9�P��� , we have that

{+��6.��-ay 1 3 ��6.�.-G��+�2� �>�A��6.��U 1 3 �#����-���+�,� v � 6us,� B�;:� FJ�C�������+�>�R� �P�����)�	�u�,�����:  �a¡ ���.�£¢
Thus, ¤+��¥m¦§!¨ � � ¤+� ¨ �L©J¤+��¥,� . However,sinceG is a commutativegroup,we haveby Theorem
3.10.1 that ¤+� ¨ �J©Y¤+��¥,� � ¤+��¥,�<©Y¤+� ¨ � and, therefore,¤+��¥m¦§ª¨ � � ¤+��¥,�<©Y¤+� ¨ � .

Q.E.D.

7.5.5 Corollary. If s and t are G-templates,then
¨ ¦§ ¥ � ¥9¦§
¨ .

Note that if « �/¬'[®&¬K¯ , then ¤ is identical to the map °2± definedin Section7.3.

At theendof Section3.4 we mentionedthateveryfinite groupG is isomorphicto somesubgroupof² ¯ or, equivalently,to somesubgroup«�³ of
²E´

, the groupof all permutationsof G. This fact, knownas
Cayley’sTheorem,allows for the representationof G in termsof « ³ . Thestudyof grouprepresentations
hasbecomea formal theory in its own right. The theoryof representationsis closely connectedwith
the theory of algebras.It dealswith the problemof mappingan abstractgroup, ring, or group algebra
homomorphically(i.e.,without destroyingthealgebraicstructure)into themoreconcretegroupor ring of
matricesor (equivalently)lineartransformationsof a vectorspace.For our purposes,this theoryprovides
anotherdescriptionof G-templatesin termsof the representationof the groupalgebraµ���«�� .
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7.5.6 Definition. A linear representationof a group G over ¶ is a group homomorphism·¹¸�ºS» ¼!½,¾+½]¿ ¶OÀ for someinteger Á�ÂNÃ . A linear representationof the group algebra¶ ¿�º À over ¶ is an algebrahomomorphism·[¸.ºÄ» ¼Å½4¾+½]¿ ¶�À ; that is, · preservessums,
products,and scalarmultiplication.

Suppose· is a representationof G and e denotesthe identity of G. If ¼ ÆªÇ,È+ÉAÊIËQ¿�· À and ÊÌÆÅº
such that ·�¿0Ê À Í ¼ , then

¼*Î>·�¿PË À�Í ·�¿0ÊÏÎ>Ë À.Í ·�¿0Ê À�Í ¼ Í ·�¿PËWÎHÊ À�Í ·�¿�Ë À Î:·�¿�Ê À<Í ·�¿�Ë À Î>¼ÑÐ
Therefore, Ò ½ Í ·�¿�Ë À . Similarly,

Ò:ÓRÍ ·�¿PË À�Í ·OÔÕÊÏÎHÊ�Ö�×:Ø Í ·�¿0Ê À Î>·OÔ	Ê'Ö�×�Ø�Ù?ÊeÆuº
Ú
which showsthat ·OÔ7Ê Ök× Ø ÍfÛ ·�¿�Ê À7Ü Ö�× . This essentiallyshowsthat Ç,È+ÉkÊ�Ë,¿P· À is a group. The groupÇ,È+ÉkÊ�Ë,¿P· À is referredto as the k-dimensionallinear representationof G.

The map · is only a homomorphism.We now turn our attentionto isomorphicrepresentations.As
before,we let G denotethe multiplicative abeliangroup Ý�ÍßÞ>àJá Ú à × ÚJâ2â>â�Ú àAã Ö�×2ä with identity à9á . For
each Á Æ�å ã , let æ ½ Æwç ã denotethe permutationdefinedby the rule æ ½ ¿�è À�Íêéìë àAí Î à ½ ÍxàJî .
7.5.7 Definition. A right regular representationof º Í/Ý is a representation·
¸+º¹»ï¼ ã ¾ ã ¿ ¶�À

of the form ·�¿ à ½ ÀaÍ ðJñPò . A right regular representationof ¶ ¿�º À is a representation·�ó�¸ ¶ ¿�º À » ¼ ã ¾ ã ¿ ¶�À of the form

· ó ¿7ô9¿ à á À ÚIô9¿ à × À ÚKâ2â>â'Ú?ô9¿ à ã Ök× ÀPÀ�Í ã Ö�×õ î÷ö á ôJ¿ à9î�À ·�¿ à9î0À Ú
where · is a right regular representationof G.

Notethat for a right regularrepresentationof a groupG thecardinalityof G equalsthedimensionality
of therepresentation.In fact, right regularrepresentationsareisomorphisms.Notethatthereis a different
right regularrepresentationof G for every different orderingof G [8].

According to our definition, · ó ¿�ô ÀÏÍ ã Ö�×øîùö á ôJ¿ à î À ·�¿ à î À�Í
ã Ök×øî÷ö á ô9¿ à î ÀPð ñCú . Thus, it is clear that any

representation· of G can be extendedto a representation· ó of ¶ ¿Pº À . In fact, G canbe consideredto
be embeddedin ¶ ¿�º À via the map àJîWû ü+î÷ý × , where ü+îùý × representsthe ith elementof the standard
basis. Hencewe candefine · ó ¿ ü+îùý × ÀhÍ ·�¿ àJî0À andextendlinearly. It canbe shownthat multiplication
is preserved[11]. Henceforth,we usethe samenamefor eitherrepresentation;that is, we take · ó Í · .

7.5.8 Theorem. Let ÝþÍìÞ2à á Ú à × ÚJâ>â2â�Ú à ã Ö�× ä and ÿ ¸Eº�¿ ¶ Ú Ý�À » ¼ ã ¾ ã ¿ ¶OÀ be definedrelative to
this ordering. If · is a right regular representationof ¶ ¿Pº À , then ÿxÍ · ��� .

The function ÿ ¸'º�¿ ¶ Ú Ý�À »*¼ ã ¾ ã ¿ ¶�À denotesthe restrictionof the isomorphismÿ ¸hÔ ¶����	��
�����������
definedin Section4.9. The conclusionof the theoremis that the diagram
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G(X,C) C(
�

G)

M
�

  (C)
p � x p

ξ
�

α�ψ�

Figure 7.5.1

is a commutativediagram.

Proof: Let ���! �"�#%$ , &('*),+-".�/$ , 01"2�3$�)547698:";�/$ , and <=">01".�/$.$?)@">A.BDCE$ . Then

A2BFCG)H01"2�3$>IKJ	";L/B;$M)N01";�/$>IKOQP2R 6S8 ">L3B2$2TU)H��VEL/B9W	L 6S8C5XZY
Now let &['%)5"�\]BDCE$ , ^/_�`=) Vbadcfe	gBDC X , andsupposethat ahcie	gBFC )@j for sometriple "�kml>n7lpoh$ . Thenq e "�kp$r)sn and LdCSWtL3u%)HL3v . If we alsohaveadcfwFgBDC )xj for somel, then LdCSWtL9y/)zL/v and,therefore,L{u|)HL 6d}~ W�L/v�)�L w . This implies that o()�� . Since

+-";�/$r)N� 6S8� Bf��� �/">L B $�^ _p� )5& ' l
we have \]BDC�)x�/";L e $,� a cfe	gBDC )�j�� LhC�WEL e )�L3B . Therefore,

\]BDC�)H�=V�L3B9W�L 6�8C X )z0�";�/$ IEJ "2L3B2$r)�A;BDC
and <=">01"2�3$.$-)N&['�)z+-"2�3$M)z+�P243P>4 6S8 "2�3$;T�T=)5+���47"201";�/$.$ Y

Q.E.D.

This concludesour algebraiccharacterizationof generalizedcirculanttemplates.In the next chapter
we shall examinesomepracticalapplicationsof thesetheoreticalconsiderations.
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CHAPTER 8
INVERSION OF TRANSLATION INVARIANT TEMPLA TES

Inverseproblemshavecometo play a centralrole in modernappliedmathematicssuchasmathemat-
ical physics,in imagingareassuchas computerizedtomography,seismicimaging, remotesensing,and
imagerestoration.The importanceof the Fourier transformwould be drasticallyreducedwere it not for
its invertibility. In this chapterwe are concernedwith the inversionof transformsof form ��� ����!� ,
wheret belongsto theclassof generaltranslationinvarianttemplates.RosenfeldandKak [17] explained
the equivalencebetweenthe Wiener filter, leastsquaremethods,and the problemof inverting a block
circulantmatrix with circulantblocks. In 1973,Trapp[18] showedhowthediscreteFouriertransformcan
beusedto diagonalizeandinvert a matrix that is eithercirculantor block circulantwith circulantblocks.
While the algebraicrelationshipbetweencirculantmatricesandpolynomialswascompletelyformulated
by Davis[2], it wasGaderandRitter [5, 16] who establishedtheconnectionbetweenpolynomials,circu-
lant templates,andG-templates.A consequenceof this connectionis that a circulant templatet defined
on an ����� arrayis invertible if andonly if its correspondingpolynomial ������ /¡b¢�£ hasthe propertythat� ��¤	¥M¦§ ¡ ¥�¨©�ª5«¬® for all �¯z°�¯@±�²N³ and �¯@´!¯ � ²z³ (Section8.2).

8.1 The Radon Transform

Our interestin the Radontransformstemsfrom the role this transformplays in the invertibility of
G-templates.Prior to examiningthis role, we providea brief overviewof somebasicconceptsassociated
with this transform.

In the classicalsetting, the Radon transform involves the evaluationof integrals of real-valued
functionsof n variablesover ��� ²H³ £ –dimensionalhyperplanes.Techniquesfrom Radontransformtheory
havebeensuccessfullyemployedin medicalimaging(particularlycomputeraidedtomography),in radio
astronomy,and in non-destructivetesting. Less well-known are applicationsin representationof Lie
groupsand applied statistics[6, 10, 1, 4].

For functionsof two variables— which areof major interestin imageprocessingapplications— the
Radontransformreducesto a line integral. For a continuousfunction ��µ�¶�·�¸¹¶ , the Radontransform
of a, denotedby º��.�/£ , canbe found by integratingalonga line L given by the normalequation

» ¬  �¼	½Q¾S¿*�À¢�¾2ÁÃÂ�¿%¡ (8.1.1)

where ¿ denotesthe anglebetweenthe x–axis and the line perpendicularto L , and »!Ä  denotesthe
distancefrom the origin to L . Figure 8.1.1 illustratesthe normal form of L .
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Figure 8.1.1 The normal-formrepresentationof L .

The parametricequationsfor L are given by

È%É�ÊÌË!Í�Î2ÏÃÐ�ÑÒ	Ó ÎSÑ É�ÔZË!Í Ò	Ó ÎÕÑË�Î2ÏtÐÖÑ (8.1.2)

Solving for x and y, we obtain

Ô É Í Ò	Ó ÎÕÑ]Ë È Î2ÏtÐ�ÑÊ É Í×Î2ÏtÐÖÑ*Ø È?Ò	Ó ÎSÑ (8.1.3)

Therefore,the Radontransform Ù�Ú;ÛdÜ is given by the integral

Ý ÙÞÚ;Û/Üàß>Ú Í9á	Ñ Ü É âãä â
Û/Ú Í Ò	Ó ÎÕÑ]Ë È Î2ÏtÐÖÑåá�Í×Î2ÏtÐÖÑ]Ø È?Ò	Ó ÎSÑ Ü�æ È (8.1.4)

8.1.1 Example: Let Û5çMèMé�ê è be definedby

Û/Ú;ëMÜ É®ì�í Ïïî!ð ë ð=ñ íò Ïïî!ð ë ð=ó í
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Graphically,a representsa disk of radius1 (Figure 8.1.2.)

xÆ
yÅ

zô

1

1

1

Figure 8.1.2 The graph of a.

Since õ/ö;÷åø�ù@ú for all pointsx outsidethe circle of radius1 we have

û ü ö;õ/øþýtö;ÿ�� � ø�ù ��� � õ/ö;ÿ��	��
 ���� 
���� � ��ÿ�
���� ����� �	��
 � ø�� �
ù � � ��� ��� � � ��� �

� � ù"!$# % � ÿ'&(�
where ú*) ÿ+),% .
The limits of integrationarefound by substitutingthe right sideof Eq. 8.1.3 for x andy in the
equation -	÷.- & ù0/ & �"1 & ù2% . Substitutionyields ÿ & �"� & ù3% and, hence,

� ù54 # % � ÿ'&
(seeFigure 8.1.3).
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Figure 8.1.3 The limits of integrationon the line L .

In practice,the Radontransformof an imagea is givenempiricallyby sensors.Thesesensorscount
the numberof photonsthat areemittedfrom an x-ray sourceandpassthroughsomematerialbody such
as humantissue. Different tissuedensitieswill absorbdifferent amountsof photons. By knowing the
amountof photonenergy emittedby the sourceversusthe amountof energy receivedby the sensor,an
approximationof 798;:=<?>A@B:ACED F?> is obtainedfor afixed positionof thex-ray sourceandsensor.Specifically,

7G8H:A<?>=@=:=C�DIF�>KJ"L=M�NPO�LQMERSD (8.1.5)

whereA representsthe numberof photonsthat aredetectedby the sensorandC denotesthe numberof
photonswhich areemittedfrom the source;i.e., C correspondsto the numberof photonsthat would be
receivedby the sensorif no obstructionwere present. In actual tomographicimaging, the value C is
usually precalibrated.The typical methodby which data is collectedfor transversesectionimaging in
computertomographyis indicatedin Figure 8.1.4.

The goal in computertomographyis to reconstructthe imagea from the measurementsOTL=M?:ARVUWNX> .
Since 7G8H:�<Y>=@Q:AC�D FZ> representsthe amountof energy absorbedalongthe line L , it follows from Eq. 8.1.4
that <Y:A[\> correspondsto the absorptioncapacityof the tissueat location x. This absorptioncapacity
correspondsto the tissuedensity at location x.
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Figure 8.1.4 Datacollectionfor computertomography.The imagea to be reconstructedis rectangular
and containsthe areaof obstruction(shadedarea)suchasa crosssectionof the human

body. The supportof the imageto be reconstructedcorrespondsto the areaof obstruction.

In the formulationof Eq. 8.1.4 thereis an importantdifferencebetweenthe domainsof the image
functiona andthefunction `Ha�bYc . In polarform, theimagefunctiona is definedfor pairsof realnumbersa�dfe g�c which representthe polar coordinatesof points in the a�h?ejikc –plane(Figure8.1.5). The pair of real
numbersaAl�e m?c in the domainof `HaAb?c on the otherhand,is not to be interpretedaspolar coordinatesin
the anhYeoipc –plane.Roughlyspeaking,theoperator̀ associateswith a functiona over a�dqeogrc –spaceanother
function `saAb?c over aAl�eomZc –space,whereeachpoint aAl�eomZc in aAl�eomZc –spacecorrespondsto a uniqueline L
(determinedby a�lEeomZc ) in a�h?eoi�c –space.The basicrelationbetweena�dreogqc and a�l�eom�c is given by

lutvdxw	y�z�aAm|{Sg}c (8.1.6)
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Figure 8.1.5 The relationshipbetween ~A�q� ��� and ~���� �?� .
It is easilyverified that ~��q�o�r������� ���K���}�q�����S�o�f�Y���x~A�k���'�A� . Hencethe polar form of the Radon

transform is given by

��� ~A�?���Q~=���I�?�������  ��¡
¢£� ¢ � ��� �'�K���¤�q����¥�	�q� ��� ~��p���k� �Z¦ � §A¨©�;ª�"«¢£� ¢ �?~A�'�����¬x�Wp� ¦ � §A¨©��"«.® (8.1.7)

Reconstructingthe imagea correspondsto inverting the Radontransform
� ~��Y� . This problemwas

solved in 1917 by Radon[15]. Radonproved that

�?~A�q�o�q��� ¯¤¬ �±°³²�´µ�¶T· ¢¸ µ ¯¹ ��º¸ ·¼»�½½ �
� ~��Y��¾�~n�À¿	Á�Â$~n�ÄÃS���Y� ¹ ���À� ¦ � ¦ ¹ � (8.1.8)

where ¹�ÅÇÆ�È . Note that the integral�jº¸ · ¨?~n�(¿	Á�Â�~��Ã��}�Y� ¹ ���?� ¦ � ¦ ¹ �
where ¨S� ÉÉËÊ � ~n�Y� , is an integral over a circle of radiusq with center ~��r�o�}� .

Althoughtheexactdetailsof 8.1.8mayseema bit obscure,theimplication is clear: thevalue �Y~A�r�I�r�
is uniquelydeterminedby the setof all its line integrals;the integrationis with respectto all valuesof�Ì~A«�ÍÎ�;Í©¤¬À� and the partial derivativeis with respectto the variable � .

In computertomographyonedealswith only a finite numberof receivers.It is, therefore,impossible
to calculateall the line integrals.The basicgeometryfor datacollection is shownin Figure8.1.6. The
sourceand sensorsare on oppositesidesof the object to be reconstructed.The sensorsresideon a
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detectorstrip andthe sourceanddetectorstrip movein unisonarounda commoncenterof rotation. The
x-ray sourceassumesm distinct positionsduring a stepwiserotation (indicatedby ÏfÐ¤Ñ�Ï�ÒqÑÔÓ�Ó�ÓKÑ�ÏfÕ±Ö�Ò
in Figure 8.1.6). The detectorstrip contains ×¤ØHÙÛÚ sensorsspacedequally on an arc whosecenters
correspondsto the sourcepositionasshown. For eachpositionof the source,×}Ø�Ù*Ú measurementsare
obtained.The total numberof measurements(i.e., the numberof line integrals)is, therefore,ÜHÝA×}ØÙÎÚqÞ
— which is not the infinite numberof measurementsrequiredby Eq. 8.1.8. Hence,there is no hope
for exact reconstruction.

yÅ

xÆφ
Ç

s1s2
s0
ß

si

sm-1à

r0
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rj
árnâ

r-n

source^ sensor^

detector strip
ã

rj
á

Figure 8.1.6 Fan beamwith spinningscannerfor data
collection using a single sourceand multiple sensors.

Thereareotherproblemsaswell. Accordingto Eq. 8.1.5,theactualmeasurementsonly approximate
the correspondingline integrals. The left sideof the equationcorrespondsmore to a sum(countof the
numberof photonsabsorbed)than to an integral. Moreover,by using digital computers,only finitely
many valuesof a can be reconstructed.Theseproblemslead to the discretetreatmentof the Radon
transformandits inversion. The formulationof the discreteRadontransformprovidedbelow is the one
most suitablefor our subsequentdiscussions.

8.1.2 Definition. Let ä¼å,æqç.è�éTê , G a finite multiplicative group, ëíìïî , and ëPð�ñ0òæWóÔð�ñôõóõåöë�ê , where ñ÷å�î . If ø�ô�î5ùúä , then the discreteRadontransformof a based
on S is definedas û�üHý øYþ�ÿ ý ñ'þ�ò �������� � ø ý	� þ�
 (8.1.9)

Note that in this definition the integralof Eq. 8.1.4 hasbeenreplacedby a sum andthe line L by
the set ë�ð�ñ . In the casewhere G is the group î,ò�ïò���������� (with the operationof addition����� ý � è��?þ ) and ë�ì�� a digital line, the value

û�üsý ø?þ=ÿ ý�� þ representsthe sumover the line ë;ð � . This
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showsthat Eq. 8.1.9 doesindeedrepresenta simplified discreteversionof the Radontransform. This
simpleversionhasfoundapplicationsin appliedstatistics.For example,Diaconis[3] appliedthis version
to the analysisof syllablecountsin Plato’sRepublic. For eachsentencein the book, the syllablepattern
in the last five syllableswas recorded.This provideda binary vector in  "!$# . A function %'&� (!$#*),+
was definedwhich countsthe numberof sentencesfor eachpattern. The function a was thenanalyzed
(characterized)by consideringthe Radontransformfor variouschoicesof S.

It is naturalto inquireaboutthechoicesof S thatcharacterizethe functiona whenthe only available
dataconsistsof sumsover the translatesof S. We exploretis topic in the next section.

8.2 Invertibility of the Radon Transform and G-Templates.

The fundamentalquestionthat arisein connectionwith the discreteRadontransformis whetheror
not it is possibleto invert it; i.e., whetherone can recover(in principle) the function a from the data
providedby -/.10	%�2	3 . This questionis closely relatedto the invertibility of G-templates.In this section
we presentnecessaryandsufficient conditionsfor the invertibility of both, the discreteRadontransform
and G-templates.

8.2.1 Lemma If 4�57680�9*:<;=2 , then there existsa set >@?A; suchthat >'BDCFEG>H0I4KJL27M�C@57; .
Conversely,givena non-emptyset >N?�; , then there existsa G-templatet suchthat >�B�COE>P0Q4 J 2RM�C�5F; .

Proof: Let 4S5T680U9V:W;=2 , X"YZ5[; the identity of G, anddefine >'\7>P0Q4^]`_a2 . Then>bBaC[Edc^efB<C@&Veg5T>PhEdciXj5T;k&*XTElefBmCn:oeg5T>PhE�p�X[5q;k&*X1BmCHr�stE�e�:ueg5j>H0Q4 ] _^2<vE�p�X[5q;k&*4 ] _�wQX�BmC r�smxfyE{z|vEdciXj5T;k&*4mJL0	X}2 yE~z�hEd>P0	4 J 2|�
To prove the converse,supposethat >l?d; is non-empty.Define %[5b9n� by

%(0	X}2�E���� ��� X�5T>z ��� X y5T>g�
Accordingto Lemma7.5.3, thereexistsa G-templatet suchthat 4 ] _ E~% . Hence, >H0I4 ] _ 2uEO>
and by the first part of our proof, >[B�C�E�>P0	4mJL2�M�Cd5';

Q.E.D.
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Note that the image � definedin the proof of the Lemmais just the characteristicfunction on � .
Hence,in view of Theorem7.5.8, the template� definedin termsof the parameter� hasthe property��� ���u�{� �	��� ���$��{���Q�m�D� �	�(� ���W�m�D� �I��� �$�^�^�i���W�m�` I¡�� �	�L¢^£�� �U¤� ¢^£��¥ ¦¨§ � � �Q� ¦ �©� �I� ¦ �� ¥ªm«D¬ � �	 ���
which correspondsto the discreteRadontransformbasedon � . Since � is determinedby � and � is
definedin termsof � , we refer to � as the templateinducedby � .

The relationshipbetweenthe template� inducedby � andthe discreteRadontransformis revealed
by the next theorem.

8.2.2 Theorem. Suppose
�U® �$¯T� simulates° , ��±l° , and �³²q° �I´Vµ$¶1· is inducedby ¸ . Thediscrete

Radontransformbasedon ¸ is invertible if and only if ¹ is invertible.

Proof: We identify
¶

with º . Let »T¼q½n¾ and ¿ÁÀ~»1ÂÃ ¹ . Then ÄÆÅ1Ç	» ·ÉÈ Ç	Ê · À ËÌDÍDÎ�Ï Ð »"Ç	Ñ · ÀËÌDÍDÎ�ÒÔÓ	ÕmÖ »(Ç	Ñ · À�¿}Ç	Ê · . Thus, Å1Ç	» · is invertible if and only if the map »l× ¿ØÀ»qÂÃ ¹ is

invertible. This will be the caseif and only if ¹ is invertible.

Q.E.D.

Invertibility of theRadontransformis closelylinked to irreduciblematrices.A matrix ÙÚ¼1Û�ÜDÝ�ÜÞÇ	½ ·
is said to be reducible if there exists a partition of ß"àÜ into two non-emptysubsetsáãâ and áãä (i.e.á â�å á ä ÀGæ and á â�ç á ä À�ß àÜ ) such that èDéÆêqÀ�ë wherever ìf¼7á â and íl¼Øá ä . Otherwise, Ù is
said to be irreducible.

8.2.3 Example: Let î be a matrix of form

îOï
ðññññòuó ô ô ó óó ó ó ó óó ó ó ó óó ô ô ó óó ô ô ó ó

õmöööö÷[ø
If ùãúûïAüãý�þ$ÿLþ���� and ù�� ïü�� þ���� , then ùãú
	[ù�� ï���� , ù�ú��[ù��ûï�� , and �����gï ô wherever��� ù ú and � � ù � . Therefore,î is irreducible. On the otherhand,the matrixðññññò ó ô ó ó óô ó ô ó óó ó ó ô óô ó ô ó óô ó ó ó ó

õmöööö÷ ø
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is irreducible.

Note that if � denotesthe permutationmatrix formedby interchangingthe first and the third rows
of the identity matrix � � and ! is the matrix of the aboveexample,then

�"!$#
%&&&&'
( ( ( ( (( ( ( ( (( ) ) ( (( ) ) ( (( ) ) ( (

*,++++-
and

�"!.�0/21.#
%&&&&&&'
( ( 3 ( ( (( ( 3 ( ( (4 4 5 4 4 4) ) 3 ( ( () ) 3 ( ( () ) 3 ( ( (

* ++++++-76
In general,it canbe shownthat !$8:9<;>=�;@?BADC is reducibleif andonly if thereexistsa permutation

matrix � such that �"!.� /21 is of form EGF H) IKJML (8.2.1)

where

F
and I aresquarematrices[13]. Thus,an equivalentdefinition of reducibility of a matrix ! is

to simply require ! to havethe form expressedin Eq. 8.2.1.

We now turn our attention to the collection of matricesof a N –dimensionalrepresentationOP#Q�R ?TSUCWV�XY8:ZM[:\]9<;�=�;�?TA.C of the group Z . If the collection O^#�_>`�acbed>? R C is reducible,then each
matrix

R ?fXGC may (by choiceof an appropriatepermutation)be presentedin the formR ?BXgCh# E R 1 ?BXgC ij?fXGC) Rlk ?TXgC JmL
where

R 1 ?BXgC is an n]opn matrix,
Rqk ?BXgC is a ?fN 4 nYC�or?fN 4 nYC matrix, ij?TXgC is an nsot?BN 4 nuC matrix,

and ) denotesthe ?TN 4 nvCwoxn zeromatrix. Since y�d,z{? R ?fXgC�Cw#|y�d,z{? R 1 ?TXGC~} Rqk ?BXgC�C , the non-singularity
of

R ?BXgC assumesus of the non-singularityof both
R 1 ?BXgC and

Rqk ?fXGC for every Xx8:Z . Furthermore,R ?BX L�� Cw# R ?BXgC~} R ? � CW# E R 1 ?TXgC~} R 1 ? � C R 1 ?BXgC~} ij? � C 5 ij?TXgCl} Rqk ? � C) R k ?BXgC~} R k ? � C J
so that

R 1 ?TX L{� C$# R 1 ?BXgC�} R 1 ? � C and
R k ?�X L�� C�# R k ?BXgC�} R k ? � C . Hence, the collection ` 1 #Q�R 1 ?fXGChV�XY8:Z�[ and ` k # Q>Rqk ?BXgChV�Xr8xZ�[ furnish n and ?fN 4 nYC –dimensionalrepresentationsof

our group Z , respectively.

The following definitionsare expressedin termsof group representationsbut can just as easily be
expressedin termsof representationsof group algebras.

8.2.4 Definition. Let
R V2Z���9 ;>=�; ?BADC be a representationof Z . We say that

R
is reducibleif

and only if thereexistsa non-singularmatrix 9 879 ;>=�; ?TADC suchthatR ?BXgCw#|9 E R 1 ?BXgC ij?BXgC) Rqk ?BXgC J 9 /21 6
If

R
is not reducible,then we say that

R
is irreducible.

360



8.2.5 Definition. Two � –dimensionalrepresentations� and � of � are said to be similar if and
only if thereexistsaninvertiblematrix � �:�<�����>�B�D� suchthat �h�B�G���|���h�B�g�B�s�2�h�c�x�:� .

It is well-known [9, 11] that if ���W��� � ����� �B�D� is a right regular representationof � , then
thereexistsa non-singularmatrix � and irreduciblerepresentations� �>� �q  �j¡ ¡ ¡{� �~¢ of � suchthat for
every �����

�h���g�w�|�¤£¥¥ ¦ � � �B�g� § ¨ ¨j¨ §§ �q j�T�g� ¨ ¨j¨ §
...

...
. ..

...§ § ¨ ¨j¨©� ¢ �B�g�
ª,««¬ � �2�@

Moreover, if � is any irreduciblerepresentationof � , then � is similar to �~® for some ¯m�±°~²¢ . The
samestatementholds true for �.�f�M� as well.

The next result relatesthe invertibility of the Radontransformto irreduciblerepresentations.

8.2.6 Theorem. Let ³�´µ� and supposethat ¶·�$���B� �¹¸ � is inducedby ³ . The discrete Radon
transform basedon ³ is invertible if and only if �h�Tº��T¶>�{� is invertible for every irreducible
representation� of �D�T��� .

Proof: Let º��»¶>�D�½¼ and � be an irreduciblerepresentationof �D�T��� . If the discreteRadon
transformbasedon ³ is invertible, thenaccordingto Theorem8.2.2 ¶ is also invertible. Let� be a right regular representationof � and ¾��.¿T��ÀÂÁ À � �vÃ � Ã��B�D� be the isomorphism
definedrelativeto thesameorderingof � as � . by Theorem7.5.8, �h�T¼~�w�|¾Â�T¶>� . Since ¾
�Ä¶>� is
invertible,we now know that �h�T¼~� is alsoinvertible. By our observationfollowing Definition
8.2.5, there exists a non-singularmatrix � �Å� Ã � Ã �f�.� and irreducible representations� � � �   � ¡ ¡ ¡{� � ¢ of �.�f�M� such that

�h�T¼~�w���Æ£¥¥¦ � � �Ä¼�� §�q j�»¼��
.. .§ � ¢ �Ä¼~�

ª,««¬ � �2�
and �K�½�ÈÇÉ�gÇÉ� �2�Ç for some Êu�<° ²¢ . Since �h�T¼~� is invertible, � ® �T¼~� is invertible for each¯.�·° ²¢ . Therefore,�U�»º��T¶>�{�
�$�U�T¼~�Â�Ë�vÇÉ�gÇ��»¼��T� �2�Ç is invertible.

Conversely,supposethat �U�»º��T¶>�{� is invertible for every irreduciblerepresentation� of �.�f�M� .
According to our observation

¾
�Ä¶>�W�|�h�Tºe�T¶>���W�|� £¥¥¦ � � �Tº��»¶>��� §�q j�Tº��T¶Ì���
.. .§ � ¢ �»º��T¶>�{�

ª,««¬ � �2� �
where � is non-singularand each � ® is an irreduciblerepresentationof �.�f�M� . Thus, each� ® �Tº��T¶Ì��� is invertible, which implies that ¾
�Ä¶Ì� is invertible. Since ¾ is an isomorphism,we

361



havethat Í is invertible. Therefore,by Theorem8.2.2 the discreteRadontransformbasedonÎ
is invertible.

Q.E.D.

Note that theproof of Theorem8.2.6yields themoregeneralresultgivenby the following corollary:

8.2.7 Corollary. Í±Ï�ÐMÑBÒ�Ó�ÔYÕ is invertible if and only if ÖhÑT×�ÑTÍ>Õ{Õ invertible for every irreducible
representationÖ of ÒDÑTÐ�Õ .

8.2.8 Definition. If Ø is a representationof Ð , then the contragredientrepresentationof Ø is the
representationÙØ definedby ÙØ�ÑTÚGÕmÛÆÜÝØÂÞ»ÚGßcà,áãâ�ä .

It follows from the definition that ØhÑBÚgÕWÛµÜjÙØ"ÞÄÚ ß2à áãâ ä andthat everyrepresentationis the contragre-
dient representationof somerepresentation.

8.2.9 Theorem. SupposeØ is an irreduciblerepresentationof ÒDÑBÐ�Õ , Îså Ð , and Í7Ï|Ð�ÑBÒ�Ó{ÔtÕ is
inducedby

Î
. Thematrix ØhÑT×�ÑTÍÌÕ�Õ is invertible if and only if æç>èÌé ÙØ.ÞTÚ ß2à á is invertible.

Proof: Let ê]ÛÅ×�ÑÄÍ>Õ . In view of our observationfollowing Lemma 8.2.1 we can writeØhÑTê~ÕpÛ�ë ß2àæìîíGï ê~Ññð ì ÕfØhÑTð ì Õ . Furthermore,since êËò�Ô ó Ò correspondsto the characteristic

functionon
Î

, ØhÑ»ê�ÕUÛôæç>èÌé ØhÑ�ÚgÕ . Therefore,ØhÑT×�ÑTÍÌÕ�ÕwÛõØhÑTê~Õ is invertible if andonly æç>è�é ØhÑBÚgÕ
is invertible. Moreover, æç>èÌé ØhÑfÚGÕ is invertible if andonly if æç>è�é Ü ÙØ Þ Úgß2à á,â ä Ûôö æç>è�é ÙØ Þ ÚGß2à áø÷ ä
is invertible. However, ö æç>è�é ÙØ.Þ»Ú ßùà á ÷ ä is invertible if andonly if æç>èÌé ÙØ.ÞTÚ ß2à á is invertible.

Q.E.D.

As an immediateconsequence,we now havethe following result:

8.2.10 Corollary. If
Î|å Ð , thenthe discreteRadontransformbasedon

Î
is invertible if and only if

for everyirreduciblerepresentationØ of Ð , the matrix æç>è�é Ø.ÞTÚ ß2à á is invertible.

Proof: By Theorem8.2.6,thediscreteRadontransformbasedon
Î

is invertibleif andonly if
for every irreduciblerepresentationÙØ of Ð , the matrix ÙØhÑT×eÑTÍ>Õ�Õ is invertible. But by Theorem
8.2.9 this will happenif and only if æç>è�é Ø.ÞfÚGß2à,á is invertible.

Q.E.D.

This corollary wasfirst provedby DiaconisandGrahamusingdifferent techniques[4].
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The resultsdevelopedin this sectionshow that the invertibility of the discreteRadontransform
is closely linked to the invertibility of ú –templates.In the caseof circulant templatesthe irreducible
representationsof abeliangroupsare all one-dimensional.As an exampleconsiderthe group algebraûýüõþ ÿ � þ��

over
�

. If ���	��
 ��øû�� and � is a right regularrepresentation,thenaccordingto Theorem
7.5.8 and Eqs. 7.2.4 and 7.3.1, ��
���
�� ���wü�� 
�� �wü��~ÿ������ ��!ÿ"��� � (8.2.2)

where
� ü$#&%�')(�*,+�-�./*1032ÿ �40�5�76/6

. Thus,the irreduciblerepresentationof
û

over
�

arethe 8�9 elements

of the set : 032ÿ 0 5��;=< �1> � þ@?
.

If
�¤üA#�%�')( 
 #7BC�1#7DC�=EFEGEH�1#FI7� and

�
is invertible, then

�KJ B üL#M%�')("* BNHO � BN,P �GEFEGE,� BN,Q 6 . Therefore,�R�S��
 ���ûK� is invertible if and only if
+ - .�* 0 2ÿ �T0 5��6�UüWV

for every
<

and
>
.

8.2.11 Example: If X denotesthe circulant Moore template

t
Y

=

 1  1  1

 1 1 1

 1  1  1

,

then Z\[�]C^`_ba,c�dfehg"ijckilc&mMn�ofip_@q�g"ijckilc7m&n�oGr"ip_�stn�o�q�g"ijckijckilc&m7n�oGreuq,g"ip_vil_\stn�oGr�q�g�ilcwilc&m7n�oFr7x
Let
Z/^`_ydze{g|i�_ i�_ m7n�o

and } ^`c\de~g|i�cvi�c m&n�o . Then
Z"�H�3�s�� e������ �H�������T� �s � e� o� ��� s ���p�

. Similarly, } q �f�m r e��A��� m ���S�
. Therefore, � is invertible if and only

if � and � are not divisible by 3. Hence,the invertibility of the averagingtemplatedepends
on the dimensionof the array � !

The inverseof the circulantaveragingtemplategiven in the aboveexamplecanbe found explicitly
using the following method:

Let � s denotethe setof �A��� circulantmatriceswith each � e��=�� C�F^��1¡7aH� o aG¢F¢G¢Ha1� s£n\o d associate
a polynomial

�¤^�_/d@e��H¡bi�� o _|il¢G¢F¢Ti�� s£n\oT¥C¦�§&¨ . Now define ©«ª7¬"¯®±°t²´³�µ·¶7¸`³ º¹º»C¼ by ©/¸T¬ ¼3½�¾ ¸`³ ¼ .
It is not difficult to show that © is a ring isomorphism. Thus,©b¿�ÀF¸ÂÁ/¸�³ ¼,¼@½ ©y¿\À�Ã »"Ä ³ Ä ³  ¿�À=Å�Æ	¬Ç�È
The inverse ¾HÉ�ÊC¾ ¸ ¾HË7Ì1¾ À Ì=ÍGÍFÍ1ÌH¾  ¿�À ¼�½ÏÎ © ¿�À Ã »�Ä ³ Ä ³  ¿�À Å=Ð ¿�À is given by¾�Ñ�½uÒ`ÓÂÔ ¸ÂÕ�Ö ¼×Ä Ò�Ó·Ô ²Ø¸�Ù ¹ Õ ¼ ÖFµÚ Ò�ÓÂÔ Ö&¸ »t¹lÛHÜ Ò ¸TÙ�Ö ¼�¼ Ì
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where ÝßÞÏàTáâ [2]. For example,if ãäÞæå/çvèlåyç , thené\ê�ëCì`íbî,ï�ð Þæñ,ò"ó í ó í âGô ñ�ò"ó ï ó ï âGô
and õ÷öyøúù ñ ò"ó í ó í â ô=û ø�ù Þ�ü1ý�þCü/ÿ ò� î ò� î�� �� î ò� ���
Therefore,

ö£õ ü=ý�þCü ñ ùâ î ùâ î�� àâ î ùâ ô û Þ ùâ ñ ò"ó í�� � í à ó í â ô andé ê
	��ë ì�íbî1ï�ð Þ ù ñ ò"ó í�� � í à ó í â ô ñ ò"ó ï�� � ï à ó ï â ô . The template� ø�ù is shownin Fig. 8.2.1.

t    =0
�-1  1  1 -2  1

 1  1 -2  1

-2 -2  4 -2

 1  1 -2  1

Figure 8.2.1 The inverseof the circulant ����� averagingtemplatet.

Let ����������� ��� be definedby ���"!$#�%'&(#*)+-, . If
,

is invertible, then since� �/. #*)+0,21�3�4 & . #*)+-,21�3"4 )+�, &5#6&7!8#*)+-, %')+-,21�3 &9� �;:2< !8#*)+0, %>=
we obtain the commutativediagramshown in 8.2.2.

+a t
?

a

a
Ft
@

Ft
@

+aA t-1

F
B
t
@ -1 F

B
t
@ -1

Figure 8.2.2 RecoveringC from C*DE�F and C6DE-F2G�H .
Figure 8.2.3 provides an exampleof this commutativeproperty. Here, I JLKNM;OQPRKSM
O with

F
correspondingto the TUP�T circulantaveragingtemplate.It maybesomewhatsurprisingthat theextremely
noisy looking image CVDE-F2G�H (lower left hand imageof Fig. 8.2.3), when locally averaged,resultsin
the imageof the SR71spy plane.This surprisedissipatesin view of the fact that C*DE�F2G�H containsboth
positive and negativevalues. In order to display C6DE0F2G�H , the pixel valueshavebeenlinearly shifted
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by the amount WYX[Z\W . Thus, the imagedisplayedin the lower left handcorneris not really Z6]^`_2aSb , butZ6]^�_ acb ]dWYXeZfW .

Figure 8.2.3 Inversionof a locally averagedimage.

Supposeg is a circulant hei –valued template. According to Theorem8.2.2, the transformationj�kmlon�p n6qr g is invertible if andonly if the Radontransform s6t neu basedon v-w7vxt$g�y u is invertible.
Furthermore, z s{t neu}| t�~ u w �������� � n t}� u w ��o�o��� k$�"� n t�� u g � t$� u�� ~R�*�V�
As we haveseenin Example8.2.11, if v{��~ denotesthe Moore neighborhoodof ~ , then the inversion
if fairly straightforward. In general,however,proving invertibility can be rathercomplicatedevenfor
simpleneighborhoodconfigurationfor averagingan image,the invertibility is not as easilyestablished.
Specifically, if

t    =y�  1

 1  1

 1

 1 ,

then � k$� t����;� u w�� q � q �o���c� q � q ��� ��� . For ¡¢w¤£-w¤¥ , we have� k8�§¦}¨f© � ¨ i©�ª w(� q ¨ i© q ¨¬«© q ¨\© q ¨U©w(� q ¨ i© q ¨¬®© q ¨ ©xq ¨U©w°¯��
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More generally, ±�² ³�´¶µ¸·¹�º»µ¸¼½/¾À¿(Á¬ÂÄÃ2Å"ÆoÇ�È ÃoÉ�ÊËÍÌ Â`Ã�Å>Æ/ÇcÈ ÃoÉSÎÏÐÌ�Ñ
Thus,

±�² ³ ´}µ ·¹ º»µ ¼½ ¾Ò¿9Ó(ÔÖÕ Å>Æ�Ç È ÃoÉcÊË Ì ÂÄÅ×Æ/Ç È Ã�ÉeÎÏ Ì ¿ÙØ ÁÃ Ñ
Therefore,if Ë ¿ Ï ¿ÛÚ , then

±c² ³ ´Üµ\ÝoºÞµ\ßÝ ¾à¿ÛÓ . It follows from thoseobservationsthat if Ë ¿ Ï and
5 or 6 divides Ë , then the transformis not invertible.

Theobviousquestiononemay askis: “Does it follow thatwhenever

±�² ³�áâµ ·¹ º»µ'ã¹ ä ¿9Ó , then5 or 6
divides Ë ?” This questionwasansweredin the affirmative by Z. ManseurandD. Wilson [12]. In Fact,
Wilson andManseurprovedinvertibility for a moregeneralclassof von Neumannneighborhoodbased
templates.They consideredthe template å6æÄçàè�é ºÞê6ë definedby

å"ìíè$î ë ¿ðïñ òôó õÜö î ¿5÷ø õÜöÀù î Ø�÷ ù ¿úÁ¬Æoû Ë Ø5ÁÓ Æ�ü;ý�þ"û;ÿ õ Ç»þ º (8.2.3)

where ó º ø æ�� with
ø��¿úÓ and ê ¿�� ¹�� � ¹ . Pictorially, å hasrepresentation

t    =y�  b

 b

 b

 b

 a .

Their resultsare summarizedby the following theorem:

8.2.12 Theorem. (ManseurandWilson) Let 	�
��������� and ������������	 � bedefinedby Eq. 8.2.3.

1. If ! 
#"$
&% , then t fails to be invertible if and only if either5 or 6 divides ' .
2. If !(
&) and "+*
&) , then � is invertible ,.-/' is odd.
3. If 00 1 2 0043 5 , then � is invertible.

The proofs of statements2 and3 follow the argumentusedto prove the invertibility of the Moore
template. However,the proof of statement1 is ratherinvolved. Note also that the hypothesisrequires
a squarearray. It is still an openquestionwhetheror not similar resultshold for rectangular(i.e. not
necessarilysquare)arrays.

Another requirementin the abovetheoremis the symmetryof the pixel valuesabout the center
point 6 . The invertibility of von Neumanntemplateshavingnon-symmetricpixel valuesremainsanother
open question.
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8.3 Determinants and Inversion

Determinantscanbe usedto establishthe invertibility of a template.Specifically,if 798#:<;�=(:�>
and ?�@BA�CEDGF D , then t is invertible if and only if HJILKNM�OPMQ?SRTR�U8WV . Determinantscan also be usedto
provide explicit expressionsfor the inverseof a given template.

If XB@ZY ;[>]\^;_> M�C[R , then the determinantHJI`KTMaXbZcJd ;_> R is given byM�b�efR ;_> c ;_>�gihNj c ;_>Sk j g9lmlmlngih ;_>Sk j c gih ;[>.8Vpo (8.3.1)

The term
h ;_> is obtainedby setting c�8WV and is, therefore,equal to HJILKqMrX$R . Multiplying Eq. 8.3.1

by MTb�esR ;_> results in the polynomialt Mac<Ru8�c ;[>�giv ;[>Sk j c ;_>^k j gwlmlxlygZvLj c givqz_{ (8.3.2)

where
vNz 8|MTb�efR ;_> HJI`KTMTX$R andv ;_>Sk j 8}KT~f� v IsM�X$R�8�b$Mr� jTj�g �J�T� gwlxlmlng �^;_>^� ;_>�R�o

The polynomial t Mqc�R correspondsto the characteristicpolynomial of A (Section3.8).

8.3.1 Theorem. Suppose?�@ A C D F D and X�8�OPMQ?fR . If HJI`KTMaX$R�U8�V , then t is invertibleand? k j 8�b ev z A�? ;_>^k j g�v ;_>^k��L? ;[>Sk�� gwlmlxlEg�vLj�� F {
where ?m��8 ����� z ? and ? z 8 � .

Proof: It follows from the Cayley-HamiltonTheorem[8] that A satisfiesits characteristic
polynomial. Therefore,t MrX$R_8X ;[> giv ;[>Sk j X ;_>^k j g�lmlxlyg�v`j X giv�z dL;[>�8��;_>Go
Since HJI`KTMaX$R U8wV , v z U8wV . Hence,dL;[>.8X lE� b evNz A�X ;_>^k j g�v ;_>^k j X ;_>^k���g9lmlmlngiv`j dL;[>�FN� {
and X k j 8�b evNz A�X ;_>^k j gZv ;_>^k j X ;_>Sk��4g9lmlmlngiv j d ;[> F�o (8.3.3)

Since O is an isomorphism,O k j A�X k j F�8}? k j and O k j A�X���F$8}?m� for ��8V { e {y m m �{�¡£¢ bZe .
The result now follows immediatelyby applying O k j to Eq. 8.3.3.

Q.E.D.

In contrastto Section8.2, the templatesconsideredhereare translationinvariant but not circulant.
Accordingto Corollary7.1.7, the inverseof a translationinvarianttemplateis not necessarilytranslation
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invariant. Translationvarianttemplateoperationsrun notoriouslyslow on currentcomputerarchitectures.
The above theoremprovidesa way to write the inverseof a translationinvariant templatein terms
of invariant templates. However, speed-upin performancecan generallynot be achievedby simply
replacing ¤+¥¦¨§^©�ª with «�¬N®u¯ ¤(¥¦�§L°_± ©�ªm² ¥  °_± ©]³ ¯ ¤�¥¦¨§L°[± ©�³�² ¥w´m´x´y¥  ª ´L¤
due to the increasein the numberof convolutionsthat must be performed. Fortunately,it is often
possibleto decomposethe polynomial representationof a templateinto fewer products. For example,
using polynomial factorization,the polynomialµ�¶ §f·�¸¹§Lº ¥  ³ § ³ ¥  ª § ¥  ®
can be factoredas µ<¶ §f·_¸}§S»¼§ ¶ § ¥  ³ · ¥  ª�½ ¥  ®u¾
Thus, the numberof convolutionproductscan be reducedby one-half,from 6 to 3.

A classicalmethodof evaluatingdeterminantsof large matricesis by cofactorexpansion.The next
theoremis a consequenceof the useof cofactorexpansionon certaintypesof block Toeplitz matrices.

8.3.2 Theorem. If A andB are ¿£À�¿ matricesand Á ° is an Â£¿�À£Â£¿ blockToeplitzmatrix of form

Á ° ¸
ÃÄÄÄÄÄÄÄÄÅ
Æ Ç Æ Æ ´m´x´ Æ ÆÈ Æ Ç Æ ´m´x´ Æ ÆÆ È Æ Ç ´m´x´ Æ ÆÆ Æ È Æ ´m´x´ Æ Æ
...

...
...

...
.. .

...
...Æ Æ Æ Æ ´m´x´ Æ ÇÆ Æ Æ Æ ´m´x´ È Æ
ÉLÊÊÊÊÊÊÊÊË¨Ì

then ÍJÎLÏ ¶ Á ° ·�¸ ¶ « ¬ · ± ÍJÎLÏ ¶ Ç · ´SÍJÎ`Ï ¶ È · ´SÍJÎLÏ ¶ Á ° ©]³ · .
Proof: ÍJÎ`Ï ¶ Á ° ·_¸ ¶ « ¬ · ± ÍÐÎ`Ï ÃÄÄÅ È Æ Ç Æ ´m´x´ ÆÆ Ç Æ Æ ´m´x´ ÆÆ È Æ Ç ´m´x´ Æ

...
...

...
...

...
...

ÉLÊÊË
¸ ¶ « ¬ · ± ÍÐÎ`Ï ¶ È · ´mÍJÎ`Ï ÃÄÄÅ Ç Æ Æ Æ ´m´m´ ÆÈ Æ Ç Æ ´m´m´ ÆÆ È Æ Ç ´m´m´ Æ

...
...

...
...

...
...

ÉLÊÊËÑ ÒmÓ Ô° ©�ªÖÕQ×ÙØaÚQÛLÜ¸ ¶ « ¬ · ± ÍÐÎ`Ï ¶ È · ´mÍJÎ`Ï ¶ Ç · ´mÍJÎ`Ï ÃÄÄÅ Æ Ç Æ Æ ´x´m´ ÆÈ Æ Ç Æ ´x´m´ ÆÆ È Æ Ç ´x´m´ Æ
...

...
...

...
...

...

É ÊÊËÑ ÒxÓ Ô° ©�³ÖÕQ×ÝØaÚQÛNÜ
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Q.E.D.

8.3.3 Corollary. If ÞPß is an à�á�à tridiagonal matrix of form

Þ ß.â
ãääääääääå
æ ç æ æ èmèxèéæ æê æ ç æ èmèxèéæ ææ ê æ ç èmèxèéæ ææ æ ê æ èmèxèéæ æ
...

...
...

...
. ..

...
...æ æ æ æ èmèxèéæ çæ æ æ æ èmèxè ê æ
ëLììììììììí¨î

then ïJðLñNò�Þ ß�ó.âõô ç ê è ïJðLñqòrÞ ßSöø÷xó .
Applying the reductionformula given by the abovecorollary to the matrices

Þ�ù â ò æ ó î Þ�÷ âwú
æ çê æ�û î Þ�ü â

ãå æ ç æê æ çæ ê æ ëí î�ýfþ�ÿ Þ�� â
ãääå æ ç æ æê æ ç ææ ê æ çæ æ ê æ

ë ììí
we obtain ïJð`ñTòaÞ ù óuâ æ î ïJð`ñTòaÞ ÷ ó�â�ô ç ê î ïJð`ñTòaÞ ü óEâéô ç ê è ïJðLñqòrÞ ù ó�â æ îand ïJðLñqòrÞ � ó�â�ô ç ê è ïJð`ñTòaÞ ÷ ó�â ò ç ê ó ÷ , respectively.

More generally,we have thatïJð`ñTòTÞ ß ó_â � æ ��� à ���	� ÿ�ÿò ô ç ê ó ß�
T÷ ��� à ���	��� þ�� (8.3.4)

The abovediscussionprovidesa quick methodfor the determinationof the invertibilty of certain
templates.For example,considerthe template ����������� � shownin Figure 8.3.1.

 a  by�r�    =
Figure 8.3.1 A templatewhich is invertible on an arraywith an evennumberof columns.

If �! #"%$'&("*) , thenthe matrix +�,�-/. is the 0213&4021 block Toeplitz matrix given by

+�,5-/.6 8799: ; ) < =>=�= << ; ) =>=�= <
...

...
. ..

...< < =>=�= ; )
?�@@A3B (8.3.5)
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where C�D is the EGFHE matrix

C DJI
KLLLLLLLLM
N O N N P>P�PQN NR N O N P>P�PQN NN R N O P>P�PQN NN N R N P>P�PQN N
...

...
...

...
.. .

...
...N N N N P>P�PQN ON N N N P>P�P R N
S�TTTTTTTTU3V

Since W�X�Y[Z\C�D^]`_I N if andonly if n is evenand WaX�Y[Zcb�Zed/]5] Igf WaX�Y[ZhC�Di]ej�k , the templater is invertible if
and only if

OJP R _I N and the numberof columnsof the array X is even.

An analogousargumentwill showthat the templates definedin Figure8.3.2is invertible if andonly
if
O�P R _I N and the numberof rows of X is even.

 a

 b

sl     =y�
Figure 8.3.2 A templatewhich is invertible on an arraywith an evennumberof rows.

Using the samereasoningalsoshowsthat the templatesshownin Figure8.3.3areneverinvertible.

v    =

 a

 b

u    =  a  b andy� y�
Figure 8.3.3 Two non-inveritible templates.

As anotherexample,considerthe Sobeledgetemplate

t
m
yn =

1

-2-1

2 1

-1

Now oqpsrutvxw , where

 1  1yyrz    = 2
{
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and s is the templateshown in Figure 8.3.2 with |G}s~ and ��}s�u~ . The matrix ���5��� is given by
Eq. 8.3.5, where

��� }
����������
� ~ � � ���>�!� �~ � ~ � ���>�!� �� ~ � ~ ���>�!� �� � ~ � ���>�!� �
...

...
...

...
. ..

...
...� � � � ���>� � ~� � � � ���>��~ �
�����������3�

It is well-known that
� �

has n distinct eigenvaluesstrictly between0 and 4 ([14], p. 101). Thus,�a��� � ��� ���}�� for all n and, hence,
�a��� �\�`�\�/�5��}�� �a��� � ��� �e��� �}�� for all m and n. Therefore,r is

alwaysinvertible. Sinces is invertible wheneverthe numberof rows of X is even,the Sobeltemplate
is invertible if and only if the numberof rows of X is even.

Thematrix �`���/� in the abovediscussionis almostdiagonallydominant.Recall thatan ¡�¢�¡ matrix� }��\|/£¥¤>� is diagonallydominantif andonly if ¦�|�£§£[¦©¨«ª£�¬ ¤ ¦�|�£¥¤�¦ for all ®�}#~�¯ � ¯%°>°>°%¯^¡ . Sincediagonally

dominantmatricesarealwaysinvertible,templateswhosecorrespondingmatricesarediagonallydominant
must also be invertible. In particular, the template

 1  1y�t±    = 3
²

is invertible.

Our next result is alsoa consequenceof straightforward cofactorexpansionandinduction.

8.3.4 Theorem. If ³�´ is an µ·¶xµ tridiagonal matrix of form

³�´J¸
¹ºººººººº»
¼¾½ ¿ ¿ À>À�ÀÁ¿ ¿Â ¼Ã½ ¿ À>À�ÀÁ¿ ¿¿ Â ¼Ã½ À>À�ÀÁ¿ ¿¿ ¿ Â ¼ À>À�ÀÁ¿ ¿
...

...
...

...
. ..

...
...¿ ¿ ¿ ¿ À>À�ÀÄ¼Å½¿ ¿ ¿ ¿ À>À�À Â ¼
Æ�ÇÇÇÇÇÇÇÇÈ3É

then ÊaË�Ì[Íh³�´iÎÏ¸ÐÊaËÑÌhÍ5³�´/Ò^Ó�ÎÕÔ ½ Â À ÊaË�Ì[Í\³�´/Ò×Ö�Î .
Note that if ³�´ is asabove,then ÊaË�Ì[Í\³�Ó�ÎØ¸ ¼ , ÊÙËÑÌ[Í\³�Ö�ÎØ¸ ¼ Ô ½ Â , and ÊaË�Ì[Í\³�Ú>Î�¸ ¼ ÔxÛ ½ Â .

8.3.5 Theorem. SupposeÜÝ¸gÞ%ßÁ¶3Þ ´ , àâáäãæåèç`é ç is definedby

 a  byêr   = 1

and ë�ì is as in Theorem8.3.4. Thenr is invertible if and only if íaîÑïhð5ë�ì^ñóòôäõ .
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Proof: The matrix ö�÷\øúù is an û2ü�ý�ûâü block Toeplitz matrix of form

ö`÷�ø/ù6þ8ÿ��� ��� � ����� �� �	� ����� �
...

...
.. .

...� � �����
�	�
���
���

The resultnow follows from the fact that ����[÷hö�÷�ø/ù5ù�þ��������h÷ �	� ù������þ �"! ����[÷ �	� ù	�þ#� .
Q.E.D.

As an easyconsequencewe have:

8.3.6 Corollary. Suppose$ þ&% � ý'% � .
1. If ø)(&*,+.-0/ - is defined by

 1  1y1r�    = 1

then r is invertible if and only if 24357698;:=<?> .
2. If @BADCFEHG0I G is definedby

t
m

=

 1  1  1

 1 1 1

 1  1  1

,

then t is invertible if and only if JLKMON9P;Q=R�S and P KMONTPUQ=R�S .
Proof: (1) By Theorem8.3.5, R�V�WYX[Z	XF\9]Y] KM_^a` R�V�WYX[b	cd] KMe^ , where

b c M
fgggggg
h

i i ^ j�j�jk^ ^i i i j�j�jk^ ^^ i i j�j�jk^ ^
...

...
...

.. .
...

...^ ^ ^ j�j�j i i^ ^ ^ j�j�j i i

lmmmmmm
n�o

Let p cqM4R�V�WYX[b	cd] . Then by Theorem8.3.4, p cqM p c�rtsvu p cTrtw , where p sxM i , p wxM_^ , andp�y Mzu i .
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It follows by induction that {�|~}��t���O� , {�|~}U�7��{�|~}~��� , and {�|~};���x� with {�|~}��&� if � is
evenand { |�} ����� if k is odd. For supposethe result holds for someintegerk. According
to Theorem8.3.4,

{ |��}����Y� �#{ |��}~���Y���d� �){ |��}����~���t� �#{�|�}~���v�){�|~}~�����L�[{�|~}��t���B{�|�}=���B{�|�}~�����e��{�|~}T�
Thus, { |��}��t��� �����[����� . Similarly,

{ |��}��t������� �L{ |��}��t��� ��{ |��}��t�����d� � �,{ |��}~���Y���d� �){ |��}����Y�F¡ ��{ |��}����~�¢�£� �"�0{ |���}����Y�Y¤
and { |���}����Y���d� �#{ |���}����Y���d� �B{ |���}~�������¥| ����{�|~}��d�v�#�£�
Therefore, {�¦§�7� ¨ ©ª�&«T¬;=®?¯ .
(2) A similar argumentshowsthat the template

 1

 1

sl     =y1 1

is invertible if and only if ° ±²7³ °;´=µ�¶ .
Since · ²¹¸�º»B¼ , and µ9½�¾�¿ÁÀ	¿�·=Â�Â ² µ�½¾�¿ÁÀ0¿ ¸ ÂYÂ�Ãdµ�½¾�¿YÀ	¿ ¼ Â[Â , t is invertible if and only if° ±²
³ °;´=µ�¶ and Ä�±²&³ °;´=µ�¶ .

Q.E.D.

The techniquesdiscussedin this sectioncan be usedto determinewhethera templateis invertible.
However,with the exceptionof Theorem8.3.1, they do not suggesta methodfor finding the inverseof
a template. Methodsfor inverting templatesare discussedin the next section.

8.4 A Class of Easily Invertible Templates

The precedingsectionssuggestthe obvious: template inversion is — in general— a difficult
and computationallyinefficient process. Furthermore,the inverseof a translationinvariant template
is generallytranslationvariant. Themainobjectiveof this sectionis to describea largeclassof templates
thatcanbeeasilyinvertedandhavetheadditionalpropertythat their inversescanbefactoredinto a small
numberof invariant templates. Moreover, the supportof eachtemplatewill have the samegeometric
configurationas the original template.

In order to establishthe main goal of this sectionit will be useful to recall someelementaryfacts
from linear algebra.
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8.4.1 Definition. Let ÅxÆ�ÇtÈ�ÉdÇËÊ=ÉÍÌ�Ì�ÌdÉdÇ£Î?Ï be a polynomial ring. The polynomial Ð ÑÅxÆÒÇ È ÉÓÇ Ê ÉÍÌ�Ì�Ì�ÉdÇ Î Ï is said to be symmetricif and only ifÐ�ÔÁÇËÈ�ÉdÇËÊ=ÉÍÌ�Ì�ÌdÉdÇ£ÎdÕ×Ö§ÐÙØ�ÇËÚTÛ È[Ü ÉdÇ£ÚTÛ ÊYÜ ÉÍÌ�Ì�ÌËÉdÇ¥Ú9Û Î=ÜFÝ
for every permutation Þ"ß×àÍáÎ�â àÍáÎ .

Therearen specialsymmetricpolynomialswith integercoefficients,calledtheelementarysymmetric
functionsof degree k:

ÐãÔFÇdÈ=ÉdÇdÊ=ÉÍÌ�Ì�ÌËÉdÇ¥ÎËÕ×Ö ÇËÈ×ä§ÇdÊåä&æ�æ�æçä'Ç£ÎèÖ Îé ê�ë È Ç
ê

Ð�Ô[ÇdÈ=ÉdÇdÊ=ÉÍÌ�Ì�ÌËÉdÇ¥ÎËÕ×Ö#ÇËÈÇdÊåä'ÇËÈ~ÇËìåä
æ�æ�æçäBÇ¥Î�ídÈÇ¥ÎèÖ é ê�î�ï Ç ê Ç ï
Ð�Ô[ÇdÈ=ÉdÇdÊ=ÉÍÌ�Ì�ÌËÉdÇ¥Î£ÕÙÖ#ÇËÈÇdÊÇ£ìðäBÇËÈÇ£ì�ÇÓñ�äDæ�æ�æçä'Ç£ÎTídÊ�Ç¥Î9ídÈÇ¥ÎòÖ éê�î�ï~î�ó Ç ê Ç ï Ç ó

...ÐãÔÁÇËÈ=É£ÇËÊ=ÉtÌ�Ì�Ì�ÉdÇ£Î¥ÕÙÖ#ÇËÈÇËÊÇ¥ìèæ�æ�æ�Ç¥Î
In particular,the elementarysymmetricfunction of degreeôqÖ õTÉ¥ö¥ÉÍÌ�Ì�Ì�É¥÷ is of formÐãÔÁÇËÈ=É£ÇËÊ�ÉÍÌ�Ì�Ì�ÉdÇ£Î¥ÕÙÖ éÈ�ø êúù,î¥êúû[î�ü�ü�ü�î¥ê�ý ø¥Î Ç

ê�ù Ç ê�û æ�æ�æ?Ç ê�ý×þ
If ÿÈ�ÉdÿÊòÑ�� and A is an ÷��B÷ matrix, then the equationÔ�� Î ä§ÿ È�� Õ�Ô�� Î äBÿ Ê	� ÕÙÖ
� Î ä ÔÁÿ È ä'ÿ Ê Õ � äBÿ È ÿ Ê�� Ê (8.4.1)

is an immediateconsequenceof the associativeand distributive laws of matrix multiplication. Equiv-
alently, we have Ê�ê�ë È Ô�Î ä'ÿ

ê
� ÕÙÖ
�Î ä ÐËÈ�ÔÁÿÈ�ÉdÿÊÕ � ä ÐËÊ�ÔÁÿÈ�ÉdÿÊ�Õ � Ê É (8.4.2)

where ÐdÈ and ÐdÊ areelementarysymmetricfunctionsof degree1 and2, respectively.An easyextension
of Eq. 8.4.2 provesthe following fact:

8.4.2 Theorem. If ��ÿÈ=ÉdÿÊ�ÉÍÌ�Ì�Ì�Édÿ�Î������ and A is an ÷���÷ matrix, thenÎ�ê�ë È Ô��Î ä§ÿ
ê
� ÕÙÖ
��Î ä ÐdÈ�Ô[ÿÈ�ÉãÌ�Ì�ÌdÉËÿ�ÎdÕ � ä ÐdÊ�Ô[ÿÈ�ÉãÌ�Ì�Ì�Édÿ�Î¥Õ � Ê ä&æ�æ�æçä Ð¥Î£ÔÁÿÈ�ÉãÌ�Ì�Ì�Édÿ�Î£Õ � Î É

where Ð ó ÔFÿÈ=ÉÍÌ�Ì�ÌËÉdÿ�Î¥Õ is an elementaryfunctionof degreek for ôqÖOõ9ÉÓö£ÉÍÌ�Ì�ÌtÉË÷ .
An ÷���÷ matrix � Ö�Ô�� êÒï Õ Î��9Î is called upper triangular if �

êÒï Ö�� whenever����� and strictly
uppertriangular �

êÒï Ö � whenever�"!#� . The matrix A is said to be nilpotent if thereexistsan integer
k suchthat �

ó
Ö%$ Î . If k is the smallestsuchinteger,then A is said to be nilpotentof order k. With

thesenotionsin mind, the next theorembecomesa routine exercise.
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8.4.3 Theorem. If A is a strictly uppertriangular &('�& matrix,thenA is nilpotentof ordern. Moreover,
the productof any n strictly uppertriangular &)'�& matricesis the zero matrix.

The next result follows immediatelyfrom this theorem.

8.4.4 Corollary. If A is a block matrix with strictly uppertriangular &*')& blocks,thenA is nilpotent
of order n.

8.4.5 Theorem. If +-,/.0+21/.435363�.7+98 denotes the list of the distinct nth roots of unity, then:�;=< +2,/.7+>1/.435353?.7+98�@#ACB for DEAGFH.�I�.436353�.J&LK�F , where :�; denotesthe elementarysym-
metric function of degree k.

Proof: For DMANFO.�I�.436353J.�& , + ; is a root of the polynomial :?<�P @QA P 8 K
F . Thus,:?<�P @2A <�P K*+2,6@ <RP K)+216@TS6S5S <�P KU+V8J@A P 8 K#W , P 8=X�,ZY W 1 P 8HX[1 K\S6S5S Y < K]F6@ 8 W 8 .
where W , A^+ , Y + 1 Y S5S6S Y + 8 A : , < + , ._35363?.7+ 8 @W`1�A^+2,a+>1 Y +>,a+2b Y S6S5S Y +V8HX[,c+V8dA : 1 < +2,/.435353J.7+V8J@W 1 A^+ , + 1 + b Y + , + b +Ve Y S5S6S Y + 8OX�1 + 8HX[, + 8 A : b < + , .435363_.H+ 8 @

...W 8 AL+ , + 1 S5S5SH+ 8 A : 8 < + , .f36353J.7+ 8 @
But :f<�P @gA P 8 K�F . Therefore, W , A�W 1 AhS6S5S�A�W 8OX�, A�B .

Q.E.D.

Thesepreliminaryresultsprovidethenecessarymeansfor provingthecentraltheoremof this section.

8.4.6 Theorem. SupposeA is a nilpotentmatrix of order n. If + , .7+ 1 .436353?.7+ 8 denotesthe list of the
distinct nth roots of unity, then<�i Y + ,cj @ <�i Y + 1	j @TS5S6S <�i Y + 80j @QA i�k
In particular, for D)A\FH.�I�.435363�.�&*K�F , the inverseof the matrixl A <�i Y +>, j @ <�i Y +21 j @(S6S5S <�i Y + ; j @
is given by l X�, A <i Y + ;�m ,	j @ <�i Y + ;�m 15j @TS5S6S <i Y + 8�j @ k

Proof: By Theorems8.4.2 and 8.4.5,<i Y + ,5j @ <�i Y + 1	j @(S6S5S <�i Y + 8�j @2A i Y : 8 < + , .`+ 1 .435363_.0+ 8 @ j 8 k
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But n(o#p\q sinceA is nilpotent of order n.

For the secondpart supposethatr pts�u]v�w2x	nzy{s�u|v�w2}	nzyT~5~5~Jsu|v�w2�/nzy��
By the first part, r ~H��s�u]v�w2��� x nzy{s�u]v�w>��� } nzyT~5~6~�su]v�w o nzy��?p
u��
Therefore,by the uniquenessof inverses,r|� x p�su]v�w2��� x n�yRs�u]v�w>��� } nzyT~5~6~�su]v)w o n�y��

Q.E.D.

A particularconsequenceof this theoremis that if w is a primitive nth root of unity, then

su|v�w�nzy���u]v�w } n|��~6~5~[s�u]v)w o nzyQp
u?�
Thus, if

r p\u�v�n , where n o p�q , thenr|� x pts�u]v)w�n�y5��uzv�w } n���~5~5~9��u�v�w o � x n|�>�
8.4.7 Example: Suppose��p��?�)�|� o , w is a primitive nth root of unity, and �]�
��9�T� � is givenby

 1    a t   =

Let U and V denotethe ����� uppertriangularmatricesdefinedby

���
 ¡¡¡¡¡¡
¢

£ ¤ £ ¥5¥5¥¦£ ££ £ ¤ ¥5¥5¥¦£ ££ £ £ ¥5¥5¥¦£ £
...

...
...

.. .
...

...£ £ £ ¥5¥5¥¦£ ¤£ £ £ ¥5¥5¥¦£ £

§	¨¨¨¨¨¨
©
¤ �4ª�« �

 ¡¡¡¡¡¡
¢

¬ ¤ £ ¥5¥6¥¦£ ££ ¬ ¤ ¥5¥6¥¦£ ££ £ ¬ ¥5¥6¥¦£ £
...

...
...

. ..
...

...£ £ £ ¥5¥6¥ ¬ ¤£ £ £ ¥5¥6¥¦£ ¬

§	¨¨¨¨¨¨
©
�
	®�¯
�#°

Thus, if ± ��²(³�´Hµ , then

± �
 ¡¡
¢
« ¶ ¥5¥6¥ ¶¶ « ¥5¥6¥ ¶
...

...
.. .

...¶ ¶ ¥5¥6¥ «
§	¨¨
© �

 ¡¡
¢
 ® ¶ ¥6¥5¥ ¶¶  ® ¥6¥5¥ ¶
...

...
. ..

...¶ ¶ ¥6¥5¥  ®
§	¨¨
© ¯

 ¡¡
¢
� ¶ ¥5¥6¥ ¶¶ � ¥5¥6¥ ¶
...

...
.. .

...¶ ¶ ¥5¥6¥ �
§	¨¨
© �
¸· ® ¯#¹»º
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where ¼N½�¾7¿�ÀHÁ�Â�ÃQÄÅÃQÄ4Æ6Æ5Æ�ÄÅÃ|Ç and È denotesthe É)Ê)É zeromatrix. According to Corollary
8.4.4, A is nilpotentof ordern. Hence, Ë|Ì�Í�½�Ë Í"Î Ë4Ï Î5Î5Î Ë?Ð Ì�Í , whereeach Ë?Ñ is an Ò�É)ÊÓÒMÉ
block matrix, consistingof ÒÔÊ#Ò blocks. Specifically,

Ë?ÑÅ½
ÕÖÖ
×
Ø Ñ È Î6Î5Î ÈÈ Ø Ñ Î6Î5Î È...

...
. ..

...È È Î6Î5Î Ø Ñ
Ù	ÚÚ
Û Ä

where È denotesthe É)ÊÓÉ zeromatrix and
Ø Ñ is the É)Ê)É uppertriangularmatrix of form

Ø Ñ ½
ÕÖÖÖÖÖÖ
×

Ü Ý Ñ À Þ Î6Î5Î Þ ÞÞ Ü Ý Ñ À Î6Î5Î Þ ÞÞ Þ Ü Î6Î5Î Þ Þ
...

...
...

. ..
...

...Þ Þ Þ Î6Î5Î Ü Ý Ñ ÀÞ Þ Þ Î6Î5Î Þ Ü

Ù ÚÚÚÚÚÚ
Ûàß

Therefore, á Ì�Í ½ á Ízâã á Ï âã Î6Î5Î âã á Ð Ì�Í Ä
where

á Ñ ½¦ä(Ì�Í	ÂË Ñ Ç is of form

 1  ω   ait
å
   =i ..

Thus, each æ	ç is invariant and has the samegeometricconfigurationas t. Furthermore,the
numberof factors in the decompositionof æ=è[é is one lessthan the numberof columns. Note
alsothat the primitive nth root of unity canbe chosenin the field êJë , wherep is a large prime.
This meansthat all calculationscan be accomplishedusing only integer arithmetic, therefore
avoiding round-off errorsand dealingwith complexnumbers.

The aboveexamplehas the following generalizations:

8.4.8 Theorem. Supposeìîíïê?ðNñòê?ó and æ)ô�õö�÷Tø ÷ is translation invariant. If ù(ú�æ=û is upper
triangular and æ	ü?úþý"û�í ÿ , then æ è�é can be factored into a product of at mostmn invariant
templates.Furthermore, thesupportof eachtemplatein the factorizationwill be identical to the
supportof t.

Proof: By hypothesis,ù(ú�æ/û�í � ð"ó���� , whereA is a strictly upper triangular ���òñ	�
�
matrix. Therefore,A is nilpotentof order ����
� . Hence,by Theorem8.4.6, the inverseofù(ú�æ/û canbe factoredinto a productof at mostmn matricesof form

� ðQó �� ç � , where � ç is a
root of unity for �(í ÿ���������������� . Thus, æ è�é can be factoredas

æ è�é í�æ é �� æ����������� �� æ� !�
where æ ç í¦ù è�é ú � ðQó �"� ç �zû .

Q.E.D.
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8.4.9 Theorem. Suppose# $ %'&)(*%�+ and ,.- /103254 2 is translation invariant. If 67$8:9<;=8?><;�@�@�@A;�8 + is a list of the nth rootsof unity and t hasfactorization

,�$B, 9DCE , >�CEGF�F�F CE ,IH ;
such that

t
å
   =i

 1  ω   bi
.

  ω   fi
.   ω   ei

.

  ω   ai
.

  ω   ci
.  ω   di

.

then JLK�MONPJ�QSR MDTU J�QSR'V TU�W�W�W TU JYX[Z
where

  ω   f   ω   e

  ω   d  ω   c

  ω   b  ω   a  1

j
\

j
\

j
\

j
\

j
\

j
\

t
]
   =j
\

..

..

..

for ^P_.`ba*c�d�`ba�e�d�f�f�f'dhg .

Proof: Let i7_ jk=lSmonqpsr�t1uwvxYy!z|{ . Thus A is a block matrix with strictly upper triangularg"}~g blocks and, by Corollary 8.4.4, nilpotent of order n. According to Theorem8.4.6 we
now have that the inverseof

n�p�r<u _ n�p�r j uw��n�p�r���uA������n[p�r��<u_ psx�y�z a� j i u�p�x�y�z a"� � i uA������psx�y�z a"� � i u
is given by

mon�p�r�us{�� j _ p1xYy�z a� ��� j i u�p1xYy�z a� ��� � i u�������psx�y�z a�� z i uS�
Therefore,r � j _ r��S� j a� r���� � a� ����� a� rYz where r�� _ n � j p�xYy�z a�� � i u for^P_�`
a*c�d�`ba�e�d�f�f�f�d�g .
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Q.E.D.

NotethatTheorem8.4.9is valid for a muchwider classof templatesthanindicatedby thehypothesis.
In particular,if �q�s�Y���Y�[�Y�!� is astrictly uppertriangularblock Toeplitzmatrixwith strictly uppertriangular
Toeplitz blocks, then the conclusionof the theoremstill holds.

Identical results could also have beenobtainedusing lower triangular matricesinsteadof upper
triangularmatrices. Furthermore,by Schur’sTheorem[7] every matrix with real eigenvaluesis equal
to the sum of a diagonalizablematrix and a nilpotent matrix. Thereforewe could havestatedmanyof
the results in this more generalsetting. However, the benefitsof doing so do not warrant the added
complications.

8.4.10 Example: Let ����� �¡  � � , ¢¤£¦¥¨§ , andr , s, t, andu beparameterizedreal-valuedtemplates
definedby

,  and    u(i)  =

s© (i)  =rª (i)  =

t
å
(i)  =

,

   i  d.

   i  b.    i  a.

   i  c.

   i  a.

   i  a.

   i  a.

   i  d.

   i  d.

   i  d.

   i  b.

   i  b.

   i  b.    i  c.

   i  c.

   i  c.

 1

 1

 1

 1

where i, a, b, c, and d are integers.

Considerthe transform«¡¬®B¯¦°±³²�´�µ<¶ °±G·�·�· °±¡²�´1¸A¶ °±	¹�´Sµ�¶ °±G·�·�· °±º¹�´»¸A¶ °±¡¼<´�µ<¶ °±G·�·�· °±¡¼<´�¸�¶ °±B½¨´Sµ�¶ °±G·�·�· °±P½¨´�¸�¶¿¾
This transformis invertiblewheneverthehypothesesof thetheoremspresentedin thissectionare
satisfied.Observethatpartsof thehypothesesaresatisfiedsinceÀ ´s²�´»ÁÂ¶�¶�Ã�ÄYÅ!Æ and À ´�¼<´�Á�¶�¶�ÃDÄYÅ�Æ
areblock matriceswith strictly uppertriangular Ç~ÈÉÇ blocks,

²�´sÁÂ¶»Ê�´sË!¶  µ
and

¼<´�ÁÂ¶�Ê�´1Ë!¶  µ
.

Similarly, À ´s¹�´�ÁÂ¶�¶?ÃÌÄ Å�Æ and À ´�½w´�Á�¶�¶ÍÃ¡Ä Å�Æ are block matriceswith strictly lower triangularÇÈ¤Ç blocks. Now supposethat a is a Î�Ï�ÈÉÎ�Ï imagewith pixel valuesbetween0 and31. As
notedearlier, the theoremshold for the finite field Ð�Ñ , wherep is a prime. This lets us avoid
complexarithmeticandround-off errors.To invert thetransformexactly,we needonly choosea
primenumberp which is larger thanboth the numberof columnsandthe maximumpixel value
(assuminģ

�ÒºÓ
). Thus, the most reasonableprime in this casewould be the integer

Ó  Î=Ô .
Sincethe integers

µLÕ�Ö¿Õ�×�×�×�Õ Î�Î are all the roots of unity in the field Ð�ØSÙ , it follows from the
resultsof this sectionthat the transformis invertible if we set Ú¨Û  Á for

Á  µLÕ�Ö¿ÕA×�×�×'Õ Î�Î and¸ºÒ�Ó
. Furthermore,the inversetransformis given by¯¤¬Ü�«¡°±P½¨´�¸ ° µ�¶ °±�·�·�· °±B½¨´ ÎLÎ ¶ °±	¼�´�¸ ° µ<¶ °±G·�·�· °±¡¼<´ Î�Î ¶ °±³¹�´s¸ ° µ<¶ °±G·�·�· °±º¹<´ Î�Î ¶ °±³²|´s¸ ° µ<¶ °±G·�·�· °±

Figure 8.4.1 showsthe result of this transformand its inversionfor
¸  µ

and
¸ ÞÝ�Ý

. Note
that for

¸ ßÝLÝ
the transformcompletelydisguisesthe airplane. Having usedonly integer
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arithmetic à�áIâ=ã�ä providesfor anexactinversionof the transformin bothcasesandthusallows
the recoveryof the original image.

Figure 8.4.1 Masking and inversiontransform. The top row showsthe input imageon
the left and the resultingimagefor breakvalue åæèç on the right. The lower
row showsthe effect when settingthe breakvalue at å~æ*éLé (left image)and
the invertedimagewich is identical to the sourceimagefor both breakvalues.

The foregoingexampleindicateshow imagescan be encryptedanddecrypted.Using large primes,
the choice of combinationsbecomesextremely large, thus making the decodingtask computationally
prohibitive unlessthe basictemplateconfigurations,values,and k are known. Of course,messagesas
well as imagescan be encryptedusing thesetechniques.One may simply equatethe letter A with the
integer 1, the letter B with 2, etc. If the messageis enteredinto an array with 80 columns,then the
integer83 will be the smallestprime that will encodeand recoverthe messageexactly.
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CHAPTER 9
DECOMPOSITION AND INVERSION OF TEMPLA TES

OVER HEXAGONALL Y SAMPLED IMAGES

Most digitally sampledimage representationsemployedin digital image processingare basedon
placementsof pixels in a rectangulargrid form thatcorrespondsto tiling theplanewith squares.Reasons
for interestin hexagonalgrids in imageprocessingarethat digital scenesin low resolutionimagesoften
look morenatural whenpixelsarepresentedin hexagonalratherthanrectangulararrangement,hexagons
canbe groupedinto naturalaggregatesfor fast addressing,andsinceeachpoint in a hexagonalgrid has
six equal-distanceneighbors,the 4–neighbor/8–neighborproblemdoesnot exist.

Hexagonalgrids havebeenexaminedandusedby variousresearchersfor severaldecades.In 1963,
B.H. McCormick proposedhexagonalgrids asa possiblearrayrepresentationfor planarimages[11]. in
1969,M.J.E. Golay proposeda parallel computerfor hexagonalarrayprocessinganddevelopeda basic
theoryfor hexagonalpatterntransformations[5]. Kendall Prestondevelopeda specialpurposecomputer
architecturein 1971which wasbasedonhexagonalpatterntransformationsin orderto achievehigh-speed
imageprocessingroutines[12]. In the early 1980’s, D. Lucasand L. Gibsonexploitedthe geometric
advantagesof the hexagonalrepresentationin applicationsto automatictarget recognition[2, 3, 4, 8, 9].
NarendraAhuja investigatedpolygonaldecompositionsin 1983for hierarchicalimagerepresentationsin
triangular,square,andhexagonallattices[1]. In 1983,D.K. ScholtenandS.G.Wilson showedthat the
hexagonallatticeoutperformsthe rectangularlattice asa basisfor performingchaincodequantizationof
line drawings[13]. Informativesummariesof thepropertiesof hexagonalarrayswith emphasison image
analysisin the morphologicaldomaincanbe found in J. Serra’swork on mathematicalmorphology[14,
15].

The main emphasisof this chapteris on the problemof templatedecompositionand inversionover
hexagonalarrays.Hexagonsorganizethemselvesnaturally into a hierarchyof snowflakeshapedregions.
Thesetile the planeand consequentlyyield a simpler definition of circulancy. Unlike the circulancy
of rectangulartiling of the plane,which yields a toroidal topology, the hexagonalanalogueyields the
topology of a circle. As a result, circulant templatesare mappedisomorphicallyinto a quotientof the
ring of polynomialsin onevariable. Thesepolynomialsareproductsof linear factorsover the complex
numbers. A polynomial will be invertible in the quotient ring whenevereachof its linear factors is
invertible. This resultsin a simple criterion for templateinvertibility.

9.1 Generalized Balanced Ternary

Balancedternaryis an addressingsystemproposedby D.E. Knuth for locating integersusing three
symbols[6]. Taking thesesymbolsto be the integers ê , ë , and ì , the needto addressnegativeintegers
requiresthat 2 will beusedin the role of the negativeinteger íîë . The resultingnotationfor the integers
is shown in Figure 9.1.1. A look at this figure suggestshow to constructaddition and multiplication
tablesfor thesesymbolswhich, whenappliedsequentiallyin themannerof decimaloperations,will yield
standardarithmetic. In order to makethings work analogousto integerarithmeticon the discreteline
we must have ë�ïðë
ñ�ë�ì , ëOï�ì"ñòê , ìôóLì"ñ.ë , etc.

383



212 210 211 22 20 21 2 0õ 1 12 10 11 122 120 121

Figure 9.1.1 Balancedternarynotationfor integerscloseto 0.

GeneralizedBalancedTernary,abbreviatedGBT, extendsthe algebraicand geometricpropertiesof
balancedternary to higher dimensions[7]. The 2–dimensionalgeneralizedbinary ternary numbers,
abbreviatedöø÷îùAú , wheredevelopedby L. GibsonandD. Lucasasa methodfor addressinga hexagonal
tiling of Euclidean2–space[2, 3, 8, 9, 4]. They describethe hexagonaltiling as a hierarchyof cells,
where at eachlevel in the hierarchynew cells are constructedaccordingto a rule of aggregation.A
hexagonand its six neighborsform the first level in this hierarchy(Fig. 9.1.2). Note that a first level
aggregatecan also tile 2–spaceand hasthe sameuniform adjacencypropertythat the hexagonaltiling
possesses.A first level aggregateandits six first level aggregateneighborsform a secondlevel aggregate
(Fig. 9.1.3). The hierarchycontinuesin the obviousway. Figure9.1.4showsa third level aggregate.

Figure 9.1.2 The first level aggregate.

Figure 9.1.3 The secondlevel aggregate.
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Figure 9.1.4 The third level aggregate.

The û�üîýÿþ addressingmethodof the hierarchicaltiling is basedon the following scheme.A first
level aggregate��� is chosenand labeledwith the integers � through � as shownin Figure 9.1.5. The
centerhexagonlabeled � is consideredas the origin.

Figure 9.1.5 The GBT addressof the first level aggregate.

The six first level aggregatesneighboring ��� are labeledwith the digits shownin Figure 9.1.6and
form a secondlevel aggregate��� ; eachdigit is someintegerfrom �
	 . Readingthesedigits from right
to left, the first digit correspondsto wherethe labeledhexagonis in its first level aggregate��� and the
seconddigit correspondsto where ��� is in the secondlevel aggregate� � .
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Figure 9.1.6 The GBT addressof the secondlevel aggregate.

Figure 9.1.7 illustratesthe labeling schemeof the third level aggregatecentered at �� . Continuing
in this manner,everyhexagonin the tiling will correspondto a uniquefinite sequence(an address)with

Figure 9.1.7 The GBT addressof the third level aggregate.
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entriesan integerfrom �
� . Thus, the ������� systemcan be thoughtof as a set of all finite sequences
with entriesfrom the set � � .
9.2 GBT2 Arithmetic

The rationalefor using the �����
� addressingschemedescribedin the previoussectionis rootedin
geometryanda desirefor an efficient addressingsystemfor hexagonalarrayprocessing.The geometric
basisbecomesclear if one considersFigure 9.2.1 and the parallelogramlaw of vector addition. If the
hexagonwith address0 is centeredat the origin of the plane,thenthe resultantof additionof the vector
with terminalpoint at the centerof thehexagonlabeled1 with thevectorwhoseterminalpoint is located
at the centerof the hexagonlabeled2 is the vectorwhoseterminalpoint is at the centerof the hexagon
labeled3; i.e., ��������� .

Figure 9.2.1 Addition of first level aggregate�� �!
" addresses.

A quick checkshowsthat wheneverthe resultantof two vectorswhoseinitial points and terminal
pointsarethe origin andthe centerof oneof the hexagonsin the first aggregate,respectively,is another
vectorin the first aggregate,thenthe �� �! " addressadditionthatyields the correspondingcorrectvector
addition is simply addition #%$'&)( . In particular, *,+.-0/�1 , 2,+3-0/54 , and 16+.20/87 .

Proceedingto the secondlevel aggregate,we note that if we usevector additionwe shouldobtain9 +:2;/<2'1 . By examiningthe first aggregateand its surroundinghexagons(Fig. 9.2.2), oneobtainsa
simple mechanismfor defining a new addition on the set =?> .
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Figure 9.2.2 The first level aggregateand its surroundinghexagons.

Theadditiontablecorrespondingto thevectoradditionin thefirst level aggregateis shownin Figure
9.2.3. We mayview theadditiondefinedby this tablemuchin thesamemannerasadditionin thedecimal
system.The sumof any two digits yields a remainderdigit and,potentially,a nonzerocarry digit. For
example @BA:C0D5CFE hasa remainderof 4 anda carry of 3. Note that the remaindercorrespondsto the
addition GH@IAJCLKNM%OQPSR , while the carry is one of the two digits to be added.

+ 0 1 2 3 4 5 6

0 0 1 2 3 4 5 6

1 1 12 3 34 5 16 0

2 2 3 24 25 6 0 61

3 3 34 25 36 0 1 2

4 4 5 6 0 41 52 43

5 5 16 0 1 52 53 4

6 6 0 61 2 43 4 65

Figure 9.2.3 T�U�VXW addition table.

Thedigitwiseadditiondecomposestheadditiontableinto a remainderanda carrytableasillustrated
in Figure 9.2.4. The digitwise arithmeticallows for the vectorially correctaddition of any two T�U�V
W
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addresses.For example,the additionof the Y�Z�[
\ addresses416 and346 is given by]_^L`a]cbL`d e bf5g d b^ dJh
where(x) denotesthe carry digit x. Note that nonzerocarry digits in singledigit addition indicatethat
the vector sum lies in a different first level aggregate.

+ 1 2 3 4 5 6 + 1 2 3 4 5 6

1 2 3 4 5 6 0 1 1 0 3 0 1 0

2 3 4 5 6 0 1 2 0 2 2 0 0 6

3 4 5 6 0 1 2 3 3 2 3 0 0 0

4 5 6 0 1 2 3 4 0 0 0 4 5 4

5 6 0 1 2 3 4 5 1 0 0 5 5 0

6 0 1 2 3 4 5 6 0 6 0 4 0 6

Figure 9.2.4 Digitwise operationon Y�Zi[ \ with remaindertableon the left andcarry tableon theright.

Negationof GBT addressesis accomplishedon a digit by digit basis. The negativeof 0 is 0. The
negativeof any other GBT digit d is the integer differencebetween7 and d; i.e., j�kml . Looking at
Figure 9.1.5, one can easily infer that the negativeof a given digit lies on the oppositeside of 0. To
form the negativeof any other Y�Z�[
\ addressone simply takesthe negativeof eachof its digits. For
instance,the negativeof 123 is 654.

Subtraction is defined in terms of addition combined with negation in the usual way. Thusn k:oqp n f ]_rtsvuxwzya{}|LsI~Q� o ` . In particular,
b h k d g p b h f.g d p�� .

Multiplication of Y�Zi[ \ addressesis similar to addition in that it is a digitwise operation. The
multiplication table (Figure hexa12) shows that the GBT product of two digits is just their integer
productmodulo 7. Multidigit multiplication in Y�Z�[
\ is bestexplainedby example. To multiply 254
by 62 we proceedas follows: � h�d� b �d g e ] p�� � � h�d `h � g ] p b � � h'd `h � b e ] p�Y�Zi[ \ o���� `
Similarly, � hzh � � h p bz^ d

. Note that the multiplication of two Y�Z�[
\ addressescan be viewed as� 1 2 3 4 5 6

1 1 2 3 4 5 6

2 2 4 6 1 3 5

Figure 9.2.5 Y�Z�[
\ multiplication table. (Continued). . .
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3 3 6 2 5 1 4

4 4 1 5 2 6 3

5 5 3 1 6 4 2

6 6 5 4 3 2 1

Figure 9.2.5 �����
� multiplication table.

multiplication of vectorsin 2–dimensionalspace;it is identicalwith multiplication of complexnumbers.
That is, it addsanglesand multiplies magnitudes. In particular, it is commutative,associative,and
distributesover �����
� addition. As a result, we a commutativering structurewhich is isomorphicto
a subring of the complex numberswith addition correspondingto vector addition and multiplication
correspondingto complex multiplication.

9.3 Images on Hexagonal Arrays and Polynomial Rings

Let ��� denotethe subsetof ����� � addressesconsistingof all sequenceswhosefirst rightmost k
entriesareequalto zero. Theset � � is closedunderadditionandmultiplication. Therefore,� � is an ideal
of the quotientring �����
� . If ��� denotesthe correspondingquotientring �����
���F��� , then ��� consists
of � � equivalenceclassesof addressesand theseaddressesare in one-to-onecorrespondencewith the
hexagonsof the kth level aggregate��� [10, 17]. The effect of the quotient ring structureon �����
�
arithmeticoperationsin a level k aggregateis to ignoreany carriesbeyondthe k leastsignificantdigits.
This causesthe aggregateto wrap on itself in a toroidal fashion; i.e., any arithmeticoperationwhich
would normally result in a departurefrom the aggregateto anotherlevel will now reenterthe aggregate
at someother location. For example, �����5�%���'�z� in the full �����
� ring. In �%� the carry into the
third position is ignored so that �����8������� .

Addition of two images�
�� m¡£¢¥¤§¦ is definedas the usualpointwiseaddition:�0�: ¨�5©'ªc«��¬xªc«§®a®°¯±¬xªc«¥®¥���
ª}«¥®X�J ¥ªc«¥®²�³
Multiplication canalsobedefinedpointwise,yielding a commutativering structureon ¢ ¤ ¦ . Anotherring
structureon ¢ ¤ ¦ , which is pertinentto this chapter,is a convolutionring. Addition in this ring is again
pointwiseaddition. However,multiplication is definedin termsof convolutionas

�µ´¶ ·� ¸ ªc«��¹¬xª}«§®N®°¯º¬Lª»«§®§�½¼¾�¿ ¤�À �?ªcÁ)®ÃÂ� ¥ªc«ÅÄÆÁÇ®�ÈÆ�
where «ÅÄ·Á denotesthe subtractionin the quotientring �%���5�����
�É�F��� . This multiplication links the
propertiesof the ring Ê»¢Ë¤ ¦ �t�µ��´QÌ closely to the structureof the � � elementring � � .

Another ring having � � elementsis Í
Î À . An isomorphismÏ%¯±Í
Î ÀÑÐ � � canbe definedby settingÏÇªcÒL®§��Ò , ÏÇªa��®��5� , and ÏÇª_Ó®Ô� ÕÖØ× ÏÇªa��® . Thus, ÏÇªc�L®��5�B���I�.�,�5��� , ÏÇªc�S®Ô�5�I�m�I���B�.�6�.��� , etc.

The fact that Ï is an isomorphismcan be showndirectly [10] but it is also a consequenceof a deeper
isomorphismtheoremlinking the 7–adicintegerswith an extendedversionof the �����
� which allows
infinite strings of nonzerodigits [16].
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The inverseof the isomorphismÙ , Ú�ÛÜÙSÝSÞ;ß�à%áqâäã
åaæ providesfor an elegantcorrespondence
betweenimageson the hexagonalarray à á and polynomials. With each image ç�è�é¥ê§ë , one can
associatea polynomial ì)í definedby ì)íLîcïtð�ÛòñóÉô ê æ ç?îöõSð_ï�÷¹ø óúù�û
For two imagesa and b we have ì)íLîcïXð?ü¹ì�ýÇî_ïXðÔÛþñóÉô ê æ)ÿ î»õ)ð_ïS÷úø óHù��
where ÿ Û<ç ��� by definition of polynomial multiplication. Also,ìSízî_ïXð�� ì ý îcïXð�ÛòñóÉô ê æ � ç
î}õSð�� � î»õ)ð
	Øï ÷Hø óHù û
Therefore,the ring �cé ê�ë � � � �� is isomorphicto the quotientring of polynomials é � ï�	�����ï å æ������

.
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