
Thus,at eachpoint ������� the templates�	�
��
and ��

��

are identicalexceptoff their support.
The reasonfor this is that ����� ����� � the set ������������� �!���"�#� �%$ � is either empty or consists
of a single point.

The templatet is not an &('*)� –valuedtemplate.To providean exampleof the templateproduct� �+ �
, we redefine t as

t   
,

=y-
1

3

1

Then .0/2143506 is given by

r   =y7
1 2

8
1

3 6
9

3

1 2
8

1

Again,asfor theproducts :; and <; , it is easyto seethatthetemplates=?>A@ :BDC
and E!>A@ <B�C

are identical exceptoff their respectivesupports,and that FHG�=JI�KL>MF�NOGPE�IQK .
In orderto obtainanexamplewhere @ :; C

and @ <; C
arenot identicalon their supports,we need

to usetemplatess and t suchthat R�SUTWV"XYF�Z"N�G�@\[*K"]^F�Z"N#G C I"K`_ acb for somepair of pointsx and
y. Let s be as before and define t by

t   
d

=ye
1

3 1

Then f0g2h	ijlk
is given by

r   m =ye
2 3 2

4
n

5
o

4
n

while pMg2h	qjlk
is given by

u   r =ye
2 3 2

4
n

2
s

3

193



According to Theorem4.9.4, if t`u�vxw�vzy|{ is a ring (or semiring), then }"~`u����\��vzw�v�y�� is also a

ring (or semiring). The operationsw and y on ~�u � � � are pointwise inducedoperations.Moreover,

if ���M��� �Wv��J���"v������ and ���M������v��J����v*���Q� , then } ~�u � � � vPw�v�y � is isomorphicto the matrix ringt��������Qt�u�{�vPw�vxy|{ , where y denotesHadamardmultiplicationin thering �������Qt�u�{ . Now if ���A� , thent�� �����¡t`u�{�v¢w�v wy£{ is also a ring undergeneralizedmatrix multiplication (Eq. 3.14.15). This follows

from Example3.5.6. Thus, it is natural to ask about the relationshipbetween } ~ u �¤� � v¢w�v wyD� andt�� ����� t`u�{�v¢w�v wy£{ . Since } ~�u��¥� � vPw � and t�� ����� t�u�{�v¢w¦{ are isomorphicunder the map § defined
by Eq. 4.9.1, we only needto investigatethe relationshipbetweenthe generalizedmatrix productand
the templateproduct.

Supposë��ª© wy0« , where ©�vP«^¬­~�u � � � . Let tx®�¯±°²{ ����� �´³!�µ§	t`©¶{ , t�·`¯±°²{ ����� �ª¸¹�ª§	tº«¶{ , andt�»\¯±°�{ ����� �½¼¾��³ wy¿¸ . Then for À�ÁªÂzvÄÃ¿Á´� we have

¨�ÅWÆÇt`�¦¯`{��AÈÉPÊPË t�©\Å*t`�¦¯`{�yÌ«�ÅJÆ�t`�Í{x{Í�ÎÈÏÐ`Ñ�ÒPÓxÔÇÕ¶ÖJÓ�×�ØxÙ�Ú�Û�Õ²Ü\Óº× Ý�ÙxÙHÞàßáÖ�â ÒPã�ØäÝ	Ú½å�Ýzæ¤Þ�ç�Ø±æéè
Therefore, ê Ó`Ô�ëÚ0Û¶ÙÍÞ ê Óíì�Ù�ÞAîcÞðïñëÚóò£Þ ê Ó`Ô¶Ù¦ëÚ ê ÓºÛWÙQè
This showsthat

ê
preservesthe multiplication operation ëÚ .

It now follows that if ì�ô�Ô�ôPÛ�õ½ö�÷�ø¤ù ø , then

ì¥ëÚ¿Ó�Ô�ëÚ0Û�ÙéÞ ê�ú"ûWü±ê Ó`ì¤ëÚ¿Ó�Ô�ëÚ0Û¶ÙPÙíýÞ ê ú"û üþê Ó`ì�Ù ëÚ ê Ó`Ô ëÚ0ÛWÙ�ýÞ ê ú"û üþê Ó`ì�Ù ëÚ£Ó ê Ó`Ô¶Ù ëÚ ê Ó�ÛWÙPÙ�ýÞ ê ú"û ü Ó ê Ó`ì�Ù�ëÚ ê Ó`Ô¶ÙPÙ¦ëÚ ê ÓºÛ¶Ù�ýÞ ê ú"û üþê Ó`ì ëÚ�Ô¶Ù ëÚ ê ÓºÛWÙ`ýÞ ê ú"û üþê ÓxÓ`ì ëÚ¿Ô²Ù ëÚDÛWÙ`ýÞcÓ�ì ëÚDÔ¶Ù ëÚ0Ûÿè
Therefore, ëÚ is associativein ö ÷ ø¥ù ø .

Also, ì ëÚ¿ÓxÔ ë ÛJÙÍÞ ê ú�û ü ê Ó`ì ëÚ£Ó`Ô ë ÛWÙxÙ`ýÞ ê ú�û ü ê Ó`ì�Ù ëÚ ê Ó`Ô ë Û¶Ù`ýÞ ê ú�û ü ê Ó`ì�Ù ëÚ Ó ê Ó`Ô¶Ù ë ê Ó ÛWÙzÙ`ýÞ ê ú�û ü Ó ê Ó`ì�Ù¦ëÚ ê Ó`Ô¶ÙPÙ ë Ó ê Óxì�Ù ëÚ ê Ó`Û¶ÙPÙºýÞ ê ú�û ü ê Ó`ì�ëÚ¿ÔJÙ ë ê ÓÄì�ëÚ Û�Ù�ýÞ ê ú�û ü ê ÓxÓxì ëÚDÔWÙ ë Ó`ì ëÚ0Û¶ÙPÙ`ýÞðÓxì ëÚDÔWÙ ë Ó`ì ëÚ0Û�Ù�è
Similarly, Ó`Ô ë ÛWÙ ëÚ¿ì^Þ´Ó�Ô ëÚDì�Ù ë ÓºÛ ëÚ¿ì�Ù . Hence, ëÚ distributesover ë in ö ÷ ø�ù ø .

This establishesthe following theorem.
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4.10.3 Theorem. If
�������	��
	���
��
��	���

, then ������������� � 
 �!
 �"$#&% ')( �+*,� ' �.- 
 �!
 �" - is a ring
isomorphism.

Sincein generalmatrix multiplication is not commutative,we have,in contrastto Theorem4.9.4,
that �/���0�1� � 
2�!
 �"$#

is not a commutativering evenif
' � 
 �!
 " - is a commutativering. However,if �

hasan identity with respectto
"

, then �3���1� � alsohasan identity with respectto
�"

. If 1 denotesthe

identity of � with respectto
"

, then the template 4657��� � � � definedby

4�8 ' � - ��9;: <>= �$�@?A B�C D/EGFIH <KJ EML (4.10.9)

is the identity of ���0�1� � with respectto the operation
�"

. This templateis alsocalledthe unit template

of � � � � � .

The image-templateproduct is closely related to the template–templateproduct. In order to
investigateits relationshipto matrix multiplication, let

�N����� � 
	���
��
O� � �
, P �Q��? � 
R�
���S
T?SU/�

, and
let VW�	� � % � �

and XY�	��Z % � U
denotethe vector mapsdefinedby V '\[ - � '\[]' � � - 
R�����^
 []' � � -I-

and X '`_ - � ')_a' ? � - 
R�����^
 _a' ?]U - - , respectively.For bc5d�3� � � Z set
'�e)fhg - �+* U �jik� � ' b�- , _ � [ �" b ,

and l � ' l � 
	���
�S
 l U - � V '3[ - �" � ' b�- . Then

l g �nmop�q�r3s	t�u	v,w	xzy)v){�|Y}~p�q�r s	t\u�v�w	xz�G����t�u�v�wM|Y}���)� s	t\uawRxQ������t3u!w!|Y�at��S{�w/�
Thus, � t\s��x$�,w0| � t��aw0|��Rt\s	w��x���t\��w (4.10.10)

or, since
�

is one-to-one,

s��x$��| �a�O� t)�St\s]w��x���t\��w wO�
It now follows that

t3s � �]w��x���|�t3s��x$��w � t����xW��wO� (4.10.11)

If � |�� , then ��| �
and Eq. 4.10.10has form

�St\s��x���wM|Y�St\s]w��x���t\��w^� (4.10.12)

Hence,whenevers��6 !¡ and ¢¤£ ����¥3 �¡1¦ ¡ , we have that

�Rt\s��x�t ¢ �x���w wM|Y�Rt\s	w��x���t ¢ �x��¤w|Y�Rt\s	w �x@t��1t ¢ w �x���t\�§w w|�t��Rt�s]w �x���t ¢ w)w �x���t3��w|Y�Rt\s �x ¢ w �x���t\�§w|Y�Rt)t�s��x ¢ w0�x��§w^�
Therefore, s �x�t ¢¨�x��¤w!|�t�s �x ¢ w �xW�M� (4.10.13)

The next exampledemonstratesthe utility of Eq. 4.10.13.
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4.10.4 Example: Suppose©«ª­¬�®�¯^°�±²¯T³
´Mµ�¶ ³�·¹¸;º ¯^° º¼» ± ¸�º ¯^³ º&½a¾ , ¿�µ�À�Á , andÂ µÄÃ�À0Å�Æ�Ç Å�Æ is definedby

r   =y-
4
È

6
É

4
È6

É
9
Ê

-6

-4 -6

-4

Ë/Ì�ÍÏÎ	Ð
. Then accordingto Eq. 4.10.13,

Ñ�ÒÓ�Ô�Õ Ñ�ÒÓ@Ö�× ÒÓ�Ø,Ù0ÕÚÖ Ñ�ÒÓ�×§Ù ÒÓWØMÛ
where

t   
Ü

=y7s   Ý =y7 2 3 -2

2
8
3

-2

The constructionof the new image ÞWß>à&á6âãåä
requiresnine multiplicationsandeight additions

per pixel (if we ignore boundarypixels). In contrast, the computationof the image ÞÄß>àæ á6âã�ç�è âã�é
requiresonly six multiplications and four additionsper pixel. For large images

(e.g., size ê�ë¤ì�í�î�ê
ë¤ì§í ) this amountsto significantsavingsin computation.

Boundary problemswill occur when convolving imagesdefined on finite arrays with templates
definedover the whole discreteplane ï	ð . Equation4.10.13holds for images á�ñ�ò�ó and templatesç,ô é ñ&õ�ò ó1ö ó . In particular,the equality á6âã æ ç âãWé�è à æ á�âã�ç§è âã$é

in the lastexampleneednot hold for

arbitrary
ç,ô é ñ õ3÷0ø�ù ö ø ù . As an example,suppose

ç¤ôIé ñ õ\÷0ø�ù ö ø ù are two translationinvariant templates
defined by

t   
d

=yes   ú =ye
1

2

3 1 1 1

2 1

1 1 1

1
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Then ûWüþý�ÿ��� is given by

r   =y-
3 3 3

385
�

2
�

1 3 8 5
�

1 4
È

3 2
�

1 1 1

3

Let ���	��
 with �
������������� andvaluesnear(1,n) asshownin Figure 4.10.2.

2
�

1 2
�

3
�

2
�

4
�

2
�

0
�
113

�
2
�
1 1 0

�
2
�

Figure 4.10.2 Part of the imagea near the cornerpoint
(1,n) with the shadedcell representingthe point (1,n).

Now if ���! #"%$&(' , then �*)�+-,/.�01 23!4�576 498;:=<�>@?BAC3ED/FHGJI KMLE: "�)ONJP�,QNSRT0VU ' 3 P 6 W�: )ONXP�,�NXRY0@ [ZB\ since

1

1

1 1 1

34
]
3 8

r^ (_ 1,n) |
X
` =

On the other hand, if a�bdcfe=g�hi(jTk hi�l , then ame�nBo�p k crqBs since

(
_
1,n) |

X
=st

1

2
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and

(1,
u

n) |
X
v =

1

2
�

1

1

t
,

Therefore, w%xy{zO| xy~}-�	�� z w	xy�|�� xy�} .
However, if

|Q���/}Q�����;����� �
are defined by

|�� � |;�H� ��� ���J� and
}Q� � };��� ��� ���m� (i.e.,

|Q� � � | � � � and} � � � } � � ���J� �	� ), then w%xy � | � xy�} � � � � w	xy(| � � xy�} � . Note that if � � � | � xy~} � , then

1

1 1

4
 =r¡ (¢ 1,n)

2

2
84

Thus, £¥¤@¦§ £©¨�ªH«�¬ ­�®J¯ (e.g.,equality fails for points in X that areon the boundaryof X).

4.11 Spatial Transformations of Templates

Spatial transformationsare appliedto a templatein the sameway as they are appliedto any other
image; if °~±�²;³ «µ´Y¶ and ·¹¸@º¼» ½ , then

£ § °�¾¿·%± ² ³ « ´9À (4.11.1)

is defined by

£9Á § °9Â�ª Á ¯SÃ
where Ä~±{º . The correspondingdiagramis given in Figure 4.11.1.

F

f
Å

X

Z Y

tr

Figure 4.11.1 The spatial transformationÆÈÇÊÉÌËµÍ of the templatet.
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It follows that every spatial transform Î[Ï1ÐrÑ Ò inducesa unary operation Ó=Ô*ÕµÖY×ØÑ Ó;Ô�ÕµÖ9Ù
definedby ÚµÛÜÚÞÝÞÎ#Ó;Ô Õ Ö × ÑßÓàÔ Õ Ö Ù . If f is a transformationfrom Z to X insteadfrom Z to Y, then

f inducesa unary operation Ó Ô Õ ÖY× Ñ Ó Ô Ù Ö¥× definedby ÚáÛ â , where

âTãåäæÚYãáÝ¿ÎèçJé�êëÒ¼ì (4.11.2)

Thus, â ãJí7îSï äðÚ ãñí Î í;îSï/ï ç î êòÐ .

There are obvious differencesbetweenthe transformationsdefined by Eqs. 4.11.1 and 4.11.2.
Computationally,4.11.2is far morecomplexsincefunctionalcompositionhasto be performedfor each
point y. However,as the examplebelow illustrates,for translationinvariant templateswe only need
to composeonce.

Spatialtransformationscanbe a useful tool for redefiningtemplates.For instance,the templatesÚQó
and ô ó in Example4.8.4 wereobtainedusingspatial transforms.The next exampleillustratesa similar
application.

4.11.1 Example: (Edge maskdetermination.) Edge information conveys image information and,
consequently,scenecontent. Edgedetectioncontributessignificantly to algorithmsfor feature
detection,segmentation,andmotionanalysis.In a continuousimage,a sharpintensitytransition
betweenneighboringpixels as shownin Figure 4.11.2(a) would be consideredan edge. Such
steepchangesin intensitiescanbedetectedby analyzingthederivativesof thesignalfunction. In
sampledwaveformssuchasshownin Figure4.11.2(b), approximationsto thederivative,suchas
finite differencemethods,areusedto detectthe existenceof edges.However,dueto sampling,
high frequencycomponentsare introduced,and every pair of pixels with different intensities
could be consideredan edge.For this reason,smoothingbeforeedgeenhancementfollowed by
thresholdingafter enhancementarean importantpart of manyedgedetectionschemes.

a  xõ (  )

xö 0
xö

(a) (b)

x0

a  xõ (  )

xö

Figure 4.11.2 (a) Continuousimagewith edgephenomenon.(b) Sampledimagefunction.

The gradientof an imagea is definedin termsof directionorientedspatialderivativesas

÷ùø�úüû*ýÿþ�� ø
ú;û�ý� û þ������	��

��� 
������
	����	��
	��� 

�����
 �
���
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Onediscreteapproximationof the gradientis given in termsof the centereddifferences������� �"!$# ��� �&%�' � �	( �*) �,+ # ��� � + ' � �	( ��)��- � ' �.� �
and �/��� ) �"! # ����� ( � ) %�' � ) �0+ # ����� ( � ) + ' � ) �- � ' �.)�� 1
The centereddifferences

�/��� � �
and

�*��� ) �
can be implementedusing the templates

1

1

t    
,

=y- s   2 =y-
-1

-1

The pixel valuesat location 35476�8.9	:;8�<�= of >@?ACB
and >D?AFE

arethe centereddifferencesG/6�8�9 =
and G/6�8 < = , respectively(seealso Example3.6.6). This conceptforms the basisfor extensions
to varioustemplatesusedfor edgedetection.Variantsof the centereddifferencetemplatesare
the HJIKH templates

t    
Ü

=y7 s   Ý =y7
1

-1

1 1

-1 -11-1

1

1-1

-1

which form smoothenedor averagedcentraldifferenceoperators.

Thetemplatest ands areorthogonal;oneis sensitiveto verticaledgesandtheotherto horizontal
edges.We may view t ands ascorrespondingto evaluatingthe averagedderivativesin the 0L
and90L direction, respectively.Evaluationof the derivativein directionsother than0L or 90L
becomesnecessaryif oneis interestedin detectingedgesthat areneitherhorizontalor vertical.
One simple way of obtaininga templatethat can be usedfor evaluatingthe averagedcentral
differencein a desireddirection M is to simply rotatethe image NPO�QSR Q;T throughthe angle M and
usethe resultingimagevaluesfor the weightsof the new template.For example,applying the
rotationf definedby Eq. 4.5.4to theimageN OUQ�R QVT with M = 90L resultsin theimageN O�Q�R QWT�X*Y which
is identical to the image Z O[Q�R QWT . Sinces is translationinvariant, the image N OUQ�R QVT0X\Y completely
determiness. However,for angles M other than 90L the resultingimage N O]Q�R QWT^X_Y may not be
a satisfactoryapproximationof the averagedcentraldifferencein that direction; for M = 30L the
image N OUQ�R QVT`XaY is basicallythesameas N OUQ�R QWT . Thereasonfor this is thesmallsizeof thesupport
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of b	c�d�e dWf andassociatedinterpolationerrors. In order to obtain a more accuraterepresentation,
one schemeis to enlarge the image b cUd�e dWf to the image

-1 -1 0
g

1 1

11

1 1

11

1 10
g0g
0
g0g-1

-1

-1

-1-1

-1

-1

-1

and rotate this image using linear interpolation. For h = 30i the resulting image j	kUl�m l;nporq is
of form

1 1

11

1

1

1

0
s
-1

-1

-1-1

-1

-1

-1

-0.73 0.13
s
-0.37

-0.87

-0.5 0.37
s0.87
s
-0.13 0.73

s
0.5
s

The final tvu@t templater is obtainedby restrictingits supportto a twuxt neighborhoodof the
centerpixel location y, namely

0
y 1

-1 -0.5 0.37
y

0.5
y

-0.37

-0.87 0.87
yr   =yz

While t will result in maximal enhancementof vertical or 90{ edges,r will be moresensitive
to 120{ edges.Likewise, rotation throughan angleof 60{ resultsin the template

0
y 1

-1

0.5
y
-0.37-0.87

-0.5

0.37
y

0.87
y

s   | =yz
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which is sensitiveto 150} edges.

4.12 Multivalued Images

Although eachvalue a(x) of an image ~@�@��� is a uniqueelementof � , a(x) may be composed
of valuesfrom severalvalue sets. For example,if �����"� , then a(x) is a vector of form ~����"�����~.� ���"�V�0�
�
���*~ � �����W� wherefor each ���$�P�^� �
���W� , ~*���������5� . Thus,with eachvector-valuea(x) there
areassociatedn real values~ � ����� . A real vectorvaluedimagerepresentsa specialcaseof a multivalued
image.

4.12.1 Definition. If � is a value set and � can be written as a Cartesianproductof value sets��� ���]�a� � � with ���$� , then � is called a multivaluedset. If � cannotbe written as sucha

product, then � is called a single-valuedset.

If ��� ���]��� �p� is a multivaluedsetand �"���7�"���¡ 
   *�7� � , then � is calleda homogeneous

multivaluedsetor simply a vector-valuedset. A multivaluedsetwhich is not a homogeneous
multivaluedsetis referredto asa non-homogeneousor heterogeneousor mixedmultivaluedset.

If ~@�@�p� and � is a multivalued set, then a is called a multivalued image. If � is a
homogeneousmultivaluedset, thena is alsocalleda vector-valuedimage.

If ��� ���]��� � � and ~@�@� � , then a is of form ~¢�£��~ � �^�
� �.�*~ � � where for each �w�¤�P���
� �a�S� ,~ � �@�p�� is givenby ~ � ��������¥ � ��~0�¦����� . Thus,everymultivaluedimagecanbeviewedasa vectorwhose
componentsare single-valuedimages.

Conversely, if for �¢� �§�^�
� �a�S� there exists an image ~ �7¨5© ª � � , then the collection« ~ �¬¨ �­�®�P�^� �
���;�°¯ determinesa multivalued image ~ ¨_© ª ���]��� � � which is definedby ~^���"�±���~ � �����W�°�
�
���*~ � �����W� (seealso 2.5.7). This meansthat we can constructa multivaluedimagefrom any
array of imagesdefinedover the samepoint set.

Another methodof forming multivalued imagesis throughfunctions that map a single-valuedset

into a multivaluedset. More precisely,if ~5�5²p� , where ² is a single-valuedset,and ³ ¨ ² ª ���´��� � � ,
then f inducesthe unary operation

³0��~0�­�µ³v¶&~J�$· �¸�´��� � �º¹ ��»
For example,if ~@�@� � and ³ ¨ � ª �@¼�½ � is definedby ³0��¾§�&�À¿�¾	��ÁwÂ
Ã	��¾§��Ä , thenthe image ÅD�7³0��~0�
hasvalues Å����"�\� ¿ ~^�����;�VÁ Â�Ã ��~0���"�Æ� Ä . This exampleis, of course,a specialcaseof the generalunary
operationdefinedby Eq. 4.7.3. Obviously, any unary operationon single or multivaluedimageson a
given spatialdomain X is a function of the type describedby Eq. 4.7.3.
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SupposeÇÉÈËÊ�ÌÎÍ , where ÊKÏ ÐÑÒ]ÓaÔ Ê Ò and ÍÕÏ×ÖÑØ Ó�Ô Í Ø . Then f generatesa sequenceof functionsÇ Ø È�Ê�Ì Í Ø definedby Ç Ø ÏÀÙ ØrÚ Ç . Thus, every function ÇÕÈ&Ê�Ì Í inducesa unary operationÇ5È*Ê�Û®ÌÎÍÜÛ anda family of unaryoperationsÇ Ø ÈÝÊ­Û¡ÌÎÍ�ÛØ (asdefined by Eq. 4.7.3).

Conversely,givena sequenceof functions Ç Ø ÈPÊKÌÞÍ Ø , thenwe obtaina sequenceof inducedunary
operationsÇ Ø È.Ê Û ÌßÍ ÛØ and a unaryoperation ÇCÈ.Ê Û ÌàÍ Û which is definedbyÇpá�â^ã"Ï7á�Ç Ô á�â0ãVä^å
å åaäSÇ Ö á�â0ãWã/æ (4.12.1)

Equivalently, Ç0á�â0ã­Ï7ç§á�è&äWé�á�è�ã�ãvÈêé�á�è�ã­Ï7á�Ç Ô á�â0á�è"ãÆãWä�å å
å�ä;Ç Ö á�â^á�è�ã�ã/ã*ëìæ
Inducedunaryoperationscanbeconstructedfrom anevenlower level of specification.Supposethat

for someindexing function í@È*ç�îPä^å
å å.ä.ïxë¬ÌðçËî§ä°å å
å�ä.ñpë thereexistsa sequenceof functionsòÇ Ø ÈËÊ"ó`ô ØWõ Ì¤Í Ø ä@övÏ®î§ä^å
å
å�ä;ï¡æ
Thenthe sequenceof inducedunaryoperations

òÇ Ø ÈËÊ Ûó`ô ØVõ Ì£Í ÛØ inducesa sequenceof unaryoperationsÇ Ø ÈPÊ Û Ì£Í ÛØ
which is definedby Ç Ø Ï òÇ ØìÚ Ù.ó	ô ØVõ , where Ù.ó`ô ØVõ denotesthe projection Ù�ó	ô ØWõ ÈPÊ Û Ì¤Ê Ûó	ô ØVõ . Obviously,

the sequence÷ òÇ Ø È\öøÏùîPä^å
å å.äSïÉú also inducesa unaryoperationÇ5ÈPÊ Û ÌûÍ Û which is definedbyÇ^á�â^ã"Ï7á�Ç Ô á�â0ãWä°å
å åaäSÇ Ö á�â0ãWã/æ (4.12.2)

Equivalently, Ç0á�â0ã"ÏÀü òÇ Ô Ú Ù�ó	ô Ô õ á�â0ãWä°å å
å.ä òÇ Ö Ú Ù�ó	ô Ö õ á�â0ãþýÏÀü òÇ Ô üþâ�ó	ô Ô õ ý§ä°å å
å�ä òÇ Ö üþâ�ó	ô Ö õ ý ý­æ (4.12.2)

For homogeneousmultivalued sets we obtain a special class of unary operations. Suppose Ê
and Í are homogeneousmultivalued sets, ï ÏÎñ , í denotesthe identity function í�á]ö�ãxÏ�ö , andòÇ Ô Ï òÇ§ÿ�Ï������*Ï òÇ Ð . Then the inducedoperationf is calleda homogeneousunary operation, otherwise
f is called a heterogeneousor mixedunary operation. If f is a homogeneousunary operationthen we
let the coordinatefunction

òÇ Ò representf.

4.12.2 Examples:

(i) If â � á�� Ð ã Û and for �rÏ î§äaå å
å�ä;ñ òÇ Ò Ï	����ñ È
�¢Ì�� , then

����ñ0á�â0ã­Ï7á�����ñ0á�â Ô ã;äaå
å
å�ä
����ñ0á�â Ð ãWã/æ
Similarly, if for ��Ï îPä^å å
å�ä;ñ òÇ Ò Ï������ , then

����� á�â0ã­Ï�ü������ á�â Ô ãSä°å å
å�ä������ á�â Ð ã�ý"æ
Note that � ��� á�â0ã is a booleanvector valued image. For a booleanvector valued imageé Ïßá�é Ô ä^å
å
å�äSé Ð ã � á�� Ð ÿ ã Û , the booleancomplementof b, denotedby é�� , is defined asé�� Ï$á�é��Ô ä^å
å åaäSé��Ð ã , wherethe ith coordinateé��Ò is definedby Eq. 4.4.5.
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(ii) Supposen is an even positive integer and ���������
 "! . For #�$&%�')(�(�(*' � + and ,-��� define./ +�0 ��,1 2$3, + and
./ +�05476 �",1 8$3, . Then/ �9�
 :$<;=� 6 '>� ++ '
(�(�(*'>� � 4
6 '?� +�A@CB

(iv) Define
/ 6�D � +FE � by

/ 6 ��G
'>HI J$LK�#"M)��G* ONQPSRTK�UV��HI and
/ +WD � +FE � by

/ + ��G
'XHI Y$PSRTKZ��GV [N�K�#9M*UV��HI . Then the inducedfunction
/ D ; � + @ ! E ; � + @ ! given by

/ $\� / 6 ' / +  .
Applying f to an image �]��;9� + @ ! resultsin the image/ �"�) ^$`_A�"aC'>b[�"a[ � D b[�9a: ^$c�"K�#"M)��� 6 �9a: � *NdPSRTK�U*�9� + �"a[ > >'�PSRTKZ�"� 6 �"a[ > *NeK�#9M*U*��� + �9a: � ? X'faJ�hgji B
Thus,if we representcomplexnumbersaspointsin � + anda denotesa complexvaluedimage,
then

/ �9�
 O$�K�#9M)�"�) , wheresin denotesthe complexsine function.

(v)
Supposekl$ �m0on76 k 0 and p	$ qmr n*6 k)s"t , where _vu 6 '9u + '*(�(�(*'9u q i2w`_x%1'zyI'
(�(�(
'XM)i with u 6|{ u +|{}�}�} { u q and k s t denotesthe u r�~>� factor of k . Define� s>�os"������� s�� D k E p
by � s � s � ����� s � ��, 6 'X, + '
(�(�(
'X, �  :$���,vs � 'X,�s � '
(�(�(�'X,�s �  
'
where , 0 ��k 0 and ,�s=tY�ck)s"t .
The map � s��5s=�z����� s�� deletes Md��� componentsfrom an elementof k . Since for � $ %� s � D k E k s � , the function � s � s � ����� s � generalizesthe notion of the ith projectionfunction.

The inducedunary operation� s���s"������� s�� D k ! E p ! deletesMY��� imagecomponentsfrom a
vector valued image ���ck ! .

The generalframework for binary operationson multivalued imagesis similar to that for unary

operations.Suppose� D��d� p E k , where � $ �m0on*6 � 0 , p�$ �m0on*6 p 0 , and kl$ qms n*6 k s . Then the binary

operation � generatesa sequenceof binary operations� s D:��� p E k s definedby � s $ � s�� � ;
i.e., �f� s b`$ � s �9�2��b[ . Thus, every binary operation � D���� p E k inducesa binary operation� D�� ! � p ! E k ! and a family of binary operations

�-s DA� ! � p ! E k !s B
Conversely,given a sequenceof binary operations� s D7�l� p E k s , then this sequenceinduces

a sequenceof binary operations� s D*� ! � p ! E k !s and a binary operation � D
� ! � p ! E k !
which is definedby

�8��b-$��"��� 6 b�'>��� + b�'
(�(�(�'>��� q b[ 7'� ��� � ! and
� b3��p ! .

As for unary operations,binary operationscan also be induced from coordinate level binary
operations. Supposethat for someindexing function � D _�%A'
(�(�(
'
�hi E _x%1'7(�(�(*'
M)i � _�%A'7(�(�(*'
�Ii
there existsa sequenceof binary operations.� s DA��� �9� �Z��sz¡5¡ � p � �z� �Z��sz¡5¡ E k s B
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Then the sequenceof induced binary operations ¢£-¤]¥§¦�¨©�ª"«o¬T« ¤X­o­¯®]° ¨©X±?«²¬T« ¤z­5­´³ µ ¨¤
inducesanother

sequenceof binaryoperations
£ ¤ ¥A¦ ¨ ®¶° ¨ ³·µ ¨¤

, which is definedby ¸ £ ¤I¹-º ¸ © ª «o¬T« ¤z­o­ ¢£ ¤ ¹ © ± « ¬Z« ¤z­5­» ¸d¼ ¦ ¨ and
» ¹ ¼ ° ¨ . This new sequencethen inducesthe binary operation

£ ¥*¦ ¨ ®e° ¨ ³½µ ¨
which is defined by

¸ £ ¹-º�¾ ¸ £�¿ ¹�À ¸ £dÁ ¹�À
Â�Â�Â�À ¸ £�Ã ¹:Ä*Å
Equivalently, we have that

¸ £ ¹YºÇÆ ¸ ©�ª�«o¬T« ¿ ­È­ ¢£ ¿ ¹ ©S±�«o¬T« ¿ ­È­ ÀVÂ�Â�Â�À ¸ ©�ª"«²¬Z« Ã ­�­ ¢£ Ã ¹ ©�±?«²¬Z« Ã ­�­ÊÉ Å (4.12.3)

In analogy with unary operations,if Ë ºLÌÍºLÎ
,
¦ À °

and
µ

are homogeneousvalue sets,¢£eÏ º ¢£-¤ »VÐ ÀÊÑ ¼eÒ
ÓÔ , and Õ ¾5Ñ�ÄÖº�¾�Ñ�À"ÑIÄ »7Ð À"Ñ ¼eÒ)ÓÔ , then the inducedoperation4.12.3is said to be a
homogeneousbinary operation.Otherwise

£
is calleda mixedor heterogeneousbinary operation.If

£
is a homogeneousbinary operation,thenwe let the coordinateoperation ¢£ ¤ representthe operation

£
.

4.12.3 Examples:

(i) If ¸ ÀX¹ ¼ ¾�× Ô Ä ¨ and for
ÑJº3Ø1À
Â�Â�Â
ÀXÌ ¢£Ù¤ ºÇÚ

, then

¸ Úe¹-º�¾ ¸ ¿ Úd¹ ¿ À
Â�Â�Â�À ¸ Ô Úe¹ Ô Ä
Å
Similarly,

¸fÛ ¹Yºc¾ ¸ ¿ Û ¹ ¿ À*Â�Â�Â7À ¸ Ô Û ¹ Ô ÄIÀ¸8Ü ¹-º�¾ ¸ ¿ Ü ¹ ¿ ÀVÂ�Â�Â*À ¸ Ô Ü ¹ Ô Ä7À

and ¸8Ý ¹-º�¾ ¸ ¿ Ý ¹ ¿ ÀVÂ�Â�Â*À ¸ Ô Ý ¹ Ô Ä7Å
If Þ º�¾�ß ¿ À
Â�Â�Â7Àvß Ô Ä ¼ × Ô , thenaccordingto Eq. 4.3.3 we also have

Þ Ú ¸ º�¾�ß ¿ Ú ¸ ¿ À
Â�Â�Â*ÀXß Ô Ú ¸ Ô Ä
ÀÞ|ÛS¸ º`¾�ß ¿ ÛS¸ ¿ À
Â�Â�Â�ÀXß Ô ÛS¸ Ô Ä
À

etc.

In the special casewhere Þ ºà¾"ßTÀXßZÀ
Â�Â�Â7ÀvßTÄ
, we simply use the scalar

ß ¼ ×
and defineß¯Ú ¸]áÇÞ Ú ¸ Àâß ÛT¸FáÇÞâÛT¸ , and so on. Of course,theseoperationscan be generalizedto

combinea scalarof any multivalueset Þ ºc¾"ß ¿ À
Â�Â�Â
Àvß Ô Ä ¼ µ º ÔãÏoä ¿ µ Ï with an image ¸å¼ µ ¨ .

(ii) Supposethat for
ÑYº�ØAÀ
Â�Â�Â*ÀXÌ

,
£ ¤ ¥ × Ô ® × Ô ³ ×

is definedby¾�æ ¿ À
Â�Â�Â�ÀXæ Ô Ä £ ¤ ¾�ç ¿ À
Â�Â�Â
ÀXç Ô ÄCº Ë´è æ*é�æ Ï Ü ç ¤ ¥ Ø�ê Ð êJÑ�ëCÅ
Then for ¸ Àv¹ ¼ ¾�× Ô Ä ¨ and ì º ¸ £ ¹

, the componentsof ì ¾"í[Ä�ºÇ¾ ì ¿ ¾"í[ÄXÀVÂ�Â�Â
À ì Ô ¾9í:Ä�Ä have
values ì ¤�¾"í[Ä^º ¸ ¾�í[Ä £ ¤^¹[¾"í[Ä^º Ë´è æVé ¸ Ï9¾"í[Ä Üf¸ ¤�¾�í[Ä ¥ Øâê Ð êeÑIë
for

ÑîºïØAÀ
Â�Â�Â�ÀXÌ
.
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(iii) Let ðeñ and ðdò be two binary operationsof ó òâô ó ò�õ ó definedby

ö"÷ ñTø ÷ ò�ù ð ñ ö�ú ñTø ú òSù:û ÷ ñ ú ñOü ÷ ò ú ò
and ö"÷ ñTø ÷ ò�ù ð ò ö"ú ñTø ú ò�ù:û ÷ ñ ú òþý ÷ ò ú ñ^ÿ
Now if � ø ����� ó ò��	� representtwo complex valued images,then the product 
 û �åð �
representspointwisecomplexmultiplication, namely


 ö�� ù:û ö � ñ ö
� ù � ñ ö
� ù
ü � ò ö�� ù � ò ö�� ù>ø � ñ ö
� ù � ò ö�� ù*ý � ò ö�� ù � ñ ö�� ù�ù�ÿ
Basic operationson single and multivalued imagescan be combinedto form image processing

operationsof arbitrary complexity. Two such operationsthat have proven to be extremelyuseful in
processingreal vector valued imagesare the winner take all jth-coordinatemaximum and minimum
of two images. In order to define thesetwo special operations,let �����âó õ ó � be defined by� � ö�� ù:û ö�� ø � ø������
ø � ù . Now if � ø ��� ö ó � ù � , thenthe jth-coordinatemaximumof a andb is definedas

����� � � û �! ����#" $%� ��&('*) ö � ù ��+ ý �  ����," $-� ��&�'�) ö � ù ��.�+ ø (4.12.4)

where /10�23054 .

The jth-coordinate minimum is definedas

��6�� � � û �! ����#" $-� �7&98*) ö � ù �	+ ý �  ����," $-� ��&�8�) ö � ù ��.
+ ø (4.12.5)

where /10�23054 .

An easyinterpretationof the imagesdefined by Eqs. 4.12.4and 4.12.5 is given by the following
equivalentstatements

�:�;� � � û=< ö�� ø 
 ö�� ù>ù �9
 ö�� ù^û � ö�� ù?>A@ �B� ö�� ùDC � � ö
� ù>øFEHGJILK	MJNO>QPRK 
 ö
� ù:û � ö�� ùTS
and �:6�� � � ûU< ö�� ø 
 ö�� ù>ù �9
 ö�� ù^û � ö�� ùV>W@ � � ö
� ù 0 � � ö
� ù>øFEHGJIBK	MJNO>QPTK 
 ö
� ù:û � ö�� ùJS[ø
respectively.Sinceit is possiblethat for some

� �YX
the pixel value � � ö�� ùCû � � ö
� ù , the operationsof

jth-coordinatemaximumand minimum are not commutative.

The next exampleillustratesan applicationof a jth-coordinatemaximum.

4.12.4 Example: (Directionaledgedetection). The outputof this directionaledgedetectiontechnique
is a two-valuededgeimagein which eachpixel hasan intensity valueas well as oneof eight
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possibledirectionalvalues.In this particularscheme,a gray scaleimageis convolvedwith the
four Z\[�Z translationinvariant templatesshownin Figure 4.12.1

t
]
(0) =
^

(1) =
^

t
]

(2) =
^

t
]

(3) =
^

t
]

1 1 1

-1 -1 -1

-1

-1

-1 1

1

1

1

1

1

-1

-1

-1

-1

-1 -1

1 1

1

Figure 4.12.1 The four directionaledgetemplates.

The resulting four imagesare then fused to form a single two-valuedimage e. Data fusion
is accomplishedby assigningto the resultantpixel the value of the largest magnitude(i.e.
the largestabsolutevalue) of the correspondingpixels in the four imagesand the direction _
associatedwith the templatewhich yieldedthe largestmagnitudeif the pixel value is positive,
or _a`cb	dHeHf	gihkj-lHmHenf if the value is negative.Thus,eachpixel locationof e hasboth an edge
magnitudeandanedgedirectionassociatedwith it. It is customaryto usetheintegers0 through7
to representtheeightdirections0f through315f , respectively.Theaddition“ _V`�b�dne f gohkjplnmHe f ”
then becomesaddition modulo eight, namely“ qr`tspgohkj-d .”
The imagealgebratranslationof this algorithm is as follows. Let uwv�x1yzx1{}|�~ be defined
by u������!����� �B���Jsk�(�*�����n�R� , then��� v�����eL��q���`�uV� � `��� �JqR�R� for qa��eL��bn���B��l , and� v����R�,��������W��� � � .
Hereeach ��� is a vector valuedimageof form ��� ���D� �¡� ��� � �
�F�J� ����¢ �
�F�R� . More specifically,if£ � vA� � `��� ��qT� , then

� � ���D���¥¤ �	� £ � ���D�����Ts¦`§q��©¨Wª £ � ���D�D«¬e� £ � ���D�J�­q
� ¨Wª £ � ���D�D®¬e ¯
Note alsothat ��eL��q
��`�u�� £ � � is simply the scalaradditionof a vectoranda vectorvaluedimage
asdescribedin Example4.12.3(i). Since �R�O� � �������� ��� �=�J� � � �:� � � � �p�°� � �?¢ �p�:� � � � , it alsofollows
that � ���F�±� ��² �
�F� , where �³² � ���D�´® � � � �
�F� for q¦�µbH���B��l and k denotesthe smallestinteger
for which � ² �����D�°® � � �����D� .

It shouldbeobviousby now thatmultivaluedimageoperationsarespecialcasesof imageoperations
betweendifferent valuedimagesas discussedin earlier sectionsof this chapter. For example,suppose
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that for ¶1· ¸k¹Vº�º�º³¹J» , each ¼7½D¾�¹R¿-¾
À representsa commutativesemigroup. Let ½Á· ÂÃ¾WÄVÅ ½�¾ , andÆ ·Ç¼�È�Å�¹Vº�º�º�¹�È Â À and Éw·Ê¼�Ë�Åk¹Vº�º�º�¹�Ë Â À denotetwo arbitrary elementsof ½ . Then for finite point
setsthe binary operation ¿cÌÍ½�ÎÏ½ÑÐ ½ definedbyÆ ¿VÉ ·c¼RÈ Å ¿ Å Ë Å ¹Vº�º�º�¹�È Â ¿ Â Ë Â À
inducesa global reduceoperation Ò=ÌV½FÓÔÐÕ½ defined byÒ³Öi·c¼RÒ-×pÖ�Åk¹Vº�º�º�¹�ÒnØVÖ Â À³¹
where Ò%Ù9Ì�½�Ó¾ Ð ½ ¾ is definedby Eq. 4.3.12. If ½ is homogeneousand ¿U·Ú¼�¿ Å ¹?º�º�º³¹J¿ Â À is also
homogeneous(i.e., ¿-¾9·Ú¿nÛÝÜ?¶J¹�Þ�ßÑàp¸H¹Vº�º�º�¹�»�á ), then Ò is called a homogeneousreduceoperation,
otherwiseÒ is said to be a mixedor heterogeneousreduceoperation.If Ò is homogeneous,thenwe letÒ�¾ representÒ . For example,if ¼�½r¾R¹J¿-¾�À#·c¼�âO¹�ã(À for ¶D·3¸H¹Vº�º�º�¹�» , ÖYß�¼�â Â À Ó , and ä\·æå	ç-ÈkèB¼7é}À , thenê Öi·=¼ ê Ö³Åk¹?º�º�º³¹ ê Ö Â À·ÇëìîíïÛTÄ³Å Ö³Å	¼�ð�Û�ñ�¹Vº�º�º?¹òíïÛJÄ?Å Ö Â ¼�ð³Û�ñ�óôõßYâ Â±ö
In contrast,the summation Â÷¾WÄ³Å Ö�¾,· Â÷¾WÄ³ÅHø ¾
¼�Ö�ñ±ßÏâ Ó sinceeach Ö�¾ ßtâ Ó .

In order to providean exampleof a mixed reduceoperation,let ½1·câ1Î}â , ¿LÅa·=ã , and ¿-ùa·¡ú .
Then for ÖU·Ú¼�Ö³Å�¹JÖ³ù�ñ!ß�û�â ù�ü Ó , we have

Ò�Öi·c¼ ê Ö Å ¹�ú�Ö ù ñ�·ÇëìîíïÛTÄ³Å Ö Å ¼
ð Û ñ�¹!íýÛJÄ?Å Ö ù ¼�ð Û ñ�óôÚß�â ù ö
4.13 Multivalued Templates

A templateþ�ßcû
½rÓ ü	ÿ is calleda multivaluedtemplateif ½ canbe written asa Cartesianproduct½Ç· ÂÃ¾WÄ³Å ½r¾ with »�� ¸ . In this case t is of form þÑ· ¼�þ�Åk¹Vº�º�º�¹­þ Â ñ , where þ	¾Ïß©û
½ Ó¾ ü ÿ andþ��\·c¼�þ���� �?¹Vº�º�º�¹Jþ��	� � ñ . If ½ is a homogeneousvalue set and þ�Å�·�þ�ù · 
�
�
\·�þ Â , then t is called
a homogeneoustemplate,otherwiset is said to be a heterogeneoustemplate.

Since templatesare specialtypesof images,conceptsand propertiesof multivaluedimagesapply
to multivalued templatesas well. Specifically, operationson multivalued imagesare also operations
on multivalued templates. The only operationnot discussedin the multivaluedsetting is the product
operator ¿
 .

Templateproductsof multivalued templatesare governedby Eqs. 4.8.1 and 4.8.2. As for binary
operationson multivalued images,an image-templateproduct of a multivalued image and template
inducesa sequenceof image-templateproductson the coordinatelevel, and productson the coordinate
level induceproductsbetweenmultivaluedimagesand templates.More precisely,suppose¼R½,¹J¿�ñ is a

commutativesemigroup,where ½ · �ÃÛJÄ?Å ½�Û , and ¿
 denotesthe operator ¿
 Ì���Ó¥Î û��´Ó ü�ÿ Ð ½ ÿ
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inducedby ������������� . Then � is of form �! #"$�&%('*)�)�)+'��-,/. and 01 #"�02%('*)�)�)�'$03,4. , where�-56�7���8���9�:5 and 0�5;�2�:5<���=5;�9�:5 . Thus 0� inducesa sequenceof products0� 5 �	��>?�A@B�C>EDGFH��� F5 '
where 0� 5 is inducedby � 5 and 0 5 .

Conversely,if for eachIJ LK	'*)�)�)�'$MN"O� 5 'P0 5 . is a commutativesemigroupand � 5 �	�Q���R�S� 5 ,
then we obtain a sequenceof inducedproducts0� 5 �	�T>R� @ �C> D FH��� F5QU
Thus, if VXW&� > and YZW @ � > D F , then the image [� LV 0� 5 Y is definedby[\"B]^.� `_ 5 "BVJ� 5 Y�a�.
or, equivalently, by [\"B]^.b c"dV*"�e % .f�15:Y a "de % .$.d0�5-g�g�gh0�5�"BV:"Beji+.*�15=Y a "de*i2.P.k'
where lm on�p3q(rk"ts�. .

If �u ivwyx % � w and �z {vwyx % � w , then productscan also be inducedfrom coordinatelevel products.

Following the methodusedfor obtaininginducedbinary operationson multivaluedimages,supposethat
for someindexing function |`�^}~K�'j)�)�)f'�M��8� }~K	'*)�)�)�'+lT�J�A}	K�'*)�)�)f'��k� there existsa sequenceof
binary operations �� 5 �	�T���d����� 5���� ���������y�(� 5���� �N� 5 U
Then we obtain the operators�0� 5 �~�b>���d����� 5���� �8"�� >�������(� 5���� . F �o�T>5 "yIJ LK	'f)�)�)f'�M�.j' (4.13.1)0� 5 �~� > �8"�� > . F �o� >5 "yIJ LK	'f)�)�)f'�M�.j' (4.13.2)

and 0���~� > �1"O� > . F �o� > U (4.13.3)

The operator

�0� 5 in Eq. 4.13.1 is inducedby

�� 5 and 0 5 as definedby Eq. 4.8.1. The operator0� 5 in Eq. 4.13.2 is definedby V 0� 5 YC `Vk� � �y�(� 5$��� �0� 5 Y�� � ����� 5���� ' (4.13.4)

and the operator 0� (Eq. 4.13.3) is definedbyV 0�-Y� c"dV 0� % Y	'*)�)�)j'PV 0� , Y�.k' (4.13.5)

whereeach 0� 5 denotesthe operationdefinedin Eq. 4.13.4. Note that if [Q cV 0�1Y , then[\"B]^.� c"O_T%*"dVJ��%*Y�af.$'*)�)�)f'�_�,�"dVJ�X,�YGaj.�. @B_ % @ V � � ���(� % �y� �� % Y � � ���(� % �y��� a D 'f)�)�)f' _ , @ V � � �y�(� , ��� �� , Y � � �y�(� , ���t� a D�D '
where _ 5 @ V ���d����� 5���� �� 5 Y ���P�y�(� 5$���t� a D ���Vk� � �y�(� 5���� "�eT%�. �� 5 Y�� � ����� 5$����� a "de=%�.� �0 5 g�g�gh0 5 ��Vk� � �y�(� 5$��� "�e:¡(. �� 5 Y�� � ���(� 5��y�t� a "de=¡�.B  U

If �E'¢� , and � are homogeneoussets, M  £l¤ 9� , and both 0¥ !"B0 % '*)�)�)f'$0 , . and

��  @ �� % '*)�)�)f' �� , D are homogeneousoperations,then 0� is called a homogeneousproduct operation,
otherwise 0� is called a mixedor heterogeneousproductoperation. If 0� is a homogeneousproduct
operation,then we represent 0� by

�0� 5 .
Left productsandproductsbetweentwo multivaluedtemplatesaredefinedin a similar fashion.
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4.13.1 Examples:

(i) Suppose¦X§c¨R§`©X§«ª�¬�ª�­f® so that ¦^¯4§`¨/¯4§°©\¯4§°ª and ¦²±³§c¨/±´§«©�±�§`ª\­f® . Letµ¶ ¯Z· ¦�¯<¬X¨<¯¹¸º©�¯ and
µ¶ ±Z· ¦�±/¬&¨/±J¸º©\± denotemultiplication and extendedaddition,

respectively. If we usethe semigroupstructure »B©³¼�½*¾ , where ½X§�»$¿6¼�À�¾ , then we obtain the
heterogeneousimage–templateproductÁ ½¶-Â §c» Á ¯ ¿¶XÂ ¯ ¼ Á ± ÀÃ Â ± ¾f¼
where Á §#» Á ¯ ¼ Á ± ¾´ÄQ»OªX¬�ª ­f® ¾BÅ and

Â §L» Â ¯ ¼ Â ± ¾´ÄmÆ�»OªX¬�ª ­f® ¾dÅEÇ�È .

In particular, if

-1

-1

-1 1

1

1 0
É
0
É

0
É

0
É0

É
t
]

2, yÊ =t
]

1,y
Ê =

then the first coordinateof ËZÌÍ-Î representsa vertical edge enhancementand the second
coordinatea dilation or local maximization.

(ii) Supposethat Ë8Ï�ÐTÑ ,
ÎXÒÔÓdÎ�Õ(Ö*×�×�×+Ö$Î�Ø2Ù Ï�Ú Ó Ð Ø Ù ÑEÛ�Ü , and

Í Ý ÐcÞ�Ð Ø�ß Ð Ø denotesthe
binary operationof scalarmultiplication of n-dimensionalvectors. If

Ó�àhÖ Ì ÙáÒ#Ó Ð Ø Ö�â�Ù , where
+ denotesvectoraddition, thenwe obtain the homogeneousimage–templateproductË âÍXÎ�ÒcÓ Ë âÍ1Î�Õ	Ö*×�×�×�Ö Ë âÍXÎ�Ø+Ù Ï Ó Ð Ø Ù Ü
which turnsa single-valuedimageinto a vector-valuedimage.Thevalueof theimage ã Ò Ë âÍ&Î
at a point ä&Ïæå is given byã Ó ä ÙbÒzçè	é Ñ Ë ÓBê\Ù�ëGÎ�ìfÓ�ê�ÙÒzçè	é Ñ Ë Ódê�Ù�ë�ÓBÎ�Õ�í ì+Ó�ê�Ù�Ö*×�×�×�ÖPÎ�Ø	í ì+ÓBê\Ù$ÙÒ çè	é Ñ

î Ë Ó�ê�Ù�ë�Î Õ�í ì Ódê�Ù$Ö*×�×�×fÖ Ë Ó�ê�Ù=ë�Î Ø�í ì Ó�ê\ÙBï
Òñðáçè	é Ñ Ë ÓBê\Ù�ë�Î�Õ�í ì+ÓBê\Ù$Ö�×�×�×fÖ3çè�é Ñ Ë ÓBê\Ù�ë�Î�Ø	í ìfÓ�ê\Ùtò«ó

4.14 The Algebra of Lists

A commonactivity in computervision, and computersciencein general,is the arrangementand
representationof datain someorderedfashion.Theorderingusuallydependson both, theparticulartask
at handaswell asthepropertiesof thedata.Oneof themostutilitarian of suchordereddatastructuresare
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lists. In this sectionwe defineseveralbasicconceptsassociatedwith lists andshowhow theseconcepts
fit into the larger frameworkof image algebra.

Given a set ô , a list over ô is a finite sequenceof elementsof ô . Suchlists aredenotedby angle
bracketscontainingthe ordered,commaseparatedelements.For example,õ�ö	÷$ø2÷�ù2÷�ú~÷$û3ü
representsthe list over the integerscontainingelements1, 3, 5, 7, and 9 in that order. The emptylist,
containingno elements,is denotedby

õ�ü
.

More formally, a list over the set ô is an elementof the setô²ý�þºÿ������ ô���� ÷
where we define 	 � þ�
 so that ô �
� þ�� õ�ü�� .

If ���Xô ý , then ����ô � � for some ����� and ���������&ô for �hþ � ÷�ö�÷"!#!$!f÷ �&% ö . It is customaryto
denotethe elements�'�(�)� of L by �+* andto specifythe function l by enumeratingthe �+* ’s usingthe natural
order of 	 � . That is, we define �,*�-.�'�(��� and specify l by �^þ õ � � ÷ �,/ ÷0!$!#!f÷ � �21 / ü .

Since lists are images,namely functions from a point set to a value set (seeTheorem4.14.1),
many of the conceptsdefined previously apply to lists as well. For example, the length of a list�³þ õ � � ÷ � / ÷0!#!$!j÷ � �31 / ü , which is denotedby 45�64 , is defined as the numberof elementsin the sequence
defining l. Hence 47�84 can be computedusing the following statement:45�84:9�þ<;>=@?#ACBDAFE�GH=F�(�I���'�KJ3L
Note that if �^þ õ�ü , then 4 õ�ü 4<þM� , and if �^þ õ � � ÷ �K/ ÷0!#!#!+÷ � �31 / ü , then 45�84<þ.� .

The fundamentalbinary operationon ô ý is concatenation.The concatenationoperator N joins two
lists together. If, for example,if l is the list �³þ õ � � ÷0!#!$!�÷ �+O ü and �+P denotesthe list �KP^þ õ �KP� ÷0!$!#!f÷ �QP� ü
then �RN@� P denotesthe list õ � � ÷S!$!#!+÷ �KO ÷ �KO6T�/ ÷0!$!#!�÷ �KO6T � T�/ üj÷
where � O>TC* þU� P* 1 / for �6þ ö�÷V!$!#!f÷ �XW ö . It follows that

õ�ü NF��þU�YN õ�ü þU� for any �Z�cô ý and that45��N7�KP'4-þ[45�64\W]45�KP�4 .
Since concatenationis associativeand the empty list acts as an identity under the operationof

concatenation,we have the following result:

4.14.1 Theorem. �Oô ý ÷ N>� is a monoid.

4.14.2 Definition. Two lists � ÷ � P ��ô ý aresaidto be rangeequivalentwhenever?2=F�@^"_2���'�bþ`?2=a�"^b_c��� P � .
Two lists l and � P are said to be equivalent if 45�84`þ 47� P 4 and there exists a permutationd 9e	ef�ghfjik	lf(gmf such that �mnFo *,p þq�KP*�r �s�<	lf(gmf .

Obviously,equivalenceimplies rangeequivalencewhile the converseneednot be true.

For a given string �t��ô ý andan arbitraryelementuX��ô , the occurrencenumberof x in l, denoted
by �I��u ÷ ��� , is definedas �I�vu ÷ �w��þx;7=F?2A�ym� 1 / ��u��(z . Thusthe occurrencenumbertells the numberof times
an elementof L occursin a string l.
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4.14.3 Theorem. {|$}�~��I���I�v�'�j���7�8�I�
Proof: If ������#� �C���c����� , then �I�)�I�6���\� � . Therefore�|2}2~ �I���I�6����� �|2}#�v�8�7�5�8����� �I���I�8���"�
Let �����7�8� and � �" 2�"�"¡$�0¢$¢#¢��"�@£¥¤¦� �2� �"�b�c����� . If �C§¨��M�F© , then

�'ª   ��� § �S«&�'ª   ��� © ����¬��
for otherwisethereexistsan integer ­ � � ª   ���@§'�S«&� ª   ����©
� , which meansthat contraryto our
assumptionwe have � § �U�'� ­ �®�U� © .
Since £¯§,°�  �'ª   �(�b§��l�<± � �
it follows that ² � ª   ���b§(�¦³Z´R�¶µ3�"·@�0¢$¢#¢C�"¸º¹ is a partition of ± � . Therefore,

�5�8���<�X�x» �F�#¼ ��± � �Y�`» �F�2¼¾½ £¯§,°�  � ª   ���b§(�(¿�<» �F�2¼tÀ �'ª   ���" $��Á�ÂÃ» �F�2¼eÀ �'ª   ���C¡$��ÁÄÂUÅ$Å#ÅIÂÆ» �F�2¼eÀ �'ª   ���b£¨��Á� �|2}cÇ'|2È'É |#Ê�ÉÌËÌËÌË É |2ÍVÎ �I���I�6�w�"�
Q.E.D.

The basicunary operationon lists is the projectionmap Ï § definedbyÏ §'�(�'�l�ÑÐ¦Ò �+§(Ó[Ô,ÕÆ�®Ö`´R×¶�7�8�Ò Ó Ô,ÕÆ´YØ.�6�8�t� (4.14.1)

where ´ �ÑÙ .

List projectionsbelongto a classof importantunaryoperationson lists thatdo not increasetherange
of a list. Specifically,a function

� ³3Ú�Û�ÜÝÚÄÛ is calledrange-limitedif
�2� �b�"�cÞ � �(�'�(ß0à �2� �b�"�c���'�qá\� � ÚÄÛ .

Range–limitedmaps can be conveniently defined in terms of a parameterizedprojection mapÏ ³ Ù ÛRâ Ú Û ÜãÚ Û which is definedasfollows: For each �(äå�6�'� �æÙ Û�â Ú Û , with ä¥� Ò ä7ç3�I¢#¢#¢C�6ä$è2Ó , defineÏ �(äå�8���l� Ï"é�ê �����SÅ ÏCé È �(�'�tÅRÅ#Å#ÅeÅ ÏCé(ë �(���b� (4.14.2)

It will be convenientto usethe notation � é , and ��ì é(ê É'ËÌËÌËwÉ é(ëví to denote Ï �(äå�8��� . Someconfusionmay
arisewhenusingthe notation � é without specifyings; e.g., if s is a list, then � é � Ú Û , but if s represents
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an integer,then îðïsñ�ò . It is alsocommonpracticeto view óeô(õFö7÷mø as a unary operationon ò�ù , where
the unary operationis denotedby ó ï , and definedbyó ï�ú ò ù�û ò ù ölüþý@ÿ��vÿó ï ô�î�ø��<ólô(õ3ö6î�ø�� (4.14.3)

Again, if s is not specified,thenit may not be clearwhether ó"ï refersto the mapdefinedby Eq. 4.14.1
or to the mapdefinedby Eq. 4.14.3. Hopefully, the contentof discussionleavesno doubtas to which
of the two mapsan authoris referringto. For example,if we specifys asthe single integerlist õ�� �	��

and ��
 ����� î � , then it should be clear thatóCï
ô�î'ø��xó������)ô�î'ø��<îKï��<î�������� � î � 
 �<ó � ô�î'ø��

Since ó"ï is definedin termsof concatenation,variousrelationshipsbetweenóCï and concatenation
exist. The following two propertiesare obvious:

1. î����! #"�$�$�$%" ��&'�(�qî����	 )"%$�$�$�" �!*+�Y÷�î��,�!* -/.�"%$�$�$	" �	&)� , for any
� �0�@ö213141"ö)57698

2. óCï#: ;�ô�î�ø<�qóCï>ô�î'ø�÷�ó�;�ô�î�øvö ü�ýbÿ��vÿ î�ñ�ò ù ö¨õæñ>= ù ö@?BA�CED ñ>= ù
Suchpropertiescan be usedto manipulatestringsin a coherentandconcisefashion.

Lists are often viewed or definedas sequences.For instance,if FG� � î � , then l can be viewed as

an elementof HI�KJ�L ò . Thus, in additionto the abovedefined projections,we alsocanapply the standard

projections M � ú òONQP û òM � ú î2R î �
to lists. The maps ó � and M � are distinct but similar in behavior. For example,if S ñ`ò and î¨ñ ò ù
such that

� î � �TFU6V8 , thenó � ô � S 
 ÷#î�øW� X � S 
 Y[Z�� �\�� î �^]_L 
`YaZ � �>� 
 � î � ü�ý YKb ÿ M � ô � S 
 ÷$îwøc� X S Y�Z�� �9�î �d]_L Y�Z � �9� 
 � î � �
Theoperationsof concatenationandprojectionscanbeusedto definemoresophisticatedoperations

on lists. The next exampleprovidesan illustration of this.

4.14.4 Example: (Median filter). The median filter is a nonlinear techniquefor noise suppres-
sion. It consistsof replacing each pixel value e2f%gWh of an image ejilk�m with the me-
dian value of the pixels in a neighborhoodN of y. The filtered image, n , is given bynOf	gch�oqpsrutwvdxzy{f)|�e{f	}�h�~�}cil�Ef!gch#�wh , where ��~w�����Bm is a neighborhoodconfiguration
function about the point g�i�� .

In order to provide an algorithm that expressesthe medianfilter in the languageof the list
algebra,let � be the set of lists with real valued elementsand define the binary operation� ~�kG���2��� � by � f����3v#hco��7� �/�����<v�o��� � ���<v�o��� 

213



Define ¡ ¢�£G¤¥£G¦T£ recursivelyas follows:

¡2§)¨�©�ª%«c¬®­¯¯° ¯¯±
¨ ²�³<ª{¬V´#µª ²�³¶¨·¬�´�µ´)¸#¹4µ�º�¡j§�¨z»%©¶ª%«¼²�³¶¨·¬�´#¸#¹4µ{º½¨z»%©�ª2¬q´)¸!¾4µjºwªd»^©W¿BÀ_ÁÂ¸!¹�ÃÄ¸!¾´)¸#¾4µ�º�¡j§�¨�©¶ª » «¼²�³¶¨·¬�´#¸#¹4µ{º½¨ » ©�ª2¬q´)¸#¾4µ�ºwª » ©W¿½À_Á7¸!¹�ÅÄ¸!¾�Æ

The algorithm now proceedsas follows:

Let ÇÉÈ>Ê	ËjÌ<Í Ì be definedas

Ç�ÎÏ§	Ð�«�¬�Ñ7Ò ²�³�ÐGÈ¥Ól§�ÔW«Õ ÖQ×'Ø_Ù�Ú)Û ²aÜ Ù Æ
Define the medianfunction for a list ª of length Ý�¬�Þàß'Þ by

á·â)ã�ädå Ý{§æª	«�¬0ç�èWé�êBëì §æª�« ²�³<Ýí²îÜ Ö ÁïÁð éì/ñ^ò,ó�ô ð é ì êBë ñ^ò�ó¾ ²�³<Ýí²îÜ Ù4õwÙ À{Æ
Then, the filtered image ö is given byöG¢[¬ á�âuã/ä^å Ý{§%÷ ¡ø Ç/«)Æ

The medianfilter definedin the aboveexampleshould not be confusedwith the meanor local
averagingfilter describedin Example4.8.1. While the local averagingfilter is generallymoreeffective
in suppressingsmoothlygeneratednoise,the medianfilter is muchmoreeffective in reducingthe effects
of discreteimpulsenoise.Figure4.14.1providesa comparativeexampleof the effectsof thesefilters on
an imagecontaininga fair amountof discreteimpulsenoise.
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Figure 4.14.1 Exampleof meanvs. medianfilter. The top row showsthe noisy sourceimageon the
left and the meanfiltered imageusinga ùûú�ù local averagingtemplateis shownon the right. The

bottomrow showsthe effect of medianfiltering. The imageon the left is medianfiltered usinga ü�ú�ü
neighborhood,while the imageon the right is medianfiltered usinga ù�ú¥ù neighborhood.

Sincethe medianfilter representsan image-to-imagetransformation,we could haveusedprevious
methodologiesfor an algebraicspecificationof the median filter algorithm. For example, if ýÿþ����
representsa von Neumannneighborhood,then for �����
	��
	ïù
	
� , let ��� be definedas follows:

t
�

11 =

1

t    =
�
4

t    =2

1

1t   =
3

Note that if ������������������������� , then t is given by
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t
�
y = 1

1

1

1

If !#"%$'&(!*)+-, "/.%02143
5
687
6:9;6=<
> , thenthe medianimage ? of a canbe computedasfollows:!�@A$'&B!?C$'&�!D@2EF!�G�EH!JIKML�N 02$O&QPSR=TU7SV LWLAXK
L�NZY $O&[0#)\5]R8T^9^V LWL_XK
L�NF` $'& Y )\5]R8T^<^V LWL_X?a$'&cb�!#"dEe!#f]EF!
gAh#ij?kml�n V LWL_Xkml�n V LWL_Xkml�n V LWLAX
This schemecan be generalizedby decomposingany size templateinto the appropriatenumberof

one-pointtemplates.However,the numberof convolutions(iterations)for
`

single-pixeltemplates(witho
odd) is p ` )Q5f:qJGI rts

Thisprovidesfor anextremelyinefficientalgorithmfor mostcomputers.For somecomputerarchitectures,
however, this neighborhooddecompositioninto single-pixel templatesis a very efficient method for
implementingorder statistic filters [2, 1].
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CHAPTER 5
TECHNIQUES FOR THE COMPUTATION OF GENERAL LINEAR TRANSFORMS

This chapterpresentsmethodsfor the computationof discretelinear imagetransformations.Linear
imagetransformationsrepresenta largeclassof fundamentalimageprocessingoperationsin which images
aretransformedby the useof linear combinationsof pixels. Specialconsiderationis given to the linear
operator uv to representand optimize linear imageprocessingtransforms.

5.1 Image Algebra and Linear Algebra

In Sections4.9 and4.10we establishednaturalconnectionsbetweenmatrix algebraandthe algebra
of templates. A consequenceof theseconnectionsis that for any given field w=x]yzuty�{}| , the ring~�� x������Uy�uty�uv�� is algebraicallythe sameas the matrix algebra w����2�
���2�Dw�x�|�y�uty
{�| , where � ��z�W��� wd��| , �(� �z�W�A� w��4| , and { denotesboth (induced)matrix multiplication and multiplication in x .
Sinceany linear algebraof dimensionmn is isomorphicto a subalgebraof �����M���2�Dw�x�| (Section3.9),
linearalgebracanbeviewedasa specialcaseor asa subalgebraof imagealgebra.Thus,anyrelationship
which can be expressedusing the notation of finite-dimensionallinear algebracan also be expressed
usingtheusualnotationof imagealgebra.Imagealgebranotation,however,differs from theconventional
matrix/vectornotationin that it reflectsthe way computationsarecarriedout in digital imageprocessing.

In comparisonto imagealgebra,linearalgebrais anancientandwell-establishedareaof mathematics
encompassinga greatwealth of accumulatedknowledgein termsof theoremsand computationaltech-
niques. The relationshipbetweenimagealgebraand linear algebraprovidesthe link to this knowledge
andoffersdirectmethodsfor optimizing andimplementinglinear imagetransformson digital computers.

Thepertinentlink betweenimagealgebraandlinearalgebrais thepairof isomorphisms�(� � x � � �\�� �
�
� w�x�| and �j��x � � x � definedin Section4.9. Theseisomorphisms,however,arenot unique.Their
definitions are basedon the orderingof the points of X. Distinguishingthe points of X by subscripts,
say �¡��¢�£#¤Ay
£%¥my#¦m¦�¦Jy
£ �
§ , providesfor a linear orderingof X by useof the rule: £J¨2©\£Dª¬« ­]®�¯ .
The isomorphism � is dependenton this linear ordering since by definition, ��w±°A|H�²wd³ ¨´ª | �M��� , where³ ¨´ª �µ°�¶�·�w±£ ¨ | . A similar commentappliesto the vector spaceisomorphism� . It follows that for each
differentorderingof X oneobtainsa differentisomorphism.Thenext theoremdescribestherelationship
betweenthem.

5.1.1 Theorem. Suppose� ¤ �¸¢�£ ¤ y
£ ¥ y#¦m¦�¦Dy
£#� § and � ¥ �¹¢�º ¤ y
º ¥ y#¦�¦�¦Dy
º#� § are two different
orderings of � . Let ��¤»� � x � � � � � �
�
� w�x�| and ��¥�� � x � � � � � �M��� w=x�| be two
isomorphismsdefinedrelative to the ordering of � ¤ and � ¥ , respectively. Then there exists
a permutationmatrix ¼¸½Q���
���¾wdx�| suchthat

� ¤ w±°_|��Q¼S� ¥ w±°A|8¼Z¿À °�½ � x � � � .

Conversely,if thereexistsa permutationmatrix ¼�½����M���Dw�x�| andfor everytemplate°Á½ � x �Z� �
a matrix Â�Ãt½����M���Jwdx�| with the property that � ¤ w±°A|Ä��¼SÂ�Ãz¼ ¿ , then there existsan ordering
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on Å suchthat if ÆµÇ2ÈdÉ�Ê}Ë Ê�ÌÎÍBÏ�Ð�Ï
Ñ É]Ò is definedrelativeto this ordering, then Æ Ñ�Ó Ò�Ô»Õ�Ö× Ó�Ø ÈdÉ Ê Ë Ê .

Proof: Let Ù Ø4Ú Ï be the permutationdefinedby Û¾ÜWÝ'Þàß�Ô\á Þ for â Øäã�åAæ#çmç�çJæ8èêé . Recall that
the permutationmatrix ë Ü Ô ÑOì Þ´í Ò ÏMÐ�Ï is definedby

ì Þîí Ôðï å ñàòFó ÔQÙ Ñ â=Òô ñàòFó�õÔQÙ Ñ â=Ò æ
where0 and1 denotethe additiveandmultiplicative identity of É , respectively.

Let Æ�ö Ñ±Ó Ò^Ô Ñd÷ Þîí Ò Ï
Ð�Ï and Æ�ø ÑdÓ Ò^Ô Ñ�ù Þîí Ò ÏMÐ�Ï . Then

ë Ü Æ�ö ÑdÓ Ò�ëÄúÜ ÔðÈ ÷ Ü
ÝàÞàßüû Ü
Ýîíýß Ë Ï
Ð
ÏSþ
But ù Þ´í Ô Ózÿ���Ñ á Þ Ò�Ô Ó������ ��� È Û Ü�Ý Þàß Ë Ô ÷ Ü
ÝàÞàß û Ü
Ý í8ß . ThereforeÆ�ø Ñ�Ó Ò�Ô\ë Ü Æ�ö ÑdÓ Ò=ë úÜ or, equivalently,Æ ö ÑdÓ Ò�Ô[ëSÆ ø Ñ±Ó Òýë ú , where ë Ô ë
	 öÜ . This provesthe first part of the theorem.

In order to prove the secondpart, let P be the permutationmatrix with the property Æ ö ÑdÓ Ò�ÔëSÕ Ö ë ú . SinceP is a permutationmatrix, thereexistsa permutationÙ Ø*Ú Ï suchthat ë�ÔQë Ü .
Define an ordering ã á%ö æ á%ø æ#ç�ç�çJæ á Ï é on X by setting á Þ ÔCÛ#Ü���
������ and an isomorphism����������� � �"!$#&%'#)( �+*

relativeto this ordering. By the first part of the theoremwe have

,.- �0/ (�1 * ,32 � (�1 *54 176 ��� � � �

and by the hypothesisof the secondpart of the theoremwe havethat

, - �8/ (�1 * ,92;:�< 4 1=6 � � � � �?>

Hence
� (�1 * 2@: < 4 1A6 ��� � � �

.

Q.E.D.

Accordingto Theorem5.1.1, two isomorphismsdefinedin termsof distinctlinearorderingsof a point
setdiffer only by a permutation.For this reasonwe shall usethe symbol

�
to denotethe isomorphism� � � � � � !B#C%�#)( �D*

describedin Chapter4. The ordering on X will be understoodas given and no
mentionof it will be madein general.The specialcasewhereX is an E@FHG array, I 29JLK F J # orI 29JNMK F JNM# , is of particularinterest. Unlessotherwisespecified,in thesetwo caseswe shall always
assumethe lexicographicalor row-scanningorder.

The isomorphismsO and
�

allowed for the easyproofs of basicpropertiesgoverningthe general
convolutionoperator PQ (Chapter4). We concludethis sectionby reformulatingthe most pertinentof
thesepropertiesin termsof the field operationsR and F .
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SupposeS�TVU�WXU�Y+Z is a field, [�U]\_^`T�a , bcUed'U]fg^9hiT�akj a , and lg^HT . Thenm'n S�[gW`\oZpWq fsrtS�[$Wq f'ZuWvS�\AWq f�Zwxn S�l+yz[{ZpWq f|r}lDy�S�[BWq f�Z~ n [$Wq S�doWAf�Zpr Si[$Wq d�ZuWvSi[$Wq f�Z�)n [$Wq S�d=Wq f�Zpr S�[BWq d�ZpWq f� n bXWq S�d=Wq f�Zpr S�b7Wq d�ZpWq f� n bXWq S�d+W`f�ZDr Seb7Wq d�ZuWvSeb
Wq f�Z� n Seb�W`d�Z+Wq f|r Seb7Wq f�ZNWvSed.Wq f�Z

(5.1.1)

Properties1 and 2 of Eq. 5.1.1 expressthe linearity of the convolutionoperator Wq . Specifically,the
transformation�{�k��T a9� T a , definedby �{�zS�[{Z8r_[BWq f is linear sinceit follows from Property1 that� � S�[gW`\oZkr�� � S�[{Z�W�� � Se\8Z and Property2 that � � Selpyz[{Zkr�l�y�� � S�[{Z .

The remaining five propertiesprovide the necessarytools for linear transform optimization and
inversion.

5.2 Fundamentals of Template Decomposition

Templatedecompositionplays a fundamentalrole in image processingalgorithm optimization. It
provides a method for reducing the cost in computationand, therefore, increasesthe computational
efficiency of imageprocessingalgorithms. This goal can be achievedin two ways, either by reducing
the numberof arithmeticcomputationsin an algorithm or by restructuringan algorithmso as to match
the structureof a specialimageprocessingarchitectureoptimally.

Intuitively, the problemof templatedecompositionis that for a given templatet, oneneedsto find
a sequenceof smallertemplatesf���U�f���UN�����&UCfz� suchthat convolvingan imagea with t is equivalentto
the sequenceof convolutions S�y�y�y�S]Si[��q f���Z��q f���Z&y�y�y8�q fz���&��Z��q fz� . In other words, t can be expressed
in terms of the f�� ’s as fHr�f � �q y�y�y �q f � .

Oneof thereasonsfor templatedecompositionis thatsomecurrentimageprocessorscanonly handle
very small templatesefficiently. For example,ERIM’s Cytocomputer[17, 8], Martin Marietta’sGAPP
[2], andtheNationalBureauof Standard’sPIPE[14] cannotdealwith templatesof sizelarger than

~ Y ~
at eachpipelinestage.Thus,a large templatehasto be decomposedinto a sequenceof

~ Y ~ or smaller
templatesbefore it can be effectively processed.

A more importantmotivation for templatedecompositionis to speedup templateoperations.For
large convolution masks, that is templateswith large supports,the computationcost resulting from
implementationcanbeprohibitive. However,in manyinstances,this costcanbesignificantlyreducedby
decomposingthe templatesinto a sequenceof smallertemplates.For instance,the linear convolutionof
an imagewith a templatewhosesupportis an �7Y�� squarearrayat eachpoint requires� � multiplications
and � �X� m additions in order to computeone new image pixel value; while the sameconvolution
computedwith a templatewhosesupport is a

m Y�� row, followed by a convolutionwith a template
havingsupportconsistingof an �$Y m columnat eachpoint, takesonly

w � multiplicationsand
w S�� � m Z

additionsfor eachnew pixel value (Example4.10.4 illustratesthis concept).This cost savingmay still
hold for meshconnectedarray processors,where the cost of a convolution is proportionalto the size
the template’ssupport.
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The problem of templatedecompositionhas beeninvestigatedby severalresearchers.Ritter and
Gader[16] presentedsomevery efficient methodsfor decomposingFFT andgenerallinear convolution
templates. Wiejak and Buxton [20] proposeda method to decomposea 2-dimensional(or higher
dimensional)Marr-Hildreth convolutionoperatorinto two one-dimensionalconvolutions. Zhuangand
Haralick [22] gavean algorithm basedon a tree searchthat can find an optimal decompositionof an
arbitrary morphologicalstructuringelementif such a decompositionexists. Wilson and Manseur[11]
providedoptimal decompositionsof ����� templatesinto ����� templates,while Wei andLucas[21, 9]
gavemethodsfor decomposingtemplateson hexagonalarrays.In this sectionwe discussnecessaryand
sufficient conditionsfor decomposingseparablerectangulartemplates.

As mentionedin Section5.1, properties3 through7 of Eq. 5.1.1 provide the necessarytools for
linear transformoptimization. They canbe usedwhenexploringthe possibilitiesof computingtemplate
operationsin differentways. Forexample,if  e¡+¢u£�¢L¤¦¥ is afield, §=¨�©i¡0ªV« ª , andweknowthat §|¬;­
£®�¯ ,
thenby Property4, we could apply r ands sequentiallyto a insteadof computing °B£® § directly since,
in general,r ands havemuchsmallersupportthan t. In practice,however,oneusuallydoesnot know r
ands for a given t. A programmermaystartwith a large templatet — i.e., a templatewith largesupport
— and is facedwith the task of finding two smaller templatesr and s suchthat §±¬²­X£®v¯ . In many
cases,the taskof decomposinga templateinto smallerpiecesmay be very difficult if not impossible.

5.2.1 Definition. A linear decomposition(or £® –decomposition) of a template §�¨"©�¡³ªk« ª is a

sequence§�´�¢C§�µ�¢N¶�¶�¶)¢C§�·¸¨¹©�¡ ª « ª suchthat §º¬¹§�´.£® ¤�¤�¤+£® §z· .
A weak linear decomposition(or weak £® –decomposition) of t is a sequenceof templates§ ´ ¢N¶�¶�¶L¢c§¼»�½z¢L¶�¶�¶L¢�§�»�¾]¿�½�À ´ ¢{¶�¶�¶L¢c§�»�¾¸¨ © ¡³ª « ª suchthat

§|¬  �§ ´ £® ¤�¤�¤+£® § » ½ ¥N£� �§ » ½ À ´ £® ¤�¤�¤Á£® § »ÃÂ ¥N£5¤�¤�¤{£Ä©Å§ » ¾]¿�½ À ´ £® ¤�¤�¤D£® § » ¾ «'Æ

For example,if °�¨�¡ ª and §$¨�©Ç¡ ª « ª hasa weak decomposition§±¬�§ ´ £® § µ £�§zÈ7£® §ÊÉ , then
accordingto properties3 and 4 of Eq. 5.1.1, °B£® § can be computedas

 � i°$£® § ´ ¥p£® § µ ¥N£� � �°$£® §zÈ�¥p£® §zÉ�¥ËÆ
Thus,whencomputing °B£® § onecancomputethe image Ìv¬¹ �°¸£® § ´ ¥p£® § µ andstoreit, thencompute
the image ÍX¬3 �°�£® §zÈ�¥p£® §zÉ , andfinally addb andc. In general,a lineardecompositionof t is preferred
to a weak linear decompositionbecauseusually more time and spaceis involved in computingwith
weak decompositions.

With the conceptof templatedecompositiondefined,we turn our attentionto the decompositionof
somecommonlyusedtemplates.Thesetemplatesbelongto the classof shift-invariant templateswith
finite support.

In the subsequentdiscussion,we assumethat ¡ is a field, ÎÏ¬ÄÐ µ , and §�¨3©�¡ ª « ª is a template
with finite supportat somepoint Ñv¨¸Î . Since ÒD �§�Ó&¥ is finite, the following arewell defined:Ô  �ÑD¥ÖÕD× · ¬ Ô�ØNÙ{ÚÜÛ ´  �Ý0¥�Þ|ÝA¨¸ÒD �§zÓË¥�ß�¢ Ô  �ÑD¥�Õoà�áX¬;â�ã ÛLÚ�Û ´  �Ý8¥gÞ.ÝH¨¸Òp i§zÓ)¥]ßc¢ä  �ÑD¥ ÕD× · ¬ Ô�ØLÙ{ÚÜÛ µ  �Ý8¥�Þ|ÝA¨¸ÒD �§zÓË¥�ßc¢ ä  �Ñp¥ Õ+à]á ¬;â�ã ÛuÚÜÛ µ  iÝ0¥�Þ|ÝH¨¸ÒD �§zÓ)¥]ßcÆ (5.2.1)

Let å� �ÑD¥k¬ Ô  �ÑD¥ Õoà�á.æ Ô  �ÑD¥ Õp× · ¢ Ø  iÑD¥k¬ ä  �ÑD¥ Õ+à]á=æ ä  iÑD¥ Õp× · , and defineç  i§zÓ)¥8¬ Ú   Ô  �ÑD¥�Õp× · £ Ô ¢ ä  �ÑD¥�Õp× · £ ä ¥�Þ=èXé_ê0ë�ìBí�îDï]ðpñgëóò�ë�ô{íiîDïÜð8ê�ð�ògõBö7÷�ø
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By definition, ù7ú�ûzü)ý is an úeþBú�ÿDý�����ý��óú��{ú�ÿDý�����ý rectangulararrayand it is the smallestrectangular
arraycontaining �púiû ü ý . Figure 5.2.1 illustratesthe conceptof the smallestrectangulararraycontaining
the supportof û ü . As shownin this illustration, y neednot be containedin ù7ú�û üËý .

y	

i y	(   )min

y
 1

y
 2

j
�

y	(   )
max

y	(   )
max

i

y	(   )minj
�

Figure 5.2.1 The rectangulararray ��
������ containing� 
������ . Here
� 
������ is representedby the shadedregion.

5.2.2 Definition. Let ����������� � .

1. A template � � � � �!� � is said to havefinite supportif andonly if
� 
����"� is finite#%$ �'& .

2. A templatet with finite supportis calleda rectangular (*),+ template, or simply
an (-).+ template, if �/
������ is of size (0).+ #%$ �1& .

3. An (2)3+ template t is called strictly rectangular if and only if
� 
4�����65��
��7�"� #%$ �3& .

4. An (8)�+ templatet is called a row templatewhenever(95-: , and a column
templatewhenever+;5': . If both (<5=: and +>5=: , then t is called a one-point
template.

Part 2 of the definition saysthat (?
 $ �@5A( and +B
 $ �C5<+ #%$ �D& . In particular, it follows
that if t is a shift-invariant templatewith finite support, then t is a rectangular (E)F+ templatefor
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somepair of integersm and n. Thus t can be representedby an GIH�J matrix KML*N�O�PRQTS�UWVYX , whereO PZQ L\[�]�N�^_N�`aS U P X b N�^BcedfShg�i�N4`aS U P X b Nji/cFdkShS , and ^_N�`aS U P X and i�N4`aS U P X are as definedin Eq. 5.2.1.
The matrix T is calledthe weightmatrix associatedwith t. Note that if t is a strictly rectangularG0HlJ
templatewith weight matrix mDLDN�O�PRQnS4U!VoX , then O�PRQ@pL3q for ^�L=dog�rsrTrtguG and ivL=dog�rsrTrtguJ .

Theweight matrix associatedwith t shouldnot be confusedwith the matrix wxN4[kS defined earlier. In
fact, two distinct templatescan haveidenticalweight matrices.For example,the matrixm�L<y d z {| d q�}
is a weight matrix associatewith the two shift-invarianttemplatess and t shownin Figure5.2.2.

1 3
~

4
�

2
�

1

1 3
~

4
�

2
�

1

= =t
�

s�
Figure 5.2.2 Two templateshaving identical weight matrix T.

It is clear that by choosing the smallest rectangular array of type ����� �E����� ��Y����������� ���'���%��� � �e� � ���l� � �e��� with the property that �!�� f¡£¢�¤ ¢h¥�¦¨§ �B�"�I�3����� , then
the matrix

© � ª««««¬B­h® � ¤ ® � ¯T¯T¯ ­�® � ¤ ¢ ¯T¯T¯ ­h® � ¤ �¯T¯T¯ ¯T¯T¯ ¯T¯T¯ ¯T¯T¯ ¯T¯s¯­ ¢�¤ ® � ¯T¯T¯ ­ ¢�¤ ¢ ¯T¯T¯ ­ ¢�¤ �¯T¯T¯ ¯T¯T¯ ¯T¯T¯ ¯T¯T¯ ¯T¯s¯­ � ¤ ® � ¯T¯T¯ ­ � ¤ ¢ ¯T¯T¯ ­ � ¤ �
°�±±±±² � (5.2.2)

definedby ­�³R´ �e f¡j¢7¤ ¢_¥ �µ�h����� for ���<� � �e� and ���l� � �e� , providesfor a one-to-onecorrespondence
betweenshift–invariant templatesand matricesdefinedthis way. For example,the templatess and t
definedin Figure 5.2.2 have templaterepresentations

�.� ª¬·¶ ¶ ¶ ¶ ¶¶ ¶ ¸ ¹ º¶ ¶ » ¸ ¶ °² ¼f½�¾ © � ª¬·¶ ¶ ¸ ¹ º¶ ¶ » ¸ ¶¶ ¶ ¶ ¶ ¶ °² �
respectively.The matrix T definedby Eq. 5.2.2 is called the centered weight matrix correspondingto
t. In contrastto weight matrices,centeredweight matricesprovide for the location of the target pixel,
which is always locatedat the centerof the matrix. For this reasonthe target pixel of a templateis
often referredto as the center pixel.

Among shift-invariant templates,rectangulartemplatesare the simplestand most commonlyused
templatesin imageprocessing.A first stepin varioustemplatedecompositionschemesof suchtemplates
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is to decomposethe templateinto the productof a row and a column template. In light of this, it is
important to note that althoughevery templatewhosecorrespondingcenteredweight matrix is a row
or columnmatrix is a row or columntemplate,respectively,the converseneednot necessarilybe true.
The templateshownin Figure 5.2.3 is a row templatebut its correspondingcenteredweight matrix is
a ¿?Àe¿ matrix.

1-1

Figure 5.2.3 Exampleof a row template.

5.2.3 Definition. A templateis called linearly separable, or simply separable, if it canbe expressed
as linear decompositionof a row templateand a column template.

Ideally, to speedup the templateoperations,we would like to decomposean arbitrary rectangular
templateinto two one–dimensionaltemplates,namelya row templateanda columntemplate.Thus,for a
givenstrictly rectangularÁ=Â@Ã template,thenumberof arithmeticoperationsrequiredfor eachtemplate
operationat eachpixel locationcanbe reducedfrom ÄCÅ�ÁÆÃÈÇ to ÄCÅ�Á=ÉFÃBÇ . The next theoremprovides
necessaryandsufficient conditionsfor the separabilityof strictly rectangulartemplates.

5.2.4 Theorem. If Ê ËeÌ�ÍÈÎ%Ï Î is a strictly rectangularÁ*ÂÐÃ templatewith associatedweightmatrixÑMÒ Å�Ó�ÔRÕnÇ4Ö ×oØ , then t is linearly separableif and only ifÓ ÔRÕÓ�Ù Õ Ò Ó�Ô ÙÓ�Ù�Ù (I)

for all Ú.ÛÝÜÞÛÝÁ and Ú.Û'ßeÛÝÃ .

Proof: Supposethat t is separableand that Ê Ò3à Éá�â , wherer is a Ú Â>Ã row templatewith
weights ãsÙfä�åTåså"äæã Ø ands is a ÁMÂlÚ columntemplatewith weights çsÙfä�åTåså�äæç Ö . By definition
of templateproducts,Ó�ÔRÕ Ò ç7Ô�èTãæÕ for Ü Ò Úéä�åsåTåtäuÁ and ß Ò Úoä�åTåTå�äuÃ . Therefore,Ó ÔRÕÓµÙ Õ Ò ç Ô èTã ÕçTÙêèTã Õ Ò ç7ÔçsÙ Ò ç7Ôëèsã ÙçTÙxèìãsÙ Ò Ó�Ô ÙÓµÙhÙ�í
To provesufficiency, supposethat Eq. (I) holds. Definea ÚWÂ>Ã row templater anda Á�Â1Ú
column templates by ãìÕ Ò Ó Ù Õ-î4ïéð ß Ò Úoä�åsåTåtäuÃ (i)
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and ñ7ò·ó�ô òjõô õhõ2ö4÷éøúù ó3ûéü�ýsýTýtühþ'ü
(ii)

respectively.Thus,
ô òRÿúó=ñ�ò�� � ÿ and, therefore,

� ó ����	� .
Q.E.D.

Notethatcondition(I) is equivalentto sayingthat therankof T is 1. Thetheoremprovidesa straight
forward methodfor testinganddecomposinglinearly separabletemplates.SinceEq. (I) is equivalenttoô òZÿ
� ô õhõ�ó ô ò õ�� ô õ�ÿ

, it takes ��
�� þ � û�� multiplicationsand � þ � û�� ��
 � û�� comparisonsin orderto check
whethera rectangulartemplateof size

þ�� 
 is separableor not. If it is separable,thenonecaneasily
constructthe correspondingrow andcolumn templatesby using Eqs. (i) and (ii).

In many casesit is convenientto define large invariant templatesby a weight function w of two
variables. For example,the function� ��� ü � �aó ��� � � ����� � ��� � � � � � � � � ü (5.2.5)

whenevaluatedat the integers� ó � ûoü�! üTû and � ó � ûéü"! ühû , providesthe weightsof the # � # template
t shownin Figure 5.2.4. Note that if $ ó � ô òRÿ%� denotesthe centeredweight matrix correspondingto t,
then

ô òRÿ ó � � ù ü'&(� . In practice,weight functionsarecommonlyrestrictedto rectangulardomainscentered
at the origin.

=t
� 6

)
4 2

3
~

2
�

1

-6 -4 -2

Figure 5.2.4 The templatet definedby *,+.-0/"132546-(781�9	:�-(7<;=:�-(1�9?>3-@9A1�;	: .
The separabilityof a shift-invariant templatecan be reducedto the separabilityof its associated

weight function. The following result is obvious.

5.2.5 Theorem. SupposeBC4ED�7 and FHGJILK�MON M is an invariant templatewith finite supportand
weight functionw. Then F is linearly separableif and only if *,+�-�/P1Q2R4TS�+.-U2
V�WU+L1X2 for someK –valuedfunctionsf and g.

Note that this theoremis similar to Theorem5.2.4with the weight functionsf andg specifyingthe
row and column templates.

5.2.6 Examples:
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(i) The templatet with weight function w definedby Eq. 5.2.5 is separablesinceY[Z�\�]"^`_�aEbc\�dfe=g�\ihkj8l�Z�^RhAg3_�anm�Z�\o_qpsrUZL^X_t]
where m�Z�\o_5au\ d e=g�\@hvj and rUZL^`_wax^�h?g . Thus, y auz{e|?} , wherethe correspondingrow
and column templatesare given by

r~ = s� =and�-2

-1

 2

-3 -2 -1

(ii) Considerthe �L�����n���5�	�L�����k��� templatet defined by� �L���P�`��� ��0�U� � �5� �(�f�?���� � �������U�����L�U�"�c ¢¡ �L£ �� �� ��� � � �5� � �� � � � �X� � ¡ �.£ �¥¤�� �X� � ¡ �¦£ � � �� �0� � � �X� � ¡ �.£ � � �5� � �� � � � �Q� � ¡ �¦£ ��n§�¨©���o��§ � �.�`�U�?§�ª��L�U�.§ � ���`�`�
where �[� «¬���"��«¬� . This templateis alsoknown asa Marr-Hildreth template.

Clearly t is not separablebut it still hasa very efficient weaklineardecompositionwhich is the
sum of two separabletemplates,namely­ �®� ­ ¨ �¯ ­ � �0�k� ­ ª �¯ ­ �����
where

­�°
is definedby § ° for ±{�������`�Q²`�X³ .

5.3 LU Decompositionof Templates

The rank of a templatet is definedas the rank of its correspondingweight matrix T. It is easyto
show that every �´� � matrix T can be decomposedas a sum of at most n rank 1 matrices.Thus, if t
is an �A�?� template,then t can be expressedas­ � ­ ¨ � ­ � � ¤�¤�¤ � ­8µ � (5.3.1)

where

­8°
is a rank1 templatefor each±��6�����X�0¶�¶�¶��(� . Accordingto Theorem5.2.4, each

­8°
canin turn

be decomposedinto a productof a row andcolumntemplate,namely

­8° �¸· ° �¯	¹ ° . Therefore,­ �6�L· ¨ �¯=¹ ¨ �o�º�L· � �¯?¹ � �o� ¤�¤�¤ �k�L· µ �¯A¹ µ �`» (5.3.2)

This showsthat every invariant templatewith finite supporthas an effective weak linear decom-
position. However, the computationalcost of replacingthe convolution ¼½�¯ ­ by the ��� convolutions�L¼½�¯ · ° �
�¯A¹ ° is in most casesstill prohibitive. It is thereforedesirableto reducethe numberof terms
appearingon the right-handside of Eq. 5.3.2. One effective methodfor accomplishingthis is the LU
factorizationtechniqueof standardnumericallinear algebra.

For the remainderof this sectionL will always denotea lower triangularmatrix and U an upper
triangularmatrix. A matrix T is said to havean LU factorizationwheneverT canbe written asa matrix
product ¾C�À¿ÂÁ .

The next theoremprovidesa first stepin the reductionof the numberof termsin Eq. 5.3.2.
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5.3.1 Theorem. If ÃJÄÆÅLÇcÈÊÉ%ËÍÌ�Î�Ì hasan LU factorization,thenfor any ÏÀÄEÐ�Ñ(ÒXÑ0Ó�Ó�Ó�Ñ�Ô there exist
matrices Ã0Õ�Ñ0Ó�Ó�Ó�ÑXÃUÖ eachof rank at most1 and a matrix ×ÂÖÆÄÆÅLØ ÈÙÉ Ë ÌXÎ�Ì with Ø ÈÛÚ ÄxØ Ú¦É ÄxÜ
for Ý¸ÄÞÐ�Ñ"ÒXÑ�Ó�Ó�ÓUÑ�Ï suchthat Ã¬ÄºÃ Õ�ß�à�à�à Ã Ö	ß × Ö á

Proof: SupposeÃ¬Ä¬â5ã . For ä�ÄxÐ�Ñ0Ó�Ó�Ó�Ñ(Ô define ã0È to be the ÔæåçÔ matrix whoseith row
is the ith row of U and whoseremainingrows havezero entries. For ÏèÄxÔ let é Ö denote
the ÔAå?Ô zero matrix and for Ï�êëÔ seté Ö Ä®ã Ö5ìUÕfßíà�à�à0ß ã Ì á
Then Ã¬Ävâ5ãîÄnâwÅ"ã Õ ßïà�à�à�ß ã Ö ß é Ö ËÄnâÂã Õ<ßíà�à�à�ß âÂã Ö	ß âfé ÖÄkÃ Õfßíà�à�à0ß Ã Ö	ß × Ö Ñ
where ÃUÈ�Ä�âÂã0È and × Ö Äíâfé Ö .

Q.E.D.

Thus, if the weight matrix T correspondingto the Ô åAÔ templatet hasan LU factorization,then
for any ÏðÄñÐ�Ñ0Ó�Ó�Ó�Ñ"Ô , we can write t as the sumò Ä ò Õwß ò%ó ßïà�à�à�ß ò ÖkßAô�ÖÄ¬Å�õ Õ[ßö	÷ Õ Ë ß�à�à�à©ß Å.õ Ö¬ßö?÷ Ö Ë ß?ô3Ö Ñ (5.3.3)

where ô�Ö is at most of size Å�Ô�ø?Ï½Ë<å?Å.Ô@øAÏ½Ë . In particular,if ÏèÄëÐ , thenò ÄîÅ�õ ßöA÷ Ë ß?ô Ñ (5.3.4)

wheree is of size ÅLÔùøkÐ�Ë<å Å�Ô�økÐ�Ë ; i.e., any templatewhoseweight matrix hasan LU decomposition
canbe decomposedinto a productof a row anda columntemplateplus a templateof smallersize.

5.3.2 Definition. A templateis said to havean LU decompositionif its correspondingweight matrix
has a LU decomposition.

Usingcenteredweightmatricesin theLU decompositionof a templatet simplifiesthetaskof locating
the supportof the templateô3Ö in relationto the locationof the target pixel úAÄxÅLû Õ Ñ"û ó Ë sinceü Å ô Öþý(Ë ÿ � Å��(Õ�Ñ�� ó Ë���� ó
	 û�Õ��
�(Õ��ºû�Õ ß Å�Ôùø ÏçË"Ñ
û ó �
� ó �ºû ó ß Å�Ô�ø?ÏçË����
i.e, ô�Ö has form

en-m,n-m�,1n-me

,n-m�1ee1,1

.  .  .

.  .  .

.  .  .

.

.

.

.

.

.
e� m =
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where �����������! #"%$'&!()"%*,+.-'/10�$'23()"54�+)-'/6/ for *70849�:-;0=<>0,?@?�?A0CB9+.DE(F- .
This observationimplies that Eqs. 5.3.3and5.3.4arenot asgoodasthey seemat first glance;even

for templateswith centeredtarget pixels, the target pixel of � � will alwaysbe in the upperright hand
cornerandthusrequiring,in general,a shift of datain orderto mapthe templateoperationto a particular
architectureor to achieveoptimal computationspeed.

5.3.3 Example: Considerthe GIH.G template
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The correspondingcentered(aswell as non-centered)weight matrix is given by

LFM
NOOOO
P
Q Q R Q QR S T S RS U V U SR S T S RQ Q R Q Q

WYXXXX
Z\[

and an LU decompositionof T is given by

L]M
NOOOO
P
Q ^ ^ ^ ^R Q ^ ^ ^S Q ^ ^ ^R Q ^ ^ ^Q ^ ^ ^ ^

W XXXX
Z
NOOOO
P
Q Q R Q Q^ Q Q Q ^^ ^ ^ ^ ^^ ^ ^ ^ ^^ ^ ^ ^ ^

W XXXX
Z`_

For a M R
,

L,b�Mdcfegb�M
NOOOO
P
Q Q R Q QR R U R RS S h S SR R U R RQ Q R Q Q

WYXXXX
Z [ L,i�Mjc�egikM

NOOOO
P
^ ^ ^ ^ ^^ Q Q Q ^^ Q Q Q ^^ Q Q Q ^^ ^ ^ ^ ^

WYXXXX
Z [
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and l�monqpsrut%v@wuv .
Thus,

1 1 2 1 1
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Sinceeachof the templatesy@z and y@{ is of rank 1, t can be decomposedfurther as
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11 1=t
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Although t is now a sumof productsof row andcolumntemplates,it is not a sumof products
of ����� or smallertemplateswhich arebettersuitedfor the typesof architecturesmentionedin
Section5.2. However, it is not difficult to show that

+

1

1

1

1

2

3
}
2
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=

1

1

1

and

+�1 1 2
�

1 1 11 1= 1 1

Thus, t can be written asa weak decompositionof ���\� or smallertemplates.
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Thereare two noteworthyobservationsregardingExample5.3.3. First, since
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11 1

1

1

1

1

1

1

1

1

1

11 1

1 1

1 1++

+x+x+x

=

,

the templatet can be expressedas

+|=t
�

+|
1

1

1

1

1

1

1

1

1 1

1

1 1

1

1

1

1

1 1

1

1 1

1

1

Therefore,�������� ���!���@� , wheres and �@� are ����� templatesand �@� is as in the aboveexample.
In particular,the ����� rank 1 template�@� in Example5.3.3 is now expressedasa productof two �����
templates;namely, � � �`���� � � . O’Leary showedthat this holds in general[14].

5.3.4 Theorem(O’Leary). If � is a �I��� templatesuchthat either � has rank 1 or � is a diagonal
template,then ���E���� � , where � and � are �I�\� templates.

As a secondobservationwe notethat the templatet in Example5.3.3doesnot satisfycondition(I)
of Theorem5.2.4since,for example,�s�6�'�@� � ��¡�d�8�����@� �7� . In fact, t is a rank 2 templateand it is for this
reasonthat ���
���¢���@� , where �@� and �@� are rank 1 templates.The relationshipbetweenthe numberof
termsin the expansionof t and the rank of t is given by the following corollary of Theorem5.3.1:

5.3.5 Theorem. If T is an £)�j£ matrix of rank r and T has an LU factorization, then for any¤ �¦¥'§#¨©§,ª�ª@ª«§#¬ , ­
�
­
�3�¯®@®@®g�

­
° �.± ° §

where each

­«²
is an £\�
£ rank 1 matrix, ± ° �´³%µ

²�¶@·
¸©¹;¸ hasthe property that µ

²»º
�`µ

º¼¶
�¾½

for ¿
�À¥Á§©¨©§,ª�ª@ª«§ ¤ , and ± ° is the zero matrix whenever¤ �¾¬ .
231



5.3.6 Example: Let t be the rank 3 templatedefinedby

=t
Â

3
Ã

3
Ã

3
Ã

3
Ã

3
Ã

-3 -3 -3 -3 -3

2 2 2

-2-2-2

1

An LU decompositionfor the correspondingweight matrix T is given by

Ä]Å
ÆÇÇÇÇ
È
É Ê Ê Ê ÊÊ É Ê Ê ÊÊ Ê É Ê ÊÊ Ë,É Ê Ê ÊË,É Ê Ê Ê Ê

ÌYÍÍÍÍ
Î
ÆÇÇÇÇ
È
Ï Ï Ï Ï ÏÊ Ð Ð Ð ÊÊ Ê É Ê ÊÊ Ê Ê Ê ÊÊ Ê Ê Ê Ê

ÌYÍÍÍÍ
Î¾Ñ

For Ò Å Ð
we have

ÄÓÅ:Ä,ÔfÕ
Ä«Ö�Õj×kÖ
, where

Ä,ÔfÅ
ÆÇÇÇÇ
È
Ï Ï Ï Ï ÏÊ Ê Ê Ê ÊÊ Ê Ê Ê ÊÊ Ê Ê Ê ÊË Ï Ë Ï Ë Ï Ë Ï Ë Ï

Ì ÍÍÍÍ
ÎÙØ Ä,Ö�Å

ÆÇÇÇÇ
È
Ê Ê Ê Ê ÊÊ Ð Ð Ð ÊÊ Ê Ê Ê ÊÊ Ë#Ð ËCÐ Ë#Ð ÊÊ Ê Ê Ê Ê

Ì ÍÍÍÍ
ÎÙØ

and

× Ö Å
ÆÇÇÇÇ
È
Ê Ê Ê Ê ÊÊ Ê Ê Ê ÊÊ Ê É Ê ÊÊ Ê Ê Ê ÊÊ Ê Ê Ê Ê

ÌYÍÍÍÍ
Î¾Ñ

Thus,

+=t
�

3
}

3
}

3
}

3
}

3
}

-3 -3 -3 -3 -3

+ 1

2
~

2
~

2
~

-2 -2 -2
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or Ú.ÛÜÚ�ÝkÞFÚ@ß�Þdà©ß . Since Ú@Ý is a á�âãá rank 1 template, Ú@Ý can be further decomposed
into Ú Ý ÛÙäåÞæãç , where r and s are èéâ�è templates.Therefore,the convolution ê�Þæ Ú can be
accomplishedusing only èIâ�è templates,namely

ê
Þæ Ú�Ûdèuësê�Þæ ä'ÝYì�Þæ.ç Ý3Þãí=ësê�Þæ ä'ßîìïÞ�ê�ð
where

r~ 1 = , r~ 2 = ,sñ 1 = ,

1 aò 1

-1

1 b
ó

1

1 b
ó

1

1 1 1

-1-1-1-1-a

ô�õ÷ö ø«ù úû , and ü õ÷ö7ý©ù úû . The templatesþ ö and ÿ ö whereobtainedby first decomposingthe
template þ õ÷ö��� ö , whosepictorial representationis given by

=

1 1 1 1 1

-1 -1 -1 -1 -1

r�

into the column and row templates

+

1

1

1

1 11 1++

=

1

-1

1 1 1 1 1+|

-1

a� b
�
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and then recombiningthesetemplatesin the order

r~ 1 = +x
1

-1

1 aò 1 sñ 1 = +x 1 1b
ó

1

1

and�

A primeassumptionin the LU decompositionof a templateis that theweightmatrix of the template
hasanLU decomposition.But given theweightmatrix T of a template,how do we know whetheror not
T hasan LU decomposition?A well known fact of matrix algebrais that everymatrix T canbe written
as ���
	���
 for somepermutationmatrix P. However,sincea permutationmatrix movesthe template
weightsto differentgeometriclocations,thusresultingin a differenttemplate,this fact is, in general,not
directly applicableto the problemof templatedecomposition.Necessaryconditionsfor the existenceof
an LU decompositionare given by the following theorem:

5.3.7 Theorem. Let ��	���������������� beof rank r andlet ��� denotetheleading  "!# principal submatrix
of T. If � � is nonsingularfor  $	&%�')(*',+-+-+,'/. , thenthere existsa lower triangular matrix L and
an upper triangular matrix U suchthat �0	0�1
 .

For a proof see[13] or [5].

5.4 Polynomial Factorization of Templates

Every template2$3�4�576�8 6 with centeredweight matrix �
	9�����:�;� as definedby Eq. 5.2.2 can be
representedby a polynomial �<�>=?'A@)� in two variables,where

�<�>=B'C@D�E	 F �G
�IH)J

F �G
�KH)J7L �:�M= � @ � ' (5.4.1)

and L ��� 	0� ��N �PO �CN � . The coefficients of �A�A=B'<@Q� define a matrix RS	T� L ��� � which correspondsto the
matrix T shifted to the first quadrant.

The polynomial �<�>=B'<@D� definedby Eq. 5.4.1 is called the weight polynomial of t. The weight
polynomial shouldnot be confusedwith the weight function definedin Section5.2. However, just as
for weight functions,the factorizationof weight polynomialsis equivalentto the decompositionof the
correspondingtemplates.Sincepolynomial factorizationresultsin polynomial factorsof lower degree,
the correspondingtemplatedecompositionresultsin templatefactorsof smallersize.

The following polynomialdecompositiontheoremwasprovedby ManseurandWilson [11].
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5.4.1
Theorem. If UWV
X*Y[Z\V
X , and ]<^>_?Ya`*bPc defhg)ikjel g)i�m f l _ f ` l , thenthere existsfive polynomials

u, v, p, q, and r such that

]A^n_?YC`obpc[q,^n_BY<`Qbsr-tD^>_BY<`Qb?uwvx^�_?YC`Dbsrzy�^>_BY<`Db?u|{�^n_?YC`ob,Y
where q,^n_?YC`obpc }~ fhg/i }~l g/i q f l _ f ` l Y tD^>_BY<`Qb7c d1� }~ fhg/i j � }~l g)i t f l _ f ` l Y

v,^>_BYC`ob�c }~ fhg)i }~l g)i v f l _ f ` l Y y�^�_BYC`DbEc d�� }~ fIg)i j � }~l g)i y f l _ f ` l Y
and {�^�_?YC`Db7c d����~ fhg �

j �/�~l g �
{ f l _ f ` l��

Proof: If m ^>`Db|c jel g)i�m i l ` l , then by the FundamentalTheoremof Algebra, there exists

polynomialsm � and m } with �o�a�,^ m � bp��� , �o�M�,^ m } b���Z���� , andsuchthat m ^�`Db�c m � ^>`Db�r m } ^>`Db .Similarly, if ��^>`Db#c jel g)i�m d l `
l
, then there existspolynomials � � and � } with �o�a�,^�� � b���� ,

�o�a�,^�� } b��9Z���� , and suchthat ��^>`Db�c�� � ^n`*b�r�� } ^�`*b .
Define q,^n_BY<`Qb�c m � ^>`Db�uk_ } � � ^>`DbDYtD^>_BY<`Qb7c m } ^>`Dbxuk_ d1� } � } ^�`Db)Yand � ^n_?YC`Qb�c�]<^>_BY<`Dbs��qx^>_BYC`*b?r-tD^>_BYC`ob � (i)

Multiplying u and v, we obtain� ^n_?YC`Db7c�]A^A_BYC`obs���n� m � ^>`Db?u�_ } � � ^n`Db���r/� m } ^>`Dbxu|_ d�� } � } ^n`Db>�M�c�]A^A_BYC`obs� � m ^�`Dbxuk_ } � � ^>`Db m } ^�`*bxu�_ d�� } m � ^>`Dbn� } ^n`Db,u|_ d ��^�`Db �
�

But ]<^>_BYC`*b7c d~ fhg)i j~l g)i m f l _ f ` l
c d1�/�~ fhg �

j~l g)i m f l _ f ` l u j~ l g)i m i l ` l u�_ d j~l g)i m d l `
l

c d1�/�~ fhg �
j~l g)i m f l _ f ` l u m ^n`*b?u�_ d ��^n`Db �

Thus, � ^>_BYC`ob�c d1�/�~ fhg �
j~l g)i m f l _ f ` l ��_ } � � ^>`Db m } ^n`Db,�|_ d�� } m � ^>`Db>� } ^n`*bDY
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which meansthat  ;¡n¢?£A¤D¥ is of form

 ;¡A¢B£C¤o¥7¦[§1¨/©ª « ¬ ©
­ª® ¬,¯  

« ® ¢
«
¤ ®E°

If ±�¡>¢x¥�¦ §�¨/©²« ¬)¯  
« ¯ ¢
«
, thenc canbe decomposedas ±�¡�¢x¥�¦³¢$´-± © ¡�¢x¥ , where µ�¶¸·�¡�± © ¥º¹\»0¼|½ .

Similarly, if µD¡>¢x¥|¦ §�¨/©²« ¬)¯  
« ­ ¢
«
, then d can be decomposedas µD¡�¢x¥¾¦¿¢À´/µ © ¡n¢,¥ , whereµo¶a·,¡�µ © ¥Á¹�»0¼k½ . Let Â,¡�¢B£C¤D¥º¦&¢ÄÃ�¢/¤oÅ , Æ�¡�¢B£<¤D¥Ç¦&± © ¡>¢x¥?ÃÈµ © ¡>¢x¥>¤

­ ¨ Å , andÉ ¡�¢?£C¤D¥7¦[ Ê¡>¢B£<¤D¥s¼�Âx¡>¢B£<¤Q¥s´-Æ�¡>¢B£C¤o¥ ° (ii)

Again, by multiplying Â,¡n¢B£<¤Q¥ by Æ�¡>¢B£C¤o¥ andnoting that  Ê¡>¢B£<¤D¥ can be written as

 Ê¡>¢B£<¤Q¥�¦�§1¨D©ª « ¬ ©
­ ¨/©ª® ¬ ©

 
« ® ¢
«
¤ ® Ã|§1¨/©ª « ¬ ©

 
« ¯ ¢
«
Ãk¤ ­ §�¨/©ª « ¬ ©

 
« ­ ¢
«
£

it can be ascertainedthat É ¡�¢B£<¤D¥ is of form

É ¡>¢B£C¤o¥�¦�§1¨/©ª « ¬ ©
­ ¨/©ª® ¬ ©

É « ® ¢
«
¤ ® °

It now follows from Eqs. (i) and (ii) thatË ¡>¢B£<¤D¥7¦[Ìx¡>¢B£C¤*¥?´-ÍD¡>¢B£C¤o¥?Ãk ;¡n¢?£C¤o¥¦[Ìx¡>¢B£C¤*¥?´-ÍD¡>¢B£C¤o¥?ÃÎÂ,¡�¢B£<¤D¥s´-Æ�¡�¢B£C¤D¥?Ã É ¡>¢B£<¤Q¥ °
Q.E.D.

Let t be an arbitrary Ï�ÐkÏ template. According to Eq. 5.3.1, t can be decomposedinto a sum
of five rank 1 templates Ñ

¦
Ñ
© Ã

Ñ
Å Ã

Ñ Ò Ã
Ñ Ó Ã

Ñ Ô °
It follows from O’Leary’s theorem(Theorem5.3.4) that for Õ�¦�Ö�£/½*£?×�×-×/£)Ï , eachtemplate

Ñ «
can in

turn be decomposedinto a productof two Ø$Ð|Ø templates

Ñ «
¦0Ù

«
ÃÚ�Û
«
. Thus, t can be written as a

weak decompositionof ØÜÐ�Ø templatesÑ
¦�¡nÙ © Ã

Ú|Û
© ¥xÃÝ´-´-´BÃ�¡�Ù Ô ÃÚ|Û Ô ¥ °

Obviously, Theorem5.4.1 provides for a better result; the numberof Ø�ÐkØ templatesneededis
actually half of the numberindicatedby the rank method,namelyÑ

¦�Þ�ÃÚ|ß Ã�àÀÃÚká Ã�ÙÇ£ (5.4.3)

whereu, v, p, q, and r areof size at most ØâÐ�Ø . Example5.6.18(iv) showsthat this result is the best
achievablefor certain ÏãÐ|Ï templates.
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Themethodsof Theorem5.4.1canbeappliedseveraltimesin orderto decomposetemplatesof size
larger than ä$åkä into sumsand productsof æÜå|æ templates. For example,if t is a çèåÈç template,
then t can be decomposedasé�ê�ë>ì;íPîï|ð í îïkñ í-ò?î�ë>ì-ó"îïkð ó îï�ñ ó�òxî�ë>ìzô�îï|ð ô òxîkënì-õ"îï|ð õ ò?î|ì�ö�÷
whereeach

ì�ø>÷ ð ø
, and

ñ ø
is a æÄåwæ template.By factoring the polynomials ù ë>úDòa÷ºû�ë�úDòC÷ºü�ë>ýxò and þ ë�ýxò

in the proof of Theorem5.4.1 into the productof quadratics,a general
ë>ÿ�� î��;ò å ë>ÿ�� î��;ò templatet

can always be decomposedinto a sumé�ê�é í î|é ó î������Bî�é ó��
	/í ÷
where

é ó���	Dí
is a æâå�æ templateand,for � ê���÷/ÿ*÷�
�
�
)÷������

, the templates
é ó ø 	/í

and
é ó ø

areproducts
of form é ó ø 	Dí ê\ì ø�� îï ì ø�� îï �����$îï ì ø����������� �!#"�$�% é ó ø ê ð ø�� îï|ð ø&� îï ������îïkð ø����'�(���� �! ÷
whereeach

ì ø�)
and

ð ø*)
is a æ�åPæ template.In actualapplications,furthersavingscanbeachievedby noting

that in the proof of Theorem5.4.1, the polynomial + ë>ýB÷<úDòÇê ýÄî�ý/ú ó appearsin everydecomposition.
Thus, the distributive law can be usedto further reducethe operationcount in templatesof size çâåÀç
or larger.

5.5 The Manseur-Wilson Theorem

The decompositionmethodspresentedin the next sectionare basedon a remarkabletheoremfirst
provenby Z. ManseurandD. Wilson [11]. While thestatementof this theoremis somewhatlengthy,the
key idea(asnotedby ManseurandWilson) is asfollows: If the rootsof the four boundarypolynomials
(Eq. (I) of Theorem5.5.1) of a templatecanbe rearrangedso that they match,thenthe templatecanbe
decomposedinto a sum and productof threesmaller templates.

5.5.1
Theorem (Manseurand Wilson). Suppose, ëAý?÷Cúoò�ê.-/ø&0�1 �/2 031 ù ø 2 ý ø ú 2 is a polynomialsuchthatù 1�1 ÷ ù 1 � ÷ ù - 1 , and ù - � are all nonzero. Define

ù ë>úDò7ê
�42 031 ù 1 2 ú 2 ÷ û�ë>úDò7ê �42 031 ù - 2 ú 2 ÷

ü�ë>ýxòEê -4 ø�031 ù ø �Qý ø ÷ þ ë�ý,ò�ê -4 ø&0�1 ù ø*1 ý ø ÷
(I)

and let 5 í ÷�
�
�
,÷ 5 � denotethe rootsof ù ë�úDò , 6 í ÷�
�
�
)÷ 6 � denotethe rootsof
û�ë�úDò

, 7 í ÷�
�
�
/÷ 7 -
denotethe rootsof

ü�ë�ý,ò
, and let 8 í ÷�
�
�
/÷ 8 - denotethe rootsof þ ë�ýxò .

If there existsan ordering of the rootssuchthat

5 í 5 ó 8 í 8 ó ê 6 í 6 ó 7 í 7 ó ù � þ 5 ô ����� 5 � 8 ô ����� 8 - ê 6 ô ����� 6 � 7 ô ����� 7 - (II)
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or such that

9;:<9>=@?A:B?A=DC�EF:BEF=HG<:<G<= I
JLK 9NMPO�O�OA9�QR?
MPO�O�OR?
STC�E3MPO�O�ORE3QUGBMPO�O�OVGBSXW (III)

thenthere existspolynomialsYFZ\[ WB]A^�W`_ Z'[ W@]a^ , and b�Z�[ WH]
^ suchthatc Z�[ WH]a^dC YFZ�[ WH]
^>O�_ Z'[ W@]U^�e b�Z�[ WH]
^�W
where

YFZ'[ WH]
^fC
=g h
iFj

=gk
i3j Y

hlk
[
h
]
k
W _ Z\[ WH]a^mC

SDn�=g h
i3j
Q�na=gk
i3j _

hlk
[
h
]
k
W

and

b�Z\[ WH]a^dC
SDn�:g h
i :
Q�n�:gk
i : b

h�k
[
h
]
k
o

Conversely,if
c Z'[ WH]a^pC YqZ\[ WH]a^>Or_ Z�[ WH]U^>e b�Z\[ WH]a^ , where p, q, andr are definedas above,then

there existsan ordering of the rootsas describedin Eqs. (II) and (III).

Proof: Factor I Z ]a^�Wts Z ]A^BWtu Z\[ ^ , and K Z\[ ^ as follows:I Z ]a^mC�I j QLv ] Q ewO�O�ONe Z I j :yx I j Q ^�]ze Z I j�j x I j Q ^|{C�I j Qp} ] =f~ Z 9 : e�9 = ^\]zeX9 : 9 =H�F} ] Q�n�= e�O�O�ONe Z ~�� ^ Q 9 M O�O�OU9 Q�� W (i)

s Z ]A^fC�I�S�Q v ] Q ewO�O�ONe Z I�S�: x I�SfQ3^\]�e Z I�S j x I�SfQ3^�{C } ] =�~ Z E : e�E = ^']ze�E : E = �F} I S�Q ] QRn�= e�O�O�ONe Z ~�� ^ Q I SfQ E M O�O�O
E Q � W (ii)

u Z\[ ^fC�I S�QLv [ S ewO�O�O�e Z I :�QAx I SfQ ^ [ e Z I j QAx I S�Q ^�{C } [ =p~ Z ? : e�? = ^ [ e�? : ? =@�F} I S�Q [ SDn�= ewO�O�ONe Z ~�� ^ S I SfQ ? M O�O�O
? SD� W (iii)

and K Z\[ ^�C�IRS j v [ S e�O�O�O�e Z I
: j x I�S j ^ [ e Z I j@j x I�S j ^\{C�IRS j } [ = ~ Z Gy:fe�G<=�^ [ e�G<:<Gy= �L} [ SDn�= e�O�O�ONe Z ~�� ^ S GBM�O�O�OAGBS � o (iv)

By substitutingappropriateroots in the aboveequations,oneobtainsthe relations

I j@j x I j Q�C Z ~�� ^ Q 9;:<9;=�O�O�OV9NQd� (v)

I S j x I SfQ C Z ~�� ^ Q E : E = O�O�O
E Q W (vi)I j Q x I�SfQ�C Z ~�� ^ S ?A:B?A=tO�O�O
?
S�W (vii)

and I j�j x I�S j C Z ~�� ^ S G<:<G<=�O�O�OVG�S o (viii)

Now let

I
: Z ]a^mC�?A:B?A=B] =p~ ?A:@?A= Z 9;:feX9;=�^']ze�?A:B?A=B9>:<9;=
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and

�V���\�a�f�T�B�z���\��� ���R�V P¡�¡�¡��V� � �R¢ �¤£ ¡�¡�¡ £ �H�����\�p¥��A� �f�
�
 ¦¡�¡�¡V�
��§N P¡�¡�¡V§N��¨
SubstitutingEq. (vii) into Eq. (iii) showsthat �a���A�D�©�
ª<���A� ¡ � � �'�a� . Next let

« ª��'¬F�d��­FªB­ � ¬ � �®­LªB­ � ��¯<ª £ ¯ � �'¬ £ ­FªB­ � ¯<ª<¯ �
and « ���'¬q�m�°�H�������A� �f� ­  �¡�¡�¡ ­ � ¬ �D¢ ��£ ¡�¡�¡ �����(���p¥3�a� �f� ­  �¡�¡�¡ ­ � ¯  P¡�¡�¡ ¯ ��¨
SubstitutingEq. (vi) into (iv) showsthat

« ��¬q�±� « ªy�'¬q� ¡ « � �'¬q� .
Usinga similar argumentit canbeascertainedthatEqs. (ii) and(iii) canbewritten asproducts² �\�a��� ² ª �'�a� ¡ ² �y�'�a� and ³ ��¬F��� ³ ª ��¬F� ¡ ³ �<��¬F� , respectively.

The polynomial ´ �\¬�µH�a� is now definedby defining ´A¶¸· to be the coefficient of � · in � ª �'�a� ,´ � · the coefficient of � · in
² ªy�'�a� , ´A¹ ¶ to the coefficient of ¬ ¹ in

« ª��\¬q� , ´A¹ � the coefficient of¬ ¹ in ³ ª<��¬F� , and ´ ª�ªº��» .
In orderto definethepolynomial ¼ �'¬NµH�
� , set ¼ ¶�· equalto thecoefficient of � · in � � �\�A� , ¼ �±¢ �y½ ·
the coefficient of � · in

² � ���A� , ¼B¹ ¶ the coefficient of ¬ ¹ in
« � �'¬q� , ¼B¹ ½ �R¢ � the coefficient of ¬ ¹ in³ � �'¬q� , and set all other coefficients equal to zero.

By defining ¾ �'¬NµH�
�¿�ÁÀ@�'¬Nµ@�U�p� ´ ��¬�µH�a� ¡ ¼ �'¬Nµ@�U� it follows from the conditionson the roots
that the only indicesfor which the coefficients ¾ ¹ · of ¾ ��¬�µH�U� arepossiblynonzero,occurwhen�PÂÄÃDÂ©ÅÆ��� and �PÂ�ÇºÂ©Èº��� . That is, ¾ �\¬NµH�A� can be written as

¾ �\¬�µH�a�d� �D¢
ªÉ

¹&Ê ª
��¢ ªÉ
· Ê ª ¾y¹ · ¬ ¹ � · ¨ (ix)

To prove the converse,observethat if À���¬�µH�
��� ´ �'¬NµH�A� ¡ ¼ ��¬�µH�U� £ ¾ �\¬NµH�A� , where ¾ �'¬NµH�
�
is as in Eq. (ix), then Eqs. (i)—(iv) can again be usedto show that either § ª § �<¯ ª ¯<���­ ª ­ � � ª � � and §   ¡�¡�¡A§ � ¯   ¡�¡�¡ ¯ � � ­   ¡�¡�¡ ­ � �   ¡�¡�¡�� � or § ª § � � ª � � � ­ ª ­ � ¯ ª ¯ � and§   ¡�¡�¡A§ � �   ¡�¡�¡�� � �#­   ¡�¡�¡ ­ � ¯   ¡�¡�¡ ¯ � .

Q.E.D.

According to Eq. 5.4.3,any ËÍÌÎË templatecanbe decomposedinto a weakdecompositionof fiveÏ Ì Ï templates.However,given a ËÐÌ�Ë templatet which satisfiesthe hypothesisof Theorem5.5.1,
then t hasa weak decompositionof only three

Ï Ì Ï templates

Ñ ��Ò £Ó�Ô £�Õ ¨
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5.6 Polynomial Decompositionof SpecialTypes of Templates

Formanytemplates,theconditionslistedin thehypothesisof theManseur-WilsonTheorem(Theorem
5.5.1) areoften difficult to establish.First the rootsof the boundarypolynomials ÖA×'ØaÙHÚ�Û�×\ØaÙHÚpÜ�×'ÝqÙ , andÞ ×'ÝqÙ haveto be determinedand thentheir orderedproducts(Eqs. (II) and(III) of Theorem5.5.1) must
becomputed.Oncethis hasbeenaccomplished,the polynomials(templates)ßF×\ÝNÚ@ØaÙBÚ�à�×\ÝNÚHØaÙ and á�×'ÝNÚHØ
Ù
haveto beconstructedasin the proof of Theorem5.5.1. Someof thesetaskscanbe simplified by using
commerciallyavailablecomputeralgebrasoftwaretools. However,there is a large classof commonly
usedtemplateswhoseweak decompositioncan be ascertainedby simple inspection. Thesetemplates
exhibit specific symmetricproperties.

We begin our discussionby consideringpropertiesof symmetric and skew symmetric column
templates.The treatmentof symmetricand skewsymmetricrow templatesis identical.

5.6.1 Definition. A polynomial ßF×'ÝqÙpâTÖRã�äXÖVå<ÝÍäXÖVæ<Ý æ ä�ç�ç�çNä�Ö
èVÝ è is said to be symmetricwith
respectto n whenever ÖRéÍâêÖ è
ë é for ìÍâîíAÚ�ï�Ú�ð�ð�ð3Ú�ñ . A row templateis symmetricif its
correspondingweight polynomial is symmetric.

Accordingto Eq. 5.4.1, the weight polynomialcorrespondingto a columntemplatet is of form

ò ×�ÝqÙmâ æ�óô
é&õ ã Ö�éöÝ éU÷ (5.6.1)

Henceour interestwill be focusedon polynomialsthat are symmetricwith respectto an evenintegerñÆâùø�ú .

Another importantobservationis that Definition 5.6.1makesno provision for ßq×'ÝqÙ to be of degree
n. For example,the polynomial ßq×\ÝqÙtâwûüÝÐä�ø�Ý æ û�Ýaý satisfiesthe symmetricpropertywith respect
to ñ®âTþ since ßF×'ÝqÙpâ�í¿û�ÝPä�ø�Ý æ ûXÝ ý äXí¿ç�ÝAÿ . This also showsthat althoughn is even,the degree
of ßF×'ÝqÙ neednot be even.

Closelyassociatedwith the conceptof symmetryis the conceptof skewsymmetry.

5.6.2 Definition. A polynomial ßF×\ÝqÙfâ�Ö ã ä�Ö å Ý ä�Ö æ Ý æ äwç�ç�ç;ä�Ö è Ý è is said to be skewsymmetric
with respectto n wheneverÖ�é>âÄû�Ö è�ë é for ì�â�íAÚ�ï�ÚLð�ð�ðFÚ�ñ . A columntemplateis calledskew
symmetricif andonly if its correspondingweight polynomial is skewsymmetric.

Suppose���â í . If ßq×'ÝqÙ is symmetricwith respectto n, then

ï� è ßq× � Ùmâ Ö ã� è ä Ö å� èRë�å ä�ç�ç�ç�ä�Ö è
âTÖ è ï� è ä�Ö èRë�å ï� è�ë�å äwç�ç�ç�äXÖ ã
âXßF×�ï�� � Ù ÷

Similarly, if ßq×'ÝqÙ is skewsymmetricwith respectto n, then û å��� ßq× � ÙmâXßF×�ï	� � Ù . Therefore,ßF× � Ùfâ�í�
ßF×Bï�� � Ù;âTí for both symmetricandskewsymmetricpolynomials.This provesthe following theorem.
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5.6.3 Theorem. If ��
���� is a polynomialsatisfyingthe symmetricor skewsymmetricproperty with
respectto n, thena nonzero number� is a root of ��
���� if andonly if ����� is a root of ��
���� .

Suppose��
���������� �"!#��$%!#�&��' . Since��
������)(*!+(-,.�/!#��� ��!#�"$ !#���"'0!+(1,.��23!+(1,.��4 , ��
���� satisfies
thesymmetricconditionwith respectto 56��7 . Thepolynomial ��
���� canbefactoredas ��
������)���%�98�
���� ,
where 8�
����:�;�<!>=$ �?!@� � . The factor �&� � hasdegreeA?�>5CBED�FHG�
I��
����J� , andleadingcoefficient equal
to the leadingcoefficient of ��
.��� . In addition, 8�
���� is of degreeD�F9G�
K��
.���J�1BLA and is also symmetric
with respectto D�F9G�
M��
����N�*BLA . More generally,the following result holds:

5.6.4 Theorem. If ��
���� is a polynomialof degree k and ��
.��� satisfiesthe symmetricproperty with
respectto n, then ��
������)O�P���Q98�
���� R
where SC�>5TB@U , O�P denotesthe leadingcoefficientof ��
���� , and 8�
���� is a polynomialof degreeUCB6S whichsatisfiesthe symmetric(skewsymmetric)propertywith respectto UCBVS .

Proof: Let ��
.���:�)O�W3!CO = �X!Y,�,Z,�!CO P � P . If ��
���� is symmetric,then O Q �YO&[�\ Q �)O [�\-]^[�\ P`_ �O�P . If ��
���� is skewsymmetric,then O Q �aBbO�P . Thus, in eithercase O Q c��( . Therefore,��
������YO Q � Q !LO Qed = � QNd = ,Z,Z,f!gO�P�� P�YO P � Q 8�
����"R
where 8�
����1�;hi�<! O Qed =O P �i! O QNd �O P � � !j,�,Z,f!g� P \ Q�R
andwe usethe plus sign if ��
���� is symmetricandthe minussign if ��
���� is skewsymmetric.
In either case, 8�
���� is of degree UTBkS .

Let 8�
����:�)l W !El = �m!n,Z,�,�!olJpq� p , where rs�)U?BTS and lJtu�YO QNd t���O�P for v*�)("R-�&R-wZw�w RHr .
If ��
���� is symmetric, thenl9t-� O Qed tO�P � O ]x[&\ P`_ d tO�P � O [&\�] P \ tI_O�P � O P \ tO�P� O Qed ] P \ Q \ tK_O P ��lyP \ Q \ t*�)lHp \ t3z
Therefore, 8�
���� is symmetricwith respectto r{�|U}B~S .

Similarly, if ��
���� is skew symmetric,thenl t � O Qed tO P � O [&\�] P \ tK_O P � O P \ tO P �;B�l p \ t z
Hence 8�
���� is skew symmetricwith respectto r��nU}B~S .

Q.E.D.

Note that this theoremis true for both evenand odd integersn.
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5.6.5 Theorem. Suppose������� is a polynomialwhich satisfiesthe symmetricpropertywith respectto
an evenintegern. If the degreeof ������� is k and �~���6�L� , then�������:�)�������Z�H���.�����Z�`�����b�Z���3��� �y� �J���N� �����"�
where �H�.�����1� �+� ���a� �) � �<¡L¢ � � ¡ �£��� �i�V�T¤¥ E���-¦ �q§Y�1§a¨ � ��ª©

Proof: By Theorem5.6.4, ���.���m�«� � � � ���.��� , where ¦&¬y­��.���������®�«�T�E� . If k is even,then�T�V� is evensince �6�|�+�L� is even. If k is odd, then j is odd and,hence,�T�V� is even.
Thus, in either case, �+�E� is divisible by 2.

Now if �1���i�)  , thenset �H�������:� � �>���.��� andtheresultfollows. If �X���¯¤°  , thenit follows
from the FundamentalTheoremof AlgebraandTheorem5.6.3 that ������� canbe factoredas�������1�>���C�k±*���N�.�}� ��² ±*���N�.�}�E± � �N���¯� ��² ± � �b�Z�Z�1³��C�@± � �`� �´�K�J�´µ ³��}� �	² ± � �`� �´�I�N�`µ� ³ � � ¡g¢ �H� ¡ � µ ³ � � ¡@¢ � � ¡ � µ ���Z� ³ � � ¡L¢ � �y� �´�I�J� � ¡ � µ �
where ¢ �m�¶��±f��� ��² ±f� .

Q.E.D.

In contrast to Theorem5.6.4, the requirementfor n to be even is necessary. For example, if���������)·&�"¸ ¡V¹ �3º ¡V¹ � » ¡ ·��3¼ , then ������� is of evendegreebut symmetricwith respectto theodd integer�k�a½ . In this casewe have �������/��·�� ¸ ������� , where �������¾� � ¡ �¸ � ¡ �¸ � � ¡ � ¸ is of odd degreeand
can, therefore,not be factoredinto a sequenceof quadraticpolynomials.

Another observationis that in contrastto Theorem5.6.4, Theorem5.6.5 doesnot hold for skew
symmetricpolynomials. The polynomial ���.���¿�a� � � �

is skew symmetricwith respectto �g� ¹ , but� � � �ÁÀ�«� � ¡)¢ � ¡ �
for any numberb. In fact, the polynomial � � � �

is a commonfactor of any
polynomial which is skew symmetricwith respectto an eveninteger.

5.6.6 Examples:

(i) Accordingto Eq. 5.4.1,the weight polynomialcorrespondingto a row templatet is of form

Â ��Ã3�1� � ¨Ä�eÅ � � � Ã � © I.

If oneallows for complexroots,thenit follows from the FundamentalTheoremof Algebrathat
t hasan exact factorization Æ+�ÈÇ ¡É@Ê

, wherep and q are of size at most
�iË ��� ¡ � � sinceÂ ��Ã"�}�Ì���.Ã"�/������Ã"� , where

���.Ã"�X� ¨Ä
�NÅ � � � Ã � ����¦Í����Ã"��� ¨Ä

�eÅ � � � Ã � © II.
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For example,the row template

1 1 1 1=t
Î

1

hasweight polynomial Ï´Ð�Ñ3Ò¾ÓnÔ¾Õ¥Ñ¯ÕgÑ�Ö¾ÕLÑ&×�ÕLÑ&Ø which factorsasÏNÐ�Ñ"ÒXÓnÙNÔÚÕ~Û Ü´Ñ?Õ@Ñ Ö`Ý ÙNÔÚÕ@Þ`Ü�ÑqÕ@Ñ Ö`Ý&ßà¿á3âZãNâ Û%Ü¾Ó ÔÚÕgä åæ ç�è é>Þ`Ü�Ó Ô¾ê@ä åæ ë
Thus,

+ì 1 11 1=t
í

pî qï
1 1

(ii) If d is a diagonal template,then the weight polynomialof d is of formð"ñ�òfó´ô�õ1ö£÷�øù úIû%ü:ý úxú ò ú ô ú�þ
However,it is moreconvenientto representdiagonaltemplatesin termsof polynomialsof one
variable, namely ð"ñ�ò�õ�ö£÷�øù úMû%ü ð ú ò ú ó
where

ð ú ö ý úxú
.

It follows from (i) abovethat suchtemplatescan alwaysbe factoredexactly into two diagonal
templatesof smallersize (seealsoO’Leary’s Theorem(5.3.4)). For instance,a ÿ��~ÿ diagonal
templatewill havedecompositionof form

+==d
�

d
�

d
�

d
�

d
�

d
�

pî
pî

pî
qï

qï
qï

1

112

2 23

3 3

5
�4

�
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We turn our attentionto the decompositionof skewsymmetricrow or columntemplates.

5.6.7 Theorem. If ���
	�� is a polynomialwhich satisfiesthe skewsymmetricproperty with respectto
an eveninteger n, then ���
	�������	�������������	�� �
where ���
	�� is a polynomialwhich is symmetricwith respectto !"�$# .

Proof: Let !%�&#�' and ���
	��(��)�*,+�).-�	/+1020�03+4)656	 5 . Since ���
	�� is skew symmetric,)�7��8�,)�5:9;7 for <=�?>@�A�:��B�B2B �C' . Also, since )�DE�8�,):D , )�DE�F> . Therefore,

���G�H�I� � DJ 7LKM* )�7N�
DJ 7OKM* )�7�+ � DJ7LK�D )�7� DJ 7LKM* ) 7 �
DJ 7OKM* ) 7 �F>�P

Thus, 	Q�8� is a root of ���
	�� and ����	�� hasa commonlinear factor 	/��� .
An analogousargumentshowsthat ���R�S�T�U�8> . Therefore,���
	�� hasa commonlinear factor	V+W� . Hence �
	��$�H�R��	X+Y�T�Z�[	 � �\� is a commonfactor of ����	�� and ����	�� canbe written as���
	�������	��������2���
	��M�
where ���
	��(�]�C*^+���-�	/+1020�0Z+Y�C5:9 � 	 5:9 � . It remainsto be shown that ���
	�� is symmetric
with respectto !\�Y# .
Note that���
	��3�]�
	M�_�$�2�����C*_+$��-�	`+a0�020.�C5�9 � 	 5�9 ����b�c� * �\� - 	/�\� � 	 � �d0�020N�\� 5�9 � 	 5:9 � +e� * 	 � +W� - 	gf�+d0�0�0h+W� 5�9 � 	 5�b�c�i*U�\��-�	j+$�
�C*k�W� � �
	 � +$�
�l-_�m� f �
	@f_+n020�0020�0h+$�
� 5�9�o �W� 5�9 � �
	 5�9 �_+$� 5:9 f 	 5�9@- +W� 5:9 � 	 5�Y) * +W) - 	j+n0�020A+$) 5 	 5 P
Therefore, �W� * �Y) * �E�c) 5 �p�,� 5�9 � ��W��-,�Y).-q�E�c)�5�9@-q�p�,�C5�9 f �rTs�t � 7u9 � �m� 7 �Y) 7mvxw:y <z�F#g��B�B2B��G!/�\#kP
Thus, we have �C*"�{�C5�9 � and �l-/�n�C5:9 f .
We now proceedinductively. Assumethat �C7��?�2| 5:9 �C} 9g7 for some <�~E� . Since� 7u9�- �W� 7���- ��) 7L��- �?�,) 5:9 | 7L��- } �
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we have that �C�L�A�q�[�:�6��� �O���R��� �C� � ����
�2� ��� � �L���R�O� ����� � �:��� �L���R�
� � �C� � ��[� ���:��� � � � �L���R� � ��� ��� � �L���R� � �C� � � ��[�2���:��� � � � �L���R� � ���C��� � �L���R� � �C�:��� �L���R� ��[� ���:��� � � � �L���R�
since,by induction,

� � � � ���������@� � ��� � � �R� ���C��� � �L���R�
.

Therefore

���
���
is symmetricwith respectto � ���

.

Q.E.D.

Combining the precedingthree theorems,we obtain

5.6.8 Theorem. If � �
��� is a polynomialof degreek satisfyingtheskewsymmetricpropertywith respect
to an evenpositiveintegern, thenthere existsan integerj suchthat� �
���I�[�6�T�6� � � � ��� � ���T�
���
���2�����q 2 � g��¡£¢ � �
����¤
where

� �
denotesthe leadingcoefficientof � �
��� , ¥ �E�
¦ �¨§ � �m�

, and

�C�������
is of form�C���
�����8© � ªx«Eª �[¬� � �e­ ��� � �®ª
«bª � � ¤A¯�¯2¯�¤ ¥±° ��²

Proof: Let k denotethe degreeof � �
��� . Thenaccordingto Theorem5.6.4, � �
�����[�6��� � ���
���
,

where

§ � � � ¦
,

�6�
denotesthe leading coefficient of � ����� , and

���
���
is a polynomial of

degree

¦ �³§
which satisfiesthe skewsymmetricpropertywith respectto

¦ �Q§
.

Sincen is even,

¦ �\§
is even. Thus, we can apply the resultsof Theorem5.6.7 to

�������
in

order to obtain ���
���I� � � � �%� � � �l�
���M¤
where � � ����� is a polynomial of degree

�
¦ �³§ � �E�
which is symmetric with respectto¥ �´�
¦ �³§ � �e�

. Since l is even,Theorem5.6.5 can be appliedto � �l�
��� . Since the degree
of � �2�
��� is l, � �2�����Z��� ¡ �C�T�����
���2�
���k 2 � g��¡£¢ � �
��� ¤
where

�C���
���^�8� � ��­ �µ� � �
for

ª^¶]�
. However,accordingto the proof of Theorem5.6.4,

the leadingcoefficient

� ¡ � �
. Therefore,� �
���I�F�6��� � �
� � �%� � � �l�
����F�6���;� � � � �%� � �C�T�
���
���2�����q � � g��¡·¢ � �
��� ²

Q.E.D.
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Accordingto Theorem5.6.5, any symmetriccolumntemplatewhoseweight polynomial is given by
Eq. 5.6.1 can be decomposedinto a productof at most ¸
¹�º¨»M¼R½�¾S¿YÀ templatesÁ^ÂFÃ ¿Ä Á�Å ¿Ä Á�Æ ¿ÄÈÇ�Ç2Ç ¿Ä Á:ÉOÊlË6ÌÎÍuÏ ÆzÐ

(5.6.4)

where s denotesthe one-pointtemplatedefinedby

ÃlÑ ¸�ÒZ¼ Â8Ó�Ô Ê ÕLÖ Ò Â�×Ø ÕÙÖ Ò%ÚÂ�× Ð
and

Á�Û
is of form

1

1

=
i

b
Ü

i
t
Î

for Ý=Þpß�àAá�á2á�à�â�ãXä"ågæèç�é . In particular,the convolution ê³ëì\í
canbe achievedin termsof at mostâ
ã`ä"ågæèç�é convolutionsusing only î/ï%ß templates:

ê"ëìðí Þ?â
ñmëì\í�ò æ3ëìmí�ó ëì®ô�ô2ô ëìmíTõLö�÷6øGùLú ó à
where ñ´Þüû ö ô ê .

Similarly, if t is skew symmetric, then accordingto Theorem5.6.8, t is the product of at mostýó ë?é templates í Þ[þVëì$ÿ ëìmí ò ëìmí ó ëìÈô2ô�ô ëìðí ý ú ó à (5.6.5)

where s and
í��

are as aboveand

=

1

-1

r�

Therearecertainpolynomialswhich arealmostskewsymmetricandcanbe decomposedusing the
decompositionmethodfor skew symmetricpolynomials.
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5.6.9 Definition. A polynomial �����	��

���	��������������� � ����������������� ��� is saidto beskewsymmetric
with respectto its pivot coefficient ��� if ��� 
"!����#�%$&� for ' 
)(&*	+�*-,.,�,/*102!3+ . A column
templateis skewsymmetricwith respectto its targetpoint if its correspondingweightpolynomial
is skew symmetricwith respectto its pivot coefficient.

For example,the polynomial �	�#���4
5� � �76���!3+ is not skew symmetricsince ����8
2!9�:�;$<� , but�	�#��� is skew symmetricwith respectto its pivot coefficient � � .
If �	�=���>
3� � �?� � �@�A� � � � �B���.�C�?� ��� � �#� is skewsymmetricwith respectto its pivot coefficient��� , then �������D
?�1���������?E	�#�	�1*

where �/�.����� is skewsymmetricwith respectto 6�0 and E������D
F����� � . Thus, �1�.�#�	� canbe decomposed
usingthe methodsof Theorem5.6.8. Therefore,if t is a columntemplatewhich is skewsymmetricwith
respectto its target point, then GH
JIK�3L , whereu is the one point template

L	M1�=N>��
 O ��� PRQANS
3T( PRQAN?8
3T
and v is the compositionof at most U� �
6 templatesgiven by Eq. 5.6.5. The convolution VS�W G can,
therefore,be accomplishedin termsof at most U� �
+ convolutionsusingonly X@YA+ templates:VS�W G 
5Z[�����[�\�=]^�WA_ �`�W G��a�1�����b�W G Udc ��e �gf%*
where ]h
i��jk��V and f7
l���m��V .

Havinglaid thefoundationfor thedecompositionof symmetricandskewsymmetricrow andcolumn
templates,we now extendtheseideasto two-dimensionaltemplates.

5.6.10
Definition. A polynomial of form �	�#�C*�n<�o
 �p�Rq/�srpt q1� ��� t � � n t 
 �p�Rq/� � � �<�#�=n<� , where �&����n<�o

rpt q/� � � t n t for '�

(<*C+�*	,�,.,u*/0 , is calledsymmetric(respectivelyskewsymmetric) with respectto

y if �&����n<� is symmetric(respectivelyskewsymmetric)with respectto n for all 'v
w(<*u+�*C,�,.,u*&0 .

A template t is said to be symmetric(respectivelyskewsymmetric) with respectto y if its
correspondingweightpolynomialis symmetric(respectivelyskewsymmetric)with respectto y.

A similar definition can be given for the variable x. However, one can always restrict the
decompositionmethodologyto the y variable by simply transposinga templatewhich is symmetric
or skew symmetricwith respectto x and then taking the transposesof the resultingsmaller templates
which are symmetricor skew symmetricwith respectto y.

5.6.11 Theorem. If ���=�x*[n<� is anypolynomialof twovariables,then�����x*[ny�`
A�/�.�=�C*�n<��� �/�.�=�x*\n<� , where�1�.�=�x*�n<� is symmetricwith respectto y and �1�.�#�C*�n�� is skewsymmetricwith respectto y.
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Proof: Supposez	{�|x}�~<�%�����R�/�?��� �1�1� � � | � ~ � . If one rewrites z	{�|x}�~�� as

z�{�|x}�~��`� ��� �1� � � � ~ ��� | �� � �/� ��� � ~ �`� |/� �� � �/� � � � ~ �`�i�.���x� | � ��� �/� � � � ~ � }
then it is easyto seethat eachterm | � ��� �/�u� � � ~ � can be decomposedas

| � ��� �/� � � � ~ � �
| � ��� �/��� � � � � � ��� ��� �� � � � �b� � ��� ��� �� � ~ �
�
| � ��� �/��� � � � � � ��� ��� �� � ~ � � | � ��� �/�-� � � �b� � ��� ��� �� � ~ ��
| � z � � {�~<� � | � z � � {�~<�<}

where z � � {#~<�>� ��� �/�-� � � � � � ��� ��� �� � ~ �7�.�	� z � � {�~<�D� ��� �/�-� � � � � � ��� ��� �� � ~ �D�
It follows from the definition of thesetwo polynomialsthat z � � {#~<� is symmetricwith resect
to n and that z � � {�~<� is skewsymmetricwith respectto n for all ���F�&}C �}C¡�¡�¡/}1¢ . Therefore,
the polynomial

z � {�|x}[~<��� �� �R�/� | � z � � {=~<�
is symmetricwith respectto y and the polynomial

z � {�|x}[~<��� �� �R�/� | � z � � {=~<�
is symmetricwith respectto y.

Obviously, z � {�|x}�~�� � z � {=|x}[~<�k�Jz�{�|x}[~y� .
Q.E.D.

The theoremimplies that any templatet whoseweight polynomial is given by Eq. 5.4.1 can be
decomposedinto a sum £k�F£ � � £ � , where £ � is symmetricand £ � is skewsymmetric.
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5.6.12 Example: Let t be the templatedefinedby

=t
Î

1

2
¤
3
¥
4

5
¦

6
§
7
¨
8

9
©
10

11

12

13

14

15

16

17

18

19

20

21
¤
22
¤
23
¤
24

25

and let ª«¬R­1® ª«¯ ­/®u° ¬ ¯;± ¬³² ¯ representthe weight polynomial of t.

Using the equations

´ ¬ ¯�µ ª¶ ¯ ­/®-· ° ¬ ¯¹¸ ° ¬�º »�¼ ¯½ ¾À¿.Á	ÂÄÃ ¬ ¯%µ ª¶¯ ­1®Å· ° ¬ ¯¹Æ ° ¬�º »�¼ ¯½ ¾
to computethe coefficientsof the templatesÇ�È and ÇÊÉ , respectively,we obtain

=t
í

1 2
Ëtí =

-10

-10

-10

-10

-10 -5

-5

-5

-5

-5 5
Ì
5
Ì
5
Ì
5
Ì
5
Ì

10

10

10

10

10

11

12

13

14

15

11

12

13

14

15

11

12

13

14

15

11

12

13

14

15

11

12

13

14

15

andÍ

with Î�Ï Ð3Î�ÑÓÒÔÎ .
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The templateÕ�Ö in the aboveexampleis skewsymmetricwith respectto y andcanbe decomposed
into the product Õ ÖÅ×mØÅÙÚ?Û , wherer ands are the row andcolumntemplatesgiven by

=

10

10

10

10

10

andÜ sÝ= 1-1 -1/2 1/2rÞ

respectively.

The row templater is skew symmetricwith correspondingweight polynomial given by ß�à�á<âäãá�å%æJçè�á�é%ê�çè�ákêìë . According to Theorem5.6.8, ß�à�á<â¹ãBí�á è êsë.î1í�á è ægï ç áÅæsë�î . Obviously, ï ç ãBçè .
Hence,r can be factoredinto the product ðkãmð ç æñ ð è , where ð ç and ð è aredefinedby

r =
1

r =
2

andÍ-1 1 1 11/2

The templates on the other hand is symmetric,with correspondingweight polynomial given byòôó�õ	ö9÷5øúù�õ<û%üFø�ù�õ<ý%üFø�ù�õ/þ`üFø.ù�õÿüFø.ù . Applying Theorem5.6.5, one obtainsòôó�õ�öD÷mø.ù����.ó�õ�ö�� þ ó�õ�öv÷mø.ù���õ þ ü���� õkü
ø
	���õ þ ü�� þ õÿüsø
	�

Since �=õ þ ü����úõkü
ø�	��=õ þ ü�� þ õ@ü
ø�	4÷
õ û ü õ ý ü õ þ ü õ�ü�ø , it is not difficult to ascertainthat ����÷ ����� �þ
and � þ ÷ ��� � �þ satisfiesthis equation. It follows that � ÷ ø�ù�ó � � ü� � þ ö , where

s� =
1

s� =
2
�andÍ1

1

1

1

1
b
�

2
�b�

Thus, ���! #"
$&%('*)!+, '*�-+,�. )-+,�. ��/ . By defining 01 2'*)3+,�. ) and 4� 2'*�3+,�. � , onemay write �
� as
a productof two 576�5 templates;namely � �  8"�$&%90:+, 4;/ , where

u< v= =+ +

-1 1

-1 1 1 1

1

1
b
>

2
?b>

1

1
b
>

2
?b> 2

?b> /2
@

1/2

1/2
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The reasonfor theeasydecompositionof A�B into the productof two CEDFC templatesis that A�B is not
only skew symmetricwith respectto y, but alsosymmetricwith respectto x. In contrast,the templateA�G in Example5.6.12 is symmetricwith respectto y but hasno symmetrypropertywith respectto x.
Hence,decomposingA�G into a productof a row and columntemplateA�GIH2JIKL�M , where

r = sÝ =andÜ1 1 1 1 1

11

12

13

14

15

then r is necessarilysymmetricwith respectto y, while s hasno symmetrypropertywith respect
to x. Although r can be decomposedinto two NIO1P row templatesby useof Theorem5.6.5 (seealso
Example5.6.6for a decompositionof this template),we havenot exploredmethodsfor decomposingthe
nonsymmetriccolumntemplates into two PQOFN columntemplates.Thusthequestionarisesasto whether
or not R�S canbedecomposedinto a productof P!OTP templates.The next theoremanswersthis question.

5.6.13
Theorem. If U�V�WYX�Z\[^] _`acb�d e`f b�dhg a f W a Z f is symmetricor skewsymmetricwith respectto y andg d�dFi]2j i] g _ d , thenthere existpolynomialskhV�WYXlZ&[�XnmoVpW�XlZ&[ , and qoV(WYX9Zr[ of form

ksV(W�XlZr[t] uv acb�d
uvf b�d k a f W a Z f X moV�WYX9Zw[t] _yx uv acb�d e x

uvf b�d m a f W a Z f X g{zY|
qoV�WYXlZ\[t] _yx Sv acb S

e x Svf b S q a f W a Z f
suchthat U9V�WYXlZ\[I]}ksV�WYX9Zw[�~�moV�WYXlZ&[t��qoVpW�XlZ&[ .

Proof: Since U9V�WYX9Zw[ is eithersymmetricor skewsymmetricwith respectto y, it follows thatg d e i]�j and g _ e i]�j . Using the notation employedin the Manseur-Wilson Theorem,the
boundarypolynomial g V(Z\[ is either symmetricor skew symmetric,dependingupon whetherU9V�WYX9Zr[ is symmetricor skew symmetric,respectively. In either case,accordingto Theorem
5.6.3, eachroot of g V�Zr[ canbe pairedwith its reciprocalandwe canchooseg S
VpZ\[ and g u VpZ\[
such that � S � u ]2N��*��� ��� ~�~�~ � � ]�N (i)

Similarly, since �
V(Zr[ is symmetricor skewsymmetric,we canchoose� S VpZ\[ and � u V�Zr[ suchthat� S � u ]2N��*��� � � ~�~�~ � e ]2N (ii)
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Combining (i) and (ii), we obtain�������3���h�9�����*��� �����
���&�Y�����������
���r� (iii)

Also, since  l¡(¢�£�¤r¥ is symmetricor skewsymmetric, ¦
¡(¢h¥ �¨§ª© ¡(¢s¥ . Therefore,« � « �¬�®­w�9­\�¯�°��� « �����
� «�± ��­&�����
��­ ± (iv)

But (iii) and (iv) imply������� « � « �-���h�����9­\��­\�²�°��� �Y�����
�{�Y³ « ���
��� «�± ���������
����³{­&���
���&­ ±
Thus,the conditionsof the Manseur-Wilson Theoremaresatisfied andthe result follows.

Q.E.D.

The theoremshowsthat the ´�µ1´ template¶ � definedin Example5.6.12can be decomposedinto
a weak sum of at most three ·Tµ�· templates.

Theproof of the next theoremprovidesa simplemethodfor decomposingrectangulartemplatesthat
exhibit symmetryat their corners.

5.6.14
Theorem. If  9¡�¢Y£l¤&¥ � ±¸¹»º�¼ ³¸½ º�¼�¾ ¹ ½ ¢ ¹ ¤ ½ hasthe property that ¾ ¼�¼ � ¾ ¼ ³T� ¾ ± ¼ � ¾ ± ³¿�¨À and¾ � ¼ � ¾ ¼ � , ¾ ±3Á ³�Â��7� ¾ ± Â�� Á ³ , ¾ ± Â�� Á ¼ � ¾ ±¬Á � , and ¾ ¼ Á ³�Â��Ã� ¾ �p³ , then there existpolynomialsÄ ¡p¢Y£9¤w¥l£�Åo¡p¢�£l¤r¥ , and Æo¡�¢Y£9¤w¥ suchthat �¡p¢�£l¤r¥ � Ä ¡p¢�£l¤&¥ � Åo¡�¢Y£9¤w¥�Ç�Æo¡p¢�£l¤&¥�£
where Ä ¡�¢Y£l¤&¥ � �È ¹cº�¼

�È½ º�¼ Ä ¹ ½ ¢ ¹ ¤ ½ £ Åo¡(¢Y£l¤r¥ � ± Â��È ¹»º�¼
³oÂr�È½ º�¼ Å ¹ ½ ¢ ¹ ¤ ½ £

and Æo¡(¢�£l¤r¥ � ± Â��È ¹cº �
³oÂ��È½ º � Æ ¹ ½ ¢ ¹ ¤ ½�É

Proof: Let Ä ¡(¢Y£l¤\¥ � ¢TÇ®¤ÃÇ�¢�¤ � Ç�¢ � ¤ andÅo¡�¢Y£l¤&¥ �ËÊ ¾ ¼ � Ç ¾ ¼ � ¤!Ç ����� Ç ¾ ¼ Á ³oÂ�� ¤ ³oÂ���Ì Ç�Í ¾ �Î³ ¢�¤ ³oÂr� Ç ¾ ��³ ¢ � ¤ ³oÂr� Ç �
��� Ç ¾ ± Â�� Á ³ ¢ ± Âr� ¤ ³�Â��lÏÇ Ê ¾ ± � ¢ ± Â�� Ç ¾ ± � ¢ ± Âr� ¤!Ç ���
� Ç ¾ ±¬Á ³�Â�� ¢ ± Â�� ¤ ³oÂ\��Ì Ç Ê ¾ � ¼ ¢ÃÇ ���
� Ç ¾ ± Â�� Á ¼ ¢ ± Â\�sÌ É
Defining Æo¡�¢Y£l¤&¥ by Æo¡�¢Y£9¤w¥ �  9¡�¢�£l¤&¥�Ð Ä ¡p¢�£l¤&¥ � Åo¡�¢Y£9¤w¥ providesfor the desiredconclusion.

Q.E.D.

Thepolynomial ¦
¡(¢s¥ � ¦ ¼ ÇT¦ � ¢nÇÑ¦ � ¢ � , where ¦ ¼ � ¾ ¼ � £F¦ �y� ¾ ¼�¼ , and ¦ �y� ¾ � ¼ , is calledtheupper
left-handcornerpolynomialof t. Upperright-handcornerandlower cornerpolynomialsaredefinedin a
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likewisefashion.Thus,if all cornerpolynomialsof a templatet aresymmetricandtheirpivot coefficients
are zero, then t can be decomposedinto a weak decompositionof threesmallertemplatesp, q, and r ,
where p is given by

pÒ =

1

1

1

1

andthe templatesq andr canbeconstructedusingthedescriptiongiven in theproof of the theorem.

Introducing sign changesÓ9Ô!Õ in the valuesof the templatesp and q providesmethodsthat are
analogousto thosegiven in the proof Theorem5.6.14 for decomposingtemplateswhoseboundaryand
cornerpolynomialssatisfy varioussymmetryconditionsdifferent from thosegiven in the hypothesisof
the theorem.

5.6.15
Theorem. If Ö9Ó�×�Ø�ÙrÕ¬ÚÜÛÝÞ»ß�àâáÝã ß�à�ä Þ ã × Þ Ù ã hasthe property that ä à�à Ú ä à á Ú ä Û à Ú ä Û á Ú¨å andÖ9Ó�×YØ9ÙrÕ satisfiesthe following conditions:

1. ä à ã7æ å and ä Û ãÑç å for è1Úéå\Øhê�Ø�ë�ë
ëhØ�ì
2. ä Þíà ç å and ä Þ á æ å for î!Ú#å\Ø�êoØ�ë�ë
ë�Ø�ï
3. the upper left-hand corner and lower right-hand corner polynomialsare skew

symmetric
4. theupperright-handcornerandlower left-handcornerpolynomialsare symmetric,

thenthere existpolynomialsðhÓ�×YØlÙ&Õ�Ø:ñoÓ�×YØlÙ&Õ , and òoÓp×�ØlÙwÕ suchthatÖ�Óp×�ØlÙrÕtÚ�ðhÓp×�ØlÙ&Õ�ó
ñoÓ�×YØ9ÙwÕ�ô�òoÓp×�ØlÙ&Õ�Ø
where ðhÓ�×YØlÙ&Õ�Ú õö Þcß�à õöã ß�à ð Þ ã × Þ Ù ã Ø ñoÓ(×YØlÙrÕ÷Ú Û¬ø õö Þ»ß�à á ø õöã ß�à ñ Þ ã × Þ Ù ã Ø
and òoÓ(×�ØlÙrÕtÚ Û¬ø�ùö Þcß ù á

ø�ùöã ß ù ò
Þ ã × Þ Ù ã�ú

Proof: Let ðhÓ(×YØlÙ\ÕIÚû×¿üâÙ�ü�×�Ù õ ô�× õ Ù andñoÓ�×YØlÙ&Õ�ÚËý ä à ù ô ä à õ Ù!ôËó�ó�óYô ä à�þ á ørù Ù á ø õ�ÿ ô�� ä õ á ×�Ù á ø õ ô ä�� á × õ Ù á ø õ ô ó
ó�óYô ä Û¬ø�ù þ á × Ûyørù Ù á ø õ �ü ý ä ÛQù × Ûyø õ ô ä Û õ × Ûyø õ Ù!ô ó�ó
ó�ô ä Û þ á ø õ × Ûyø õ Ù á ø � ÿ ü ý ä õ à ×Ãô ó�ó
ó�ô ä Ûyø õ þ à × Û¬ø � ÿ ú
Defining òoÓ�×YØlÙ&Õ by òoÓ�×YØ9ÙwÕ�Ú�Ö9Ó�×�ØlÙ&Õ�ü ðhÓp×�ØlÙ&Õ�ó
ñoÓ�×YØ9ÙwÕ providesfor the desiredconclusion.
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Q.E.D.

Note that accordingto the aboveproof, the templatep is given by

pÒ =

-1

-11

1

This reflectsthe appropriatecornersymmetriesof t. It should also be apparenthow other corner
symmetriesand boundary conditions could be utilized in order to obtain analogousdecomposition
schemes.For instance,if the cornersof t areall zeroand the following conditionsaresatisfied

1. �����
	�� and ��
��
��� for ���������������������
2. ��� � 	�� and ��� ���!� for "#�������$���%������&
3. the upperleft-handcornerand lower right-handcornerpolynomialsaresymmetric
4. the upperright-handcornerandlower left-handcornerpolynomialsareskewsymmetric,

then setting ')(+*,�.-0/1�324*
2�-657*�-�8459*�8:- ,; (+*,�<-�/=��>?� �<@ 5A� � 8 -B5�C%C�C,5D� �:E �$F @ - �$F 8:G 2�HI� 8 �$*�- �$F 8 5D��JK�L* 8 - �$F 8 5�C�C%C�5M� 
 F @NE �L* 
 F @ - ��F 8PO2 > � 
Q@ * 
 F 8 5A� 
 8 * 
 F 8 -B5�C�C%C�5M� 
RE �$F 8 * 
 F 8 - ��FSJ G 5 > � 8 � *T5UC�C%C�5A� 
 F 8 E � * 
 F�J G �
and defining V�(+*,�<-�/ by V�(�*��<-�/W�YXZ(+*,�Z-0/[2�'\(+*,�Z-S/]C ; (+*,�Z-S/ results in the decompositionXZ(+*,�<-�/W�')(�*,�Z-S/^C ; (+*,�Z-0/=5_V�(`*,�<-0/ .
5.6.16 Example: If t is definedby

t
a

=

1 2
b

1

1 2
b

3
c

2
b

1

2 3
c

4 3
c

2

1 2 3
c

2 1

1 2
b

1

thenthe cornerpolynomialsof t aresymmetric.Accordingto the proof of Theorem5.6.14,d�e+f,gZhSi�jlk?m�n<o�pMm$nNq<h#pAm�nKr�h qKs ptk?m�q+u�f�h q pAm�rKu�f q h qNs ptk?m$uNo:f q pDm�u<qNf q h s p9vwm�q�n�f0xjlkzy{pA|$h}pDh qNs ptk~|$f�h q pMf q h qNs ptk?f q pM|$f q h s p�vw|$f0xj�y{pA|�fTpDf q pD|�hBpAh q pD|$f�h q pA|�f q hBpMf q h q��
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Hence,q is given by

q� =

1 2 1

2
¤

2
¤

1 2
¤

1

and ����D�
by

p� q� =+�
1 2 1

1 2 4 1

2
b

2
b

8 2
b

2
b
14

�
2
b

4
�

1

1 2
b

1

4

Since �����T������A�
, we have

r =

-2 1 -2

1 -4 1

-2 1 -2

and �����D��D� �_� .

In the aboveexample,the templatet is symmetricwith respectto both x and y. In addition, the
centeredweight matrix correspondingto t is a symmetricmatrix. It may thereforenot be surprisingthat
the templatefactorsp, q, andr exhibit the samesymmetricproperties.Thus,it is naturalto askwhether
or not this phenomenonis true in general.The next theoremanswersthis questionin the affirmative.

5.6.17
Theorem. If �N�+�, K¡�¢£� ¤¥¦ §�¨ ¤¥© §�¨«ª ¦ © � ¦ ¡ ©

satisfiesthesymmetricpropertywith respectto bothx and

y and if the matrix ¬U��� ª ¦ © ¢ ¤0­�¤ is symmetric,then there exist polynomials®)���, Z¡S¢< D¯��`�, <¡0¢ ,
and °��`�� <¡0¢ suchthat

�K���� <¡0¢��A®)���� <¡�¢²±%¯��+�, Z¡S¢��D°����� <¡�¢� 
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where ³)´+µ ¶K·0¸=¹ º» ¼ ½)¾
º»¿ ½�¾

³ ¼I¿ µ ¼
·
¿

¶ À ´`µ ¶<·0¸Á¹ÃÂLÄ º» ¼ ½�¾ Â$Ä º»¿ ½�¾ À
¼I¿ µ ¼

·
¿

¶
and Å ´`µ ¶<·0¸�¹�Â$Ä«Æ» ¼ ½ Æ

Â�Ä�Æ»¿ ½ Æ
Å ¼Ç¿ µ ¼

·
¿

È
Proof: If É ¾K¾ËÊ¹_Ì , thenby symmetry É Â ¾ÍÊ¹_Ì and the result follows from Theorem5.6.13.
Thesymmetryof the polynomialfollows from thefact that thepolynomialsÉ ´ ·0¸N¶ÏÎ ´ ·0¸N¶ÏÐ ´+µ ¸ ,
and Ñ ´+µ ¸ definedin the proofsof either Theorem5.6.13or the Manseur-Wilson Theoremall
have,in this case,the samecoefficientsand, therefore,the samedecomposition.
If É ¾Z¾ ¹�Ì , then againby symmetrywe have that É ¾ Â ¹ É Â ¾ ¹ É Â%Â ¹ÒÌ . The result now
follows from Theorem5.6.14and the definitionsof

³\´+µ ¶Z·S¸<¶ËÀ ´�µ ¶<·�¸ , and

Å ´+µ ¶<·�¸ in the proof
of 5.6.14.

Q.E.D.

In contrastto Eq. 5.4.3, the numberof Ó1ÔÕÓ templatesneededto decomposea Ö×ÔÕÖ templateis
at most 3 if the templatesatisfiesthe symmetricconditionsof Theorems5.6.13, 5.6.14, or 5.6.17. In
general,the numberof ÓØÔ
Ó templatesneededto decomposea

´+Ù$Ú6Û9Ü ¸ Ô ´�Ù$Ú1Û�Ü ¸ templateexhibiting
the symmetryconditionsdescribedin Theorem5.6.17 is at most

Ú,´KÚ6Û9Ü ¸�Ý Ù
.

5.6.18 Examples:

(i) The Laplace template

l =

-1

4-1

-1

-1

satisfiesthe conditionsof Theorem5.6.14andcan,therefore,be decomposedas

+ +

1

1

-1

-1

11 -1 -1

2

2
Þ 8

2
Þ
2
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This representsthe decompositioninto templatesthat exhibit the samesymmetricbehavioras l.
A simpler decompositionof l into diagonaltemplatesis given by

+ß +ß
1

1

-1

-1

4
à

This shows that the theoremsdiscussedin this chapterneed not provide the most efficient
decompositions.

(ii) The template

h
á

=

-13 2 7
â

2 -13

21722172

7
â

22
ã

27
ã

22
ã

7
â
2
ã

1722
ã

172
ã
-13 2

ã
7
â

2
ã

-13

usedby Haralick [6] satisfiesthehypothesisof Theorem5.6.17. Adopting theconstructionused
in the proof of the Manseur-Wilson Theorem,resultsin the following decompositionof h:

+ä +

-13 -13

-13-13

  -19.73

  -19.73  -19.73

  -19.73

  1   1

  1  1

  1.5411  -1.672

  -1.672

  -1.672

  -1.672     8.39 -28.943
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(iii) The template

t
å

=

1 1

11

is symmetricwith respectto y, but doesnot satisfythe hypothesisof eitherthe Manseur-Wilson
Theoremor thehypothesesof Theorems5.6.13, 5.6.14, or 5.6.17. It canbeshownthat t cannot
be decomposedas æ�çYè�éêDë é_ì , where eachp, q, and r is of size at most íïî�í [10].
However,using LU factorization,t can still be decomposedas a weak decompositionof fouríïîDí templates.

(iv) Similar to example(iii), the template

t
a

=

1 1

11

2
ã

1 1 1

1 1

is symmetricwith respectto y, but doesnot satisfythe hypothesisof eitherthe Manseur-Wilson
Theoremor the hypothesesof Theorems5.6.13, 5.6.14, or 5.6.17. Z. Manseurhasshownthat t
cannotbe decomposedas ðTñóò`ð�ôBõö ð�÷%ø²õÃò`ð�ù}õö ð�ú%ø suchthat each ð:û is of sizeat most ü1ýWü
[10]. Of course,employingthe constructivemethodusedin the proof of Theorem5.4.1, t can
be decomposedinto a weak sum ðWñþò`ð�ôBõö ð�÷%ø=õ7òÿð:ùØõö ð:ú ø=õ � such that each ð:û and r areüïýDü templates.
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5.7 Decompositionof Variant Templates

In this sectionwe shall be concernedwith decompositiontechniquesfor variant templatesthat are
analogousto the techniquesdiscussedin the precedingsections. We shall restrict our discussionto
rectangulartemplates.

Rectangular����� variant templatescan be specifiedby a family of ����� matrices
�	��

������ ��

�������������

, where

! #"%$

,
� �&

�'���(��)�*+��,��-
.� � � �0/ ��,%1324��5768�'
.� � � ��/ �96:1;2<�=�

, and
,>�'
.� � � �

and68�'

� � � �
are definedby Eq. 5.2.1. The matrix

�0��

�
is called the weightmatrix associatedwith t at y.

Whenevery is understood,we simply write T for
�	�'

�

and
� ���

for
� �-
.� ���

.

In analogywith centeredweight matricesassociatedwith invariant templates,we also define the
notion centeredweight matricesfor rectangularvariant templates. In particular, if t is a rectangular
templateand m and n are positive integerssuch that

"%? � � "@? � is the smallestrectangulararray
containing ACB )EDGF�H FJI-K , then the centered weight matrix associatedwith t at


L�M�&N<O<5�N $ � is definedas�	�-
.�P� � � �-

� ��� � ? ��� ? � , where
� ��

� ��� �Q) * ��N<O / ,J5�N $ / 6R��5�1 �TS , SQ� , and

1 �3S 6 SQ� . Note

that since t is a rectangulartemplate,the array U ��N O / ,J5VN $ / 68�XW�1 �YS , SZ� 5[1 �\S 6 S;�%] is the
smallestrectangulararray which is centered at


��^�&N<O<5�N $ � and contains A ��) * � .
Obviously,if

)	�Z_ /`ba
and t is variant,then r ands cannotboth be invariant. However,it is often

possibleto decomposet into a pair of non-trivial smaller templatessuchthat one of the factors is an
invarianttemplate.Thus,again,thetransformcomputationcanbeoptimizedandtemplatescanbetailored
to fit particulararchitectures.Having onefactor invariantcanfurther enhancethe speedof computation.

As a first example,we decomposean arbitrary cd�ec template.

5.7.1 Theorem. If t is a cf�gc template,thenthere existtemplates
) � 5.,h�Q2E5+iR5kj4jlj�5�m

, suchthat)	�n�-) O /` ) $ � / �')lo /` )lp<� / �-)lq /` )�r<� / )lst5
where

) O 5:)�o
and

)lq
are invariant uv�wu templates,and

) $ 5x)�ph5:)yr and
)ls

are variant ud�wu
templates.

Proof: The centeredweight matrix
�	�-

�

associatedwith t at

z�{��N<OE5�N $ � is of form

�	�-

�|�
}~~~~
�
� �-

�>� $ H � $ � �-
.�=� $ H � O � ��

��� $ H F � ��

�J� $ H O � �-
.��� $ H $� ��

�=� O H � $ � �-
.�=� O H � O � ��

��� O H F � ��

�J� O H O � �-
.��� O H $� ��

� F�H � $ � ��

� F�H � O � ��

� F�H F � �-

� F�H O � ��

� F�H $� ��

� O H � $ � ��

� O H � O � ��

� O H F � �-

� O H O � ��

� O H $� ��

� $ H � $ � ��

� $ H � O � ��

� $ H F � �-

� $ H O � ��

� $ H $

������
�^�

Define the threeinvariant ud�eu templates
) O 5[) o

and
) q

by

 1

 1

t
å

=1

 1

 1

3t
å

=

1

 1

 1

 15
�tå =, ,  and
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Without loss of generalityset �������L�V���h� ��� and define

t
å

=2
4
�tå =

t� -2,-2 t� -2,-1

t� -1,-2 t� 1,2

t� 2,1
� t� 2,2

t� -2,1 t� -2,2

t� -1,2t� 1,-2

t� 2,-2 t� 2,-1

,

and

t
a

=6

t� -2,0

t� 0,-2
�

t� 2,0

t� 0,2
�

Now let �l�f�^���Z�����l�P�� �l�4�%�������x�� �� <�%�;�'�¢¡P�� �l£l�-¤ . Then

���4�4�¦¥d�

§¨¨¨¨¨¨¨¨¨¨¨¨¨¨© ¨¨¨¨¨¨¨¨¨¨¨¨¨¨ª

«�¬ �V­ ¬ �®�(� «J¬ �V­ ¯®� « ¯�­ ¬ �4� °²±´³´�n�&µ<�®�3¶E·Vµ<�.�;¶<�« ¬ �V­ ¯ �z� « �¸­ � � « �V­ ¬ � � °¹±\³´�n�&µ � �3¶7·�µ � �«J¬ �V­ �[�z� «J¬ �V­ ¯®� « ¯�­ �4� °¹±\³´�n�&µ<�®�3¶7·�µ<�h�Z¶<�« ¯�­ ¬ �[�z� « �¸­ �.� «=¬ �V­ �<� °¹±\³´�n�&µ<�<·�µ<�®��¶<�« ¯�­ ¯[�(� «=¬ �¸­ ¬ �
� « �V­ �
� « ¯�­ �
� «=¬ �¸­ ¯º� « ¯y­ ¬ �
� « �V­ ¯4�»°¹±\³´�3¼« ¯�­ �®�(� « �V­ �h� «=¬ �V­ �4� °¹±\³´�n�&µ<�<·�µ<�
�3¶<�« �V­ ¬ � �z� « ¯y­ ¬ � � « �V­ ¯ � °¹±\³´�n�&µ � �½¶7·�µ � �;¶<�« �V­ ¯[�(� «=¬ �¸­ �.� «=¬ �V­ ¬ �<� °¹±\³´�n�&µ<�
�½¶7·�µ<���« �V­ �®�(� « �V­ ¯.� « ¯�­ �4� °¹±\³´�n�&µ<�
�½¶7·�µ<�h�Z¶<�¾ ¿<ÀJÁ8Â�ÃJÄ °¹Å Â.Æ
It follows from thesedefinitions that

�	�n�-�l�	�� �l�4�%�3�'���:�� �� 7�k�3�-�l¡	�� ��£<�%�w�l� Æ
Q.E.D.

Theorem5.7.1 is void of any type of symmetry assumptions. If t satisfiescertain symmetric
conditions,thenthenumberof computationscanbesignificantlyreduced.Thenext theoremis analogous
to Theorem5.6.14.
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5.7.2 Theorem. If t is a Ç�ÈEÉËÊ3Ì<ÍÏÎ�Ç�ÈEÐÑÊ½Ì<Í templatewhoseassociatedweightmatrix Ò0Ç�Ó
Í satisfies
the following conditions

1. Ô�Õ×ÖÙØÚÕ�ÛzÜLÔ=Õ×Ö[Ø ÛzÜÝÔ-Ö[ØÚÕ×ÛzÜLÔ-Ö[Ø ÛzÜËÞ
2. Ô Õ×Ö[ß%àVØÚÕ×Û ÜZÔ Õ×ÖÙØÚÕ�Û<ß�à.á Ô ÖÙØ ÛEÕ+à Ü3Ô ÖÙÕ+àVØ Û�á Ô ÖÙÕ+àVØÚÕ×Û ÜZÔ ÖÙØÚÕ×Û¢ß�à.á´â ÐkãzÔ Õ×Ö[Ø ÛEÕ+à ÜÔJÕ×Öºß�àVØ Û

then there exist three templatesp, q, and r suchthatä ÜnÇ&åbÊæbç Í%Êwè á
wherep is a éêÎgé invariant templateand q and r are Ç�ÈEÉìë3ÌíÍ.ÎeÇ�ÈEÐXë;Ì<Í variant templates

Proof: Define q in termsof the centeredweight matrix Ò	Ç�Ó
Í as follows:

ç�î Ç&ï á'ð ÍhÜ
ñòòòó òòòô
Ô�õöÕ+àVØ ÷ øúùgïhÜ{ë	Ç�Éìë3ÌíÍüû<ý+þTë(Ç�Ð�ë3Ì4Íºÿ ð ÿ3Ð�ë�ÌÔ�õúß�àVØ ÷ øúùgïhÜZÉìë3Ì\ûíý+þTë�Ç�Ð�ë�ÌíÍºÿ ð ÿ3Ð�ë�ÌÔ õöØ ÷VÕRà øúù ð Ü{ë	Ç�ÐXë3ÌíÍüû<ý8þ ë(Ç�É ëeÈ Í.ÿZïhÿ3É ëeÈÔ�õöØ ÷Jßkà øúù ð ÜZÐ�ë3Ì\ûíý+þTë�Ç�É ëeÈ Í.ÿ½ï ÿ3ÉìëwÈÞ �������	��
 ø�� ��


Note that the supportof
ç î

consistsof the non-zeroboundaryvaluesof Ò	Ç'Ó
Í and that the
entriesof �êÇ�Ó
Í (the matrix associatedwith

ç î
) areall zeroexceptalongthe boundaryof the

matrix. Convolving q with

p� =

1

1

1

1

results in the template ������ which agreeswith t along the boundaryof ������� . Thus, the
template � �"!�#$������%� � is of size �'&�()#+*,�.-���&�/0#�*1�

Q.E.D.

The remarksand observationsthat followed the proof of Theorem5.6.14also apply here. Variant
templateswhosecorner polynomialsexhibit specificsymmetrypropertiesand whoseboundaryvalues
satisfy certainsign �324� rulescan be decomposedinto weak sumsas �������� �5��� with appropriatesign
changesin the valuesof the templatesp andq definedin the proof of Theorem5.7.2.

In Sections5.2 and 5.3 we observedthat rank 1 invariant templatesare linearly separable.This
observationalso holds for invariant templates.
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5.7.3 Definition. A rectangulartemplatet has columnrank 1 if and only if there existsa column
vector u suchthat for every 687+9;: and for every column vector <�=>6@? in A�=�6�? , thereexists
scalars B�CEDGF�H suchthat <�=I6�?KJLB�CMDNF1H�OEP .

A similar definition can be formulated to define templateshaving row rank 1.Whenevery is
understood,we write v for <�=�6�? and B C for B�CEDQF�H .
5.7.4 Theorem. If t is a templatehavingcolumnrank1, thenthere existsan invariant columntemplate

s and a row templater suchthat R JTSVUW%X.Y
Proof: Supposet is of size Z\[^]`_^6%7a9 : is arbitrary,and Ab=I6�? is the Zc[^] weightmatrix
associatedwith t at y. Let <5d,_E<5d,_;efegeh_�<;i denotethe columnvectorsof A�=I6�? . By hypothesis
thereexistsa fixed columnvector PjJk='l d _ml : _;efegen_olEpb? andscalarsB Crq _hB C�s _;egefem_nB Crt such
that <nu4JLB C�v O�Pw=3x`Jcy�_�z�_;efegem_h]`? .
Therefore, A�=>6�?`J{=I<`d,_|< : _;efegen_�<ViE?J{='B C q O,P@_nB C s O,P@_;efegen_	B C t O,P`?J{P0O,=�B C q _nB C s _;efegen_	B C t ? Y (i)

Define the templatesr and s byX F =�}@?@J ~ B C v������ : =�}�?�J%�h=I6�? p u�i U�=�����y,?o_0yK�����+]`_��,��� � d =�}�?�J � d =I6�?� �������	��� ��� � (ii)

and S F =>}@?@J ~ l u ���K� d =>}@?@JTx'=>6�? p u�i U�=3x;��y,?�_�y��$x@�+Zj_��1�m� � : =�}�?�J � : =�6�?� �������	��� �I� � _ (iii)

respectively.

It now follows from (i), (ii), and (iii) thatR J$S4UW�X�Y
Q.E.D.

5.7.5 Example: Let  ¡J{9 : _�6�Jc=3¢,d,_o¢ : ?£7¤  , and let
R 7{¥>¦`§£¨ § be given by

R F =I}�?�Jª©« ¬ z,­ v ��� }jJ8=�¢,d®�¤¯�_o¢ : U�='xnUTyf?�?o_°x�J{yr_mzz ­ vG± d ��� }jJ8=�¢ d �j²m_o¢ : U�='xnUTyf?�?o_°x�J{yr_mz�®³�Ogz ­ v ��� }jJ8=�¢,d®�¤³�_o¢ : U�='xnUTyf?�?o_°x�J{yr_mz Y
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It is easyto verify that ´¶µ·�¸4¹�ºg»h¼ and that t is strictly rectangularand hascolumn rank 1.
Figure 5.7.1 providesan illustration of t at location ´$½ ¹¿¾rÀ�ÁE¼ .

t
å

=(1,2)

 2  4

 4  8

-6 -12

Figure 5.7.1 The function Â,Ã�Ä�Å Æ�Ç with correspondingrectangleÈ0ÉIÂ1ÃÊÄËÅ Æ'Ç�Ì outlined in bold.

It is alsonot difficult to ascertainthat the row templater in the decompositionÂ�Í"Î4ÏÐ�Ñ is
given by

rÒ =yÓ 2
ã yÔ 12

ã yÔ
2

while the column templates is given by

 1

 2

-3

yÓsÕ =

The notion of “column rank 1” hasthe following generalization.
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5.7.6 Definition. A rectangulartemplatehascolumnrankat mostk if andonly if thereexistk column
vectors Ö;×,ØhÖ5ÙgØVÚgÚgÚnØÛÖ�Ü such that for each ÝcÞ$ß Ù and every column vector v in à�á>Ý@â there
exists scalars ã�ähá�åhâ such that æ¤ç Üè é¿ê × ã�ähá�åhâVëfÖ

é�ì
5.7.7 Theorem. If t is a templatehaving columnrank at mostk, then there exist k columnrank 1

templatesí × Ø�í Ù Ø;ÚgÚgÚhØ�í Ü suchthat í ç í ×.î í Ù�î ëgëfë î í Ü ì
Proof: Supposet is of size ïñð�ò , Ý%Þ�ß Ù arbitrary,andsupposeà�á>Ý�â is the ïñð�ò matrix
associatedwith t at y. Let

æ × Ø æ Ù Ø;ÚgÚgÚnØ æ�ó denotethecolumnvectorsof à�áIÝ�â . By hypothesis,
there exist fixed column vectors Ö é ç áõô é�ö Ømô éõ÷ ØnÚgÚgÚnØmô é3ø â>ù�Ø¤å çûú ØmüýØ;ÚgÚfÚmØmþ , and scalarsã�ä�ÿIá åhâ such that æ � ç Üèé¿ê × ã ä�ÿ á åhâVëfÖ

é ì
Define the templatesí�� , whereby

� ç ú ØmüýØ;ÚgÚfÚmØmþ ,á�í � â��ná��@â ç
	 ã�ä��	á � â5ëgô � ÿ�
���� × á��@â ç�� áIÝ�â î ������ � Ù á���â ç åháIÝ�â î å� ���! #"�$&%('�)+*-,
The weight matrix associatedwith .0/ at y is given by1 /32�46587�2!9;:=<>2&?�5A@�BA/�CD9#:�EF2+?�5G@HBA/�CAI0I�I�CD9#:�JK2&?�5A@�BA/�5 ,
Since 1 / 2�485L7�B / @�2>9 : <!2&?�5!CD9 : EF2+?�5!CAI0I0IDCD9 : J�2+?�5#5
for each 4NM�OAP , . / has rank 1.

Also, since QR /TSDU 1 /V2�485L7XW QR /YSDU 9#:�<!2&?&5G@�BA/�C
QR /TSDU 9#:�EF2+?�5G@HBA/�CAI0I�I�C

QR /TSZU 9#:�J�2&?�5A@�BA/\[ ,7]2�^_U�C#^ P CAI�I0I�C`^Aa#5-7 1 2�485bC
we have that . 7 . Udc . P ce@0@�@Ac . Q ,

Q.E.D.

Sinceeachtemplate.\f in the abovetheoremhascolumnrank 1, it follows from Theorem5.7.4 that
eachtemplate . f can be decomposedas . f 7hg f cikj f , where g f is an invariant column templateand

j f
is a row template.The following corollary is, therefore,an immediateconsequenceof Theorems5.7.4
and 5.7.7.

264



5.7.8 Corollary. If t is a rectangulartemplatehavingcolumnrankat mostk, thenthereexistk invariant
columntemplatesl0m�n�l�o0nqp0p0pDnFl\r and k invariant row templatess�m�n�s�o0nAp�p0pDnts�r suchthatuwv rx y�z m l y6{| s y=}

Similar resultscan, of course,be provedfor row rank k templates.

5.8 Local Decompositionof Templates

In orderto takeadvantageof thecapabilitiesof computerswith parallel,reconfigurable,or distributive
architectures,thereis a needto understandthe processof computingglobal linear transformslocally. In
this aswell asthe subsequentsectionwe discussnecessaryandsufficient conditionsfor the existenceof
local decompositionsof linear transformationswith respectto directednetworksof processors.

For the remainderof this section let X be a finite set and ~ ��� � ��� a function such that��� ~�� �6������� � . We shall also assumethat � ����� n���� .
We may view the elementsof X as processorsin a network. The assumptionthat ��� ~�� ��� can

be interpretedas meaningthat every processorin the network has direct accessto its own memory.
Similarly, theinterpretationof � � ~�� �6� is thatprocessorx hasdirectaccessto thememoryof processor
y. Thus, ~�� ��� is a collection of processorsto which processorx has direct access. We call N a
processorneighborhood configuration.

5.8.1 Definition. A template
u �e� � ��� � is said to be local with respectto N if and only if� � u0� ��� ~���� ��� � � � . If N is understood,thenwe say that t is a local template.

If
u ��� �L� � � and t has a linear decomposition

u v�u m {| u o {|¢¡�¡0¡ {| u0£
such that for each¤ �¥�=¦ nb�`nAp0p0pDn#§¨� u y is local with respectto N, then we say that the sequence� u y � £y�z m is a local

decompositionof t with respectto N. Again, if N is understood,then we say that t has a local
decompositionwheneversuch a sequenceexists.

Several conceptsfrom graph theory are essentialin our discussionof local decompositionof
templates.The following list of definitionsdefinesthe necessaryconcepts.

5.8.2 Definition. A directedgraph, or digraph, is a pair © v �&ª(nb« � , where « � ª­¬®ª and V
is a finite set. The elementsof V are called the verticesof D. If �&¯qn!° �±� « , then �&¯qnt° � is
calledanarc (or edge) from x to y. If thereis need,we may write ª²�+© � v ª and «³��© � v «
to emphasizethat V and E are the setsof verticesand arcs associatedwith the digraph D,
respectively.

5.8.3 Definition. A graphG is a digraph ´ v ��ªdn#« � with thepropertythat �&¯qnt° �-� «¶µ·�+°¸nt¯ �¹�« . If �&¯qnt° ��� « , thenwe say that xy, or equivalentlyyx, is an edgeof G.
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5.8.4 Definition. Let º¥»¶¼&½8¾�¿±À be a digraphand Áq¾�ÂÄÃ�½ . An x-y walk in D, or a walk from
x to y, is a finite sequenceof vertices Á�»�Å�Æ�¾¸Å0Ç�¾AÈ�È0ÈD¾#Å0ÉKÊ�Ç�¾�Å\É�»�Â , suchthat ¼+Å\Ë+¾tÅÌËÎÍDÇ�À-Ã�¿
for Ï�ÃÑÐ�Ò#¾AÓ�¾DÈ0È�ÈD¾�Ô�ÕÖÓ�× . An x-y walk is calleda closedwalk if Á�»¶Â .

5.8.5 Definition. Let ºØ»h¼�½(¾`¿ÙÀ be a digraphand ÁA¾�ÂÄÃ�½ . An x-y path in D, or a path from
x to y, is an x-y walk with distinct vertices,exceptpossiblyx and y.

5.8.6 Definition. Let ºØ»h¼�½(¾`¿ÙÀ be a digraphand ÁA¾�ÂÄÃ�½ . An x-y path in D, or a path from
x to y, is an x-y walk with distinct vertices,exceptpossiblyx and y.

A closedx-y path is an x-y path suchthat ÁÚ»ÛÂ .
Thesequenceof verticesin anx-ywalk will bedenotedby ÜÝ¼!ÁA¾tÂbÀ ; i.e., ÜÝ¼&Áq¾tÂ;À-»]Ð�ÅÌÆ�¾`Å�Ç�¾AÈ0È�È�¾�ÅÌÉ¸× ,

where Å Æ »ÞÁ and Å É »ßÂ .
5.8.7 Definition. Let ºe»¶¼+½d¾b¿ÙÀ be a digraphand ÁA¾�ÂÄÃ�½ . We say that y is reachablefrom x

(in D) if thereexistsa path from x to y. If y is reachablefrom x and x is reachablefrom y,
then we say that the pair Ð�ÁA¾tÂb× is mutually reachable(in D).

Note that if à¶»�¼+½d¾b¿ÙÀ is a graphand ÁA¾�Â³Ãá½ suchthat thereexistsan x-y pathin G, thenthere
existsa y-x path in G. Hencereachableandmutually reachableareequivalentnotionsin graphs.

5.8.8 Definition. Let ºe»¶¼+½d¾b¿ÙÀ be a digraph. We say that D is strongly connectedif andonly
if every pair of vertices Ð�Áq¾tÂ;×áâã½ is mutually reachable.If D is a graph that is strongly
connected,then D is called a connectedgraph.

We nowsetupa connectionbetweentheprocessorneighborhoodconfigurationfunction äÞå;æ
ç�è�é
and digraphs.

5.8.9 Definition. Let ä å�æ ç è é be a neighborhoodconfiguration. For each êëÃhæ , let¿³¼�ä�¼�ê6À+Àá»ìÐ�¼�íd¾!ê¨ÀîåwíïÃÄä�¼�ê�À!× . The digraph of N, denotedby º�¼�ä�À , is the digraph
definedby º�¼&ä�À�»N¼&æ�¾t¿³¼�ä�À+À , where ¿î¼�ä�À�» ðñ;ò é ¿î¼�ä�¼�ê6À>À .

A neighborhoodconfigurationN is called symmetric if and only if for every pair ê8¾=íóÃeæ ,ê�Ãkä�¼�í-À�ôõí�Ãöä�¼�ê�À . This notion hasthe following consequence.

5.8.10 Theorem. º�¼�ä�À is a graph ÷ N is symmetric.

Proof: Supposeº�¼&ä�À is a graph. Let êAÆ�¾#íqÆkÃNæ with êAÆÖÃãä�¼�íqÆ�À . By definition,¼�ê Æ ¾!í Æ À-Ãø¿î¼&ä�À . Since º�¼+ä�À is agraph, ¼�í Æ ¾!ê Æ ÀdÃø¿³¼�ä�À and,hence,¼�í Æ ¾!ê Æ À-Ãø¿³¼�ä�¼�ê Æ À!À .
Therefore, í Æ Ã�ä�¼�ê Æ À and N is symmetric.
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Conversely,assumethatN is symmetricandthat ù�úqû�ü+ýAû0þdÿ��³ù���þ . Then úAûwÿ���ù�ýqû0þ and,by
symmetry, ý û ÿ���ù�ú û þ . Thus, ù�ý û ü!ú û þ�ÿ��³ù���ù�ú û þ!þ����³ù	��þ . Therefore, ù�ý û ü!ú û þ�ÿ��îù	��þ
and 
�ù���þ is a graph.

Q.E.D.

If N is symmetric,then we let �Ùù���þ denotethe graphof N.

The next theoremprovides necessaryand sufficient conditions for the local decompositionof a
templatewith respectto a givenprocessorneighborhoodconfiguration.Althoughthetheoremis disguised
in the languageof imagealgebra,it wasfirst statedandprovedby M. Tchuente[19, 18].

5.8.11 Theorem (Tchuente). If X is a finite point set and � ��
�� ��� a symmetricneighborhood
configuration,thenevery � ÿ�������� � hasa local decompositionwith respectto N ���Ùù���þ is
connected.

Tchuente’stheoremis not asgeneralasonemight like. TheassumptionthatN is symmetricrestricts
the type of multiprocessorsbeingmodeledto thosein which the datacan flow in both directionsalong
anycommunicationlinks. In manyimportantcases,suchaspipelineandparallel-pipelinecomputers,and
systolicarrays,this assumptionis not valid [7, 12,15,3, 4]. In orderto providefor effectivecomputations
of linear transformsof thesetypes of architectures,P. Gaderproved the following generalizationof
Tchuente’stheorem[3, 4].

5.8.12 Theorem (Gader). SupposeX is a finitepointsetand ����
�� ��� a neighborhoodconfiguration.
Theneverytemplate� ÿ!��� � � � hasa local decompositionwith respectto N �"
�ù���þ is strongly
connected.

Although Gader’sand Tchuente’sappearalmost identical, it happens— as is often true in graph
theory — that the casefor directed graphsis significantly different than for graphs[1]. There are
two differencesbetweengraphsand digraphswhich emerge when one tries to use a straightforward
generalizationof Tchuente’sproof. Onedifferenceis thatanypermutationgraphcanbeaccomplishedby
a sequenceof adjacenttranspositions.This is not necessarilytruefor digraphs(e.g.,considerthedirected
cycle). Another differenceis that for a connectedgraphthere is alwaysat leastone vertex which can
be removed,along with an edgeincident to it, suchthat the resultinggraphis still connected.This is
not necessarilytrue for digraphs(consideragain the directedcycle). Tchuenterelies on both of these
facts in order to prove his theorem.

5.9 Necessaryand Sufficient Conditions for the Existenceof Local Decompositions

This sectionis devotedto the proof of Gader’stheorem.With the exceptionof someslight changes,
we essentiallyfollow Gader’s proof by proving the theoremin stages. We first prove that strong
connectivityis a necessarycondition. We thenestablisha sequenceof theoremswhich showthat strong
connectivityis sufficient for permutationmatrices.Finally, we showhow certainmatrix decompositions
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can be usedin conjunctionwith the resultsfor permutationmatricesto deducethat strongconnectivity
is sufficient in general.

5.9.1 Theorem. Let X be a finite point set and let #%$'&)( *�+ a neighborhood configuration. If
every ,.-0/�1�+�2 + hasa local decompositionwith respectto N, then 354�#76 is stronglyconnected.

Proof: Supposeto thecontrarythat 384�#�6 is notstronglyconnected,butthatevery ,.- / 1 +�2 +
hasa local decompositionwith respectto N. Since 384�#�6 is not stronglyconnectedthereexists
points 9�:<;=->& suchthat x is not reachablefrom y.

Let ?@- / 1A+ 2 + be definedby?CB�4EDF6�GIH5J KMLON G09QP�RTSUD�G0;V WYX[Z<\C]�^ K`_ \ :
and let aQ-=1 + be definedby ab4cDF6�Ged J KML DfG0;V WYX[Z<\g][^ Kc_ \�h
Observethat if b denotesthe image i>G�a�jk ? , thenb is given byil4 N 6mG noqp�rtsvucw[x ab4cDF6	?yBy4�DF6AG H ab4�;z6'G J KvLON G09V W�X{Z<\|]{^ Kc_ \�h
Accordingto our assumption,r canbe factoredas ?.G!?~}�jk ?���jk��C�y� jk ?�� suchthat each ?g�
is local with respectto N.

Define ��4�9l6�G � N -�&�$�9 Kc_ ][\ P�� Z P��t� \ L ]{W�� N�� and for ��G J :T*�:��C�y�T:T� , let i��eGaFjk 4�? } jk ? � jk��y�C� jk ? � 6 . We shall showthat i � 4 N 6mG VF� N -���4�9l6 and
� �OG J :T*<:��C�y��:T� .

Supposethat for some N -���4c9�6 , iA}y4 N 6��G V . Thenthereexists D�-�& suchthat ?�}{� B�4�DF6��G V
and ab4cDF6 �G V . Since ?�}¡� BC4EDF6 �G V , D¢-�£z4�?�}¡� B�6¥¤e#�4 N 6 . Hence,z is reachablefrom w.
However, accordingto the definition of a, since ab4�DF6��G V , we must have D G"; . But
this meansthat x is reachablefrom y, contradictingthe fact that x is not reachablefrom y.
Therefore, i } 4 N 6¥G V¦� N -���4�9l6 .
Using induction, supposethat the claim holds for iA}�:TiA��:§�y�C��:Ti��©¨T} and for some �ª-� J :T*<:��C�C��:T� � . If the claim does not hold for i�� , then there exists N -e��4�9l6 such thati��C4 N 6��G V . Thus, again, thereexists D -0& suchthat ?g�	� By4�DF6��G V and i��¡¨�}y4EDF6��G V . By
induction hypothesis,D��-U��4�9�6 . Since ? �	� B 4cDF6¥�G V , D ->£m4�? �	� B 6�¤�#@4 N 6 and, hence,z is
reachablefrom w. Also, since N -U��4�9�6 , x is reachablefrom z. Thus, x is reachablefrom
w, which leadsto the contradictionthat D�-0��4c9�6 . Therefore, i��C4 N 6�G V>� N -0��4c9�6 and� ��-«� J :¬*�:��C�C��:T� � . Since i � G­i , we now have that il4 N 6 G V¯®T°�±=²�³�´�µ . But this
contradictsthe fact that ¶ ³�´lµ¸·I¹ . Sincethis contradictionfollows from our assumptionthat
r hasa local decompositionwith respectto N, our assumptionmustbe false. But this in turn
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contradictsthe hypothesisof the theorem. Hence,our original assumptionthat º8»	¼@½ is not
strongly connectedmust be false.

Q.E.D.

5.9.2 Definition. If ¾À¿�Á�ÂAÃ�Ä Ã , then t is called a permutationtemplateif and only if Å�»c¾�½ is a
permutationmatrix.

It follows from Theorem5.1.1 that if Å�Æy»�¾�½ is a permutationmatrix for someorderingof X, thenÅ�Çg»�¾�½ is alsoa permutationmatrix for any other orderingof X. Recall also that everypermutationcan
be factoredinto a product of transpositions(Section 3.3). Thus, every permutationtemplatecan be
factoredinto a productof templatescorrespondingto transpositions.We identify thesetemplatesin the
next definition.

5.9.3 Definition. Let ÈQÉËÊÍÌ�Ê . For eachparameterÎÀÉQ»cÏmÐ�Ñz½l¿FÈ , define ¾ÓÒÔÈÖÕ�Á�Â�Ã�Ä Ã by

¾�»�ÏmÐ[ÑA½�×�»�ØF½�É�ÙÚ ÛÀÜyÝ »EØF½ßÞvàÀáâÉ0ÑÜyã »cØF½ßÞMàOáâÉ0ÏÜ × »cØF½ ä�å{æ<çCè[éêÞMëìç�í (5.9.1)

the template¾�»îÎ�½ is called the exchangetemplateassociatedwith p.

Observe that the exchangetemplate ¾�»�ÏzÐìÑl½ is the permutationtemplate correspondingto the
transpositionï�¿@ð Ã definedby ï7ÉQ»�ÏzÐ[Ñ�½ . That is, ï interchangesx with y andleavesthe remaining
elementsof X fixed. This observationfollows from Eq. 5.9.1which saysthat ¾�»�ÏzÐ[Ñ�½ × »EØF½�É=ñ if Ï7É0Ø
and á5É�Ñ , or if ÑUÉ�Ø and á5É�Ï , or if á5É�Ø . Thus, if ò�¿�ÂAÃ and óUÉ�òFôõ ¾ , then

ól»Eá<½mÉ ÙÚ Û òb»cÏ�½¢ÞMàOáâÉ0Ñòb»cÑz½ßÞMàOáâÉ0Ïòb»cá<½ äYå[æ<çgè[éqÞcë�ç�í
5.9.4 Theorem. Let ¼ Ò<Ê­Õ÷ö�Ã a neighborhoodconfigurationon X and ÏzÐÔÑ>¿�Ê . Supposethere

existsan x–y path ÈAÆ�ÒøÏ�É0Ï�ù�Ð<ÏAÆ�Ð�úCúCú�Ð[Ï�ûgü�ÆYÐtÏ'û�É>Ñ
and an y–x path È Ç Ò�ÑýÉ0Ñ ù Ð<Ñ Æ Ð�úCúyú§Ð{Ï�þ üTÆ Ð<Ï�þ�É0Ï
in º8»	¼�½ . If È�Ò.Ï7É0Ïbù�ÐÔÏAÆ�Ð�úCúCú�Ð[ÏAû|üTÆ�Ð<Ï'ûYÐ<Ñ'ÆyÐ�úCúyúTÐ[Ñ þ üTÆ�Ð<Ï þ É!Ï
is a closedpath, thenthe exchangetemplate¾�»�ÏzÐìÑl½ is local with respectto N

269



Proof: The proof is by construction.Relabelthe closedpathP asÿ��������	��
���
�
	������
��	����
�
��	������

sothat

��������
���� �!
"�#��

, and

�	����������$%�#�
. Then&�' �(
)�+*+� &�' � � 
,� 
 *�-. &�' � 
 
,��/0*1-.3242�2 -. &�' � �5�6
 
�� � *�-. &�' � �0� /�
,� �5��
 *�-.72�2�2 -. &�' � 
 
,��/5*�-. &�' � � 
�� 
 *�8

We shallshowthateachtemplate
&9' �;: ��
 
��	:<*

hasa local decompositionwith respectto N. It is
interestingto notethat the factorsof the decompositionarenot permutationtemplates.Figure
5.9.1is helpful in understandingtheactionof thetemplateswe areaboutto describe.We begin
by decomposing

&�' �	��
,��
4*
into a productof local templates

& 
 = 
%-. & 
 = / -.3242�2 -. & 
 = / ����

.

For > �@?�
�A6
!�4���B
�CEDF?
, define'G& 
H= $ *<I 'GJ *K�MLONQP R 'GJ *B- N�P�RTS�U 'GJ *WVYX�Z[��� $N I 'GJ * VYX�Z]\��� $ 8

For > �@C
, define'^& 
 = � *^I '^J *K� _` a N P�b^S�U '<J *cD N P�d 'GJ *WVYX�Z���� �N P�e 'GJ *;D N PQe S�U 'GJ * VYX�Z���� : 
gfK��Ah
�i6
;������
�CjD#?N I '^J * k�l)m�n0o,p1Vrqsnt8

For > �@?�
�A6
!�4���B
�CED�i
, define'<& 
 = �u�6$ *<I 'GJ *K�ML N P Rwv4x 'GJ *;- N P Rwv9U '^J *WVYX�Z���� $y� /N I 'GJ * k�l)m6n0o)pzV{qyn+8

For > �|AQC}D�A
, define'G& 
 = / ��� /4*<I 'GJ *K�3_` a N P d 'GJ *cD N P b~S�U 'GJ *�V�X�Zj��� �N P e '<J *cD N P e S�U '^J * V�X�Zj���	:s
�f���ih
t��
;���4�B
�C�D�?N I 'GJ * kQl)mhn5o)pzV{qsnQ


and for >#�����}�F� , define�^��� � ���6���G���<�]� ���}����� �G�]�!� ����� �^�]�W�Y��� ��� �� � �G�]� �Y���] ��� �+¡
By definition, each

� � � �
is a local template. We need to show that

��� �;¢�£�� � � �� � � � �¤ � �H� ¥ �¤3¦�¦4¦ �¤ � � � ¥s��§��
.

Let ¨ � ��© �¤ �G� � � � �¤ � � � ¥ �¤7¦�¦4¦ �¤ � � � ��§�� �
andset ªt«���© � �	« � . Then ¨ �

is given by

¨ � �^�6� �3¬­ ® �¯«Y°�¢ ª�« ����� ��� � £²±[��³6£;��£;´�´4´�£��µ�¶�© �^�h� ·�¸,¹hº�»s¼1�{½yº ¡
If ¨ ¥ �¾¨ � �¤ � � � �

, then ¨ ¥
is given by

¨ ¥4�G�h� � ¬¿¿¿¿­ ¿¿¿¿®
�Q§��¯«Y° � ª « �Y��� ��� ¢ªQ¢ � ª � �Y��� ��� �¨ � �<�h� �Y��� ��� �µÀ�Á�Â ³  �Ã±  �Ä�© �G�6� ·�¸,¹hº0»,¼1�^½sº ¡
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Let Å;ÆjÇ�Å�ÈÊÉË#Ì<Í�Î Ï Ð�ÑBÎ ÉËÃÍ4Î Ï ÐuÑ È�ÉË3Ò4Ò�Ò ÉËÃÍ4Î Ï È Ð�Ó Æ�Ô . Then

Å	Æ ÌGÕ Ô�Ç7Ö××Ø ××Ù
ÚÛÜYÝ È�Þ Ü ßáà Õ Ç�â Ú9ã�ä Çæå ã�ç6ã;è�è4è!ã�é�ê�ëÅ�È ÌGÕ Ô ß�à Õ Ç�â�ìîí�ï Õ Ç�â Îð Ì<Õ Ô í�ñ)ò�ó0ï)ô ß�õ ótö

Next set Å�÷]ÇøÅ	Æ²ÉËùÍ�Î Ï È ÐQÓ È . Then

Å	Æ Ì^Õ Ô�Ç ÖØ Ù Þ Î ß�à Õ Ç�â ìÞ ì1É Þ Î ß�à Õ Ç�â Îð ÌGÕ Ô íQñ)òhó5ï)ô ß^õ ó�ö
Finally, let Å�úµÇøÅ	÷²ÉËùÍ�Î Ï È ÐQÓ6Î . Then

Å ú Ì<Õ Ô�Ç ÖØ Ù Þ Î ß�à Õ Ç�â	ìÞ ì ß�à Õ Ç�â Îð Ì^Õ Ô3íQñ)òhó5ï)ô ß^õ ó�ö
Sincewe also have Å�ú[Ç ð ÉË}Í9Ì â	ì ã â Î Ô , it follows thatÍ9Ì â	ì ã â Î Ô�Ç Í4Î Ï Î ÉËùÍ�Î Ï È%ÉË3Ò4Ò�Ò ÉË}Í�Î Ï È Ð�Ó�Î ö
Therefore,

Í9Ì â ì ã â Î Ô has a local decomposition.
Using an identicalargument,we canconstructfor each ûgÇ�å ã�ç6ã;è�è4è�ã)üýê#ë a local decompo-
sition þ Í Ü Ï Ú�ÿ È Ð�Ó�ÎÚ Ý Î of

Í�Ì â Ü Ó6Î ã â Ü Ô . We then have

Í�Ì�� ã�� Ô�Ç ���� ÜYÝ Î Í�Ì â Ü Ó�Î ã â Ü Ô	�}ÉË � Î�ÜYÝ � Ó�Î Í9Ì â Ü Ó�Î ã â Ü Ô	�
Ç�
� �� ÜYÝ Î�
� È Ð�Ó�Î� Ú Ý Î Í Ü Ï Ú������ ÉË 
� Î�ÜYÝ � Ó6Î 
� È ÐQÓ�Î�Ú Ý Î Í Ü Ï Ú������ ö

Q.E.D.

Figure 5.9.1 below illustrates the action of the local decompositionof
Í�Ì â	ì ã â Î Ô on an arbitrary

input image a.
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"$� �'(*) # " ( "$� "1�3-/"+� "$� "$�
...

...
...

...
...

..." %+& � %$& �'(*) # " ( " %+& � %+& �'(*) � " ( " %+& � " %+& �
" %+& � %$& �'(*) # " ( " %+& � %+& �'(*) � " ( " %+& � " %+& ��547698 ��4	6:8 ��4	6:8 ��4	6:8 ��4	698 ��47698

Figure 5.9.1 The mappingstagesof an input imagea in the local implementationof ; 4�<�#>=?<��@8 .
5.9.5 Theorem. If A 4�B�8 is strongly connected,then ; 4�C3=�DE8 hasa local decompositionwith respect

to N.

Proof: Since A 4�B�8 is stronglyconnected,everypair 4	C3=FDG8 is mutually reachablein A 4�BH8 .
Thus, there existsx–y and y–x pathsI �KJKCMLN<�#O=P<��Q=�RSR@RT=?< %+& �Q=9C % LUD
and I �KJKD�LWV5#+=PV��S=�R@RSR5=�VYX & �Q=YV5XNLZC\[
If
I � and

I � haveonly verticesx and y in common,then the result follows from Theorem
5.9.4. Otherwise,label the commonvertices < (^] =P< (*_ =�R@RSR5=�< (a` suchthat b �Kc b �Kced@dSdfc b	g .
For sakeof convenience,set b #hLWi and bjg?k �hLWl . Define m �Q= m �S=�R@RSR5= mOg by VYnjo�LW< ( o , where
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p0qsr+tYu9t5vSvSv5tPw
. By our choiceof the x�y*z s, the closedwalks{M|K}K~ q x | t x!� t�v@vSvYt x y*� qN�:� � tP�T� ��� � t�v@vSv5t��Y��q ~{ � } x y � t x y � � � t�v@vSv5t x ya� qW� � � t9� � ��� � t�vSvSvYt�� � �

...{H��} x�y�� t x�y��?� � t�vSvSvYt x��+� � t x�� q��HqW� | tP� � t�vSv@vPt�� � �
are all closedpaths. Furthermore,�+� ~ tF�G�Gq �>� ~ t x�y � �.�� �Q� x�y � t x�y � �0����S�S� �� �T� x�y ���Q� t x�y ��� �� �Q� x�y � tF���0�� �Y� x�y ���Q� t x�y ��� ����S�@��S�@� �� �Q� x�y � t x�y � �3�� �>� ~ t x�y � ���
Sincefor each � qN�9t�r$t�vSv@vPtPw , each

{ y is a closedpath,eachof the templates
� � x�y�z t x�y�z �Q�F�

has,accordingto Theorem5.9.4, a local decompositionfor
p�qW�:t�r+t�vSv@vPtPw0��r

. Hence
�Q� ~ tF���

has a local decompositionwith respectto N.

Q.E.D.

If
��� �j E¡ � ¡ is a permutationtemplate,thent canbefactoredinto a productof exchangetemplates.

Thus, if ¢ ��£ � is strongly connected,then accordingto the theoremeachof theseexchangetemplates
hasa local decompositionwith respectto N. Therefore,t hasa local decompositionwith respectto N.
This provesthe following corollary:

5.9.6 Corollary. If ¤�¥�¦H§ is stronglyconnectedand ¨�©Wª	«E¬®­ ¬ is a permutationtemplate,thent has
a local decompositionwith respectto N.

It now follows that strong connectivity of ¤¯¥�¦�§ is a necessaryand sufficient condition for the
existenceof local decompositionsof all permutationtemplates.We now showthat this holds in general.

5.9.7 Lemma. Suppose°²±1³Q´:¥�µ¶§H·�¸º¹¼» and ¤¯¥�¦�§ is strongly connected. If for some ½¾·»+¿PÀ:¿TÁ@ÁSÁ5¿P¸¶Â�» there existstemplatesÃÅÄO¿PÆ�ÄÇ© ª «È¬ ­ ¬ suchthat

É ¥jÃÅÄÅ§G·ËÊÌÌÌÌÍ
Î Ä�ÏPÐ ÑÓÒ Ñ ÒÂ Ô Â Ô Â Â ÂÒ Ñ ³?Ä Ñ ³?ÄFÕTÐ ÖSÖSÖ ³²×Â Ô Â Ô Â Â ÂÒ ÑÓÒ Ñ Î ×+Ï,Ä

Ø²ÙÙÙÙÚ
and

É ¥jÆ�ÄÅ§G· ÊÌÌÌÌÌÌÌÌÌÍ
Î Ä�ÏPÐ Ñ Ò Ñ ÒÂ Ô Â Ô ÂÒ Ñ Û Ä Ñ ÒÂ Ô Â Ô ÂÑÜÛ�ÄÝÕ5Ð ÑÒ Ñ ... Ñ Î ×$Ï,ÄÑ Û × Ñ

Ø ÙÙÙÙÙÙÙÙÙÚ ¿
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where eachO denotesa zero-matrix of the appropriate dimension,then ÞÅß and à?ß have local
decompositionswith respectto N.

Proof: We considerà ß first. Let áãâåä²æ!çQè9æ�çSè�é@éSé5è,æ�êYë denotethe orderingusedto defineì
. If íUîZïGð and ñ�âòí¶óô à ß , then b is given byñEõjöG÷øâ�ùú û í�õ	ö3÷ ü*ý\öWþâUæ5ßêÿ��� ß � ��� í�õjæ � ÷ ü*ý öHâUæ ß��

Since �
	�� 
 õjá ÷���� and �¯õ���÷ is strongly connected,thereexists æ��ãîNä@æ ç è9æ ç è�éSé@éPè9æ ê ë
suchthat æ � þâ æ ß and æ � î���õjæ ß ÷ . The idea of the proof is to first multiply í�õ	æ ß ÷ by � ß
andleaveeverythingelsefixed. Each í�õjæ � ÷Çõ��\â��Kó��+è�é@éSéPè��È÷ is thenmovedto the locationæ�� , � � � í�õ	æ � ÷ is addedto the currentvalueat the location æ ß , and í�õjæ � ÷ is thenmovedback
to location æ � . All stepscan be carriedout locally.

We now definethe templatesfor the local decompositionof à?ß . Define ��ß byõ �?ßS÷ !�â "$# ! ü*ý öUþâZæ5ß� ß � #&%(' ü*ý ö�âZæ5ß �
Obviously, � ß is local and if ñ�âåí óô � ß , then b is given byñEõ7ö3÷Èâ " í�õ	ö3÷ ü*ý öUþâZæ5ß� ß � í�õ	æ ß ÷ ü ýÇö�âZæ ß��
For each ��â�� ó)�+è*� ó,+9è5éSé@é5è�� definetemplates- � and � � byõ�- � ÷ ! â "$# ! ü*ý\ö�þâZæ ß#(% ' ó � � � #(%�. ü*ý\ö âZæ5ß
and � � â,�Qõ�æ � èÝæ/�h÷øóô - � óô �Qõ7æ�� èFæ � ÷ �
Since æ � î0��õ7æ ß ÷ , each - � is local with respectto N. Furthermore,by Theorem5.9.5, each�Qõ7æ � èFæ � ÷ and �Qõ7æ � èFæ � ÷ is local with respectto N. Therefore� � hasa local decomposition
with respectto N for each � â1� ó2�+è*� ó3+:è�éSé@éPè�� .

Now, if íHî ï ð and ñ â í¶óô � � for some �¶â���ó4�$è*��ó5+:èTé@éSé5è�� , thenñEõjö3÷Gâ " í�õ	ö3÷ ü ýÇöUþâZæ5ß� �6� í�õ	æ � ÷ ü ýÇö�âWæ ß7�
Hence,if ñNâ¾íMóô õ8��ß óô �?ß:9 ç óô �;�&� óô � ê ÷ , thenñEõjö3÷Èâ ùú û í�õ	ö3÷ ü*ý\öWþâUæ ßêÿ��� ß � � � í�õjæ � ÷ ü*ý öHâUæ5ß �
Therefore, à�ßZâ<�?ß óô �?ß�9 ç óô �&�;� óô � ê , which enablesus to concludethat à�ß has a local
decompositionwith respectto N.
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We now provethe lemmafor =?> . The conceptis the same;therearesomepointswhich must
be modifiedto accountfor the transposition.Note that if @BA�CEDF = > , thenb is given by

@HGJILKHANMO P C�GJIQK RTSUIVA,W�X�YUZ[A1\]Y_^`Y�a;a&a_Y*bdce\f >hg
C/G Wi>?K RjSkIVA,Wi>f X glC�GJWm>;K�D$C�G8W X KnRjSkIVA,WpoqYrZ[A�b�D3\]Ysb�Dt^uYva&a;amY_wyx
Next define a local template zU{(|m} byG z~{s|m}�K��[A��$� � RTSUI,�A,W >f >hg ���;� RTSUI$A,Wi>�x
Again, since �
� f(� G��0K���\ and ��G��BK is stronglyconnected,for every Z[A�b�D$\]Y*bLDE^uY�a;a;apY�w
thereexistsan � XU�V� \*Y`^`Y�a&a;amY_w/� suchthat W/�h� � �BG W X K and W����[�A)W X .
For ZBA)bdD)\*Y*bkD5^uY�a;a&a_Y�w definetemplates� X and z X byGJ�7X(K � A � � � RjSkIe�A3W X�(� � D f X g �(�]� � RjSkIBA3W X
and z X A,�(G W > Y�W � �
K�DF � X DF �(GJW � �sY�W > Kvx
As before,since � X is local andeachexchangetemplatehasa local decomposition,z X hasa
local decompositionfor each Z$A)bdD)\]Y*bdD,^`Y�a;a&a_Ylw . Furthermore,if @�A2C�DF z[X , whereb~D�\� ¡Z� ¡w , then b is given by@�GJIQK/A � C�G8IQK RTS¢Ie�A,W7XC�G8WyX(K�D f X6glC�GJWm>;K RTS¢IBA,W7XQx
Thus for every C �¤£y¥ ,C�DF =?>¦A,C�DF G8zk>:|m}§DF zd>�|v¨§DF g;g&g[DF z~{s|m}�Kux
Therefore,=?>§A)zd>�|m}§DF zd>�|v¨§DF g;g&g[DF zU{(|v} and,hence,=?> hasa local decompositionwith
respectto N.

Q.E.D.

We needonemorelemmabeforeproving sufficiency. In the following, let ©ª> and «u> denotewr¬Ew
matricesof the form ­ªG�=?>?K and ­ªG ®l>;K , respectively,asgiven in the hypothesisof Lemma5.9.7.

5.9.8 Lemma. If ¯ ��°B{_±�²`³�´Qµ with ¶�·¡¸ , thenfor every ¹�º»¸]¼_½`¼�¾&¾;¾_¼l¶E¿�¸ there exist ¶BÀ�¶
matricesÁªÂ and Ã`Â of the aboveform and ¶�À0¶ permutationmatrices ÄiÂ and ÅÆÂ suchthat

Ç ºnÈÉ ²*ÊvËÌÂ�ÍmË ÄiÂ¦Î
ÁÏÂ:ÐÑ�Î
ÒÓÓÓÓÓÔ Õ Ö× ²*Ê_Ë Õ ...Õ Ö¿ ¿ ¿ Ø ¿Ö Î&Î;Î Ö Õ Ù

Ú
ÛÛÛÛÛÜ Î6ÈÉ ²*Ê_ËÌÂ�ÍmË ÃuÂhÎ;ÅÆÂ:ÐÑ
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for some Ý�Þàß .

Proof: We make use of the following observationmade by Tchuente[19]: Given áâÞãBäuå]äpæ ß�ç , then there exist permutationmatrices P and Q, constants è;é(êpè;ë(ê�ì&ì;ì_êpè ä andí é;ê í ë(êvì&ì;ìmê í ä , and an
æ îðïeñ ç�ò æ�î¢ïeñ ç matrix C suchthat

á)ó�ô
õööööö ÷ í é ø í ë ù;ù&ù í äï ú ï ï ïû ø

... ø ü ä]ý éû ø
þ
ÿÿÿÿÿ�

õööööö÷ ñ ø û ù;ù&ù ûï ú ï ï ïû ø
... ø �û ø

þ
ÿÿÿÿÿ�
õööööö÷ è é ø û ù;ù&ù ûï ú ï ï ïè ë ø

... ø ü ä*ý éè ä ø
þ
ÿÿÿÿÿ��� (i)

The proof proceedsby inductionon n. If
î ó�� , then the result follows from Eq. (i).

Now assumethat the result holds for ��ó��`ê�ì;ì&ìmê îðï�ñ
. By Eq. (i), thereexist permutation

matrices ô é and � é , and an
æ�îðï�ñ ç�ò æ�îðï�ñ ç matrix C suchthat

á�ó3ô é	�§é ù
õööööö÷ ñ ø û ù&ù;ù ûï ú ï ï ïû ø

... ø �û ø
þ
ÿÿÿÿÿ� ù�
 é � é
� (ii)

By inductionhypothesis,for every �~ó ñ êvì&ì;ìmê î�ï � , thereexistpermutationmatrices �ô�� , �� � ,matrices �� � and �
 � , and a constantÝðÞ,ß suchthat

� ó��� ä*ý ë���� é �ô�� ù��� ���� ù
õööööö÷ ø ûü ä*ý ë ø ...ø ûï ï ï ú ïû ù;ù;ù û ø Ý

þ
ÿÿÿÿÿ� ù �� ä]ý ë���� é �
 � ù��� ���� � (iii)

For �eó ñ êvì&ì;ìmê î�ï � , define

ô���� é ó
õööööö÷ ñ ø û ù;ù;ù ûï ú ï ï ïû ø

... ø �ô��û ø
þ ÿÿÿÿÿ� ê � ��� é ó

õööööö÷ ñ ø û ù&ù;ù ûï ú ï ï ïû ø
... ø �� �û ø

þ ÿÿÿÿÿ� ê

 ��� é ó

õööööö÷ ñ ø û ù&ù;ù ûï ú ï ï ïû ø
... ø �
 �û ø

þ ÿÿÿÿÿ� ê�� î! � ��� é ó
õööööö÷ ñ ø û ù&ù;ù ûï ú ï ï ïû ø

... ø �� �û ø
þ ÿÿÿÿÿ�
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Then

"$#�%'&)(+*,#-%.&!/ 0111112 3 4 5 (+(+(657 8 7 7 75 4
...

4 9" #5 4
:<;;;;;=
0111112 3 4 5 (-(+(>57 8 7 7 75 4

...
4 9* #5 4

:<;;;;;= /
0111112 3 4 5 (+(-( 57 8 7 7 75 4

...
4 9" # (?9* #5 4

:<;;;;;=A@
and

B #-%.& (-C #+%.& / 0111112 3 4 5 (+(-(>57 8 7 7 75 4
...

4 9B #5 4
:<;;;;;=
0111112 3 4 5 (-(+(D57 8 7 7 75 4

...
4 9C #5 4

:<;;;;;= /
0111112 3 4 5 (+(+( 57 8 7 7 75 4

...
4 9B # ( 9C #5 4

:<;;;;;=FE
Therefore,

GIH &J#�K.L " # * # /
01111112 3 4 5 (-(+( 57 8 7 7 75 4

...
4 GMH LN#-K.& 9"$# 9*,#5 4

:<;;;;;;=PO+Q$R GIH
&J#+KSL B # C # /

01111112 3 4 5 (-(+( 57 8 7 7 75 4
...

4 GIH LN#+K.& 9B # 9C
#5 4
:<;;;;;;= (iv)

It now follows from Eqs. (iii) and (iv) that0111112 3 4 5 (+(+(>57 8 7 7 75 4
...

4 T5 4
: ;;;;;= /

01111112 3 4 5 (+(-( 57 8 7 7 75 4
...

4 GMH LN#-K.& 9"$# 9*,#5 4
:<;;;;;;=
011111111112
3 4 5 (+(+( 5 57 8 7 7 7 8 75 4 4 5
...

4 U GIH L 4 ...5 4 4 57 8 7 7 7 8 75 4 5 (+(+( 5 4 V

:<;;;;;;;;;;=
01111112 3 4 5 (-(+( 57 8 7 7 75 4

...
4 GIH LN#-K.& 9B # 9C
#5 4

:<;;;;;;=
or, equivalently,W

XXXXXY
Z [ \ ]^]_]`\a b a a a\ [
...

[ c\ [
d	eeeeefhg

ij<kIlnmop-q'r!s putvp�wx
yzzzzz{

| }~	�I�'� | ...| }� � � � �} �_�^� } | �
�	������
�� �M���op�qnr�� p���p�wx�� (v)
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SubstitutingEq. (v) into Eq. (ii) yields

��������$������� �   ��¡v��¢£
¤¥¥¥¥¥¦

§ ¨© �I��� § ...§ ¨ª ª ª « ª¨ ¬^¬_¬ ¨ § ­
®	¯¯¯¯¯° ��±�M������� � ² �u³���¢£�´

Q.E.D.

We now show that strongconnectivity is sufficient in general.

5.9.9 Theorem. If µ·¶�¸º¹ is strongly connected,theneverytemplate»½¼¿¾�À,Á�Â Á hasa local decom-
position with respectto N.

Proof: Let »Ã¼Ä¾ÅÀ�Á�Â Á . According to Lemma5.9.8,

Æ ¶Å»�¹ ���� �M������� �   �+¡���¢£
¤¥¥¥¥¥¦

§ ¨© �I��� § ...§ ¨ª ª ª « ª¨ ¬^¬^¬ ¨ § ­
®	¯¯¯¯¯° �� �I������� � ² �u³��-¢£�Ç

where
  � and ³�� are permutationmatrices,and ¡v� and

² � are matricesof the form given
in Lemma 5.9.7.

Set

È � Æ ��� �ÉÉÉÉÉ�
¤¥¥¥¥¥¦

§ ¨© �I��� § ...§ ¨ª ª ª « ª¨ ¬^¬_¬ ¨ § ­
® ¯¯¯¯¯°
¢ËÊÊÊÊÊ£ Ç

and for Ì �>Í Ç�ÎÏÇ!Ð^Ð_Ð�Ç�Ñ ª Í letÒ � � Æ ��� ¶ ¡v� ¹ Ç È � � Æ ��� ¶ ² � ¹ ÇAÓ � � Æ ��� ¶   � ¹ ÇÕÔ×Ö�ØÚÙ � � Æ ��� ¶ ³Û� ¹ ´
Since

Æ ¶ È ¹ is a diagonalmatrix, s is local with respectto N. By Lemma5.9.7, each Ò � and È �
hasa local decompositionwith respectto N. By Corollary 5.9.6, each Ó � and Ù � hasa local
decompositionwith respectto N. Thus, since

» ���� �I���Ü ��� � ¶ Ó � «Ý Ò � ¹ ¢£ «Ý È «Ý �� �M���Ü��� � ¶ È � «Ý Ù � ¹ ¢£ Ç
it follows that t hasa local decompositionwith respectto N.
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Q.E.D.

In summary,the last sectionsshow how correspondencesbetweendirectedgraphs,neighborhood
configurations,network of processors,and matricescan be used to provide necessaryand sufficient
conditionsfor the existenceof local decompositionsof linear transforms.In contrastto earlier sections
of this chapter,the existencetheoremsof this sectiondo not readily suggestmethodsfor constructing
efficient algorithmsfor decomposingtemplatesinto local factors. This topic will againbe addressedin
the next chapter.
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CHAPTER 6
TECHNIQUES FOR THE COMPUTATION OF THE DISCRETE FOURIER TRANSFORM

In this chapterwe examinethediscreteversionof theFouriertransform.It is no exaggerationto say
that thediscoveryof efficient algorithmsfor computingthe discreteFouriertransformhasrevolutionized
the practiceof digital signal processingand digital signal analysis. Collectively, thesealgorithmsare
knownasFastFourier Transforms(or FFT’s) andtheyaresignificantfor severalreasons.Theyallow for
real-timeor nearreal-timespectralanalysisandfiltering. Efficient computationof manyspatialdomain
computationscanbeachievedin the frequencydomainusingfastFouriertransformmethods.This is due
to the well knownresult that the convolutionof two waveformsin the spatialdomaincorrespondsto the
equivalentoperationof multiplicationof their respectiveFouriertransformsin the Fourier(or frequency)
domain.Justasimportantly,the studyof methodologiesof the variousfast Fouriertransformalgorithms
havestimulateda reformulationof manysignalprocessingconceptsandalgorithmsin termsof discrete
mathematics.This resultedin a shift awayfrom the notion that signalprocessingon a digital computer
is merelyanapproximationto analogsignalprocessingtechniques.It becameevidentthatdiscretesignal
processingis an importantfield of investigationin its own right, involving propertiesandmathematical
methodsthatareexactin thedisrete-timedomainandindependentuponanycontinuityassumptions.The
methodsandtechniquesdiscussedin this chaptercanbeconsideredpartof this newfield of investigation.

6.1 Linear Separability and the Discrete Fourier Transform

The Fourier Transform (FT) was first introducedin Section3.8 (Example3.8.13). Although other
transformsarediscussedin somedetail, we placespecialemphasison the Fourier transformbecauseof
its wide rangeof applicationsin imageand signal processing.One of the basicpropertiesof the two-
dimensionalFouriertransformis its linear separability.This propertyis a key ingredientin the efficient
computationof the discreteversionof the two-dimensionalFourier transform.For this reasonwe begin
our discussionwith someobservationsconcerninglinear separability.

For theremainderof thissectionÞàßPá'â½ãÛá�ä and å will denotethering isomorphismåçæ!è�é,ê�ë êíìî âïäñðIâïä'ò�éôó discussedin Section5.1. Note that since X is finite, õ?ò�ö	÷.ó is finite ø�öúùûè�é�ê�ë ê andø�üýùÃÞ . However,becausethe shapeof õ?òÅö	÷'ó differs in mostcasesif y is on or nearthe boundaryof
X from the shapeof õïòÅö ÷ ó when y is an interior point of X which is far removedfrom the boundary,
we needto modify the definition of a row or column templateslightly.

6.1.1 Definition. If öúùþèÿé ê ë�� , then t is called a row templateon X if and only if for everyü ù ������� ùýá'â suchthat ö�÷�ò
	 ��� ó�ß�
 whenever	��ß �
.

Similarly, t is called a columntemplateon X if and only if for every ü ù ����� ùýá�ä such
thatö ÷ ò�	 ��� ó�ß�
 whenever

� �ß �
.

Observethat a row (column) templateas definedin Definition 5.2.2also satisfiesthis definition of
a row (column) templatewhen restrictedto the finite array X. Also, if t is both a row and a column
template,thent is a one-pointtemplateunlessõ?òÿö	÷�ó?ß��hø�ü ùÃÞ , in which caset is thezerotemplate.

The most commonrow (or column) templatesused by algorithm designers,which are also the
templateswe are concernedwith in this section, are those for which

� ß Þ and ö������ � �ÿò
	 ��� óúß!
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whenever"$#%'& (or (*),+.- /1032�"54�687 %�9 whenever6:#%�; ). Therefore,unlessotherwisestatedall row and
columntemplatesconsideredhenceforthareassumedto satisfy theselatter conditions.

Recall that if t is a row (column) template,then the weight matrix T associatedwith t is a row
(column) matrix. The isomorphicimage <=2�(*7 , however,doesnot satisfy theseconditions.

6.1.2 Theorem. Suppose(�>'?�@BADC A .

1. If t is a row templateon X, then <=2�(E7 is a blockdiagonalmatrix consistingof F'GHF blocks
and eachblock is an IJG�I matrix.

2. If t is a columntemplateon X, then <=2�(*7 is a block diagonalmatrix consistingof FKGLF
blocksand eachblock is an IJG�I diagonalmatrix.

The proof is obviousas it follows directly from the definitionsof row and column templatesand
the definition of the map < .

6.1.3 Example: If

 =r  2  1  3

and MONQPSR$TUPWV , then

X=Y[Z]\ N

^_______________________`

a b c c d c c c c d c c c ce a b c d c c c c d c c c cc e a b d c c c c d c c c cc c e a d c c c c d c c c cf f f f g f f f f g f f f fc c c c d a b c c d c c c cc c c c d e a b c d c c c cc c c c d c e a b d c c c cc c c c d c c e a d c c c cf f f f g f f f f g f f f fc c c c d c c c c d a b c cc c c c d c c c c d e a b cc c c c d c c c c d c e a bc c c c d c c c c d c c e a

h�iiiiiiiiiiiiiiiiiiiiiiij

k

If

 =sl  2

 1

 3
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then

mon
p*qsr

tuuuuuuuuuuuuuuuuuuuuuuuv

w x x x y z x x x y x x x xx w x x y x z x x y x x x xx x w x y x x z x y x x x xx x x w y x x x z y x x x x{ { { { | { { { { | { { { {} x x x y w x x x y z x x xx } x x y x w x x y x z x xx x } x y x x w x y x x z xx x x } y x x x w y x x x z{ { { { | { { { { | { { { {x x x x y } x x x y w x x xx x x x y x } x x y x w x xx x x x y x x } x y x x w xx x x x y x x x } y x x x w

~�������������������������

�

It follows from Theorem6.1.2 that the matrix
m=n��Eq

should be highly structuredwhenevert is
the product of a row and a column template. For example,if r and s are as in Example6.1.3, thenm=n��*q�rQm=n�� |� p�q�rQm=n��]q���m=n�pEq

has form

m=n
�]q���m�n�p*q�r

tuuuuuuuuuuuuuuuuuuuuuuuv

w z x x y z � x x y x x x x} w z x y � z � x y x x x xx } w z y x � z � y x x x xx x } w y x x � z y x x x x{ { { { | { { { { | { { { {} � x x y w z x x y z � x x� } � x y } w z x y � z � xx � } � y x } w z y x � z �x x � } y x x } w y x x � z{ { { { | { { { { | { { { {x x x x y } � x x y w z x xx x x x y � } � x y } w z xx x x x y x � } � y x } w zx x x x y x x � } y x x } w

~�������������������������

� (6.1.1)

Equation6.1.1showsthateachblock of
m=n��*q

is a matrix which is void of zerorowsor zerocolumns.
More generally,if r is a row templateon � r������� ���� , s is a columntemplateon X, and

��r�� |� p
, then

m=n��]q���m=n�pEq�r tuuv
����� � ����� �� �� 5  ����� �

...
...

. ..
...� � ����� � ���

~����
tuuv

¡ �5� ¡ �5  �����¢¡ � �¡  5� ¡  5  �����¢¡   �
...

...
. ..

...¡ � � ¡ �   �����£¡ ���
~����

r tuuv
¤ �5� ¤ �5  ����� ¤ � �¤� 5� ¤� 5  ����� ¤�  �

...
...

.. .
...¤ � � ¤ �   ����� ¤ ���

~���� r�m=n��*q¦¥
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where §S¨1©«ª�¬«¨­¨�®8¨ ©�¯
°±ª³²]´Wµ¶´�·�·�·W´8¸º¹*»W¼¾½�ª³²]´Wµ¶´S·�·�·¦´8¿�À , each ®W¨ © is a diagonal ¿�ÁÂ¿ matrix, and
O denotesthe zero matrix.

SupposeÃ.¨ ©�¯
Ä8À denotesthekth diagonalentryof ®W¨ © and Å�Æ Ç*¯
°3À denotesthe ¯�È�´ÉÄÊÀ th entryof the ¿ËÁÌ¿
matrix ¬ ¨­¨ . Then the kth column vectorÍ ¯�°5´�½ÎÀ Ç ªÐÏ�Ñ]Ò ©5Ó ÇÕÔ ¯
°�´�²�ÀÉ´¶Ñ*Ò ©
Ó ÇÕÔ ¯�°5´Éµ]À5´�·�·�·¦´ÊÑ*Ò ©�Ó ÇÕÔ ¯
°�´É¿SÀ
Ö.×
of § ¨ © ªØ¬ ¨­¨ ® ¨ © can be expressedasÍ ¯�°�´[½ÙÀ Ç ª�¯�Å�Ú5ÇE¯�°�ÀÕ´ÊÅ�Û5ÇE¯
°3ÀÉ´�·�·�·W´WÅ.ÜÝÇ*¯�°�À�À ×ÙÞ Ã.¨1©*¯�Ä8À (6.1.2)

while the kth column vector Í ¯�°�´[½ × À Ç of §S¨ ©3ß hasformÍ Ï °�´�½ × Ö Ç ªà¯�Å�Ú5Ç*¯�°�À5´ÊÅ�Û5ÇE¯�°�ÀÕ´�·�·�·W´WÅ.ÜÝÇ]¯�°3À5À × Þ Ã.¨ © ß ¯�Ä8ÀWá (6.1.3)

From Eqs. 6.1.2 and 6.1.3 we obtain:Í Ïâ°�´[½ × Ö Ç ª Ã.¨ © ß ¯
Ä8ÀÃ ¨ © ¯�Ä8À Þ Í ¯�°�´[½ÙÀ Ç á (6.1.4)

Since j and ½ × werearbitrary, it follows that the kth columnvectorof §S¨ © is a scalarproductof the kth
column vector of § ¨�Ú for ½JªQ²]´Wµ¶´S·�·�·S´W¸ . Thus, if we form the ¿JÁJ¸ matrix ã ¨�Ç by defining the
jth column of ã=¨�Ç to be the kth column of § ¨ © , where ½Jª£²]´ÙµÊ´�·�·�·S´W¸ , then ã=¨,Ç has rank 1 for all°�ª£²�´WµÊ´�·�·�·W´W¸ and all Ääª£²]´Wµ¶´S·�·�·S´W¿ . Hence,a necessarycondition for linear separabilityof a

templatet on X is that eachmatrix ã ¨�Ç ªØå.æÊ¯�°5´ÉÄ8À Æ ©�ç ÜÙèÎé , where å�æÊ¯�°5´ÉÄ¶À Æ ©Éç ª³Ñ Ò ©�Ó ÇÉÔ ¯
°�´�È�À , hasrank 1.

This condition is also sufficient.

6.1.4 Theorem. If ÑÂêëÏ�ì±í�Ö í where îïª�ð�ñé ÁLð�ñÜ , then t is linearly separableif and only if for°=ªÐ²]´Wµ¶´S·�·�·S´W¸ and Ä�ªò²�´WµÊ´�·�·�·8´W¿ , eachmatrix ã ¨�Ç hasrank 1.

Proof: We have already shown that if t is linearly separable,then ã=¨�Ç has rank 1 for°�ªØ²�´Wµ¶´�·�·�·8´W¸ and ÄUªØ²�´WµÊ´�·�·�·W´W¿ .

In order to provesufficiency, supposethat ã ¨�Ç hasrank 1. Thenthereexistsa columnvectoró ¯�°5´ÉÄ8À of ã=¨�Ç suchthat eachcolumnvector of ã=¨�Ç is a multiple of ó ¯�°5´ÉÄÊÀ . Thus, if ó ¯�°5´ÉÄÊÀ ©
denotesthe jth columnof ã=¨�Ç , then thereexistsa scalar Ã�¨ ©*¯
Ä8À suchtható ¯�°5´ÉÄÊÀ © ª ó ¯�°5´ÉÄÊÀ Þ Ã ¨ © ¯�Ä8ÀWá (i)

Now, if

§S¨ ©oª
ôõõõö

Ñ Ò ©�Ó Ú5Ô ¯�°�´.²�À Ñ Ò ©�Ó Û5Ô ¯�°�´�²�À Þ�Þ�Þ Ñ Ò ©�Ó ÜEÔ ¯�°5´�²�ÀÑ Ò ©
Ó Ú5Ô ¯�°5´Éµ]À Ñ Ò ©�Ó Û5Ô ¯�°�´Éµ]À Þ�Þ�Þ Ñ Ò ©�Ó ÜEÔ ¯�°5´Éµ]À
...

...
. ..

...Ñ Ò ©
Ó Ú�Ô ¯
°�´�¿�À÷Ñ Ò ©�Ó Û5Ô ¯
°�´É¿øÀ Þ�Þ�Þ Ñ Ò ©�Ó Ü�Ô ¯
°�´�¿øÀ
ù�úúúû ´
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then by definition of ü=ý�þ ,ÿ��������	��

������� 
�� þ�� ��������������� 
�� þ�� �����������! " # 	����� 
�� þ�� ������$%��&�'�(
In view of Eq. (i), we have��� � 
�� þ�� �����#�"����� � 
�� þ�� �������)���! " # 	��� � 
�� þ�� ������$*��& ' � ÿ%�������+�-,#. ý 
 ���/�!( (ii)

Define the $102$ matrices 3 ý ý and 48ý 
 by

3 ý­ý �5�âÿ������#�"���¶ÿ��������)���	 # # 	��ÿ�������$	���
and

4Wý 
 �
677
8
. ý 
 ���9� : ,#,", :: . ý 
 ����� ,#,", :

...
...

. ..
...: : ,#,",;. ý 
 ��$%�

<�==
> (

Hence,by Eq. (ii),?
ý 
 � 3«ý­ý , 48ý 
A@CB�D �E�F�)�� # # /�HG I�JHKMLN�O���	 # " !�/GO(

Let ? � 677
8
?	P�P ?�P�Q ,",#, ?�P

R?�Q�P ?�Q�Q ,",#, ?�Q
R

...
...

. ..
...

?
R
P ?

R
Q ,",#, ?

RSR
< ==
> � 3 � 677

8
3
P�P T ,#,#, TT

3
Q�Q ,#,#, T

...
...

.. .
...

T T ,#,#, 3 RSR
< ==
> �

and

4 �
677
8
4
P�P

4
P�Q ,",#, 4

P
R4

Q�P
4
Q�Q ,",#, 4

Q
R

...
...

.. .
...4 R

P
4 R
Q ,",#, 4 RUR

<�==
> (

Then V �W���X�
? � 3 , 4 and, therefore,�Y� V[Z

P
� 3 �]\^ V[Z

P
� 4 � .

Q.E.D.

If t is a templateonX suchthateachof thematricesü=ý�þ hasranklessor equalto somepositiveinteger
p, thenan argumentanalogousto the onegiven in the proof of Theorem6.1.4canbe usedto showthat
eachcolumnof ü=ý�þ is a linearcombinationof _a`cb columnvectors ��ÿ

P
�������+���¶ÿ

Q
�������+���� " # H��ÿHd��������+��& . If

wecontinueto reasonalongthesameline asin theproofof thetheorem,weobtainthefollowing corollary:

6.1.5 Corollary. If �ae ��fhg
& g , thent can bewritten as the sumof _a`2b separabletemplatesif and
only if for �E�F���H�+�! " # 	�HG and �Y�F���H�+�! " # 	�H$ , eachmatrix ü ý�þ hasrank lessor equalto p.
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In Section 3.8 (Example 3.8.13) we introducedthe Fourier transform ikj�l�mon pq of a functionlOrOsutwvyx�z . Here we reformulatethe definition of the Fourier transformby defining ikj�l%m{n pq in
terms of the equation |lhj�}	mSn ~�� ~

l�j��	m�� �!���#���"�9� ��� (6.1.6)

Given pq , then f canbe recoveredby usingthe inverseFourier transformwhich is given by the equation

l%j��*mSn ~�� ~
|l%j�}*m�� ���"������� }�� (6.1.7)

Equations6.1.6 and 6.1.7 are called the Fourier transformpair. This transformpair exists if f and
|l

satisfy the conditionsgiven in Example3.8.13.

The readermust be warnedthat there is no single customarydefinition of the Fourier transform
and its inverse. The variationsarise in the treatmentof the factor x��� and the sign of the exponential.
For instance,in Example3.8.13, the term �)� is missingin the exponent.However,for eachdefinition
of the Fourier transform,there is only one reasonabledefinition of its inverse. The variousdefinitions
have the form |lhj�}	myn���~�� ~

l%j��	m�� ������� � � (6.1.8)

for someconstants� and � , with the correspondinginversetransformbeing

l�j��	mSn � � ����%� ~�� ~
|l%j�}*m�� ����������� }�� (6.1.9)

We havetaken ��nF� and ��nF����� . Otherdefinitionsusevariouscombinationsof �cn����S��n x��� �S��nx� ��� ����n �a�)�]�¡n¢���)� . The factor � � �¤£ �)��� is selectedso that the inverseFourier transformof f is
actually equal to f for a generalclassof functions.

Suppose¥o¦¨§	©Yª«v . The DiscreteFourier Transform, abbreviatedasDFT, of a is definedas

|¥	j­¬/myn © � x®¯�°	± ¥�j�²!m�� �+���´³
¯ ��µ © � (6.1.10)

where ¬YnF¶+�����	·#·#·	�H¸¹�º� . The DiscreteInverseFourier Transform, or DIFT, is given by

¥%j�²/mSn �¸ © � x®³ °/± |¥�j�¬/m�� ���
¯ ³��»µ © � (6.1.11)

where ²¼n½¶+������·"·#·H�/¸c�O� .
In digital signalprocessing,a is usuallyviewedashavingbeenobtainedfrom a continuousfunctionl¾r;sAtwvyx�z by sampling f at some finite number of points ¿À� ± �H� x ��·#·"·!�/� © � x"Á¢Â v and setting
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Ã�Ä�Å/ÆNÇÉÈ%Ä�Ê/Ë)Æ so that Eqs. 6.1.10 and 6.1.11 representthe finite analoguesof Eqs. 6.1.6 and 6.1.7,
respectively.As we areonly interestedin thecomputationalaspectsof theDFT andits inverse,we view
a as a vector of finite length ÃAÇ5Ä�Ã%ÄÍÌ�Æ�Î�Ã%Ä�Ï�Æ�Î�Ð"Ð#Ð	Î�Ã�Ä�ÑYÒºÏ9Æ�ÆHÓ
Defining the template ÔÖÕØ×�ÙÛÚ�Ü Ú , where Ý ÇßÞ*à , byÔWá Ä�Å/ÆâÇ5ã�äHå�æ Ë á�ç»è à Î (6.1.12)

we obtain equivalentimage algebraformulationéÃ¹Ç�ÃAêë Ô (6.1.13)

of Eq. 6.1.10.

The templatef definedby Eq. 6.1.12 is called the one-dimensionalFourier template. It follows
directly from the definitionof f that Ô#ì Ç Ô and Ä Ô�í Æ ì Ç ÔÀí , where ÔÀí denotesthe complexconjugateof f
definedby Ô íá Ä�Å/ÆSÇ�Ä Ô á Ä�Å!Æ�Æ í Ç�ã å�æ Ë á�ç»è à . Hence,the imagealgebraequivalentof the DIFT is given byÃkÇ ÏÑ Ä éÃAêë Ô í Æ!Ó (6.1.14)

The notion of the Fourier transformandits inversecanbe easilyextendedto functions È ÕuîA×Wï å Ü .
In particular, the two-dimensionalFourier transformpair is given byéÈhÄ�ð%Î�ñ�ÆSÇ òóä ò

òóä ò
È%Ä�Ê%Î�ô+Æ�ã�äHå�æ çCõ�ö�÷#ø/ù�ú�ûwü Ê ü ô (6.1.15)

and È�Ä�Ê�Î�ô�ÆSÇ òóä ò
òóä ò
éÈ�Ä�ð�Î�ñ�Æ�ã å�æ ç�õ�÷�ö#ø/ú�ù#û ü ð ü ñýÓ (6.1.16)

For discretefunctions Ãuþ�Þ	ÿ��ÖÞ*à�� ï we havethe two-dimensionaldiscreteFourier transforméÃ%Ä�ð�Î�ñ+ÆyÇ à ä���Ë��
	 ÿ ä��� á �
	 Ã%Ä
�¨Î�Å�Æ�ã�äHå�æ ç Ä á��� ø Ë��� Æ Î (6.1.17)

with the inversetransformspecifiedbyÃ%Ä��¨Î�Å+ÆSÇ ÏÑ�� à ä���ù �
	 ÿ ä���ö �
	 éÃ�Ä�ð%Î�ñ�Æ�ã å�æ ç Ä ö��� ø/ù��� Æ Ó (6.1.18)

The imagealgebraequivalentformulationof the transformpair 6.1.17and6.1.18is given byéÃ¹Ç�ÃAêë Ô (6.1.19)

and ÃkÇ ÏÑ�� Ä éÃAêë Ô í Æ!Î (6.1.20)

where Ô Õ × Ù Ú Ü Ú is defined by Ô õ�ö�� ù�û Ä���Î�Å/ÆyÇ�ã ä+å�æ ç Ä á �� ø Ë �� Æ Î (6.1.21)

and Ý Ç Þ*ÿ��ºÞ*à .
The two-dimensionalFourier templatef definedby Eq. 6.1.21satisfiesthe conditionsof Theorem

6.1.4.
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6.1.6 Example: Suppose��� �"!$#%�
& . Then')(+*-, .0/21
35476
8 �:9<; !2=?> 1A@5BC�D"EGFHI8 4
where JLK 354�M KON and JLK 6�4�P K Q . The matrix RO�TS 1A'�8 , called the Fourier matrix
correspondingto f, is given by

S 1U'�8 �:RV�
WXXXXXXXXY
N N N Z N N NN 9 ; C H =I> 9 ;�[H =\> Z N 9 ; C H =\> 9 ;][ H =I>N 9 ; [ H =I> 9 ; C H =\> Z N 9 ; [ H =\> 9 ; C H =I>^ ^ ^ _ ^ ^ ^N N N Z ^ N ^ N ^ NN 9 ; C H =I> 9 ; [ H =\> Z ^ N ^ 9 ; CH =I> ^ 9 ; [H =I>N 9 ; [ H =I> 9 ; C H =\> Z ^ N ^ 9 ; [H =I> ^ 9 ; CH =I>

`�aaaaaaaab � c Red7d Rfd)!R !7d R !)!�gih
The matrices j > E derivedfrom F are given byjkd)dl� WY N NN NN N

`b 4 jkd)!m� WY N N9 ; C H =I> 9 ; C H =\>9 ;][ H =I> 9 ;n[H =\>
`b 4 jkdo&l� WY N N9 ;n[H =\> 9 ;][ H =I>9 ; C H =\> 9 ; C H =I>

`b 4
jk!7dp� WY N ^ NN ^ NN ^ N

`b 4 jk!7!p� WY N ^ N9 ; CH =I> ^ 9 ; CH =I>9 ;n[H =I> ^ 9 ;n[H =I>
`b 4 jkd2&q� WY N ^ N9 ;n[H =\> ^ 9 ;][H =I>9 ; CH =\> ^ 9 ; CH =I>

`b h
Clearly, each jp> E has rank 1. Choosingr 1 N 4 N 8 � r 1 Q 4 N 8 � WY NNN

`b 4 r 1 N 4 Q 8 � r 1 Q 4 Q 8 � WY N9 ; C H =9 ;][H =
`b 4

and r 1 N 47s58 � r 1 Q 4)st8 � WY N9 ; [ H =9 ; C H =
`b 4

then u > @ 1v6
8 �wN for x 4�3 �yN 4 Q 4z6 �yN 4 Q 4�s aslong as xm{�:Q wheneverx|� 3 , and u !7! 1o6
8 � ^ N
for
6 ��N 4 Q 4Gs .

Hence }�!)!i� ^�~ & and }�> @ � ~ & in the remainingcases.

Also, � d7dm� � !7!p� WY N N NN 9 ; C H = 9 ; [ H =N 9 ;][ H = 9 ; C H =
`b h

According to the proof of Theorem6.1.4Rw� c � d)d �� � !7!
gL� c } d7d ��d7!� !)d }�!7!�g��c � d)d �� � !7! g � c ~ & ~ &~ & ^p~ & g � � � } h
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Setting �����p���I����� and ���V�p���I����� we obtain �����$�� � , where

s� =(0,  )v s� =(1,  )v

 1

 1

 1

-1
, ,

and �t���t  ¡0¢o£�¤5¥0¦
§�¨T©<ª]«¬)­¯® ¡�° .
In the aboveexample,therow templater doesnot dependon the variablesu and j andis, therefore,

equivalentto the one-dimensionalFourier template� ¡ £o¦
§n¨±©<ªn«A²´³µ ¡0° £v¶·¨�¸5§ . This holds in generaland
follows from the law of exponents;i.e., ©º¹\»�¼�¨V©�¹i½?©º¼ . More precisely,since¾ �¯�-  ¡�¢ £�¤5¥0¦
§z¨:© ª�¿2®\­ £�ÀÁ�Â »ÄÃµ ° § ¨:© ª�¿o®I­ Ãµ ° ½\© ªÅ¿2®\­ ÀÁ Â ¨Æ� ¡ £�¦
§e½\Ç � £È¤
§7¥
the templatet canalwaysbe written as the productof a row anda columntemplate,namely

¾ ¨:��ÉÊ Ç .
Therefore, ËÌ ¨w£ Ì ÉÊ �<§�ÉÊ ÇzÍ (6.1.22)

Equation6.1.22saysthat the two-dimensionalFourier transformcan be computedin two stepsby
successiveapplicationsof the one-dimensionalFourier transform;first alongeachrow of a followed by
a one-dimensionalFourier transformalong the columnsof the result. Observethat the roles of r ands
can be reversed;the sameresult can be obtainedby first taking the one-dimensionalFourier transform
along the columnsof a and then along the rows of the result.

As a final observationwe note that Eq. 6.1.20 implies thatÌ ¨ Î¶ÐÏ £ ËÌ�Ñ ÉÊ ¾ § Ñ Í (6.1.23)

This meansthat the inverseFourier transformcan be computedin termsof the Fourier transformand
simple conjugation.

6.2 Block Structur ed Matrices and the Fourier Matrix

The isomorphism Ò mapsmany commonlyusedtemplatesto matricesthat display highly regular
structures.Manyof thesehighly regularmatricescanbesubdividedinto blocksof submatricesthatexhibit
similaritiesor commonpropertiesthat prove very useful in transformoptimization. The Fourier matrix
is a particularly elegantand useful exampleof a block structuredmatrix. Due to the particularblock
structureand intrinsic propertiesof the Fouriermatrix, block structuredmatricesarisequite naturally in
the analysisand optimizationof the discreteFourier transform.

In this sectionwe digresstemporarilyto studya few conceptsfrom thetheoryof block matricesand
investigatesomepropertiesof the Fourier matrix.
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Columnandrow partitioningof a matrix areexamplesof matrix blocking. The notation

Ó�ÔÖÕ××Ø ÓkÙ7Ù ÓpÙ)Ú ÛIÛ\Û ÓpÙÝÜ Þtß�ÚÓ ÚoÙ Ó Ú7Ú ÛIÛ\Û Ó ÚàÜ Þ�ß�Ú
...

...
.. .

...ÓmápßÅÚÝÜ Ù Ópámß�ÚàÜ Ú ÛIÛ\ÛâÓpámß�ÚàÜ Þ�ß�Ú
ã�ääå

is usedto denotean æèçêé block matrix, whereeachblock
Ópë´ì

is an æ ë çêé ì matrix of scalars.The
specialcasewhere æ Ôîí or é Ôîí providesfor row and column block vectors.

Themanipulationof block matricesis analogousto themanipulationof scalarmatrices.For example,
if
ÓïÔ�ð�Ó ë´ì\ñ

is a æòçôó block matrix and õ Ô�ð õ ë´ì\ñ is a ó�çöé block matrix, thenthe matrix ÷ Ô:ÓøÛ õ
is the æOçùé block matrix ÷ Ôúð ÷ ë´ìºñ definedby÷ ë�ì ÔÆû ß�Úüý�þ Ù Ó ë ý Û õ ý ì|ÿ
where the individual matrix pairs

Ó ë ý ÿ õ ý ì are assumedto have dimensionssuch that the productÓ ë ý Û õ ý ì exists.

One of the simplest type of block matrices are block diagonal matrices. Recall that if� Ô ð���Ù ÿ �5Ú ÿ ����� ÿ ��Þtß�Ú ñ�� � Þ
, then the matrix

Ó Ô 	�
���
�ð � ñ Ô 	�
���
�ð��5Ú ÿ ��� ÿ ����� ÿ �tÞ�ß�Ú ñ is
the éwçyé diagonal matrix with diagonal entries

� Ù ÿ � Ú ÿ ����� ÿ � ÞtßÅÚ . This concept generalizesto
block vectors. If

ð�ÓpÙ ÿ ÓkÚ ÿ ����� ÿ Ó ý ß�Ú ñ is a block vector such that each
Ó ë���� Þ��tÞ�ð �kñ

, thenÓîÔ�	�
���
�ðvÓpÙ ÿ ÓkÚ ÿ ����� ÿ Ó ý ß�Ú ñ is the �Åé ç��Gé block diagonalmatrix

ÓïÔ Õ××Ø ÓpÙ � Û\ÛIÛ �
� ÓkÚ Û\ÛIÛ �
...

...
.. .

...� � Û\ÛIÛ�Ó ý ß�Ú
ã�ääå��

This shouldnot be confusedwith
	�
���
�ðvÓ ñ

when
Ó ��� Þ��tÞ�ð �kñ

, in which case
	�
���
�ð Ó ñ

is a vector of
scalarsgiven by

	�
���
�ðAÓ ñ Ôâð�� Ù7Ù ÿ � Ú)Ú ÿ ����� ÿ � Þ�ß�ÚàÜ ÞtßÅÚ ñ .
A key role in the theoryof block matricesis playedby the tensorproductandwe shallmakeheavy

useof it in subsequentsections.For example,if � Þ denotesthe é ç é identity matrix, then � Þ! Ó is
the block diagonalmatrix

� Þ  Ó�ÔÖÕ××Ø Ó � ÛIÛ\Û"�
� Ó ÛIÛ\Û"�
...

...
. ..

...� � ÛIÛ\ÛTÓ
ã�ääå �

More generally,we have

� ý  ð � Þ  Ó ñ Ô � ý Þ  Ó � (6.2.1)

This follows from the evenmore generalpropertyðoÓ  õ ñ ÛIð ÷  $# ñ ÔyðvÓÆÛ ÷ ñ  ð õ Û # ñ ÿ (6.2.2)

wherewe assumethat the ordinary matrix productsare defined.
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