Thus, at eachpointy € 72 thetemplatess ¥ t ands [ t areidentical exceptoff their support.
The reasonfor this is that Vx,y € Z? the setS_ . (sx) N S (ty) is eitherempty or consists
of a single point.

The templatet is not an RZ'—valuedtemplate. To provide an exampleof the templateproduct
s @t, we reddine t as

Thenr = s@t is given by

Again, asfor theproducts¥ and A , it is easyto seethatthetemplatex = s ()t andu = s ®t
areidentical exceptoff their respectivesupports,andthat S(ry) = S (uy).

In orderto obtainanexamplewheres V1 t ands Al t arenot identicalon their supportswe need

to usetemplatess andt suchthatcard[S_..(sx) N S_(ty)] > 1 for somepair of pointsx and
y. Let s be as beforeand definet by

Thenr = sMt is given by

ry=14 [ 5 | 4

while u = s[At is given by
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Accordingto Theorem4.9.4 if (F,v,() is aring (or semiring), then ((FX)Y,% Q) is also a

ring (or semiring). The operationsy and () on (IFX)Y are pointwise inducedoperations. Moreover,
if X ={x1,...,x,}andY = {y1, ..., y.}, then ((IFX)Y,%O) is isomorphicto the matrix ring

(Myxn(F),v,0), where() denotedHadamardnultiplicationin thering M,,, «.(F). Now if m = n, then
(M.xm(F),v, ®) is also a ring under generalizedmatrix multiplication (Eq. 3.14.15). This follows

from Example3.5.6 Thus, it is naturalto ask aboutthe relationshipbetween(([FX)X,V, @) and

(Mpxm(F),v, ®). Since ((IFX)X,7> and (M,,,x(F),v) are isomorphicunderthe map ¢ defined
by Eq. 4.9.1, we only needto investigatethe relationshipbetweenthe generalizedmatrix productand
the template product.

Supposer = s ®t, wheres, t € (FX)*. Let (8i1 ) = S = (), (tij),xm = T = ¥(t), and
(Tii)mxm = R =S@T. Thenfor 1 < ¢,5 < m we have

e, (%:) = I (5x(x0) O b, (%)) =, (5, () O o, (x0)) =, sk Oty = 7.
Therefore,
B(sDt) = ¥(r) = R = SOT = $(s) Di(t)

This showsthat ¢» preserveghe multiplication operation ().
It now follows that if r,s,t € (FX)™, then

Therefore, @) is associativein (FX)™.

Also,

Similarly, (s7t)®r = (s @r)y(t @r). Hence, @) distributesover v in (IFX)X.
This establisheghe following theorem.
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4.10.3 Theorem. If X = {x1, ..., X}, theny : ((FX)X

75 @) = (Muxn(F), 7, ©) s aring
isomorphism.

Sincein generalmatrix multiplication is not commutative we have,in contrastto Theorem4.9.4
that ((IFX)X,% @) is not a commutativering evenif (F,~, () is a commutativering. However,if F

hasan identity with respectto (), then (IFX)X alsohasanidentity with respecto (). If 1 denoteghe
identity of F with respectto (), thenthe templatel € (FX)X definedby

1 if x=y
1 = 4.10.9
y(X) { 0 otherwise. ( )
is the identity of (IFX)x with respectto the operation}). This templateis alsocalledthe unit template
of (FX)X,

The image-templateproduct is closely related to the template—templateproduct. In order to
investigateits relationshipto matrix multiplication, let X = {xy, ..., x,}, Y = {y1, ..., y»}, and
letv : FX — F™ andyu : FY — F" denotethe vector mapsdefinedby v(a) = (a(xy), ..., a(Xy))
andu(b) = (b(y1), ..., b(y,)), respectively.For t € (FX)Y set(;;), . = T = %(t), b = adt,
andb = (by, ..., b,) = v(a)®y(t). Then

b = La0u) Ot = T alxk) O ty, (xi) =L, a(x) O ty, (%) = b(y)).
Thus,

n@a@t) = u(b) = v(a) Dy(t) (4.10.10)
or, since p is one-to-one,
a@t =p (v(a)DY(t)).

It now follows that

(ayb) @t = (a@®t)y(bDt). (4.10.112)
If X =Y, thenv = p andEqg. 4.10.10hasform
via@t) =v(a) (). (4.10.12)
Hence,whenevera € FX ands,t € (IFX)X, we havethat
v(a@(s@t)) = v(a) Dv(s Ot)
=v(a)D(L(s) DY(t))
= (v(a) D¥(s)) D(t)
=v(a@s)Dy(t)
=v((a@s)Pt)
Therefore,
a@(s@Pt)=(a®s)Dt. (4.10.13)

The next exampledemonstrateshe utility of Eq. 4.10.13.
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4.10.4 Example: SupposeX = {(z1,22) €22 : 1 <z <m, 1 <23 <n}, acRX and
r € (RE)" is definedby

Vy € Z%. Thenaccordingto Eq. 4.10.13,

a®r = a@(s Ot) = (a ®s) Dt

where

The constructionof the newimageb := a @r requiresnine multiplicationsand eight additions
per pixel (if we ignore boundarypixels). In contrast,the computationof the imageb :=
(a @s) Bt requiresonly six multiplications and four additionsper pixel. For large images
(e.g.,size 1024 x 1024) this amountsto significantsavingsin computation.

Boundary problemswill occur when convolving imagesdefined on finite arrayswith templates
defined over the whole discreteplane Z>. Equation4.10.13holds for imagesa € FX and templates
s,t € (FX)X. In particular,the equalitya (s ®t) = (a ®s) @t in the lastexampleneednot hold for

arbitrarys, t € (IR%ZZ)Z . As an example,supposes, t € (IR{ZZ)Z aretwo translationinvarianttemplates
defined by

3 111 |1
sy = 2 ty=]1 [ 2 |1
1 111 |1
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Thenr = s@Pt is given by

2 1 2 %

2 4 2 0

Figure 4.10.2 Partof the imagea nearthe corner point
(1,n) with the shadedcell representinghe point (1,n).

Now if b := a @r, thenb(1,n) = > a(z1,72) - r(1 (21, 22) = 48 since
(z1,22) €XNS(F(m,n))

r(l,n) |X =11 4 3

On the otherhand, if ¢ := (a @s) @t, thene(l,n) = 32 since

S(l,n) |X = 2
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and

t(l,n) |X = 1 2

Therefore,a @(s Pt) # (aPs) Pt.

However, if s',t' € (HX)X are defined by s' = §(x gx) andt' = t|x gx) (i.e., sy = sy/x and

t. = tylx Vy € X), thena@®(s' @t') = (aDs') Gt'. Notethatif r' = s' Pt", then

2 4
P _
an - 1 4 2
1 1

Thus,r' # 1{(x rx) (€.9.,equalityfails for pointsin X thatare on the boundaryof X).

4.11 Spatial Transformations of Templates

Spatialtransformationsare appliedto a templatein the sameway asthey are appliedto any other

image; if t € ([FX)Y and f : Z — Y, then
r=tofe (IFX)Z
is defined by
Ty =t()

wherez € Z. The correspondingdiagramis givenin Figure4.11.1

Z f -Y

w ¥

|]:X

Figure 4.11.1 The spatialtransformationr = t o f of the templatet.
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It follows that every spatialtransform f : Z — Y inducesa unary operation(FX)¥ — (FX)Z
definedby t — t o f (FX)Y — (FX)Z. If f is a transformatiorfrom Z to X insteadfrom Z to Y, then
f inducesa unary operation(FX)¥ — (FZ)Y definedby t — r , where

ry=tyof VyeY. (4.11.2)

Thus, ry(z) = ty(f(z)) Vz € Z.

There are obvious differencesbetweenthe transformationsdefined by Eqgs. 4.11.1and 4.11.2.
Computationally4.11.2is far more complexsincefunctional compositionhasto be performedfor each
point y. However, as the examplebelow illustrates, for translationinvariant templateswe only need
to composeonce.

Spatialtransformationsan be a useful tool for redefiningtemplates.For instance the templatest'
ands' in Example4.8.4 were obtainedusing spatialtransforms. The next exampleillustratesa similar
application.

4.11.1 Example: (Edge maskdetermination). Edge information conveysimage information and,
consequentlyscenecontent. Edge detectioncontributessignificantly to algorithmsfor feature
detection segmentationandmotion analysis.In a continuousmage,a sharpintensitytransition
betweenneighboringpixels as shownin Figure 4.11.Za) would be consideredan edge. Such
steepchangesn intensitiescanbedetectedy analyzingthe derivativesof the signalfunction. In
sampledvaveformssuchasshownin Figure4.11.2b), approximationgo the derivative,suchas
finite differencemethodsare usedto detectthe existenceof edges.However,dueto sampling,
high frequencycomponentsare introduced,and every pair of pixels with different intensities
could be consideredan edge. For this reason smoothingbeforeedgeenhancemerfollowed by
thresholdingafter enhancemenrdre an importantpart of many edgedetectionschemes.

a(x) a(x)
A A

e e o P ° e o 0

%o Xo
(a) (b)
Figure 4.11.2 (a) Continuousimagewith edgephenomenon(b) Sampledimagefunction.

The gradientof animagea is definedin termsof direction orientedspatialderivativesas

dalx da(zy,z2)
N )

8172
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Onediscreteapproximationof the gradientis givenin termsof the centereddifferences

a(:vl + Aml,xg) — a(a;'l — A:m,m)
Q(Al‘l)

d(z1) =

and
T1,22 + Axg) — a(xy,x2 — Axa)
Q(sz)

() =

The centereddifferencesd(z,) andd(z;) canbe implementedusingthe templates

The pixel valuesat locationx = (z1,z2) of a Pt anda Ps arethe centeredlifferencesi(z)
andd(z,), respectively(seealso Example3.6.6. This conceptforms the basisfor extensions
to varioustemplatesusedfor edgedetection. Variantsof the centereddifferencetemplatesare
the 3 x 3 templates

-1 1 1 1 1
ty=1] -1 1 Sy =
-1 1 1) -1 -1

which form smoothenedar averagedcentral differenceoperators.

Thetemplated ands areorthogonal;oneis sensitiveto verticaledgesandthe otherto horizontal
edges.We may view t ands ascorrespondingo evaluatingthe averagedierivativesin the 0°
and 90° direction, respectively.Evaluationof the derivativein directionsotherthan0° or 9C°
becomesecessaryf oneis interestedn detectingedgesthat are neitherhorizontalor vertical.
One simple way of obtaininga templatethat can be usedfor evaluatingthe averagedcentral
differencein a desireddirection is to simply rotatethe imaget o q) throughthe angleé# and
usethe resultingimagevaluesfor the weightsof the new template. For example,applyingthe
rotationf definedby Eq. 4.5.4to theimaget g o) with 6= 90° resultsin theimaget , oo f which
is identicalto the images o). Sinces is translationinvariant, the imaget ) o f completely
determiness. However,for anglesf otherthan90° the resultingimaget o) o f may not be
a satisfactoryapproximationof the averagecdentraldifferencein that direction; for 8= 3(° the
imaget g o) o f is basicallythe sameast o o). Thereasorfor this is the smallsize of the support
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of t(9,0) andassociatednterpolationerrors. In orderto obtaina more accuraterepresentation,
one schemeis to enlage the imaget o to the image

and rotate this image using linear interpolation. For 6= 30° the resultingimaget ) o f is
of form

-0.73/0.13 | 1 1 1

-1 |-0.37] 05 | 1 1

-1 |-087 0 087 | 1

-1 -1 |-05 (037 1

-1 -1 -1 ]-0.13|0.73

Thefinal 3 x 3 templater is obtainedby restrictingits supportto a 3 x 3 neighborhoodf the
centerpixel locationy, namely

-0.371 05 | 1

'y =1.087, 0 |0.87

-1 |-05]0.37

While t will resultin maximal enhancemendf vertical or 90° edgesr will be more sensitive
to 120 edges.Likewise, rotationthroughan angleof 6(° resultsin the template

0.37/087| 1

-1 |-0.87|-0.37
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which is sensitiveto 150 edges.

4.12 Multivalued Images

Although eachvalue a(x) of animagea € FX is a uniqueelementof F, a(x) may be composed
of valuesfrom severalvalue sets. For example,if F = R", then a(x) is a vector of form a(x) =
(ai(x), ..., a,(x)) wherefor each: = 1, ... ,n, a;(x) € R. Thus,with eachvector-valuea(x) there
areassociatech real valuesa;(x). A real vectorvaluedimagerepresents specialcaseof a multivalued
image.

4.12.1 Definition. If F is a value setandF can be written as a Cartesianproductof value sets
F = [] F; with » > 1, thenF is called a multivaluedset. If F cannotbe written assucha

=1
product,thenF is called a single-valuedset.

If F = [[ F; is amultivaluedsetandF, = F, = --- = F,,, thenF is calleda homogeneous

=1 : . o
multivaluedsetor simply a vector-valuedset. A multivaluedsetwhich is not a homogeneous
multivaluedsetis referredto asa non-homogeneous hetengeneou®r mixedmultivaluedset.

If a e FX andF is a multivalued set, then a is called a multivaluedimage. If F is a
homogeneousnultivaluedset, thena is also called a vector-valuedmage.

n
If F = [[F; anda € FX, thena is of form a = (ay, ..., a,) wherefor eachi = 1, ... ,n,

1=1
a; € FX is givenby a;(x) = pi(a(x)). Thus,everymultivaluedimagecanbe viewedasa vectorwhose
componentsare single-valuedimages.

Conversely,if for ¢ = 1,...,n there exists an image a; : X — F;, then the collection
7

{a; : i=1,...,n} determinesa multivaluedimagea : X — [][ F; which is definedby a(x) =
=1

(a1(x), ..., as(x)) (seeals02.5.7). This meansthat we can constructa multivaluedimage from any

array of imagesdefinedover the samepoint set.
Another methodof forming multivalued imagesis throughfunctionsthat map a single-valuedset
into a multivaluedset. More precisely,if a € EX, whereE is a single-valuedset,and f : E — [] F;,

i=1

thenf inducesthe unary operation

. X
fla)y=foac (HF’) .

i=1

Forexamplejf a € RX and f : R — R x Z; is definedby f(r) = (r,x,,(r)), thentheimageb = f(a)
hasvaluesb(x) = (a(x), x ,,(a(x))). This exampleis, of course,a specialcaseof the generalunary
operationdefinedby Eq. 4.7.3. Obviously, any unary operationon single or multivaluedimageson a
given spatialdomain X is a function of the type describedby Eq. 4.7.3.
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Supposef : F — G, whereF = H F; andG = H G;. Thenf generates sequencef functions
=1
f; + F — G; definedby f; = p; o f. Thus, everyfunctlonf F — G inducesa unary operation

f:FX = GX anda family of unary operationsf; : F* — G* (asdéfined by Eq. 4.7.3).

Converselygivenasequencef functionsf; : F — G;, thenwe obtaina sequencef inducedunary
operationsf; : FX — GX anda unaryoperationf : FX — G which is definedby

fa)=(fi(a), ..., fm(a)). (4.12.1)

Equivalently,
f(a) = {(x,b(x)) : b(x) = (fi(a(x)), ..., fm(a(x))) }.
Inducedunaryoperationsanbe constructedrom an evenlower level of specification.Supposehat
for someindexingfunction A : {1, ..., m} — {1, ..., n} thereexistsa sequencef functions

‘]Z}ZFA(J')%GJ', j:l,...,m.

Thenthe sequencef inducedunary operationsf; : Fi‘m — G?‘ inducesa sequencef unaryoperations
fi FX* = 6*
which is definedby f; = f; o py(j) , Wherep, ;) denotesthe projectionp, ;) : FX — Ff(j). Obviously,
the sequence(f; : j =1, ...,m} alsoinducesa unaryoperationf : F* — G* which is definedby
flay=(fi(a), ..., fm(a)). (4.12.2)
Equivalently,

f(a) = (fiopaay(@)s ., fm 0 PAGm)(a))

= (hlaxw), -+ Fmlarem)) -
For homogeneousnultivalued sets we obtain a special class of unary operations. SupposeF
and G are homogeneousnultlvalued sets,m = n, A denotesthe identity function A(j) = j, and
fi=fao= = fo. Thenthelnducedoperatlonf is calleda homogeneousnary operation otherwise

f is calleda heteogeneousor mixedunary operation If f is a homogeneousinary operationthen we
let the coordinatefunction f; represent.

(4.12.2)

4.12.2 Examples:
0) If a € (R")* andfori = 1,...,n f; = sin: R — R, then
sin(a) = (sin(ay), ..., sin(a,)).
Similarly, if fori = 1,...,n fi = x,,, then
Xse(a) = (Xsn(@r), -, X5ulan)) -

Note that x ,,(a) is a booleanvector valued image. For a booleanvector valued image
b = (by,...,b,) € (22)%, the booleancomplementof b, denotedby b¢, is definedas
b® = (b, ..., b%), wherethe ith coordinateb; is definedby Eq. 4.4.5.
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(ii) Supposen is an even positive integeranda € (R*)*. Fori = 1,...,% andr ¢ R define
f2i(r) = r? and fo;_1(r) = r. Then

fla) = (al,ag, ,an,l,ai) .
(iv) Define f; : R2 — R by fi(z,y) = sin(z) + cosh(y) and f; : R? — R by fo(z,y) =
cos(x) + sinh(y). Thenthe inducedfunction f : (R%)* — (R?)™ givenby f = (f1, f2).
. . n X . .
Applying f to animagea € (IR ) resultsin the image

f(a) = {(x,b(x)) : b(x) = (sin(ai(x)) + cosh(ay(x)), cos(aj(x)) + sinh(az(x))), x € X}.

Thus,if we representomplexnumbersas pointsin R* anda denotesa complexvaluedimage,
then f(a) = sin(a), wheresin denotesthe complexsine function.

V) Supposd- = H F; andG = H F;., where{ji,j2, ..., Jm} C{1,2, ... ,n} with j; < j2 <

- < Jm and IFJk denotesthe jkth factor of F. Define
Pirisjm | F— G
by

Piviarim (T15T2y oo 3 Tn) = (P50 Tins oo 2P0 )
wherer; € F; andr;, € F;,.
The map p;,;,...;,, deletesn — m componentsfrom an elementof F. Sincefor m = 1
p;, : F — F;,, thefunctionp; ;...;, generalizeghe notion of the ith projectionfunction.

The inducedunary operationp;, ;,...;,. : FX — GX* deletesn — m image componentsrom a
vector valuedimagea € FX.

The generalframework for binary operatlonson multlvalued imagesis S|m|Iar to that for unary
operations.Suppose) : E x G — F, whereE = H E:, G = H G;, andF = H F;. Thenthe binary

=1 =1
operation() generatesa sequencef binary operations(); : Ex G — F; deflnedby O =pio0;

i.e,a(; b = pj(a(Qb). Thus,everybinary operation() : Ex G — [F inducesa binary operation
O : EX x 6X — FX anda family of binary operations

Q; :E* x 6* - F¥.

Conversely,given a sequenceof binary operations(); : E x G — F;, thenthis sequencenduces
a sequenceof binary operations)); : EX x G* — FX anda binary operation() : E* x 6* — F*
which is defined by

aob:(aOIbvaO2b7---vaOmb)v

Va € EX andVb € GX.

As for unary operations,binary operationscan also be induced from coordinatelevel binary
operations. Supposethat for someindexing function A : {1, ..., m} — {1,...,n} x {1,...,n}
there existsa sequenceof binary operations

O; *Epa(i)) X Gr(ai)) — Fi -
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Then the sequenceof induced binary operationsQ); : IEZE(A(J.)) X GZE(W)) — F¥ inducesanother
sequencef binary operations)); : EX x G* — F¥, whichis definedby a O; b = a,,3(j) O;p.(\(7))
Va € EX andVb € GX. This new sequencehen inducesthe binary operation() : EX x 6X — FX
which is defined by

aOb=(a0Oi1b,a02b,...,a0mb).
Equivalently, we have that
aQb = (apl(/\(l))olbpz(A(l))v ceey apl()\(m))ombp2(/\(m))) . (4.12.3)

In analogy with unary operations,if m = n = 5, E, 6 and F are homogeneousalue sets,
O; = 0; Vi,j € Zf, andA(j) = (j,j) Vi,j € Z;}, thenthe inducedoperation4.12.3is saidto be a
homogeneoubinary operation.Otherwise() is calleda mixedor hetepngeneousinary operation.If ()
is a homogeneousinary operation,thenwe let the coordinateoperatioan representhe operation().

4.12.3 Examples:
(i) If a,b € (R*)* andforj = 1,...,n O, = +, then
a+b=(a;+by,...,a,+by,).

Similarly,
a-b=(a; -bi,...,a, -by),
avb=(a;Vby,...,a,Vbh,),
and
aAb=(aiAbi,...,a,Aby).
If r =(ry,...,r,) € R", thenaccordingto Eq. 4.3.3we also have
rt+a=(ri+ag,...,m+a,),
r-a=(ry-ay, ...,"-ay),
etc.
In the special casewherer = (r,7,...,r), we simply usethe scalarr € R and define

r+a=r+a, r-a=r-a,andsoon. Of course theseoperatlonscan be generalizedo

combinea scalarof any multivaluesetr = (ry, ... ,7m,) € F = H F; with animagea € FX.
=1

(i) Supposehatfor j = 1, ...,n, O, : R* x R* — R is definedby

(21, o 20) O (Y1 oy yn) =maz{z; Vy; : 1 <1< 5},
Thenfor a,b € (R*)* andc = a O b, the componentf ¢(x) = (c1(x), ... ,c.(x)) have
values

cj(x) = a(x) O; b(x) = maz{a;(x)Va;(x) : 1 <i<j}
forj =1,...,n.
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(ii) Let O; and()2 be two binary operationsof R? x R? — R definedby

(z1,22) O1 (y1,92) = T1y1 — 2y
and
(1,22) O2 (y1,y2) = 1y2 + 241 .

Now if a,b € (IRQ)X representtwo complex valued images,then the producte = a (O b
representpointwise complex multiplication, namely

c(x) = (ar(x)bi(x) — ax(x)bz(x), ar(x)bz(x) + az(x)b1(x)).

Basic operationson single and multivalued imagescan be combinedto form image processing
operationsof arbitrary complexity. Two such operationsthat have provento be extremelyuseful in
processingreal vector valued imagesare the winner take all jth-coordinatemaximum and minimum
of two images. In order to define thesetwo special operations,let ¢, : R — R"™ be defined by
n(r) = (r,7, ... 7). Now if a,b € (R")X, thenthe jth-coorinate maximumof a andb is definedas

aVvijb=a g.[p;j(xs.(a)] +b-a:[pj(xs ()], (4.12.4)

wherel < j < n.
The jth-coodinate minimumis definedas

anlib=a-g.[p;i(x(a)] +b-0.[pi(xc ()], (4.12.5)

wherel < j < n.

An easyinterpretationof the imagesddfined by Egs. 4.12.4and 4.12.5is given by the following
equivalentstatements

aV|;b={(x,¢c(x)) : c¢(x)=a(x)if a;(x) > bj(x), otherwise ¢(x) = b(x)}
and
aAljb={(x,c(x)) : ¢(x)=a(x)if aj(x) < b;(x), otherwise ¢(x) = b(x)},

respectively.Sinceit is possiblethat for somex € X the pixel valuea;(x) = b;(x), the operationsof
jth-coordinatemaximum and minimum are not commutative.

The next exampleillustratesan applicationof a jth-coordinatemaximum.

4.12.4 Example: (Directionaledgedetectiof. The outputof this directionaledgedetectiontechnique
is a two-valuededgeimagein which eachpixel hasan intensity value as well as one of eight
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possibledirectionalvalues. In this particularschemea gray scaleimageis convolvedwith the
four 3 x 3 translationinvarianttemplatesshownin Figure 4.12.1

1 /1 |1 1 |1

t(0) = t(1)= | 1 -1
1 1)1 1] -1
-1 1 1 |1

t(2)= | -1 1 t(3)= | -1 1
-1 1 1] -1

Figure 4.12.1 The four directional edgetemplates.

The resulting four imagesare then fusedto form a single two-valuedimage e. Data fusion
is accomplishedby assigningto the resultantpixel the value of the largest magnitude(i.e.
the largestabsolutevalue) of the correspondingixels in the four imagesand the direction
associatedvith the templatewhich yielded the largestmagnitudeif the pixel valueis positive,
or § + 180°mod360° if the valueis negative. Thus, eachpixel locationof e hasboth an edge
magnitudeandanedgedirectionassociatedavith it. It is customaryto usetheintegers0 through7
to representhe eightdirections0® through315, respectively.The addition*6 + 180°mod360°”
then becomesaddition modulo eight, namely*: + 4mod8.”

The imagealgebratranslationof this algorithmis asfollows. Let f : R — R x Zg be defined
by f(r) = (Ir],4x (7)), then

a; := (0,7) + f(a®t(q)) for i = 0,1,2,3, and

e = (V|1)?=0ai.

Here eacha; is a vector valuedimageof form a;(x) = (a;1(x),a;2(x)). More specifically, if
b; := a@t(¢), then

ai(x) = { (|bi(x)],4+ 1) if bi(x) <0
' (bi(x),1) if bi(x)>0.
Note alsothat (0, 7) + f(b;) is simply the scalaradditionof a vectoranda vectorvaluedimage
asdescribedn Example4.12.3i). Since(v|1)?=0ai = ((agV |1a1) V]1a2) V |1as, it alsofollows
thate(x) = ai(x), whereay(x) > a;i1(x) for ¢ = 1,2,3 and k denotesthe smallestinteger
for which ar1(x) > a;(x).

It shouldbe obviousby now that multivaluedimageoperationsare specialcasesf imageoperations
betweendifferent valuedimagesas discussedn earlier sectionsof this chapter. For example,suppose
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that for ¢ = 1,...,n, each(F;,v;) representsa commutativesemigroup. Let F = [] F;, and

1=1
r = (ry,...,7) ands = (s1,...,s,) denotetwo arbitrary elementsof F. Then for finite point
setsthe binary operationy : F x F — F definedby

rys = (717181, -+, "0 YnSn)
inducesa global reduceoperationI’ : FX — F ddined by
lra= (I ay,...,I[ a,),

wherel, : FX — F; is definedby Eq. 4.3.12. If F is homogeneousindy = (71, ... ,7,) is also
homogeneousgi.e., v; = 7; Vi,7 € {1,...,n}), thenT is called a homogeneouseduceoperation,
otherwisel' is saidto be a mixedor hetepgeneouseduceoperation.If T' is homogeneoughenwe let
I'; represent’. Forexampleif (F;,y:) = (R,+) fori=1,...,n, a € (R*)*, andk = card(X), then

Ya = (Yay,...,Xa,)
k
= Eal(xj), ,Zan(xj) € R".
i=1 7=1

In contrast,the summation}_ a; = 3 pi(a) € RX sinceeacha; € RX.
=1 i=1
In orderto provide an exampleof a mixed reduceoperationletF =R x R, v; = 4+, andy; = V.

Thenfor a = (aj,a;) € (R?)™, we have

k
l'a = (Zay,Vaz) = ai(x;), \/ ax(x;) | € R%.
1

i= 7=1

4.13 Multivalued Templates

A templatet € ([FX)Y is called a multivaluedtemplateif F canbe written asa Cartesianproduct

F = JIF; with » > 1. In this caset is of form t = (ti,...,t,), wheret; ¢ (F?‘)Y and
=1
ty = (t1y,...,tny ). If F is a homogeneousalue setandt; = t, = --- = t,, thent is called

a homogeneougemplate,otherwiset is saidto be a hetepgeneougemplate.

Sincetemplatesare specialtypesof images,conceptsand propertiesof multivaluedimagesapply
to multivalued templatesas well. Specifically, operationson multivalued imagesare also operations
on multivalued templates. The only operationnot discussedn the multivalued settingis the product
operator @).

Templateproductsof multivalued templatesare governedby Eqgs. 4.8.1 and 4.8.2. As for binary
operationson multivalued images, an image-templateproduct of a multivalued image and template
inducesa sequencef image-templatgroductson the coordinatelevel, and productson the coordinate
level induce productsbetweenmultivaluedimagesand templates. More precisely,supposgF,v) is a

m
commutativesemigroup,whereF = [] F;, and ¢) denotesthe operator @ : EX x (GX)Y — FY

i=1
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inducedby O :Ex G — F. Then(Q isof form O = (O1, ... ,Om) andy = (71, ... ,7m), Where
O;:ExG —F; andy; : F; x F; — F;. Thus ) inducesa sequencef products

Y
@, :EX x (6%)" —FY,
where ()); is inducedby (O; and ;.

Conversely|f for eachj =1, ... ,m (F;,v;) is acommutativesemigroupand ), : E X G — F;,
then we obtain a sequenceof induced products
@, EX x (6X)Y - FY.

Thus,if a € EX andt ¢ (GX)Y, thenthe imageb = a @)t is definedby

b(y) =T;(a O, ty)
or, equivalently, by
b(y) = (a(x1) Oj ty(x1))7; -+ 7i(a(xx) Oj ty(xs)),

wheren = card(X).

n 7]
If E =[] E; andG = ][] G;, thenproductscan also be inducedfrom coordinatelevel products.

=1 =1
Following the methodusedfor obtaininginducedbinary operationson multivaluedimages,supposehat
for someindexing function A : {1,...,m} — {1,...,n} x {1, ..., n} thereexistsa sequenceof
binary operations

O; 1 Epiri) X Gratniiy — Fi-
Then we obtain the operators

. =X X Y X s
. =X X\Y X s
@J"E X(G ) —>|FJ (]-1,...,771), (4132)
and
® : EX x (65)Y = FX, (4.13.3)

The operator @), in Eq. 4.13.1is inducedby (O; andy; asdefinedby Eq. 4.8.1. The operator
@, in Eq. 4.13.2is definedby

a®jt = apl(/\(j)) @jtpz(k(j)) ) (4134)
and the operator @) (Eq. 4.13.3)is definedby
a@dt =(a®dt, ..., a@,,.t), (4.13.5)

whereeach ); denotesthe operationdefinedin Eq. 4.13.4. Note thatif b = a @®t, then
b(y)=(T1(aO1ty), .- ;Tm(a Omty))
= (11 (25,00 O1tosr)v)s s T (80, (3m) Omboa(aim) v)) »

where _
Lj (2,00 Oitea00)).y) )
= 2, 0(3) (0Ot 0y (X075 73 [0, 000 (XK O ).y (X8)] -
If E, G, and F are homogeneousets,m = n = 5, andbothy = (y1,...,7») and O =
(O4, -+.,O.,m) are homogeneousperations,then ) is called a homogeneouproduct operation,

otherwise () is called a mixed or hetengeneousproductoperation. If ¢) is a homogeneougproduct
operation,then we represent@) by @;.

Left productsand productsbetweentwo multivaluedtemplatesare definedin a similar fashion.
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4.13.1 Examples:

(i)

(ii)

SupposédE = G =F =R x Ry, sothatE; = Gy =F; =R andE; = Gy = F3 = Ry.,. Let
O : E1 x 6y — F; and (), : E3 x Gy — F, denotemultiplication and extendedaddition,
respectively.If we usethe semigroupstructure(F,~), wherey = (+,V), thenwe obtainthe
heterogeneousnage—templatgroduct

a@t = (a1 @tl,aztz),

X x1Y
wherea = (aj,a2) € (R X Ris)™ andt = (tq,t3) € {(H X Rioo) }
In particular, if

-1 1 0
-1 1 0

then the first coordinateof a()t representsa vertical edge enhancementand the second
coordinatea dilation or local maximization.

Supposethata € RX, t = (ty,...,t,) € (RM)X)Y, andQ : R x R* — R" denotesthe
binary operationof scalarmultiplication of n-dimensionalvectors. If (F,v) = (R, +), where
+ denotesvector addition, thenwe obtain the homogeneouimage—templatg@roduct

a®t = (a®ty, ..., adt,) € (RM)Y

whichturnsasingle-valuedmageinto avector-valuedmage. Thevalueof theimageb = a Pt
at a pointy € Y is given by

xeX
= Z a(x)- (t1y(x), ..., t,y(x))
xeX
= (a0t (%), - yax) -t , (%)
xeX
= (Z a(x)-tyy(x),..., Z a(x) - tn,y(x)) .
xeX xeX

4.14 The Algebra of Lists

A commonactivity in computervision, and computersciencein general,is the arrangemenand

representationf datain someorderedfashion. The orderingusuallydependsn both, the particulartask
athandaswell asthe propertiesof the data. Oneof the mostutilitarian of suchordereddatastructuresare
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lists. In this sectionwe defineseveralbasicconceptsassociatedvith lists and showhow theseconcepts
fit into the larger framework of image algebra.

GivenasetL, alist over L is a finite sequencef elementsof L. Suchlists are denotedby angle
bracketscontainingthe ordered,commaseparateclements.For example,
(1,3,5,7,9)
representghe list over the integerscontainingelementsl, 3, 5, 7, and 9 in that order. The emptylist,
containingno elements,is denotedby ().
More formally, a list over the set L is an elementof the set

=,
n=0
wherewe defineZ, = @ sothat L% = {()}.
If [ € L*, thenl € L%~ for somen € N and{(i) € L fori = 0,1,...,n — 1. It is customaryto

denotethe elementd(:) of L by /; andto specifythe function| by enumeratinghe;’s usingthe natural
orderof Z,,. Thatis, we definel; = I(i) andspecifyl by [ = (lg,l1, ... ,l,—1).

Since lists are images, namely functions from a point set to a value set (see Theorem4.14.)),
many of the conceptsdefined previously apply to lists as well. For example, the length of a list
[ = (lo,lh, ... ,l,—1), which is denotedby ||/||, is defined as the numberof elementsin the sequence
definingl. Hence||/|| can be computedusing the following statement:

l|| := card[domain(l)].
Note thatif [ = (), then||()|| = 0, andif | = (lo,l1, ... ,l.-1), then]|l|| = n.
The fundamentalbinary operationon L* is concatenation.The concatenatioroperator- joins two

lists together. If, for example,if | is thelist [ = (ly, ... ,l;) and!’ denotesthelist I" = (I{, ... ,I,)
then/ - I’ denotesthe list

(Tloy - s les legts oo oy legng1)
wherelpy; = 1. ,fori =1,...,n+ 1. It follows that() - = [-() = [ for any! € L* and that
1210 =W+ 1)
Since concatenationis associativeand the empty list acts as an identity under the operationof
concatenationywe have the following result:

4.14.1 Theorem. (L*, -) is a monoid

4.14.2 Definition. Two lists,!’ € L* aresaidto berangeequivalentwheneverange(l) = range(l’).

Two lists | and !’ are said to be equivalentif ||/|| = ||’|| and there exists a permutation
o Z||l|| — Z||l|| suchthat la(z) = l; Vi€ Z||l||

Obviously, equivalencémplies rangeequivalencewhile the converseneednot be true.

For agivenstring! € L* andan arbitraryelementz € L, the occurrencenumberof x in |, denoted
by n(z,!), is definedasn(z,!) = card[l"(z)]. Thusthe occurrencenumbertells the numberof times
an elementof L occursin a string .
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4.14.3 Theorem. > n(z,l) = ||I|.

reL

Proof: If ¢ range(l), thenn(z,l) = 0. Therefore

Zn(:v,l) = Z n(z,l).

zelL z€range(l)
Letn = ||{|| and {21, 22, ..., 2} = range(l). If z; # z;, then
e)niHey) =9,

for otherwisethereexistsanintegerk € [=!(z;) N ~!(z;), which meansthat contraryto our
assumptiorwe havez; = (k) = z;.

Since

O lil(xz') =Z,,
=1

it follows that {{~!(z;) : i=1,2, ..., m} is apartitionof Z,. Therefore,

]| =n = card(Z,) = card(U ll(:vz-))
= card(l""(z1)) + card(l” "(x3)) + -+ + card(I " (zn))

= z n(z,l).

TE{T 1,02, T }

Q.E.D.
The basicunary operationon lists is the projectionmap 7; definedby
(l;) if 0<i<|
mi(l) = o 4.14.1
0={8" i« iZim (@140

where: € N.
List projectionsbelongto a classof importantunaryoperationn lists thatdo notincreasdahe range
of alist. Specifically,afunctionr : L* — L* is calledrange-limitedf range[r(l)] C range(l) VI € L*.
Range-limitedmaps can be conveniently defined in terms of a parameterizedprojection map
7 :N*x L* — L* which is definedasfollows: Foreach(s,!) € N* x L*, with s = (sg, ..., si), define

T(s,0) = w5, (1) - s, (1) - -+ -5, (1) (4.14.2)

It will be convenientto usethe notation/,, and{,,, .. s, t0 denoter(s,!). Someconfusionmay
arisewhenusingthe notation!; without specifyings; e.g.,if sis alist, thenl; € L*, butif srepresents
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aninteger,thenl; € L. It is alsocommonpracticeto view (s,-) asa unary operationon L*, where
the unary operationis denotedby 7, and definedby

ms . L* — L*, where
Ts(l) = m(s,1).

Again, if sis not specifiedthenit may not be clearwhetherr; refersto the mapdefinedby Eq. 4.14.1
or to the map definedby Eq. 4.14.3. Hopefully, the contentof discussioneavesno doubtasto which
of the two mapsan authoris referringto. For example,if we specifys asthe singleintegerlist s = (&)
and0 < ¢ < ||{||, thenit shouldbe clear that

ﬂ's(l) = T('(l)(l) = ls = l(z) = (ll> = TI'Z(Z) .
Since; is definedin termsof concatenationyariousrelationshipsbetweenr; and concatenation

exist. The following two propertiesare obvious:

1. l(‘ju,___,]'” = l(ju,---,ji) . l(ji+1,---,jk>1 for anyz' = 0, . ,k -1
2. msi(l) = ws(l) - (1), wherel € L*, s € N*, and t € N*

(4.14.3)

Suchpropertiescan be usedto manipulatestringsin a coherentand concisefashion.
Lists are often viewed or definedas sequencesFor instance,if n = ||{||, thenl| canbe viewed as

an elementof H L. Thus,in additionto the abovedefined projections,we also canapply the standard
=1
projections

p@':LZ“—>L
pi i l—

to lists. The maps; and p; are distinct but similar in behavior. For example,if « € L and! € L*
suchthat ||{|| = n — 1, then

. o (@) ifi=0 . . N[ ifi=0
(@0 =G io<ieq e BE0 =10 e,

The operationsof concatenatiorand projectionscanbe usedto definemore sophisticatedperations
on lists. The next exampleprovidesan illustration of this.

4.14.4 Example: (Median filter). The medianfilter is a nonlinear techniquefor noise suppres-
sion. It consistsof replacing each pixel value a(y) of an image ac RX with the me-
dian value of the pixels in a neighborhoodN of y. The filtered image, b, is given by
b(y) = median({a(x) : x€ N(y)}), where N : X — 2% is a neighborhoodconfiguration
function aboutthe pointy € X.

In order to provide an algorithm that expresseghe medianfilter in the languageof the list
algebra,let L be the set of lists with real valued elementsand define the binary operation
O : RxZy — L by

ifi=1

, (r)
Ofr,i) = {() if i = 0.
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Definey : L x L — L recursivelyasfollows:

k if 1 =)

l i (

(1"1> '7(k,v l) if k= <T'1> l = (T'2> Ay and rp <y
<r2> ’ 7(k7 l,) if k= (T‘1> [ = <T‘2> . l’, and g > ry.

The algorithm now proceedsas follows:
Let t € (RX)™ be definedas

0 otherwise.

£, (x) = { 1 ifxe N(y)

Define the medianfunction for a list [ of lengthn = ||/|| by

. pats (1) if n is odd
median(1) =\ »y{0+ry0 ()

5 if n is even.

Then, the filtered image b is given by

b := median(a Qt).

The medianfilter definedin the above exampleshould not be confusedwith the meanor local
averagindfilter describedn Example4.8.1 While the local averagindfilter is generallymore effective
in suppressingmoothlygeneratedoise,the medianfilter is muchmore effective in reducingthe effects
of discreteimpulsenoise. Figure4.14.1providesa comparativeexampleof the effectsof thesefilters on
an image containinga fair amountof discreteimpulse noise.
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Figure 4.14.1 Exampleof meanvs. medianfilter. The top row showsthe noisy sourceimageon the
left and the meanfiltered imageusinga 3 x 3 local averagingtemplateis shownon theright. The
bottom row showsthe effect of medianfiltering. The imageon the left is medianfiltered usinga 5 x 5
neighborhoodwhile the imageon the right is medianfiltered usinga 3 x 3 neighborhood.

Sincethe medianfilter representsn image-to-imagedransformationwe could have usedprevious
methodologiesfor an algebraic specificationof the medianfilter algorithm. For example,if N(y)
representa von Neumannneighborhoodthenfor : = 1, 2, 3, 4, let t; be definedas follows:

Note thatif t = t; + t2 + t3 + t4, thent is given by
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If a; :=a®t; Vi€ {1,2,3,4}, thenthe medianimagem of a canbe computedasfollows:

apg:=a
m:=agVa Vas
for ¢ := 0 to 2 loop
forj:=i+ 1to3 loop
for k:=j7+ 1to4 loop
m := (a;Va; Va;)Am
end loop
end loop
end loop

This schemecan be generalizedby decomposingany size templateinto the appropriatenumberof
one-pointtemplates.However,the numberof convolutions(iterations)for £ single-pixeltemplateqwith

k odd) is
kE+1
LE I
2

This providesfor anextremelyinefficientalgorithmfor mostcomputers For somecomputetarchitectures,
however, this neighborhooddecompositioninto single-pixel templatesis a very efficient method for
implementingorder statistic filters [2, 1].

216



Bibliography

[1] P.C. Coffield. An architecturefor processingimage algebraoperations.In Image Algebra and
Morphological Image Processinglll, volume 1769 of Proceedingsof SPIE pages178-189,San
Diego, CA, July 1992.

[2] P.C.Coffield. AnElectro-OpticallmageAlgebraProcessingsystentior AutomaticTargetRecognition
Ph.D. dissertationUniversity of Florida, Gainesville,August 1992.

[3] J. Dugundji. Topology Allen & Bacon,Inc., Boston,1966.

[4] G.X. Ritter, J.L. Davidson,and J.N. Wilson. Beyond mathematicamorphology.In Visual Commu-
nication and ImageProcessingl, volume 845 of Proceedingf SPIE pages260-269,Cambridge,
MA, October1987.

[5] J.Serra.lmageAnalysisand MathematicalMorphology AcademicPress,London,1982.

217






CHAPTER 5
TECHNIQUES FOR THE COMPUTATION OF GENERAL LINEAR TRANSFORMS

This chapterpresentanethodsfor the computationof discretelinear imagetransformationsLinear
imagetransformationsepresena large classof fundamentaimageprocessingperationsn whichimages
aretransformedby the useof linear combinationsof pixels. Specialconsiderationis given to the linear
operator @ to representand optimize linear image processingransforms.

5.1 Image Algebra and Linear Algebra

In Sections4.9 and4.10 we establishedhaturalconnectiondetweenmatrix algebraandthe algebra
of templates. A consequencef these connectionsis that for any given field (F,+,x), the ring
((FX)Y, +, (—D) is algebraicallythe sameas the matrix algebra(M,,,.xmx(F), 4+, x), where m =
card(X), n = card(Y), and x denotesboth (induced)matrix multiplication and multiplication in F.
Sinceany linear algebraof dimensionmn is isomorphicto a subalgebraof M,,,,.xm.(F) (Section3.9),
linearalgebracanbe viewedasa specialcaseor asa subalgebraf imagealgebra.Thus,anyrelationship
which can be expressedising the notation of finite-dimensionallinear algebracan also be expressed
usingthe usualnotationof imagealgebra.Imagealgebranotation,however differs from the conventional
matrix/vectornotationin thatit reflectsthe way computationsarecarriedout in digital imageprocessing.

In comparisorto imagealgebralinearalgebrais anancientandwell-establishecreaof mathematics
encompassing greatwealth of accumulatedknowledgein termsof theoremsand computationatech-
niques. The relationshipbetweenimage algebraand linear algebraprovidesthe link to this knowledge
andoffers direct methodgor optimizing andimplementinglinearimagetransformson digital computers.

Thepertinentink betweerimagealgebraandlinearalgebrais thepair of isomorphismsp : (IFX)X —
M, x(F) andv : FX — F™ ddinedin Section4.9. Theseisomorphismshowever,arenotunique. Their
definitions are basedon the ordering of the points of X. Distinguishingthe points of X by subscripts,
sayX = {x1, X2, ..., X, }, providesfor alinear orderingof X by useof therule: x; < x; & i< j.
The isomorphismy> is dependenbn this linear ordering since by definition, ¥(t) = (t;;),.,,,,» Where
ti; = tx;(x;). A similar commentappliesto the vector spaceisomorphismv. It follows that for each
differentorderingof X oneobtainsa differentisomorphism.The nexttheoremdescribeghe relationship
betweenthem.

5.1.1 Theorem. SupposeX; = {xi, X3, ..., X,} and Xy = {y1, y2, ..., yn} are two different
orderings of X. Let ¢y : (IFX)X — Mux.(F) and ¢, : (IFX)X — M,xn(F) be two
isomorphismgefinedrelative to the ordering of X; and X, respectively. Thenthere exists
a permutationmatrix P € M, «,(F) suchthat

V1(t) = Py(t) P’

vt e (FX)X.

Converselyif there existsa permutatiormatrix P € M,,x,,(F) andfor everytemplatet € (IFx
amatrix Ay € M, «x,(F) with the propertythat ¢, (t) = PA¢P’, thenthere existsan ordering

)X
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onX suchthatif ¢ : (FX)*

vt e (FX)*,

— M,.x»(F) is definedrelativeto this ordering, thenw(t) = Ay

Proof: Let o € 5, be the permutationdefinedby x, ;) = y; for i € {1, ... ,n}. Recallthat
the permutationmatrix P, = (pi;) is definedby

nXn

(1 it j=o(d)
wi={o it 57000,

where0 and 1 denotethe additive and multiplicative identity of F, respectively.
Let ¥1(t) = (Lij)xp @NA¥2(t) = (sij),x,- Then
Potpr(6)P; = (ta(i) ()

But s;; = ty,(y:i) = tx,, (xa(i)) = 1,(i)0(j)- Thereforey,(t) = P, ¢ (t)P; or, equivalently,
¥1(t) = Piy(t)P’, where P = P, 1. This provesthe first part of the theorem.

In orderto provethe secondpart, let P be the permutationmatrix with the property ¢, (t) =
PAyP'. SinceP is apermutatiormatrix, thereexistsa permutatioro € 5,, suchthatP = P, .
Define an ordering {y1, y2, --- , y»} on X by settingy; = X,-1(;) and an isomorphism

Ve (IFX)X — M, x,(F) relativeto this ordering. By the first part of the theoremwe have

Py (t)P = p(t) Vte (FX)

and by the hypothesisof the secondpart of the theoremwe havethat
/ x\X
Pl (t)P = Ay Vte (F*)7.

Hencew(t) = A, Vt e (FX)%.
Q.E.D.

Accordingto Theoremb5.1.], two isomorphismsglefinedin termsof distinctlinear orderingsof a point
setdiffer only by a permutation.For this reasonwe shall usethe symbol ) to denotethe isomorphism
(FX)X — M, x.(F) describedin Chapter4. The orderingon X will be understoodas given and no
mentionof it will be madein general. The specialcasewhereX is anm x n array,X = Z,, X Z,, or
X = 7} x Z}, is of particularinterest. Unlessotherwisespecified,in thesetwo caseswe shall always
assumethe lexicographicalor row-scanningorder.

The isomorphismss and ¢ allowed for the easyproofs of basic propertiesgoverningthe general
convolutionoperator ) (Chapter4). We concludethis sectionby reformulatingthe most pertinentof
thesepropertiesin termsof the field operations+ and x.
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SupposeF, +, x) is afield, a,b € FX, r;s,t € (FX)X, andc € F. Then

I (a+b)®t=(adt)+(bdt)

2 (c-a)Pt =c-(aPt)

3. a@®G+t) = (a®s) +(@®t)

4. a@®(s@t) = (aPs) Pt (5.1.2)
5. r@(s D) = (x Bs) Bt

6. r@(s+t)=(r®s)+(r D)

(s @t = (r @)+ (D)

Propertiesl and 2 of Eg. 5.1.1 expressthe linearity of the convolutionoperator @. Specifically,the
transformationf : FX — FX, definedby F;(a) = a @t is linear sinceit follows from Property1 that
Fi(a+b) = Fi(a) + Fi(b) andProperty2 that Fi(c-a) = ¢ - Fi(a).

The remaining five propertiesprovide the necessanytools for linear transform optimization and
inversion.

5.2 Fundamentals of Template Decomposition

Templatedecompositionplays a fundamentalrole in image processingalgorithm optimization. It
providesa methodfor reducingthe costin computationand, therefore,increasesthe computational
efficiency of image processingalgorithms. This goal can be achievedin two ways, either by reducing
the numberof arithmeticcomputationsn an algorithm or by restructuringan algorithm so asto match
the structureof a specialimage processingarchitectureoptimally.

Intuitively, the problemof templatedecompositionis that for a given templatet, one needsto find
a sequencef smallertemplatesty, t», ..., t, suchthatconvolvinganimagea with t is equivalentto
the sequenceof convolutions(- - - ((a @ty) Dtz) - - Dt.—1) Dt,.. In otherwords,t canbe expressed
in termsof thet;’'s ast = t; Q) --- Ot,.

Oneof thereasondor templatedecompositions thatsomecurrentimageprocessorganonly handle
very small templatesefficiently. For example,ERIM’s Cytocompute{17, 8], Martin Marietta's GAPP
[2], andthe National Bureauof Standard’sPIPE[14] cannotdealwith templatesf sizelargerthan3 x 3
at eachpipeline stage.Thus, a large templatehasto be decomposedhto a sequencef 3 x 3 or smaller
templatesbeforeit can be effectively processed.

A more importantmotivation for templatedecompositioris to speedup templateoperations. For
large convolution masks, that is templateswith large supports,the computationcost resulting from
implementatiorcanbe prohibitive. However,in manyinstancesthis costcanbe significantlyreducedoy
decomposinghe templatesnto a sequencef smallertemplates.For instance the linear convolutionof
animagewith a templatewhosesupportis ann x n squarearrayat eachpointrequiresn? multiplications
and n? — 1 additionsin order to computeone new image pixel value; while the same convolution
computedwith a templatewhosesupportis a 1 x n row, followed by a convolutionwith a template
having supportconsistingof an» x 1 columnat eachpoint, takesonly 2n multiplicationsand2(n — 1)
additionsfor eachnew pixel value (Example4.10.4illustratesthis concept). This cost savingmay still
hold for meshconnectedarray processorsyhere the cost of a convolutionis proportionalto the size
the template’ssupport.
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The problem of templatedecompositionhas beeninvestigatedby severalresearchers.Ritter and
Gader[16] presentedsomevery efficient methodsfor decomposing=FT and generallinear convolution
templates. Wiejak and Buxton [20] proposeda method to decomposea 2-dimensional(or higher
dimensional)Marr-Hildreth convolution operatorinto two one-dimensionatonvolutions. Zhuangand
Haralick [22] gave an algorithm basedon a tree searchthat can find an optimal decompositionof an
arbitrary morphologicalstructuringelementif sucha decompositiorexists. Wilson and Manseur[11]
providedoptimal decomposition®f 5 x 5 templatesnto 3 x 3 templateswhile Wei and Lucas[21, 9]
gavemethodsfor decomposingemplateson hexagonahrrays.In this sectionwe discussnecessanand
sufficient conditionsfor decomposingseparablaectangulattemplates.

As mentionedin Section5.1, properties3 through7 of Eq. 5.1.1 provide the necessaryools for
linear transformoptimization. They canbe usedwhen exploringthe possibilitiesof computingtemplate
operationsn differentways. Forexamplejf (F, +, -) isafield, t € ([FX)X andwe knowthatt = r Ps,
then by Property4, we could apply r ands sequentiallyto a insteadof computinga Gt directly since,
in generalr ands havemuchsmallersupportthant. In practice however,one usuallydoesnot know r
ands for agivent. A programmeimay startwith alarge templatet — i.e., atemplatewith large support
— andis facedwith the task of finding two smallertemplatesr ands suchthatt = r @s. In many
casesthe task of decomposing templateinto smallerpiecesmay be very difficult if notimpossible.

5.2.1 Definition. A linear decomposition(or @-decompositionof a template t ¢ (FX)X is a

sequenceq, ta, ..., t, € (IFX)X suchthatt = t; @ --- Pt.,.
A weak linear decomposition(or weak @—decompositionof t is a sequenceof templates
| TR A 7 TTUTE PURUUS TS < (FX)x suchthat

t:(tl@"'@tk1)+(tk1+1®"'@tk2)+ "'+(tkn,1+1@"'®tkn)-

For example,if a € FX and t € ([FX)X hasa weak decompositiont = t; Dty + t3 Dt4, then
accordingto properties3 and4 of Eq. 5.1.1,a @t canbe computedas

((a®t1) Dt2) + ((a Dts) Dta).

Thus, whencomputinga @t one cancomputethe imageb = (a Pt) Pt, andstoreit, thencompute
theimagec = (a @t3) Pt4, andfinally addb andc. In generala lineardecompositiorof t is preferred
to a weak linear decompositionbecauseusually more time and spaceis involved in computing with
weak decompositions.

With the conceptof templatedecompositiordefined,we turn our attentionto the decompositiorof
some commonlyusedtemplates. Thesetemplatesbelongto the classof shift-invarianttemplateswith
finite support.

In the subsequentliscussionwe assumehat F is a field, X = 72, and t € (IFX)X is a template
with finite supportat somepointy € X. Since S(ty) is finite, the following are well defined:

(Y min = nf{p1(x) 1 x € S(ty)}, i(Y)pmae = sup{pr(x) @ x € S(ty)},
I )min = inf{p2(x) 1 X € (ty)}, J(¥)pmaw = sup{p2(x) @ x € S(ty)}.
Let m(y) = i(¥)maz = {3 )min s MY) = J(¥ )maw = J (¥ )i, @nd define

J
R(ty) = {(i(y)min + 4 5(¥)min +7) = 0< i <mly), 0 <j < n(y), 4,5 € N}

(5.2.1)
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By definition, R(ty) is an(m(y) + 1) x (n(y) + 1) rectangulararray andit is the smallestrectangular
array containingS(ty ). Figure5.2.1illustratesthe conceptof the smallestrectangulararray containing
the supportof ty. As shownin this illustration, y neednot be containedin R(ty ).

§ (Y Dmin Y b |

i (y)min 777777777777777777777

(V)

Y1

Figure 5.2.1 The rectangulararray R(t,) containing
S(ty). Here S(ty) is representedy the shadedregion.

5.2.2 pefinition. Let t € (FX)™.

1. A templatet € (FX)X is saidto havefinite supportif andonly if S(ty) is finite
Vy € X.

2. A templatet with finite supportis calleda rectangularm x n template or simply
anm x n template if R(ty) is of sizem x n Vy € X.

3. An m x n templatet is called strictly rectangularif and only if S(ty) =
R(ty) Vy € X.

4. An m x n templatet is called a row templatewheneverm = 1, and a column
templatewhenevern = 1. If bothm = 1 andn = 1, thent is called a one-point
template

Part 2 of the definition saysthat m(y) = m andn(y) = n Vy € X. In particular, it follows
that if t is a shift-invariant templatewith finite support,thent is a rectangularm x n templatefor
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somepair of integersm andn. Thust canbe representedy anm x n matrix T' = (t;;),,,.,» Where
ti; = ty(i(¥)ppin + (6= 1),5(¥) i + (7 — 1)), andi(y),,;, and j(y),,;, areasdefinedin Eq. 5.2.1.
The matrix T is calledthe weightmatrix associatedvith t. Note thatif t is a strictly rectangulam x n
templatewith weight matrix I’ = (t;;), ... thent;; #0for:=1,... ,mandj =1,...,n.

The weight matrix associatedvith t shouldnot be confusedwith the matrix ¢>(t) defined earlier. In
fact, two distinct templatescan haveidentical weight matrices. For example,the matrix

1 3 4
T_<210)

is a weight matrix associatewith the two shift-invarianttemplatess andt shownin Figure5.2.2

Figure 5.2.2 Two templateshaving identical weight matrix T.

It is clear that by choosing the smallest rectangular array of type Zi,, X Zy, =
{(i,j)eZ® : =-m <i<m, —n<j<n} with the property that S(too) C Zim X Zin, then
the matrix

tmn o temo o o
T = t()’,n E tgyg E tO,n y (522)
tm,—n e tm,O e tm,n

definedby t;; = t(o,o)(i,j) for —m < ¢ <mand—n < j < n, providesfor a one-to-onecorrespondence
betweenshift-invariant templatesand matricesdefinedthis way. For example,the templatess and t
definedin Figure 5.2.2 have templaterepresentations

00 0 0 O 00 1 3 4
S={0 0 1 3 4)ad T={0 0 2 1 0],
00 2 1 0 00 0 0 0

respectively. The matrix T definedby Eq. 5.2.2is called the centeed weight matrix correspondingo
t. In contrastto weight matrices,centeredweight matricesprovide for the location of the target pixel,
which is alwayslocatedat the centerof the matrix. For this reasonthe target pixel of a templateis
often referredto as the center pixel.

Among shift-invarianttemplates rectangulartemplatesare the simplestand most commonly used
templatesn imageprocessingA first stepin varioustemplatedecompositiorscheme®f suchtemplates
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is to decomposehe templateinto the productof a row and a columntemplate. In light of this, it is
importantto note that although every templatewhose correspondingcenteredweight matrix is a row
or columnmatrix is a row or columntemplate,respectively the converseneednot necessarilybe true.
The templateshownin Figure 5.2.3is a row templatebut its correspondingcenteredweight matrix is
a 3 x 3 matrix.

Figure 5.2.3 Exampleof a row template.

5.2.3 Definition. A templateis calledlinearly separable or simply separableif it canbe expressed
aslinear decompositiorof a row templateand a columntemplate.

Ideally, to speedup the templateoperationswe would like to decomposean arbitrary rectangular
templateinto two one—dimensionakemplatesnamelya row templateanda columntemplate.Thus,for a
givenstrictly rectangulam x n template the numberof arithmeticoperationgequiredfor eachtemplate
operationat eachpixel location canbe reducedfrom O(mn) to O(m + n). The nexttheoremprovides
necessanand sufficient conditionsfor the separabilityof strictly rectangulatemplates.

5.2.4  Theorem. If t € ([FX)X is a strictly rectangularm x n templatewith associatedveightmatrix

T = (tij),,«,» thent is linearly separableif and only if
o ()
t1;  tin

foralll <:<mandl <j<n

Proof: Supposethatt is separableandthatt = r@s, wherer is a1l x n row templatewith

weightsry, ... ,r, andsis am x 1 columntemplatewith weightssy, ..., s, . By definition
of templateproductst;; = s; -r; fori =1, ... ,mandj =1, ... ,n. Therefore,
ti; ST 8 8T ti

ty; s1-7T; St S1-T1 tn

To provesuficiency, supposehat Eq. (I) holds. Definea 1 x n row templater andam x 1
column templates by

ri=t; forj=1,...,n ()
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and
t; .
sizl—l fori=1, ...

?
t11

m, (i)
respectively. Thus, t;; = s; - r; and, therefore,t = r Ps.
Q.E.D.

Notethatcondition(l) is equivalento sayingthattherankof T is 1. Thetheoremprovidesa straight
forward methodfor testingand decomposindinearly separabléemplates.SinceEqg. (1) is equivalentto
tij -t11 = ti - 14, it takes2n(m — 1) multiplicationsand(m — 1)(n — 1) comparisonsn orderto check
whethera rectangulatemplateof sizem x n is separableor not. If it is separablethenone caneasily
constructthe correspondingow and columntemplatesby using Egs. (i) and (ii).

In many casesit is convenientto define large invariant templatesby a weight function w of two
variables. For example,the function

w(z,y) =2’y — 22 + 22y —dz —y+2, (5.2.5)

whenevaluatedat the integersz = —1,0,1 andy = —1,0, 1, providesthe weightsof the 3 x 3 template
t shownin Figure5.2.4 Note thatif 7" = (¢;;) denotesthe centeredweight matrix correspondingo t,

thent;; = w(¢,j). In practiceweightfunctionsarecommonlyrestrictedto rectanguladomainscentered
at the origin.

6 |4 | 2
t= |3 [ 2 |1
6 | 4| -2

Figure 5.2.4 Thetemplatet definedby w(z,y) = 22y — 22? + 22y — 42 — y + 2.

The separabilityof a shift-invarianttemplatecan be reducedto the separabilityof its associated
weight function. The following resultis obvious.

5.2.5  Theorem. SupposeX = Z2 and t € (IFX)x is an invariant templatewith finite supportand
weightfunctionw. Thent is linearly separableif and only if w(z,y) = f(z) - ¢g(y) for some
F—valuedfunctionsf and g.

Note that this theoremis similar to Theorem5.2.4with the weight functionsf and g specifyingthe
row and column templates.

5.2.6 Examples:
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0] The templatet with weight function w definedby Eq. 5.2.5is separablesince

w(z,y) = (e + 20— 1)(y - 2) = f(z) - g(y),

where f(z) = 2% + 22 — 1 andg(y) = y — 2. Thus,t = r @s, wherethe correspondingow
and column templatesare given by

-2

r= -1 and s = 3 -2 -1

2

(ii) Considerthe (2n 4 1) x (2n 4 1) templatet defined by

1 $2+y2 —(z2? 2 o2
B

1 z? z? 2 2 2 1 2 2 y2 2 2
_ _r ) w2 207 —y? /20 —z2/20 _J Y _—y?/2
- 2mot (1 02>6 ‘ + 2mot’ (1 o2 )°

= file)fa(y) + fa(2) faly),
where—n < z,y < n. This templateis alsoknown asa Marr-Hildr eth template.
Clearlyt is not separabléut it still hasa very efficient weaklinear decompositiorwhich is the
sum of two separableemplates,namely
t = (t: Dt2) + (tz Dta),
wheret; is definedby f; for : = 1, 2, 3, 4.

5.3 LU Decompositionof Templates

The rank of a templatet is definedasthe rank of its correspondingveight matrix T. It is easyto
showthat everyn x n matrix T canbe decomposeds a sumof at mostn rank 1 matrices. Thus,if t
is ann x n template,thent can be expresseds

t=ty+ty+ - +ty,, (5.3.1)

wheret; is arank 1 templatefor each: = 1, 2, ..., n. Accordingto Theoremb.2.4 eacht; canin turn
be decomposednto a productof a row and columntemplate,namelyt; = r; @s;. Therefore,

t=(r1Ps1)+ (ra@s2)+ -+ + (r, Bsyn). (5.3.2)

This showsthat every invariant templatewith finite supporthas an effective weak linear decom-
position. However,the computationalcost of replacingthe convolutiona @t by the 2n convolutions
(a@r;) @s; is in most casesstill prohibitive. It is thereforedesirableto reducethe numberof terms
appearingon the right-handside of Eqg. 5.3.2. One effective methodfor accomplishingthis is the LU
factorizationtechniqueof standardnumericallinear algebra.

For the remainderof this sectionL will alwaysdenotea lower triangular matrix and U an upper
triangularmatrix. A matrix T is saidto havean LU factorizationwheneverT canbe written asa matrix
product” = LU.

The nexttheoremprovidesa first stepin the reductionof the numberof termsin Eq. 5.3.2.
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5.3.1 Theorem. If T = (%;;),., hasan LU factorization,thenfor anym = 1, 2, ..., n there exist
matrices1t, ..., 1), eachof rank at mostl and a matrix £y, = (ei;), ., With e;x = ex; = 0
for k = 1,2,..., m suchthat

=T+ Th+En.
Proof: Suppos€el’ = LU. For: =1, ..., n definel; to bethen x n matrix whoseith row
is the ith row of U and whoseremainingrows havezero entries. For m = n let V,,, denote
the n x n zero matrix andfor m < n set

Vm: m+1++Un

Then
T=LU=LU1+ - 4+ Upn+ V)

=LU+ ---+ LU, + LV,
=T+ -+ T+ En,
whereT; = LU; and E,, = LV,,.
Q.E.D.

Thus, if the weight matrix T correspondingo the n x n templatet hasan LU factorization,then
foranym = 1,...,n, we canwrite t asthe sum

t=ti+t24+ -+t +en
=(r1@s1)+ -+ (v Dsm) + €,
wheree,, is at mostof size (n — m) x (n — m). In particular,if m = 1, then
t=(r®s)+e, (5.3.4)
wheree is of size(n — 1) x (n — 1); i.e., any templatewhoseweight matrix hasan LU decomposition
canbe decomposedhto a productof a row anda columntemplateplus a templateof smallersize.

(5.3.3)

5.3.2 Definition. A templateis saidto havean LU decompositionf its correspondingveight matrix
hasa LU decomposition.

Usingcenteredveightmatricesin the LU decompositiorof atemplatet simplifiesthetaskof locating
the supportof the templatee,,, in relationto the location of the target pixel y = (y1,y2) since

S(emy) C {(:131,9:2) ceZ?:p<ai<yi+n-—m), << y2+(n— m)};
i.e, e, hasform

€-m1 T €n-mn-m
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wheree;; = epy(yr + (1 — 1), 24+ (j— 1)) fori,7=1,2,..., n—m+ 1.

This observatiorimplies that Egs. 5.3.3and5.3.4arenot asgood asthey seemat first glance;even
for templateswith centeredtarget pixels, the target pixel of e,,, will alwaysbe in the upperright hand
cornerandthusrequiring,in generala shift of datain orderto mapthetemplateoperationto a particular
architectureor to achieveoptimal computationspeed.

5.3.3 Example: Considerthe 5 x 5 template

The correspondingentered(aswell as non-centeredjveight matrix is given by

11 2 11
2 3 5 3 2
T=13 4 7 4 3],
2 3 5 3 2
11 2 1 1
and an LU decompositionof T is given by
10 0 0 0 1 1 2 1 1
2 1.0 0 0 01 1 1 0
T'=(3 1 0 0 0 000 0O
2 1 0 0 0 00 0 0 0
10 0 0 0 00 0 00
Form = 2,
11 2 11 00 0 0O
2 2 4 2 2 01 1 1 0
Ty=LU;=13 3 6 3 3|, To=LU,=|0 1 1 1 0],
2 2 4 2 2 01 1 1 0
11 2 11 00 0 0 0
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and Iy = (0)5,5.
Thus,

2 2 4 2 2 1 1 1
t = 3 3 6 3 3 + 1 1 1
2 2 4 2 2 1 1 1

Sinceeachof the templatest; andt, is of rank 1, t can be decomposedurther as

1
2 1
t = 3 ® |1 1 2 1 1 + 1 ® |1 1 1
2 1
1

Althought is now a sumof productsof row and columntemplatesijt is not a sumof products
of 3 x 3 or smallertemplateswhich are bettersuitedfor the typesof architecturesnentionedn
Section5.2. However, it is not difficult to show that

1
2 1 1
3 = 1 &) 1
2 1 1
1
and
1 1 2 1 1 = 1 1 &) 1 1 1

Thus,t canbe written asa weak decompositiorof 3 x 3 or smallertemplates.
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Thereare two noteworthyobservationgegardingExample5.3.3 First, since

1 |1
1/ ®(1 )& 1 1 ' ® |11 1=
1 |1

1 1

1 @& |1 1 ® 1 @ |1 |11
1 1

the templatet can be expresseds

1 1 1 1 1 1 1 1
t = 1 1 ® |1 1 1 + 1 1 1
1 1 1 1 1 1 1 1

Therefore,t = s Pty + t2, wheres andt, are3 x 3 templatesandt, is asin the aboveexample.
In particular,the 5 x 5 rank 1 templatet; in Example5.3.3is now expressedsa productof two 3 x 3
templatesjnamely,t; = s ®t,. O’Leary showedthat this holdsin general[14].

5.3.4 Theorem(O'Leary). If t is a 5 x 5 templatesuchthat eithert hasrank 1 or t is a diagonal

templatethent = r @s, whee r ands are 3 x 3 templates.

As a secondobservationwe notethat the templatet in Example5.3.3 doesnot satisfy condition (1)
of Theorem5.2.4 since,for example,tss/t13 # t31/t11. In fact, t is arank 2 templateandit is for this
reasonthatt = t; 4+ ty, wheret; andt, arerank1 templates.The relationshipbetweenthe numberof
termsin the expansionof t andthe rank of t is given by the following corollary of Theorem5.3.1

5.3.5 Theorem. If T is ann x n matrix of rank r and T has an LU factorization, then for any
m=1,2,...,r,

T=Ti+ - +Tu+ En,

whee eachT; is ann x n rank 1 matrix, £, = (e;;), ., hasthe propertythate;;, = ex; = 0
fork =1,2,...,m,andFE,, is thezeo matrix whenevem = r.
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5.3.6 Example: Lett be the rank 3 templatedefinedby

2 2 2
t = 1
2| -2 -2

An LU decompositiorfor the correspondingveight matrix T is given by

10 0 0 O 3 3 3 3 3
0 1 0 0 0 0 2 2 20
T=10 0 1 0 0 0 01 00
0O -1 0 0 0 0 0 0 0 0
-1 0 0 0 0 0 0 0 0 O
For m = 2 we haveT = T; + T, + F,, where
3 3 3 3 3 0 0 0 0 0
0O 0 0 o0 o0 0o 2 2 2 0
y=10 0 O 0 0|, =10 0 0 0 0
0 0 0 0 0 0O 2 =2 20
-3 3 3 3 3 0 0 0 0 0
and
0 0 0 0O
0 0 0 0 0
Ey=10 0 1 0 0
0 0 0 0O
0 0 0 0 0
Thus,
3 3 3 3 3
2 2 2
t= + + 1
2| -2 -2
3| -3]-3]|-3]|-3
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ort = t; +t; +e;. Sincet; is ab x 5 rank 1 template,t; can be further decomposed
into t; = r @Ps, wherer ands are3 x 3 templates. Therefore,the convolutiona @t canbe
accomplishedusing only 3 x 3 templates,namely

a@t =3(a®@r1) Ps1+2(aPrz) + a,

where

-1 a| -1 1 b 1 1)1 1

a= % andb = 13& The templatesr; ands; whereobtainedby first decomposinghe
templater = %tl, whosepictorial representationis given by

-1 -1 -1 -1 -1

into the column and row templates

1
® |1 1 1 1 1 =
-1
1 1
® ® 1 a 1 ® |1 b 1
-1 1
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and then recombiningthesetemplatesin the order

rn = ® |1 a 1 and s; = @® |1 b 1

A prime assumptiorin the LU decompositiorof a templateis that the weight matrix of the template
hasan LU decompositionBut given the weight matrix T of a template how do we know whetheror not
T hasan LU decompositionA well known fact of matrix algebrais that every matrix T canbe written
asTP = LU for somepermutationmatrix P. However,sincea permutationmatrix movesthe template
weightsto differentgeometriclocations,thusresultingin a differenttemplate this factis, in general,not
directly applicableto the problemof templatedecomposition.Necessaryconditionsfor the existenceof
an LU decompositiomare given by the following theorem:

5.3.7 Theorem. LetT = (t;;),.,,, beofrankr andlet 7}, denotetheleadingk x k principal submatrix
of T. If T} is nonsingularfor k£ = 1, 2, ..., r, thenthere existsa lower triangular matrix L and
an upper triangular matrix U suchthat7 = LU.

For a proof see[13] or [5].

5.4 Polynomial Factorization of Templates

Every templatet € (IFX)x with centeredweight matrix 7 = (¢;;) asdefinedby Eq. 5.2.2canbe
representedy a polynomial t(z,y) in two variables,where

2m  2n

tHzyy) =D aya'y’, (5.4.1)

1=0 j=0

anda;; = t;_m ;—n. The coeficientsof {(z,y) definea matrix A = (a;;) which correspondgo the
matrix T shifted to the first quadrant.

The polynomial ¢(z,y) definedby Eq. 5.4.1is called the weight polynomialof t. The weight
polynomial should not be confusedwith the weight function definedin Section5.2 However,just as
for weight functions, the factorizationof weight polynomialsis equivalentto the decompositiorof the
correspondingemplates. Since polynomial factorizationresultsin polynomial factorsof lower degree,
the correspondingemplatedecompositiorresultsin templatefactorsof smallersize.

The following polynomialdecompositiortheoremwas provedby Manseurand Wilson [11].
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5.4.1

> aijxiyj, thenthere existsfive polynomials
07=0

Ms

Theorem. If m > 3, n > 3, andt(z,y) =

7

u, v, p, g, andr suchthat

t(z,y) = u(z,y) - v(z,y) + p(z,y) - q(z,9) + r(z,9),

whee
2 2 o m—2n—2 o
= D way’, we(ey) =) ) ety
1=0 j=0 1=0 j=0
2 2 o m—2n—2 )
=3 pety’, gy = gije'y’
1=0 7=0 1=0 j=0
and
m—1n—1 )
T(xvy) = Z Zrijxlyj .
=1 j=1

Proof: If a(y) = Z ag;y’, then by the FundamentalTheoremof Algebra, there exists

polynomialsa, andag W|th deg(ay) < 2,deg(az) < n—2,andsuchthata(y) = a1(y)-az2(y).
Similarly, if b(y) = E am;y’, thenthere exists polynomialsb; and by with deg(b;) < 2,
=0

1=
deg(b2) < n — 2, andsuchthatb(y) = b1(y) - b2(y).

Define
u(z,y) = a1(y) + 2b1(y),

v(z,y) = az(y) + 2™ 2ba(y),
and
s(z,y) = t(z,y) —u(z,y) - v(z,y). (i)

Multiplying u and v, we obtain

s(z,y) = t(z,y) — [(ar(y) + *b1(y)) - (a2(y) + 2™ *ba(y))]
= t(z,y) — [a(y) + 2°b1(y)az(y) + ™ a1 (y)ba(y) + ™ b(y)] -

But S
t(xvy) = Zazixiyj
=0 7=0
m—1 n
=2 2 'y +Zaoﬂf +an Zamﬂ
1=1 7=0
m—1 n o
= ai;e'y’ +aly) + 2"b(y).
=1 j=0
Thus,
m—1 n o
s(zyy) =Y Y aia'y’ —abi(y)as(y) — 2™ Par(y)ba(y)
=1 j=0
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which meansthat s(z,y) is of form

m—1 n

8(1‘7 y) = Z Sijxiyj .

=1 j=

o

m—1 .
If e(z) = > sipz’, thenc canbe decomposedsc(z) = z - ¢1(z), wheredeg(cy) < m — 2.
=0

m—1 .
Similarly, if d(z) = > sip2', then d can be decomposeds d(z) = = - di(x), where
1=0
deg(di) <m —2. Letp(z,y) =z + zy?, g(z,y) = c1(x) + dl(a:)yn_2, and
T(x,y):s(x,y)—p(x,y)-q(:v,y). (”)

Again, by multiplying p(z,y) by ¢(z,y) andnotingthat s(z,y) canbe written as

m—1n-1 m—1 m—1
‘S(xvy) = § E SijT yj E s +y E Sinl
=1 j=1 =1 =1

it can be ascertainedhat r(z,y) is of form
m—1n—1 o
r(z,y) =YY ety
=1 j=1

It now follows from Egs. (i) and (ii) that

t(z,y) = u(z,y) - v(z,y) + s(z,y)
= u(z,y) - v(z,y) + p(z,y) - q(@,y) + r(z,y).
Q.E.D.

Let t be an arbitrary 5 x 5 template. Accordingto Eg. 5.3.1,t can be decomposednto a sum
of five rank 1 templates

t=ti+ta+t3+ts+t5.

It follows from O’Leary’s theorem(Theorem5.3.9 thatfor : = 1, 2, ..., 5, eachtemplatet; canin
turn be decomposednto a productof two 3 x 3 templatest; = r; Ps;. Thus,t canbe written asa
weak decompositionof 3 x 3 templates

t=(r1®s)+ -+ (rs Oss)-

Obviously, Theorem5.4.1 providesfor a betterresult; the numberof 3 x 3 templatesneededis
actually half of the numberindicatedby the rank method,namely

t=uPv+p®Pq+r, (5.4.3)

whereu, v, p, g, andr areof sizeat most3 x 3. Example5.6.18iv) showsthat this resultis the best
achievablefor certain5 x 5 templates.
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The methodsof Theorem5.4.1canbe appliedseveraltimesin orderto decomposg¢emplatesof size
larger than 5 x 5 into sumsand productsof 3 x 3 templates. For example,if t is a7 x 7 template,
thent can be decomposeds

t = (r1 ©@s; Q) + (r2 Ds; Duz) + (r3 Oss) + (ry Dsy) + 15,

whereeachr;, s;, andu; is a3 x 3 template.By factoring the polynomialsa(y), b(y), c(z) andd(z)
in the proof of Theorem5.4.1into the productof quadraticsa general(2n + 1) x (2n + 1) templatet
can always be decomposednto a sum

t=ti+t24+ - +t2n1,

wheretsy, 1 is a3 x 3 templateand,for : = 1, 2, ..., n — 1, thetemplatesty; ; andt,; areproducts
of form

to;_1 =1y, @riz @ e @ri(n+1—i) and ty; = Siy @Siz @ e @Si(nﬂﬂ') )

whereeachr;, ands;; is a3 x 3 template.In actualapplicationsfurthersavingscanbe achievedy noting
thatin the proof of Theorem5.4.1, the polynomial p(z,y) = = + zy? appeardn every decomposition.
Thus, the distributive law can be usedto further reducethe operationcountin templatesof size7 x 7
or larger.

5.5 The Manseur-Wilson Theorem

The decompositiormethodspresentedn the next sectionare basedon a remarkabletheoremfirst
provenby Z. ManseurandD. Wilson [11]. While the statementf this theoremis somewhatengthy,the
key idea(asnotedby Manseurand Wilson) is asfollows: If the roots of the four boundarypolynomials
(Eq. (I) of Theorem5.5.]) of a templatecanbe rearrangedo that they match,thenthe templatecanbe
decomposednto a sum and productof three smallertemplates.

551 Theorem (Manseurand Wilson). Supposé(z,y) = > Z a;;z'y’ is a polynomialsuchthat

1=035=0
ago, Gon, Gmo, anda,,, are all nonzeo. Define

7=0 7=0 ()

1=0 1=0
andletay, ..., a, denotetherootsof a(y), f1, ..., B, denotetherootsof b(y), 11, ... , Ym
denotethe rootsof ¢(z), andlet 6y, ..., é,, denotethe rootsof d(z).

If there existsan ordering of the roots suchthat
a1azli6y = B1827172 and  az -c-apbs Oy = P30 Bu¥s ot Tm (I
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or suchthat
aragy1yz = B1P20102  and  az - apys Y =03 00 Bubs b, (1)
thenthere existspolynomialsp(z,y), ¢(z,y), andr(z,y) suchthat

t(z,y) = p(z,y) - q(z,y) + r(z,y),

whee
2 2 o m—2n—2 o
p(z,y) =D > paaty g y) =D ey,
1=0 j=0 1=0 j=0
and
m—1n-—1 o
T(may) = Z Zriszyj .
=1 j=1

Converselyjf t(z,y) = p(z,y) - ¢(z,y) + r(z,y), whee p, q, andr are definedas above,then
there existsan ordering of the rootsas describedin Egs. (I1) and (ll1).

Proof: Factora(y), b(y), c(z), andd(z) asfollows:

a(y) = aonly” + -+ + (ao1/aon)y + (aoo/aor)]

i
= agn [y2 — (o1 +a2)y + alaz] [yn*2 + -4+ (=D"as --- an] ) 0
b(y) = amnly” + -+ + (@m1/@mn )y + (@mo/ @mn)] (i)
= [y* = (b1 + B2)y + B1B2] [amny™ 2+ -+ + (=1) amnf3 -+ Bn]
C(IE) = amn[xm + -+ (aln/amn)x + (aOn/amn)]
2 m—2 m (III)
= [2* = (m +72)7z + n172) [amnd™ 2+ - 4 (1) @mny3 0 Y]
and
d(z) = amolz™ + -+ 4 (@10/@mo)z + (@oo/@mo)] _
2 - - ¢ m—2 m (iv)
= amo[2? — (81 + 6g)z + 6169] [ 72 o 4 (=1)"83 -+ 6] -
By substitutingappropriaterootsin the aboveequationspne obtainsthe relations
aoo/aon, = (—1)" a0y -+ g, V)
amO/amn = (_]—)nﬂ1ﬂ2 e 677«7 (VI)
aOn/amn = (_1)m7172 T TYmo (V”)
and
(lgg/amg = (—1)m6162 s 6m . (Vlll)
Now let

a1(y) = 11720° — 1172(01 + @2)y + 1172000
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and
ag(y) = (_1)mamn73 e Fymyn_2 + -+ (_1)m+namn73 S YmQ3 o Qg
SubstitutingEqg. (vii) into Eq. (iii) showsthata(y) = a1(y) - a2(y). Nextlet

di(z) = B1B2a? — B1B2(61 + 62)x + 51526162

and
dg(a:) = (_1)namnﬂ3 ﬂnxm—Z + .- (_1)m+namnﬂ3 ﬂné'?) 5m .

SubstitutingEq. (vi) into (iv) showsthat d(z) = dy(z) - da(z).

Usingasimilar agumentit canbe ascertainedhat Egs. (i) and(iii) canbewritten asproducts
b(y) = bi(y) - ba2(y) ande(z) = e1(x) - ca(z), respectively.

The polynomial p(z, y) is now definedby defining py; to be the coeficient of y? in a1(y),
p2; the coeficient of y’ in by(y), pio to the coeficient of 2% in dy(z), p;» the coeficient of
2t in cl(a:), andpu = 0.

In orderto definethe polynomialg(z, y), setqo; equalto the coeficient of 4/ in as(y), ¢m_2.;
the coeficient of y7 in by(y), ¢ the coeficient of 2 in dy(z), ¢ ._» the coeficient of 2 in
c2(z), and setall other coeficients equalto zero.

By defining 7(z,y) = t(z,y) — p(z,y) - ¢(z,y) it follows from the conditionson the roots
thatthe only indicesfor which the coeficientsr;; of r(z,y) arepossiblynonzero,occurwhen
1<i<m-1landl <j<n-1 Thatis, r(z,y) canbe written as

m—1n-—1

r(e,y) =Y ety (ix)

=1 j=1

To prove the converse,observethat if #(z,y) = p(2,y) - ¢(z,y) + r(z,y), wherer(z,y)
is asin Eqg. (ix), then Egs. (i)—(iv) can againbe usedto show that either ay 2616, =
Bifaviy: and as --- apdy - by = B3 Pryz oo ym OF mpagy1y2 = P1f2616; and
Q3 QY3 Ym = B3 -0 Bpbs e b

Q.E.D.

Accordingto Eg. 5.4.3,any 5 x 5 templatecanbe decomposedhto a weak decompositiorof five
3 x 3 templates.However, given a 5 x 5 templatet which satisfiesthe hypothesisof Theorem5.5.1,
thent hasa weak decompositiorof only three3 x 3 templates

t=p@q+r.
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5.6 Polynomial Decompositionof Special Types of Templates

Formanytemplatesthe conditionslistedin the hypothesi®f the Manseur-Vilson Theorem(Theorem
5.5.1) areoften difficult to establish.First the roots of the boundarypolynomialsa(y), b(y), ¢(z), and
d(z) haveto be determinedand thentheir orderedproducts(Egs. (I1) and(Ill) of Theorem5.5.1) must
be computed.Oncethis hasbeenaccomplishedthe polynomials(templatesy(z, y), ¢(z,y) andr(z, y)
haveto be constructedasin the proof of Theorem5.5.1 Someof thesetaskscan be simplified by using
commerciallyavailablecomputeralgebrasoftwaretools. However,thereis a large classof commonly
usedtemplateswhoseweak decompositioncan be ascertainecdby simple inspection. Thesetemplates
exhibit specfic symmetric properties.

We begin our discussionby consideringpropertiesof symmetric and skew symmetric column
templates.The treatmentof symmetricand skew symmetricrow templatesis identical.

5.6.1 Definition. A polynomialp(z) = ap + a1z + azz? + --- + a,2™ is saidto be symmetriowith
respectto n whenevera; = a, ; for: = 0,1,...,n. A row templateis symmetricif its
correspondingveight polynomial is symmetric.

Accordingto Eqg. 5.4.1,the weight polynomial correspondingo a columntemplatet is of form

t(z) = Z ax’ . (5.6.1)

=0
Henceour interestwill be focusedon polynomialsthat are symmetricwith respectto an eveninteger
n = 2m.

Anotherimportantobservations that Definition 5.6.1 makesno provisionfor p(z) to be of degree
n. For example,the polynomial p(z) = —a + 222 — 23 satisfiesthe symmetricpropertywith respect

ton = 4 sincep(z) = 0 — « + 222 — 2® + 0 - z*. This also showsthat althoughn is even,the degree
of p(z) neednot be even.

Closely associatedvith the conceptof symmetryis the conceptof skew symmetry.

5.6.2 Definition. A polynomialp(z) = ap + a1z + az® + .-+ + a,2™ is saidto be skewsymmetric
with respectto n whenevere; = —a,_; for: =0, 1, ..., n. A columntemplateis called skew
symmetricif andonly if its correspondingveight polynomialis skew symmetric.

Supposex # 0. If p(z) is symmetricwith respectto n, then

1 ap ay

Pa)= D =t s
1 1
:an_n‘l'anfl n71+"'+a0
« «
=p(l/a).

Similarly, if p(z) is skewsymmetricwith respecto n, then—L-p(a) = p(1/a). Thereforep(a) = 0 <
p(1/a) = 0 for both symmetricand skew symmetricpolynomials. This provesthe following theorem.
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5.6.3 Theorem. If p(z) is a polynomial satisfyingthe symmetricor skewsymmetricproperty with
respecto n, thena nonzeo numbera is a root of p(z) if andonlyif 1/« is aroot of p(z).

Suppose(z) = 3z%+ 2% + 32, Sincep(z) = 0+0-2+ 322+ 23+ 32%4+0-2° + 025, p(2) satisfies
the symmetricconditionwith respecto n = 6. The polynomialp(z) canbefactoredasp(z) = 3z%q(z),
whereg(z) = 1+ 1z 4 2%, Thefactor3z? hasdegree2 = n — deg(p(x)), andleadingcoeficient equal
to the leading coeficient of p(z). In addition, ¢(z) is of degreedeg(p(z)) — 2 andis also symmetric
with respectto deg(p(z)) — 2. More generally,the following resultholds:

5.6.4 Theorem. If p(z) is a polynomialof degeek and p(z) satisfiesthe symmetricproperty with
respectto n, then

p(z) = ara’q(z),

whee j = n — k, a;, denoteghe leadingcoefficientof p(z), and¢(z) is a polynomialof degee
k — j which satisfiesthe symmetric(skewsymmetric)property with respecto £ — j.

Proof: Letp(z) = ap+arz+ - - +arzk. If p(x) is symmetricthena; = a, ; = A (n—k) =
ai. If p(x) is skewsymmetric,thena; = —a;. Thus,in eithercasea; # 0. Therefore,

p(2) = aje’ +ajpe’™ ot agat

= ak:vjq(:v) ,
where ' _
q(z) = i1+(l]_+1x_|_a]_+2x2_|_ _|_a;k*77
ay a
andwe usethe plus signif p(z) is symmetricandthe minussignif p(z) is skewsymmetric.
In either case,q(z) is of degreek — j.

Letg(z) = by + b1z + - +by2™, wherem = k — j andb; = a;y4;/ap fore =10, 1, ... ,m.
If p(z) is symmetric,then
b — Qj4i _ Aln—k)+i _ Ap— (ki) _ Qi
o ak ay ay
a. k— ,_.
= 7‘7+(ak] 2) = bk*j*i = bm*i .

Therefore,¢(z) is symmetricwith respectto m = k — j.

Similarly, if p(z) is skew symmetric,then

OG54y On(k—i) O
b; =

= =

aj ag ag

Hencegq(z) is skew symmetricwith respectto m = k — j.
Q.E.D.

Note that this theoremis true for both evenand odd integersn.

241



5.6.5

Theorem. Suppose(z) is a polynomialwhich satisfiesthe symmetrigoroperty with respecto
an evenintegern. If thedegeeof p(z) iskandj = n — k, then

p(z) = akﬁijo(fE)(h(fE) Q(kfj)/2($)a

whee

P! if i=0 |
g(v) = 2+ b+ 1 if k—j>0and 1 <i< L,

Proof: By Theorem5.6.4 p(z) = apz’q(z), wheredeg(q(z)) = k — j. If k is even,then
k — j is evensincej = n — k is even. If k is odd, thenj is odd and, hence,k — j is even.

Thus, in eithercase,k — j is divisible by 2.

Now if k—j = 0, thensetgy(z) = 1 = ¢(«) andtheresultfollows. If k—j > 0, thenit follows
from the Fundamentalrheoremof Algebraand Theorem5.6.3that ¢(z) canbe factoredas

g(z) = (2 — ar)(z — L/ar)(z — az)(z — 1/az) -+ (2 — ag_jy/2) (z = L/agj)2)
= (x2 + bz + l) (3:2 + box + 1) cen (x2 + b(k_]v)/ﬂ: + 1),

whereb;, = —a; — 1/0[5.
Q.E.D.

In contrastto Theorem5.6.4 the requirementfor n to be evenis necessary. For example, if
p(z) = 32 + 22* + 225 4 325, thenp(z) is of evendegreebut symmetricwith respecto the odd integer
n = 9. In this casewe havep(z) = 32%¢(z), whereg(z) = 1 + 2z + 22% + 2® is of odd degreeand
can, therefore,not be factoredinto a sequencef quadraticpolynomials.

Another observationis that in contrastto Theorem5.6.4 Theorem5.6.5 doesnot hold for skew
symmetricpolynomials. The polynomial p(z) = z? — 1 is skew symmetricwith respectto n = 2, but
z?2 — 1 # 2? + ba + 1 for any numberb. In fact, the polynomial 22 — 1 is a commonfactor of any
polynomial which is skew symmetricwith respectto an eveninteger.

5.6.6 Examples:

(i)

Accordingto Eq. 5.4.1,the weight polynomial correspondingo a row templatet is of form

2n

ty) =) a;y’ . }

j=0

If oneallowsfor complexroots,thenit follows from the Fundamentallheoremof Algebrathat
t hasan exactfactorizationt = p @q, wherep and g are of sizeat most1 x (n + 1) since

t(y) = p(y) - q(y), where

n n
p(y) =D _piy’ and qy)=> gy’ . 1}
=0 7=0
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(ii)

For example,the row template

t = 1 1 1 1 1

hasweight polynomialt(y) = 1 + y + y* + y* + y* which factorsas

ty)=1+py+v*)(1+ay+y?),
+v5 1-v5

5 and ¢ = 5

where py =

Thus,

If d is a diagonaltemplate,thenthe weight polynomialof d is of form

2n
d(z,y) = Z a;x'y".
t=0

However,it is more convenientto representliagonaltemplatesn termsof polynomialsof one
variable, namely

2n

d(z) = z d;zt
=0

whered; = a;;.

It follows from (i) abovethat suchtemplatescan alwaysbe factoredexactlyinto two diagonal
templatesof smallersize (seealsoO’Leary’s Theorem(5.3.4). Forinstancea 5 x 5 diagonal
templatewill have decompositionof form

d
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We turn our attentionto the decompositiorof skew symmetricrow or columntemplates.

5.6.7 Theorem. If p(z) is a polynomialwhich satisfiesthe skewsymmetricproperty with respectto
an evenintegern, then

p(z) = (2* = 1)q(z),

whete ¢(z) is a polynomialwhichis symmetricwith respecto » — 2.

Proof: Letn = 2m andp(z) = ag + a1z + --- + ayz™. Sincep(z) is skew symmetric,
a; = —an,_; fori =0,1,...,m. Also, sincea,, = —a,, a,, = 0. Therefore,

m 2m

2m
p)=) ai=> a+) a
1=0 1=0 1=m

m

= Z a; — Z a; =0.
=0 1=0
Thus,z = 1 is aroot of p(z) andp(z) hasa commonlinear factor z — 1.

An analogousagumentshowsthat p(—1) = 0. Therefore,p(z) hasa commonlinear factor
x4+ 1. Hence(z — 1)(z + 1) = 22 — 1 is acommonfactor of p(z) andp(z) canbe written as

p(x) = (2% = 1)q(x),

Whereq(:c) =qg+qar+ -+ qn_an72_

with respectto n — 2.

It remainsto be shownthat ¢(z) is symmetric

Note that

p(z) = (2® = 1) (o + @z + - gz ?)
— g0 - @17 — 2% — - = Guoga™ 7+ 2 + e 4 -+ g’
= —qo — @17 + (q0 — Q2)=’132 + (g1 — Q3)933 + -

R o (%7,74 - Qn72)xn72 + Qn73xn71 + Qn72xn

=ay+aiz+ - +az”.
Therefore,
—qo=ap = —Gp = —Gn 2,
— 1 =01 = —Qp—-1 = —(¢n-3,
and g2 —¢q; =a; for i =2,... ,n—2.

Thus, we havegy = ¢,_o and¢; = ¢,_3.
We now proceedinductively. Assumethatg; = g, 2y ; for somei > 1. Since
i1 — i+1 = Git1 = —Qp_(i41)
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we have that

Gi41 = Op—(i41) T Gi-1
= (Q[n—(i+1)]—2 - qn_(m)) + ¢i-1
= Gu-2)-(i41) — (Gom(i+1) — Gi-1)
= q(n—2)—(i+1) — (an(i+1) - an(i+1))
= Y(n-2)-(i+1)

since, by induction, g;—1 = q(n2) ;1) = Gn(i41)-

Thereforeg(z) is symmetricwith respectto n — 2.
Q.E.D.

Combiningthe precedingthree theorems,we obtain

5.6.8 Theorem. If p(z) is a polynomialof degeek satisfyingthe skewsymmetrigropertywith respect
to an evenpositiveintegern, thenthere existsan integerj suchthat

p(z) = ara? (2% = )go(2)q(z) - quya(2),

wheee a;. denoteghe leadingcoefficientof p(z), [ = (k — j) — 2, and¢;(z) is of form
1 if i=0
6(@) = {x2-|—bix-|—l if i=1,...,1/2.

Proof: Let k denotethe degreeof p(z). Thenaccordingto Theorem5.6.4 p(z) = ax2’q(z),
wherej = n — k, a; denotesthe leading coeficient of p(z), and ¢(z) is a polynomial of
degreek — j which satisfiesthe skew symmetricpropertywith respectto k& — .

Sincen is even,k — j is even. Thus, we can apply the resultsof Theorem5.6.7to ¢(z) in
order to obtain

q(x) = (2% = 1)p(2),

where p(z) is a polynomial of degree(k — j) — 2 which is symmetric with respectto
[ = (k—j)—2. Sincel is even,Theorem5.6.5 can be appliedto p;(z). Sincethe degree
of pi(a) is I,
pi(z) = aiqo(x)q(z) - - (Il/2(97)7

whereg;(z) = 22 + b;xz + 1 for ¢ > 1. However,accordingto the proof of Theorem5.6.4
the leading coeficient ¢; = 1. Therefore,

p(z) = apa’ (:02 - l)pl(az)
P = Dao(@)q(z) - qya(z).

= ak:vj (:v

Q.E.D.
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Accordingto Theorem5.6.5 any symmetriccolumntemplatewhoseweight polynomialis given by
Eqg. 5.6.1 canbe decomposednto a productof at most(k — j)/2 + 1 templates

t=s@t1 Dt2@D --- Dtxj)/2, (5.6.4)

where s denotesthe one-pointtemplatedefinedby

ap if x=y

w00 7y,

and t; is of form

1
t. = b
| 1
1
fori=1,..., (k- j)/2. In particular,the convolutiona @t canbe achievedin termsof at most

(k — j)/2 convolutionsusingonly 3 x 1 templates:
at=(bOt1)Dt2® -+ Dt—j)/2;
whereb = a; - a.
Similarly, if t is skew symmetric,then accordingto Theorem5.6.8, t is the product of at most
£ + 2 templates

t=s@Proti Pt2 @ --- Otyy2, (5.6.5)

wheres and t; are as aboveand

Thereare certainpolynomialswhich are almostskew symmetricand can be decomposedising the
decompositiormethodfor skew symmetric polynomials.
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5.6.9 Definition. A polynomialp(z) = ag+ a1z + azz?+ - - - + az,,x*™ is saidto be skewsymmetric
with respectto its pivot coeficient a,,, if a; = —ag,,_; fori = 0,1, ..., m — 1. A column
templateis skewsymmetriavith respecto its targetpoint if its correspondingveight polynomial
is skew symmetricwith respectto its pivot coeficient.

For example,the polynomial p(z) = 22 + 22 — 1 is not skew symmetricsincea; # —az_1, but
p(z) is skew symmetricwith respectto its pivot coeficient ay.

If p(z) =ap + a1z + azz? + -+ + a2, z*™ is skewsymmetricwith respecto its pivot coeficient
a.,, then

p(z) = pi(z) + u(z),

wherep () is skewsymmetricwith respecto 2m andu(z) = a,,2™. Thus,p;(z) canbe decomposed
usingthe methodsof Theorem5.6.8 Therefore,if t is a columntemplatewhich is skewsymmetricwith
respectto its tamget point, thent = v 4+ u, whereu is the one point template

_Ja, if x=y
uY(X)_{O if x££y

andv is the compositionof at most% + 2 templatesgiven by Eq. 5.6.5. The convolutiona @t can,
therefore,be accomplishedn termsof at most% + 1 convolutionsusingonly 3 x 1 templates:

a@t=(-((bOr)Dt1) - Btyz) +c,

whereb = a; -a andc = «q,, - a.

Having laid the foundationfor the decompositiorof symmetricandskewsymmetricrow andcolumn
templateswe now extendtheseideasto two-dimensionakemplates.

5610 pefinition. A polynomial of form p(z,y) = X ¥ aija‘y’ = 3 #'pi(y), wherepi(y) =
t=0;7=0 t=0

n -

> ai;y’ fori =0, 1, ..., m, is calledsymmetriqrespectivelyskewsymmetri¢ with respecto
7=0
y if pi(y) is symmetric(respectivelyskewsymmetric)with respectonforalli =0, 1, ..., m.
A templatet is said to be symmetric(respectivelyskewsymmetriy with respectto y if its
correspondingveight polynomialis symmetric(respectivelyskewsymmetric)with respecto y.

A similar definition can be given for the variable x. However, one can always restrict the
decompositionmethodologyto the y variable by simply transposinga template which is symmetric
or skew symmetricwith respectto x and then taking the transpose®f the resulting smallertemplates
which are symmetricor skew symmetricwith respectto y.

5.6.11 Theorem. If p(z, y) is anypolynomialof twovariablesthenp(z,y) = p1(z,y)+p2(2z,y), whee
p1(z,y) is symmetriowith respecto y and p(z, y) is skewsymmetriowith respectto y.

247



Proof: Supposep(z,y) = Y. 3 a;;2'y’. If onerewritesp(z,y) as
1=05=0

n n n n
z,y) =Y aoy’ +ay iy +27) ayy’ 42" Y amiy’,

thenit is easyto seethat eachterm z* 3 a;;y’ canbe decomposeas

=0
n n a;: + a; . Ui — @
i P ] ,n—j ij — Ain—j i
t Zami’/ =2 ( 5 + 5 )y
=0 7=0
n
:xiz(az]‘l‘azn ]) +$Z( — Qi p— J)yj
Jj=0
= &'pri(y) + ¢'paily),

where

n

Qij + Gin—j\ ; (G = i
i) = 3 (S )y and () = Y- (B

=0 =0

It follows from the definition of thesetwo polynomialsthat pi;(y) is symmetricwith resect
to n andthat ps;(y) is skew symmetricwith respecto n for all i = 0, 1, ..., m. Therefore,
the polynomial

y)==§:aﬁpu(y)

is symmetricwith respectto y and the polynomial

z,y) =Y @'paly)
=0
is symmetricwith respectto vy.

Obviously, pi(z,y) + pa(z,y) = p(z,y).
Q.E.D.

The theoremimplies that any templatet whoseweight polynomialis given by Eg. 5.4.1canbe
decomposednto a sumt = t; + t,, wheret; is symmetricandt, is skew symmetric.
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5.6.12 Example: Let t be the templatedefinedby

4 4 o
andlet >° ) a;;2'y’ representhe weight polynomial of t.
1=0 j=0

Using the equations

to computethe coeficients of the templatest; andt,, respectively we obtain

1111 11 11| 11 10| -5 10
12| 12| 12| 12| 12 10| -5 10
t,= | 13| 13| 13| 13| 13 and t,= | -10| -5 10
14| 14| 14| 14| 14 10| -5 10
15| 15| 15| 15| 15 10| -5 10

with ti +to = t.
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The templatet, in the aboveexampleis skewsymmetricwith respectto y andcanbe decomposed
into the productt, = r @s, wherer ands are the row and columntemplatesgiven by

10

10

r= -1 |-1/2 1/2 | 1 and s = 10

10

10

respectively.

The row templater is skew symmetricwith correspondingweight polynomial given by 7(y) =
y* + $y° — Ly — 1. Accordingto Theorem5.6.8 r(y) = (y* — 1)(y> + byy + 1). Obviously,b; = 1.
Hence,r canbe factoredinto the productr = ry @r;, wherer; andr, aredefinedby

r,= -1 1 and r,= 1 1/2) 1

The templates on the other handis symmetric,with correspondingveight polynomial given by
s(z) = 10z* + 102 + 1022 4 10z 4+ 10. Applying Theorem5.6.5 one obtains

s(x) = 10q1(x)ga(z) = 10(2® + b + 1) (2 + baz + 1) .

S

Since(z? + byz + 1) (2? + bow + 1) = '+ 2%+ 2 + &+ 1, it is notdifficult to ascertairthatd; = £
andb, = 1*2—ﬁ satisfiesthis equation. It follows thats = 10(s; @sz), where

1 1
S, = bl and S, = b2
1 1

Thus,tz = 10(r1 @ra; Ps; Ps2). By defining u = r; sy andv = ry; sz, onemay write t; as
a productof two 3 x 3 templates;namelyt, = 10(u ®v), where

-1 1 1 1/2) 1
udv = bl bl o) b2 b2/2 b2
-1 1 1 1/2| 1
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Thereasonfor the easydecompositiorof t, into the productof two 3 x 3 templatess thatt; is not
only skew symmetricwith respectto y, but also symmetricwith respectto x. In contrast,the template
t; in Example5.6.12is symmetricwith respectto y but hasno symmetryproperty with respectto x.
Hence,decomposing; into a productof a row and columntemplatet; = r @s, where

11

12

r= 1 1 1 1 1 and s = 13

14

15

thenr is necessarilysymmetricwith respectto y, while s hasno symmetrypropertywith respect
to x. Althoughr canbe decomposednto two 1 x 3 row templatesby useof Theorem5.6.5 (seealso
Example5.6.6for a decompositiorof this template) we havenot exploredmethodsor decomposinghe
nonsymmetriccolumntemplates into two 3 x 1 columntemplates.Thusthe questionarisesasto whether
or not t; canbe decomposedhto a productof 3 x 3 templates.The nexttheoremanswerghis question.

m n .
56.13 Theorem. If t(z,y) = > > a;;2'y’ is symmetricor skewsymmetricwith respectto y and
=0 ;=0
ago # 0 # anmp, thenthere existpolynomialsp(z, y), ¢(z,y), andr(z,y) of form
2 2 o m—2n—2 o
1=0 j=0 =0 j=0
m—1n-1
r(z,y) = Teszyj
=1 j=1

suchthat t(z,y) = p(z,y) - q(z,y) + r(z,y).

Proof: Sincet(z,y) is eithersymmetricor skewsymmetricwith respecto vy, it follows that
ap, # 0 anda,,, # 0. Using the notationemployedin the Manseur-Vilson Theorem,the
boundarypolynomial a(y) is either symmetricor skew symmetric,dependingupon whether
t(z,y) is symmetricor skew symmetric,respectively. In either case,accordingto Theorem
5.6.3 eachroot of a(y) canbe pairedwith its reciprocalandwe canchoosex (y) andas(y)
such that

ajag =1 and ag---ap=1 0]
Similarly, sinceb(y) is symmetricor skewsymmetric,we canchooseb;(y) andbz(y) suchthat

f1f=1 and fB3---f,=1 (ii)
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Combining (i) and (ii), we obtain
ajay = (12 and az---an =03 bo (iii)
Also, sincet(z,y) is symmetricor skewsymmetric,c(z) = +d(z). Therefore,

610y =172 and b3 -+ 0p =73 - - T (iv)

But (iii) and (iv) imply
arop0102 = B1B2v172 and az - bz s b = B3 0 BrYz ot Tm

Thus, the conditionsof the Manseur-WWson Theoremare satigied andthe resultfollows.
Q.E.D.

The theoremshowsthatthe 5 x 5 templatet; definedin Example5.6.12can be decomposednto
a weak sum of at mostthree3 x 3 templates.

The proof of the nexttheoremprovidesa simple methodfor decomposingectangulatemplateghat
exhibit symmetryat their corners

2614 theorem. If t(a,y) = 37 37 aya’y’ hasthe propertythat ag = o, = dmo = dy = 0 and
1=07=0

a0 = o1, Cmpn-1 = Qm—1,n, dm—-1,0 = Gm 1, and o p—1 = Qip, thenthere eXiStpOIynomiaIs

p(z,y), q(z,y), andr(z,y) suchthat

t(z,y) = p(z,y) - q(z,y) + r(z,y),

whee
2 2 o m—2n—2 o
pe,y) =Y Y puaty, alzy) = DD ety
1=0 j=0 1=0 j=0
and
m—1n-—1 o
T(xvy) = Z Zrijxly] .
=1 j=1

Proof: Let p(z,y) = = + y + 2y? + 2%y and

¢(z,y) = [ao1 + ao2y + - + @00 1Y 2] + [a222y" 2 + a3, 2%y 4 a1 00T YT

+ [am12™ 2 4 ma2™ Py 4 ot G 22™ 20 4 [a20e + o A 202 ]

Definingr(z,y) by r(z,y) = t(z,y) — p(z,y) - ¢(z,y) providesfor the desiredconclusion.
Q.E.D.

Thepolynomiale(z) = cp+ c1z + cax?, wherecy = agy, ¢ = ago, andey = ayp, is calledthe upper
left-handcorner polynomialof t. Upperright-handcornerandlower cornerpolynomialsaredefinedin a
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likewisefashion. Thus,if all cornerpolynomialsof atemplatet aresymmetricandtheir pivot coeficients
are zero,thent can be decomposednto a weak decompositiorof threesmallertemplatesp, g, andr,
where p is given by

andthetemplatesy andr canbe constructedisingthe descriptiongivenin the proof of the theorem.

Introducing sign changes(+) in the valuesof the templatesp and q provides methodsthat are
analogoudo thosegivenin the proof Theorem5.6.14for decomposingemplateswhoseboundaryand
cornerpolynomialssatisfy various symmetryconditionsdifferent from thosegiven in the hypothesisof
the theorem.

5.6.15 mon .
Theorem. If {(z,y) = > > a;;2'y’ hasthe propertythat apg = aon, = @mo = @y, = 0 and
1=0 j=0
t(z,y) satisfiesthe following conditions:

1. ap; > 0 anday,; <0forj=0,1,...,n

2. ap<0anda;, >0fori=0,1,...,m

3. the upper left-hand corner and lower right-hand corner polynomialsare skew
symmetric

4. theupperright-handcornerandlower left-handcorner polynomialsare symmetric,

thenthere existpolynomialsp(z, y), ¢(z,y), andr(z,y) suchthat

t(z,y) = p(z,y) - q(z,y) + r(z,y),

whee
22 o m—2n—2 o
pley) =Y Y puely’ s aley) =Y Y aely’,
=0 7=0 1=0 j=0
and
m—1n—1 o
r(z,y) = Z Zri]'xzyj .
=1 j=1

Proof: Let p(z,y) = = — y — zy* + 2%y and
q(z,y) = [ao1 + a2y + -+ + a0p—1y" 2] + [a202y" 2 + a3n 22y E 4 -t a1 p2™ Ty
- [flmlévm_2 + amaz™ Py 4 - + am,n72=’1?m_23/n_3] — [azgoz + - + am72,0$m_3] .

Definingr(z,y) by r(z,y) = t(z,y) — p(z,y) - ¢(z,y) providesfor the desiredconclusion.
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Q.E.D.

Note that accordingto the aboveproof, the templatep is given by

-1

This reflectsthe appropriatecorner symmetriesof t. It should also be apparenthow other corner
symmetriesand boundary conditions could be utilized in order to obtain analogousdecomposition
schemesFor instance,if the cornersof t areall zeroandthe following conditionsare satisfied

1. ay; > 0anday,; <0forj=0,1,...,n

2. ap > 0andag;, <0fori=0,1,...,m

3. theupperleft-handcornerand lower right-handcornerpolynomialsare symmetric

4. the upperright-handcornerandlower left-handcornerpolynomialsare skew symmetric,

then settingp(z,y) = —2 — y + 2y? + 2%y,

q(z,y) = [001 +agy+ - + aO,nflyn_Z] — [agn2y™ ™% + agp2®y"E 4 - 4 Uy —1 T

- [am1$m72 + amar™ Py 4 o+ am,n72xm72yn73] + [02056 + -+ dm72,0$m73] )

m—lyn—2]

and defining 7(z,y) by r(z,y) = t(z,y) — p(z,y) - ¢(z,y) resultsin the decompositiont(z, y)
p(z,y) - q(z,y) + r(z,y).

5.6.16 Example: If t is definedby

thenthe cornerpolynomialsof t are symmetric. Accordingto the proof of Theorem5.6.14,

q(z,y) = [601 + ao2y + a03y2] + [a24xy2 + a34:132y2] + [a41x2 + a42:v2y] + [azo]
= [L+2y + ¢°] + [229° + 2%y°] + [¢® + 22%y] + [22]
=142z 4 2% + 2y + v + 22y* + 222y + 22y2.

254



Hence,q is given by

1 2 1
g= 2 2
1 2 1
and p $q by
1 2 1

pHQq= 2 2 8 2 2

1 2 1
Sincer = t — p Pq, we have
21 -2
r= 1 41
21 -2

andt = p@q + r.

In the aboveexample,the templatet is symmetricwith respectto both x andy. In addition, the
centeredveight matrix correspondingo t is a symmetricmatrix. It may thereforenot be surprisingthat
the templatefactorsp, g, andr exhibit the samesymmetricproperties.Thus,it is naturalto askwhether
or not this phenomenoiris true in general. The next theoremanswershis questionin the affirmative.

5.6.17 Theorem. If t(z,y) = > Z a;;jz'y’ satisfieshe symmetrigoropertywith respecto bothx and

=0 j=0
y and if the matrix A = (a;;)
and r(z,y) suchthat

is symmetric,thenthere exist polynomialsp(z,y), ¢(z,y),

nxXn

t(z,y) = p(z,y) - q(z,y) + r(z,y),

255



whee

2 2 n—2n—2
ple,y) =D D puaty’,  qlz,y) =D ) @y,
1=0 j=0 1=0 j=0
and
n—1n—1 o
r(z,y) = Z Z Ty’ .
=1 j=1

Proof: If agy # 0, thenby symmetrya,, # 0 andthe resultfollows from Theorem5.6.13
The symmetryof the polynomialfollows from the fact that the polynomialsa(y), b(y), c(z),
andd(z) definedin the proofs of either Theorem5.6.13or the Manseur-Wilson Theoremall
have,in this case the samecoeficients and, therefore,the samedecomposition.

If ago = 0, then againby symmetrywe havethat ag, = a¢,0 = a,, = 0. The resultnow
follows from Theorem5.6.14andthe definitionsof p(z,y), ¢(z,y), andr(z,y) in the proof
of 5.6.14

Q.E.D.

In contrastto Eq. 5.4.3,the numberof 3 x 3 templatesneededto decomposea 5 x 5 templateis
at most 3 if the templatesatisfiesthe symmetricconditionsof Theorems5.6.13 5.6.14 or 5.6.17 In
generalthe numberof 3 x 3 templatesneededo decompose (2n + 1) x (2n + 1) templateexhibiting
the symmetryconditionsdescribedn Theorem5.6.17is at mostn(n + 1)/2.

5.6.18 Examples:
0] The Laplacetemplate

satisfiesthe conditionsof Theorem5.6.14and can, therefore,be decomposeds

1 -1 2 2
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This representshe decompositioninto templateghat exhibit the samesymmetricbehaviorasl|.
A simplerdecompositionof | into diagonaltemplatesis given by

This shows that the theoremsdiscussedn this chapterneednot provide the most efficient
decompositions.

(i) The template

-13| 2 7 2 -13

-13| 2 7 2 -13

usedby Haralick [6] satisfiesthe hypothesiof Theoremb5.6.17 Adopting the constructionused
in the proof of the Manseur-Vilson Theorem resultsin the following decompositiorof h:

-13 | -19.73] -13 1 |-1.672 1

-19.73-28.943 -19.73 (P | -1.672 1.54? -1.672] + 8.39

-13 | -19.73] -13 1 |-1.672 1
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(iii) The template

is symmetricwith respecto y, but doesnot satisfythe hypothesiof eitherthe Manseur-Vilson
Theoremor the hypothese®f Theorems.6.13 5.6.14 or 5.6.17 It canbe shownthatt cannot
be decomposedist = p @q + r, whereeachp, g, andr is of size at most3 x 3 [10].
However,using LU factorization,t canstill be decomposeds a weak decompositionof four
3 x 3 templates.

(iv) Similar to example(iii), the template
1 1
2
t = 1 1 1
1 1 1 1

is symmetricwith respecto y, but doesnot satisfythe hypothesiof eitherthe Manseur-Vilson
Theoremor the hypothese®f Theorems5.6.13 5.6.14 or 5.6.17 Z. Manseurhasshownthatt
cannotbe decomposedst = (t; Pt2) + (t3 Pty) suchthateacht; is of sizeat most3 x 3
[10]. Of course,employingthe constructivemethodusedin the proof of Theorem5.4.1, t can
be decomposednto a weaksumt = (t; @t2) + (t3 Pt4) + r suchthat eacht; andr are
3 x 3 templates.
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5.7 Decompositionof Variant Templates

In this sectionwe shall be concernedwith decompositiortechniquedor varianttemplatesthat are
analogousto the techniquesdiscussedn the precedingsections. We shall restrict our discussionto
rectangulartemplates.

Rectangularm x n variant templatescan be specifiedby a family of m x n matricesT(y) =
(t3);) s wherey € 2% (y)y; = ty(i(y¥ s + (i = 1), 5 )t + (G = 1)), and i(¥),5z, and
J(¥),.:, aredefinedby Eq. 5.2.1. The matrix T'(y) is called the weightmatrix associatedvith t at y.
Whenevery is understoode simply write T for T(y) and;; for t(y),,.

In analogywith centeredweight matricesassociatedvith invariant templates,we also define the
notion centeredweight matricesfor rectangularvariant templates. In particular, if t is a rectangular
templateand m and n are positive integerssuchthat Zy,, X Zy, is the smallestrectangulararray
containingS(t(g,o)), then the centeed weight matrix associatedvith t aty = (y1,y2) is definedas

T(y) = (tv)y), . wheret(y); = t, (i +i,y2+4), —m <i<m, and—n < j < n. Note
that sincet is a rectangulatemplate,the array {(y1 + ¢, 92+ 7) : —-m <:<m, —n < j < n} is the
smallestrectangulararray which is centeed at y = (y1,y2) and containsS(ty ).

Obviously,if t = r @s andt is variant,thenr ands cannotboth be invariant. However, it is often
possibleto decomposeé into a pair of non-trivial smallertemplatessuchthat one of the factorsis an
invarianttemplate.Thus,again,the transformcomputatiorcanbe optimizedandtemplatescanbetailored

to fit particulararchitecturesHaving one factor invariantcan further enhancehe speedof computation.
As a first example,we decomposean arbitrary 5 x 5 template.

5.7.1 Theorem. If tisab x 5 templatethenthere existtemplates; , : = 1, 2, ..., 7, suchthat

t = (t1 @t2) + (t3 Dts) + (ts Pts) + t7

whee t;, t3 andts are invariant 3 x 3 templatesandty, t4, t¢ andt; are variant 3 x 3
templates.

Proof: The centeredweight matrix 7'(y ) associatedvith t aty = (y1,y2) is of form

(
t(Y)—2,—2 Hy)_
)

( 2,— t(Y) t(Y) t(Y)_2,2

t(Y)foz {(y 1,-1 t(Y)f ty)_ 1,1 t()’)q,z

T(y)=| t(¥)o—2 t¥y)o_ t(Y)o,o Uy)og 1Yoz
t(Y)1,72 t( )1 —1 t(Y)l,o t(Y) 1,1 t(Y)1,2

t(Y)z,_z t(Y)2,_1 t(}’)2,0 t(y)q 2,1 t(Y)2,2

Define the threeinvariant3 x 3 templatest; , ts andts by

t1 = , t3 = , andts = 1 1
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Without loss of generalitysett;; = ¢(y);; and define

tooltoa to1 |to2
to, = |t t12 t1-2 ta2
, ta =
t21 |22 to2 |t2-1
and
too
te = |lo- to2
to0

Now lett; = t — [(tl @tg) + (t3 (—Dt4) + (t5 @tg)]. Then

(11,1 — (t_20+1to,_2) if x=(y1—1,y2—1)
t10—(ti2+t,—2) if x=(y1—-1,92)
to11 — (t_20 +to2) if x=(p—-1Ly+1)
to,—1 — (t21 +t-21) if x=(y1,92-1)

_ ) too—(ta 2+ tap+toa+t og+to _o2+tap) if x=y
(tr), = . e
01— (t214+t_21) if x=(y1,92+1)
t1,-1 — (to,—2 + t2,0) if x=(y+1y-1)
tio—(t_12+1t_1,2) if x=(y1+1,92)
t11 — (20 + to2) if x=(p+1Ly2+1)
0 otherwise.

It follows from thesedefinitionsthat

t = (t; Dt2) + (t3 Dts) + (t5 Pte) + t7.

Q.E.D.

Theorem5.7.1 is void of any type of symmetry assumptions. If t satisfiescertain symmetric
conditions,thenthe numberof computationsanbe significantlyreduced.The nexttheoremis analogous
to Theorem5.6.14
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5.7.2 Theorem. If tisa(2m + 1) x (2n + 1) templatewhoseassociatedveightmatrix 7'(y ) satisfies
the following conditions

1. my—n =tomn = tm,—n = tmn = 0
2. tfm-l—l,fn = tfm,fn-l—l ) tm,nfl = tmfl,n ;tmfl,fn = tm,fn-l—l y and tfm,nfl =
t—m-l—l,n

thenthere existthree templatesp, g, and r suchthat

t=(p@Pq)+r,

wherep is a3 x 3 invarianttemplateand q andr are (2m — 1) x (2n — 1) variant templates

Proof: Defineq in termsof the centeredweight matrix 7'(y) as follows:

tig; ifi=—-(m—-1)and —(n—-1)<j<n-1

tiy1; ifi=m—-land —(n—-1)<j<n-1
ay(i,j) = tij 1 if j=—(n—1)and —(m—-2)<i<m—2

tijy1 ifj=n—-land —(m-2)<i<m-—2

0 otherwise .

Note that the supportof q, consistsof the non-zeroboundaryvaluesof T'(y) and that the
entriesof Q(y) (the matrix associatedvith qy) areall zeroexceptalongthe boundaryof the
matrix. Convolving g with

resultsin the templatep ®q which agreeswith t along the boundaryof 7'(y). Thus, the
templater = t — (p @q) is of size(2m — 1) x (2n — 1)
Q.E.D.

The remarksand observationghat followed the proof of Theorem5.6.14 also apply here. Variant
templateswhose corner polynomials exhibit specific symmetrypropertiesand whose boundaryvalues
satisfy certainsign (£) rules canbe decomposednto weak sumsas (p @q) + r with appropriatesign
changesn the valuesof the templatesp and g definedin the proof of Theorem5.7.2

In Sections5.2 and 5.3 we observedthat rank 1 invariant templatesare linearly separable. This
observationalso holds for invariant templates.

261



5.7.3 Definition. A rectangulartemplatet hascolumnrank 1 if and only if thereexistsa column
vectoru suchthat for everyy € Z? and for every columnvectorv(y) in T(y), thereexists
scalarsA,(y) suchthat v(y) = Ayy) - u.

A similar definition can be formulated to define templateshaving row rank 1.Whenevery is
understoodwe write v for v(y) and A, for Aviy)-

5.7.4 Theorem. If t is atemplatehavingcolumnrank 1, thenthere existsan invariant columntemplate
s and a row templater suchthat

t=s@Pr.

Proof: Suppos¢ is of sizem x n, y € Z? is arbitrary,and T (y) is the m x n weight matrix

associateavith t aty. Letvy, vy, ..., v, denotethe columnvectorsof T'(y). By hypothesis
thereexistsa fixed columnvectoru = (ui, u2, ... ,u,) andscalarshy,, Av,, ..., Ay, such
thatv, = Ay, -u (i=1,2,...,n).
Therefore,
T(y)=(vi, V2, ..., Vy)
= Ay, " u, Ay, ru, ol Ay, 1) (i)

=u-(Ay,, Avyy ovah Av,)-
Define the templatesr and s by

vy (x) = { Av, if pa(x) = j(¥)min + (G = 1), 1 <5 <n, and pi(x) = pi(y) (ii)
Y 0 otherwise

and

Juw i pi(x)=Uy), + (1), 1<t <m, and pa(x) = pa(y)
sy(x) = { 0 otherwise, (i)

respectively.

It now follows from (i), (ii), and (iii) that

t=sPr.

Q.E.D.

5.7.5 Example: LetX =72, y = (y1,42) € X, andlet t € (IRX)X be given by

2v if x=(y =532+t +1)),i=1,2
tY(x) = 2yl+1 if x= (yl - 47y2 + (l + 1))7 1= 17 2
—-3-2¥ if X:(y1—3,y2+(i—|—1)), 1=1,2

?
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It is easyto verify thaty ¢ R(t,) andthatt is strictly rectangularand has columnrank 1.
Figure 5.7.1 providesan illustration of t at locationy = (1,2).

2 4
4 8
-6 | -12

tao =

Figure 5.7.1 The functiont(; ;) with correspondingectangIeR(t(m)) outlinedin bold.

It is alsonot difficult to ascertainthat the row templater in the decompositiont = s Pr is
given by

Y, 2y1

while the column templates is given by

The notion of “column rank 1” hasthe following generalization.
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5.7.6 Definition. A rectangulatemplatehascolumnrank at mostk if andonly if thereexistk column
vectorsuy, uy, ..., u; suchthatfor eachy € 72 andevery columnvectorv in T(y) there
exists scalarsAy(j) suchthat

V:Z/\V(j)'“j-

7=1

5.7.7 Theorem. If t is a templatehaving columnrank at mostk, then there existk columnrank 1
templatest,, t,, ..., t; suchthat

t=ty +tat - + tg.

Proof: Supposd is of sizem x n, y € Z?* arbitrary,and supposel’(y) is the m x n matrix
associateavith t aty. Let vy, v, ..., v, denotethe columnvectorsof T'(y). By hypothesis,
there exist fixed columnvectorsu; = (u;,, uj,, ..., u;.), j = 1,2,..., k, and scalars
Av,(7) suchthat

j=1
Define the templatest;, whereby [ = 1,2, ... k,
Av; (1) -y, if pi(x) =i(y) +¢
(t1)y(x) = and py(x) = j(y)+j
0 otherwise .
The weight matrix associatedvith t; aty is given by

TZ(Y) = (Avl(l) “u, AVZ(Z) U, ..., Avn(l) : ul)'
Since
TI(Y) =u- (Avl(l)v Av;(l)v SO Avn(l))
for eachy € 72, t; hasrank 1.

Also, since

k k k k
ZTZ(Y) = (Z >‘V1(l) “ur, Z AV2(l) a7, ..., ZAvn(Z) ' ul) .
=1 =

=1 [

we have that
t=t; +ta+ --- + tg.
Q.E.D.

Sinceeachtemplatet; in the abovetheoremhascolumnrank 1, it follows from Theorem5.7.4that
eachtemplatet; canbe decomposedst; = s; Pr;, wheres; is an invariant column templateand r;
is a row template. The following corollary is, therefore,an immediateconsequencef Theorems5.7.4
and 5.7.7.
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5.7.8 Corollary. If tisarectangulatemplatehavingcolumnrankat mostk, thenthere existk invariant
columntemplatess;, s2, ... ,sr andk invariantrow templatesrs, r3, ... ,r; suchthat

k
t = zsi ®@r; .
=1

Similar resultscan, of course,be provedfor row rank k templates.

5.8 Local Decompositionof Templates

In orderto takeadvantag®f the capabilitiesof computeravith parallel,reconfigurableor distributive
architecturesthereis a needto understandhe processof computingglobal linear transformdocally. In
this aswell asthe subsequensectionwe discussnecessarynd sufficient conditionsfor the existenceof
local decomposition®f linear transformationavith respectto directednetworksof processors.

For the remainderof this sectionlet X be a finite setand N : X — 2X a function such that
x € N(x) Vx € X. We shall alsoassumethatF € {R, C}.

We may view the elementsof X as processorsn a network. The assumptiorthatx € N(x) can
be interpretedas meaningthat every processotrin the network has direct accessto its own memory.
Similarly, theinterpretatiorof y € N(x) is thatprocessox hasdirectaccesgo the memoryof processor
y. Thus, N(x) is a collection of processorgo which processorx has direct access. We call N a
processorneighbohood configuration.

5.8.1 Definition. A templatet € (IFX)X is said to be local with respectto N if and only if
S(ty) C N(y) Vy € X. If Nis understoodthenwe saythatt is a local template.

If t € (IFX)X and t has a linear decompositiont = t; Pt: P --- Pt, such that for each
i € {1,2,...,n} t; is local with respectto N, then we say that the sequence{t;};_, is a local
decompositionof t with respectto N. Again, if N is understood,then we say that t has a local
decompositionwheneversuch a sequenceexists.

Several conceptsfrom graph theory are essentialin our discussionof local decompositionof
templates. The following list of definitionsdefinesthe necessarconcepts.

5.8.2 Definition. A directedgraph, or digraph, is apair D = (V, E), whereE C V x V andV
is a finite set. The elementsof V are called the verticesof D. If (z,y) € E, then(z,y) is
calledanarc (or edgg from x to y. If thereis need,we maywrite V(D) =V andE(D) = E
to emphasizehat V and E are the setsof verticesand arcs associatedvith the digraphD,
respectively.

5.8.3  Definition. A graphG isadigraphG = (V, E) with thepropertythat(z,y) € E = (y,z) €
E. If (z,y) € E, thenwe saythatxy, or equivalentlyyx, is an edgeof G.
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5.8.4  Definition. Let D = (V, E) beadigraphandz, y € V. An x-ywalkin D, or a walk from
x toy, is afinite sequencef verticesz = 2y, 21, ..., Zn_1, 2n = y, Suchthat(z;, ziy1) € £
fori e {0,1,...,n—1}. An x-ywalk is calleda closedwalk if z = y.

5.8.5 Definition. Let D = (V, E) beadigraphandz, y € V. An x-y pathin D, or a pathfrom
x toy, is an x-y walk with distinct vertices,exceptpossiblyx andy.

5.8.6  Definition. Let D = (V, E) beadigraphandz, y € V. An x-y pathin D, or a path from
x toy, is an x-y walk with distinct vertices,exceptpossiblyx andy.

A closedx-y path is an x-y path suchthatz = y.

Thesequencef verticesin anx-ywalk will bedenoteddy P(z,y); i.e., P(z,y) = {20, 21, .-+, Zn}s
wherezg = ¢ andz, = v.

5.8.7 Definition. Let D = (V, E) beadigraphandz, y € V. We saythaty is reachablefrom x
(in D) if thereexistsa pathfrom x to y. If y is reachabledrom x and x is reachablerom vy,
thenwe say that the pair {z, y} is mutuallyreachable(in D).

Notethatif G = (V, F) is agraphandz, y € V suchthatthereexistsan x-y pathin G, thenthere
existsa y-x pathin G. Hencereachableand mutually reachableare equivalentnotionsin graphs.

5.8.8 Definition. Let D = (V, E) be a digraph. We saythat D is strongly connectedf andonly
if every pair of vertices{z,y} C V is mutually reachable.If D is a graphthatis strongly
connectedthen D is called a connectedgraph.

We now setup a connectiorbetweerthe processoneighborhoodonfiguratiorfunction NV : X — 2%
and digraphs.

5.8.9  Definition. Let N : X — 2% be a neighborhoodconfiguration. For eachx € X, let

E(N(x)) = {(y,x) : y € N(x)}. The digraph of N, denotedby D(N), is the digraph
definedby D(N) = (X, E(N)), whereE(N) = |J E(N(x)).
xeX

A neighborhoodconfigurationN is called symmetricif and only if for every pair x,y € X,
x € N(y) = y € N(x). This notion hasthe following consequence.

5.8.10 Theorem. D(N) is a graph < N is symmetric.

Proof:  SupposeD(N) is a graph. Let xg, yo € X with xg € N(yo). By definition,
(x0,¥0) € E(N). SinceD(N) isagraph,(yo,x¢) € E(N) and,hence(yo,xo) € E(N(xg)).
Therefore,yo € N(xp) andN is symmetric.
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ConverselyassumeahatN is symmetricandthat(xg,yo) € E(N). Thenxy € N(yo) and,by
symmetry,yo € N(xp). Thus,(yo,%0) € £(N(xp)) C E(N). Therefore,(yo,xo) € £(N)
and D(N) is a graph.

Q.E.D.

If N is symmetric,thenwe let G(N) denotethe graphof N.

The next theorem provides necessaryand sufiicient conditionsfor the local decompositionof a
templatewith respecto a given processoneighborhoodonfiguration.Althoughthe theoremis disguised
in the languageof imagealgebra,it wasfirst statedand provedby M. Tchuente[19, 18].

5.8.11 Theorem (Tchuente) If X is a finite point setand N : X — 2X a symmetricneighbohood
configuration,theneveryt € (IFX)X hasa local decompositiorwith respectto N < G(N) is
connected.

Tchuente’sheoremis not asgeneralasonemight like. The assumptiorthatN is symmetricrestricts
the type of multiprocessordeing modeledto thosein which the datacanflow in both directionsalong
any communicatiorlinks. In manyimportantcasessuchaspipelineandparallel-pipelinecomputersand
systolicarrays this assumptioris notvalid [7, 12,15, 3, 4]. In orderto providefor effectivecomputations
of linear transformsof thesetypes of architecturesP. Gader proved the following generalizationof
Tchuente’stheorem|[3, 4].

5.8.12 Theorem (Gader) Suppos« is afinitepointsetand NV : X — 2% aneighbohoodconfiguration.
Theneverytemplatet € (Fx)X hasa local decompositionvith respecto N < D( N ) is strongly
connected.

Although Gader’'sand Tchuente’'sappearalmostidentical, it happens— asis often true in graph
theory — that the casefor directed graphsis significantly different than for graphs[1]. There are
two differencesbetweengraphsand digraphswhich emege when one tries to use a straightforward
generalizatiorof Tchuente'gproof. Onedifferenceis thatany permutationgraphcanbe accomplishedy
a sequencef adjacentranspositionsThis is not necessarilfrue for digraphs(e.g.,considerthe directed
cycle). Another differenceis that for a connectedgraphthereis always at leastone vertex which can
be removed,along with an edgeincidentto it, suchthat the resultinggraphis still connected.This is
not necessarilytrue for digraphs(consideragainthe directedcycle). Tchuenterelies on both of these
factsin orderto prove his theorem.

5.9 Necessaryand Sufficient Conditions for the Existenceof Local Decompositions

This sectionis devotedto the proof of Gader’'stheorem.With the exceptionof someslight changes,
we essentiallyfollow Gader's proof by proving the theoremin stages. We first prove that strong
connectivityis a necessargondition. We thenestablisha sequencef theoremswhich showthat strong
connectivityis sufficient for permutationmatrices.Finally, we showhow certainmatrix decompositions
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can be usedin conjunctionwith the resultsfor permutationmatricesto deducethat strongconnectivity
is sufficient in general.

5.9.1 Theorem. Let X be a finite point setandlet N : X — 2X a neighbohood configuration. If
everyt € (FX)X hasa local decompositionith respecto N, then D( V) is strongly connected.
Proof: Supposéo thecontrarythat D(N ) is notstronglyconnectedbutthateveryt € (FX)X

hasalocal decompositiorwith respecto N. Since D(N) is not stronglyconnectedhereexists
pointsx, y € X suchthatx is not reachablefrom y.

Letr € (FX)™ be definedby

1l ifz=xand w=y
ra(w) = { 0 otherwise,

andlet a € FX be definedby

a(w) = {1 if w=y
0 otherwise.

Observethat if b denotesthe imageb = a @r, thenb is given by

biz)= > a(wr(w)= {a(y) —1 ifz=x

wes(es) 0 otherwise.

Accordingto our assumptiony canbe factoredasr = r; @r; @ --- @ry suchthateachr;
is local with respectto N.

Define C(x) = {z € X : x isreachable fromz} andfor j = 1,2,...,k, let b, =
a@(riPr2@ --- Pr;). We shallshowthatb;(z) =0 Vz € C(x) andVj =1, 2, ..., k.

Supposehat for somez € C'(x), by1(z) # 0. Thenthereexistsw € X suchthatr; ,(w) # 0
anda(w) # 0. Sincery,(w) # 0, w € S(r;,) C N(z). Hence,z is reachablefrom w.
However, accordingto the definition of a, sincea(w) # 0, we musthavew = y. But
this meansthat x is reachablefrom y, contradictingthe fact that x is not reachablefrom vy.
Therefore,b1(z) = 0 Vz € C(x).

Using induction, supposethat the claim holds for by, bz, ..., b;_; and for some; €
{1,2, ..., k}. If the claim doesnot hold for b;, then thereexistsz € C'(x) such that
b;(z) # 0. Thus,again,thereexistsw € X suchthatr;,(w) # 0 andb,;_{(w) # 0. By
induction hypothesisw ¢ C'(x). Sincer;,(w) # 0, w € S(r;,) C N(z) and, hence,z is
reachablefrom w. Also, sincez € C(x), x is reachabldrom z. Thus, X is reachablerom
w, which leadsto the contradictionthatw € C(x). Therefore,b;(z) = 0 Vz € C'(x) and
Vj e {1,2,...,k}. Sinceb;, = b, we now havethatb(z) = 0 Vz € C(x). But this
contradictsthe fact thatb(x) = 1. Sincethis contradictionfollows from our assumptiorthat
r hasa local decompositiorwith respectto N, our assumptiormustbe false. But this in turn
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contradictsthe hypothesisof the theorem. Hence,our original assumptiorthat D(N) is not
strongly connectedmust be false.

Q.E.D.

5.9.2 Definition. If t € (IFX)x thent is called a permutationtemplateif andonly if ¥(t) is a
permutationmatrix.

It follows from Theorem5.1.1thatif ;(t) is a permutationmatrix for someorderingof X, then
1y(t) is alsoa permutationmatrix for any other orderingof X. Recall also that every permutationcan
be factoredinto a productof transpositiongSection3.3). Thus, every permutationtemplate can be
factoredinto a productof templatescorrespondingo transpositions We identify thesetemplatesin the
next definition.

5.9.3  Definition. Let P = X x X. For eachparametep = (x,y) € P, definet : P — (IFX)X by
Ix(w) ifz=y

t(x,y),(w)=1¢ ly(w) if z=x (5.9.1)
1.(w) otherwise.

the templatet(p) is called the exchangdemplateassociatedvith p.

Observethat the exchangetemplate t(x,y) is the permutationtemplate correspondingto the
transpositions € Sx definedby ¢ = (x,y). Thatis, o interchangex with y andleavesthe remaining
elementf X fixed. This observatiorfollows from Eq. 5.9.1which saysthatt(x,y),(w) =1if x =w
andz =y, orif y = w andz = x, orif z = w. Thus,if a € FX andb = a @t, then

a(x) ifz=y
b(z) =< a(y) if z=x

a(z) otherwise.

5.9.4 Theorem. Let N : X — 2% a neighbohoodconfigurationon X andx, y € X. Supposéhere
existsan x-y path

P x=x0,X1,...,Xkp 1, Xk =Y
and an y—x path
P:y=yoyi,. ... ,Xj1,X; =X
in D(N). |If
P: x=x0,X1,...,Xp-1, Xk, Y1, ---,¥j-1,X; =X

is a closedpath, thenthe exchangdgemplatet(x, y) is local with respecto N
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Proof: The proof is by construction. Relabelthe closedpath P as
P: x=po,pPi1,. . ,Pn-1, Pn = X, S0thatpy =y, pr4+1 = y1, andp,, = pr4+; = x. Then

t(x,y) = t(po,P1) Dt(p1,p2) D - -+ Bt(Pi—1,Pk) Dt(Pr—2,Pr-1) D --- Dt(p1,pP2) Pt(po, P1).

We shall showthateachtemplatet(p;_1, p;) hasalocal decompositiorwith respecto N. It is
interestingto notethat the factorsof the decompositiorare not permutationtemplates.Figure
5.9.1is helpful in understandinghe actionof the templatesve areaboutto describe.We begin
by decomposing(po, p1) into a productof local templatesti 1 Dt12 D -+ Dt1,2n-1.
Fory =1,2,...,n — 1, define

p, (W) + 1p,_,(w) if z=p;
(t1,5),(w) = { 1.(w) if z# II;;'-

For j = n, define

Tp, (W) = Tp (W) if 2 =po
(t1),(W)=1o Tp(w)—Tp,_, (W) ifz=p;;i=2,3,...,n—1
1.(w) otherwise.

For j

1,2,...,n - 3, define

. _ 1I)j+2(w) + 1P]+1 (W) if z= Pj+2
(b1,4), (W) = { T.(w) otherwise .

For j = 2n — 2, define

Tpo(W) = Tp, (W) if z = po
(t12n—2),(W)=19 Tp(w)—=1p_,(w) ifz=p;,i=3,4,...,n—-1
1,(w) otherwise,

andfor j = 2n — 1, define

(t1045), (W) = { ::EEN“)’) + Tpo (W) 111: : ; ii |

By definition, each t;; is a local template. We need to show that t(pg,p1) =
t11 Dtio@ - Dtron 1.
Letby =a®(t11 Pt1 2P --- Pty,_1) andseta; = a(p;). Thenby is given by

J
b1(Z){i§)ai ifz=p;, j=0,1,...,n—1

a(z) otherwise.

If by = by @t1,,, thenb; is given by

n—1
E a; if z=po
=1
bQ(Z) = ap + aq if z = P1
bi(z) ifz=p;and 0#j#1
a(z) otherwise.
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Let bs = by ®(t1n+1 Ptins2 @ -+ Dti2,-3). Then

J
Yoa; ifz=p;, 7=2,3,...,n-1
b = { i=2
3(2) sz(z) if z=pg or z=py
a(z) otherwise.
Next setby = bs ®t1,2n—2- Then
ay if z= Po
bg(z) = ap + ay lf Z = Pp1
a(z) otherwise.
Finally, let b5 = b4 ®t1,2n71- Then
ay if z= Po
b5(z) = ag if z= P1
a(z) otherwise.

Sincewe alsohavebs; = a @t(po, p1), it follows that

t(po,pP1) =t11Pt12@P -+ Ptian1.

Therefore,t(po, p1) hasa local decomposition.
Using anidenticalargument,we canconstructfor each: = 2, 3, ... ,k — 1 alocal decompo-
sition {ti,j}fz;l of t(pi_1,pi). We then have

ok 1
t(x,y) = @t(Pilapi)](‘D b t(leapi)]
Li=1 1=k—1
[k [2n-1 1 2n—1
- 16(@)|e| @ (8
L =1 j=1 1=k—1 j=1

Q.E.D.

Figure 5.9.1 below illustrates the action of the local decompositionof t(pg,p1) on an arbitrary

input image a.
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a b1 b2 b3 b4 b5
n—1 n—1
agp aop E a; z a; ai ai
=1 i=1
ai ap + a1 ap + a1 ag + ay ag + ay o
2
a 3 a; a3 a3 a2 )
1=0
3
as 3 a; as az + as as as
=0
n—2 n—2
Gn—2 3 a; Gn—2 3 a; Gn—2 Gn—2
n—1 n—1
Up—1 E a; Up—1 z a; Up—1 Up_1
a(z) a(z) a(z) a(z) a(z) a(z)

Figure 5.9.1 The mappingstagesof aninputimagea in the local implementationof t(pg, p1)-

5.9.5 Theorem. If D(N) is strongly connectedthent(x,y) hasa local decompositiorwith respect
to N.

Proof: Since D(N) is strongly connectedgvery pair (x,y)is mutually reachablen D(N).
Thus, there exists x—y and y—x paths

Pl:x:pouplv"'apn—lvxn:y
and
P2¢YZQO7QI7---7Qm—1;qm:X-

If P, and P, haveonly verticesx andy in common,then the resultfollows from Theorem
5.9.4 Otherwise label the commonverticesp;,, pi,, --- ,Pi, Suchthatiy < ip < --- < 2.
For sakeof conveniencesetiy = 0 andi,; = n. Definejy, j2, ..., jx Dy q;, = pi,, Where
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[ =1,2,..., k. By ourchoiceof the p; s, the closedwalks

WU: X =Po, P1, ---,P¢ = 95,5 Q5,415 -+ ,9qm = X
Wit piys Pivt1s oo v 3 Piy = Qias Qjatls -0 5 Ajy
Wit Piys Pixt+1s -+ 5Pn1, Pn =¥ = qo, 41, - -+ , Q5

are all closedpaths. Furthermore,

t(x,y) = t(x,pi,) Dt(Pir, i) D -+ Ot(Pin_» Pir) Dt(Pir,y) Dt(piy 1 Pi) D -
- ®t(pi,, Pi.) DX, pi, ).

Sincefor each: = 0, 1, ..., k, eachW; is a closedpath, eachof thetemplatest(pil,pim)
has,accordingto Theorem5.9.4 alocal decompositiorfor { = 0, 1, ..., k— 1. Hencet(x,y)
has a local decompositionwith respectto N.

Q.E.D.

If t e (FX)X is a permutationtemplate thent canbe factoredinto a productof exchangdgemplates.
Thus,if D(N) is strongly connectedthen accordingto the theoremeachof theseexchangeemplates
hasa local decompositiorwith respectto N. Therefore,t hasa local decompositiorwith respectto N.
This provesthe following corollary:

9.9.6  Corollary. If D(N) is strongly connectedandt € (FX)X is a permutationtemplate thent has
a local decompositiorwith respectto N.

It now follows that strong connectivity of D(/N) is a necessaryand sufiicient condition for the
existenceof local decomposition®f all permutationtemplates.We now showthat this holdsin general.

5.9.7 Lemma. Supposecard(X) = n > 1 and D(N) is strongly connected. If for some;j =

1,2,...,n — 1ther existstemplatesr;, s; € (FX)X suchthat
La | O 0
¥(r;) = 0 T . S Tn
o | o | I,
and
L, | O | o© \
o | s | 0
N e e
| s |
0 | | In—j
s 1)
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whee eachO denotesa zeo-matrix of the appropriate dimension,thenr; ands; havelocal
decompositionsvith respectto N.

Proof: We considers; first. Let X = {x1, x1, ..., X} denotethe orderingusedto define
¢. If a € FX andb = a@s;, thenb is given by

aly) if y #x;

b(y) = o osk-a(xg) if y=x;.

k=j
Sincecard(X) > 1 and D(N) is strongly connectedthereexistsx,, € {x1, X1, ..., X}
suchthatx,, # x; andx,, € N(x;). Theideaof the proof is to first multiply a(x;) by s;
andleaveeverythingelsefixed. Eacha(xy) (k= j + 1, ... ,n) is thenmovedto thelocation

Xm, Sk - a(xy) is addedto the currentvalueat the locationx ;, anda(xy) is thenmovedback
to locationx;. All stepscanbe carriedout locally.

We now definethe templatesfor the local decompositiorof s;. Define t; by

(tj)y:{b if y #x;

sy, if y=x;.

Obviously, t; is local andif b = a @t;, thenb is given by

b(y) — { a(Y) if y 7é X;

s;-a(x;) if y=x;.

Foreachk = 7+ 1,5+ 2, ...,n definetemplatesu;, andt; by
1y if y # x;
(ug)y = { T, +s6-1x, if y =%,

and
tk = t(xkvxm) @uk @t(xmvxk) .

Sincex,, € N(x;), eachu; is local with respectto N. Furthermorepy Theorem5.9.5 each
t(xx, X, ) andt(x,,,xx) is local with respectto N. Thereforet; hasa local decomposition
with respectto N for eachk = j+ 1,7+ 2,...,n.

Now, if a € FX andb = a @t for somek = j + 1, j+ 2, ...,n, then

b(y) — { a(Y) if y 7é X

sp-a(xy) if y=x;.
Hence,if b = a@(t; Ptjp1 P --- Pt,), then
a(y) if y #x;
b(y) = Y skpra(xg) if y=x;.
k=j

Therefore,s; = t; Pt;11 @ --- @t,, which enablesus to concludethat s; has a local
decompositionwith respectto N.
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We now provethe lemmafor r;. The conceptis the same;thereare somepointswhich must
be modifiedto accountfor the transposition.Note thatif b = a ®r;, thenb is given by

a(y) fy=xp, k=1,2,...,j—-1
b(y) = { i -a(x;) if y=x;
rr-a(x;) ta(xg) ify=xg, k=7+1,j+2,...,n
Next definea local templatew,,; by
ly if y #x;
(WM’I)Y - {7’]' Ay, ify=x;.
Again, sincecard(X) > 1 and D(N) is stronglyconnectedfor everyk = j+1, j4+2, ... ,n
thereexistsan my € {1, 2, ..., n} suchthatx,,, € N(x;) andx,,, # Xk.
Fork=j4+1,j42,...,n definetemplatesvy andwy by
ly if y # X
(vi)y = { O

and
Wi = (X, Xm, ) DV Dt(xm,,X;).

As before,sincevy, is local and eachexchangdgemplatehasa local decompositionw; hasa
local decompositiorfor eachk = j + 1, j + 2, ... ,n. Furthermorejf b = a @w,, where
j+ 1<k <n, thenb is given by

b(y) — { a(Y) if y # xy

a(xp) +rr-a(x;) if y=xk.

Thus for everya € FX,

a@r; =a@wj1 Qw2 @ -+ OwWey1).

Thereforer; = w1 Qw120 @ --- @w,y1 and,hence,r; hasa local decompositiorwith
respectto N.
Q.E.D.

We needonemorelemmabeforeproving sufficiency. In the following, let E; and.S; denoten x n
matricesof the form ¢(r;) and(s;), respectivelyasgivenin the hypothesisof Lemma5.9.7.

5.9.8 Lemma. If A € M,xn(F) withn > 1, thenfor everyj = 1,2, ...,n — 1 ther existn x n
matricesk; and S; of theaboveformandn x » permutationmatricesP; and (); suchthat
| 0
n—1 I, 1 | n—1
A= |TI#-&; o || TISi-@
=1 — — - 4+ - 7=1
0 -+ 0 | ¢

275



for somec € F.

Proof: We make use of the following observationmade by Tchuente[19]: Given A €

M, x.(F), then there exist permutationmatricesP and Q, constantssi, sz, ..., s, and
T, T2, ..., T, @andan (n — 1) x (n — 1) matrix C suchthat
(2 T I S r | 0 - 0 s | 0 -~ 0
-+ - - - -+ - - = - + - - =
A=pP|0 | 0 | sz | Q ()
P Iy P C | Iy
0 | 0 | Sn |

The proof proceedsy inductionon n. If n = 2, thenthe resultfollows from Eq. (i).

Now assumethat the resultholdsfor j = 2, ..., n — 1. By Eq. (i), thereexist permutation
matricesP; and@, andan (n — 1) x (n — 1) matrix C suchthat

1 | 0 - 0
— _|_ — — —
A=PRy-|0 | =510 . (if)
P C
0 |
By inductionhypothesisfor everyj =1, ..., n—2, thereexistpermutatiormatricesﬁj, QJ
matricesR; and S;, anda constantc € F suchthat
| 0
n—2 X X In72 | n—2 X R
C= |2 & oo | (ITSei- (i
j=1 _ _ - 4+ - 7=1
0 R | N
Forj =1,...,n — 2, define
L | 0 0 1 | 0 0
— + — — — — _|_ — — —
Pj+1 =10 | ’ C2j+1 = 0 | ’
P P P Q;
0 | 0 |
1 | 0 0 1 ] 0 --- 0
SJ'_|_1 = 0 | ) and Rj_|_1 = 0 |
P S; P R,
0 | 0 |
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Then

1 ] 0 - 0 L | 0 - 0
Pip1-Rjp= |0 | 0|
| P; Do R;
0 | 0 |
and
1 ] 0 - 0 1 ] 0 0
Sip1Qipr=10 | 0|
. | Sj . | Qj
0 | 0 |
Therefore,
1 | o 0
n—1 ; + - - B n—1
Mrw=|0 1, |sd[Ise-
i=2 | [l PR j=2
i=1
0 |
It now follows from Eqs. (iii) and (iv) that
1 | 0 0
. + _ _ .
0 | =
C C
0 |
1 | 0 0
1 | 0 0 -+ - - - 3
A I |
0
. | n-2 _ | In—Z |
| II PiR; 0 | |
j=1
0 | -+ - - - 4+
o | 0 - 0 |
or, equivalently,
1 | 0 -+ 0
-t s - -l I
0 | =[] P&
: C i=2 -
0 | 0
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SubstitutingEqg. (v) into Eq. (ii) yields

0
A—{EPjRJ} ) In_l ! 0 {ESJ-QJJ

Q.E.D.

We now show that strong connectivityis sufficient in general.

5.9.9  Theorem. If D(N) is strongly connectedtheneverytemplatet € (FX)x hasa local decom-
position with respectto N.

Proof: Lett € (FX)™. Accordingto Lemma5.9.8,

Iﬁ—l

=R

|
n—1 | n—1
I PiRi | IT si@;|,
j=1 _ _ - 4+ - =1
0 ce 0 |
where P; and (); are permutationmatrices,and E; and S; are matricesof the form given
in Lemma5.9.7.

Set

s:gb_1

andforj =1,2,...,n—1 let

r;=¢ '(R;), s; =% (S;), p; =¢ ' (P), and q; = ¥ '(Q;)

Since(s) is a diagonalmatrix, s is local with respectto N. By Lemma5.9.7, eachr; ands;
hasa local decompositiorwith respectto N. By Corollary 5.9.6 eachp; andq; hasa local
decompositionwith respectto N. Thus, since

{Yéa (p; ®r;) :| s® |:ne9 (s @CIJ')] )

i=1

it follows thatt hasa local decompositiorwith respectto N.
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Q.E.D.

In summary,the last sectionsshow how correspondenceletweendirected graphs,neighborhood
configurations,network of processorsand matricescan be usedto provide necessaryand sufficient
conditionsfor the existenceof local decomposition®f linear transforms.In contrastto earlier sections
of this chapter,the existencetheoremsof this sectiondo not readily suggestmethodsfor constructing
efficient algorithmsfor decomposingemplatesinto local factors. This topic will againbe addressedn
the next chapter.
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CHAPTER 6
TECHNIQUES FOR THE COMPUTATION OF THE DISCRETE FOURIER TRANSFORM

In this chapterwe examinethe discreteversionof the Fouriertransform.It is no exaggeratioro say
thatthe discoveryof efficient algorithmsfor computingthe discreteFouriertransformhasrevolutionized
the practiceof digital signal processingand digital signal analysis. Collectively, thesealgorithmsare
known asFastFourier Transforms(or FFT's) andtheyaresignificantfor severakeasons.Theyallow for
real-timeor nearreal-timespectralanalysisandfiltering. Efficient computationof many spatialdomain
computationganbe achievedn the frequencydomainusingfast Fouriertransformmethods.Thisis due
to the well knownresultthatthe convolutionof two waveformsin the spatialdomaincorrespondso the
equivalentoperationof multiplication of their respectiveFouriertransformsin the Fourier (or frequency)
domain. Justasimportantly, the study of methodologie®f the variousfast Fouriertransformalgorithms
havestimulateda reformulationof many signal processingconceptsand algorithmsin termsof discrete
mathematicsThis resultedin a shift awayfrom the notion that signal processingn a digital computer
is merelyanapproximationto analogsignalprocessingechniques.It becameevidentthat discretesignal
processings animportantfield of investigationin its own right, involving propertiesand mathematical
methodgthatareexactin the disrete-timedomainandindependenuponany continuity assumptionsThe
methodsandtechniquegliscussedn this chaptercanbe consideregartof this newfield of investigation.

6.1 Linear Separability and the Discrete Fourier Transform

The Fourier Transform (FT) wasfirst introducedin Section3.8 (Example3.8.13. Although other
transformsare discussedn somedetail, we placespecialemphasison the Fouriertransformbecauseof
its wide rangeof applicationsin image and signal processing.One of the basic propertiesof the two-
dimensionalFouriertransformis its linear separability. This propertyis a key ingredientin the efficient
computationof the discreteversionof the two-dimensionaFouriertransform. For this reasonwe begin
our discussionwith someobservationsoncerninglinear separability.

Fortheremaindeof thissectionX = 7, x Z,, andy> will denotethering isomorphismy) : (FX)x —
M, xmn (F) discussedn Section5.1 Note that since X is finite, S(ty) is finite vVt € (FX)* and
Vy € X. However,becausehe shapeof S(ty) differsin mostcasesf y is on or nearthe boundaryof

X from the shapeof S(ty) wheny is an interior point of X which is far removedfrom the boundary,
we needto modify the definition of a row or column templateslightly.

6.1.1  pefinition. If t ¢ ([FX)Y, thent is called a row templateon X if andonly if for every
y €Y, 3k € Z,, suchthatty(z,7) = 0 wheneveri # k.
Similarly, t is called a columntemplateon X if andonly if for everyy € Y 3/ € Z,, such
thaty (i, j) = 0 wheneverj # [.
Observethat a row (column) templateas definedin Definition 5.2.2 also satisfiesthis definition of
a row (column) templatewhen restrictedto the finite array X. Also, if t is both a row and a column
template thent is a one-pointtemplateunlessS(ty) = @ Vy € X, in which caset is the zerotemplate.
The most commonrow (or column) templatesused by algorithm designers,which are also the
templateswe are concernedwith in this section, are those for which Y = X and t(k’g)(i,j) =0
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wheneveri # k (or t(k,,)(i,j) = 0 whenever;j # [). Therefore,unlessotherwisestatedall row and
columntemplatesconsiderechenceforthare assumedo satisfy theselatter conditions.

Recallthat if t is a row (column) template,then the weight matrix T associatedvith t is a row
(column) matrix. The isomorphicimage(t), however,doesnot satisfy theseconditions.

6.1.2  Theorem. Supposet € (FX)*.

1. If tisarowtemplateon X, thent(t) is a block diagonalmatrix consistingof m x m blocks
and eachblockis an » x n matrix.

2. If t is a columntemplateon X, then(t) is a block diagonal matrix consistingof m x m
blocksand eachblockis an » x n diagonal matrix.

The proof is obviousasit follows directly from the definitions of row and column templatesand
the definition of the map .

6.1.3 Example: If

r = 2 1 3
and X = 73 x Z4, then
1 2 0 0 | 00 00 | 00 0 0\
3 1.2 0 ] 00 00 | 00 00
03 1 2 | 0000 | 00 0 0
00 3 1 | 0000 | 00 0 0
00 0 0 | 1 2 00 | 00 0 0
Jo o 0o 0o | 312 0 | 00 0 0
YO=19 0 0 0 | 03 1 2 ] 00 0 0
00 0 0 | 00 3 1 | 00 0 0
00 0 0 | 0000 | 1L 2 00
00 0 0 | 00 00 | 3 1 20
00 0 0 | 00 00 | 03 1 2
00 0 0 | 0000 | 0 0 3 1)
If
2
s=| 1
3
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then

1 00 0 | 2 000 | 00 0 0
001 0 0 | 0 2 00 | 00 0 0
00 1 0 | 00 2 0 | 00 0 0
00 0 1 | 000 2 | 00 0 0
3 00 0 | 1 000 | 20 0 0
003 0 0 | 0 1 00 | 02 0 0
Y=19 0 3 0] 0010 | 00 2 0
00 0 3 | 0001 | 00 0 2
00 0 0 | 3 00 0 | 1L 0 0 0
00 0 0 | 0 3 00 | 01 0 0
00 0 0 | 003 0 | 00 1 0
\0 00 0 | 000 3 | 0 0 0 1)

It follows from Theorem®6.1.2 that the matrix «(t) should be highly structuredwhenevert is
the productof a row and a column template. For example,if r ands are asin Example6.1.3 then

b(t) = Y(r@s) = ¥(r) - ¥(s) hasform

1 2 0 0 | 2 4 00 | 00 0 0 \
3 1 2 0 | 6 2 4 0 | 0 0 0 0
003 1 2 | 06 2 4 | 0 0 0 0
00 3 1L | 00 6 2 | 0 0 0 0
3 6 00 | 1 2 00 | 2 4 0 0
9 3 6 0 | 3 1 2 0 | 6 2 4 0
Y vE=10 9 5 6 | 0 3 1 2 | 0 6 2 4 (6.1.1)
00 9 3 | 00 3 1 | 0 0 6 2
00 0 0 | 36 00 | 1 2 0 0
00 0 0 | 9 3 6 0 | 3 1 2 0
00 0 0 | 09 3 6 | 0 3 1 2
00 0 0 | 00 9 3 | 0 0 3 1 )

Equation6.1.1showsthateachblock of v (t) is amatrix which is void of zerorowsor zerocolumns.
More generally,if r is arow templateon X = 7} x ZF, sis a columntemplateon X, andt = r Ps, then

Ry O -+ O St Sz v Sim
H(r) - (s) = 0 R:22 0 5:21 5:22 Sg:m
0 0 - B \Sut Sme - S
Tvw Tz -+ Tim
T Tz:m o).
Tr;u Tr;ﬂ Tmm)



whereT;; = R;S;; (i=1,2,...,mand j=1,2,...,n), eachS;; is adiagonaln x n matrix, and
O denotesthe zero matrix.

Supposes;;(k) denoteghekth diagonalentry of S;; andr(:) denoteghe (I, k)th entryof then x n
matrix £;;. Then the kth column vector

V(i) = (b0 (D), tGa(E2), - b (in)
of 73; = R;;S;; canbe expressedhs
v(i, 7)) = (rik(2), rax(7), ..., rnk(i))' - 845 (k) (6.1.2)
while the kth column vector v (i, j'), of T;; hasform
v(i i), = (rie(i), rar(i), - oo, Pak(d)) - siji(k) (6.1.3)
From Egs. 6.1.2 and 6.1.3 we obtain:

Sincej andj’ werearbitrary, it follows that the kth columnvectorof T;; is a scalarproductof the kth
columnvectorof T;; for j = 1, 2,..., m. Thus,if we form the n x m matrix A;; by defining the
jth column of A;; to be the kth column of 7;;, wherej = 1,2, ..., m, then A;; hasrank 1 for all
t=1,2,...,mandall k = 1,2,...,n. Hence,a necessarycondition for linear separabilityof a
templatet on X is that eachmatrix A;; = (a(i’k)”)nm’ where (a(i,k)lj) = t(;r)(é,0), hasrank 1.
This condition is also sufficient.

6.1.4  Theorem. If t ¢ (IFX)X whee X = Z} x ZI, thent is linearly separableif and only if for
t=1,2,...,mandk =1, 2, ..., n, eachmatrix 4;, hasrank 1.

Proof: We have already shownthat if t is linearly separablethen A;;. hasrank 1 for
t=1,2,...,mandk =1,2,...,n.

In orderto provesufficiency, supposehat A;; hasrank 1. Thenthereexistsa columnvector
a(i, k) of Aj suchthateachcolumnvectorof A;; is a multiple of a(é, k). Thus,if a(i, k),
denotesthe jth columnof A;x, thenthereexistsa scalars;; (k) suchthat

a(iv k)] = a(iv k) ’ sij(k) : (I)
Now, if
1;(j,l (171) t(j,2)(l:71) t(j,n)(ivl)
t0)(6,2)  t(i,2) t(n)(2,2)
Tij = . )
tin(in) tio(in) t(jn) (2, )



then by definition of A;,
a(i,k); = (tm (1), tor(62), .o b (in)
In view of Eq. (i), we have
(t(ik (6 1), 8y (652)s o s (i) = (i k) - si (k). (ii)
Definethe n x n matricesR;; and 5;; by

R;; = (a(i,1), a(7,2), ... ,a(¢,n))

and
s:i(1) 0 0
0 s;(2) -+ 0
Si; = ) J.( ) ) )
0 0 e 8i5(n)

Hence,by Eq. (ii),

T;i=Ri- S fori=1,...,mand j=1,...,m.

Let
Ty Ty - Ty Ry O -+ O
T T o Tom O R 0
e e B 2 R
and
Si1 Sz Sim
so |t Sm o S
Sml Sm2 e Smm

Theny(t) =T = R - S and, therefore,t = ¥~1(R) Dy ~1(S).
Q.E.D.

If t isatemplateon X suchthateachof thematricesA;; hasranklessor equalto somepositiveinteger
p, thenan agumentanalogoudo the one givenin the proof of Theorem6.1.4 canbe usedto showthat
eachcolumnof A;; is alinearcombinationof ¢ < p columnvectors(a'(i, k), a*(i, k), ... ,a?(i, k)). If
we continueto reasoralongthe samdine asin the proof of thetheoremwe obtainthefollowing corollary:

6.1.5 Corollary. If t € (FX)x thent canbe written asthe sumof ¢ < p separableiemplatesf and
onlyiffori =1,2,..., mandk =1, 2, ..., n, eachmatrix A;; hasranklessor equalto p.
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In Section 3.8 (Example 3.8.13 we introducedthe Fourier transform F(f) = f of a function
f € C(R'). Here we reformulatethe definition of the Fourier transformby defining F(f) = f in
terms of the equation

o0

= / flx)e ™ dz . (6.1.6)

Givenf, thenf canbe recoveredy usingthe inverseFouriertransformwhich is given by the equation

o0

- / fw)er e du. (6.1.7)

Equations6.1.6 and 6.1.7 are called the Fourier transformpair. This transformpair existsif f and f
satisfy the conditionsgiven in Example3.8.13

The readermust be warnedthat thereis no single customarydefinition of the Fourier transform
and its inverse. The variationsarisein the treatmentof the factor % and the sign of the exponential.
For instance,in Example3.8.13 the term 27 is missingin the exponent. However,for eachdefinition
of the Fouriertransform,thereis only one reasonablalefinition of its inverse. The various ddfinitions
have the form

o0

u) =« / f(z)eP e de (6.1.8)
for someconstantsx and 3, with the correspondingnversetransformbeing

() 181 /f Je~ BTy, (6.1.9)

27ra

We havetakena = 1 andf = —2x. Otherdefinitionsusevariouscombinationofa =1, a = %, o=
%, g = +1, § = £2x. Thefactor|5|/2ma is selectedso that the inverseFourier transformof f is

actually equalto f for a generalclassof functions.
Supposen : Z,, — R. The Discrete Fourier Transform abbreviatedasDFT, of a is definedas

1

3
|

a(j) =" a(k)e kil (6.1.10)
k=0
wherej =0, 1, ..., n — 1. The Discrete InverseFourier Transform or DIFT, is given by
1 n—1 N
a(k) = =Y a(j)ermkii/n (6.1.11)
n =
wherek = 0,1,...,n — 1.
In digital signalprocessinga is usuallyviewedashavingbeenobtainedfrom a continuousfunction
f e C(Hl) by samplingf at some finite numberof points {zg, 21, ..., 2,1} C R and setting
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a(k) = f(zr) sothat Egs. 6.1.10and 6.1.11 representhe finite analoguesf Egs. 6.1.6 and 6.1.7,
respectively.As we areonly interestedn the computationabspectof the DFT andits inverse,we view
a as a vector of finite length

a = (a(0),a(l),...,a(n—1)).
Defining the templatef ¢ (CX)X, whereX = 7, by

fj(k) = e72mh/m, (6.1.12)
we obtain equivalentimage algebraformulation
a=a@®f (6.1.13)

of Eq. 6.1.10.

The templatef definedby Eq. 6.1.12is called the one-dimensionaFourier template It follows
directly from the definition of f thatf’ = £ and(f*)' = £*, wheref* denoteshe complexconjugateof f
definedby f*(k) = (f;(k))" = e?7kii/" | Hence,the imagealgebraequivalentof the DIFT is given by

_ %(a Of). (6.1.14)

The notion of the Fouriertransformandits inversecanbe easily extendedo functions f € C'(R?).
In particular,the two-dimensionaFourier transformpair is given by

o0 o0
f(u,v) = / / fla,y)e 2rilwestod) gudy (6.1.15)
—00 —0O0
and
o0 o0
_ / / 2T EuY) gy | (6.1.16)
For discretefunctionsa : 7Z,, x Z,, — R we havethe two-dimensionaldiscreteFourier transform
n—1m—1
=YY a(j, ke ilmrEn) (6.1.17)
k=0 j=0

with the inversetransformspecifiedby

—1m-1
J, k Z Z a(u,v) e2mi(ugoy) (6.1.18)
nm
v=0 u=0
The imagealgebraequivalentformulation of the transformpair 6.1.17and6.1.18is given by
a=a@®f (6.1.19)
and )
a=—a®df), (6.1.20)
nm
wheref € (CX)* is defined by
f(u,v)(]ak) = 6727ri(j%+k%) ) (6121)

andX = 7,, x Z,,.

The two-dimensionaFourier templatef definedby Eq. 6.1.21satisfiesthe conditionsof Theorem
6.1.4
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6.1.6 Example: SupposeX = Z, x Z3. Then
f(u,v) (],k) — e—?wi(j%-l—k%) ,

where0 < j,u < 1 and0 < k, v < 2. The matrix /' = ¢(f), called the Fourier matrix
correspondingo f, is given by

11 1 |1
1 6727” 67%7{'1 | 1 efzﬂz efiwz
1 6—%7{'1. e—%wi | 1 e—%wi 6—%7{"&.
Fin F
w=r= ot o PG R
1 1 1 | -1 -1 -
1 6_57” e—gﬂ'l | _1 —e Eﬂ'l _ —Eﬂ'l
1 6_57” e—gﬂl | _1 _e——7rl —6_57”
The matricesA;; derivedfrom F are given by
11 1 1 1
App= 1 1], Ap=[e 5™ e 5™ | Ajp= | e 5™ 5™ |,
1 1 67%7” e*%ﬂ'l 7%7{'1 e %’/TZ

e

1 -1 1 -1 1

Aoy = 1 1 Aoy = — 2 — 2 Aga = — % — 4

21 = - , 22 = | € 3 —€ 3 , A13 = | € 3 —€ 3

4. ; 2. :
1 -1 e 3™ —e 3T 3

Clearly, each A;; hasrank 1. Choosing

1 1
a(l,1)=a(2,1)=[1 ], a(1,2) = a(2,2) = (eiﬂ ,

1 e 5T
and
1
a(l,3)=a(2,3)= [ e 57 |,
e 3"
thens;;(k) = 1fori, j =1,2, k=1, 2, 3 aslongas: # 2 whenever = j, ands2:(k) = —1
for k = 1, 2, 3.
HenceS;; = —Is and S;; = Is in the remainingcases.
Also,
1 1 1
Riit=Ry =1 e 3" e 37
1 e 5™ e 57

According to the proof of Theorem6.1.4
F = (Rll 0 ) . (511 812)
O Ro So1 S22

_(Ruu O I I3\
S s
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Settingr = ¥!(R) ands = ¢~1(5) we obtainf = r @s, where

Sov) = S1v) =

5.
327rvk_

and r(uyv)(j, k:) =€

In the aboveexample the row templater doesnot dependon the variablesu andj andis, therefore,
PLLRYY

equivalentto the one-dimensionaFouriertemplater,(k) = e~ = ** (n = 3). This holdsin generaland
follows from the law of exponentsj.e., e*T¢ = e* - ¢¥. More precisely,since

f(u,v)(ja k) = 672“(%34—%]0 = ek e = r,U(]C) ’ su(j)a

the templatet canalwaysbe written asthe productof a row anda columntemplate,namelyf = r Ps.
Therefore,

a=(a@®r)®Ps. (6.1.22)

Equation6.1.22 saysthat the two-dimensionalFourier transformcan be computedin two stepsby
successivapplicationsof the one-dimensionaFourier transform;first along eachrow of a followed by
a one-dimensionakFourier transformalong the columnsof the result. Observethat the rolesof r ands
can be reversed;ithe sameresult can be obtainedby first taking the one-dimensionaFourier transform
along the columnsof a and then along the rows of the result.

As a final observationwe note that Eq. 6.1.20implies that

1 *
= —(@ " @fH)". 6.1.23
a nm(a @f) ( )
This meansthat the inverseFourier transformcan be computedin termsof the Fourier transformand
simple conjugation.

6.2 Block Structured Matrices and the Fourier Matrix

The isomorphismiy) mapsmany commonly usedtemplatesto matricesthat display highly regular
structures.Many of thesehighly regularmatricescanbe subdividednto blocksof submatriceshatexhibit
similarities or commonpropertiesthat prove very usefulin transformoptimization. The Fourier matrix
is a particularly elegantand useful exampleof a block structuredmatrix. Due to the particular block
structureandintrinsic propertiesof the Fourier matrix, block structuredmatricesarise quite naturallyin
the analysisand optimization of the discreteFourier transform.

In this sectionwe digresstemporarilyto studya few conceptdrom the theory of block matricesand
investigatesomepropertiesof the Fourier matrix.
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Columnandrow partitioning of a matrix are examplesof matrix blocking. The notation

AOO AOI e AO,nfl
AIU All Tt Al,nfl
A= . . . .
Am—l,O Am—l,l Ut Am—l,n—l

is usedto denotean m x n block matrix, whereeachblock 4;; is anm; x n; matrix of scalars. The
specialcasewherem = 1 or n = 1 providesfor row and column block vectors.

The manipulationof block matricesis analogougo the manipulationof scalammatrices.For example,
if A= (A;;)Iisam xp blockmatrixandB = (B;;) is ap x n block matrix, thenthematrix C = A- B
is the m x n block matrix C' = (C;) definedby

p—1
Cij =Y A By,
k=0

where the individual matrix pairs A;,, By; are assumedo have dimensionssuch that the product
A Bkj exists.
One of the simplest type of block matrices are block diagonal matrices. Recall that if

a = (ap,a1,...,a,1) € C", thenthe matrix A = diag(a) = diag(ay, as, ..., a, 1) iS
the n x n diagonal matrix with diagonal entries ag, a1, ..., a,_1. This concept generalizesto
block vectors. If (Ao, Ay, ..., Ar—1) is a block vector such that each 4; € M, «,(C), then
A = diag(Ao, A1, ..., Ax_1) is the kn x kn block diagonalmatrix

Ag O - 0

0O 4 - O

A= . Do :

O O - Ap,
This shouldnot be confusedwith diag(A) when A € M,,x,(C), in which casediag(A) is a vector of
scalarsgiven by diag(A) = (aoo, @11, -+ 5 Gn—1,n-1)-

A keyrole in the theoryof block matricesis playedby the tensorproductand we shall makeheavy
useof it in subsequensections. For example,if I, denotesthe n x n identity matrix, thenl, ® A is
the block diagonal matrix

A O --- 0O
noa=|9 400
00 - A
More generally, we have
I, @ (I, ® A) = I, ® A. (6.2.1)
This follows from the even more generalproperty
(A B)-(C®D)=(A-C)® (B-D), (6.2.2)

where we assumethat the ordinary matrix productsare defined.
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