
where ���������	��
�� . For multiplication, we have
���������������� ����������� � � ����� ����� � � � �����! 
where ���"� �#$&% � � $ 
'��( $ . Althoughpolynomialadditionis obviouslycommutativewe notethat if ) is not a

commutativering, then

�#$&% � � $ 
 ��( $ neednot be equalto

�#$&% � 
 $ � ��( $ . However,associativityof polynomial

multiplication follows directly from the fact that � )  ��*� is a semigroup.In particular,suppose
������ and������� areas above, + ����� �-,#$&% � � $ � $ , � �.��� � 
������/�0���.��� , and 1 ����� � �������2� + ����� . Then� �����3� + �.��� � ,4� % ��5 � � �  7698;:=<�: 5 �"� �4>=% � � > �'��( >@?0A;B � > � >4 $&% � � $ 
 > ( $DC
Also, 1 ����� � ,4E % � 1 E � E  GFIH 5 + 5 1 E � E4J % � 
 J � E ( J C
Therefore,K 
��.�������������.L.� + �.��� � ,4� % � M �4>=% � � > � ��( >0N � � � ,4� % �"O �4>=% � M >4 $&% � � $ 
 > ( $PN � ��( >�Q � � � ,4� % �SRT 4$VU J UXWY% � � $ 
 J � W!Z[ � �� ,4� % �SRT �4E % � ����( E]\^ E4J % � 
 J � E ( J�_` Z[ � � � M ,4 $&% � � $ � $ N RT ,4E % � \^ E4J % � 
 J � E ( JY_` � E Z[ � 
������3� K ��������� + �.���.L C

The fact that multiplication distributesover additioncanalsobe provenin the samestraightforward
but cumbersomefashion. Thus, our discussionshowsthat the threering axiomshold for polynomials
with coefficients in a ring. We statethis observationas a theorem.

3.6.2 Theorem. Theset ) K �aL of all polynomialsin an indeterminate� with coefficientsin a ring )
is a ring underpolynomialadditionandmultiplication. If ) is commutative,then ) K �aL is also
commutative,and if ) hasunity 1, then 1 is also the unity for ) K �DL .

Thus, b Kdc L is the ring of polynomialswith integralcoefficients, e Kdc L is the ring of polynomialswith
real coefficients, and f Kdc L is the ring of polynomialswith complexcoefficients. The elementsof these
rings arethe polynomialsoneencountersin elementaryalgebra.A lesscommonring of polynomialsin
one variable is the ring bXg Kdc L . Here we have��� �]h � � ��� ��h � � � h���h ��� � � h���h � ��i � ��ij��i
and ��� �]h � g � ��� ��h ����� ��h � � � g � � h���h ��� �]hk� � g �lh C

The most importantpolynomial domainsarisewhen the coefficient ring is a field m . The ring of
polynomials m K �aL over a field m hasa numberof propertieswhich parallel thoseof the ring of integersb . For example,we know from elementarynumbertheorythat if n is a positiveintegerand o anyother
integer, then thereexistsuniqueintegers � and + such thato � n � � + ?0A;B iqp +qrsn C
This is alsoknownasthedivisionalgorithm for the integers.A similar resultholdsfor elementsof m K �aL .
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3.6.3 Theorem. (Division Algorithm for t�u*vDw ) Letx�y v�z7{]|~}G��|��=vj�������=��|��Dv �
and � y v�z7{���}G�����Yvq�]�����=���'��v �
be two elementsof t�u�vaw , with |�� and �'� bothnonzero elementsof t and ���]� .
Thenthere existuniquepolynomials� y v�z and � y v�z in t�u�vaw suchthatx�y v�z2{ � y v�z���� y v�zX��� y v�z;�
with the degreeof � y v�z lessthan ��{������a�0��� � y v�z .
Proof: Considertheset ��{�� x�y v�z3� � y v�z��=� y v�z��7� y v�zG ¡t�u£¢�wP¤ . Let � y v�z¥ S� suchthat for
any other ��¦ y v�zI §� , degree� y v�z©¨ª��¦ y v�z . Then � y v�z is of form � y v�z9{ x�y v�z/� � y v�z2�«� y v�z
for some � y v�z¥ §t�ud¢�w . Adding

� y v�z2��� y v�z to both sidesof this equationwe havethatx�y v�z2{ � y v�z���� y v�zX��� y v�z;¬
Next we showthat thedegreeof � y v�z is lessthan � . Supposethat � y v�z2{ ­®¯V° }�± ¯ v ¯ with ± ¯  ²t
and ± ­´³{µ� if ¶ ³{µ� . If ¶l·�� , thenx�y v�z3�§� y v�z�� � y v�z�� y ± ­0¸ � � z�v ­�¹ � � � y v�zG{�� y v�z�� y ± ­0¸ � � z�v ­�¹ � � � y v�z;¬ (I)

Now let the left side of EquationI be representedby� ¦ y v�zG{�� y v�zº� y ± ­0¸ �'�kz�v ­�¹ � � � y v�zG{�� y v�zº� ± ­X» v ­ � y �'� ¹ � ¸ �'��z�v ­=¹ � �¼���½�'� y �'} ¸ �'�¾z�v ­=¹ �©¿ ¬
and let À y v�z©{ y �'� ¹ � ¸ ���Iz�v ­=¹ � �ª�����Á� y ��} ¸ �'��z�v ­�¹ � . Then� ¦ y v�z2{ ± ­�¹ � v ­�¹ � ��������� ± } � ± ­ À y v�z
which is of degreestrictly less than ¶ . Furthermore,setting � y v�z¾{ » � y v�z�� y ± ­ ¸ �'�¾z�v ­=¹ � ¿andsubstituting� into the right sideof EquationI we obtain � ¦ y v�zG{ x�y v�za� � y v�za��� y v�z . Thus,� ¦ y v�z is anelementof � of degreelessthan � y v�z , contradictingthe fact that � y v�z wasselected
to haveminimal degree.Therefore ¶ must be less than � .

We haveleft to show that � y v�z and � y v�z are unique. Supposethatx�y v�z�{ � y v�z���� y v�z��¼� y v�z
and x�y v�z�{ � y v�z���� ¦ y v�zX��� ¦ y v�zÂ¬
Then subtractingthe secondequationfrom the first, we have� y v�z3� » � y v�z��¼� ¦ y v�z ¿ {�� ¦ y v�z��¼� y v�z;¬
Sincethedegreeof ��¦ y v�z=�k� y v�z is lessthanthedegreeof

� y v�z , wemusthavethat � y v�z=�k��¦ y v�z/{� or � y v�z¥{���¦ y v�z . But thenwe musthavethat ��¦ y v�z2�´� y v�z¥{Ã� or ��¦ y v�z¥{�� y v�z .
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Q.E.D.

The polynomial Ä�Å.Æ3Ç in Theorem3.6.3 is called a divisor of È�Å�Æ�Ç whenever É�Å.Æ�Ç is the zero
polynomial. The polynomials Ê�Å�Æ�Ç and É�Å�Æ�Ç can be computedby the samelong division as usedin
high school for dividing real polynomials.

If Ë is a field or a commutativering and ÌkÍÎË , thenthe function Ï/Ð9Ñ�Ë�ÒdÓDÔ�ÕÖË definedbyÏ�Ð;×ªØÙ ÚVÛ!ÜGÝ Ú Æ ÚßÞáà ØÙ Ú&Û!ÜGÝ Ú Ì Ú
for each

Ý~â�ãlÝDä Æ ãÃå�å�å�Ý Ø Æ Ø ÍlË�ÒdÓ�Ô is a homomorphism.We leaveit to the readerto checkthat Ï�Ð
preservesthefield operationsof additionandmultiplication. It is commonpracticeto let thesymbol È�Å.Ì�Ç
denotetheevaluationÏ7Ð�ÅæÈ�Å�Æ�Ç½Ç à Ý Ü ãçÝ~ä Ì ã²å�å�å.Ý Ø Ì Ø . This notationprovidesfor thefollowing definition.

3.6.4 Definition. Let Ë be a commutativering or field, ÌSÍ]Ë , and È�Å�Æ�ÇèÍ]Ë�ÒdÓ�Ô . If È�Å�Ì�Ç àêé
,

then Ì is a zero of È�Å.Æ�Ç .
In termsof this definition, theproblemof solvinga polynomialequationis identicalto thatof finding

all the zeros of the correspondingpolynomial. Of course,the zerosof a polynomial are found in terms
factoring the polynomial into productsof lower degreepolynomials.

3.6.5 Corollary. An elementÌ�Í¡Ë is a zero of È�Å.Æ�Ç¥Í¡Ë�ÒVÓ�Ô@ë"ì Æ@í²Ì is a factor of È�Å�Æ�Ç in Ë�ÒdÓ�Ô .
Proof: Supposethat ÌîÍÃË and È�Å�Ì�Ç àïé

. Then by Theorem3.6.3 ð¥Ê�Å.Æ�Ç�ñ'É�Å.Æ�ÇçÍòË�ÒdÓ�Ô
such that È�Å�Æ�Ç à Å.Æ	í§Ì�Ç å Ê�Å.Æ�Ç ã É�Å�Æ�Ç;ñ
wherethe degreeof É�Å.Æ�Ç is lessthan1. It follows that É�Å�Æ�Ç à Ý for some

Ý Í²Ë . ThusÈ�Å.Æ�Ç à Å�Æ"í¼Ì�Ç å Ê�Å�Æ�Ç ã�Ý�ó
Applying the homomorphismÏ7Ð , we obtainéqà È�Å�Ì�Ç à�é å Ê�Å�Ì�Ç ã¼Ý�ó
Hence,

Ý àÃé
and È�Å�Æ�Ç à Å.Æôí§Ì�Ç å Ê�Å.Æ�Ç . Thus, Å�Æ"í¼Ì«Ç is a factor of È�Å�Æ�Ç .

Conversely,if Å�Æ"í´Ì�Ç is a factor of È�Å�Æ�Ç , then applying the homomorphismÏ7Ð to È�Å�Æ�Ç àÅ�Æõí¼Ì�Ç å Ê�Å.Æ�Ç , we obtain È�Å�Ì«Ç à�é å Ê�Å�Ì�Ç à�é
.

Q.E.D.

Factorizationof polynomialsplaysan importantrole in the optimizationof certainimagetransforms
(Chapter5). Similar to thefactorizationof numbersinto primenumbers,polynomialscanonly befactored
into prime componentsthat cannotbe factoredany further. More precisely,a nonconstantpolynomialÈ�Å�Æ�ÇõÍÃË�ÒdÓ�Ô is an irreducibleor prime polynomial in Ë�ÒdÓ�Ô if È�Å�Æ�Ç cannotbe expressedas a productÄÁÅ�Æ�Ç å Ê�Å.Æ�Ç of two polynomialsin Ë�ÒdÓ�Ô , both of lower degreethan the degreeof È�Å�Æ�Ç .
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In additionto factorizationinto prime components,the ring of polynomials ö9÷*øDù over a field ö has
manyotherpropertieswhich parallel thoseof the ring ú of integers.For example,the set ö�÷dø�ù may be
partitionedby any polynomial ûÁü�ý�þkÿ�ö�÷dø�ù of degree� ���

into a ringö�÷dø�ù���ü���ü�ø;þ'þ	��
�÷ �/ü½ø;þ ù�
�÷��~ü½ø!þ.ù�
��������
of equivalenceclassesjust as ú waspartitionedinto thering ú���ü��/þ	��ú�� . For any ��ü�ý�þ�ÿ¡ö�÷dø�ù we define÷ ��ü�ý�þ.ù���
���ü�ý�þ �"!½ü½ý�þ$#=ûÁü½ý�þ&%	!½ü�ý�þ¥ÿ¡ö�÷dø�ù'�&(
Then ��ü�ý�þ�ÿ§÷ ��ü�ý�þ ù sincethezeroelementof ö is alsoanelementof ö�÷dø�ù , and ÷ ��ü�ý�þ.ù��ª÷*)�ü�ý�þ.ù if andonly
if û0ü�ý�þ is a divisor of ��ü.ý�þ�+,)�ü�ý�þ . In analogywith arithmeticmodulo � , we denotethis last condition
by ��ü�ý�þ.-/)�ü�ý�þ½ü103254IûÁü�ý�þ½þ .

We now defineadditionand multiplication on theseequivalenceclassesby÷ ��ü�ý�þ.ù6�l÷7)�ü�ý�þ.ù��Ã÷ ��ü�ý�þ �,)�ü�ý�þ ù
and ÷ ��ü�ý�þPù8#�÷7)�ü�ý�þPù �Ã÷ ��ü.ý�þ$#�)�ü�ý�þ ù9

respectively,and leaveit to the readerto convincehimself of the following facts:

(1) Addition and multiplication are well definedoperationson ö�÷dø�ù��0û0ü�ý�þ .
(2) ö�÷dø�ù'�«ûÁü�ý�þ has [0] as zero elementand [1] as unity, where0 and 1 are the zero and unity of ö ,

respectively.
(3) ö�÷dø�ù'�«ûÁü�ý�þ is a commutativering with unity.

As for the elementsof ú � , we let the polynomial ��ü�ý�þ representthe equivalenceclass ÷ ��ü�ý�þ.ù ,
keeping in mind that polynomial arithmetic is performedmod ûÁü�ý�þ . For instance,if :�÷dø�ù'��;.ý=<>+ ��?
denotesthe quotient ring of polynomialsmod ý < + �

, and ýA@B+ �
and ýC+ �

are viewed as elements
of :�÷dø�ùD��; ý < + ��?

, then ;.ýA@E+ ��? #Dü�ýF+ � þ3� ýA@G+]ý . In general,if ö�÷Vø�ù���ü�ý=HG+ � þ denotesthe ring
of polynomialsmod ü�ý=HI+ � þ , then we considerthe elementsof this ring to be polynomialson which
multiplication is performedby replacing ý H with 1 whereverit appearsratherthanusingthe equivalence
classnotation [ ].

Onereasonfor our emphasisof polynomialrings is the immediateconnectionbetweenconvolution
of sequencesof numbersandpolynomialproducts.Convolutionsof sequencesareusedin digital signal
processingas the primary meansof filtering. In imageprocessing,convolutionscan be usedfor such
methodsas edgedetection,imageenhancement,and templatematching. A commonlyusedfilter is the
non-recursivefinite impulse responsefilter. A finite impulse responsefilter is simply a tappeddelay
line in which the outputsat eachstageare multiplied by fixed constantsand then summed. In precise
mathematicalterms,let ûF�J
�ûLK'� KNM9O and PQ�R
5P�KS� K�M9O be two sequencesof numbers.We assumethatûTK	�VU wheneverW&XYU or W[ZV� for somefixed positive integer � . Similarly, P�K	��U wheneverW[X\U orW]Z^0 for some 0 ÿ¼ú$_ . If the sequences representsthe sampledinput signal and f the sequenceof
filter tap weights,thenboth input andfilter sequencescanbe representedby the polynomialsû0ü�ý�þ&� H` KbaAc ûTK ý Ked5fLg P3ü�ý�þ&� h` KiaAc P�K.ý K (
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The integer j indicatesthe numberof stagesin the filter and is assumedto be much smaller than k
which is assumedto bevery large. The linear convolutionof thetwo sequencesis simply thepolynomial
productlLmSnLo	pVq9m1n o8rSs$m1n o andthe coefficientsof lLmSnLo arecalledthe outputsequenceof theconvolution.

Another form of convolution is the cyclic convolution, which is closely related to the linear
convolution. Here the input sequenceqtpvu5q�w'x�y{z�|wb}�~ and filter sequences�pvu�sT��x�y�z8|��}A~ are assumedto
havethe samelength. Thecyclic convolution, of the two sequencesis definedasthe polynomialproduct
in �������D�{m1n yG�Y� o ; that is,

lLmSn o�p�q9m1n o�r�s$m1n o�j3�5��m1n y �Y� o	p y�z�|�� } |
�� �� wi�8�����E�S� y } � qTw�sT�����n �> 

where the coefficients of lLm1n o form the output sequence.

Linearconvolutionscanbecomputedfrom cyclic convolutionsby separatingthe input sequenceinto
shortsections.Eachsectionis then individually processedasa cyclic convolutionandproperlymerged
with the other sectionsto producea linear convolution. For example,assumeqFp¡u�q w x ywb}A~ is our input
sequenceand s¢p£u�sT��x y��}A~ the desiredfilter sequence.Supposethat we wish to computethe linear
convolution q5mSnLo�r�s$m1n o in termsof a cyclic convolutionon sectionsof length ¤ , where jv¥Y¤ and k is
much larger than ¤ . Onemethodfor achievingthis is asfollows. For ¦¨§ª©	¥Y¤ and ¦«§,¬­¥Yk we first
constructpolynomials q � ~�� m1n o , q � | � m1n o   ®�®�®L  q � ��� m1n o having coefficientsq � ~��w pVqTw   q � | �w pVq wb� � � z �>�   q �b¯ �w p\q wb� ¯N� � z �>�  >®�®�®�  q � ���w p�q wi�8� � � z �°�A±
Note that thereis an overlapof j coefficients in the sequencesq �b² � and q �i² � | � .

To illustratethe constructionof thesepolynomials,considerthe casewhere ¤­p\³ and j´pVµ . Then¦�§¶©C¥·³ andq � ~�� p�u�qT~   q |   q ¯ x   q � | � p�u5q |   q ¯   qT¸�x   q �b¯ � p�u5q ¯   qT¸   qN¹5x  >®�®�®A >º�»�¼ ±
Now supposethat l m1n o½p ¾¿À }A~ l À n À representsthe linear convolution l m1n o½pJq9m1n oÁr{s$mSnLo and thatl � À � mSn oEpÂq � À � m1n o�r�s$m1n o�j3�5��Ã'n � �Y��Ä representsthe Å th cyclic convolutionsegment.Then,exceptfor

thefirst j coefficients,all thecoefficientsof lLm1n o canbefoundamongthecoefficientsof thepolynomialsl � À � mSn o , where ¦­§�ÅÆ§Ç¬ . A quick checkshowsthat thesecoefficientsareas follows:l � ~��w p,l w   l � | �w p,l wb� � � z �E�   l ��¯ �w pÈl wb� ¯�� � z �>�  �®�®�®[  l � ���w p,l wb�8� � � z �>�  
where jv§Y©[¥Y¤ . As canbeascertainedfrom thenextexample,eachcyclic convolutionproduces¤ � j
coefficientsof the linear convolution,the remaining j coefficientsaresimply discarded.

3.6.6 Example: Supposeq denotesthe input signalwith degreeq9m1n oEp^k very large. If the filter
is of length threewith tap weights s ~ p �É�   s | p^¦  EÊ5Ë�Ì s ¯ p � , then s$m1n oEp^n ¯ �Y� . The
linear convolution lLm1n o½pÍq9m1n oÁr{s$m1n o is given bylLm�n oÁp � qT~EÎªm � q | oSnIÎYm�qT~ � q ¯ o1n ¯ ÎYmSq | � qT¸{o�n ¸ Î ®�®�® ÎÇm1q y{z ¯ � q y o�n y � ¯ ±
Thus, l ~ p � q ~   l | p � q |   l À pÏm1q À z ¯ � q À o for ÅvÐ � . Computing the linear
convolution in terms of cyclic convolutionsof length j pÑ³ by using the formulationl � À � mSn o½peq � À � m1n oÁr{s$mSnLo�j3�5� Ã n � �Ç� Ä we obtainq � À � m1n o�pVq À ÎÈq À � | n«ÎÇq À � ¯ n ¯  tÒÔÓ{Õ Å3p\¦   �  �®�®�®]  k � µ ±
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Therefore,ÖL×�Ø�ÙSÚ�Û ÜEÝRÞ�ß Øáà ß Ø�âLã Û à ß Ø�âåä ÛAä�æAç�è'Û�äêéÇë�ìêí3î5ïðè'Û=ñ>éªë�ì and,hence,Ö ×bØ�Ù Ú1Û Ü�Ý¢Ú�ß Ø�â�ã éQß Ø Ü à Ú1ß Ø�â�ä éQß Ø�âLã Ü1Û à Ú�ß Ø é,ß Ø�âLä Ü1Û ä�ò
SinceíóÝVô , thefirst two coefficientsof thecyclic convolutionarediscardedandtheremainingõ é3íÍÝ�ö[é.ô÷Ý^ë , which in this caseis Ú1ß Ø é"ß Ø�âLä Ü , matchesall thecoefficientsof the linear
convolutionexceptfor the first í£ÝÂô coefficients,namely Ö=ø and Ö ã .
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Figure 3.6.1 Linear convolution by sections.

Figure3.6.1providesa pictorial representationof thecomputationof a linearconvolutionasa
convolutionby sections.Herethefilter is superimposedoverpart of the input sequence.After
the necessaryarithmeticcomputationis performedthefilter is movedonestepto the right and
the computationalprocessis repeated.

The reasonfor computinglinear convolutionsin termsof cyclic convolutionsis the existenceof a
multitude of fast algorithmsfor computingshort cyclic convolutions[5, 22].

The conceptof a ring of polynomialsin one variablecan be generalizedto rings of polynomials
in severalvariables.

3.6.7 Definition. For any ring
�

, we definerecursively�������	�
������
�
�
��
�����������������
������
�
�
��
���	����������� �"!
If

�
is a ring with unity 1, then for any #%$ �

, we havethat
� # �'&�(��*)	+ # ��,�- . But by definition

of polynomial multiplication,
&�(��*)/.�+ # ��,�-0�1&�( # )	+2����,�-0� # � . Thus,

� # � # � , which meansthat
�

commutesin
�������

with any elementof R. Similarly if
�

hasunity, then so does
�������

and, hence,in���3���54 ���6���3���2��4 �
we have 47�8�9&
(�4�):. + �;.�4 , - �<&
(��*)=. + 4>.�4 , - ����4?!

But then,clearly,
�������@�34 ���A����4��B���

or
�����=�
4��C�A����4��B�D�

. By repeatedapplicationsof this argumentwe
seethat in forming

����� � �
� � ��
�
�
@� � �
, the order in which the

�FE
’s are adjoinedis immaterial. It should

be observed,however,that if
�

doesnot haveunity, then it is meaninglessto considerthe product
� #
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in termsof the definitions of multiplication which we areusingsince,andthis is the crux of the matter,G cannotbe an elementof H�I G�J . We shall not be too concernedwith this subtletyas all rings we will
use in our applicationswill be rings with unity.

As we havenotedearlier,rings of polynomialsin onevariableprovidea useful theoreticalfounda-
tion for studyingconvolutionsusedin one-dimensionalsignalprocessing.A similar situationexistsfor
studyingconvolutionsfor higherdimensionalsignalprocessing.For theanalysisof 2–dimensionalconvo-
lutions,which area basictool in digital imageprocessing,therings KLINM�O�P J and KQIRMSO�P J�T�U@G�V�WYX O5Z�[ W\X�] ,
where K_^a`	bLO
c?d , play a key role. Here KQIeMSO�P JfT UgG V W_X O
Z [ WYX�] denotesthe quotientring of polyno-
mials mod U@G V W\Xh] andmod U Z [ W_Xh] ; i.e., the elementsof this ring arepolynomialsin two variables
on which multiplication is performedby replacing G V and Z [ with 1 whereverthey appear,ratherthan
using setsof equivalenceclasses.As before,multiplication of elementsin KLIiMSO�P J correspondsto lin-
ear convolutions,while multiplications of elementsin KQIRMSO�P J�T�U@G V WYX O
Z [ W\X�] correspondsto cyclic
convolutions.

3.7 Vector Spaces

The theory of solutionsof systemsof linear equationsis part of a more inclusive theory of an
algebraicstructureknown asa “vector space.”As we assumethe reader’sacquaintancewith this topic,
our treatmentof vectorspaceswill be brief, designedonly asa recall of basicconceptsandtheorems.

Although vector spacetheoryas coveredin elementarylinear algebracoursesis usuallyconcerned
with the EuclideanvectorspacesbQj , the operationsof vectoradditionandscalarmultiplicationareused
in many diversecontextsin mathematicsand engineering. Regardlessof the context, however,these
operationsobey the sameset of arithmeticrules. In the generalcase,the scalarsareelementsof some
field, which may be different than the real numbers.

3.7.1 Definition. A vectorspacek over thefield K , denotedby k U K ] , is anadditiveabeliangroupk togetherwith anoperationcalledscalarmultiplicationof eachelementof k by eachelement
of K on the left, suchthat lnm/O5op^qK and rsOutv^qk the following five conditionsaresatisfied:wyx mYz"rp^qkwy{ m_z U o_z r ];|}U m=o ] z�rw�~ U m%��o ] z r |1U m�z�r ] � U oqz�r ]w�� mpz U rq��t ];|1U m�z�r ] � U m�z�t ]wy� X z7r | r
The elementsof k arecalled vectorsand the elementsof K arecalledscalars.

If the field K of scalarsis clear from the context of discussion,then it is customaryto use the
symbol k insteadof k ( K ). We alsonotethat in comparisonto the algebraicsystemsdiscussedthusfar,
multiplication for a vector spaceis not a binary operationon one set, but a rule which associatesan
element m from K and an element r from k with the element maz�r of k .

3.7.2 Examples:
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(i) Considerthe set ��� . It follows directly from Theorem2.8.2 that �g���>����� is anabeliangroup
which satisfiesaxioms �y� through ��� for all pairs of real numbers� and � . Thus �g���>�����
is a vector spaceover � .

(ii) It follows from Example3.5.6 that for any field � , �p�D�����u�/� is an additiveabeliangroup. It
is also easyto seethat if one defines scalarmultiplication by

�a���@�7���������@�C���3�	�8�S�_�q�¡ �¢y£9���¥¤h¦ §��F�a¨�©��g�s�
�
thenaxioms � � through � � will hold. Thus, � ��� � �g�s� is a vectorspaceover � .

Oneof themostimportantconceptsin thetheoryof vectorspacesis thenotionof linearindependence.

3.7.3 Definition. Let ª ( � ) be a vectorspaceand «��<¬�­C���5­�®���¯�¯�¯B�5­C° ± a subsetof ª . If for every
combinationof scalars�C���
�C®���¯�¯5¯�����²

�C�s��­:�/���C®s��­:®/��¯�¯�¯��_�C²³��­ ° ��´ µ �=�:��¶¸·�¹ ºs»¼��½ �
¾���¯�¯B¯��5¿y�
thenthe vectorsin « aresaid to be linearly independentover � . In this definition, 0 denotes
the zerovector in ª and 0 denotesthe zeroof � . If the vectorsarenot linearly independent
over � , then they are linearly dependentover � .

Note that if the vectors are linearly dependentover � , then for some combination of scalars�C���
�C®���¯�¯�¯B�
� ²8À �=�>Á�Â¶ for at leastone »?�Ã½��
¾���¯B¯�¯��
¿ suchthat

�C�s��­:Ä¸�Å����­:Æ¸��¯�¯�¯��_��°L��­�°���´>Ç
In this casewe can solve for ­�¦ :

­��=� ²ÈÉ
ÊyË�ÌÍÉ�ÎÊyÏiÐ�Ñ É
ÒyÉ�Ó8Ô³Õ�Ö�×BÖ Ñ É³Ø}ÙÛÚ ÉÚ ÏÛÜ
That is, Ò Ï can be expressedas a linear combinationof the remainingvectors;i.e., Ò Ï dependson the
remaining Ò É ’s.

3.7.4 Examples:

(i) The vectors Ý5Þ Ó
ß�à
Ó Ý ß�Ó Þ àâá�ã/ä are linearly independent(over ã ) since

Úaå Ý5Þ Ó
ß�à�æ Ñ å Ý ß�Ó Þ à¼Ø Ý Ú Ó Ñ àFØ Ý ß�Ó
ß�à�çéè Ú Ø�ß�ê�ëyì Ñ Ø�ß�í Ú Ó Ñ áqã Ü
(ii) The vectors(-3,6), (3,-4), and (-1,0) are linearly dependentsinceî å Ý Ùâï�Ó5ð7à�æ�ï å Ý ï�Ó�Ù/ñ�à�æ_ï å Ý Ù Þ Ó
ß�à�Ø Ý Ù?ð�Ó Þ î àyæ Ýgò Ó�Ù Þ î à*æ Ý Ù?ï�Ó
ß�à�Ø Ý ß�Ó
ß�à Ü
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(iii) The vectors ó�ôvõ�ö ÷hø	ùù ÷ûúýü�þyÿ�� ôvõ � ÷� ù�ú
are not linearly independentsince � ô ù ó .

If � is a vector space,then certainsubsetsof � themselvesform vector spacesunder the vector
addition and scalarmultiplication definedon � . Thesevector spacesare called subspacesof � . For
example,the set � ô��	��

����������������ô ö 
�� is a subspaceof ��� . Obviously, if ��
���� �!� � , then
defining " ô$#%
 ü�þ�ÿ'& ô$#%� , we seethat & ô$#%�éô$#�� ö 
(�Fô ö ��#%
)�Fô ö " for any real number # . Thus,#���

�����Qô*��#%

��#%���Qô*� " � ö " ��� � andaxiom +-, is satisfied.The remainingfour vectorspaceaxioms
are just as easily verified. However,in order to show that a subset� is a subspaceof a vector space� , it is not necessaryto verify axioms + � through +/. . The following theorem,which we statewithout
proof, showsthat in additionto axiom +), , all we needto showis that � is closedundervectoraddition.

3.7.5 Theorem. If � is a non-emptysubsetof a vectorspace� over 0 , then � is a subspaceof�21 the following conditionshold:

(i) 354 ó6� � � � �87�9/: þ ó<; � � �
(ii) # � � � = #>� 0 ü�þ�ÿ>� � �@?

Let � ô*A�ó , ��BCBDB-�7óFEHG be a subsetof a vector space� and let I � � � denotethe setof all linear
combinationsof the vectors ó , �DBCBCB(��ó E ? That is,I � � �¼ôKJ/óL�Qó�ô EM N5O , # N ó NQP ?
Then if óR� � � I � � � , with ó_ô ESN5O , # N ó N and � ô ESN5O ,	T N ó N � we havefor #U� 0 #=ó_ô ESN5O ,	V N ó N , where

V N ôW#%# N , and ó�; � ô ESN5O ,/X N ó N with X N ôW# N ; T N ? Therefore, #=ó and ó�; � are elementsof I � � �
andby 3.7.5, I � � � is a subspaceof � . The subspaceI � � � of � is said to be spannedby � and the
vectorsof � arecalledthe generatorsof the vectorspaceI � � � . If I � � �¼ô � , thenwe say that � is
a span for � . In particular,if � is a spanfor � , then every vector óY� � is a linear combinationof
the vectorsin � . For example,if ��

���	���Z� � , then ��

������ô$
[� ÷ �]\ �/;^\ � ÷ � ÷ �(;^�_�`\�� ÷ � ? Thusany vector
in � � can be written as a linear combinationof vectorsfrom � ôaAH� ÷ �b\H���)� ÷ � ÷ ���)�`\_� ÷ ��G . Therefore,I � � �nôK� � . Similarly, if c ôLAd� ÷ ��\H���)� ÷ � ÷ ��G and ��

���	�e�f� � , then ��
���� ��ô2��
'gh�_��� ÷ ��\H��;$�_� ÷ � ÷ �
and, therefore, I � c �nôK��� . It follows that spansare not unique.

Closely relatedto the notion of a spanare the conceptsof basis and dimension. To studentsof
science,the conceptof dimensionis a natural one. They usually think of a line as one-dimensional,
a planeas two-dimensional,and the spacearoundthem as three-dimensional.The following definition
makestheseconceptsmore precise.

3.7.6 Definition. A basisfor a vectorspace� is a linearly independentsetof vectorsof � which
spans� . If a basisfor � containsonly a finite numberof vectors,then � is finite dimensional.
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3.7.7 Example:

(i) Let iFjlknm�odp�q_psrDrCrtp�qHu�p�i[vwkxm�q�pCoHp�q�p�rDrCrtp�q u�p[rDrCr)pyi(z{kxm�q�pCrDrCr�ptq�pCo|u , then }~k��Hi�jFp�rDrCr)p)i)z��
is a basis for � z since any vector ��k�m��(jFp�rDrCr(p/��z(uZ�>� z can be uniquely expressedas��k��(jDi�j6���(vDi�v6�$�D�C������z(i)z���} is called the standard basisfor � z , The dimensionof � z
is n, the numberof basisvectors.

(ii) Let � jlka� o qq q�� p � vwka� q oq q%� p ��� ka� q qo q�� p����/� ��� k@� q qq o)� �
Then ��k@� � jDp � v�p ��� p ��� � is a basisfor �hv|�	vDm���u . Any vector �)� �� � � can be uniquely

written as �/� �� � � k � � j�� � � v�� � ��� � � �
� � Note that �hvC�	vDm`��u is of dimensionfour.

If � is a vectorspacewith basis� � j�p � vDp�rCrDr/p � z/� , thenanyvector

� � � canbeuniquelyexpressed

as a linear combinationof the basisvectors

� k z¡¢5£ j � ¢ � ¢ � It follows that v hasa uniquerepresentation

as an n-tuple vector

� k¤m � j�p � v�p�rCrCr(p � z/u sincethe scalars� ¢ express

�
uniquely in termsof a linear

combinationwith respectto the basis � � jDp � v�p-rDrCr)p � z�� .
We remindthereaderthatabasisfor avectorspaceis merelyoneof manykindsof basesencountered

in studyingvariousmathematicalsystems.A basisfor a vector spaceportraysthe algebraicproperties
of the vectorspaceandis intimately connectedwith the linear algebraicpropertiesof the space.Oncea
basisfor a mathematicalsystemhasbeenestablished,we may proceedto describethe propertiesof the
systemunderinvestigationrelativeto that basis.The particularform in which thesepropertiesmanifest
themselvesmay well dependuponwhat basiswe choseto studythem. The ¥ z –topologicalspace¦ z has
differenttopologicalpropertiesthanthevon Neumannspace¦ z . Themostimportantfactsabouta vector
spacebasiscanbe summarizedas follows. Let � be a vectorspaceand �¤kY� � j p � v p�rCrDr/p � z �¨§f� .

1. If � is a basisfor � , thenevery vector of � can be expresseduniquelyas a linear combinationof
the elementsof � .

2. If every vector of � can be uniquely expressedas a linear combinationof the elementsof � , then� is a basis for � .

3. If � is a basisfor � and ©>§�� with � �	ª � m�©!u�« � �	ª � m`�¬u , then © is not linearly independent.

Statement2. follows immediatelyfrom the observationthat the zerovectorhasa uniquerepresen-
tation in termsof the

�F­
’s. Thus, the

��­
’s must be linearly independent.Statement3. implies that the

numberof elementsin a basisof a vector spacemust be unique; that is, everybasisof a vector space
hasthe samenumberof elements.With this in mind, we definethe dimensionof a vector space� as
the cardinality of any basis for � .

3.8 Linear Transformations

In the study of vector spacesthe most important typesof mappingsare linear transformations.It
should,therefore,comeasno surprisethat linear transformationsfrom onevectorspaceinto anotherplay
an importantrole in imagealgebrawhich is concernedwith the transformationof digital andcontinuous
images.
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3.8.1 Definition. A linear transformationor linear operator of a vector space®w¯�°6± into a vector
space²�¯`°R± is a function ³�´µ®¶¯�°�±�·�²~¯`°�± which satisfies³¸¯�¹�ºC»½¼¿¾�ºyÀ�±QÁY¹ ºC³¸¯�»%±[¼h¾ZºC³¸¯`À�±
for all »�Â�À¿Ã ®w¯�°�± and for all scalars ¹�Â�¾YÃ�° .

If in addition L is both one-to-oneand onto, the L is called a vector spaceisomorphism. If³Ä´½®w¯�°�±�·Å²�¯`°R± is a vector spaceisomorphism,then ® and ² are said to be isomorphicvector
spaces.

An equivalentdefinition of a linear transformationthat can be found in many text books is given
by the following theorem.

3.8.2 Theorem. ³@´Æ®w¯�°�±�·Å²�¯�°�± is a linear transformation Ç for every ¹2Ã*° and for all»�Â�À@Ã>®
(i) ³¸¯�¹�»�±¬ÁÈ¹%³¸¯t»%± and

(ii) ³¸¯�»Æ¼�À�±'ÁÉ³¸¯�»%±R¼$³¸¯`À�±
Proof: Supposethat L is a linear transformation. Then by setting either ¾*Á2ÊZËHÌ¨ÀÍÁaÎ
in Definition 3.8.1, we obtain that ³¸¯�¹�»%±^ÁÏ¹%³¸¯�»%± . By setting ¹ÐÁÒÑ�ÁÓ¾ , we obtain³¸¯�»{¼hÀ�±{Á@³¸¯�»%±R¼$³¸¯`À�± .
Conversely,supposethat conditions(i) and (ii) hold. Let »�ÔÆÁÕ¹�» and À%ÔÆÁK¾
À . Then by
condition (ii) we have that¯�ÑÖ± ³¸¯�¹�»½¼¿¾�À�±�Á$³¸¯�» Ô ¼¿À Ô ±QÁ�³6¯b» Ô ±[¼×³¸¯ØÀ Ô ±�Â
and from condition (i) we obtain¯`Ù	±Ú³¸¯�» Ô ±[¼�³¸¯ÛÀ Ô ±QÁ$³¸¯�¹�»�±[¼�³¸¯`¾�À�±QÁY¹%³6¯b»%±[¼�¾%³6¯ØÀ�±�Ü
Equations(1) and (2) imply ¯�Ý ±Ú³¸¯`¹�»½¼�¾�À�±�Á$¹%³¸¯�»%±[¼�¾%³¸¯`À�±�Ü
Thus ³ is a linear transformation.

Q.E.D.

If ³ is a linear transformationmappinga vectorspace®¶¯�°R± into a vectorspace²~¯�°R± , then

(i) ³¸¯�Î_Þ[±lÁ�Î_ß , where Î_Þ and Î_ß are the zerovectorsin ® and ² respectively.

(ii) If À Ô ÂyàDàCàtÂ�À%á are elementsof ® and ¹ Ô ÂCàCàDà�Â�¹[â are scalarsfrom ° , then³¸¯�¹ Ô ºyÀ Ô ¼µ¹Fã6ºyÀ%ãy¼�àDàCàD¼�¹
â¨ºyÀ�á�±�Á$¹ Ô ºD³6¯ØÀ Ô ±[¼�¹%ãRºC³¸¯ØÀFã|±[¼$àDàCà|¼×¹
â¨ºy³¸¯`À�á ±/Ü
Statement(i) follows from the condition ³¸¯�¹Zº�»½¼¿¾ÚºtÀ�±µÁK¹¿ºd³¸¯b»F±�¼×¾hºä³¸¯ØÀ�± with ¹�ÁKÊ and¾�Á>Ê . Statement(ii) can be easily provenby mathematicalinduction.
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3.8.3 Examples:

(i) Recall that the function å2æhç�èxé�ç6ê defined in Example 2.8.3 is one-to-oneand onto
wheneverëÅì*íïîdð�ñ�ðyòDòCòtð�ó%ô . Now supposethat õ)ð�õ	ö�÷¿ç and ø(ð�ùZ÷¿ç�è . Thenå�ú`õüûCøþý�õ ö ûsù_ÿwìLú�� õ'ûCø¬ý×õ ö ûbù����tî��tð�� õüûCøþý�õ ö ûsù��	�`ñ���ð[òDòCò/ð
� õ¬ûCø¬ý×õ ö ûbù��	��ó���ÿìÕúÛõ¬ûCø���î��)ý×õ ö ûtù
��î��tð_õüûCø���ñ���ý�õ ö ûtù
�`ñ���ð�òCòDò/ð/õüûCø���ó��Fý�õ ö ûtù
�`ó��	ÿì���õ¨ûyø���î���ð�õüûCø���ñ���ð[òDòCò)ð õ'ûDø���ó�����ý���õ ö ûtù
��î��tð_õ ö ûbù���ñ���ð�òCòCò)ð�õ ö ûtù
�`ó����ì~õüû��`ø���î���ð/ø���ñ��tð[òDòCò�ð(ø���ó�����ý×õ ö û�� ù���î���ðïù
�`ñ��tð[òCòDò�ð ù��`ó����ì~õüûCå��`ø��tî��tð ø���ñ��tð[òDòCòtð/ø���ó����[ý�õ ö ûyå��Ûù
��î���ðïù
�`ñ���ð[òDòCòtð	ù
�`ó����ì~õüûCå��`ø��
ý×õ ö ûCå�� ù����
Thus, å is a vectorspaceisomorphism,and ç è and ç ê are isomorphicvectorspaces.

(ii) Let ��ì�������ð��� 	�e÷fç  and define !�æfç  é ç#" by!$�%�&��ì'���  ð(� � ð(� � ý��  ���
Then for )nì*�,+ � ð(+  �'÷�ç  and -�ð�.*÷�ç!/�,-Úû0��ý1.Úû�)2��ì3!546��-7� � ð�-7�  �[ý��8.�+ � ð�.�+  �%9)ì3!$��-7� � ý:.7+ � ð(-7�  ý:.�+  �ì'��-7�  ý;.�+  ð�-7� � ý1.7+ � ð�-7� � ý1.�+ � ý:-7�  ý1.�+  �ì'��-7�  ð<-7� � ð�-7� � ý:-7�  �-ý=�%.�+  ð�.�+ � ð�.7+ � ý>.�+  �ì3-�û��%�  ð�� � ð�� � ý?�  ��ý;.Zû���+  ð�+ � ð�+ � ý?+  ��ì'-Zû	!/�8�&�-ý;.Zû�!$�%)2�<�
Note that if we define the matrix a by@ ì*A
B î îî B î
C ð
then !$�%�#�Qì3�ED @
for each ��÷Zç&F . In general,if a is any GHDZó real valuedmatrix, thenwe canalwaysdefine
a linear operator !&I�æ'ç2J�é�ç�ê by !&I��8�&�QìK�LD @
for each �¿÷Zç J . The operator ! I is linear since! I ��-�û0�Æý:.�û()2��ì'�,-ÚûM�{ý;.Zû0)2�ND @ìO��-�û0�7�ND @ ý��%.Zû0)2�ND @ ì'- û��%�1D @ ��ý1.Úû��P):D @ �ìQ-�û�!#IR�P�#�[ý;.Zû�!#I��%)2���
Thus,we canthink of each GHDÚó real valuedmatrix a asa linear operatorfrom ç2J to ç�ê .

(iii) Considerthe mapping !xæ�ç  éÅç  defined by !$�P�&� ìÈú8� � ð(�   ÿ&� Now!$�%�½ý1)2��ìS!
46��� � ð��  ��ýK�%+ � ð(+  �%9ìQ!/�,� � ý:+ � ð(�  ý:+  �QìLú%� � ý�+ � ð0�%�  ý�+  �  ÿ�ð
while !/�8�&��ý?!$�P)2�QìÕúT� � ð(�   ÿ¸ýWú8+ � ð(+   ÿµìLú%� � ý�+ � ð(�   ý?+   ÿN�
Thus, !$�P�½ý:)#�VUì>!$�%�&�FýK!$�%)2� and ! is not a linear operator.
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(iv) Supposethat W�X�Y�Z�X�[	Z�\�\	\
Z�X
]�^ is a basisfor _ and `�a�W	X�Y	Z�X�[�Z�\�\	\�Z�X�]�^cbd_ is a function
definedby `*a
X�e5b f
e for someelementsf Y Z
f [ Z�\	\�\
Z
f ] of _ . Then ` defines a linear
transformation,againdenotedby ` , of _ into itself. Thelineartransformationis simplya linear

extensionof the original function definedas follows. Let fQg ]heji Ylk e X e and X'g ]hemi Y<n e X e Z .
Now extend ` by definingo(p	q `'a k X1g k ]r eji Y k esX�e�b k ]r emi Y k e8f�e
and

o%t�q `ua�fwv1X:g ]r emi Y
o
k e�v n e

q X�e�b ]r emi Y k e8f
ecv ]r emi Y n e8f
e�x
Equations(1) and (2) imply that ` o k f

q g k `
o f q and ` o fyv:X q gz` o f q vK` o X q . Hence,

accordingto Theorem3.8.2, ` is a linear transformation.

From Example3.8.3(iv) onecaninfer thatany linear transformationof a vectorspaceinto itself can
be describedcompletelyby exhibiting its effect on the basisof the space.

Supposè{a/_=b}| is a linear transformation. Then the set W�X:~�_Oa7� o X q g3��^ is called the
kernel of ` and is denotedby ����� o ` q . Since ` o � q g�` o�� � X q g � � ` o X q g*� , �w~/���	� o ` q x Also, iff&Z�X:~������ o � q , then ` o fyv:X q gK` o f q v1` o X q g3��v:�wg3� , and ` o ��X q g3��` o X q g3� � ��g3� . Hencefyv:X and ��X are elementsof �<��� o ` q . According to 3.7.5, ���	� o ` q is a subspaceof _ . In a similar
fashiononecanshowthat �����<�<� o ` q is a subspaceof | . We statetheseobservationsasa theorem.

3.8.4 Theorem. If `�a�_=b}| is a linear transformation,then

(a) the kernel of ` is a subspaceof _ , and

(b) the range of ` is a subspaceof |Ox
The dimensionof �����<��� o ` q is called the rank of ` , andthe dimensionof the kernelof ` is called

the nullity of ` . The importantrelationshipbetweenrank andnullity is given by the following theorem
known as the DimensionTheorem.

3.8.5 Theorem. If �3a�_=b�| is a linear transformationfrom an n-dimensionalvectorspace _ to
a vector space | , then �����
� o ` q v?�
�
�P�s�s��� o ` q gQ��x

A linear transformation �3a�_Qb�| is nonsingularif and only if it is invertible; i.e., if and only
if thereexistsa linear transformatioǹ�� Y a������<��� o ` q b�_ suchthat `�� Y `�gu� , where � denotesthe
identity transformation� o X q gH� on _ .

The next theoremestablishesthe relationshipsof the notionsof nonsingular,dimension,nullity, and
rank.
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3.8.6 Theorem. Let  Q¡�¢Q£d¤ bea linear transformationfrom an n-dimensionalvectorspace ¢
to an n-dimensionalvectorspace¤ . Thenthe following are equivalent:

(a) ¥ is nonsingular

(b) ¥ is one-to-one

(c) ¦�§�¨ª©8¥�«V¬®­�¯
° and ¨�±R²<³�§�©%¥�«V¬�¤
(d) ²�´�µTµ·¶P¸,¹<©%¥�«�¬*º and ¨�±R²�¦l©%¥»«¼¬�²
Proof: The equivalenceof (a) and(b) follows immediatelyfrom Theorem2.5.12.

(b) ½ (c). Supposethat ¾=¬ ¿:¯ and ¾:À5Á�Â�Ãª©� 5« . Then ¥�©8¾2«Ä¬Å¯ and,hence,̄�¬�¥�Æ�Ç	©�¯�«w¬¥�Æ�Ç�¥�©8¾N«&¬KÈl©P¾2«É¬Q¾ , which is a contradiction.Therefore,¦�§	¨ª©%¥�«&¬'­�¯�° . Moreover, ¥ being
invertible implies that ¥ is onto. Thus, ¨�±R²�³<§�©P¥»«�¬�¤ .

(c) ½ (b). If ¥�©8¾N«1¬Ê¯ , then ¾�¬Ê¯ . Thus, when ¥Ë©�Ì7«;¬Í¥�©8¾N« , we must have that¥�©8¾�Î�Ì7«Ä¬'¯ , which meansthat ¾�¬uÌ . Therefore¥ is one-to-one.Also, if ¨�±�²<³�§�©%¥»«/¬S¤ ,
then ¥ is onto.

(c) ½ (a). This is obvious since we already have shown that (c) ½ T is a one-to-one
correspondence.

(c) Ï (d). This follows immediatelyfrom the definition of nullity and rank.
Q.E.D.

This theoremimplies the following corollary:

3.8.7 Corollary. Let ¥>¡�¢Ð£d¤ . Then ¥ is one-to-oneÏ ¦�§�¨ª©8¥»«�¬Ñ­�¯�° .
Nonsingularlinear transformationshavethe importantpropertyof mappingbasisinto basis.

3.8.8 Theorem. If ¥ is a nonsingulartransformationfrom ¢H£�¤ , then ¥ mapsany basisfor ¢
into a basis for ¤ .

Proof: Let ­�¾ Ç�Ò ¾�Ó Ò0Ô�Ô	Ô(Ò ¾�Õ�° be a basisfor ¢ . Then¥1ÖO×Ø ÙmÚ Ç ±lÛ·¾#Û·Ü�¬ ×Ø Û Ú Ç ±<ÛÝ¥Ë©P¾&Û%«ÄÀÞ¨�±R²�³<§�©%¥»«&¬3¤àß
Clearly, ­�¥�©8¾ Ç « Ò ¥�©P¾�Ó	« Ò�Ô	Ô�Ô�Ò ¥�©%¾#ÕR«�° is a spanof ¤ . Now supposethereexist constantsá Ù ¬¿Vº
such that ÕØ Û Ú Ç á Û ¥Ë©%¾ Û «&¬Q¯�ß
Then ¥ Æ�Ç ÖO×Ø Û Ú Ç á Û ¥Ë©%¾ Û « Ü ¬ ×Ø Û Ú Ç á Û ¥ Æ�Ç ¥�©8¾ Û «&¬ ×Ø Û Ú Ç á Û ¾ Û ¬K¥ Æ�Ç ©,¯
«&¬S¯�ß
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But this is acontradictionsinceit meansthatthevectorsâ	ã�ä�å�ã�æ	å�ç�ç	ç(å�ã7è�é arelinearly dependent.
Hence â0ê�ë8ã ä	ì å�ê�ëPã æ	ì å�ç�ç�ç�å�ê�ëPã èRì é are linearly independentand form a basisfor í .

Q.E.D.

Compositionof linear transformationsprovidesthe fundamentaloperationfor the algebra of linear
transformations.Of particularimportanceis the subalgebraof nonsingulartransformations.Composition
of nonsingulartransformationsis closedin the following sense:

3.8.9 Theorem. Supposeê�îRïñð�í and òKî�ó�ô�õ<ö<÷�ë%ê ì ð�ø . Then ò�ùNê�î�ï®ðdø is nonsingular
if and only if ò and ê are nonsingular.Moreover,if ò�ù/ê is nonsingular,thenë�òÞùNê ì�ú ä5û ê ú ä ù
ò ú ä�ü
Proof: If ò and ê are nonsingular,then clearlyë%ê ú ä ù�ò ú ä ì ù�ë�ò�ùNê ì û ê ú ä ùVý�ò ú ä ù�ò�þ/ù2ê û ê ú ä ùNÿ�ùNê û ê ú ä ùNê û ÿ ü
Thus, ò�ùNê hasan inverse,namely ë�òwùNê ì ú ä û ê ú ä ù5ò ú ä and is, therefore,invertible.

Conversely,supposethat òEùÄê is nonsingular.Then ë�òÞùNê ì ú ä existsandòÞù�� êKù�ë,ò�ù2ê ì ú ä�� û ë�ò�ùNê ì ù�ë�òwùNê ì ú ä û ÿ
and,hence,êQù5ë�ò�ùNê ì ú ä û ò ú ä . Thus, ò is invertible. Therefore,ê�ù�� ëPê=ù�ò ì ú ä ù�ò�� û � ê�ù�ë8ê�ù�ò ì ú ä ��ù
ò û ò ú ä ù�ò û ÿ
which meansthat ê ú ä û ë%ê�ù�ò ì ú ä ù�ò . Hence, ê is invertible.

Q.E.D.

As an easyconsequenceof this theoremwe have

3.8.10 Corollary. If ê�î�ï®ðdí is nonsingular,then ê ú ä is nonsingularand ý ê ú ä þ ú ä û ê ü
3.8.11 Example: Let êzî	� æ ð
� æ be definedby êËë���å�
 ì û ë����å��
 ì , where�� û ������������
��������/å��
 û! ���������"��
#�������

and � somefixed angle. Then ê rotateseverypoint ë$��å%
 ì�& � æ throughan angle � aboutthe
origin as shown (Figure 3.8.1).
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y(
θ) (     )x,y*(     )x,y*

Figure 3.8.1 Planarrotation throughan angle +
Since,.-0/�13254�687 +"9 -0/5:;2�7=<�> +�?A@ -$/�1B287=<C> +D9 -�/�:;2�4�6�7 +�E3F /G-�1�4H6�7 +"9 :#7=<C> +8?I@ 1�7�<�> +D9 :J4�6�7 + 2 ?
we havethat K ,./G-01 ? :82 E�F /G-�L1 ? L:�2 F / K -01 ? :52 . Furthermore,K ,M-01ON ? :�NP2 9 -�1OQ ? :�QR2 E	FSK -$1GN 9 1OQ ? :�N 9 :�QP2F ,T-$1ON 9 1GQP2U4H6�7 +D9 -$:�N 9 :�QP257=<C> +8?�@ -$1GN 9 1GQP2�7=<C> +�9 -�:�N 9 :�QP2�4�6�7 +PEF ,T-$1ONA4�6�7 +"9 :�NA7=<�> + 2 9 -�1GQ	4�687 +D9 :�QA7=<C> + 2 ? - @ 1ON37=<C> +D9 :�N34�6�7 + 2 9 - @ 1GQ	7�<�> +D9 :�Q	4�687 + 2 EF -01ON34�6�7 +D9 :�NA7�<�> +8?A@ 1GNA7=<C> +D9 :�NA4�6�7 + 2 9 -$1OQA4�687 +V9 :�QA7=<C> +8?P@ 1OQ37=<C> +V9 :�QA4�6�7 + 2F -PL1 N ? L: N 2 9 -RL1 Q ? L: Q 2 FWK -�1 N ? : N 2 9XK -01 Q ? : Q 2 Y
This showsthat K is a linear transformation.

Defining Z\[A] Q ^ ] Q by Z -RL1 ? L:�2 F -�1 ? :82 , where1 F L1V4H6�7 +_@ L:�7=<C> +a`8b	c : F L1D7=<�> +"9 L:#4�687 +"?
andusingthe abovemethodof proof, it is easyto showthat Z is alsoa linear transformation.

To find the composition ZedVK , we compute- Zfd�K 2�-$1 ? :;2 FgZ - K -01 ? :52�2 FhZ -RL1 ? L:52 F -PL1"4�6�7 +_@ L:�iPj b3+8? L1D7=<C> +�9 L:k4H6�7 + 2F ,T-�1�4H6�7 +D9 :J7=<�> + 2U4H6�7 +_@ - @ 1�7�<�> +�9 :#4�6�7 + 2�7�<�> +8?F -01�4�687 +"9 :#7=<C> + 2�7�<�> +D9 - @ 1D7=<C> +D9 :#4�6�7 + 254H6�7 +PEFml 1�4H6�7 Q +D9 :#7=<C> Q +8? :#7�<�> Q +�9 :�4H6�7 Q +�n_Fpo 1 l 4�6�7 Q +V9 7=<C> Q +�nU? : l 7=<C> Q +D9 4H6�7 Q +�nRqDF -01 ? :;2 Y
Therefore, Zrd#KsFht and,hence, ZWFgK_u N . Thus K is nonsingular.

In Example3.8.3, we observedthat any real valued vxwrb matrix correspondsto a linear transfor-
mation ]Iy ^ ]{z . This observationalso holds for v|w}b matriceswith entriesfrom any field ~ and
linear transformations� - ~ 2 ^�� - ~ 2 , where � and � arevectorspacesover ~ , respectively.Suppose,
for example,that � hasbasis ��� N ?�� Q ?R���P�%?����D� , � hasbasis ��� N ?�� Q ?��P����?������ andthat K�[�� ^
� is
a linear transformation.Then for each

j F\��?��;?����P��?%v , K - ��� 2 canbe expressedasa linear combination
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of the basisof � : �_�$�I�$�J�W�0�T�������}�$���������W�P�����}�=�¡ ���¢ , where �=�.£_¤r¥ for each¦§�h¨�©�ª;©H«P«�«�©�¬ . Now
let �­�h® � � � �����P����¯;°#��° be an arbitrary vectorof ± and let �_�$�J�#�h� . Then�_�=�����W�}²e³´ �¡µ3� ¯ � � ��¶ � ³´ �Tµ3� ¯ � �_�$� � �J� ³´ �Tµ3� ¯ �3·¸  ´£¹µ3� � �.£ �»ºR¼½�a²e³´ �¡µ3� ¯U�C�$�¡� ¶ ���{�p²}³´ �¡µ	� ¯U�C�$�¡� ¶ �����W���P���¾²­³´ �¡µ	� ¯U�C�$�M  ¶ ��¢¿�W�ÁÀ
Therefore � � Â ³Ã�¡µ	� ¯U���=�¡�Ä© ³Ã�¡µ	� ¯U�C�$�¡��©A«P«�«O© ³Ã�¡µ	� ¯U�Å�=�M �Æ . But this suggeststhat the transformation �ÈÇ±SÉÊ� is nothing more than the matrix product

��¯8��©�«�«P«�©%¯ ³ � ·ËË¸
����� �0��� ���P�È�0�0 ����� �0��� ���P�È�0�0 
...

...
...� ³ � � ³ � ���P�Ì� ³  
¼RÍÍ½ ����ÎR��©P«�«�«P©%Î� 8�%© (3.8.1)

where Î�£W� ³Ã�¡µ3� ¯U���=�Ï£ for ¦Ð�Ñ¨U©%ª�©�«P«�«R©%¬ , and multiplication and addition are the appropriatefield

operationsin ¥ .

It follows that the transformation � can be representedby the matrix �$�=�Ï£Ò� . Of course, the
representationof � will bedifferentfor differentbasesof ± and � asthevectorsv andw arerepresented
in termsof linear combinationsof the basisvectors. If we changedoneof the basis,then the question
is “What is the matrix representing� relative to the new basis?”The answerto this questionis closely
linked to the notion of equivalentand similar transformations.

Whentwo vectorspacesare isomorphic,they arealgebraicallythe same,andwe arefree to choose
the simplestonein which to performalgebraicoperationsor solvealgebraicproblems.This observation
appliesjust as well to all the other algebraicsystemsusedin this treatise. It is particularly pertinent
when solving linear imagetransformproblems. It is thereforenatural to inquire as to when two linear
transformationson vector spacesare essentiallythe same.

Considertwo linear transformationsÓ Ç�ÔSÉ!±ÖÕ�×	Øg�gÇ��ÙÉ!ÚÛÀ
Supposethat Ô and � are isomorphicand that ± and Ú are also isomorphic. LetÜ Ç�ÔÝÉ!� ÕÞ×OØàßàÇ�±ÝÉ!ÚÛÀ
denotetherespectiveisomorphisms.Since

Ü
and ß areone-to-oneandontofunctions,theyhaveinversesÜâá � Ç��ãÉ
Ô
ÕÞ×OØàß á � Ç�ÚÝÉ!±_À

Symbolically, this providesfor the following diagram:ÓÔ äUä�ä�ä�ä�äUä�ä�ä$äåä$ä�äÉ ±Üçæ�è�Ü á � ß æ�è ß á �� äUä�ä�ä�ä�äUä�ä�ä$äåä$ä�äÉ Ú�
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Obviously the functions éê­ëhìâíOî�ï�ðsñ�òôó
õÌö�÷Oø éï�ë�ìâê�ð»íOîùñ�úÙó
û
are linear transformations.

Here we follow the conventionof writing the compositionof two transformsin juxtapositionso thatï�ðgëSïùüÞð
. If

êXë éêýö�÷Gøçïôë éï , then
ê

and
ï

arealgebraicallythesame; i.e.,
ê�þ0ÿ��Jë��=ì íOî ï�ð��Þþ�ÿ��

,
which meansthat theresultof computing

êJþ�ÿ��
is exactlythesameastheresultobtainedwhencomputing�=ì íOî ï�ð��Þþ�ÿ��

. A similar observationholds for the computationof
ï_þ��	�

. If
ê ë éê�öÞ÷Oøpïhë éï , then

we say that the diagramcommutes.We formulatethe notion of algebraicallysimilar as follows.

3.8.12 Definition. Two linear transformationsêXñ�ò ó
õ
öÞ÷Oø\ïhñ�ú ó!û
are isomorphicallyequivalentif and only if thereexistsisomorphismsð\ñ8ò ó�ú ö�÷Gø ìsñ�õSóÊû
such that

êgë ì íOî ï�ð öÞ÷Oø ï¾ëÌì¿êÄð íOî�

Two linear transformations ê­ñ�òSó!òãö�÷Gøçï�ñ8úãó
ú
are similar if and only if thereexistsan isomorphismð ñ�ò ó
ú
such that êXëSð í;î ï�ðÈöÞ÷Oø\ïSë�ðùêÄð íOî
.

Note that the notion of similar is simply a specialcaseof isomorphicallyequivalent. Wheneveròôëhõ ö�÷Oøýú�ëhû
, and

ê
and

ï
are isomorphicallyequivalent,then they aresimilar.

3.8.13 Example: Let � ��
 î � denotethe set of all complex valued continuousfunctions on

 î

. If��� � � 
{î � , then
�

is said to vanishat infinity if ������� thereexistsa compactset ��� 
�î
suchthat � � þ���� ����� � �"!� � . The norm of

�
is defined as# � # ë $%í $ � �Aþ&�'� � ( � 


Now let òSë*)��+� � ��
 î � ñ # � # �-,". öÞ÷OøõÝë ) �+� � � 
 î �_ñ/�10ÒöÞ÷3254&63784Jö�9:2C÷/;G÷<2=9�> .
We leaveit to the readerto convincehimself that both

ò ö�÷Gø�õ
satisfythe axiomsof a vector

space.Continuousfunctionson

 î

with finite normareof specialimportancein signalprocessing
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sincethe convolutionproductof suchfunctionsis againa continuousfunctionwith finite norm.
In particular,the convolutionproduct ?A@*BDCFE is definedby

?'G�H'IJ@ KLM K BNG&O3I&E'G&HQPAORI�S/O
The vector spaceT togetherwith this product forms an interestingalgebraicstructureknown
as a Banachalgebra [20].

Define the transforms UWVNTYXZT\[�]_^+`aVNbcXZb byd UeG�BNI�fgG�H�Ih@ iLM K BNG&ORIkj M'l i M3mon S<O
and d `�Gp?'IpfgG�O3IJ@ ?'G�ORIqsrut Owv
respectively.

The function xyV/T�Xzb definedby xDG�BNI{@}|~ , where�B�G�ORIJ@ KLM K B�G&H'I&j M_��m i S<H v
is called the Fourier transformof B . It is well known that the Fourier transformis one-to-one,
onto, and preservesthe vector spaceoperations[20]. The inverseFourier transformis given

by B�@ x M_��� �B'� , where

B�G�H�I:@ q��� KLM K
�B�G&O3I&j � i m S<O3�

By defining E'G�H�Ih@*� j M i t ByH	���� t ByH	���
we seethat iLM K BNG&ORI�j M'l i M3m�n S<O�@ KLM K BNG&ORI�E�G�H�P�ORI�S<O��
Thus, UeG�BNI computesthe convolution UJG�B�IF@*BDC�E . Furthermore,d x�G��'IpfgG��RI:@ �E�G�ORI:@ KL � j M i j M3� i m S<H�@ qqsr�t O �
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Therefore, ���p�_� is simply the product � �p�'�¢¡£�D¤�¥¦ . It now follows from the convolution
theorem §��¤ ¦ ¡¨�Q© ¦ (see[20]) thatªg«Q¬'­ � «w® ��¯��:¡ ª°«�¬_­ � ®'± ¥¯³²+¡ «�¬_­�± ¥¯-¤3¥¦ ²+¡ «�¬_­�± ¥¯³²Q© «�¬_­�± ¥¦ ²+¡´¯1© ¦ ¡"µe��¯��_¶
A similar argumentshowsthat

ª «�·e« ¬R­ ® ¡"� . Thus, µ and � aresimilar.

Sincelinear transformscan be expressedin termsof matrices,the useof terminologyfrom matrix
algebrais natural. Nonsingulartransformscorrespondto nonsingularmatriceswhile similar transforms
correspondto similar matrices. Recall that two n-squarematrices ¸ and ¹ with entriesfrom a fieldº

are similar over
º

provided that thereexistsa nonsingularmatrix » with entriesfrom
º

such that¹c¡"»�¸³» ¬_­ . Eigenvaluesandeigenvectorsalsohavetheir analogousinterpretationin linear transform
theory. In particular,if �W¼¾½´¿À½ is a linear transform,thenany vector ÁYÂÃ½ with the propertythat� �pÁJ�:¡ÅÄ3ÁQÆpÇ¾ÈsÉ&Ç�ÊQË�ÉÍÌoÎÐÏ5ÎÑÈÒÄ
is calledaneigenvectorof � . ThescalarÄ is calledtheeigenvalueof � associatedwith theeigenvectorÁ .

Supposethat Ó is representedby the matrix ÓÔ¡\��Õ�Ö ×�� , Á is an eigenvectorof Ó representedby a
row vector ��Ø ­�ÙoÚ8ÚÐÚÛÙ Ø8ÜR� , relative to a fixed basis,and Ä is the associatedeigenvalue.Then����Áe�:¡"Ä3Á Ù��Ø ­ Ù8Ú8Ú8ÚÍÙ Ø Ü ��Óz¡"Ä'�ÛÝ ­ ÙÐÚ8Ú8ÚÍÙ ÝÍÞ3� Ù
and ��Ø ­�Ù8Ú8ÚÐÚ�Ù ØÐÜR����Óàß�Ä_áÐ�w¡ãâ Ù
whereI denotesthe n-squareidentity matrix and0 the zerovector. This is the matrix form of a system
of n linear homogeneousequations,and a nonzerosolution ��Ø ­ Ù8ÚÐÚ�Ú8Ù Ø Ü � exists ä Óåß�Ä_á is singular.
This occurs äçæ/èéÕ��&Ózß�Ä_áÐ��¡Wê . From our knowledgeof determinantswe seethat

æ<èoÕ���ÓWß�Ä_áë��¡*ìììììììì
Õ ­�­ ßíÄ Õ ­�î ÚÐÚ8Ú Õ ­ ÜÕ î�­ Õ î�î ßíÄ ÚÐÚ8Ú Õ î Ü

...
...

...Õ Ü ­ Õ Ü î ÚÐÚ8Ú Õ Ü8Ü ßíÄ ìììììììì
¡ïê

is a polynomial equationof degreen in Ä , say��ß�ð�� Ü Ä Üòñ�ó ­ Ä Ü ¬_­ ñ ¤8¤Ð¤ ñôó Ü ¬_­ Ä ñ�ó Ü ¡ïê Ù
wherethe

óÍõ
’s aresumsof productsof the Õ õ÷ö ’s. Thepolynomial æ<èéÕ��&ÓWß�Ä_áé� is calledthecharacteristic

polynomial of matrix Ó and also of the transform Ó . The equation æ<èéÕ��&Ó�ßÅÄ_áÐ��¡ïê is called the
characteristicequationof Ó and the roots of the characteristicequationare called the eigenvaluesof
the matrix Ó .

Our discussionhasestablishedthe following result:

3.8.14 Theorem. The eigenvaluesof a matrix ø are the eigenvaluesof the linear transformation
representedby ø in any coordinate system.
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3.8.15 Theorem. If ù and ú are similar, then ù and ú havethesamecharacteristicpolynomialand
hencethe sameeigenvalues.

We presenttwo different proofs of this theorem,one formulatedin the languageof matrix theory
and the other in the languageof transformations.

Proof: (First method)If ùyû"ü{ú�ü�ýRþ , thenùYÿ����	ûïü{ú�ü ý_þ ÿ���� ûïü���úÅÿ����	�&ü ýRþ
���
 �&ù�ÿ������hû�� 
��	
 ü�� 
���
 �&ú�ÿ�������� 
���
 ü ý_þ	� û 
���
 ��ú�ÿ��������
(Secondmethod) If ù and ú are similar, then they representthe same transformation �
relative to differentbases.The eigenvaluesof � dependonly on � andare independentof the
coordinatesystem(Theorem3.8.14). Hence ù and ú havethe sameeigenvalues.Therefore,
their characteristicpolynomialsare alike exceptpossibly for a multiplicative constant. Thus,
��	
 ��ùYÿ������ û����&úWÿ����	� for all � . For �Ãû�� we have


���
 ��ù��Òû���� 
���
 �&ú �!� , so that ��û#" ,
sincesimilar matriceshavethe samedeterminant.

Q.E.D.

We concludethis sectionwith the well-known fact that the diagonalelementsof a triangularmatrix
are its eigenvalues.The proof is straightforward andwe leaveit asan exerciseto the reader.

3.8.16 Theorem. Theeigenvaluesof a triangular matrix are the diagonalelements.In particular, the
eigenvaluesof a diagonalmatrix are the diagonalelements.

3.9 Linear Algebras

One way of viewing linear transformationsis as operatorsthat transformvectorsof onespaceinto
vectorsof the samespaceor a different space.New insight into the behaviorof linear transformations
can be gainedby viewing them as operandsinsteadof operators. If $ denotesthe set of all linear
transformationsof a vectorspace%��'&(� into itself, thenwe defineanadditionandmultiplicationon $ by

��)+* , �-�.)�*/�!�10/�:û.�2�'0/�3)�*/�40/�657098:%��;&/�
and ��<=* , �'��<>*?���40/�hû.�2��*@�-0/�A�B5C098C%D�4&/�
for all *E5!�F8G$ .

Thesetwo operationsendow $ with a rich algebraicstructure. First note that �;$H5I)J� is an abelian
group. The additivezero is the transform KL8:$ defined by K��'0@�:ûNM , where M denotesthe zerovector
in % . If �O8N$ , then its additive inverseis the transform ÿ>� definedby ÿ=�2�-0/��û ÿJ�-�2�40/�A� . Also,
for PQ5R*E5S�F8#$ we have

�-�+)�*@���-0/�hû.�2�40/�T)�*/�40/��û�*/�-0/�B)9�J�40/�hûU�!*V)9�2���40/�
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and WYX[Z�W!\:Z^]J_!_!W4`/_?aNXbW'`/_BZ.WA\:Z�]2_!W-`/_cadXbW4`/_TZ�W!\/W-`/_3Z^]2W4`/_A_
aUW;XbW'`/_�Z+\@W-`/_�_3Z^]2W'`@_?a�W�W;X+Z�\@_�W4`/_A_3Z^]2W'`@_?a�W�W;X+Z.\?_TZ�]2_!W-`/_fe

This provescommutativity and associativity.

Defining scalarmultiplication on g by

h ]jikW h ]2_!W'`/_ca h W4]2W'`@_A_�lV`9mCn�WYo/_
for all

]pm g and h m�o , we obtainq h W!\VZ9]2_4rYW-`/_ca h q W�\:Z9]2_AW'`@_-rTa h q \/W-`/_3Z^]2W'`@_-ra h W!\/W-`/_A_3Z h W4]2W4`/_A_@a�W h \/_AW'`@_BZ.W h ]2_�W4`/_ca�W h \:Z h ]s_!W-`/_
and q W h Z�t?_4]>rYW4`/_Ea�W h Z�t?_!W-]2W4`/_A_@a h W4]2W'`@_A_TZ9tuW4]2W-`/_!_?a�W h ].Z^tv]s_AW4`/_�e
This shows that

h W!\:Z9]J_?a h \:Z h ]FwyxRz�W h Z9tu_4]�a h ]�Z9tv]9e
Theseobservationsprovide us with the next theorem.

3.9.1 Theorem. g is a vector spaceover
o

.

In our observationswe havenot takenthe multiplication
]d{D\

into account. As remarkedin the
previoussection,multiplication,which is definedascomposition,is a fundamentaloperationin thealgebra
of linear transformations.The importanceof this multiplication is establishedby the following fact.

3.9.2 Theorem.
W g lIZQl	{|_ is a ring.

Proof: We alreadyknow that
W g l	ZJ_ is an abeliangroup. Multiplication is clearly associative

(but in generalnot commutative). To completethe proof that g is a ring we prove the left
distributive law

]�{=W!\:Z9X}_@aFW4]�{>\/_TZ�W4]�{~Xb_
and leavethe right distributivity to the reader. We have

q ]�{=W!\:Z�Xb_-r-W'`/_�a+] q WA\:Z�Xb_!W-`/_'r�a+]2W!\/W-`/_3Z9XbW'`/_A_
a.]JW!\/W4`/_A_3Z^]2WAXbW4`/_A_uaUW4]�{>\?_�W4`/_BZ.W']�{(Xb_�W-`/_ca q W']�{=\@_TZ�W']�{(Xb_'r-W-`/_fe

Q.E.D.

Restrictingour attentionto non-singulartransformations,we canmakean evenstrongercasefor the
operationof multiplication. Let � a2�y]�m g i~]��1��x���x��E�;��x������1w|�	� .
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3.9.3 Theorem. �A������� is a group.

Proof: It follows from Theorem3.8.9 that � is closedundermultiplication. The associative
law holds in � sinceit holds in � . Let ����� be the identity map ���-�/�>��� . Evidently � is
non-singularand,hence,a memberof � . It is the multiplicative identity since

�-�s�@�J�!�4�/�?�.���-�2�'�/�A�u�+�2�4�/�?�.�2�4���-�/�A�u�U�4���@�f�!�4�/�f�
Sinceeach ���C� is a one-to-onemapping,it hasan inverse �2��� definedby �J�f���'�2�4�/�A�@�.� .
Obviously, �-�2���~�/� �|�-�/�?�.�2���|�-�2�'�@�A�@�.�7�.�¡�Y�2�����4�/�4�2�¢�Y���@�2���y���'�/�f� Also, theinverse
of a one-to-onefunction is one-to-oneand,hence,�2���£��� . Therefore � is a multiplicative
group.

Q.E.D.

Vectorspaces,linear transformations,andmatrix operationsareso vital in applicationsthat they are
usuallystudiedunderoneparasolcommonlyknownaslinearalgebra. In theprevioussectionweobserved
that linear transformationsandmatricesarealgebraicallyequivalententities,while Theorem3.9.1shows
that thesetof lineartransformationsona vectorspaceis itself a vectorspace.Theseobservationsactually
provide the basisfor a formal definition of the somehowfuzzy conceptof linear algebra. Specifically,
a linear algebra over a field ¤ is definedas a set ¥ having addition and multiplication, togetherwith
scalarmultiplication by elementsof ¤ suchthat the following axiomsare satisfied:

¦ � Under additionand scalarmultiplication, ¥ is a vector space¥=�;¤/� over ¤¦@§
Multiplication is associative¦?¨
Multiplication is both left and right distributive over addition¦?© ¥ has a multiplicative identity element¦@ª �;«/¬­�u�}®>¯ ��°.®2�A«/¬ ±²� �#«/¬³�'�[®/±���´ �~�!±µ�¶¥¸·|¹�º»´�«b�:¤

In axiom
¦/ª

the symbol ¬ correspondsto scalarmultiplicationand ® to themultiplication definedon¥ . It follows that a linear algebra¥ over ¤ consistsof two setstogetherwith five distinct operations

¥=�;¤(�u��¼�¥ �½¤A��¾Q��¿D�!ÀÁ�y¬Â�	®yÃ@�
where ¼�¥D�½¤~�	¾Q�	¿D�½ÀÁ�y¬ÄÃ is a vector space. Here ¾ and ¿ denotethe field operationsof addition and
multiplication on ¤ , À denotesvectoradditionin ¥ , and ¬ denotesmultiplicationof a vectorby a scalar.
Of course,we follow theconventionalabuseof notationandlet + denotevectoraswell asscalaraddition
and ¬ denotebothmultiplication on ¤ aswell asscalarmultiplication of a vector. Indeed,in manycases
we shall evendispensewith the symbol ¬ entirely and simply write «v� in order to denote «7¬|� . This
abuseof notationcausesvery little confusionas the type of operationan authorhasin mind is usually
apparentfrom the context in which it is used.

3.9.5 Examples:
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(i) The field Å of complex numbersis a linear algebraof dimension2 over the field Æ of real
numbers. Å�Ç;Æ/È is a vectorspaceof dimension2 that satisfiesaxioms É@Ê through É@Ë .

(ii) Ì Ç;Í(È is a linear algebra. This follows from Theorems3.9.1 and 3.9.2. If Ì is the set of all
linear transformationsof a vector spaceÎDÇAÍ/È of dimension Ï , then Ì ÇAÍ/È is of dimension Ï Ê .
Hencethe algebra Ð7Ñ�Ç4Í/È of all ÏCÒ^Ï matricesover Í is alsoa linear algebra.

(iii) An importantexampleof a linearalgebraof dimensionfour wasgivenacenturyagoby Hamilton.
Theelementsof thisalgebraarecalledquaternions, andthescalarsarerealnumbers.Historically,
the algebraof quaternionscanbe consideredasthe forerunnerof matrix algebra.A quaternion
is an expressionof form

ÓSÔyÕbÖ9Ó Ê	× Ö�Ó�Ø1Ù=Ö9Ó�ÚyÛ?Ü
The 4–tuple Ç ÕRÝ × Ý�Ù�Ý4Û È is a basiselementand Ó�Þ2ß Æ for àDáãâ Ý	äyä�ä½ÝAå . Let æ denotethe set
all quaternions.As an additive group we may view æ as ç'Æ Ú Ý	Ö>è , whereaddition is defined
component-wise.In particular,renamingthe componentsof the basiselementsby

Õ á�Ç½â ÝêéfÝ½éSÝ½é È Ý ×vá�Ç éSÝ â Ý�éSÝ½é È ÝsÙ á�Ç éSÝ½éfÝ â Ý4é È Ý:ë|ì�í�Û á�Ç éfÝ½éSÝ½éfÝ â|È
and agreeingto let

Ó Ô á�Ç Ó Ô Ý½éfÝ½éSÝ4é È Ý:Ó Ê ×TáUÇ éSÝ½Ó Ê Ý½éSÝ�é È Ý²Ó Ø Ù á�Ç éfÝ½éSÝ½Ó Ø Ý½é È Ý:ë|ì�í�Ó Ú Û á�Ç éfÝ½éSÝ½éfÝ½Ó Ú È Ý
then it follows from our definition that

Ç Ó Ô Ý½Ó Ê Ý½Ó Ø Ý½Ó Ú È@á Ó Ô Ö�Ó Ê × Ö�Ó Ø Ù~Ö�Ó Ú ÛÁÜ
Thus, Ç Ó Ô Ö�Ó Ê × Ö�Ó Ø ÙHÖ�Ó Ú Û È Ö Ç;î Ô Ö î Ê × Ö î Ø Ù~Ö î Ú Û È

á�Ç Ó Ô Ö î Ô È Ö Ç Ó Ê Ö î Ê ÈA× Ö Ç Ó Ø Ö î Ø È Ù~Ö Ç Ó Ú Ö î Ú È ÛÁÜ
Defining scalarmultiplication by

Óbï Ç Ó Ô Ö9Ó Ê × Ö9Ó Ø Ù~Ö�Ó Ú Û È/á�Ç Ó�Ó Ô È Ö Ç Ó�Ó Ê È;× Ö Ç Ó�Ó Ø È Ù(Ö Ç Ó�Ó Ú È Û
turns æ into a vector spaceover Æ .

Multiplication on æ is definedin termsof the componentsof the basiselements:

Ó�Õ á Õ�Ó á Ó�ðRÓ@ß æ Ý × Ê á Ù Ê á Û Ê áòñ Õ�Ý:ë|ì�í
× Ù á ÛuÝsÙyÛ áN× Ý:Û ×Tá Ù�ÝsÙ ×�áòñ Û�Ý²Û�Ù áòñD× Ý:ë|ì�í × Û áóñ Ù/Ü

To insure that the distributive law holds, we define

Ç Ó Ô Ö�Ó Ê × Ö�Ó Ø ÙCÖôÓ Ú Û ÈAÇ;î Ô Ö î Ê × Ö î Ø Ù^Ö î Ú Û È
á�Ç Ó�Ô î Ô ñ Ó Ê	î	Ê@ñ Ó�Ø î Ø ñ Ó�Ú î Ú È Ö Ç Ó�Ô î	Ê Ö9Ó Ê	î Ô@Ö9Ó�Ø î Ú ñ Ó�Ú î Ø ÈA×Ö Ç Ó�Ô î Ø ñ Ó Ê	î Ú@Ö�Ó�Ø î Ô?Ö�Ó�Ú î	Ê�È Ù~Ö Ç Ó�Ô î Ú(Ö9Ó Ê	î Ø ñ Ó�Ø î�Ê Ö9Ó�Ú î Ô È ÛÁÜ

Obviously, since × Ù á ÛGõá ñ Û á Ù × , multiplication in æ is not commutative. However, ifÓ á Ó Ô ÖNÓ Ê × ÖöÓ Ø Ù2Ö�Ó Ú ÛLõá é , then÷øù ø ù ï½ø á Õ�ÝVú>û�ü	ý�ü ÷ø á Ó Ô ñ Ó Ê ×dñ Ó Ø Ù ñ Ó Ú ÛÁÝ:ëþì�í ù ø ù á Ó ÊÔ Ö�Ó ÊÊ Ö9Ó ÊØ Ö9Ó ÊÚ Ü
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Therefore,everynonzeroelementof ÿ hasa multiplicativeinverse.Fromthis we mayconclude
that ÿ is a non-commutativedivision ring that satisfiesaxioms ��� through ��� . In 1878,
Froboeniusprovedthat ÿ is the only non-commutativelinear division algebraover � .

The linear algebraof Example3.9.5(ii) plays as importanta role in the theoryof linear algebraas
the symmetricgroup ��� doesin group theory. In Section3.4 we remarkedthat everygroupof ordern
is isomorphicto somesubgroupof ��� . Analogously,any linearalgebraof dimensionn is isomorphicto
a subalgebraof �
	���
 (or � ����� 	���
 ). This fact providesa concreterepresentationof any suchabstract
linear algebraanda striking illustration of the generalityof linear transformationsand their importance
in linear algebra.

3.10 Group Algebras

Cyclic convolutions,which amountto polynomialmultiplication (3.6), area specialcaseof multipli-
cation in a groupalgebra.PaulD. Gader[12] andD. Wenzel[22] werethe first to note the connection
betweengroup algebras,image algebra,and group algebraapplicationsto image processing. In this
sectionwe briefly discusssomeof the backgroundof group algebras.

Let �������������! #"%$ be any multiplicative groupand & be any commutativering with unity. Let&'	���
 denotethe set of all formal sumsof form(�*),+.- � � �
/
where - �  0& / � �  0� /21*354 - � �76 for all but a finite numberof indices � . If 8� 9&'	���
 with8:�<; �,),+ - � � � , then the - � ’s arecalled the coefficients of 8 . If =0 >&'	���
 with =?�<; �,),+A@B� � � , then
we define addition by 8DCE=F� (�,),+ 	 - � C @*� 
G� �
H
It is clearthat - �IC @ �'�06 exceptfor a finite numberof indices � , so 8%C�=J K&L	���
 . Theadditiveidentity
is given by 6M��; ��)N+ 6*� � . Since & is a commutativering, we haveas an immediateconsequencethat	�&L	���
 / CO
 is an abeliangroup.

Multiplication of two elementsof &'	P��
 is definedby8RQ�=F�TS (�,),+U- �V�W�*X9S (�,),+ @ �*�W�*X<� (��)N+>YZ ([]\�[]^�_`[Va -Bb @Bcedf �W� H
Observethat the productof two elements� b / � c  g� is someelement� � �h� b � c  K� . Thus,naively,we
formally distributethesum ; �,),+ - � � � over thesum ; ��)N+ @ � � � andrenamethe term - b � b @ c � c by - b @ c � � ,where � � �9� b � c in � . Since -Bb and @ c are0 for all but a finite numberof � ’s, the sum([ \ [ ^ _`[ a -Bb @ c
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containsonly a finite numberof nonzerosummandsiBj,k�lnmpo and,hence,is an elementof o . Clearly,
againat mosta finite numberof suchsums qrtsurtvPw`rVx i j k l arenonzero.Therefore,yDz�{hmpo'|�}�~ .

The multiplication z is called group convolutionand the distributive laws of multiplication over
addition follow at once from the definition of addition and multiplication. For the associativityof
multiplication we have������B� i �*�W�*��� ������N� k �N�W�,� ������N��� �*�W���O�p� ������N� i ���W�,���� ����N�F�� �r�s�r�vuw`r�x k j � le�� �W�*��� ����N�>�� �r��er s r v w`r x iV�Wk*j � l �� � ����� ��,�,�E�� �r]�er s w`r x i*��k*j �� � � �� � ��,�,��� � � �,���� � ��,�,� i � � � � � ��,�,� k � � � ��� � ��,�,��� � � � �0�
Thus, we haveproven the following theorem.

3.10.1 Theorem. If } is anymultiplicativegroup, then |�o'|P}�~��e� �Vz,~ is a ring which is commutativeif
and only if } is a commutativegroup.

Rings havethe two primitive operationsnecessaryfor defining the elementsof o'|�} ~ . Any more
specializedstructurehaving thesering operations,suchasa field, canof coursebe usedaswell.

3.10.2 Definition. The ring oL|�}�~ definedaboveis called the group ring of } over o . If ¡ is a field,
then ¡�|�} ~ is called the group algebraof } over ¡ .

3.10.3 Examples:

(i) Let } bea cyclic groupwith generator¢ definedby theoperation¢¤£B¥G¢§¦ � ¢�¨ , where ©��,ªW��«RmK¬
and « � ©��Eª . Then } �®­ ¢¯£#°±©�mK¬³² and¡U|�}�~ �µ´ � £ �,¶ i £ ¢ £ °ni £ �0·¹¸»º�¼U½*¾¿¾`À¯Á¯Â�Ã�Ä¯ÅÆÂ�Çe¾ÉÈ Ê³½,Ä§È ©�mK¬EË �
The polynomialsare a subsetof this group algebradue to the constraint i £ �Ì· for ©ÎÍ · .
The multiplication of this group algebracorrespondsto linear convolutionswhen restrictedto
polynomials. Also note that } is isomorphicto ¬ and, therefore,¡U|�}�~UÏ2¡�|�¬�~ .

(ii) Let }OÐ � ­ ¢ £ °%©�mK¬ÑÐ ² with multiplication definedby ¢ £ ¥§Ò ¦ � ¢5Ó £ÕÔ`¦]ÖØ×
Ù�Ú Ð . Then cyclic
convolutioncorrespondsto multiplication in the groupalgebra ¡U|�}�Ð�~UÏ2¡�Û�ÜÑÝ¯Þ .
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(iii) Let ß àâáäãã à å.æ�ç§ètçêé]è5æ�ç¯èVë,éeè5æ]ë�ètç�étè5æeë�èBë*éäì and let multiplication of elementsof G be
defined in terms of the exclusive or (xor); e.g., æPç`ètç�éîí5æ�ç¯ètç�é>à æPç¯ètç�éeèïæeë�ètç�éîí5æeë�èBë*é>àæ�ç`èBë*é]èðæ�ç¯èBë*é
í§æ�ç¯ètç�é�àÌæ�ç¯èBë*é , etc. Renamingthe elementsof G by ñ�ò,è�ñ�ó,è�ñ ã è�ô,õ�öFñ�÷ , we
obtain the group algebra ø æ�ß�éùà ønú á ããeû àµü'ýþÆÿ���� � þ ñ þ�� � þ��

ø 	�

Moregenerally,let ß à9á
� ã andsupposewehavedenotedtheelementsof ß by ñ ò è�ñ ó è������eè�ñ ã������ .
Then if ñ þ àïæ�� ò è�������è�� ��� ó é and ñ��0à æ�� ò è������5è�� � � ó é , where ��!�è"��! � åBç`èBë*ì for # àç¯èäë�è$�����5è�%'&�ë , we define ñ þ í�ñ � à�ñ(!*) ñ(!#à æ+� ò è������5è�� � � ó é�í§æ,� ò è�������è-� � � ó é . Again,
multiplication is definedcomponent-wisein termsof the usualexclusiveor of binary numbers.
The groupconvolution . of the groupalgebra/�æ�á � ã é is called the Walshconvolution.

For eachgroupelement 0 � ø æ�ß�é andeach 1 � ø we definethe scalarproduct 1�0 by120Fà3154�ý6�ÿ�7 � 6 ñ 6�8 à�ý6,ÿ�7 æ+1 � 6 éÆñ 6 

It is easily shown that this scalarmultiplication satisfiesaxioms 9 ó through 9$: (Section3.7). Thus,æ ø æ�ß�étè<;Oé togetherwith scalarmultiplication is a vector spaceover

ø
.

From our previousdiscussionwe also know that

ø æ�ß�é satisfiesaxioms = ó è>= ã , and = ÷ . Suppose
1 and ? representthe multiplicative identities of

ø
and ß , respectively. Considernow the element@ � ø æ�ß é definedby @ à�ý6�ÿA7 � 6 ñ 6 è

where � 6 à2ç for all but one B , say B ò , and � 6�C à<ë while ñ 6�C àD? . It then follows that0E. @ à @ .F0Fà30HGI0 � ø æ�ß�é 

This showsthat

ø æ]ß é alsosatisfiesaxiom =KJ . Axiom = : is a trivial consequenceof the definitionsof
scalarmultiplication and group convolution. This establishesthe following

3.10.4 Theorem. A group algebratogetherwith scalar multiplication is a linear algebra.

3.11 Lattice Algebra

Theconceptof latticeswasformedwith a view to generalizeandunify certainrelationshipsbetween
subsetsof a set,betweensubstructuresof an algebraicstructuresuchasgroups,andbetweengeometric
structuressuchas topologicalspaces.The developmentof the theoryof latticesstartedabout1930and
was influencedby the work of GarrettBirkhoff [3].
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Let L be a partially orderedset with partial order M . An upper bound (if it exists) of a subsetN
of L is an element OQPRL such that STMUO'VWSTP N . The least upper boundof

N
, denotedbyXZY�[ N

or \ Y-] N , is an upperbound O�^_P`L of
N

suchthat O�^aMDO for everyupperbound O of
N

. By
the anti-symmetrypropertyof partially orderedsets, \ Yb] N is uniqueif it exists. The notionsof lower
boundand greatestlower bound, denotedby c Xd[ N or egf$h N , are defined dually as in 2.10. Again by
anti-symmetry, egf
h N is unique if it exists.

3.11.1 Definition. A lattice is a partially orderedset i any two of whoseelementsSkj<O havea c XZ[ ,
denotedby SalmO , and a

XZY�[
, denotedby SanmO . A sublatticeof a lattice i is a subset

N
ofi , suchthat for eachpair S�j�O�P N we havethat SonmO`P N and SalmODP N . A lattice i is

completewheneverfor eachof its subsets
N

, egf
h N and \ Y-] N exists.

Setting
N p i , we seethat any non-emptycompletelattice i containsa leastelement q and a

greatestelementr . Theseelementsarecommonlycalled the universalboundsof i . It is alsoobvious
that the dual of any lattice is a lattice, and that the dual of any completelattice is a completelattice
with c XZ[ and

XdY�[
interchanged.

3.11.2 Examples:

(i) In 3.1 we observedthat s togetherwith the relation of lessor equal t<uwv is a totally ordered
set. If SEn�O pyx{z S
|ASkj�O~} and S{l`O p�x egfk|ASkj�O�}�V$Skj�O�P�s , then s togetherwith the
operationsof n{�����El is a lattice. However, t+s�j$n�j�l�v is not a completelattice as thereis no
largest and smallestnumber.

(ii) Let s"�
� p s��`|(���3j2��} , the set of real numberswith the symbols �
� and � adjoined.
Define �
� ��S���� V$SRP�s and �
� u�S�u�� V
S3P�|(�
�Rj2�Q} . Then t�s��
�mj�n"j�lKv is
a completelattice with largestelement � and smallestelement �
� . The dual of this lattice
is obtainedby replacing u with the relationof greateror equal � . Obviously, t+s�j$n�j�l�v is a
sublatticeof t�s��
�{j
n"j�lKv .

(iii) The powerset ��� togetherwith the order relation � of set inclusion is a completelattice with
largestelement

N
and smallestelement � . For any family � p |��� ¢¡w£mP{¤m} of subsetsofN

, egf
h�� p ¥ �¦�§ ��  and ¨ Yb] � p © �¦�§ ��  .
(iv) The set s�ª ^� p s�«���|A¬�j
�Q} with the relation u is a completelattice. Here0 is the smallest

elementand � the largest element. ­gs ª ^� j
n"j
l�® is a sublatticeof t�s��
�{j
n"j
l�v but not oft+s�j$n�j
l"v .
(v) We partially order sK¯ by h`u�cU° hkt+S�vFu�c
t�S
v{V$SwP N anddefine ± p h�n_c by±�t+S�v p³² hkt+S�vµ´·¶�c$t�S
v"u�hkt+S�vc
t�S
v ´,¶"h�t¸S�vK�¹c$t�S�v

and º p h»l�c by º�t+S�v p�² hkt�S
vµ´¼¶Fh�t�S
v"u�c$t�S�vc
t�S
v ´¼¶�c$t�S�vK�Rhkt+S�v�½
120



Then ¾�¿�ÀWÁ
Â�Á�Ã�Ä is a lattice which is not complete. However, Å�¿5ÀÆkÇÈÁ�Â"Á
Ã"É is a complete
latticewith smallestelementthe constantfunction Ê definedby ÊkÅ+Ë�É"ÌÎÍ
ÏÑÐ$ËwÒÔÓ andlargest
elementthe constantfunction Õ definedby Õ�Å�Ë�ÉÖÌ�Ï Ð$Ë>Ò>Ó .

The binary operationsÃ and Â on latticeshaveseveralimportantproperties,someof them being
analogousto thoseof ordinarymultiplicationandaddition. Thefollowing propertiesareeasilyverified[3].

3.11.3 Theorem. If ÅZÓ�Á�×ØÉ is a partially orderedset,thentheoperationsof Â and Ã satisfythefollowing
equations(wheneverthe expressionsreferred to exist):

(1) Ë{Ã�ËQÌUË�ÁÙËÚÂÛËQÌUË ÅdÜ¼Ý�Þ2ß_à
á-â¸Þ2ãäâ2É
(2) Ë�ÃÛå�Ì�åoÃmËkÁæËÚÂmåçÌ�å>ÂmË Å�èéá-ßoßëê~â<ì�âíÜïîbÞ�É
(3) ËoÃ�Å+åWÃÈð�É�ÌÙÅ�Ë>Ã�å�É�Ã{ð~ÁDË�ÂmÅ+åØÂ�ðñÉ�Ì³Å�ËoÂÈå~É5Âmð Å�ìAò�ò�á~è�Üóì�â�Üôî-Þ�É
(4) ËaÃ`Å�ËoÂÈå�ÉõÌ�ËÚÂÛÅ�Ë>Ã�å�ÉõÌ�Ë Å+ì�ö�òíá�÷�à~â�Üôá-ã
É
(5) ËQ×�åÎø ËoÃmåEÌ³Ë�ÁÙËù×úå�ø ËaÂmåEÌúå Å+èéábã�ògÜZò�â�Þ2ã�èéû�É
(6) If Ó hasa leastelementü , then ü¢ÃÚË»ÌDü ý(þ
ÿ'üTÂmË»ÌDË*Ð$ËWÒwÓ
(7) If Ó hasa largestelementÕ , then Õ>Ã�Ë�ÌÙËÎýäþ
ÿ'Õ>Â�Ë�Ì�Õ�Ð$ËWÒwÓ

Observethat in the abovetheoremwe do not require that the partially orderedset be a lattice.
In fact, Dedekind[11] usedproperties(1) through (4) to define lattices,and Birkhoff [3] proved that
thesepropertiescompletelycharacterizelattices.For lattices,we havethe following additionalalgebraic
relationships.

3.11.4 Theorem. If Å�� Á2Â"Á
ÃKÉ is a lattice with partial ordering × , then

(1) å�×Ùð�� ËoÃmå`×ÙËoÃÛðÎýäþ
ÿ Ë_Âmåç×úË�ÂÚð ÅdÜóò�ábâ¸ábã~Þ�É
(2) Ë�×úð�� ËaÂ�Å�åWÃÈð�ÉI×�Å�Ë>ÂÈå�É�ÃÚð Å�ßoáñÝñê��óì�÷�Üôâ+û�É
(3) ËaÃ�Å�å ÂÈðäÉ��
	KÅ+ËoÃÈå~É�Â�Å+Ë Ã�ðäÉ Å¸Ã�ÝbÜZò�â¸÷íÜ�ö~ê�â�Ü�îbÜôâ�û�É
(4) ËaÂ�Å�åWÃ�ðñÉõ×³Å�Ë>Â�å�É5Ã`Å�Ë_ÂÈðñÉ Å�ÂæÝbÜZò�â�÷�Ü�ö�ê~â�Üôî-Üôâ�û~É
Proof: We shall only prove property(2). The remainingpropertiesare just as easyor follow
directly from Theorem3.11.3.

(2) Obviously, Ë'× ËçÂ å and, by hypothesis, Ë'× ð . Hence, Ë'× Å�Ë>Â�å�É�ÃQð . Also,å5ÃÖða×�åa×�Ë�ÂÖå and å5ÂÖða×�ð . Thus, å5ÃÖða×RÅ+Ë Â�å�ÉAÃÖð and,hence,ËÔÂWÅ�å ÃÈðäÉF×�Å+Ë>Â{å~É�ÃÖð .
Q.E.D.

It is often convenientandmuchsimplerto dealwith only oneof theoperationsof Â or Ã andobtain
equivalentrelationsfor the other throughduality. For this, the following notion is helpful.

3.11.5 Definition. A semilatticeis a commutativesemigroup Å���Á�
�É which satisfies the idempotent
law Ë�
 ËHÌÎË .
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It follows from Theorem3.11.3that everypartially orderedset � for which the operation ����� is
definedfor eachpair ��������� is a semilattice.Conversely,underthe relationdefinedby

������� �! "�$#%�&�
any semilatticewith binary operation  becomesa partially orderedset in which �� "�$#%')(+*-,.�/�0�01 .
3.11.6 Example: 2�34�5�76 is a semilatticewith dual 2839��:;6 . If 3=<>#%3@?A,CB�1 , and 37D�<E#F3G?�,IH5BJ1 ,

then 2�37D�<K�-�L6 is a semilatticewith dual 2�3;<��M:L6 . Note that the semilattice 2N37D�<K�-�;6 is a
monoidwith zeroelementHOB since PQ�R2SHTBU6V#W2�H5BJ6X�YPR#FP$Z[P\��3 D�< . Similarly, 2N3 < �-:Q6
is a monoid with zero element B .

As mentionedearlier,theoperationsof � and : in a latticeareanalogousto thearithmeticoperations
of + and ] . This analogyis most striking in distributive lattices.

3.11.7 Definition. A lattice 2�^_���7��:;6 is a distributive lattice if and only if the following equality
holds in ^ :2�`a6 �K:T2N�b�dc06�#e28�G:d�06=�T2N��:@c�6 .

This equationexpressesthe similarity with the distributive law �O2��gfhci6G#e���$f%�+c of ordinary
arithmetic. All latticesin Example3.11.2aredistributivelattices.Note alsothat by duality we havethat

2�`j`j6 ����28��:dc�6=#k2N���@�06�:K2��!�@ci6
in any distributive lattice. Now if ����c , then cG#F�G�dc . Thus,substitutingz for �!�@c in 28`j`N6 we have
that any distributive lattice satisfiesthe following law:

2�`j`8`j6 ���Jc�l ����2N�b:Kci6;#k2��!�@�06�:@c4m
Any lattice satisfyingcondition 2�`j`8`j6 is calleda modular lattice. Although everydistributive lattice

is modular,not every modular lattice is a distributive lattice.

3.11.8 Example: Let ^F#n,.oG��p+�S*.�Nq.�Nr�1 havepartial order definedby os�tp��kr5�uov�k*��kr5� ando��eqw�vr . Then

pb:K2N*=�Kqx6=#%pg:drG#Fp�y#Fo
#%oz�do{#k2�pg:@*x6���2Npb:Kq-65m
Thus ^ is not a distributive lattice. However, whenever �W�|c in ^ , then 28`j`8`a6 holds. For
example, pz�}r and

pg��2N*=:Gr+6;#%pR�d*&#JrG#�rR:dr$#k2�pg�@*x6�:dr&m
Therefore, ^ is a modular lattice.

Supposê is a lattice with smallestelementO and largestelementI, and �u�w^ . If ~��0�)�A^ such
that �0��:d��#%o and �0���d��#�r , then �0� is calledthe complementof � . Now if ^ is a distributivelattice
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and if �_���U�|����� and �_���U�|����� , then �U�|���T���7�d�/���E�K�T�8�7�K�I�R�}�8�$�d���;�T���!�d�I�R����7�d�0�4�u�8�$�d�0�d�����7�d�O���T�J���N�=�K�0�=���J��� . Therefore, �z��� . Thus, if �I� and �� are two
complementsof � so that ���K�I�Q�������$�k�� and �G���0�\�W�K���$�k�� , thenby our analysiswe have
that �0�=���� . That is, complementsare uniquein distributive lattices.

We say that a lattice is complementedif andonly if all its elementshavea complement.

Modular andcomplementedlatticesareof specialinterestfor applicationsto probability theory,in-
cludingergodic theoryandmultiplicativeprocesses,to linearalgebra,computerscience,andengineering.
For example,the set � of all subspacesof �b� is a complementedmodularlattice. Here the orthogonal
complement�\� of any subspace� satisfies �;�T���t�e  and �V��¡T�
�|�Q� . Also, by definition, a
Booleanlattice is a complementeddistributivelattice. Theusesof Booleanalgebrasin computerscience
andengineeringaremanifoldandrangefrom thedesignof electricalnetworksto thetheoryof computing.

For Booleanlattices we have the following:

3.11.9 Theorem. In any Booleanlattice, eachelementx has a uniquecomplement� � . Furthermore,
complementationsatisfiesthe following equations�S¢£� �K���0���|� and �����I�_�|���¤�� �N� � � � �"���¥�� �����K�I� � �¦�0�����C� and �8�$�d�0� � �E�I�+���C�

For a proof we refer the readerto [3]. Complementationshouldnot be confusedwith conjugation
or duality. For instance,if for every §�¨w�=©5ª we defineits dual or conjugate §.« by §.«!�­¬&§ , where¬g��¬b®¯����® , then��¤ � � �N§ « � « ��§��¥£�°� ��§_�G±�� « �¦§ « �@± « and ��§_�G±�� « �¦§ « ��± «
Equations ��¤ � � and �8¥ � � have the appearanceof statements(2) and (3) of Theorem3.11.9. However,§g��§ « �|¬g® and §&��§ « �|® if and only if §K�E® or §��²¬g® .

Sincecomplementsin a Booleanlattice � areunique,we can view complementationasa function�W³´� that maps �w³´�0� . From this point of view, complementationis a unary operation. If � is a
Booleanlattice, thenthe algebra�N��µ5�7µ[�7µ��¶� determinedby the two binary operations� and � , andthe
unary operationof complementon � is called a Booleanalgebra.

3.11.10 Examples:

(i) It follows from the lawsof operationson sets(2.2.1), that ·8¤.¸�µ+¡=µ��7µ��M¹ is a Booleanalgebra.

(ii) Let ºW¨%»O¸¼ and define ½J�}º��K¾ by

½5�N�O�L�n¿ º/���O��À°ÁK¾5���O�LÂ�º/�N�5�¾5�8�O� À°Áhº/���O��Ãw¾5�8�O�
and Äz��º���¾ by

Ä+�N�O�V�n¿ º/���O�²À°Á�º/���O�LÂU¾5�8�5�¾5�8�5� À°Á�¾5�8�5��Ã�º/���O�[Å
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Define complementationof Æ as the function Æ+Ç=È+É­Ê�Ë�Ì , where

Æ ÇÎÍ�ÏOÐ;Ñ¦ÒKÓ Ô°Õ Æ Í�ÏOÐ=Ñ%ÖÖ Ô×Õ Æ ÍNÏ5Ð;Ñ Ó;Ø
The leastelementis the zero function ÙeÈ5É�ÊÚË�Ì definedas Ù Í�ÏOÐYÑnÖeÛ5Ï¯Ü É and the
largest elementis the constantfunction Ý�È/É Ê Ë�Ì definedby Ý Í8ÏOÐAÑ Ó Û[ÏzÜ É . It is
now easyto showthat ÞjË5ßÌbà5á7à�â=à ÇSã is a Booleanalgebra.This algebraprovidesa rigorous
mathematicalbasisfor the descriptionof a wide rangeof Booleanimagetransformations.

(iii) The lattice Í�äQåæ5ç à5á7à[â Ð of Example 3.11.2 (v) is a distributive lattice with minimal and
maximalelements.Only the functions è and Ý havecomplements,namely ÝiÇ Ñ è and è+Ç Ñ Ý .

In addition to being a distributive lattice, the set of real numbersis also a ring, and our early
experiencein elementaryalgebrahastaughtus the useful propertieséQê ÏWë}ìJí îGïkÏWë}î$ïkìé Ì Ïkë|Ö ð.ñ�ò ì�ëvÖ�í Ï+ì�ë|Öé/ó î�ë
Ö�í´îiÍNÏ á ì0ÐYÑnîCÏ á î�ì�ð£ñ�ò­îiÍNÏ â ì0ÐbÑnî�Ï â î�ì à
where Ï à ì à î�Üwä . Thesepropertiesexhibit the interplay betweenthe lattice and ring operations.The
questionnaturally arisesas to whetheror not thesepropertieshold in any ring (or semigroup,group,
etc.) which is also a lattice. For the remainderof this sectionwe will be mainly concernedwith this
questionand examinepropertiesof semigroup,groups,rings, and other algebraicstructureswhich at
the sametime are lattices. While many propertiescan be couchedin termsof lattice-relatedconcepts,
the main purposeof approachingthesestructuresfrom a generalalgebraicviewpoint is to developan
anology to linear operatortheory.

Supposeô is a set with binary operation õ and partial order ö , and supposethat the systemÍ ô à ö à õ Ð satisfiesthe following property:é/÷ Ï ö ì�íùø õ Ï õuú�ö ø õ ì õuú Û[ø à ú Ü ô .

If Í ô à õ Ð is a semigroup,then

1. ô is called a partially ordered semigroup or po-semigroup.

2. If Í ô à õ Ð is a group, then ô is called a partially ordered group or po-group.

3. If Í ô à[á Ð is a semilatticeand Í ô à õ Ð a semigroup,then ô is called a semilatticeordered semigroup
or sl-semigroup.

4. If Í ô à[á Ð is a semilatticeand Í ô à õ Ð a group, then ô is called a semilatticeordered group or sl-
group.
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5. If û�ü_ý5þ=ý5ÿ�� is a lattice and ûNü4ý���� a semigroup,then ü is called a lattice ordered semigroup or
l-semigroup.

6. If û8ü4ý�þ7ý[ÿ�� is a lattice and û�ü9ý���� a group,then ü is calleda lattice ordered group or l-group.

Obviously, û��4ý/þ=ý5ÿ=ý
	�� is an l-group since ��
������ . On the other hand, û��9ý[þ7ý5ÿ=ý���� is not an
l-semigroupsince � � doesnot hold for multiplication. However, û����4ý5þ=ý5ÿ=ý���� is an l-group.

An sl-semigroup ü has an identity elementunder � if there exists an element � in ü such that����������������� for all �! �ü�" It hasa null element# if #Oþ��$�%� and #����&�%����#��'# for all �! �ü�"
If the sl-semigroup û�ü9ý þ=ý(��� is also an sl-semigroup ûNü4ý ÿ7ý)��*+� undera semilatticeoperation ÿ and a
semigroupoperation �,* and satisfies

�gþ�û�-7ÿ.�/�����RÿKû�-=þ0�/���%�213��ý4-5 �ü4ý
then we say that ü is an sl-semigroup with duality. If the operations � and � * coincide, then the
operation � is called self-dual. An sl-semigroupwith duality and self-dualmultiplication is simply a
lattice-orderedsemigroup. The l-group û��4ý þ=ýMÿ7ý
	6� hasthe identity element0 but no null element,as
there is no “smallest” elementin ��" As anotherexample,the l-semigroup û���798�ý þ7ý-ÿ=ý
	6��ý where 	
denotesthe extendedreal addition �:	Fû<;>=?���@;>=A	B�C�3;>= 1D�E F� 798 , hasthe null element ;6=
but hasno identity element,as ;�= hasno inverseunderextendedreal addition.

It hasbeenshown(Birkhoff [3]) that exceptin the trivial casewhere ü%�HGJILK a partially ordered
groupcannothaveuniversalbounds.Thusan l-groupcannotbe a completelattice (unlessit is {0}), that
is, eachsubsetM of ü cannothavea lub anda glb in ü�" In particular,the l-group û��4ý þ=ýMÿ7ý
	6��ý cannotbe
a completelattice. Our particularinterestsfocuson the extensionof an l-groupin a well-definedmanner
to includethe universalbounds;�= and =Fý andhencethe resultingstructurewill not beasstrongasan
l-group. Note that if we adjoin the element;�= (or 	:= ) to the l-group ü9ý the structureû�ü 7/8 ýMþ7ý-ÿ=ý(�,�
(or ûNü 8 ý-þ=ý-ÿ7ý(�,� ) degeneratesto an l-semigroupsincethe element ;�= (or 	:= ) cannothavea inverse
under ��" Here, ü 798 �%üON�GP;�=QK and ü 8 �%üONRGS	:=?K . This doesnot turn out to be as much of a
disadvantageasonemight think, asan arbitrary l-group ü canbe extendedto includethe elements;6=
and 	:= in a well-definedmannerunderbothoperationsþ and � in the following way. Let û�ü4ý þ=ýMÿ7ý(���
be an l-group,and let ü�T 8 ��üUNVG(	:=FýW=XKiý where ;�=ZY[�EY\= 1]�E uü�" The group operation� is extendedin the following manner.If �+ý^-_ �ü4ý then �!�`- is alreadydefined. Let � * �V� be the
self-dual multiplication on elementsof ü9ý that is,

��� * -������`-a1.�+ý^-� �ü�"
Otherwise,we have ���b;c=d�[;>=e�R�$�_;>= �! �ü 798���F=f�g=h�E���_= �$ �ü 8��� * ;>=d�i;>=d� * ���[;>= �$ �ü 798��� * =d�g=e� * �$�2= �0 �ü 8û<;>=?���F=f�g=h��û<;>=j���i;>=û<;>=?��� * =h�2=h� * û^;>=Q���g=
Hence,the element;�= actsasa null elementin thesystemû�ü�T 8 ý-þ7ý(��� andthe element	:= actsasa
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null elementin thesystemk�l�m>n�o4p,o(q�rts4u However,asshownby thelasttwo equations,themultiplicationsq and q r introducean asymmetrybetween v�w and x:w�u The resultantstructure k�l m>n o4y,o
p�o(q�o(q r s
is called a boundedl-group, and, in fact, is a distributive lattice. Note that this extensionis valid
for any arbitrary l-group. Two familiar examplesof bounded l-groups are k�z�mDnCo
y�o
p�o
x�o
x r s and{ z}|m>n o~y�o
p,o(q5o(q r�� u Here, z�|m>nH� z |���� v�w%oWwX� � ����� zQ� �:�j� � �,� v6w%oWwX�Pu Notethat k�z�oWy,o
p�o
x�s
is isomorphicto k�z | o
y�o
p,o(q�s both as a group and as a lattice, and hencetheir extensionsto l-groups
will be isomorphicas well. Theseextensionsplay a key role in lattice spaces(Section3.12) and have
importantconsequencesin the decompositionof templatesandstructuringelements(Chapter7).

We now return to our original questionconcerningrings that arepartially ordered.

3.11.12 Definition. A partially ordered ring or po-ring is a ring � which is also a partially ordered
set undera relation � which satisfiesproperties��� and ��� . A lattice ordered ring or l-ring
is a po-ring � which is a lattice definedby � .

3.11.13 Example: Since k�z�o
y�o
p�o
x�o(q,s satisfies��� and ��� , z is an l-ring.

As anotherexampleconsider�F�9����k�l,s , thesetof all ��q�� matriceswith entriesfrom l . If l is
a totally orderedfield with order � , thenby defining �`�j�H� ��� �6���^� �E� �^o¢¡ �i£ o<¤¥o
¦�¦§¦^o4� ,
with ��o^� �E¨ª© � © k�l«s , it is easyto seethat � �L��� k�l,s satisfies� � and � � .

If � is a po-ring, then � is a po-group with respectto its additive operation.Suppose¬X� � and­ �g® . Since � is a po-group, ¬a� � and ­ �g® is true � ¬a� � and ­ v¯®0� � . Applying � � to the
latter statement,we obtain ¬ck ­ vb®°s�� � and,hence,¬ ­ vF¬�®$� � or equivalently ¬ ­ �j¬�® . Conversely,
if ¬ ­ �3¬�® , then ¬ ­ vj¬�®F� � and hence ¬ck ­ vb®°s�� � . Thus, if our original hypothesis¬?� � and­ �V® implies that ¬ ­ �V¬�® , then it follows that ¬2� � and ­ v%®¯� � implies ¬>k ­ vb®Ls±� � . We
have just proven the following:

3.11.14 Theorem. In any po-ring property ��� is equivalentto property��²�� ¬?� �d³)´9µ ­ �H® ¶ ¬ ­ �@¬�®
Since ¬±y ­ ��¬·o ­ and ¬·o ­ �%¬$p ­ , Theorem3.11.14hasthe following consequence:

3.11.15 Corollary. In any l-ring�·¸$� ®�� � ¶ ®°k�¬�y ­ s5�[®�¬$yR® ­ ³S´�µ ®�¬!p.® ­ �g®Lk�¬�p ­ s4u
This is thebestwe canachievefor generall-rings. However,in totally orderedrings the inequalities

in � ¸ can be replacedby equalities.

3.11.16 Corollary. Property �·¹ holds in any totally ordered ring � .

Proof: Since � is totally ordered,either ¬ªy ­ � ¬ or ¬ªy ­ � ­ . If ¬ªy ­ � ¬ , then®(¬ � ®°k�¬$y ­ sº�i®(¬!yR® ­ and, therefore, ®°k�¬�y ­ s � ®(¬!yR® ­ . The case ¬�y ­ � ­ and the
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remainderof the proof are just as simple.
Q.E.D.

In order for »�¼ to hold, total order, althoughsufficient, is not a necessarycondition; the l-ring½�¾�¿:À4Á�À
Â�À
Ã�ÀSÄ�Å
satisfies»·¼ but is not totally ordered.

3.12 Minimax Algebra

In recentyearslatticebasedmatrix operationshavefoundwidespreadapplicationsin theengineering
sciences.In theseapplications,theusualmatrix operationsof additionandmultiplicationarereplacedby
correspondinglattice operations.For example,given the boundedl-group Æ�Ç�È�É À
Á,À(Ä�Ê and ËiÌÍÆÏÎ°ÐÒÑ Ê ,Ó Ì_Æ�Ô4ÐÒÑ Ê two Õ ÄEÖ

matriceswith entriesin Ç�È>É , then the pointwisemaximum, Ë Á Ó , of Ë and
Ó

,
is the Õ Ä¯Ö

matrix × definedby

Ë Á Ó Ì�× À�Ø�Ù¥Ú
Û<ÚbÜ ÐÝÑ�Ì�Î�ÐÝÑ Á Ô4ÐÒÑ}Þ
If Ë is Õ Ä0ß

and
Ó

is
ß�Ä`Ö

, thenthe maxproductof Ë and
Ó

is the matrix ×iÌgË Ä Ó , whereÜ ÐÒÑ Ì àáâ
ã>ä Æ�Î Ð â Ä Ô â Ñ Ê Þ
Observethat this product is analogousto the usualmatrix productÜ ÐÒÑ5Ì àåâ^ã>ä Æ�Î�Ð â Ä Ô â Ñ Ê
with the symbol æ replacedby ç . Since ç replacesæ in our definition, the pointwisemaximumcan
be thought of as matrix addition.

3.12.1 Example:

(i) Considerthe boundedl-group Æ ¾ È>É À
Á�À
Ã�Ê . Thenèéééé
ê
ë6ì í ë5î îï ë5ð ñWò ë�óô ó Ã ì õë�ö ë6ì ñ ë ïë÷ñ ñ ò ð

øÝùùùù
ú á

èéééé
ê
î ï Ã ì ë�ìë�ì ò ô òë�ö í ñ�î óë:ñ ë�ì î ë�öë�î ñ ë:ñ í

øÝùùùù
ú Ì

èéééé
ê
î ï Ã ì îï ò ñ�ò òô í Ã ì õë:ñ ë�ì î ë5öë:ñ ñ ò í

øÝùùùù
ú À

which providesan illustration of the pointwise maximumof two ð Ä ó matriceswith entries
from

¾ È>É Þ
(ii) For an illustrationof themaxproductwe usea ð Ä ó anda ó Ä ö matrix with entriesfrom

¾ È>ÉVûèéééé
ê
ë�ì í ë5î îï ë5ð ñ�ò ë�óô ó ñ(ñ õë�ö Ã ì ñ ë ïë:ñ ñ ò ð

øÝùùùù
ú Ä

èéé
ê
ë6ì í ë�îï ë�ð ñ§òô ó ñ�ñë:ñ ñ ò

ø ùù
ú Ì

èéééé
ê
ñ�ö ö ñ§íñ ô ñ
ó î/ññ�õ ñ�ð î�îÃ ì Ã ì Ã ìô í ñ�ñ

øÝùùùù
ú Þ
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Here ü4ýÒþ5ÿ ���������
	
ý ����
�� þ����

If ���������������� 
�

is the dual of �
���!�"��#����
�
, thenthe dual or min productof $ and % is the matrix& ÿ $ �' % , where ü ýÝþ ÿ �(���!�') 	

ý � �  
 �
þ+* �

Similarly, the pointwiseminimum $ � % of two matricesof the samesize is definedas

$ � %
ÿ & �",.-0/�12/

üWýÝþ�ÿ
	
ýÝþ
� 

ýÒþ �

Lattice inducedmatrix operationslead to an entirely different perspectiveof a classof nonlinear
transformations.Theseideaswereappliedby Shimbel[21] to communicationsnetworks,andto machine
schedulingby Cuninghame-Green[7, 8] and Giffler [13]. Othershave discussedtheir usefulnessin
applicationsto shortestpath problemsin graphs[18, 2, 6, 1]. Additional examplesare given in [9],
primarily in the field of operationsresearch. Another useful application to image processingwas
developedby Ritter and Davidson,[19] and [10].

While lattice theoryandlattice-orderedgroupshaveonly marginal connectionsto the computational
aspectsof linear algebra,Cuninghame-Greendevelopeda novel nonlinearmatrix calculusbasedon the
min andmaxproduct,calledminimaxalgebra, which is very reminiscentof linearalgebra[9]. Problems
notatedusing the minimax products take on the flavor of problemsin linear algebra. By allowing
for the minimax matrix productsto take on the characterof the familiar matrix products,concepts
analogousto thosein linear algebrasuchas solutionsto systemsof equations,linear dependenceand
independence,rank, seminorms,eigenvaluesand eigenvectors,spectralinequalities,and invertible and
equivalentmatrices,canbe formulated.Originally, manyof theseconceptsweredevelopedprimarily to
helpsolveoperationsresearchtypesof problems.Our interestin thesenotionsis dueto their applicability
to image processingproblems.

An sl-semigroup ���3�4#����
�

satisfying the axioms% � 5 �6��78#:9
� ÿ

� 5 �;7
�
#<� 5 �=9

�
%?> ��78#@9

�
� 5

ÿ
��7A� 5

�
#<��9A� 5

�
B 5 ��7���9;CD� is called a belt. Viewing � as multiplication and # as addition provides � with a ring
like appearance,hencethe name“belt.” If, in addition, � is a lattice with anothersemigroupoperation�' satisfying%  � 5 �  ��7?�"9

� ÿ
� 5 �  7

�
�E� 5 �  9

�
%  > ��78�@9

�
�  5

ÿ
�
7F�  5

�
�E�G9A�  5

�
�

then � is called a belt with duality.

If the multiplication � and the dual multiplication �  coincide,thenwe call the multiplication self-
dual. Obviously, any l-semigroupis a belt with self-duality. If the l-semigroupis actually an l-group,
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then eachelement HJI6K hasa uniquemultiplicative inverse H!LNM ; by analogywith division rings, we
call such a belt a division belt.

Let O�K�P�Q4R�S and OGK�TUQ4R�S be two semilattices. A function VXWYK'P?Z[K\T is called a semilattice
homomorphismif V]O�^8R@_`S�aDV�O
^bScR"V]O�_dS
for all ^�Q�_ in K M . If O
K'PeQfR�Q�ghS and O
K�TUQ4R'Qig�S are two belts and VjW:K'PkZlK�T is a semilattice
homomorphismthat satisfies V]O
^Fg=_mSnaDV�O
^bS\g;V]O�_dS2Q;op^�Q�_qIrK3Q
then V is called a belt homomorphism.A belt (or semilattice)isomorphismor automorphismis given
the usual meaning.

3.12.4 Example:

Define V;WUstZus'v by V]O�HcS�axw`y . Then V]O
HYR@zbS�a{V]O
H!S�R:V]O�zbS and V]O�HY|�zbSnaDV�O
H!S�grV]O�zbS .
It is trivial to show that V is a belt isomorphism. Furthermore,s~}i����s v are commutative
belts, that is, the multiplication g commutes.

Let O
K�Q4R'Q+�'Q�g�S be an l-group with identity � and let O��8Q�R�S be a semilattice. Supposewe havea
right multiplication of elementsof � by elementsof K :Hrg;�rI�� o�H�Ir�8Q�}i����ok�"I=K��
We call OG�?Q�R�S a (right) semilatticespaceover K if the following four conditionsare satisfiedfor allH]Q�zDI�� and for all ��QU��I�K : O�H"g���S�g��;axH�g;O2�"gr��SO�HYR:zbS�g��:a�O
H"g<�!S�R"O
zFg���SH"g;O2�YR:��S'a�OGHrg;�!S�R�OGHrg"�\SH�g=��a�H��
A right semilatticespaceis also called a right s-lattice spaceor simply a spaceover K . If � and K
are known, then shall simply say that � is a space. A subspaceis a subsetof a spacewhich itself is
a spaceover K .

Semilatticespacesplay the role of vector spacesin the minimax theory. For example,if ��a�s'�
and K�a�s , and we define � g=�8ax�'Q<�.�0�d�2��_�� aD^��!|E�¡Q�¢na¤£�Q�¥�¥d¥�Q2¦
then it is easily verified that g satisfiesthe abovefour axioms. Here, O�s�§!Q�R�S is a semilatticeunder
coordinate-wisemaximum.Thuswe canregards\¨ asa right semilatticespaceover s�� Similarly, we can
define a left semilatticespaceover K3Q using the left versionsof the abovefour conditions.A two-sided
spaceis a triple O�©3Q��?Q�K\S satisfying the following threeaxioms:
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ªN«�¬ ­
is a belt and ® is a left spaceover

­ªN¯�¬ ­
is a belt and ® is a right spaceover

­ª�°Y¬ ±�²t³�´�²rµ�¶q·¸³�±t²r´c¶3²;µ ¹N±�º ­�» ¹N´�º ® »�¼¡½!¾ ¹�µ�ºE¿.À
Let

³
¿ »4Á�» ²3¶
be a belt. An importantclassof spacesover

¿
is the classof function spaces.Here

the s-lattice
³ ® »�Á ¶ is replacedby the lattice Â ¿ Ã »�Á Ä . Suchspacesare naturally two-sided. We shall

only be interestedin the casewere Å�ÆUÇ¡È ³ÊÉ=¶k·pËÍÌÏÎ
. Thus we can view Â ¿�Ã »�Á�Ä as the spaceof

n-tuples
³G¿�Ð »�Á ¶

.

When discussingconjugacyin linear operatortheory, two approachesare commonly used. One
definesthe conjugateof a given space Ñ as a specialset Ñ Ò of linear scalar-valuedfunctionsdefined
on Ñ . The other involves defining an involution (a one-to-onefunction) taking

´�º Ñ to
´ Ò º Ñ Ò that

satisfiescertainproperties.The situationis slightly morecomplicatedin the caseof lattice transforms.

Let
³�¿ »ÓÁ�» ²3¶

and
³ ® »ÕÔ'» ²�Ö×¶ be two belts. We saythat

³ ® »ÓÔ�» ²'ÖØ¶ is conjugateto
³
¿ »4Á'» ²3¶

if thereis
a one-to-onecorrespondenceÙ ¬ ¿DÚ ® satisfyingthe following two conditions:¹N´ »�Û º�¿ » Ù ³G´ Á@Û ¶�· Ù ³G´c¶ Ô Ù ³ Û ¶¹N´ »�Û º�¿ » Ù ³G´"² Û ¶�· Ù ³G´c¶�² Ö Ù ³ Û ¶NÀ

In lattice theory, Ù is called a dual isomorphism. Note that conjugacyis a symmetricrelation. If³�¿ »4Á�»�Ô ¶
is an s-lattice with duality and Ù ¬ ¿ÜÚÝ¿

satisfying¹N´ »�Û º�¿ » Ù ³G´ Á@Û ¶�· Ù ³�´c¶ Ô Ù ³ Û ¶ »
then we say that

¿
is self-conjugate. If

³
¿ »4Á'» ² »�Ô�» ²'Ö4¶
is a belt with duality, we say that

¿
is self-

conjugatewhenever
³�¿ »4Ô�» ²'ÖÞ¶

is conjugateto
³G¿ »ØÁ�» ²�¶

.

In particular,everydivisionbelt is self-conjugateundertheone-to-onecorrespondence
´ Ò ·x´]ß « , and

everyboundedl-groupis self-conjugateundertheone-to-onecorrespondence
³áà8Îâ¶ Ò ·�Î » Î Ò ·�à8Î

,
and

´ Ò ·Ü´ ß « if
´

is finite. Thus, if
¿�ã�ä

is a multiplicative boundedl-groupand Ç ºt¿�ã!ä » then the
additiveconjugateof Ç is the uniqueelement Ç Ò definedby

Ç Ò.å æç è Ç ß « if Ç ºr¿à8Î
if Ç ·�é�Îé�Î
if Ç ·¤à8Î À (3.12.1)

Here, Ç ß « is the inverse of Ç under the group operation
²qÀ

Therefore,
³ Ç¡Ò ¶ Ò · Ç . This gives the

following relation for all Ç »2ê in
¿\ã!ä ¬

Ç Ô@ê ·�³ Ç Ò Á"ê Ò ¶ Ò À
If
³�¿ »ÓÁ�» ² »�Ô'» ²�Ö4¶

is abeltwith duality, thenwesaythatthespace
³ ® »�Á ¶ over

¿
hasa duality if adual

addition
Ô

is definedsuchthat
³ ® »�Á�»�Ô ¶ is ans-latticewith duality and

³ ® »�Ô ¶ is a spaceover
³�¿ »4Ô�» ² Ö ¶

.

We now returnto the nonlinearmatrix algebrainducedby belts. Let ëtì0íïî ³
¿'¶ denotethe setof allË;²�ð
matriceswith valuesin the belt

¿
. The following aresomebasicdefinitionsandproperties:

(1) Scalarmultiplication of a matrix ñ by an element ò ºE¿ is definedby³ Æ�ófô ¶�² ò ·Í³ Æïófô ² ò ¶ò ²;³ Æ�ófô ¶�·Í³ ò ² Æ�ófô ¶
for all ñ ·õ³ Æïófô ¶Yº ë�ìöíiî ³
¿'¶ » ò ºx¿ ;
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(2) ÷�ø�ùöúïû�÷
ü'ý�þ�ÿ�ý is an s-lattice and a function spaceover ÷�ü3þ4ÿ�þ��hý ;
(3) ÷�ø ù0úïù ÷
ü'ý�þ+ÿ'þ��hý is a belt;

(4) ÷�ø ù0úiû ÷�ü ý�þ+ÿ\ý is a left spaceover the belt ÷�ø ùöúïù ÷Gü'ý�þ+ÿ'þ��hý ;

(5) For all
��� ø���úiû�÷
ü'ýNþ���þ
	 � ø ûiúïù�÷Gü'ý�þ�� � ü�þ� �;÷
�Íÿ�	 ý���÷ � ���Aý�ÿ"÷ � ��	 ý� ��÷
������ý���÷ � ���:ý
�����

The proofsof thesepropertiesarestraightforward andcan be found in [9].

Since the s-lattice ÷
ø ùöú�� ÷
ü'ý�þ�ÿ\ý is isomorphicto the s-lattice ü ù , we havethat ü ù is a function
spaceover ü as well as a spaceover ø ù0úïù ÷Gü ý . This mimics the classicalrole of matricesas linear
transformationof spacesof � -tuples.

As in realor complexvaluedmatrix theory,two matricesof primeimportancein minimaxtheoryare
theidentitymatrix andthenull matrix. Supposethatthebelt ü hasidentityandnull elements����� �"!�# ,
respectively. We definethe identity matrix $ � ø ùöúïù ÷
ü'ý by

$ �
%&&&&
'

� !(# ) ) !�#!(# � ) ) )) ) ) ) )) ) ) ) !�#!(# ) )*!(# �

+-,,,,
.

and the null matrix / � ø ùöúïù ÷Gü ý by

/ �
%&&&&
'
!(# ) )0)1!(#) !�# )0) )) ) )0) )) ) )0) )!(# ) )0)1!(#

+-,,,,
. �

Thus we have 2 �3� ø ù0úïù ÷
ü'ý ,
$ � � � � � $ � �� ÿ / � / ÿ � � �� � / � / � � � / �

In the boundedl-group 4�576 we have

$ �
%&&&&
'

8 !(# ) ) !�#!(# 8 ) ) )) ) ) ) )) ) ) ) !�#!(# ) )*!(# 8

+-,,,,
.
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and in 9�:;7< we have

=?>
@AAAA
B

C D�E F F D(ED(E C F F FF F F F FF F F F D(ED(E F FGD(E C

H-IIII
J�K

Conjugacyextendsto matricesif the underlying value set is itself a self-conjugatebelt. This is
statedin the next theorem.

3.12.7 Theorem. (Cunninghame-Greene[9]) If LNMPORQ�O�STOVU�O�S�WYX is a self-conjugatebelt, thenL
Z\[^]_[`L
MaXVObQ�O�ScO-UaO�S W X is a self-conjugatebelt.

Herethe conjugateof a matrix d > LNe�fRghX with entriesin M or M ; < is the matrix dTi > LkjVfRghXVO wherejVfRg >�l emgNfon i and
l e�gNfpn i is the additiveconjugateof emg
f definedearlier. Thenotionsof pointwiseminimum

and dual productcould havebeendefinedin termsof conjugationsince

dqUsr > LNd i Q�r i X i
and dtS W r > L
r i S3d i X i
for appropriatelysized matrices.

While semilatticespacesover l-groupsplay the role of vector spacesin minimax theory, linear
homomorphismsof semilatticespacestake on the role of linear transformations.

3.12.8 Definition. Let L
uvO-Q�X and Lkw�O-QxX be given spacesovera belt LNMyObQaOmSvX . An s-latticehomomor-
phism z|{}LkuyO-QaXc~ Lkw(O-Q�X is called right linear (over M ) if

z L���S3� X > z Lk��XxS3�t���3��uvO}�7����M K
We denotethe setof all right linear homomorphismsfrom u to w over M by �3�����`L
uyO�w�X K

In linearalgebra,we characterizelineartransformationsof vectorspacesentirelyin termsof matrices.
A naturalquestionto askis whetheror notasimilar classificationholdsin minimaxalgebra.Thefollowing
resultsgive necessaryand sufficient conditionsfor this to be the case.

3.12.9 Theorem. (Cunninghame-Greene[9]) If M is a belt whichhasan identityelement� anda null
element

D(E
, thenfor all integers �3O��3� C O�Z���]�[`LkMaX is isomorphicto �3��� � L
M [ O�M � X K

The belt operationsof Q�������S on ����� � LNM [ O�M � X are the naturally inducedoperationsfrom the
belt M � definedby LN��Q�z XNL
��X > ��LN� X�QTz�Lk��X������qL
��S�z`X�L
��X > ��L
��X�S�z Lk� X7���`O�z����3��� � LkM [ O�M � X K
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3.12.10 Corollary: Suppose�3 �¡ with �3¢¤£ . If ¥ is a belt, thena necessaryandsufficientcondition
that ¦�§�¨ª©�«N¥�¬ is isomorphicto ­3®�¯�°�«N¥ ©`± ¥ § ¬ for all integers̄³²�£ is that ¥ hasanidentity
element́ with respectto µ and a null element¶T· with respectto ¸ .

We call a matrix ¹� º¦ §�¨�© «k¥a¬ a lattice transform. Since ­3®�¯�°�«k¥ © ± ¥ § ¬ is isomorphic to¦ §�¨_© «
¥»¬ , we shall usually refer to ¼� ½­3®�¯�°`«
¥ © ± ¥ § ¬ as a lattice transform insteadof a right
linear homomorphism.In particular, lattice transformsare to minimax algebrawhat linear transforms
are to linear algebra.

Much of what hasbeenestablishedin this sectioncan be expressedin the contextof dual lattice-
orderedsemigroups. However, we wish to study thesestructuresfrom a different perspective. The
extensionof thebelt operationsto matricesallowsus to view matricesasoperatorson spacesof n-tuples
in a way similar to vector-spacetransformationseventhoughtheseoperatorsare non-lineardue to the
latticestructureof theunderlyingset ¥ . Thispointof view will beespeciallyusefulwhenoneis interested
in optimizing non-linearimagetransformsthat correspondto lattice transforms(Chapter7).

Theminimaxalgebrathatwe will bemostlyconcernedwith is basedon thetwo isomorphicbounded
l-groups «
¾�¿7À ± ¸ ±ÂÁa±-Ã�±-Ã»Ä ¬ and ÅÆ¾�Ç¿�À ± ¸ ±-Áa± µ ± µ ÄÉÈ�Ê The substructure«ÌË�¶(· ±ÆÍ�± ·ÏÎ ± ¸ ±-Á�±-Ã�±NÃTÄ ¬ of«
¾x¿ À ± ¸ ±-Á�±-Ã�±-ÃaÄ ¬ , which is a 3–elementboundedl-group, is of particular interest in Booleanimage
processing. The sublattice «�Ëª¶(· ±ÂÍ Î ± ¸ ±-Á ¬ of the 3–elementboundedl-group is a Boolean algebra
with complementation«Â¶(·�¬ Ä�Ð Í�ÑmÒ�ÓÔÍ Ä Ð ¶(· . By setting Õ×Ö Ð ¸ ±ÙØªÚ�Û Ð Áa±�Ü_Ø�Ý�Þ_ß Ð¶(· ±aÑmÒ�Ó�à Ö�á ß Ð Í , we obtain the Booleanalgebracommonlyusedin computerscience.

3.13 HeterogeneousAlgebras

In the previoussectionswe consideredseveralalgebraicsystems,or algebras, suchasgroups,rings,
linear algebras,lattice algebras,and minimax algebras.Thesealgebrasare all specialcasesof a more
generalconceptknown as a heterogeneousalgebra. Imagealgebrais a particularlyapplicableexample
of a heterogeneousalgebra.

Our basicdefinition of a heterogeneousalgebrais due to Birkhoff and Lipson [4].

3.13.1 Definition. An algebra â is a pair â Ð «kã ±Vä ¬ , where

(1) ã Ð Ë×¥�å_Î åmæhç is a family of non-emptysetsof differenttypesof elementsandthesubscriptsè
are membersof someindexing set é , and

(2) ä Ð Ë�ê�ë_Î ë�æ�ì is a setof finitary operations(for someindexingset í ), whereeachêÏë�  ä
is a mappingof the Cartesianproductof someof the ¥ å ’s to another;that is,

êÏëïî ©×ðñòÉó�ô ¥�å�õRö ÷Nø�ù ú�û�üÉý-þ�ÿ
and each ú û�� � ÷Nø�ÿ�ú û�üÉý-þ������

In this definition the notation 	 ý , 
���
�� , and ����
�� meansthat the indexingdependson the operation� ý . In particular, � ý������ û�� � ÷Nø�ÿ�������ÿ � û���� � ÷
ø! ù � û�übý-þ"� ú û�ü ý-þ#�
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The operation $&% is unary if '(%*),+ , binary if '(%*).- , ternary if '(%*)./ , etc. The elements021
of 3 are called the setsof operandsof 4 , and the elements$ %65�7 are called the operatorsof

(or operationson) 4 .

An algebra4 is called a homogeneousor singlevaluedalgebraif 3 containsonly oneelement—
i.e., 38):9 0<;>= otherwise 4 is called a heterogeneousor manyvalued algebra. If 4 is single valued,
we simply write ? 0@= 7�A insteadof ?�9 0B;C= 7DA and if the operationsare tacitly understood,we write

0
in

place of ?E9 0F;C= 7�A .
If 48):?�3 = 7GA and HI)J?�K =!L A aretwo algebraswith 38):9 0M1N; and K*):9�OGP ; , then H is calleda

subalgebraof 4 if andonly if
LRQ 7 and for each O P 5 K thereexistsa

0 1 5 3 suchthat O P QS0 1UT
3.13.2 Examples:

(i) A linearalgebraVU? 0 A )J?!3 = 7�A , where 38):9�V =W0F; consistsof a set V of vectorsanda set
0

of
scalars,and 7 ) 7YX[Z\7G][Z�7_^ (seeSection3.9). Thescalarsform a field underthe operations7`X )a9cb =ed<; and the set V forms a ring underthe operations7`] )R9�f =Wgh; . In addition,there
is a fifth operation

0Id VaijV of scalarmultiplication, 7_^ )k9Cl ; , satisfyingthe vector space
axioms m X through mon (3.7) and the linear algebraaxiom pFn . Since qsrNt�uv?�3 AYw + , Vx? 0 A is a
heterogeneousalgebra.Note that the ring 9�V = f =sg�; is a homogeneoussubalgebraof VU? 0 A .

(ii) A finite statemachine ?E9�y =Ez(=E{D;C= 9�| =�}o; A is a heterogeneousalgebra.Herey = set of states,z
= set of input symbols,{
= set of output symbols,|�~2y d�z i y is the statetransition function, and} ~FyRi {

is the stateoutput function.

If 4k)a?E9 0 1 ;c= 7�A and H���):?E9�O`��� 1 ;c= 7�A is a family of subalgebraswith Ox��� 1 Q�0 1 for every index�
, then the intersection� � H��Y)R?�9c����OY��� 1 ;C= 7�A . Higgins provedthe following theorem[14].

3.13.3 Theorem. Any intersectionof subalgebrasof 4 is a subalgebraof 4 .

Another consequenceof the definition of subalgebrasof an algebrais that the subalgebrasof an
algebraform a completelattice [3].

The notion of a homomorphismbetweenalgebraicsystemsas definedin the previoussectionshas
its natural generalizationto heterogeneousalgebras.

3.13.4 Definition. Let 4 )�?�9 0 1 ;C= 7DA and HS)a?�9eO 1 ;C= 7`��A be two algebras. A homomorphism� ~c4�i,H is a setof functions
� 1 ~ 0 1 i�O 1 (one for each

0 1
) suchthat for any operation

$�%�~ �e����� X 0 1���� �E� � ¡"¢�£�¤s¥
in ¦ there existsan §©¨ ¤©ª ¦`¨ , with

§ ¨ ¤ «@¬
�­®�¯�°o± ¢s² ³ ���[� ± ¢�£´¤s¥#µ
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such that the composition¶
·�¸º¹s»�¼U½ ¹S¾ ½À¿¹ ¼�Á

¶
·�ÂÄÃÄÅ�ÆEÇ

¶
·>ÂÄÃ È�Æ�ÇsÉ�É�ÉÊÇ

¶
·>ÂÄÃÌË�ÍsÆ!Î

holds.

As usual,homomorphismsthat are one-to-oneand onto — meaning

¶
·ÐÏ�ÑM·ÐÒÔÓ · is one-to-one

andontofor each Õ — arecalledisomorphisms.For instance,if Ö is a finite setwith ×sØCÙ�ÚvÛ!ÖÝÜ ¾�Þ , thenÁ�ß2à Ç ß ÇWá`âsÎ and Û ß"ã Ç ß Çsáåä Ü areisomorphic.Here á`â and á`ä denotethe setof vectorspaceoperations
for ß2à and ß[æ , respectively. The isomorphism

¶
Ï Áçß2à Ç ß Çsá`âÊÎÐÒ Û ßFã Ç ß Çsá`ä Ü consistsof the mapè Ï ß à Ò ß æ given in Example2.8.3 and the identity map é�ê Ï ß Ò ß .

3.14 Generalized Matrix Products

The commonmatrix product,the tensoror Kroneckerproduct,the outer and inner vector product,
andthe minimaxmatrix productdiscussedin Section3.12, areall specialcasesof a moregeneralmatrix
product associatedwith heterogeneousalgebras.

Following the ideasof Section3.12we notethata semigroupÛ Ñ@ÇEë Ü induces,for anypair of positive
integersì and Þ , asemigroupof matricesÛ�í æoîNï Û Ñ Ü ÇEë Ü . Theinducedoperationonthematrixsemigroup
is definedcomponentwise.More precisely, if ð ¾ Û�Øcñ�ò�Ü æóîhï ô�õoöø÷ ¾ Û�ùúñÄò�Ü æûîhï are elementsofí æóîhï Û Ñ Ü , then

ð ë ÷ ¾ýüR¾ Û�þ ñ�ò Ü æóîhï Ç ÿ �������þ�ñÄò ¾ ØhñÄò ë ùúñÄò Ç��
	�¾ é Ç��vÇ�É�É É�ÇWÞ[Ç�
 ¾ é Ç��ûÇ�É É�ÉsÇ ì�� (3.14.1)

.

We cantakethis concepta stepfurther. If ½ Ï���� ÓaÒ Ñ is any binary operation,then ½ induces
a binary operation

½ Ï í æóîhï Û � Ü � í æûîhï Û Ó Ü Ò í æóîhï Û Ñ Ü (3.14.2)

definedby

ð ½ ÷ ¾ýüR¾ Û�þ ñÄò Ü æóîhï Ç ÿ �������þ ñ�ò ¾ Ø ñ�ò ½ ù ñÄò Ç���	2¾ é Ç��vÇ�ÉEÉ�ÉsÇÊÞ[Ç�
 ¾ é Ç��vÇ�ÉEÉ�ÉsÇ ì�� (3.14.3)

The componentwiseproduct definedby Eqs. 3.14.2 and 3.14.3 is called the generalizedHadamard
product.

In the specialcasewhere �&¾ýÓa¾ýÑ , the algebraicstructure Û Ñ@Ç ½ ÇEë Ü inducesa matrix structureÛ�í æûîhï Û Ñ Ü Ç ½ ÇEë Ü that behavesvery much like the structure Û Ñ@Ç ½ ÇEë Ü . For example,if ½ distributes
over ë in Ñ , then ½ distributesover ë in í æóîhï Û Ñ Ü . Similar commentscanbe madefor commutativity
and associativity.

In thesubsequentdiscussionwefollow theconventionof letting Ñ���¾ í â îhï Û Ñ Ü andview Ñ�� asthe
setof m-dimensionalrow vectorswith entriesfrom Ñ . Similarly, if ì ¾ é , then Û Ñ ã Ü ¿ ¾ Û�í â îhæ Û Ñ ÜEÜ ¿ ¾í æóî â Û Ñ Ü denotesthe setof n-dimensionalcolumnvectorswith entriesfrom Ñ . Our goal is to definea
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classof matrix productsthatallow us to multiply matricesfrom  "!$#�%'&)(�* with matricesfrom  "+,#.-�&0/1* ,
where m is not necessarilyequal to n.

Suppose24365�7 which divides both m and n. Note that suchan integerp alwaysexists,namely298;: . We shall establishthe following two one-to-onecorrespondences:5 7!"< 5 7%>= 5 7!"< 5 7%@?BA < 5 7ADCFE�G 5 7A < 5 7+H?IA < 5 7-J= 5 7+ < 5 7-�K
wherethe doublearrow “ = ” denotesthe appropriateone-to-onecorrespondence.Observethat the last
factor in the 3–fold Cartesianproductof the first correspondenceis 5�7A , which is also the first factor in
the 3–fold Cartesianproductof the secondcorrespondence.This commonfactor is the key ingredientin
the definition of the generalmatrix productof order p.

We definethefirst correspondence5 7! < 5 7% = 5 7! < 5 7%@?IA < 5 7A in termsof the row scanningmapL ANMO5 7%�?IA < 5 7AQP 5 7%RTS�U�V�UQL AH&BW K�X *Y8Z&0W\[]:F*^2`_ X�K:'a X ab2 CcE�G :'a]W�a]dfeg2ih (3.14.4)

Since L AO&0W K�X *@j L AF&BWlk K�X km*onpW�j]Wqksr V W`8tWuk CcE�GvX j X k , L A linearizesthe array 5 7%@?IA < 5 7A usingthe
row scanningorder (seealso Example3.1.5) as shown:wxxxxxxxxxxxxxxxxxy

z{ z�| z�} ~{ z�| ~ } ����� �{ z�| � } ����� A{ zg| A }A 7 z{ ~ | z)} A 7 ~{ ~ | ~ } ����� A 7 �{ ~ | � } ����� ~ A{ ~ | A }
...

...
...

...{��l� z�} A 7 z{�� | z)} {�� | ~ } ����� {��l� z�} A 7 �{�� | � } ����� � A{�� | A }
...

...
...

...{^{ %@?BA } � z�} A 7 z{ %@?BA | z)} { %�?IA | ~ } ����� { %�?IA | � } ����� { %�?IA } A���%{ %�?IA | A }

��������������������
It follows that the row-scanningorder on 5 7%�?IA < 5 7A is given by&BW K�X *@a��IW k K�X k�� n L A &)W K�X *@a L A �0W k K�X k��
or, equivalently, by &0W K�X *�a��0W k K�X k � npWYj]W k r V W�8�W k CFE�G�X a X k h

We define the one-to-onecorrespondence� A�MO5 7! < 5 7%@?IA < 5 7A P 5 7! < 5 7%��� � A M�&0� K���K�� *�� &0� K L A & ��K�� *�*�h
The one-to-onecorrespondenceallows us to re-indexthe entriesof a matrix ��8�&B �¡ | ¢ *£3� "!l#¤%i&)(�* in
termsof a triple index   ¡ | {�� | � } by using the convention  ¡ | {�� | � } 8¥  ¡ | ¢ n L AO&0W K�X *Y8]¦ KRTS.U�V�U :'a¥W�a]dfeg2 CcE�G :'a X a"2ih (3.14.5)
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3.14.1 Example: Suppose§�¨ª©.«@¬­¨¯®]°c±�²�³´¨ª© . Then ¬fµ�³¶¨¯·�«f¸i¹»º¶¹b³f¨¯©�«v°c±�²¯¸i¹»¼�¹¬fµg³b¨½· . Hencefor ¾¿¨ÁÀBÂ�Ã)Ä Å)ÆiÇ]È"ÉËÊ¤ÌFÀBÍ@Æ , we have¾¯¨­Î ÂÐÏ�Ï Â�Ï É Â�Ï)Ñ ÂÐÏ)Ò Â�Ï�Ó Â�Ï ÌÂ É Ï Â É�É Â É Ñ Â É Ò Â É Ó Â É)Ì�Ô¨ Î Â Ï Ä Õ Ï Ä Ï)Ö Â Ï Ä�Õ Ï Ä É Ö Â Ï Ä�Õ×É�Ä ÏBÖ Â Ï Ä�Õ×ÉgÄ É Ö Â Ï Ä�Õ Ñ Ä Ï�Ö Â Ï Ä�Õ Ñ Ä É ÖÂ É�Ä�Õ Ï Ä Ï)Ö Â ÉgÄ�Õ Ï Ä É Ö Â ÉgÄ�Õ×É�Ä ÏBÖ Â É�Ä�Õ×ÉgÄ É Ö Â ÉgÄ�Õ Ñ Ä Ï�Ö Â ÉgÄ�Õ Ñ�Ø É Ö ÔiÙ
The factor Ú�ÛÜ of the Cartesianproduct Ú�ÛÜ»Ý Ú�ÛÞ is decomposedin a similar fashion. Here the

row-scanningmap is given by ß�àiá Ú Ûà Ý Ú ÛÜFâ à'ã Ú ÛÜäæå�çËè�ç ß à À)º�«êé�ÆY¨�À0º�ë4¸FÆ�ÀIì\µg³�Æ�íîé�«¸i¹�é�¹]ì\µg³�«´°c±�²�¸'¹»º�¹b³ Ù (3.14.6)

This allows us to re-index the entriesof a matrix ïJ¨ðÀ0ñ Ã�Ä Å Æ1Ç�È Ü Ê Þ ÀBò1Æ in terms of a triple indexñ Õ�ó�Ä ô Ö Ä Å by using the convention ñ Õ^ó�Ä ô Ö Ä Å ¨¥ñ Ã�Ä Åîõ ß à À0º�«0é.Æö¨¥÷�«äTå�ç�è�ç ¸i¹]º¶¹9³Z°F±�²ø¸s¹�é�¹]ì\µ�³ Ù (3.14.7)

3.14.2 Example: Supposeìù¨¯ú�«@ûs¨Z·»°F±�²b³f¨ª© . Then ì\µ�³f¨Z©�«î¸�¹»ºî¹4³´¨Z©�«v°c±�²Z¸�¹"é¶¹ì\µg³Q¨ü© . Hencefor ïý¨ÁÀBñ�Ã)Ä ÅIÆ�ÇQÈ Ü Ê Þ À0ò�Æ , we have

ï�¨ÿþ��� ñ Ï�Ï ñ Ï É ñ Ï)Ññ É Ï ñ É�É ñ É Ññ Ñ�Ï ñ Ñ É ñ Ñ�Ññ Ò�Ï ñ Ò É ñ Ò�Ñ
����� ¨pþ��� ñ Õ Ï Ä Ï)Ö Ä Ï ñ Õ Ï Ä Ï)Ö Ä É ñ Õ Ï Ä ÏBÖ Ä Ññ Õ Ï Ä É Ö Ä Ï ñ Õ Ï Ä É Ö Ä É ñ Õ Ï Ä É Ö Ä Ññ Õ�É�Ä ÏBÖ Ä Ï ñ Õ�ÉgÄ Ï)Ö Ä É ñ Õ×É�Ä ÏBÖ Ä Ññ Õ�É�Ä É Ö Ä Ï ñ Õ�ÉgÄ É Ö Ä É ñ Õ×É�Ä É Ö Ä Ñ

����� Ù
The induced operation � in Eq. 3.14.2 is a componentwiseoperationdefinedonly for matri-

ces of the samedimension. The p-product is defined for matricesof possibly different dimension-
ality and extendsthe common notions of vector and matrix products. In general,we start with a
heterogeneousalgebra ��¨¯À	�FÍ�«�
�«�ò
�Ð«����»«����OÆ , where � is a binary operation � á Í Ý ò ã 

and À�
�«	�\Æ is a commutativesemigroup. For eachquadruplel, m, n, and q of positive integersand
eachfixed ³�ÇüÚ Û that divides both m and n, we constructan inducedheterogeneousmatrix alge-

bra � à ¨�����È�� Ê�� ÀBÍ�Æg«.È����� Ê�� � Þ À�
�Æ�«�È Ü Ê Þ ÀBò1Æ! i«#" �� à «$�&%(' , where �ËÈ)�*�� Ê&� � Þ À+
�Æ�«	�,' is the induced
matrix semigroupdefinedby Eq. 3.14.1 and�� à á È � Ê#� À0Í@Æ Ý È Ü Ê Þ À)ò�Æ ã È � � ��Ê � � Þ À�
�Æ (3.14.8)

is a binary operationinducedby � °F±�²)� . The operation �� à is called the generalmatrix product
of order p or simply the p-product and is definedas follows: Suppose¾ ¨JÀBÂ Ã)Ä Å ÆvÇ�È � Ê#� ÀBÍ�Æ andï ¨­À0ñ Ã)Ä Å Æ�Ç]È Ü Ê Þ À)ò�Æ . Re-indexA and B using the rule¾ª¨.-IÂ Ã)Ä�Õ0/lÄ ó Ö21 � Ê3� õ 4 à ÀB¼�«�º�ÆY¨65�«î°c±�²ï�¨7-Iñ Õ×ó�Ä ô Ö Ä Å 1 Ü Ê Þ õ ß à ÀBº�«0é�Æö¨»÷ Ù
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We now define the matrix 8:9<;6=>@?(ACBEDGF�HI$J&K I,L�M*NPO
(3.14.9)

by QSRUTWV X�YZR0[ZV \]Y 9 ^_`�acbed+f T�VgRh[ZV i�Y >kj R0iSV XlYmV \+n 9 d+f T�VgRh[ZV b Y >kj R b V XlYZV \+n =�opoqo�= dmf T�VgRh[]V ? Y >kj R ? V X*YmV \+nsr
(3.14.10)

where

Q R0T�V X�YZRh[ZV \]Y
is the entry in the (s,j)-row and(i,t)-columnof

8
. Herewe usethe lexicographicalorderM*t r2u OwvxM+tqy rzu y{O}|~t�v�t�y

or if
t 9 t�y r�u v u y

. Thus, the matrix

8
hasthe following form:������������������������������

�W�Z�+�g�+�{�Z���g�2� ����� �	���*�g�2�{�Z��� �+� �W�{���g�2�{�{�W�g��� ����� �	���*�g�2�{�{�W� �2� ����� �	�Z���g�2�{�h�Z� �Z� ����� �	���*�g�2�{�h�s�Z�p� ����W�Z��� �+�{�Z���g�2� ����� �	���*� �z�{�Z��� �+� �W�{��� �z�{�{�W�g��� ����� �	���*� �z�{�{�W� �2� ����� �	�Z��� �z�{�h�Z� �{� ����� �	���*� �z�{�h�s�Z�p� ���
...

...
...

...
...

...� �Z��� �(�Z���{�Z���g��� ������� �Z��� �(�Z�����Z��� �+� � �Z��� �(�Z���{���	�g�2� ������� �Z��� �(�Z�����{�W� �2� ������� �Z��� �(�Z���{�U�]� �{� ������� ����� �(� ���{�{�h�s�Z�q� �*�� �{�W�g���{�Z���g�2� ����� � ���	�g�2�{�Z��� �+� � �0�W�g�2�{�{�W�g��� ����� � ���	�g�2�{�{�W� �2� ����� � �{�W�g�2�{�h�Z� �{� ����� � ���	�g�2�{�h�s�Z�p� ���
...

...
...

...
...

...� �{�W� �(�Z���{�Z���g��� ������� �{�W� �(�Z�����Z��� �+� � �{�W� �(�Z���{���	�g�2� ������� �{�W� �(�Z�����{�W� �2� ������� �{�W� �(�Z���{�U�]� �{� ������� �{�W� �(�Z�����h���Z�q� ���
...

...
...

...
...

...� �{�l� ���{�Z���g��� ����� � �{��� �	���Z��� �+� � �h��� �	�{���	�g�2� ����� � �{��� �	���{�W� �2� ����� � �{��� �	�{�U�]� �{� ����� � �{��� �	���h���Z�q� ���
...

...
...

...
...

...�	�{���g�+�{�Z���g��� ����� �W�{���g�+�{�Z��� �+� �	�����g�m���{�W�g��� ����� �W�{���g�+�{�{�W� �2� ����� �	�����g�m���h�Z� �U� ����� �W�{���g�+�{�h�s�]�q� ���
...

...
...

...
...

...� �{��� ���Z�!���Z���g��� ������� �{��� ���]���{���*� �z� � �{��� �(�Z�p�h�{�W�g�2� ������� �{��� ���]���{���	� �z� ������� �{��� �(�Z���{�h�Z� �{� ������� �{��� ���]���{�U���Z�q� ���

 �¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡¢
The entry £q¤0¥W¦ §�¨Z¤h©Z¦ ª]¨ in the (s,j)-row and (i,t)-column is underlinedfor emphasis.

3.14.3 Example: Suppose«­¬<®�¬<¯�¬<° and ± denotesaddition(+), while ² denotesmultiplication
in the abovedescription. If ³w¬:´¶µ¸·¹¬»º¼µ¾½G¬�¿�µ@ÀqÁÃÂxÄÅ¬:Æ , then for ÇÈ¬»´ , one obtains·ÊÉ�Ç­¬.Æ¶µË½�É�ÇÌ¬�´�ÀÍÁ�Â�ÎÐÏ»ÑÌÏÒ´ . Now letÓ ¬ÕÔÃÖ�×	× Ö�×	Ø Ö�×�Ù Ö�×�Ú Ö�×	Û Ö�×+ÜÖ Ø	× Ö Ø	Ø Ö Ø�Ù Ö Ø�Ú Ö ØWÛ Ö Ø�ÜÃÝxÞEß�à]á�â¾ã�äPå}æ<ß Ø á Ü ã�äPå
and ç

æ
èééêìë ×	× ë ×	Ø ë ×�Ùë Ø	× ë Ø	Ø ë Ø�Ùë Ù�× ë Ù�Ø ë Ù	Ùë Ú�× ë Ú�Ø ë Ú	Ù

í�îîï ÞEß@ð¼á¼ñSã*äPå}æ<ß Ú á Ù ã�äPåÃò
Then the (2,1)-row and (2,3)-columnelement óqô ØWõ ×	ö ô Ø�õ Ù	ö of the matrix÷ æ<øxùú Ø

ç
ÞÊß àgðÍû*üÍá ô âeûzü ö ñ ã*ä�å&æ6ß Ú á3ý�ã�äPåis given by ó(ô Ø�õ ×�ö ô Ø�õ Ù	ö æ Øþÿ�� × Ö Ø�õ ô Ø!õ ÿ ö � ë ô ÿ õ ×*ömõ Ùæ Ö Ø!õ ô Ø�õ ×�ö � ë ô ×�õ ×�ö2õ Ù ù Ö Ø�õ ô Ø�õ Ø�ö � ë ô Ø!õ ×*ömõ Ùæ Ö�ØlÙ � ë ×lÙ ù Ö�Ø�Ú � ë Ù	Ù ò
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Thus, in order to compute ������� 	�
��
��� ��
 , the two underlinedelementsof � arecombinedwith the
two underlinedelementsof � as illustrated:

��� 	�	 � 	�� � 	�� � 	�� � 	�� � 	��� ��	 � ��� � ��� � ��� � ��� � �������� � �!!"$# 	�	 # 	�� # 	��# ��	 # ��� # ���# ��	 # ��� # ���# ��	 # ��� # ���
%�&&'

( � � 	)�*�
	�� 	�
 � 	��*��	�� ��
 � 	��*�+��� 	�
 � 	)�*�+��� ��
 � 	��*�,��� 	�
 � 	��*�-�.� �/
� ���*��	�� 	�
 � ���*��	�� ��
 � ���*�+��� 	�
 � �)�*�+��� ��
 � ���*�,��� 	�
 � ���*�-�.� �/
 �0�� �1�!!" # �+	�� 	�
2� 	 # �+	�� 	�
�� � # �+	�� 	�
3� �# �+	)� �/
�� 	 # �+	�� ��
�� � # �+	�� ��
3� �# �+�)� 	/
�� 	 # �+��� 	�
�� � # �+��� 	�
3� �# �+�)� �/
�� 	 # �+��� ��
�� � # �+��� ��
3� �
%�&&'

( �!!" � �4	�� 	�
2��	�� 	�
 � �
	)� 	/
��+	�� ��
 56575 � �+	�� 	�
2����� ��
 57565 � ��	�� 	�
2�-�.� ��
�7�+	�� ��
��
	)� 	/
8�7�
	)� �/
��+	�� ��
 56575 �9�+	�� ��
2����� ��
 57565 �7��	�� ��
2�-�.� ��
� �+��� 	�
��
	)� 	/
 � �
�)� 	/
��+	�� ��
 56575 � �+��� 	�
2����� ��
 57565 � ����� 	�
2�-�.� ��
� �+��� ��
��
	)� 	/
 � �
�)� �/
��+	�� ��
 56575 � �+��� ��
2����� ��
 57565 � ����� ��
2�-�.� ��

% &&' ( �!!" � 	�	 � 	�� 57565 � 	�� 56575 � 	;:� ��	 � ��� 57565 � ��� 56575 � ��:� ��	 � ��� 57565 � ��� 56575 � ��:� ��	 � ��� 57565 � ��� 56575 � ��:

% &&'=<
Thenotation >�@? is completein that it involvesall thebuilding blocksof thep-product;thesubscript

p providesuswith thecommondivisorof mandn,
�

remindsusof thebinaryoperation
�BADCFE@GIHKJ

,
andtheoperation> inscribedby thecircledefinestheglobalreduceoperationL of Eq. 3.14.10of elements
of
J

. We makethe conventionof usinga circle,
�

, if the binary operation
CME@GIHKJ

is viewedasa
multiplicativeoperationanda square,N , if it is viewedasanadditiveoperation.Thusif

C ( J ( G (PO
and > denotesaddition(+), while

�
denotesmultiplication, thenEqs. 3.14.9and3.14.10haveformQ ( � �� ? �SR@TVUXWY[Z]\ Y�^._ O1` (3.14.11)

and� �+a�� b�
c�4dc� ef
 ( ?gh�i 	kj � aX� l Y �+dc� h 
m5 #�n Y �
h � b�
2� e;o ( j � a�� l Y �4df� 	�
m5 #.n Y ��	�� b/
�� e;o �qp7p6pr� j � aX� l Y �4df� ? 
m5 #.n Y � ? � b/
2� e;o s (3.14.12)

respectively.On the otherhand,if > denotesthe maximum, t , of two numbersand
�

denotesaddition,
then Eqs. 3.14.9 and 3.14.10have formQ ( � tN ? �SRuT U�WY[Z]\ Y�^ _ O1` (3.14.13)

and � �4a�� bX
��4df� e�
 ( ?vh�i 	1j � a��*�4dc� h 
 � # �
h � bX
�� e3o ( j � aX�*�+dc� 	�
 � # �
	�� b/
�� e2o t p7p6p t j � aX�*�+dc� ? 
 � # � ? � b�
c� e;o s (3.14.14)

respectively.

As mentionedearlier,the p-productincludesthe commonlyusedmatrix andvectorproducts.These
productsare obtainedwhen substitutingcertain specific values for p. We concludethis sectionby
consideringthesespecific cases.
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3.14.4 The case wIxBy .
If wzx{y , then |u}�wzx~|@���r}�wFx��q��������x�y . Therefore,the entry in the (s,j)-row and (i,t)-

column of the matrix ��xK����V�����S�V�����D�k�����k�
is given by �7 �¡�¢ £X¤� -¥c¢ ¦f¤§xK¨©¡�¢* 4¥c¢ � ¤ �Bª   � ¢ £/¤�¢ ¦ . Since« � �/¬ �6y � x ¬ �­�®�¯� � � yD�2° � x�° , �7 �¡�¢ £X¤� 4¥f¢ ¦�¤ is of form �9 +¡�¢ £�¤c 4¥c¢ ¦f¤kx±¨ ¡�¥ ��ª £�¦ . Hence,

����F��� x³²´ ¨ ��� �{� ¨ ��µ �{� ¶6¶6¶ ¨ � � �·�
...

...
...¨ � � � ¨ � µ �{� ¶6¶6¶ ¨ ���F�{��¸¹ �

where ¨ ¡2¥ �{� xº²´ ¨ ¡�¥ �{ª ��� ¶7¶6¶ ¨ ¡�¥ �·ª � �
...

...¨ ¡�¥ �qª � � ¶7¶6¶ ¨ ¡2¥ �·ª �9� ¸¹=»
This is the Kroneckeror tensorproductfor heterogeneousalgebras.For this reason,whenever� and

�
are understood,we let ��V� be denotedby ¼ .

If both wMx�y and |½x�y , then � is a column vector of length l and

�F¼ � x ²¾¾´ ¨
�¨ µ
...¨ � ¸�¿¿¹ ��M��� x ²¾¾´ ¨

� �·�¨ µ �·�
...¨ � �{� ¸�¿¿¹ �u� �*�À�©� �/�Á� �

which correspondsto the tensorproductof a column vector and a matrix.

If insteadof | , �zxÂy , then we obtain the heterogeneousversionof the tensorproductof a row
vector and a matrix:� ¨ � �m¨ µ � ¶6¶7¶ �m¨ � � ¼ � x � ¨ � �q� �$¨ µ �{� � ¶6¶6¶ ��¨ � �·�Ã�Ä�Å� �À�Æ�Á� �/�Á� »

If both ÇÈxÉy and ÊËx�y , thenwe obtain the tensorproductof a row vectoranda columnvector:�F¼ � x � ¨ � �q� �$¨ µ �{� � ¶6¶6¶ ��¨ � �·�Ì� »x ²¾¾´ ¨
� ª � ¨ µ ª � ¶6¶7¶ ¨ � ª �¨ � ª µ ¨ µ ª µ ¶6¶7¶ ¨ � ª µ
...

...
...¨ � ª � ¨ µ ª � ¶6¶7¶ ¨ � ª � ¸ ¿¿¹ �Å� �[�D� �/�Á� »

Observethat if |³x~� , then this generaltensorproductcorrespondsto the outer product of two row
vectors.

If |Íxqy and �zx�y , then � �Î� �f� � �/Ï1� � �Ð�Î� � �©� �ÒÑÌ�
and

�z¼ � x ²¾¾´ ¨
�¨ µ
...¨ � ¸�¿¿¹ �� � � x ²¾¾´ ¨

� �{�¨ µ �{�
...¨ � �·� ¸�¿¿¹

x ²¾¾´ ¨
� ª � ¨ � ª µ ¶7¶6¶ ¨ � ª �¨ µ ª � ¨ µ ª µ ¶7¶6¶ ¨ µ ª �
...

...
...¨ � ª � ¨ � ª µ ¶7¶6¶ ¨ � ª � ¸�¿¿¹ �Å� �c�©� ���1� »
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It follows from the last two casesthat if ÓÕÔDÖØ×ÚÙIÛKÜ is commutative,then Ý�ÞËß©à�áâßcã ß�ä á@àåÞ ,
where á ßçæ�èFé�ê[ë Ý;ÖÁãíì­î�ï�Þ ßðæPèMñ�êòé Ý�ÙÌã are the transposeof á æPèMëcêòé Ý�Ö1ãíì�î�ï�Þ æ�èMé6ê©ñ Ý;ÙÌã ,
respectively.

If ó ä ôõä ö and ÷ ä ø , then ù7é7Ý;ú�û�üýã ä ù7é.Ý/ú�û ô ã ä ú , þ�é�Ý�ü�û3ÿ®ã ä þ�é.Ý ô û ô ã ä ô , andþ������ ���	��
�� 
�� ä þ�� é � é ����
�� 
�� ä þ é ����
�� 
�� ä þ���
�� 
�� , where þ���
�� 
�� ä�� 
 Ó�� 
 . Thus,ázàVÞ ä��0ä�� þ � é � é � û�þ � é � ��� û������ û®þ � é � ��� û�þ ��� � é � û�������û�þ ���!� ��� û"������û�þ �#�$� �$��%ä Ý/þ é û�þ � û�������û�þ � û�þ ��& é û�������û®þ �'� û�������û®þ ��( ã
and àºÔÁÖ � ×FÙ � Û Ü � (

.

3.14.5 The case ) ä ÷ ä·ö .

In this case ÷+*,) ä�ö *,) äBô . Since ô.- ú - ÷/*,) ä ô ì�î�ï ô.- ÿ -�ö *!) äBô , we have
that ô0- ù�1DÝ�ú�û�ü ã ä ü ä þ�1DÝ�ü�û;ÿ[ã - ÷ . Therefore, 2Ó � Ô è ëfê � Ý�Ö1ãð× è � ê©ñ Ý�Ù�ã Û è ëfê©ñ Ý/ÜÁã , where�³ä á32Ó � Þ is definedby þ ��
 ä 4 5687 é � �:9 Ó;� 9�
=< (3.14.15)

Herewe set þ �>�'� �8����
�� 
�� ä þ ��
 since Ý@?Æû;ÿ ã ä Ý@?Æû ô ã ä ?=ì�î�ï�Ý/ú�û'A�ã ä Ý ô û8A�ã ä A . We alsodefine 2Ó ä 2Ó 1
whenever ÷ ä½ö ä ) .

ReplacingB with C , we seethat 3.14.15hasthe form of the usualmatrix product. For this reason
we refer to 2Ó as the generalizedmatrix product.

If DFEHG , then IJ K=LNMPORQ MTSVUXW@Y[Z]\_^ U
and `aEcb3IJ.d

is definedbye!f E g hi,jlk�mon Jqp n f (3.14.16)

sincein this casee�r�s�t u�v	r�w�t f v E e�r k t k v	r k t f v E e f and Gyx�z�{ W@|�}8~�Z E�z { W G },~�Z E ~ E e { W@~�} G Z E e { W:~l}:��Z x�� .

An analogouscaseoccurswhenq = 1. In this case IJ�K�Q.� S�M W L Z O W:Y M Z	��\���^ �>� � and `�E�b IJ.d
is defined by e s E g hi,jlk m s n J;p n�� (3.14.17)

Equations3.14.15,3.14.16,and3.14.17play a centralrole in imagealgebraand correspondto the
generaltemplateproduct,thegeneralbackwardtransform(or backwardimage-templateproduct),andthe
generalforward transform(or forward image-templateproduct),respectively.

Another importantproductoccurswheneverDFEH�0E�G . In this case IJ K�LNMPO Y M \�^ . Thus,`�E�b IJ.d
is a scalar value in ^ . Since e r>s't u8v�r�w�t f v E e r k t k v	r k t k v E e k�k , we set e E e r�s�t u�v	r�w�t f v andnotethate E g hi,jlk�mon J;p n�� (3.14.18)

Again, replacing � with � , we seethat 3.14.18hasthe form of the usual inner or dot product of
two vectors.For this reasonwe call b�IJ�d

the generalizeddot productandset b3IJ.d E�b�� d
.
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CHAPTER 4
IMAGE ALGEBRA

Thegoalof this chapteris to familiarize thereaderwith thebasicconceptsthatdefineimagealgebra.
Since the primary operandsof imagealgebraare imagesand templates,we begin our discussionwith
their characterization.

4.1 Images and Templates

In thedesignandanalysisof computervision algorithmsit is not only convenient,but alsonecessary
to mathematicallycharacterizethe imagesto be manipulated.

In Section2.18 we discussedthe notion of a digital image. According to Definition 2.18.3, digital
imagesarequantizedversionsof continuousintensityfunctionsoversomespatialdomainX. Specifically,
digital imagesweredefinedas functionswith domaina rectangularsubsetof ��� andrangesomesubset
of � �8� . Although mostdigital imagesassumethis type of format, the definition doesnot covervarious
typesof imagesmanipulatedby currentdigital andoptical devices.For instance,digital computershave
two major forms of numeric representations:integerand real. Integernumbersrangefrom 0 to some
maximumvalue �� F¡.¢ . In a 32–bit computer,for example,the maximumpositive integeris �¤£ � ¡.¢ . If
an integerarithmeticoperationresultsin a fractionalpart, the remainderis simply truncated.Thus, for
example,the ratio ¥'¦£ is representedas the integer5 without a trailing decimalpoint. With real number
computation,the fractionalpartof anoperationis retainedup to thenumericalaccuracyof thecomputer.
Theratioof therealnumbers¥'¦!§ ¨£ § ¨ is representedas ©Vª�«�«$¬�¬�¬'«�« . Most imageprocessingtechniquesinvolve
realor floatingpoint arithmetic,thusnecessitatingreal-valuedimagerepresentation.Furthermore,various
imagetransformations,suchasedgedetectiontransformsand the Fourier transform,introducenegative
and complexvalues. Also, when modelingimagesand imagetransformsin the continuousdomain,a
continuumof valuesis usually requiredfor the rangeof an imagefunction. Thus, the set � � � doesnot
suffice to characterizeimagevaluesand imageprocessingtransforms.

Three-dimensionalimages,i.e., imageswith domain in � £®­�¯±°N£ , are often generated(computed)
from multiple cameraviews,motion,millimeter waveradar(MMWR), X-ray tomography,or laser-range
data. Therefore,the needfor domainsother than rectangularsubsetsof � � is alsoobvious. In order to
providea mathematicallyrigorousdefinition of an imagethat coversthis plethoraof different images,it
becomesevidentthat an imagemustbe definedin generalterms,with minimum specification.

4.1.1 Definition. Let ² bea homogeneousalgebraandX a topologicalspace.An ² –valuedimageon
X is any elementof ²N³ . Given an ² –valuedimage ´¶µ¶²·³ , then ² is calledthe setof possible
rangevaluesof a and X the spatial domainof a.

It is often convenientto let the graphof an image ´¸µ�²·³ representa. The graphof an imageis
alsoreferredto asthe datastructure representationof the image.Given the datastructurerepresentation´0¹»º�¼:½¿¾8´À¼�½·Á�Á±ÂF½�µ¶Ã+Ä , then an element ¼:½�¾8´�¼�½�Á'Á of the data structureis called a picture element
or pixel. The first coordinatex of a pixel is called the pixel location or imagepoint, and the second
coordinatea(x) is called the pixel value of a at location x.
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Obviously,Definition 4.1.1 coversall mathematicalimageson topologicalspaceswith rangein an
algebraicsystem.RequiringX to bea topologicalspaceprovidesuswith thenotionof nearnessof pixels.
SinceX is not directly specifiedwe may substituteany spacerequiredfor the analysisof an imageor
imposedby a particularsensorandscene.For example,X couldbea subsetof Å�Æ0Ç�È±ÉNÆ with ÊRË¶Ì of
form Ê�Í�Î:Ï�Ð!Ñ=Ð'Ò!Ó , wherethe first coordinatesÎ'Ï�Ð,ÑÔÓ denotespatiallocationand t a time variable.

Similarly, replacingthe unspecified valueset Õ with Å�Ö'× or Õ.ÍØÎ@Å�Ö�×ÙÐ=Å Ö!Ú Ð�Å Ö!Û Ó providesus with
digital integer-valuedanddigital vector-valuedimages,respectively.An implicationof theseobservations
is that 4.1.1alsocharacterizesany typeof discreteor continuousphysicalimage.Thecommonmodelof
a physicalimageis in termsof a continuousenergy functionE(x, Ü ), where Ü is a variableassociatedwith
energy at space/timelocationx. In the contextof visual imagesÜ refersto wavelengthandx may be of
form ÊÝÍ»Î:Ï�Ð,Ñ�Ó , ÊÞÍ»Î@ÏÀÐ,Ñ�Ð8Ò'Ó , or ÊÝÍ»Î@ÏÀÐ,Ñ�Ð@ßVÐ�Ò8Ó , where Î@ÏÀÐ,ÑoÓ and Î@ÏÀÐ,Ñ�Ð,ß�Ó representspatialcoordinates
and t the time variable.Physicalimagingsystemsimposea restrictionon the maximumbrightnessof an
imageand sincelight intensity is a real positive quantity, it is assumedthatàâá3ã Î�Ê�Ð ÜVÓ á�ä Ð
whereB denotesthe maximumbrightness. In addition, the spatialdomain is limited in extentby the
imaging systemand the systemoperatesonly over a finite time interval so that å ÊFå"æPç . Thus, E is a
boundedfunctionon ÌRè]é à Ð,ê�Ó , whereX is compact,Ê¸Ë¶Ì , and Ü®ËÝé à Ðëê�Ó . In manyimagingsystems
the imagedoesnot changewith time so that X representsonly the setof spatialdomainvariables.

The observedimagefield is modeledas a spectrallyweightedinterval

ì Î�ÊíÓ·Í îï ð ã Î�Ê¿ÐëÜVÓ8ñ�Î'ÜlÓ8òlÜóÐ
where s( Ü ) denotesthe spectralresponseof the sensorused. In a multispectralimaging systemthe
observedimage field is given by ì Î�Ê�Ó·ÍØÎ ì"ô Î:ÊíÓ,Ð�õ�õ�õ�Ð ìVö Î:Ê�Ó'Ó"Ð
where ìV÷ Î:Ê�Ó�Í îï ðùø Î:Ê¿ÐëÜVÓ�ñ,ú:Î�ÜlÓ8ò"ÜóÐ
and û ÷ Î�ÊíÓ denotesthe responseof the ith sensor.For example,in an arbitraryred-green-bluecoordinate
system, ì Î�ÊíÓ·Í»Î@ü�Î�ÊíÓ,ÐÔýNÎ�Ê�Ó8Ð=þíÎ:Ê�Ó'Ó"Ð
where

ü�Î�Ê�Ó¿Í îï ð ã Î�Ê¿ÐëÜ=Ó'ñ ÿoÎ�ÜlÓ8ò"ÜóÐ
ýNÎ:ÊíÓ·Í îï ð ã Î�Ê¿ÐëÜVÓ8ñ��VÎ'ÜlÓ,òlÜóÐ
þíÎ:ÊíÓ·Í îï ð ã Î�Ê�Ð ÜVÓ�ñ��VÎ'ÜlÓ,òlÜóÐ
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and ��� �	��

� ��� �	��

���������	���	��

arespectraltristimulusvaluesfor thesetof red,green,andblueprimaries,

respectively.

Although theseexamplesarepresentedin the contextof visual images,othermultidimensionaltime
varying signalshave similar representationsand can always be viewed as boundedfunctions from a
compactsetX to anappropriatevalueset � . Thesampled(quantized)versionsof thesefunctionsremain,
of course,boundedfunctionson compactsetsasfinite discretesetsarealwayscompact.Therefore,both
continuousandquantizedimagerepresentationsof physicalimagesare includedin Definition 4.1.1.

Even thoughDefinition 4.1.1 providesa generalframework for specifying imageswith particular
point andvaluesets,the definition doesnot provide for moreinsight into understandingimagecontent;
the functional form of the imagea is almostneverknown. The inability to relatechangesin x to those
in a(x) presentsoneof the greatestdifficulties in imageunderstanding.In addition,4.1.1 providesonly
for a deterministicimagerepresentation;it definesa mathematicalimagefunction with point properties.
It is often convenientto regardan image as a sampleof a stochasticprocess. The image function� ����
 � � �"!#�%$&�	'��)(	
 (or � �*�+
 � � �,!-��$&�	(,
 ) is assumedto be a memberof a continuousfour-dimensional
stochasticprocesswith spacevariable

�"!#��$&��'�

and time variable t. A discrete(quantized)imagearray

can be completelycharacterizedstatistically by its joint probability density. The extensionof image
algebrato include stochasticmodelsis given in Section?.

A moreabstractclassof imagesis providedby templates.Templatesare imageswhosevaluesare
images.In termsof imageprocessingapplications,templatesreign supreme;templateoperationsplay a
dominantrole in mostalgorithmsandprovidefor brevity of code.Theyaretheessenceof imagealgebra.
Thenotionof a template,asusedin imagealgebra,unifiesandgeneralizestheusualconceptsof templates,
masks,windows,andneighborhoodfunctionsinto onegeneralmathematicalentity. In addition,templates
generalizethe notion of structuringelementsasusedin mathematicalmorphology[5, 4].

4.1.2 Definition. A templateis an imagewhosepixel valuesare images(functions). In particular,
an � –valuedtemplatefrom Y to X is a function .0/&1324�65 . Thus, .87:9;�<5>=@? and t is an� 5 –valuedimage on Y.

For notationalconveniencewe define .�ACBD. �;EF
HG
E 701 . The image .IA hasrepresentation

. A �KJ��*� � . A �;��
,
 / � 7ML0NPO
The pixel values .@A �Q�+
 of this imagearecalled the weightsof the templateat point y.

From a set theoreticpoint of view the set 9 �65 = ? of all � –valued templatesfrom Y to X and

the set � 5SR ? are equivalent. Defining for each .M7 9 � 5 = ? a correspondingfunction T.U7V� 5SR ? byT. �Q� �	E+
W� .@A �Q�+
 , and vice versa,providesfor the necessaryone-to-onecorrespondence.Conceptually,
however,thereis a greatdistinctionbetweentheelementsof 9Q�65X=@? andthoseof �65HR ? . For the former
we obtainfor eachpoint

E 701 an � –valuedimage . A on X while for the latter we obtainfor eachpoint�;�F�	E6
 7ULZYM1 a value . �;�F�%E6
 7U� . It is this conceptof associatingwith eachpoint
E 7M1 an image.IA that providestemplateswith their greatutility.

If t is a real or complex-valuedtemplatefrom Y to X, then the supportof . A is denotedby [ � . A 

and is definedas

[ � .IA 
+�KJ�� 7ML\/H.@A �Q�+
^]�V_ N`O
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For extendedreal-valuedtemplateswe alsodefinethe following supportsat infinity:

a�bdcQeIf
gFhKikjmlMn\oHe@f�cQj+gqphKrtsvua#wxbycQeIf�g+hzikj{lMn\o|eIf
cQj+gqph~}|r�s�u
and a���bycQeIf�g+hzikj{lMn\o|eIf
cQj+gqph���r�s`�

If X is a spacewith anoperation+ suchthat
c,nUu��|g

is a group,thena template
e�lV�;�6�W� �

is saidto
be translationinvariant (with respectto theoperation+) if andonly if for eachtriple

j u,�Pu��ClMn
we have

that
eIf�c;j+g hVeIf��&��c;j0����g

. Templatesthat arenot translationinvariant arecalled translationvariant or,
simply,variant templates.A largeclassof translationinvarianttemplateswith finite supporthavethenice
propertythat theycanbedefinedpictorially. For example,let

nZhD�-�
andy = (x,y) beanarbitrarypoint

of X. Set
j6�Hh�c"�-u	��}t��g�uPj � h�c"���V�vu���g�uq������j# �h¡c;�y�t�vu���}���g

. Define
e�l �*¢ � � �

by defining
the weights

e f c;�Fgqh£�vuqe f cQj¥¤vgWh§¦xuXe f cQj � gXh©¨xuqe f c;j   gWh§ª&uX���&�«e f c;j�gXh§¬
wheneverx is not an

elementof
iI�Pu	j6�-u	j � u)j- Is . Note that it follows from the definition of t that

aFc;eIf&g^h�i��Pu	j¥�-u)j � u)j- �s .
Thus,at any arbitrarypoint y, the configurationof the supportandweightsof

eIf
is asshownin Figure

4.1.1. The shadedcell in the pictorial representationof
e f

indicatesthe locationof the point y.

y­

x®

y­

x®
x® +1¯

y­ -1

 3  1

 2 4

Figure 4.1.1 Pictorial representationof a translationinvariant template

Therearecertaincollectionsof templatesthatcanbedefinedexplicitly in termsof parameters.These
parameterizedtemplatesare of greatpractical importance.

4.1.3 Definition. A parameterized° –valuedtemplatefrom Y to X with parametersin P is a function
of form ±0²
³µ´ ¶Q°6·X¸I¹{º The set P is called the setof parametersand each »�¼{³ is called
a parameterof t.

Thus, a parameterized° –valuedtemplatefrom Y to X gives rise to a family of regular ° –valued
templatesfrom Y to X, namely ½&±�¾¿»�À�¼V¶*° · ¸ ¹ ²Á»0¼M³0Â .
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Figure 4.2.1 An exampleof an explicitly specifiedcoordinaterestriction.

4.2 Functional Specification of Image ProcessingTechniques

The basic conceptsof elementaryfunction theory discussedin Sections2.5 and 2.6 provide the
underlying foundationof a functional specificationof image processingtechniques. This is a direct
consequenceof viewing imagesas functions; since imagesare functions, the notation and concepts
discussedin 2.5, 2.6, andsubsequentsectionscanbeusedto furnishthefunctionalnotationfor specifying
imageprocessingalgorithms. In order to emphasizethe fact that eventhe mostelementaryconceptsof
functiontheoryhaveimportantapplicationsin imageprocessing,webeginthedevelopmentof a functional
notationby focusingourattentionon thenotionsof domain,range,restriction,andextensionof a function.

Image restrictionsand extensionsare usedto restrict imagesto regionsof particular interestand
to embedimagesinto larger images, respectively. Following the notation used in Section 2.5, the
restriction of ÃÅÄmÆ6Ç to a subsetZ of X is denotedby Ã�È É , anddefinedby Ã�È É:ÊKÃdËÁÌ	Í�ÎÅÆFÏ . Thus,Ã�È ÉMÄUÆ É . In practice,the usermay specifyZ explicitly by providing boundsfor the coordinatesof the
points of Z. For example,the imagea on the left of Figure 4.2.1 representsa digital imageon the setÐ Ê£Ñ�Ì"Ò,Ó;ÔxÏ`ÄMÕ-ÖU×dØHÙÚÒ ÙtÛxØkÜ�ÓPØ�ÙmÔCÙtÛxØkÜ&Ý , while the imageon the right representsthe restrictionÃ�È Þ�ßáà¿â ã�ä¿å Çdæ	ç�è	é à é
ê	ç�è â%ë è�é ã é�ì	ç,í�î .

There is nothing magicalabout restricting a to a subsetZ of its domainX. We can just as well
definerestrictionsof imagesto subsetsof the rangevalues.Specifically,if ï{ðVÆ and ÃMÄMÆ<Ç , thenthe
restriction of a to S is denotedby Ã�ñóò and definedas

Ã�ñ ò ÊtÃdË0Ì Ð Îôï+Ï�õ
In termsof the pixel representationof Ã�ñ ò we have Ã�ñ ò Ê£övÌ;÷FÓ	Ã#Ìø÷�Ï	Ïy×|Ã-Ì*÷�Ï�ÄUïFù . The double-bar
notation is usedto focus attentionon the fact that the restriction is applied to the secondcoordinate
of Ãúð Ð ÎtÆ .

Imagerestrictionsin termsof subsetsof the valueset Æ is an extremelyusefulconceptin computer
vision as many image processingtasksare restrictedto image domainsover which the image values
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Figure 4.2.2 Exampleof a rangerestriction.

satisfy certain properties. Of course,one can always write this type of restriction in terms of a first
coordinaterestriction by setting ûµü�ýkþ�ÿ��������;þ	� ÿ�

� so that �	��� ü������ . However, writing a
programstatementsuchas ��� ü���� � is of little value sinceZ is implicitly specifiedin termsof S; i.e.,
Z must be determinedin termsof the property “ ���*þ���ÿ�
 .” Thus, Z would have to be precomputed,
adding to the computationaloverheadas well as increasedcode. In contrast,direct restriction of the
secondcoordinatevaluesto an explicitly specifiedset S avoidstheseproblemsand providesfor easier
implementation.

As mentioned,restrictionsto the rangesetprovidea useful tool for expressingvariousalgorithmic
procedures.For instance,if �Vÿ���� and S is the interval � ��!#"$�&%'� , where k denotessomegiven
thresholdvalue,then �	�)(+*-, .0/ denotesthe imagea restrictedto all thosepointsof X wherea(x) exceeds
the value k. In order to reducenotation,we define �	�)1 *32 ��� (+*4, .5/ . Similarly,

���)6 * 2 ���)7 *4, .�/ !8����9 * 2 ��� (;:<.5, *4/ !���� * 2 ���>= *>? !A@CB<D����4E * 2 �	� (F:<.5, *HGJI
Figure4.2.2providesan exampleof sucha restriction. In this example,the input a is shownon the left
(it is identical to the explicitly restrictedimageshownon the right of Figure4.2.1), while the implicitly
specifiedimage ��� 1<K is shown on the right.

A more general form of range restriction is given when S correspondsto a set-valuedimage
«ÿMLONQPSR � ; i.e., 

�*þ��T%VUXW
þ«ÿ�� . In this casewe define

���4�tü:ýC�;þY!Z�[�øþ��\�]�����*þ��`ÿ^

�*þ��H� I
For example,given an image ��ÿV� � , we may define a function 
[E`_M��� a NQb by 
�E<_c�;þ��Müýed�ÿf�V�5dhg����;þ��H� . Then �����Ci)j ü�ýJ�;þY!\���¿þ	�k�3���[�*þ	�
g����;þ��\� . Again, in order to reducenotational
baggage,we define l�m)n`oqpVl�mkrts)u . Similarly, we define

l	m4v o p�wJx y
zkl�x{y	|\|]}�l[x~y�|�����xOy	|���z8l	m o p�wJxOy
z\l[xFy�|\|3}Tl�x~y�|�����x�y�|\��zl�m�� o p�wJx~yYzZl[x~y	|H|]}�l�xOy	|
����x y�|H��z�l�m)� o p�wJx yYz\l�x{y	|k|3}�l[x~y	|
����x y�|\��z�C�<� l	mQ�� o p�wtx yYzZl[xFy�|\|]}�l�x~y�|������xOy	|k���
Combining the conceptsof first and secondcoordinate(domain and range) restrictionsprovides the
generaldefinition of an image restriction.
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4.2.1 Definition. If �A�f��� , ����� , and ����� , thenthe restrictionof a to Z and S is definedas

�� ¢¡¤£c¥ ¦�§�¨��ª©A«\�­¬^�
®<¯
It follows that ��  ¡+£c¥ ¦t§ ¨±°J«~²
³k��«~²�®H®3´�²µ�^�M¶C·<¸­�[«~²	®
�¹�	º , ��  ¡ � ¥ ¦J§ ¨���» ¦ , and ��  ¡+£c¥ ¼J§ ¨���  £ .

The extensionof ����� � to ½¾����¿ on Y, whereX and Y are subsetsof the sametopological
space,is denotedby �C  À and definedby

�C  À « ²�®�¨MÁ �[«~²	® Â;ÃÄ²¹���½�« ²�®ÅÂÆÃ]²¹�8Ç¹ÈC�¾¯
In actual practice,the userwill have to specify the function b. Figure 4.2.3 providesan exampleof
such an extension. Here we extendedthe image É�¨Ê��»�Ë�Ì (displayedon the right of Fig. 4.2.2)
with domain �V¨Í°)²¹����´T��«~²�®YÎ$Ï�º to the image ÐÑ¨ÒÉc �À shown on the right. In this example,ÇÓ¨MÔ�«ÖÕk³~×c®
��Ø�Ù^´ªÚ5Û�Õ	Û�ÏÜÚ4ÝÜ³ÞÚ0Ûß×]Û�ÏàÚ)Ýcá , andb is the imagedisplayedon the left of Fig. 4.2.3.

Figure 4.2.3 An exampleof an imageextension.

Two of themostimportantconceptsassociatedwith a functionareits domainandrange(Section2.6).
In the field of imageunderstanding,it is convenientto view theseconceptsasfunctionsthatmapimages
to setsassociatedwith certainimageproperties.Specifically,we view the conceptof rangeasa functionâCã�äcåSæ5çJè�é�êÊëQì
defined by âCã�äàå<æCíOî�ïYðòñîóí�ôAï . Similarly, the conceptof domainis viewedas the functionõJöt÷ ã�ø ä^çJè�ùúêûë é0ü
definedby

õ�öC÷ ã�øOä[í î[ï8ð ñî�ý<þ-í�èÿï , where Y is a subspaceof some larger spaceX. In particular, ifî��úè ù , then
õ�öC÷ ã�øOä[í î[ïhð�� .
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Thesemappingscanbeusedto extractpoint setsandvaluesetsfrom regionsof imagesof particular
interest. For example,the statement �����
	���
������������������ (4.2.1)

yields the setof all points(pixel locations)wherea(x) exceedsk, namely � �"!$#&%�'(�)�*��#+�+,.-0/ .
ReplacingEqs. 4.2.1 by �1�2�43����6587��9�:� �6� � (4.2.2)

results in a subsetof ; insteadof X.

Restriction,extension,domain,andrangearesomeof theelementaryconceptsusedin the functional
specificationof imageprocessingtechniques.In subsequentsectionswe shall encountermanyothers.

4.3 Induced Operations on Images

Manipulating imagedatausing the conceptsof restriction,extension,domain,and rangedoesnot
involve the algebraicstructureof the underlyingvalue set; the statement�<�2�=3�����567��9�:� �6� � doesnot
referencethe arithmeticoperationsof additionand multiplication associatedwith ; . However,it is the
operationsassociatedwith the valueset > that aregenerallyusedin processing> –valuedimages.In this
sectionwe describehow the operationson > inducecorrespondingoperationson > –valuedimages.

Operationson and between > –valued imagesare the natural inducedoperationsof the algebraic
system > . For example,if ? is a binary operationon > , then ? inducesa binary operation— again
denotedby ? — on >:@ definedas follows:

Let �*ACBD% > @ . Then� ? B<�
!��9#EAGFH��#+�I�J�1FH��#+�+�K�L��#+� ? B+��#:�MA�#N%<'O/QP (4.3.1)

Inducedunaryoperationsaredefinedin a likewise fashion;any unaryoperationR � >TSU> induces
a unary operation R � > @ S > @ definedbyR �9�*�:�"!���#VAWFH��#:�W�J�1F��9#:�:� R ���L��#+�I�CAX#N%�'Y/�P (4.3.2)

Note that in this definition we view the composition R[Z � asa unaryoperationon > @ with operanda.
This subtledistinctionhasthe importantconsequencethat f is viewedasa unaryoperation— namelya
function from >X@ to >�@ — and a as an argumentof f.

The operationsdefinedby Eqs. 4.3.1 and4.3.2 arecalled inducedpixel level operations.They are
also referredto as grey level basedoperationsas they operateprincipally on the pixel or grey values
of an image.

In additionto thebinaryoperationdefinedby Eq. 4.3.1, ? alsoinducesthefollowing scalaroperations
on images:

For -"% >]\�^`_ ��% > @ ,- ? �a�"!���#VAWFH��#:�W�J�1F��9#:�:�4- ? �L��#:�MAX#&%Y'Y/QA (4.3.3)

and � ? -b�
!���#VACF���#+�M�J�1FH��#+�X�.�*��#+� ? -cA+#&%�'O/�P (4.3.4)
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4.3.1 Examples:

(i) Choosingthe l-ring dfehgjiVg$kEg$lmg`n2o as our value set and applying Eq. 4.3.1, we obtain the
following basic binary operationson real-valuedimages:

If p�g6qsr�e�t , then

pJl&qNuwv�d�xEgMyHd�x+oMoJz1yHd�x+oXuKpLd�x:o*l{q+d�x+oMgXxTr�|~}�gp[n$qNuwv�d�xVgCy�d�x+oMoJz1yHd�x+oXuKpLd�x:o�n�q+d�x+oMgXx&rY|Y}�gpJiaqNuwv�d�xVgCy�d�x+oMoJz1yHd�x+oXuKpLd�x:o*i�q+d�x+oMgXxNr<|O}Qg (4.3.5)

and pJkaqNuwv�d�xVgCy�d�x+oMoJz1yHd�x+oXuKpLd�x:o*k�q+d�x+oMgXxNr<|O}Q� (4.3.6)

Obviously, all four operationsare commutativeand associative.

(ii) For �~r�e , we obtain the following scalarmultiplication andadditionof real-valuedimages:

�mn$pOu
v�d9xEgCy�d�x+oMoJz�y�d�x+oXu4�Jnjp*d9x:oMgXxNr<|O} (4.3.7)

and ��l&p~u
v�d�xVgWyHd�x:oIoaz1y�d9x:oEu4��l&pLd�x+oCgXxNr�|�}Q� (4.3.8)

It follows from the commutativityof real numbersthat,

�mn$pOu4pbn������`���mlNpYuKpJl&���
(iii) Following Eq. 4.3.2,we note that any function �&z0e.��e inducesa function �Tz6eXt���e�t .

For example,using the sine function we obtain

���9� d�pLoXu
v�d�xVgWyHd�x:oIoaz1y�d9x:oEu ����� d9p*d�x+oMojg�xNr�|Y}��
As anotherexample,considerthe characteristicfunction

����� df��o:u��1� �����m� �  ¡�¢M£8¤$¥M¦ �¨§ ¤
Thenfor any p�rYe t , �m��� d�pLo is the boolean(two-valued)imageon X with value1 at location
x if pLd�x+o � � and value 0 if pLd�x+oª©«� . This type of operationis referredto as thresholding
and k is called the thresholdvalue or thresholdlevel. Figure 4.3.1 showsan exampleof a
thresholdoperation.The imagea shownon the left is a ¬ ��­J® ¬ ��­ integer-valuedimage; i.e.,|¯u±°*²W³M´ ® °L²M³M´ µ
° ´ . The imageon the right is the thresholdedimage � ��¶¸·�¹$º�»L¼ .
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Figure 4.3.1 Application of the characteristicfunction.

In somethresholdoperationsit is desiredto retain the original valuesthat passthe threshold.
This operationis accomplishedby setting½m¾K¿[À$Á�Â�Ã�Ä�¿�Å
for thenc(x) = a(x) whenever

¿LÄ¨Æ+ÅÈÇ"É
andc(x) = 0 whenever

¿LÄ�Æ:ÅÈÊ"É
.

Thefunction

ÁmÂ�Ã
givenin theaboveexampleis a typical characteristicfunctionon therealnumbers.

In general,given someuniversalsetU and Ë{Ì"Í , thenthe function

ÁªÎ[Ï ÍwÐÒÑ�Ó8Ô$Õ�Ö definedbyÁ1Î�Ä�×ØÅE¾�Ù Õ ÚÜÛ ×�Ý ËÓ Þ�ßIà6á$âMãÈÚåäGá
is called the characteristicfunction on S. In the aboveexample, Í ¾çæ and Ë ¾ Ñ�è Ý�æ�Ï è Ç Õ�Õ�éHÖ .
There is a useful generalizationof the conceptof a characteristicfunction. Suppose

¿êÝsë�ì
andË Ý]í�îðïHñ ì ; i.e., Ë Ä�Æ+Å Ì ë�òóÆ«Ý
ô

. We defineÁ Î Ä9¿*Å:¾ Ñ Ä�Æ Ô ½HÄ�Æ:ÅIÅõÏ1½�Ä9Æ:ÅX¾ ÕhÚ�Û ¿LÄ�Æ+Å+Ý Ë Ä�Æ:Å ÔXÞ�ßWà8á$âMãÈÚ¨äGá ½HÄ�Æ+ÅX¾ Ó�ÖEö (4.3.9)

Obviously, if Ë ÏVô Ð îðï
is a constantfunction, i.e., S returnsthe sameset S(x) for each

Æ�Ý"ô
,

then

Á1Î
representsthe usualcharacteristicfunction. Also note that

Á1Î
returnsa boolean-valuedimage

regardlessof the type of value set

ë
used.

4.3.2 Example: Pixel level imagecomparisonprovidesa simpleapplicationexampleof the general-
ized characteristicfunction. Given the image ÷ ÝNæ ì , we define ø0ù`ú Ý í îðû�üþý ÿ �������	��

������������������ ��

��� . The functions ��� �! �#" �! ��$ �! �&% �! �('" � are defined analogously.
Thus, for example, � " �)� ���*�+�,��� � � ��

�-� and � % �	�.

�/� �0�*�+�,���*12� �.

�-� . Substi-
tuting theseset functions for S in Eq. 4.3.9 yields3�465879�;:��
� � ��
  =< �.

�>� � < �.

�
�@?�ACBD:&�;
E� �2� �.

�  (FHG�IKJML�N APO JQ< �.

�(�SRT�

3 46U 7 �;:&�(� � ��
  >< �;

�>� � < �.

�
�@?�AVBE:&�;
E��W � �.

�  (FHG�IKJ8L�N AXO JY< �.

�(�SRT�
3 4>Z[7 �;:��
� � �.
  \< �;
E��� � < ��
E�(�]?�ACBD:&�;

�(� � �;

�  (F^G>IKJML>N A;O J_< ��
E�(�`Ra�
3 46b 79�;:&�(� � ��
  >< �;

�>� � < �.

�
�@?�AVBE:&�;
E��c � �.

�  (FHG�IKJ8L�N AXO JY< �.

�(�SRT�
3 46d 7 �;:&�(� � ��
  >< �;

�>� � < �.

�
�@?�AVBE:&�;
E� 12� �.

�  (FHG�IKJ8L�N AXO JY< �.

�(�SRT�
3�4feZ[7 �;:��
� � �.
  \< �;
E��� � < ��
E�(�]?�ACBD:&�;

�hg� � �;

�  (F^G>IKJML>N A;O J_< ��
E�(�`Ra�ji

(4.3.10)
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Here,of course,kmlmn
o . In order to reduceandsimplify notation,we define

p*q[rHs kut�v pxw q8r s k&t�y p*z8rHs k�t
v p�w z[r s k�t�y p�r0s k�t
v p�w-{ r s k&t9yp*|[rHs k&t
v p�w |[r s k&t�y p*}8rHs k�t
v p/~ }[r s k�t�y
�0�#� p��{ r^s k�t
v p�w �{ r s k&t�� (4.3.11)

The characteristicfunction definedby Eq. 4.3.9 is not a naturally inducedoperation;it is not an
operationon � o , but an operationfrom � o to ���KyM�0� o . However,aswill be shownin the next section,
generalizedcharacteristicfunctionscan neverthelessbe derivedfrom the elementarynaturally induced
operations. Another operationthat mapsimagesto a different domain is given by the global reduce
operation. If � is an associativeand commutativebinary operationon � (i.e., s �hy=�&t is a commutative
semigroup)andX is finite, say ���]�[���0y>���[y��f�[�uy��u�K� , then � inducesa unaryoperation

��� � o�� �
called the global reduceoperationinducedby � , which is definedas

� k�� ��>��� k s �EtE� � �� {H� k s �& ¡tD�2k s �¢�ft��uk s �¢�Mt.��£f£[£H�uk s �&�Kt9� (4.3.12)

Thus,for example,if �¤�`n and � is theoperationof addition( �+�¦¥ ), then
� ��§ and ¨©k��ª¨«^¬0­¯® °�±
² .

In all, thelattice
°�³_´uµ*´#¶V´u·D´u¸�²

providesfor four basicglobalreduceoperations,namely ¹ ® ´Dº ® ´�» ® ,
and ¼ ® .

4.3.3 Examples:

(i) Area. If a is a booleanimage,®�½ ¾�¿K´MÀfÁ ­ , whereX denotessomerectangularsubsetof Â�Ã , then¹ ®ÅÄ ¹ÆTÇ�­*® °�±E² countsthe numberof pixels havingvaluea(x) = 1. This countcorrespondsto

a roughestimateof the areaoccupiedby the black objectsin the imagea. Hereblack objects
are definedas the connectedcomponents(seeSection2.20) of X with the propertythat x is a
memberof a component È ® °;±
² Ä À

.

(ii) Imagemaximum.If É Ä ³ and Ê Ä · , then Ë Ä » and
» ®�Ä »Æ^Ç0­¯® °;±E² denotesthe maximum

value of the image ®@½ ³ ­ .

(iii) Image histogram. Suppose X is a rectangular Ì ÍÏÎ array (subset of Â Ã ), Ð Ä¾\Ñ ½ Ò]Ó ¿ÕÔmÑÖÔ2×ØÁ
for somefixed integerK, and Ù Ä Ú ®+½ Ò ­ Ó�Û�Ü Î	ÝaÞ ° ® ²Eß Ð,à . Define

a parameterizedtemplate

á Ó Ùãâåä Ò/æQç ­
by defining for each ®è½ Ò ­ the templatet with parametera, i.e.,

á ° ® ² ½ ä Ò æ ç ­ , by

á ° ® ² Æ °PÑ	² Ä
é À êìë ® °;±
² Ä Ñ¿ í0î�ï�ðMñ>òóêõô-ðDö
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The image ÷ùø�ú¢û obtainedfrom the code

÷ýüÿþ��������	�
is the histogramof a. This follows from the observationthat since 
����
����þ 
����� ������� � ,÷������Qþ 
����� ���
��� � �����Qþ the numberof pixels having value j.

Figure 4.3.2 providesan exampleof the process÷ùü þ������
��� . The left image representsthe
input imagea andthe right imagethe graphof the histogramimageh, resultingfrom reducing
the parameterizedtemplatet.

If one is interestedin the histogramof only one particular value j, then it would be more
efficient to use the statement

� üìþ�� � �!�����
since 
 � � �
��� representsthe number of pixels having value j ; i.e., since 
 � � ������þ
����� � �!�����#"$�%� and � �&�'����"$�(� þ�)+* ���'"$��þ,� .

0
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15000

20000

25000

30000

0 50 100 150 200 250 300

"histogram1"

Figure 4.3.2 An image and its histogram.

Note that in the first two examples,the global reduceoperationresultedin reducingan imageto a
singlenumericalvalue. In the histogramexample,however,we have -�.
/�0�132�4 , where 265�798 . Thus,
by definition :;-�.�/�091<2=5>798 is an integer-valuedimageon Y.

Although in imageprocessingby computerthe spatialdomainX is alwaysfinite, the global reduce
operation ? neednot be restrictedto finite sets. Natural extensionsto infinite setsareusually inherent
for differentbinary operations,value sets,andpoint sets. For example,if X is a compactsubsetof @$A
and /B1C@ 4 , then the formulasfor areaandmaximumgiven in Example4.3.3 havethe formD /35 D

4
/�.'E$0
F�EHG�IKJ L+/M5NLO�P 4 /�.
EQ0R5TS(UWV�XY/�.'E$0$Z[EC13\^]�_

respectively.That theseare well definedfollows from Theorems2.11.7and 2.11.8.
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4.4 Properties of `�a
Thealgebrà togetherwith the inducedalgebrà a is calledan imagealgebra. It follows from the

definition of the inducedoperations(Eqs. 4.3.1 and4.3.2) that the algebrà a inheritsmost, if not all,
of the algebraicpropertiesof the valueset ` . As an example,considerthe setof real–valuedimageson
X. The commutativegroup bdcfehgji inducesa commutativegroup k�c a e	gml . The zero of the group c a
is the zero image, denotedby 0 and definedas nporq�b�s�e%t�i�uvsCw3x^y . Clearly,z g{n|o}n~g z o z� z wTc a . Also, each z w}c a has an additive inverse � z definedby � z o;q�b's�e�� z b'sQi�iQu s6w3x|y��
Obviously, z g�b!� z i�o,b!� z iKg z oTn��

Thereis nothingspecialaboutthe group c in this argument. The sameargumentcan be madefor
any group ` . This establishesthe following theorem:

4.4.1 Theorem. If b(`fe	gvi is a (commutative)group, then k�` a e�g�l is a (commutative)group.

If, insteadof a group, ` is a ring then we also have

4.4.2 Theorem. If b(`fe	g�eh��i is a (commutative)ring, then k
` a e�g�e���l is a (commutative)ring.
Furthermore, if ` is a ring with unity, thenso is ` a .

The proof is straightforward;we alreadyknow from Theorem4.4.1 that `Ra is an additive group
and it is an elementaryexerciseto verify that multiplication is associativeanddistributesover addition.
Thus, ` a is a ring. The unit image of ` a is definedas �po�q�b�s�e���i�u sCw�x|y , where1 denotesthe
multiplicative identity of ` . Obviously, z ���~o,��� z o z� z w�` a . Thus, if ` is a ring with unity, then so is ` a .

In Section3.7 (Example3.7.2) we notedthat c a is a vectorspaceover c . Again, thereis nothing
specialabout the field c ; the sameargumentcan be madefor any field ` . By Theorem4.4.1, ` a is
a group, and using the inducedscalarmultiplication (Eq. 4.3.3), it is easyto seethat the vector space
axioms �K� through ��� are satisfied. This establishesthe following

4.4.3 Theorem. If ` is a field, then ` a is a vector spaceover ` . Furthermore, if card(X) = nbd��w3��i , then ` a is isomorphicto `Q� .
The secondpart of the theorem follows from Example 3.8.3(i) by defining ��uR` a�� `�� by�hb z iQo�b z b's��Yi!e z b's���i�e��Y���Ke z b
s � i%i , where x�o�q�s��Ye s���e�������eWs � y , and then using the exactsamear-

gumentas in 3.8.3(i).

It follows from Theorem4.4.2 that the ring k
c a e	g�e��!l of real-valuedimagesbehavesvery much
like thering b(cfe�g�e��!i of realnumbers.In view of thefact that theoperationsbetweenreal-valuedimages
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are inducedby the operationsbetweenreal numbers,this shouldcomeasno greatsurprise.Therefore,
manipulatingreal-valuedimagesis analogousto manipulatingreal numbers,andour familiarity with the
real numbersystemprovidesus with instant familiarity of the inducedsystem ¡Q¢ . More generally,if
we know the system £ , thenwe know the inducedsystem £�¢ . In imagealgebrait is alwaysassumed
that the algebraicsystem£ is known and that the algebraicpropertiesof £ ¢ arethenderivedfrom this
knowledge.It is importantto note,however,thateventhoughthealgebraicpropertiesof £ ¢ arederived
from thoseof £ , theoverallmathematicalstructureof £ ¢ is quitedistinct from thatof £ ; elementsof £ ¢
carry spatial informationwhile thoseof £ generallydo not. Furthermore,the inducedalgebra ¤'£ ¢�¥(¦	§
is structurallynot identical to the algebra ¨d£ ¥%¦	© ; the inducedalgebraicstructureis usuallyweakerthan
the original structure.The succeedingdiscussiondemonstratesthis for the l-ring of real-valuedimages.

The operationsdefinedby Eqs. 4.3.5and4.3.6in Example4.3.1arethe basicor elementarybinary
operationson real-valuedimages. Analogousto the developmentto the algebraof real numbers,other
binary (andunary)operationson real-valuedimagescanbe derivedeitherdirectly or in termsof series
expansionsfrom thesebasicpixel level operations.However, insteadof reinventingthe wheel,we let
the remainingoperationson ¡R¢ againbe inducedby the correspondingoperationson ¡ . Two of these
operationscommonlyusedin imageprocessingare exponentiationand the computationof logarithms.
In particular, if a and b are real-valuedimageson X, then

ª�«~¬�­ ¨�® ¥%¯ ¨�® ©(©~°j¯ ¨(® © ¬�ª ¨'® © «�±³²�´ ¥ ®6µ3¶C·�¸ (4.4.1)

Sincewe are dealingwith real-valuedimages,we follow the rules of arithmeticandrestrict this binary
operationto thosepairs of real-valuedimagesfor which ª ¨'® © «�±¹²º´ µ{¡¼»�®½µ<¶ . This avoidscreation
of complex,undefined,and indeterminatepixel valuessuch as ¨!¾ ¿ ©�ÀÁ ¥ÃÂÄ Á ¥�Å�ÆKÇÉÈ Ä , respectively. If
we considersuch subsetsas Ê�Ë ¬ Ê�ÌÎÍÏÊ�ÐÒÑ�ÓÔ¡ Ì Ñ�ÕÖ¡ , then exponentiationis defined for allª ¥ × µÖ¨dÊ Ë © ¢ Ñ�Ó ª ¥W× µÖ¨(¡ Ì © ¢ .

The inverseof exponentiationis definedin the usualway by taking logarithms.Specifically,ØÚÙ�Û « ªM¬>Ü ¨�® ¥�¯ ¨'® ©(©~°j¯ ¨(® © ¬ Ø'Ù�Û « ±¹²º´ ª ¨'® ©�¥ ®Cµ3¶pÝW¸ (4.4.2)

As for real numbers,
Ø'Ù�Û « ª is defined only for positive images; i.e., ª ¥ × µ<¨�¡ Ì © ¢ .

If Þ<µ6£�¢ is a constantfunction, thenk is calleda constantimage. We havealreadyencountered
two important real-valuedconstantimages,namelythe zero image0 and the unit image1. It follows
from Eqs. 4.3.1 and 4.3.3 that

È�ß ª|¬}à ß ª3¬�ª|¬ ¿[á ªM¬=â á ª Å�ÆKÇ�È á ªM¬½à á ªM¬}à ¸
More generally,if Þãµ{£R¢ is the constantimage Þ�¨
® © ¬>ä »m®ãµ{¶ , then

ä ¦ ªÔ¬ Þ ¦ ª ¸
Thus, for £ ¬ ¡ we have that

ä ß ªM¬ Þ ß ª ¥ ä á ªM¬ ÞMá ª ¥ ä�åæª^¬ Þ å�ª ¥ ÅçÆKÇ ä�èæªM¬ Þ èéª ¸
The observationthat scalaroperationson imagescan be expressedin terms of binary operations

betweenimagesmay be usedto definethe following unary operations:

ª�ê9ë�ªKì ¥ ä�ívë Þ í ¥éÅçÆKÇ ØîÙ�Û ê ªMë Ø'Ù�Û ì ª ¸ (4.4.3)
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Theseoperationsarealreadyinherentin Eq. 4.3.2. For example,using the function ï�ð�ñ�òfó�ôõ provides
for exponentiationby ö÷ó+øjù and yields the inverse ú	û ô óüï�ð�ú�ò . In contrast,Eq. 4.4.1 doesnot
follow from Eq. 4.3.2.

Many other unary operationscould have been defined directly in terms of elementarybinary
operationswithout the use of Eq. 4.3.2. For instance,the absolutevalue function ýWþ!ÿ�� ��� �
inducesthe function ý�þ&ÿ�� ����� �	�

definedby

ý�þ&ÿçð�ú�òRó�
�ð���
���ð��$ò%ò�����ð��QòRó�� ú�ð��Qò���
	�������jó�� ú ��!
However,we could just as easily havedefined

� ú �#"�ú%$Mð�ø ú	ò&!
As alludedto earlier,thegeneralizedcharacteristicfunctioncouldhavealsobeendefinedin termsof

elementarybinary operations.In order to demonstratethis, we needto takea closerlook at the induced
structure

� �
. Recall that the operationof exponentiation(Eq. 4.4.1) is not definedfor all real-valued

images.In particular,if ú('ó�) but for some �*��� a(x) = 0, then ú�û ô doesnot exist. Thus, in contrast
to ð � 
,+-
/. ò , the ring 0 �	� 
1+-
,.�2 is not a division ring. However,every ú3� �	�

hasa multiplicative
pseudoinverse 4ú5� �6�

definedby7ú|ó5
�ð��8
94ú	ð��$ò(ò%� 7ú�ð��$ò$ó�ú�ð��$ò/:<;�ú�ð��QòRó�=>
6?#@�A>BDC�EF:HGIB 7ú�ð��$òRó,ùKJ�ú�ð��Qò�
	�����L�#! (4.4.4)

Clearly, úM.#4úN.&úMó�úPORQ1S 7úM.�ú�. 7úMó 7úT!
Thus 0 �6� 
/+-
/.U2 is a von Neumannring.

Although, in general,
7úV.
ú neednot equaltheunit image1,

7úW.
ú is alwaysa booleanimage.Keeping
theseobservationsin mind, it is easyto seethat if �6ó ð�úéø(X ò8$Y) , then the booleanimage

7��.Z�
satisfiesthe equation []\_^ ð
ú�òQó 7�].`�a!
Thus,the characteristicfunction [-\b^ canbe readily expressedin termsof elementarybinary operations.
The function [-c`^ canbe defined in a similar mannerandthe remainingcharacteristicfunctionsarethen
derivedfrom [ \`^ and [ cb^ by useof Booleancomplementationandmultiplication. Defining

ú1d�ó�ejø 7úM.�úf
 (4.4.5)

we obtain [-gb^ ð'ú�òRó�h [-\`^ ð'ú�ò�i d 
 []jb^ ð
ú�òQó5h [-c`^ ð'ú�ò�i d 
[ ^ ð�ú�òQó [ g`^ ð'ú�òT. [ j`^ ð
ú�ò1
MORQkS [�lmDnporqts u5vxw�nKo�qtsry<z`{
This verifies our earlier claim.

Supposeq�|u~} but for some�(��� a(x) = 0. Setting � u5�a���qW�Iq , we have q]� � u~} while neitherq(|u~} nor � |u~} . Thereforea andb aredivisorsof zero,which saysthat �6� is not an integraldomain.
Of course,we havealreadynotedthat � � is not a division ring. The obviousquestionthenis asto how
closely the inducedstructure�	� resemblesthe basestructure� . In particular,if � is a division ring or
field, how closeis �6� to beinga division ring or field? From our abovediscussion,it is easily inferred
that the following theoremis the bestwe can hopefor.
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4.4.4 Theorem. If �������-�,�U� is a (commutative)division ring, then ��� ���k�-�,��� is a (commutative)
von Neumannring.

The proof is elementary.Accordingto Theorem4.4.2, � � is a ring andif � is a commutativering,
then so is � � . Pseudoinversesare defined in the exactsameway as pseudoinversesfor elementsof� � (Eq. 4.4.4) by replacingthe number0 with the additive identity of � .

Sincefor any image �(��P� with the propertythat for some�*�L� a(x) = 0, we areunableto obtain
an inverse,� � cannotbea division ring. Hence,� and � � canstructurallyneverbe thesame— except
in the trivial casecard(X) = 1. However,since � � is a von Neumannring, it is almosta division ring
in that everynon-zeroelementhasalmosta multiplicative inverse,namelya pseudoinverse.

If insteadof usinggroup,ring, or vectorspaceoperations,we considerlatticeoperationsweencounter
similar observations.Thelattice � � � ���8�,�f� behavesvery muchlike thelattice � � �/���,�M� . For example,
the equality

�%��  �¢¡ � ¡ �f� ¡  ��
holds in both lattices. Inequalitiesfor imagescan be definedin terms of the semigroupoperation �
(or � ) by

��£3 ¥¤ �-�¦  �   �#§#¨L��£3 ¥¤ �-�©  � �,��ª
However, if X containsmore than one point, then it is possibleto havetwo real-valuedimagesa and
b with �P�� �N��  and  ¢�� �N�¦  . Thus we haveimagesa and b suchthat neitherstatement��£« 
nor  ¬£P� is true. Hencethe lattice

� � is only partially orderedandcan,therefore,structurallynot be
identical to the lattice

�
. This corroboratesour earlierclaim that the inducedstructure� � is somewhat

weakerthan the basestructure � .

We now addressthe question of functionality of the induced operationsfor expressingimage
processingalgorithms. The procedureof combining a finite numberof imagesusing a finite number
of elementaryinducedimageoperationsresultsin somenew imageor othervalue,suchasa scalar.The
resultof writing downsucha procedureis calledan imagealgebraexpression. A transform­©®Z�6�P¯°�6±
definedin termsof an imagealgebraexpressionis called an imagealgebratransform. Thus ­k���,� is an
imagealgebraexpressionfor each �3�¬� � . For example,the transforms­>�I²*® � � ¯ � � defined by­k���t� � �N�L� ¡ ��� and ²1���t� � �¦�D L�³�N�`� areboth imagealgebratransforms.In the secondtransform
we assumethat b is somefixed given image,anda the variable. We concludethis sectionby showing
that any algorithm — or, in fact, any transformation— that transformsa digital image into a digital,
floating point, or any other type of real-valuedimage,can be realizedby an imagealgebraexpression
with operationsconsistingonly of the inducedelementaryoperationsof additionandmultiplication. The
main ingredientin proving this claim is the following interpolationtheorem.

4.4.5 Theorem. (LagrangeInterpolation).For eachinteger ´ �~µ ��¶#��·D·`·¸��¹ thereexistsa polynomialºZ» ��¼�� suchthat

º » ��½¾� �À¿ ¶Á½�ÂP½ � ´µ ½�Â~½Ã�� ´Äª
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Proof: Let Å	Æ`Ç�ÈÊÉfË ÌÍÎ<ÏkÐ�Ñ<Î�ÒÏ Æ Ç�È�Ó(Ô¾É ; i.e.,

Å	Æ_ÇIÈ�É Ë~ÈÊÇ�ÈMÓÖÕRÉ�Ç�ÈNÓ(×ZÉÙØ`ØDØkÇ�È�Ó�ÇÛÚ-Ó¬ÕKÉ�É�Ç�È�Ó�ÇÜÚ�Ý3ÕKÉ�ÉÙØ`ØDØ>ÇIÈMÓ*ÞYÉàß
Then Å	Æ`Ç�Ô¾ÉaË«á if ÔWâËPÚ , and Å	ÆbÇIÔIÉ�âË�á wheneverÔFË~Ú . Now defineã ÆRÇ�È�É8Ë ÕÅ	Æ`ÇÛÚkÉ Å	Æ_Ç�È�É¸ß

Q.E.D.

For theremainderof this sectionwe supposethatX is a finite point set,say äåË�æ`ç Ð	è çÊé è,êDê`êkè ç ÌWë .Now if ìLí�î�ï�È Ð è È é è,êDê`ê1è È Ìað is a polynomialin ÞñÝ¬Õ variables,thenp givesrise to a transformationòì�óaî6ôöõ î6ô defined by òì�Ç�÷tÉTË¬ì�Ç�÷tÇ�ç Ð ÉtØ#ø è ÷tÇ�çTù#É6Ø#ø è,êDê`êkè ÷tÇ�ç Ì ÉTØ#øúÉ è
whereadditionandmultiplication in ì�Ç�È Ð è È é è,ê`êDê�è È Ì É arenow interpretedasthe inducedadditionand
multiplication in î ô . Thus,

òì�Ç�÷tÉ is an expressionin the imagealgebra û�î ô è Ý è Øxü .
Defining for eachinteger j the constantimage ýNË�ÚMØ>ø , we obtain the following interpretationof

Theorem4.4.5:

4.4.6 Corollary. (ImageInterpolation). For eachconstantimageýNË�þ è ø è,ê`êDê1èbÿ , there existsan
imagealgebraexpression

òã�� Ç�÷,É in û�î ô è Ý è Ø�ü suchthat

òã�� Ç���É Ë � ø ���	�tËYýþ ���	��âËYý
Proof: Defining

òÅ � Ç�÷tÉ Ë 
Í� Ï
�DÑ � ÒÏ � Ç�÷�Ó�� É , we note that the image �_Æ�Ë òÅ � Ç ýRÉ hasthe property

that �DÆ`Ç�ç�É�âË á��1çÀí�ä . Thus û òÅ � Ç ýRÉIü�� é Ë ù������ ��� exists for ý Ë þ è ø è,ê`ê`ê�èbÿ . It is also

obvious that
òÅ � Ç���É�Ë�þ whenever�-âË�ý . Thus, the expression

òã � Ç�÷tÉVË�� òÅ � Ç ýRÉ�� � é Ø�� òÅ � Ç�÷,É��
has the desiredproperties.

Q.E.D.

We concludeby proving that the algebra û�î ô è Ý è ØUü is sufficient for expressingall digital imageto
real-valuedimage transformations.

4.4.7 Theorem. Suppose 3óúÇ�!
"$#�%�&('*) & is any transformation.Thenthere existsan expression+
in the imagealgebra ,�) &.-0/1-3254 suchthat +76�8
%:9<;=6�8
%?>78A@B6DCFE$G�%�& .

Proof: Since HJILK�MN6�CFE G %�& 9 OQPSRUTWV
XZY , we may assumewithout loss of generality that6�C E G % & 9\[]8 X - 8 E -
^]^_^`- 80aJb , where cd9eO PSRUTWV0XfY .
For each gh9ji - O -
^]^_^`- c , let k`lm@n)po q7r - q X -
^]^_^`- q T:s be definedas follows:
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Let t�uwvyx`z�{�|
u�}�~=tS��vyx0z�{�|���}�~��_�]�=~�tS��vyx0z�{�|F�w}
and set �7� vet ����� , where � ve��~
�S~0�]�]�0~`�

. Now define� z {�� u ~�� � ~
�_�]�7~�� � }�v�� z$� {�� u }�� z�� {�� � } �_�]� � z$� {�� � }�~
where

� zJ� {��3}
is the polynomial in Theorem4.4.5.

Obviously, �� z {�x z }�v � z {�x z {�| u } �S� ~�x z {�|���} ��� ~ �_�]�0~fx z {�| � } ��� }v � z { � u ~ � � ~ �_�]�0~ � � }v ��7¡]��{ � u]} � ��7¡��${ � �_} �]�_� ��7¡���{ � �w}�v ��¢
Now consider

�� z {�x � } , where �h£v¤t . Then
x �?£vyx z and, therefore,

x � {�|
¥�} £vyx z {�|F¥�} for at least
one point

|
¥�¦y§
. Thus, ¨ ¥ £v � ¥ and, hence,

�� ¡�� { ¨ ¥�}wv�© .

Therefore, �� z {�x � }�vjª � «�¬?� v�t© «�¬?�h£v�t (I)

For each
t­v\�S~`®�~
�]�]�7~f¯

, let ° z v²±={�x z }
and define ³ by³ {�xF}�v �� �_{�xF} �]° �=´ ��7µ {�x
} �J° µ ´ �]�_� ´ ��7¶ {�xF} �J° ¶ ¢

It now follows from Eq. (I) that ³ {�x z }�v·±={�x z } and,therefore,³ {�xF}�v·±={�x
}w¸`x¹¦d{Zº µ$» }�¼ .

Q.E.D.

The theoremis primarily of theoreticalinterestas it providesno practicalmethodfor determining³ from
±

. Of course,the hypothesisof the theoremis generalenoughto cover all image-to–image
transformationsthat occur in practiceasonly finitely manygrey valuescanbe represented.

4.4.8 Corollary. SupposeX andY are twofinitepointsets.If
±¾½L{Zº µ » }�¼À¿ÂÁÄÃ

is anytransformation,
then there existsan expression ³ in the image algebra Å ÁÆ~`Á ¼ ~ ´1~ � ~�ÇWÈ such that ³ {�xF}nv±={�x
}n¸`xj¦É{�º µ » } ¼ .

Proof: Let � �_~ �`µ ~
�]�_�`~ � ¶ be polynomialssuch that�� z {�x � }�v ª � «�¬?� v�t© «�¬?�h£v�t
Again, let ° z vÊ±={�x z } , where ° z is now an imageon Y. Finally, define ³ by

³ {�xF}�vÌËZÍ Î ��É´À� � �� � {�x
}ÐÏpÑ �]° � ´ �]�]� ´ÒË�Í Î ��É´�� � �� ¶ {�x
}�ÏÆÑ �]° ¶ ¢
Then ³ {�x z }�v*Ó�ÔÖÕ ��Æ×0� � �� z {�x z }�Ø0Ù.Ú�Û�ÜÞÝjÛßÜmÝjà=á�â0Ü�ã�ä and, therefore, å á�âFã�ÝjàWá�âFãçæ`â¾èá�é
ê�ëSã�ì

.

Q.E.D.

The corollary is useful when consideringtransformationsof imagesto imagesdefinedon different
spatial domains.
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4.5 Spatial Operations

Examplesof spatialbasedimagetransformationsareaffine andperspectivetransforms.Thesetype
of transformsare commonlyusedin imageregistrationand rectification. The needfor registrationand
rectificationarisesin digital imageprocessingwhen the positionsof someor all imagepixel locations
aresignificantlydisplacedfrom their true locationson a uniformly scaledgrid. For example,objectsin
magneticresonanceimagery (MRI) are displacedbecauseof the warping effects of the magneticfield
andraster-scannedsatelliteimagesof theearthexhibit thephenomenonthatadjacentscanlinesareoffset
slightly with respectto oneanotherbecausetheearthrotatesassuccessivelinesof animagearerecorded.
Since the inducedimageoperationsrepresentedby Eqs. 4.3.1 through4.3.4 are grey level based,the
inducedalgebraicstructuredoesnot provide for either intuitive or simpleexpressionsof thesetypesof
transforms.The purposeof this sectionis to resolvethis difficulty by providing a seamlessextensionof
the imagealgebradefined in the previoussections.

Viewing an image íyîÀï�ð as a function from X to ï , we note that the inducedunary operation
4.3.2is actuallythecompositionñóò
íõô�ñFö�í
÷ of the imagefunctiona with the function f from ï to ï as
shownin Fig. 4.5.1. Taking the sameviewpoint,but usinga function f betweenspatialdomainsinstead,

X

a

F F

a

f
ø

f
ø

Figure 4.5.1 The inducedgrey level transform ùõú:ûBüeùFý�ûFþ .

providesa schemefor realizingnaturally inducedoperationsfor spatialmanipulationof imagedata. In
particular,if ù ÿ �����

and û��	� 
 , thenwe definethe inducedimage ûmú:ù���� � by

û1úWùhü
�Sý����fûFý�ù
ý��=þZþ�þÞÿ���� ����� (4.5.1)

Thus, the operationdefinedby Eq. 4.5.1 transformsan � –valued image defined over the spaceX
into an � –valuedimagedefined over the spaceY. Figure 4.5.2 providesa visual interpretationof this
compositionoperation.
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X

a

Y

a

F

f
ø

f
ø

Figure 4.5.2 The spatial transform ����� .

In Section4.8, it will becomeevidentthat the inducedimagecan just aseasilybe obtainedby use
of an image–templateoperation. However, in variouscasesEq. 4.5.1 providesfor a more translucent
expressionandcomputationallymore efficient methodthanan image-templateproduct.

4.5.1 Examples:

(i) One sided reflection. Suppose����� � , where ! "$#&% is a rectangular ')(+* array. If,	-�./-10 % and �
2 !)3 ! is definedas

�547698;:=< > ? 4�658@:=< ACB .D- 64�E .GF 698@:=<HAIBJ6LK . 8
then �M�N� is a one sidedreflectionof a acrossthe line 6O> .

. Figure 4.5.3 illustratessucha
reflectionon a P , EQ(RP , E imageacrossthe line

. > ,TSVU
.

Figure 4.5.3 One sided reflectionacrossa line.
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(ii) Magnificationby replication. For WQX�Y , let Z[W]\ denotethe smallestintegergreateror equalto
r; i.e., Z^W_\a`
b�cdWOefZgW_\ , where ZhW_\�Xji . For a given pair of real numberskmlonqpsrTtupwvyx ,
let ZCk5\jl)nzZ[pVr{\|t}ZCpVv{\~x . Now let a and X be as in the previous example,and let Y be a�}�1���}�

array, wherek is somepositive integer. Define �/���)��� by �5n�k�x�l�� r� k�� ; i.e.,�5n7pVrVt@pVvyx l
n7��rVt@��v]x , where �}�5l � r� py� � . Then �N��� representsthemagnificationof a by a factor
of k. Figure 4.5.4 representsan exampleof a magnification by a factor of

� l�� . Here each
pixel wasreplicatedfour times,two times in the x directionandtwo times in the y direction.

Figure 4.5.4 Magnification by replication.

Note that in both, image reflection and image magnification,the function f can be viewed as a
function on �9� into �5� ; that is, asa function preservingintegralcoordinates.The generaldefinition for
geometricoperationsin the plane � � is in termsof a function ����� �¡ ¢� � with�5£¥¤9¦@§|¨�©
£7�Vªy£�¤5¦@§}¨u¦@� � £¥¤9¦@§|¨;¨@¦ (4.5.2)

resulting in the expression « £7¤5¦{§=¨ ©+¬�­�¤}®[¦@§s®°¯±©+¬5£��VªV£�¤5¦{§=¨;¦@� � £7¤5¦@§²¨;¨�¦ (4.5.3)

wherea denotesthe input image,b the output image, ¤ ® ©j�Vªy£7¤5¦@§²¨ , and § ® ©j� � £¥¤9¦@§²¨ . In digital image
processing,the grey level valuesof the input image are definedonly at integral valuesof ¤ ® and § ® .
However, restricting f to somerectangularsubsetY of � �M³ � � , it is obviousthat for most functions
f, ´yµ~¶�·}¸V£¥�9¨Q¹³ � � . This situation is illustrated in Figure 4.5.5, wherean output location is mappedto
a position betweenfour input pixels. For example,if f denotesthe rotation aboutthe origin, then the
coordinates ¤ ® ©j� ª £¥¤9¦@§|¨�©j¤�º]»V¼y½�¾R§²¼T¿�¶&½
ÀVÁ�Â�§ ® ©j� � £7¤5¦@§²¨ ©
¤�¼y¿�¶Ã½ÅÄÆ§²º]»V¼y½ (4.5.4)

do not, in general,correspondto integralcoordinatesbut will lie betweenanadjacentintegerpair. Thus,
the formulation given by Eq. 4.5.1 can usually not be useddirectly in digital imageprocessing.One
way of solving this problemis by simply redefining f as ÇÈ £�¤9¦@§=¨�É�ÊË�5£7¤5¦@§}¨^Ì . That is,

ÇÈ £�¤5¦@§=¨ ©�­zÍÎ¤ ®°Ï ¦�ÍÐ§ ®ÎÏ ¯+Ñ �5£¥¤9¦@§|¨Ò©d­�¤ ® ¦@§ ® ¯�¦
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where ÓËÔTÕ denotesthe rounding of r to the nearestinteger. Then the image ÖØ×ÚÙLÛÝÜÞ is said to be
obtainedfrom a by using the nearestneighbor, or zero-order interpolation. In this case,the grey level
of the outputpixel is takento be that of the input pixel nearestto the position to which it maps. This
is computationallyefficient and, in manycases,producesacceptableresults. On the negativeside, this
simpleinterpolationschemecanintroduceartifactsin imageswhosegrey levelschangesignificantlyover
one unit of pixel spacing. Figure 4.5.6 showsan exampleof rotating an imageusing nearestneighbor
interpolation. The resultsshow a sawtootheffect at the edges.

f
ß

x,yà(    )á xà ,y(      )

Figure 4.5.5 Mapping of integral to non-integralcoordinates.

As mentionedpreviously,the outputpixels map to non-integralpositionsof the input imagearray,
generallyfalling betweenfour pixels,andsimplenearestneighborcomputationcanproduceundesirable
artifacts. Thus,higherorder interpolationschemesareoften necessaryto determinethe pixel valuesof
the output image. The methodof choiceis first-order or bilinear interpolation. First-orderinterpolation
producesmoredesirableresultswith only a modestincreasein computationalcomplexity.

Figure 4.5.6 Rotationusing nearestneighborinterpolation.

Suppose âäã�å²æ7ç�èTéuç�ê_ëÝìÝí�î/ç�è�î+ïðéNíñî+ç�êÅî/ò�é�æ7ç�èVé@ç�ê]ë�ó�ô êzõ
and âJö&ã�å9÷�ç=öè éuç}öêuø ìJí�î+ç}öè î/ï	éNíñî+ç=öê îjò�é+÷�ç}öè é@ç=öê@ø ó�ù ê õ=ú
Given û ó+ù�ü

, we extenda to a function û ö ó/æ¥ù�ë�ýVþ
as follows:

First setboth û æ¥ç è é@ç ê ë�ã
ÿ
and û ö æ7ç è é@ç ê ë�ã
ÿ

whenever
æ7ç è é@ç ê ë óLù ê � â ö

. For
æ7ç ö è é@ç ö ê ë ó	â ö

, setû ö ÷�ç ö è éuç ö ê ø ã û æ�ç è é@ç ê ë���� û æ7ç è �+ízéuç ê ë�� û æ�ç è é{ç ê ë	�@÷^ç öè �Rç è ø��� û æ�ç è é{ç ê � íVë�� û æ�ç è é{ç ê ë	�@÷�ç}öê ��ç ê ø��� û æ�ç�è
�jísé@ç�ê��+íVë�� û æ�ç�èVé@ç�ê_ë�� û æ7ç�èVé{ç�ê�� íyë�� û æ�ç�è
�jísé@ç�ê_ë��;÷�ç öè �Rç�è ø ÷�ç ö ê ��ç�ê ø é (4.5.5)
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where 
���� ��
����� and ��
����� denotesthe largest integer with the property ��
������� 
��� . Note that
 � � 
 �� � 
 ����� , and � �� 
 � !#" 
 �$&% �'�  
 ! " 
 $ % whenever
 ! �(
 �! and 
 $ ��
 �$ . Thus, � � is a continuous
extensionof a to ) � with the four cornervaluesof a agreeingwith thoseof � � (Fig. 4.5.7).

a xà 1(
á

xà 2, )
*

a xà 1( xà 2, +1)
*

xà 2,a xà 1(
á

+1+ )
*
a xà 1(
á

+1+ xà 2, +1+ )

a, 1xà 2,x(        )
á

Figure 4.5.7 The bilinear interpolationof a.

Now given a transformation -/.1032'4 0�2 and an output array Y, we view f as restrictedto-5.76 4 0�2 and set 8:9';�<>= - (4.5.6)

in order to obtain the desiredspatialtransformationof a. In particular,the valuesof ? <@ for A 95BDCFE
in

Eq. 4.5.5arenow replacedby the coordinatefunctions - @�GIH#J C H 2&K of f. Figure4.5.8 illustratesa rotation
using first order interpolation. Note that in comparisonto the rotation using zero-orderinterpolation
(Fig. 4.5.6), the boundaryof the small interior rectanglehasa smootherappearance;the sawtootheffect
has disappeared.The outer boundaryof the rotatedimage retainsthe sawtoothappearancesince no
interpolationoccurson points

G ? < J C ? < 2 KML 0 2ONQP < .

Figure 4.5.8 Rotationusing first-order interpolation.
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The computationalcomplexityof the bilinear interpolation(Eq. 4.5.5) can be improvedif we first
interpolatealongonedirectiontwice andthenalongthe otherdirectiononce.Specifically,Eq. 4.5.5can
be decomposedas follows. For a given point RIS�TU#VWS�TX&Y[Z]\ T compute^ T U`_	S T U#VWS XWacb ^ R�S U VdS X Y�egf ^ R�S U e'h VWS X Y�i ^ R�S U VWS X Y�j _kS T U i S U a
along the line segmentwith endpointsRlS U VWS X Y and R�S U e�h VWS X Y , and^ T X _ S T U VmS X e�h a b ^ RlS U VWS X e'h#Y�egf ^ R�S U e'h VWS X egh#Y�i ^ R�S U VdS X egh&Y�j _ S T U i S U a
along the line segmentwith endpointsR�S U VWS X e'h#Y and RIS U e'h VWS X e�hnY . Then set^ T _ S T U VWS T X a b ^ T U _ S T U VWS XWa e5o ^ T X _ S T U VmS X e�h a i ^ T U _ S T U VWS XWaqp _ S T X i S XraDs
This reducesthe four multiplicationsand eight additionsor subtractionsinherentin Eq. 4.5.5 to only
threemultiplicationsand six additions/subtractions.

Although Eq. 4.5.6 representsa functional specificationof a spatial image transformation,it is
somewhatdeceiving;the image ^ T in the equationwas derivedusing typical algorithmic notation(Eq.
4.5.5). To obtaina functionalspecificationfor the interpolatedimage ^ T we canspecify its valuesusing
threespatialtransformationstvuDVOt U , and t X , mapping \ T�w \ , definedbyt u _ S T U VWS T X a b _yx S T Umz V x S T X z a

t U _�S T U&VWS T X aOb|{ RD}�S T Ud~ e'h V�}�S T X ~ Y���� }�S T Ud~��'�RD}�S T U ~`V�}�S T X ~ Y �D�d���r�F�7�����
and t X _ S T U&VWS T X a b { RD}�S T U ~`V�}�S T X ~ egh#Y���� }�S T X ~��'�RD}�S�TUd~`V�}�S�TX ~ Y �y�F���q�F�7���l� V
and two real-valuedimagesfunctions � U VF� X Z'���
� definedby� U _ S T U VmS T X a b S T U i x S T Umz
and � X _	S T U#VWS T X aOb S T X�i x�S T X z s
We now define ^ T b ^�� t&u e R ^M� t U i ^M� t&u Y�� � U e R ^�� t X i ^�� t&u Y�� � Xe R ^�� t U � t X e ^�� t&u i ^M� t U i ^�� t X Y�� � U � � X s
A nice featureof this specificationis that the interpolatedimage ^ T is only definedover the region of
interest \ T and not over all of � X .

Since t]��� w � X , it is very likely that t�R�� Y��� \ T . This meansthat the image � b ^ T � t may
containmanyzero values,and— if Y is not properlychosen— not all valuesof a will be utilized in
the computationof b. The latter phenomenonis called lossof informationdue to clipping. A simple
rotation of an imageabout its centerprovidesan exampleof both, the introductionof zero valuesand
loss of information due to clipping, if we choose� b \ . Figure 4.5.9 illustratesthis case. Here the
left image representsthe input image a and the right image the output image � b ^ T � t . Note that
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the value  �¡�¢D£&¤W¢#¥&¦ is zero since §�¡l¢#£#¤W¢#¥r¦[¨©¡lª�«£ ¤Wª�«¥ ¦�¬­'® « . Also, the cornerareasof a after rotation
havebeenclipped sincethey do not fit into Y. Of course,for rotationsthe problemclipping is easily
resolvedby choosingY sufficiently large.

2,x1̄x°(         )±
(        )
±

1y
²

2,y¯

Figure 4.5.9 Rotationwithin the samearray. The left image
is the input imageand the right image is the output image.

Thedefinitionof theinterpolatedextension³�´ requiresimagesto bespecifiedascomputationalobjects
ratherthanenumeratedobjects(suchas the input imagea). Oncethe spatialtransform µ·¶¹¸Iµ#º#»Wµ#¼q½ has
beenchosen,thedummyvariables¾À¿ and ¾ ´¿ arereplacedby Á�µ&¿l¸IÂ&¿	½�Ã and µ&¿	¸IÂ&¿	½ , respectively.Eachpixel
valueof ÄÅ¶Æ³ ´>Ç µ can thenbe determinedpixel by pixel, line by line, or in parallel.

The spatialtransformationof a digital imageasexhibitedby Eq. 4.5.6representsa generalscheme.
It is not restrictedto bilinear interpolation; any extension ³À´ of a to a point set ÈÉ´ containing the
rangeof f may be substituted.This is desirableeventhoughbilinear interpolationandnearestneighbor
approximationare the most widely used interpolation techniques. Similar to zero-order,first-order
interpolationhasits own drawbacks.Thesurfacegiven by the graphof ³ ´ is not smooth;whenadjacent
four pixel neighborhoodsare interpolated,the resultingsurfacesmatch in amplitudeat the boundaries
but do not match in slope. The derivativeshave, in general,discontinuitiesat the boundaries. In
manyapplications,thesediscontinuitiesproduceundesirableeffects. In thesecases,the extraadditional
computationalcost of higher order interpolationschemesmay be justified. Examplesof higher order
interpolationfunctionsarecubic splines,Legendreinterpolation,and ºÊÀËvÌ	Í ¾ . Higher order interpolation
is usually implementedby an image-templateoperation.

The generalformulation of spatial transformationgiven by Eq. 4.5.2 includesthe classof affine
transformationsmentionedat the beginningof this section.

4.5.2 Definition. A transformationµgÎ�Ï ¼�Ð Ï ¼ of the formµ�¸lÂ º »WÂ ¼ ½�¶Æ¸IÑ>Â º
Ò]Ó Â ¼�ÒÕÔ#º »ÀÖrÂ º
Ò]× Â ¼
Ò]Ô#¼ ½F»
wherea, b, d, Ô º , and Ô ¼ areconstants,is calleda (2–dimensional)affine transformation.

Observethat an equivalentdefinition of an affine transformationis given byµ�¸	Ø
½�¶'ØÚÙmÛ ÒÝÜ » (4.5.7)

where ØÝ¶Æ¸lÂ º »WÂ ¼ ½F»ÉÛ¹¶ßÞ Ñ ÖÓ ×�à »âá&ã�ä Ü ¶å¸ Ô º » Ô ¼ ½�æ
167



The matrix A can always be written in the formç�è éê ë
ìåí çÚîrï�ðmñ`òÀó&ï î&ïôò	õ�ö÷óvïø îrù�ò	õ�öúó&ù î&ùÀðmñ>òÀóvù ì�û
where ü î ï û ó ïrý and þ î&ù û óvù3ÿ�� ù�� correspondto the points (a,c) and (b,d) expressedin polar form. In
particular,if

î&ï í î ù , ó&ï í ó ù , and � í�� , thenEq. 4.5.7correspondsto a rotationaboutthe origin. If
A is the identity matrix and ���í�� , then Eq. 4.5.7 representsa translation.

Variouscombinationsof affine transformationscanbeusedto producehighly complexpatternsfrom
simple patterns.

4.5.3 Examples:

(i)
Let 	 ï ü�
 ý í 

��� , where � í ç ï� �� ï� ì .

If ����� , then ����	 ï representsa magnificationof a by thefactor � (seealsoExample4.5.1). On
the otherhand,if ��� � � � , then ����	 ï representsa contraction(shrinking)of a by the factor� . Figure4.5.10illustratesa contractionusingthe factor � í ù� . Herethe input imagea, shown
on the left, containsa trapezoidof baselength l and angleof inclination

ó
. The output image� ��	 ï is shownon the right of the figure, with pixels havingzerovaluesdisplayedin black.

Figure 4.5.10 Imagecontractionusing an affine map.

Suppose !#"%$�&�')(*&�+-,/. 00 .214365 $87
9 . '�:; < $�7
9 . '=:;?>A@#BDCFE/G
Then

! "
representsa shift in the direction C . ComposingHJI !#K with

! "
resultsin the image$ H�I ! K ' I !#" shownon the left of Figure 4.5.11.

The compositionof two affine transformationsis againan affine transformation.In particular,
by setting

!L(�! K I ! " , it is obviousthat

$ H I ! K ' I ! " could havebeenobtainedfrom a single
affine transformation,namely$ H I ! K ' I ! " ( H I $-! K I ! " '�( H�I ! G
Now iterating the processby using the algorithmMON ( M 3 M I !
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with initial P�QSR , resultsin the railroad to infinity shownon the right of Figure4.5.11.

Figure 4.5.11 A railroad to infinity.

(ii) Another exampleof iterating affine transformationsin order to creategeometricpatternsfrom
simplebuilding blocks is the constructionof a brick wall from a singlebrick. In this example,
let w andl denotethewidth andlengthof thebrick shownon the left of Figure4.5.12. Suppose
further that we want the cementlayer betweenan adjacentpair of bricks to be of thicknesst.
A simple way of building the wall is to use two affine transformationsf and g, where f is a
horizontal shift by an amount TVUSW , and g is composedof a horizontal shift in the opposite
directionof f by the amount X-TYUOW[Z]\_^ anda vertical shift by the amount `4UaW . Specifically, ifb X8c#d#efchg%ZjikX�c#dml�X8TnUaWfZAe�c#g%Z
and o X�c#d#eAc#gFZji�X8c#d�U*X�TnU�W]Z[\_^Ye�c#g�lpX�`pU�W]Z[Zqe
then iterating the algorithm r
s i r t X r�u b Z t X r u o Z
will generatea brick wall whosesize will dependon the numberof iterations. The imageon
the right of Figure 4.5.12was obtainedby using the iterationv]w�xnw_y#z{ s i rr|s i r�t X r�u b Z t X r}u o Z~Y��z-����{ i r

Figure 4.5.12 Generationof a brick wall from a single brick.
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4.6 Set-theoretic Operations

Thetwo primeconceptsassociatedwith a functionareits domainandrange.Sincethesetwo notions
are viewed as mappingsfrom ��� to ��� and ��� to �%� , they provide a link betweenimagesand their
underlyingpoint and valuesets. The outputsof the domainandrangefunctions,however,aresetsand
not individual points or values. In variouscomputervision tasksit is often necessaryto extractsingle
points or valuesfrom an image,or to know the numberof elementsin a particularvalue or point set.
Thesetaskscan be accomplishedby using two fundamentalconceptsfrom elementaryset theory. The
two conceptsare the choicefunction and the cardinality of a set.

The choice function, whoseexistenceis guaranteedby axiomaticset theory [3], is not obtainable
from previouslydefinedoperations.We shall view the choicefunction as a mappingof �#����� (or� � ��� ) which, whenappliedto a set �*�p� , returnsa randomlychosenelementof A. Thus,if ���
� �
and �k���%�Y�Y�Y�����V� , then the statement �f 2¡#¢�� ��£¥¤ ¡#¦ � ¢ �§���©¨«ª���¬
denotesa randomlychosenpixel locationwhosepixel value is k. This exampleillustrateshow we can
get from an imageback to a point in its domain. More generally,we havethe following commutative
diagram:

FY

2Y Y
choice

domain

The dottedarrow in the diagramdenotesthe composition ­�®n¯#°±­�²m³µ´�¯#¶¸·¹°±ºV» The choicefunction is, of
course,not the only function from ¼�½ to ¾ . For example,if ¿-¾ÁÀ=Â/Ã is a commutativesemigroupandÄ ¿8¾ÁÃÆÅÈÇ#É�Ê
¼�½4ËÌ­�·�Í#´=¿�ÉLÃjÎÐÏ�Ñ , then againwe have a global reduceoperation ÒÓË Ä ¿]¾�Ã Ô ¾
inducedby Â anddefined by Ò�¿�É�Ã)Å�Õ�Ö[Â/Õ�×]ÂpØ%ØhØ�Â/Õ=Ù , where ÉÚÅ�Û#Õ�Ö#À/ÜhÜ%Ü�ÀfÕYÙYÝ . In particular,if X is
a finite subsetof Þ , then ß*¿�É�Ã correspondsto the largestnumberin X.

Thecardinalityof asetwasdiscussedin Section2.7. Forfinite setsthecardinalityof asetcorresponds
to the numberof elementsin that set. Thus,whenour discussionis restrictedto digital images,we shall
view the conceptof cardinality as a function­F·¹Í#´ Ë�¼ ½áà ¼�â�ÔÈã*»
For example,if k is an integer,Y a finite subsetof ä Ù , and å�Ê|ã â , thenthe numbern in the statementºæËçÅS­�·�Í#´nè ´�¯#¶¸·�°�ºV¿±å)é�ê#Ã�ë
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correspondsto the numberof pixels having value k. Obviously, if no pixel of a has value k, thenì�í_îJï�ð�ñVò�óõôAö�÷ùøûú
and

ñ�øýü=þ
Note that an alternativealgorithmfor obtainingn is given by the statement

ñæÿ ø � ��� ò�óV÷��
and doesnot involve operationsdefinedin this section.

The cardinality of a set and the choice function are unary operationsfrom �	� to 
 and to Y,
respectively(or from ��� to 
 and 
 , respectively). They do not provide for operationson ��� or ��� .
However,therearenumerouscomputervision algorithmsandtasksthat requiremanipulatingwhole sets
of pixel locationsaswell assetsof pixel values. In order to providea coherentmathematicaltheory in
which to expressthesetypesof operationsmore readily, we needto incorporatethe Booleanalgebras� � � ������������� and

� � � ������������� as part of imagealgebra.

The laws governingthe operationson setsweregiven in Section2.2 (Fig. 2.2.1). Theoperationsof
union,intersection,andcomplementationcanbecombinedto definevariousotherset-theoreticoperations.
For instance,set subtractioncan be definedas

����� � �!�"� � �

and the symmetricdifferencebetweentwo setsas

�$#%�'&(� ��ò)� �*� ÷+��ò)�,�*�D÷Aþ
It follows that

�-#.�/&0�4ø�ò1�!�"� ÷2�
ò3�,�4� ÷ � ø�ò3�!�"�?÷5�
ò)� � �"� � ÷Aþ
4.6.1 Example:

Let A and B be the two point setsin the cellular space6�7 shown in Fig. 4.6.1 (a) and (b),
respectively.Thus,thesetA consistsof thecellswhoseunionformstheletter“A”, while theset
B consistsof cells forming the letter “B”. Theresultof thesetoperationsof union, intersection,
set subtraction,and symmetricdifferenceon thesetwo setsare shown in Fig. 4.6.1 (c), (d),
(e), and (f), respectively.
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(a)
8

(b) (c)
8

(d)
8

(e)
8

(f)

Figure 4.6.1 (a) The set A. (b) The set B. (c) The set 9 :*; .
(d) The set 9,<4; . (e) The set 9�=	; . (f) The set 9->.='?�; .

Since @)A	B-C�:�C�<�C�D�E and @3A�F2C�:�C�<�C�D.E are homogeneousalgebras,one obviousimplication is that
the algebradiscussedin Section4.3 providesfor the manipulationof set-valuedimages GIH�JLKMA�B
(or GNHOJPKQA�F ); the operationson set-valuedimagesare thoseinducedby the Booleanalgebras.For
example,if G�CSRUTV@)A B EXW , then

G-:4RZY\[^]1_�CS`a]b_�cSc"Hd`e])_fc�YIGg]1_fch:"Rf])_fciC�_jTkJkl�CG-<4RZY\[^]1_�C+`e])_fcbcmHd`e])_fc�YIGg]1_fch<"Rf])_fciC�_jTkJkl�C
and G D Yonp])_�Ci`a]1_fcScmHd`e])_fc�Yq>rG�]1_fc)? D C�_sTdJutvC
where >wGg]1_�c3? D YyxZ='Gg]1_fc .

TheBooleanimagealgebra zO@)A B E W C{:�C|<�C D�} hasanaturaldualstructure,namely z2@1A W E B C~:�C�<�C D�} .

This can be ascertainedfrom the observationthat any function GsHOJ�K�A B hasa dual (often referred
to as an inverseor transpose) G5�2�4H5x�K A W C definedby

G �O� ])��c�Y\[|_jH�_jT�JU�	�O�-��T4Gg])_fcbl��
The function G �O� is a dual (or an inverseor transpose)in the sensethat @ G �O�~E �O� Y\G .
4.6.2 Theorem. The function ��H�@3A B E W K @)A W E B definedby ��]3G�c�YUG �O��� G\TU@)A B E W is an

isomorphism.

Proof: Supposethat for somepair of functionsa andb with Gj�Y\R , we havethat ��]3G�c�Y!��]�Rfc .
Then G!�Y�R�� �^_���T�J suchthat Gg])_g�/c��YoRf])_��/c . Thus, not both Gg])_g�/c and Rf]3_��/c can be
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empty. Suppose,without loss of generality,that �g�)�5�	�$ ¡U¢ . Since �g�1���	�$ ¡o£ �)�g�'� , ¤^¥\¦�§
suchthat ¥,¦¨���1� � � and ¥\ ¦ £ �1� � � . But then � � ¦k��©Oª/�3¥�� and � �  ¦ £ ©Oª��«¥�� , contraryto our
assumptionthat ��©Oª ¡o£ ©Oª . This showsthat ¬ is one-to-one.¬ is obviouslyonto. Thusall that remainsto be shownis that ¬ is a homomorphism.To show
that ¬��)�-­ £ � ¡ ¬��3���2­4¬�� £ � is equivalentto showingthat �3�®­ £ � ©Oª ¡ � ©Oª ­ £ ©Oª . Now

�)�-­ £ � ©Oª �)¥�� ¡\¯ �u¦k°²±�¥s¦¨�3�®­ £ �b�3���´³¡\¯ �u¦k°²±�¥s¦4�g�)�f�2­ £ �3���b³¡\¯ �u¦k°²±�¥s¦4�g�)�f�b³µ­ ¯ �j¦d°²±�¥�¦ £ �)�f�S³¡ � ©Oª �3¥��h­ £ ©Oª �)¥���¶
In a likewise fashionwe can showthat �1�m· £ � ©Oª ¡ � ©Oª · £ ©Oª . Finally we have¸ �O¹.º ©�ª �1¥�� ¡¼» �s¦d°²±�¥�¦4�½¹��)�f�i¾¡q¯ �s¦k°²±�¥, ¦4�g�1�f�S³¡q¯ �s¦k°²±�¥s¦4�g�1�f�S³ ¹¡ ¸ � ©�ª �)¥��1º ¹�¿
which showsthat ¬À�)� ¹ � ¡ ¬��1�g� ¹ .

Q.E.D.

Sincetypically, Y (or Á ) is well structured— a topologicalspace,metric space,vector space,etc.
(or a semigroup,ring, field, etc.) — it makessenseto try preservethis structureby viewing a(x) as a
setin Y (or Á ) insteadof a point in Â	Ã . This changeof perspectivehasfruitful consequences;while the
theoryof set-valuedfunctions(Section2.6) canstill beapplied,intuition is maintainedandpropertiesof
Y are not forced into hyper propertiesof Â	Ã .

Borrowing from the idea of induced set-valuedfunctions, recall that given ÄÅ±�§ Æ ° , then
f inducesa set-valuedfunction ÇÄÅ±ÈÂ Ã Æ Â/É ¿ which is definedas ÇÄ��3ÊË� ¡Ì¯ Ä��3���"±��j¦4ÊË³ ; i.e.,ÇÄg�)ÊË� ¡ Í	ÎaÏ½ÐeÑ ��ÄfÒ Ó�� . In addition, there is an inverse ÇÄ ©Oª ±*Â�É Æ Â Ã defined by ÇÄ ©Oª ��ÔÕ� ¡¯ ¥U±�¥s¦Ö§Ø×/Ù2ÚmÄ��3¥��f¦dÔv³ . Pictorially, we havethe following interestingdiagramof functions:

X

a

Y
f
Û

2YX2
f
Û -1

a-1

The obviousquestionthat may arise is as to whetheror not Ü�ÝvÞ ß àÞgáOâÕÝãÜ�áOâ . It can be easily
verified that this is false evenin the simple casewhere ä�ßoå and Þ ßçæiè . However,we do have
the following theorem:
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4.6.3 Theorem. é)ê-ëÀì�íbî2ïÖð ñì îOï ëvê îOï
Proof: é3ê®ëÀìgí îOï é)ò�í�ðoó/ò|ô5õ4ö ÷�òsõ¨é3ê-ëÀì�í'ø1ò�ô�ùeúðoó/ò ô õ4ö ÷�òsõ4êûø1ìûø3ò ô ù/ùpúðoó/ò ô õ4ö ÷�ìûø1ò ô ù�õ¨ü~ýsõdþ²÷�ò�õ4êgé)ýfí�ÿûúð ñì îOï éSü'ýjõdþ²÷�ò�õdêgé1ýfíbÿ^íð ñì îOï ø ê îOï é)ò�í ùð\é ñì îOï ë�ê î�ï í+é1ò�í �
.

Q.E.D.

Since � is anisomorphism,it follows thatthetwo imagesê�ëaì and ñì îOï ëpê îOï areBooleanequivalents.

Every set-valuedimage ê�÷^þ���� � inducesanotherset-valuedfunction �êd÷	� 
 ��� � definedbyñê�é
��í�ð ������ êgé)ýfí �
4.6.4 Example: Let ê\÷������ ����� be given byêgé�� �
!�í�ð\üpé
�"�#�#��! í$�5é��%�'&)("�*��! í$�5é��%�$�*�+!,&-(	í*�5é
�%�'&.("�/�+!,&.(�íbÿ �

Then ñê5é
��ífð �02143 576 �8� êgé
�$�
!�í9�;:=<">?� @)� � �
Figure4.6.2 illustratesthe differencebetweenthe set-valuedfunctionsa and �ê . Note that in the
illustration we view � � in termsof the cellular spaceA � . Thefigurealsoillustratesthepossible
applicationsof set-valuedfunctionsfor imageanalysisin differently scaledspaces.

W

a Wa(    )

i,j(    )

i,j(    )

Figure 4.6.2 The set-valuedfunction a and the inducedfunction BC .

The function a is said to inducea partition on Y if the following two conditionsaresatisfied:

(i) D�EGFH DJILK M�NODJE+PRQSM�NODJI�P HUT
(ii) V H WX"Y[Z M\N]D�P_^

One relationshipbetweena, M'` E , and aM is given by the next theorem.
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4.6.5 Theorem. If a inducesa partition on Y, thenbcedfc\g9hji
kml�n)c\i�opl9q
If only condition (i) is satisfied,thenbcedfc g9h i
krltsuc\i�ovl_q

Theproofof thetheoremfollows directly from thedefinitionsof theinducedfunctionsc g9h and wc , and
theobservationthatconditions(i) and(ii) for a functionally inducedpartitionareequivalentto conditions

(xzy ) {9|~} k�� at most one x s.t. |~} c\i
��l
(x�x y ) { � } o�� at leastone y s.t. |�} c�i]�tl_�

respectively.

The following exampleshowsthat, in general,
bc�d�c g9h i]krl��s�c\i�ovl_q

4.6.6 Example: Let o�n��	�"�����9����n�k and cu�9o����[� be definedbyc\i��7l�n�� ���"�9��� x�� ��n ��[���9��� x�� ��n.�¡ x�� ��n.� q
Then c\g9hji
� lfn£¢¤ ¥ �	�[� x�� ��n ��	�"�9�%� x�� ��n.��8��� x�� ��n.� q
Hence, c\i
opl�n��"�"�%�_���	�'�����9���	� ¡ � . But c g9h i]krl¦n��[���[���§�	�%�������'�8����� so thatbcf¨]c\g9hji
krlO©,n�ª«z¬ � bc�¨­c\g_h�i��7l�©n bc�i#�"�[�%l¯® bc'i#�	�%�#�%�"l'® bc\i �8���"ln°�"�	���"�±®��"�	�%�_�_�����"�±®S�[�[���9���%�n°�"�	���	�'�"�"�9���9���	�9�[���9���%�tq

4.7 Operations BetweenDiffer ent Valued Images

The algebra ²t³ inducedby ² is a homogeneousimagealgebra; the algebraicoperationsact on
imagesof the samevalue type. To provide the capability of combining imagesof possibly different
valuetypes,we needto extendthe operationsdefinedon ² ³ to a moregeneralclassof operations.This
classof operationsis basedon the theory of generalizedmatrix products. Observethat Eq. 4.3.1 is
practically identical to Eq. 3.14.1. The inducedoperatioń is a componentor pixelwiseoperation,the
only differenceis that in Eq. 3.14.1we aredealingwith finite dimensionalmatrices.In a similar fashion
we may borrow Eq. 3.14.3,the componentwiseproductof two matricesof different types,in order to
definethe pixel level operationbetweenimagesof different value types.
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Supposeµ±¶R· , and ¸ are three,not necessarilydistinct, value setsand ¹»º'µ½¼m¸¿¾À· a binary
operation. Then ¹ inducesa binary operation¹Áº"µtÂ-¼v¸ÃÂ.¾�·�Â
definedas follows: for each Ä)Å)µ Â and each Æ�Å)¸ Â , defineÇ�È ÄÉ¹UÆÊÅp· Â (4.7.1)

by Ç�ËOÌJÍRÈ Ä Ë]Ì�Í ¹�Æ Ë
ÌtÍ_Î (4.7.2)

Generalizedunaryoperationsaredefinedin a likewise fashion;any function ÏuºÐµ-¾Á· inducesa
unary operation Ï�ºfµ Â ¾ · Â definedbyÏ Ë Ä Í�È�Ñ[Ë
Ì ¶ Ç�Ë]Ì�Í#Í º Ç�ËOÌ�Í�È Ï Ë Ä Ë
ÌtÍ Í ¶ Ì ÅSÒpÓ Î (4.7.3)

As an example,supposeÄmÅmÔ Â and ÏGº�Ô½¾ÕÔfÖ is definedby Ï Ë�×%ÍØÈ�Ë�× ¶+Ù × Ù Í . ThenÏ Ë Ä Í�È�Ñ%Ë
Ì ¶ Ç�Ë]Ì�Í Í º Ç�Ë ÌtÍ�È�Ë Ä Ë]ÌtÍ ¶8Ù Ä ËOÌ�Í Ù Í ¶ Ì ÅSÒpÓ Î
WheneverË ·Ø¶$Ú Í is a commutativesemigroupandX is finite, say Ò È�Ñ+ÌJÛ ¶ Ì Ö ¶�Ü�ÜjÜ§¶ Ì�Ý Ó , we define

the heterogeneousimagedot product of two imagesasÄÉÞ�Æ È.ß�Ë ÄÉ¹àÆ Í ¶
whereß Ë ÄÉ¹àÆ Í�È ßá$â$ã Ä ËOÌ�Í ¹UÆ Ë
Ì�Í�È�Ë Ä Ë]Ì Û Í ¹àÆ Ë
Ì Û Í#Í Ú Ë Ä ËOÌ Ö Í ¹�Æ Ë
Ì Ö Í$Í ÚÊä�ä�ä%Ú Ë Ä Ë
Ì Ý Í ¹�Æ Ë
Ì Ý Í$Í_Î (4.7.4)

Sincethe dot productinvolvesthe global reduceoperationß , it is a binary operationwhoseresultantis
a scalar; i.e., ÞÊº�µ Â ¼u¸ Â ¾ · .

Although theseheterogeneousoperationsseemsomewhatartificial, they providea versatileenviron-
ment for the specificationof a wide variety of imageprocessingtasks.

4.7.1 Example: (Imagecentroid) SupposeÒ Èæå�Ë�ç Û ¶ ç Ö Í ÅSè Ö ºÉé;ê ç Û ê-ëì¶±éíê ç Ö ê)îRï , µ È Ô ,¸ È è Ö , and Ë ·¦¶$Ú ÍfÈ¿ð Ô Ö ¶*ñíò . If ¹Àº	Ôó¼vè Ö ¾ÕÔ Ö denotesscalarmultiplication of pointsofè�Ö by real numbers,then Ä�Þ±Æ-ÅmÔ�Ö , where ÄÊÅGÔ Â and Æ½Å ð è�Ö+ò Â .

As a particular applicationexample,we computethe centroid of an image. Recall that the
coordinatesof the centerof gravity Ë+ôç ¶ ôõ Í of a continuousreal-valuedfunction f on a compact
set ö�÷UÔ Ö are given byôç�Èàø?øù ç Ï Ë�ç ¶ õ Í�ú õ ú�ç

øÉøù Ï Ë�ç ¶ õ Í ú õ ú�ç û�ü§ý ôõ ÈàøÉøù õ Ï Ë�ç ¶ õ Í ú õ ú	ç
øÉøù Ï Ë ç ¶ õ Í�ú õ ú�ç Î

For ÄuÅÊÔ Â , the discreteapproximationof theseintegralsis given by

ôç Û È þÿ������� ��	�
��
��� ���
� � ��� ��� ���	������ ��	 
 �
� ��� � ��� ��� � �����! � �#"
��	 � �
� ��	�
$�
����� �%� � ��� ��� ���	����
� ��	 
 �
� ��� � ��� ��� �'&
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Consideringtheseformulas,it is not difficult to ascertainthat the imagecentroid ()+*-, (.�/�0 (.�132
is given by the simple image algebrastatement

()546*87:9<;= 7 0
where ; 4%>@? A 1 denotesthe inclusion map ; ,B. / 0C. 1 2D*E,B. / 0C. 1 2 . Figure 4.7.1 providesan
illustration of an imagecentroid. The Booleansourceimagea, which showsthe sillhouetteof
an SR71 spy plane, is shown on the left. The image on the right showsthe location of the
centroidwhich is in the centerof the von Neumannconfiguration.

Figure 4.7.1 Exampleof an imagecentroid;the sourceimagea is on the left, the locationof
the centroidis the centerof the von Neumannconfigurationin the imageon the right.

4.8 Image-Template Products

Image-templateproductsareoneof the mostusefulconsequencesof the conceptof a heterogeneous
imageproduct,theyprovidetherulesfor combiningimageswith templatesandtemplateswith templates.
Theseproductsincludethe usualcorrelationandconvolutionproductsusedin digital signalprocessing.

If FHG8I$JLKNM3O , then for each PQGSR , FUT5GVJWK . Thus, if XSGVYZK , then accordingto Eqs. 4.7.1,
4.7.2, and 4.7.4, XH[\FUT]G_^ K and `ba$Xc[dFUT
ecG_^ . It follows that the binary operations[ and f
induce a binary operation f[hgiY K_j I J K M OQk ^ OSl
where mon X f[pFDGq^ O
is defined bym a�Pre n ` a�Xc[dF T e n `s�tBu a$X%a�vwe�[xF T a�vweyen a�X%a$v{z3e|[EF T a$v{z}e~e$f�a�X%a�v��}e
[dF T a�v��Ue�e�f5������f�a�X�a�v���e�[xF T a�v���eye�� (4.8.1)

The expressionX f[oF is called the right productof a with t. Note that Eq. 4.8.1 is essentiallyEq.
3.14.16with x and y replacingk and t, respectively.
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Everytemplate���V�$�����3� hasatranspose���%�V��� � � � which is defined�3��������r���U�����r� . Obviously,�B� � � � �8� and � � reversesthe mappingorder from ���h� � to � �h� � . If we also reversethe order
of ¡ and � in our previousdiscussionby assuming¢ £��¥¤¦¡§� ¨ , then we have � �� ¢'©_�_¨ �
and ªq�$� �� ¢x©��«�_¨ , for ©��_¡ � and �«�¥��� � �3� . Hencethe binary operations¢ and ¬ induce a
binary operation ¬¢h£%�$� � � � ¤­¡ � �®¨ �S¯
where ° �±� ¬¢p©q�q¨ �
is defined by ° ���r�Z� ª ��� ���¢x©��W� ª²�³y´ �~� ��������%¢x©���������µ (4.8.2)

Theexpression� ¬¢o© is calledthe left productof a with s. HereEq. 4.8.2is theanalogueof Eq. 3.14.17.
Observethat for both the left and the right product, the sourceimage a is an ¡ –valuedimageon X,
while the transformedimageb is an ¨ –valuedimageon Y. It follows that image–templateproductsare
capableof performingbothpixel level andspatiallevel imagetransformations;imageswith certainrange
valuesdefinedover a given point set are transformedinto imageswith entirely different rangevalues
over point setsof possibly different spaces.

When computing � ¬¢p© , it is not necessaryto usethe transpose�3� sinceª²y³y´ �B� �� ���w��¢E©%���w�y�Z� ª²y³y´ �B� � �$�¶�%¢d©%�$���~�Nµ (4.8.3)

This allows us to redefinethe transformation
° �!� ¬¢o© as° ���r�Z� ª²�³y´ �~�U���$�r��¢x©����w�~�#µ (4.8.4)

Image–templateproductsarecomputationintensive.For example,if X is an ·¸¤q· arrayof points
and Y of size ¹+¤º¹ , then accordingto Eq. 4.8.1, the computationof eachimagevalue b(y) requires·¼» operationsof type ¢ and ·¼»¾½V¿ operationsof type ¬ , for a total of Ài·¼»¾½V¿ operations.Thus,in
order to constructthe imageb, a total numberof ¹
»���ÀÁ·¼»<½V¿}� are required. For standardÂ�¿�ÀÃ¤5Â�¿}À
or ¿UÄÁÀ�Åp¤Q¿}ÄiÀÆÅ size imagescomputationsof such magnitudewould be prohibitive even on todays
supercomputers.Fortunately,in mostcases�~¨ ¯ ¬%� is a monoid. Hence,whenever©%���%Ç$�%¢ÉÈ � ���%Ç$�Ê�QÄ ,
where0 denotesthe zero of ��¨ ¯ ¬�� , the two ¬ operations��©����%ÇÌË�Í3�%¢xÈ � ����Ç�Ë�Í}����¬���©����%Ç$�
¢dÈ � �$�%Ç$�~��¬���©����%ÇÏÎ
Í}�%¢xÈ � �$�%ÇÐÎ
Í}�y�
collapseinto a single ¬ operationsince��©�����Ç�Ë�Í}��¢EÈ � ����ÇÌË�Í3�y�$¬���©%����Ç��|¢xÈ � ����Ç�����¬���©%����ÇÐÎ�Í}�
¢EÈ � ���%ÇÐÎ
Í}�y��_�$©%�$�%Ç�Ë�Í3�|¢xÈ � ����ÇÌË�Í}����¬���©����%ÇÐÎ
Í}�
¢xÈ � �$�%ÇÐÎ
Í}�y��µ

For the remainderof this sectionwe assumethat �B¨ ¯ ¬
� is a monoid and let 0 denotethe zero of¨ under the operation ¬ . Suppose©Ñ�V¡ � and Èq�§���DÒ
� � , whereX and Z are subsetsof the same
topologicalspace.Since ¨ is a monoid, the operator ¬¢ can be extendedto a mapping¬¢Ó£i¡ � ¤��$� Ò � � �®¨ � ¯
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where Ô¥ÕEÖ¼×Ø5Ù is definedbyÔwÚ�ÛrÜ�Õ-ÝcÞß�àyáãâCä Ú�Ö�Ú�åwÜ ØEÙ�æ Ú�å�ÜyÜÓçÐèêé§ë¼ì_íÕïîð çÐèêé§ë¼ìSÕïîVñ (4.8.5)

The left product ò�×Ø Ö is definedin a similar fashion. Subsequentexampleswill demonstratethat the
ability of replacingX with Z greatlysimplifies the useof templatesin algorithmdevelopment.

Significant reductionin the numberof computationsinvolving the image–templateproductcan be
achievedif ó+Õ]ôõÕ�ö is a monoidand Ú~ö<÷ × ÷ Ø Ü is a commutativesemiring. If

Ùcø_ù ö¶ú
ûUü , then the
supportof t at a point Û ø¼ý with respectto theoperation× is definedas þ�ÿ�Ú Ù æ Ü�Õ���å ø ì�� Ù æ Ú�å�Ü íÕ ð�� .
Since

ÙUæ Ú�å�ÜDÕ ð wheneverå§íø þ ÿ Ú ÙUæ Ü , we have that Ö�Ú�å�Ü Ø�ÙUæ Ú�å�ÜDÕ ð wheneverå¥íø þ ÿ Ú ÙUæ Ü and,
therefore, Þß�àyáãâ�ä Ú�Ö�Ú�åwÜ ØEÙUæ Ú�å�Ü�ÜZÕ Þßyàyáãâ��	��

����� Ú�Ö�Ú�åwÜ ØdÙUæ Ú�åwÜ~Ü�ñ (4.8.6)

It follows that the computationof the new pixel value b(y) doesnot dependon the size of X, but on
the size of þ ÿ Ú ÙUæ Ü . Therefore,if �oÕ���������Ú�é-ëHþ ÿ Ú ÙUæ ÜyÜ , then the computationof b(y) requiresa total
of ������� operationsof type × and

Ø
. If m and n are as above,and k is small, then � �UÚ����!�"��Ü is

significantly smaller than �#� ù%$ �&�'� û .
Substitutionof different value setsand specific binary operationsfor × and

Ø
results in a wide

variety of different imagetransforms.Our prime exampleswill be the ring Ú)(¾÷#*b÷,+ Ü and the bounded
l-groups Ú)(.-,/103240�560�7!0�798;: and <%=6>@?/ 0�260�540�AB0�A68
C�D Here we substitute =6>@?/ E =.FHGHIKJ@0ML"N for the
boundedl-group <O= FP / 0�240�560�AQ0RA68�C discussedin Section3.12 by replacingthe symbol STL with 0.
From a mathematicalperspective,this amountsonly to an interchangeof symbols. However, from a
practicalstandpoint,this interchangeallowsfor themanipulationof non-negativereal-valuedimagesthat
may contain zero values.

Replacing U�V&0XW.0MY": by U)=&0#7!0,Z[: changes\ E^] WY`_ into\ Ea] 7Yb_40
where \cU%d4: E ef�gih&j�k@lnm%o�p U ] Urq.:sZ3_itMU%qc:�:M0 (4.8.7)

]vu = h , and _ u <O=.wxCzy . The left productis definedin a similar fashion. In digital imageprocessingX
andY areusuallyarraysof form I�U){	0r|M:~}����"{6�"��0����`|~����N . In this casethe relationshipbetween
the right and left productcan be statedin termsof transposes:] 7YH_ E <r_ 8 7Y ] 8 C 8 0
where ] 8 U%{	0%|@: E�] U�|�0	{): .
4.8.1 Example: (Local Averaging) Let a be a real-valuedimageon a rectangulararray ���a�,� and_ u <O=c�z�X�z� � the translationinvariant ����� neighborhoodtemplatedefinedby

t
�
y� =

1

1

11

1

1

1

1

1
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The image b obtainedfrom the code � �[������% ¢¡£`¤�¥
representsthe imageobtainedfrom a by local averagingsincethe newpixel valueb(y) is given
by

�
�%¦ ¥ �§�� ¨©�ªi«9¬�­�®[¯r°R±   �³² ¥s´�¤�µ �O² ¥ �¶�� ¨©·ªK«&¬�­�®[¯%°�±   �%² ¥¹¸

Figure4.8.1 illustratesthe effect of local averaging.The sourceimagea is on the left and the
locally averagedimage is on the right.

Figure 4.8.1 Effect of local averaging. The sourceimage
is displayedon the left and the averagedimageon the right.

It is important to distinguishbetweenthe mathematicalequality ºa»�¼�½¾H¿
and the programcode

representationºHÀ[»"¼¢½¾Á¿
. The former denotesequalityof two images,while the latter meansto replace

b by ¼¢½¾Á¿
. In Example4.8.1, the image ÂÃ�Ä ¼¢½¾`¿·Å

is, by definition, an imageon all of Æ,Ç with zero
valuesoutsidethearray È�É"Æ Ç . This is not a problemif we representÂÃ¹Ä ¼v½¾H¿�Å

asa function. However,
if we representÂÃ�Ä ¼v½¾H¿�Å

asa datastructure,suchasanarrayof numbers,thenwe run into theproblemof
storinganinfinite arrayona finite machine.Also, in practice,oneis only interestedin theimage ÂÃ Ä ¼v½¾H¿�Å
restrictedto the arrayY (in our particularexampleÊ�»aÈ ) on which b is defined,that is ÂÃ Ä ¼¢½¾`¿·ÅÌË Í

.

This problem could be solved as follows: Let ÎbÏ§ÐOÑ�ÒBÓ Ò be defined by ÎzÔ�Õ Ä ¿ Ô Å�Ë Ò for eachÖ Ï'È , where t is the templatedefinedin Example4.8.1. Then ÂÃ@Ä ¼¢½¾ Î Å providesthe desireddigital
imagesince ¼�½¾ Î1» Ä ¼¢½¾`¿·Å3Ë Ò . Thus we may ask “why not define t simply as a templatefrom X to
X insteadfrom Æ Ç to Æ Ç ?” The answeris that by defining the local averagingtemplateas we did, the
templatecanbeusedfor smoothingany two-dimensionalimage,independenton thedimensionof X. The
reasonfor this is that whendefining an imageb in a program,oneusuallyhasto declareits dimensions,
i.e., the sizeof its underlyingarray. In particular,if b is declaredto be an imageon Y, then the image
algebrapseudocode ºbÀ×»"¼v½¾`¿

meansto replaceb pointwiseby ¼v½¾`¿
suchthat the valueof b at point

y is thevalueof ¼¢½¾Á¿
at point y, where,of course,Ê�ÉaÆ Ç . In termsof algebraicequality,we thenhaveºØ» Ä ¼¢½¾H¿�Å3Ë Í

. As a result,a programmeris not facedwith the taskof redefiningt for different-sized
imagesas would havebeenthe caseif we had defined

¿ Ï Ð Ñ Ò Ó Ò .

Of course,the programstatementº�À×»�¼¢½¾Á¿
will producea boundaryeffect. In particular, if a

and b are ÙÛÚbÜ imageswith underlyingcoordinateset ÈÝ»ÛÞ Ä)ß	àrá Å Ï¢Æ,Ç�À�âäã ß ã"Ù à â�ã á ãaÜcå ,
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then æ.ç3è�éièëêäìîíï ç%ð çXè·ézèëê,ñ`ð çÌè·éóò�ê#ñbð ç%ò¹ézèëê,ñHð,ç%ò¹é	ò·ê	ê¹é which is not the averageof four points. One
may either ignore this boundary effect (the most common choice) or use one of several schemes
to prevent it. For instance, one may simply avoid boundary pixels by defining an array ô ìõ ç%öXér÷Mê4øvù,ú�û�è�ü"ö.üaý�é�è�ü`÷�ü"þcÿ and setting æ û[ì � íï çrð�ñ��� ê���� 	 . Then b representsthe desiredç)ý�
Hò·ê
�'ç)þ�
bò ê output image. Letting m and n be variablesallows the applicationof t to images
of arbitrary size.

If, ontheotherhand,a trueaverageis desiredin theinterioraswell asalongtheimageboundary,then
anappropriatevarianttemplatecanbedefinedto accomplishthis task. Specifically,for �Áì�ç�� í é�� ú ê9øvù ú ,
set �`ç��6ê�ì���ç�� í ñ ö	é�� ú ñ�÷@ê~û�öXé%÷�ø���
�è�é��@éiè���� and define t by

��� ç��cê.ì
�    !     "
í# $&% �bø��·çÌè·ézèëêXé�ç3è�éÌþ êÌé�ç%ý ézèëê3é�ç%ý�éÌþ ê'�)(�*,+-�Hø.�Áç��6ê0/21í3 $&% � ø)��ç)ö	ézèëê3é�çXè�é%÷�ê3é�ç%öXéÌþ êXé�ç%ý é%÷@ê~û�è�ü"ö6ü"ý�é�è�ü`÷�ü"þ4�(5*6+7�bø8�`ç��6ê9/21íï $&% � ø)��ç)ö	é ÷¹ê~û�è�ü"ö6ü"ý é è�ü`÷1ü"þ:��(5*;+<�`ø.�Áç��6ê,/=1� >�?'@6A�B�C $ED AGF

In Section4.5wehintedthatspatialtransformationsmayalsobeperformedusingtemplateoperations.
This shouldcomeasno greatsurprisesincetemplatesoperateon both pixel valuesandpixel locations.
We providean exampleof a spatialtransformin termsof a left image–templateproduct.

4.8.2 Example: (Image rotation) Let a be a real-valued image on a rectangulararray 1 ìõ ç�H í é�H ú ê9øvù,ú�û�èJI7H í I"ý é�èKILH ú I"þcÿ , M ì �ON'û�
Bò5P�üLN�ü�ò�P4� , and Q û�M RS�TVUXW�Y UZW
a parametrizedtemplatedefinedbyQ·ç�N·ê�[]\5^`_ \ W�a ç�� í é�� ú ê4ìcb è $&% ç'� í é�� ú ê ì ç�d]H ífehg5i Nj
kH ú i öOþlNXm�n�o]p;q�rOs`t,uwvxp6y�z�{5r�u5|~}� ���������'���E�'�

Then the image b obtainedby setting �-���7�5� u�}�v�k�
representsa rotatedthroughanangle u usingnearestneighborinterpolation.In this examplethe
symbol o]��| denotesthe roundingof a to the nearestinteger.

The boundedl-group

���G�l� nh�Gn���n�v�n�v���} providesfor two lattice products:��� � ��<� n
where

� ��¡ } � ¢
£¥¤O¦�§�¨�©Oª�«]¬`­f® o �

�°¯ },v ��± �`¯ }`|²n (4.8.8)

and
��� � �� � n

where
� �`¡ } � ³

£�¤5¦�§¥¨ ª «�¬ ­ ®9´¶µ9·`¸º¹4»
¼5½�¾6·`¸¿¹�ÀVÁ (4.8.9)

In orderto distinguishbetweenthesetwo typesof lattice transforms,we call theoperator ÂÃ theadditive
maximumand ÄÃ theadditiveminimum. It follows from our earlierdiscussionthat if ÅÇÆKÈ9É6Ê ·�½Z¾,¹¿Ë<Ì ,
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then the value of b(y) in Eq. 4.8.8 is ÍJÎ , the zero of ÏGÐlÑ under the operationof Ò . Similarly, ifÓÕÔ�Ö ÑØ×`Ù�Ú6Û�ÜÞÝ , then ß ×�à�ÛKÜ Î in Eq. 4.8.9.

The left additive max and min operationsare definedbyÙ Òá7â Üäãå æ ×�àGç ß ×�à�Û'Ûéè ß ×�à�ÛVÜ êë�ìXí�î�ï�ðZñ�ò�ó�ô�õ�ö Ù ë ×�à�Û,÷ â ×Eø ÛEù¥ç¿à�úüû<ý þÿ (4.8.10)

and Ù��á â Ü ãå æ ×`à�ç ß ×�à�Û'Ûéè ß ×�à�Û¿Ü �ë�ì5í�î¥ïOñ�ò�ó�ô�õ � Ù ë ×�à�Û,÷�� â ×�ø Û��¿ç	��

�
� �
��� (4.8.11)

respectively.The relationshipbetweenadditivemax andmin is given in termsof lattice duality by�������������� �� � �"! � �
wherethe image � � is definedby � � �$#%!��'& � �(#%!�) � , and the conjugate(or dual) of

� 
+*-,/.0214365 is the

template
� � 
+*-, 5071 3 . definedby

� �8 � � !9�'& �":;��#	!() �
. It follows that

� �8 � � !<�>=��6?: �-#	! .
4.8.3 Example: (Salt and peppernoiseremoval) An imagemay be subjectto noiseand interference

from severalsources.Imagenoisearising from a noisy sensoror channeltransmissionerrors
usuallyappearsasdiscreteisolatedpixel variationsthat arenot spatiallycorrelated.Pixels that
are in error often appearmarkedlydifferent from their neighbors.In Booleanimagesthis type
of noiseappearsas isolatedblack andwhite pixels and is referredto assalt and peppernoise.
The image a on the top left of Figure 4.8.2 providesan exampleof this type of noise. The
silhouetteof the SR 71 spy planecontainssmall holeswhile the backgroundcontainsisolated
black pixelsor small isolatedgroupsof black pixels. Oneway of removingthis typeof saltand
peppernoiseis by geometricfiltering using local maximaand minima.

Let @ denotethe 3–elementboundedsubgroup A =�B �DCE� BGF of , 071 , and
� 
 *-@IH�JK3 H�J be

definedby �MLONQP�R SUTWV�XZY;[]\QY_^"`ba>ced fhg XZY [ \QY ^ `9ikjMX-l [<mGn \Ql ^ `K\7XWl [ \Ql ^bmGn `Uop�q rMsut_vxwUy f{z v}|
Pictorially, t can be representedas

t
~
y� = 0

�
0
� 0

�0
�

wherethe cells outsidethe supportof �6� (everythingnot labelledzero)havevalue ��� .

If ���O������ � , then�%�W�]�]�Q�]�6�}� ����]��� �x�-���M�]�¡  ��¢U£¥¤ ��¦ ¤ �-§ �}¨ �2�-©ª�]�u©ª���2«¬� �O­K�W� ­U��� �W©ª�"�u©ª�"�(®� ���� � � � � ���M¯K�¥­ �-° � � ­ � �$�±��­ � � ­ �Z° � ��²7³ �´�-©;�]�Q©;���2«¬µ]¶�·�2�-�]�<«G¸M�K�]�"� � �2�-�]���¹¸M�K�]�6� � �2�-�]�]�Q�]�b«º¸"� � �2�-�]�]�Q�]�<�¹¸]�¼»
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Figure 4.8.2 Exampleof salt andpeppernoiseremoval. The sequenceof images
illustratesthe different stepsof the algorithm,startingwith the noisy sourceimageon
the left in the top row andendingwith the cleanedimageshownon the bottom right.

Thus,b(y) is the maximumof a restrictedto a von Neumannneighborhoodaboutthe point y.
In particular,if ½7¾-¿	À�ÁÃÂ but ½´¾$Ä%À9Á>Å for any 4–neighborx of y, then Æ%¾-¿bÀ9Á>Å . Therefore,
in the transformedimageb, any small hole appearingin a will havebeenfilled in asillustrated
by the top centerimageof Figure4.8.2. However,sincewe are taking local maxima,all black
objectsin a havebecomeenlargedor dilated. To shrink black objectsbackto their former size,
we convolveb with ÇxÈ using the additive minimum operator ÉÊ . The conjugateÇxÈ of t looks
the sameas t, the only differenceis that pixel valuesof Ë�Ì havebeenreplacedwith Ì . The
resultingimage ÍÏÎOÁÐÆÑÉÊ Ç È is shownon the top right of Figure 4.8.2.

In orderto removethe peppernoise,we needto apply theadditivemin operatoronemoretime.
The image Ò�ÎOÁ>Í�ÉÊ Ç È is shownon the bottom left of Fig. 4.8.2. Unfortunately,the second
applicationof the operator ÉÊ also erodedthe silhouetteof the SR 71. To dilate the eroded
silhouettebackto its former sizewe needto apply the additivemax operatorto d. This results
in the final filtered image Ó4ÎOÁºÒkÔÊ Ç shownon the bottomright of Figure4.8.2. The complete
algorithmresultingin f can be statedin one line of pseudo-code;namely,

ÓÕÎOÁ�¾U¾u¾(½ÖÔÊ Ç×ÀØÉÊ Ç È À/ÉÊ Ç È À	ÔÊ Ç}Ù
Theboundedl-group Ú-ÛbÜ;ÝÞàß Ô ß É ß"áâßMá	ãOä alsoprovidesfor two latticeproducts.Specifically, we have

ÆÑÁº½ Ôå Ç ß
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where æ%ç-è	ébê ëìMí]î}ïñðDò�ó�ôöõ×÷±ø ç(ù	é}ú
û"ü;ç�ù	é(ýñþ (4.8.12)

and æÑê øÏÿ� û}þ
where æ%ç�èbéIê �ìMí]î9ï ð��bòOó ô õ � ø ç-ù%éIú��]û ü ç-ù	é��
	 (4.8.13)

Here 0 is the zero of �
���� under the operationof � , so that
æ%ç-èbé ê��

whenever ����� ç�û ü éÖê��
.

Similarly,
æ%ç�èbé�ê��

whenever ����� � ç(û ü é4ê��
.

The lattice products �� and ÿ� arecalled the multiplicativemaximumandmultiplicativeminimum,
respectively.In analogywith Eqs. 4.8.10and 4.8.11,the left multiplicativemax and left multiplicative
min are definedasû �� ø ê! "# "$ ç-è<þuæ%ç(èbéZé&%Õæ%ç-èbéIê ëì×í¡î<ïñð'� ç ó)(ô é ÷ û ì ç-èbéIú ø ç(ù%é(ý×þ	è�*,+.- "/"0 (4.8.14)

and û ÿ� ø ê  "# "$ ç-è<þQæ%ç$èbéZé1% æ%ç-èbéIê �
ì×í¡î<ïñð � ç ó (ô é � û ì ç-èbéIú2� ø ç�ù	é��Iþ	è�*,+ - "/"0 þ (4.8.15)

respectively.The duality relationbetweenthe multiplicative max andmin is given by

øÏÿ� û�ê ç�3û �� 3ø é;þ
where 4ø ç-ù%é ê ø ç(ù	é and 4û ì ç�è}é ê ÷ û ü ç-ù%é(ý . Here 45 denotesthe additive conjugateof r in � �6�� and is
definedby

45 ê  # $87:9<; =?> 5 * �A@� =?> 5 êB�� =?> 5 ê.�8	
This is similar to the additive conjugatedefinedin Eq. 3.12.1(Section3.12).

4.8.4 Example: (Geometricedgefiltering.) Roughly speaking,a local edge in a digital image is
a small areain the image where there is a sharppixel value transition betweenneighboring
pixels. Local edgefiltering enhancesthesetransition zonesand suppressesvaluesof pixels
whoseneighboringpixels are of approximatelythe samevalue.

The basic idea underlyingmost simple edgedetectiontechniquesinvolves the computationof
the local derivativeoperator.This examplediffers from the standardgradienttechniquesin that
it computesdifferencesin local maximaand minima.

Let t and s be templatesmapping CEDGF HJI
K�LMON�PRQ and definedby

2
S

1 2
S

1 2
S

1t    
T

=yU s   V =yU
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Let WOXZYE[&\ YE[ be the reflection W
]_^a`cbd^ [feGg ])^ [ bd^h` e and define ifj and klj by imj n g i n1o W
and k j n g k n o W , respectively. Then

2

1

2

1

1

2
p

yqs   r =yqt   s =

The differencesbetweenthe local maxima and minima in both the horizontal and vertical
directionsenhanceslocal edgesin thesedirectionswhile smoothinglocal areaswithout sharp
edgecontrast. The particularalgorithm is given byt,uwvyxEz|{J}�~���c�Z� {�}�������_�������<� }�~���m�|�8�B� }�����m�|�m� �����<� ���
wherea denotesthe sourceimageand e the edgeenhancedimage. Figure 4.8.3 illustratesthe
effectsof this technique;the sourceimagea is shownon the left andthe edgeenhancedimage
e on the right.

Figure 4.8.3 An exampleof geometricedgefiltering. The
sourceimage is on the left and the filtered imageon the right.

In both, thedefinition of theproductoperator �� aswell asthe four lattice image-templateproducts,
we assumedthat X is a finite point set. Thereare various instanceswhere this restrictiveassumption
can be lifted. For example,if a is continuous,�f� is continuous�h .¡£¢ , and ¤¦¥¨§h©'ªJ�f�¬« is compact�h .¡�¢ and the appropriatezero, then ­&®¯ �±°²­1³¯ ��°´­ ®� �±° and ­ ³� � all exist. Here we assumethat
the global reduceoperationsµ and ¶ denotethe sup and inf of the functions ­·�¸� � °
­·�8¹±� � , etc. In
caseof the productoperator �� , Eq. 4.8.7 assumesthe formº ªJ 2«Z» ¼½�¾À¿ÀÁwÂJÃfÄAÅEÆ�ÇAÈ�ÉfÊfËhÆÌÇAÈ)Í�ÇÏÎ

Extensionsto the continuouscase are essentialfor modelling or computing continuousimage
transformations.
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4.9 The Algebra of Templates

Sincea templateis simply an imagewhosevaluesare images,the basicelementaryfunction theory
conceptsthat were applied to imagesare also applied to templates. For example, restrictionsand
extensionshave analogousmeaningwhen applied to templates. If ÐÒÑ�ÓÌÔAÕ8Öf× and ØÚÙ£Û , then ÐÀÜ Ý
denotesthe templateÞßÑÚÓÌÔ Õ Ö Ý definedby ÞRàÏáOÐfà.â¬ã¸Ñ�Ø . If ä�ÙÚå , then ÐÀædç denotesthe templateÞGÑ Ó Ô ç Ö × definedby Þ à áOÐ à Ü ç âhã¸Ñ,Û . As in the caseof imagerestrictions,thesetwo conceptsof
templaterestrictionscan be combinedinto a single,mutually inclusivedefinition.

4.9.1 Definition. If ÐGÑÚÓJÔ
Õ´ÖR× , ØèÙÚÛ , and ä�ÙÚå , then restrictionof t to Z and V is definedas

ÐÀÜêé Ýaë çíì á.îJÐ6Ü ÝEïRæ ç¨ð
Thus, ÐÀÜ é Ýaë Õ ì áñÐÀÜ Ý , ÐÀÜ é × ë çíì áÚÐ6æ ç , andif Þ²áOÐÀÜ é Ýaë ç
ì , then ÞßÑOÓ�Ô ç Ö Ý and Þ à îJòAïAáÚÐ à î�ò�ïZâhãèÑ�Ø

and âhò�Ñyä .

In orderto definethecomplementarynotionsof templateextensions,let ÐóÑ Ó Ô
Õ Ö × and ôóÑ Ó Ô
Õ Öfõ .

The extensionof t to r is denotedby ÐÀÜ ö and is an elementof ÓÌÔ Õ Ö ×ø÷ õ definedby

ÐÀÜ ö áyù Ð à úüû ã¸Ñ,Ûô à úüû ã¸Ñ,ýÿþ'Û ð
On the otherhand,if Ð ÑÚÓJÔ Õ Ö × and Þ ÑÚÓJÔ õ Ö × , thenthe rangeextensionof t to s is denotedbyÐÀæ � and definedby îÌÐÀæ � ï à á Ð à Ü ��� . Thus, if ô&á ÐÀæ � , then ô ÑÚÓÌÔ�Õ ÷ õ ÖR× .

The commonunaryandbinary operationson templatescorrespondto thosedefinedon images.For
example,if

�����
	 Ô and Ð·Ñ Ó � Õ Ö × , then ô&á ��� Ð·Ñ Ó Ô�Õ Ö × is definedby

ô à á � îJÐ à ï�

wheref is appliedpointwiseto the image Ð à asin Eq. 4.7.3. Similarly, if � ���
����	 Ô , ÞGÑÚÓ � Õ ÖR× ,

and ÐóÑOÓ � Õ Ö × , thenthe inducedbinary operation� � Ó � Õ Ö × � Ó � Õ Ö × 	 ÓÌÔ Õ Ö × is definedby

î)Þ��¬Ð'ï à á Þ à �¬Ð à âhã¸Ñ�Û ð
Thus,if ��á � á � á Ô , and Þ�
 ÐóÑOÓ�� Õ Ö × , thenthebasicbinaryoperationsof addition,multiplication,
and maximum are given by

ô'à·á Þfà��¨Ðfà�
���� �"!#�¸ôGá Þ$�¨Ð&%ô à á Þ à(' Ð à 
��)� �"!*� ô á Þ ' Ð&%ô à á Þ à�+ Ð à 
��)� �"!#��ôGá Þ + Ð ð
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4.9.2 Example: (Templatearithmetic.) Suppose,�- .�/10325476*8 4�6 arethe following translationinvariant
templates:

1 12
p 1

3

-1

s   r =yq t   
s

=yq

Using the basicbinary operationsof templateaddition,multiplication,andmaximumwe obtain
the templates

6
91

1 15
:
-1

1

11 3y;(   +   )   =s< t
=

y;(        )   =s< t
=. y;(   v   )   =

>
s< t

=

If ?A@CBED�F is a (commutative)group,thenaccordingto Theorem4.4.1 G3@IH�B"DKJ is alsoa (commutative)
group. Replacingthe group @ by the inducedgroup @LH in Theorem4.4.1 resultsin the conclusionthatG3@ H J"M is a (commutative)group. This provesthe following theorem:

4.9.3 Theorem. If ?N@$B"DOF is a (commutative)group, then P�G3@ H J�MQB"D�R is a (commutative)group.

If 0 denotesthe zero imageof G @ H BSD J , then the zero templateof P G @ HTJ M�BSD)R , denotedby U , is

definedby UWV�XZY\[�]
^�_ . Thus, UWV�?a`bFcXZde[�`f^hg and [�]�^�_ , i�D�U(XjUkD
i�Xli�[�i(^1G3@ H J�M ,
and m�n7?AU V F�Xpo [�]�^�_ .

If ?q@$B"D(BsrtF is aring with multiplicativeidentity1, thenwecandefineamultiplicativeidentity templateu ^1G3@LHkJ"M by
u V Xjvw[�]f^x_ , where1 denotesthe multiplicative identity imageof G3@LH�B"D(ByrtJ . Thus,u V�?�`zFKX|{\[�`}^xg and [�]f^~_ , iOr u X u r7i�X�i�[�i�^1G3@LHKJ M , and m n ? u V�FKX�g [�]�^~_ . The next

theoremis an easyconsequenceof Theorem4.4.2.

4.9.4 Theorem. If ?q@$B"D(B�rtF is a (commutative)ring (with unity), then PyG3@ H J�M�B"DQB�r�R is a (commu-
tative) ring (with unity).

As canbe inferredfrom the last two theorems,the algebraof templatesbehavesvery muchlike the
algebraof the underlyingvalue set. In view of theorems4.4.1 and 4.4.2, and the fact that templates
are images,this shouldcomeasno greatsurprise.Of course,just as for imagesin general,the induced
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structure ���q�L�K���Q���(�y��� is, in general,weakerthantheoriginal structure�q�$�"�(���t� . For example,it easily

follows from ourearlierobservationsconcerningthealgebraicstructureof �5� thatif �A�C�S�(����� is adivision

ring, then ���3�L�K� � �"�(����� is a von Neumannring with zerodivisorsand,hence,not a division ring.

Thereis a naturalconnectionbetweenthealgebraof � –valuedtemplatesandthe algebraof matrices
with entriesfrom � . SupposethatX andY arefinite, say ���Z�7�I�L�����7�y����� � and ¡¢�Z��£I�L���7����� £�¤�� .
Then there is a natural map ¥1¦ � � � � �Z§p¨ �&¤ �N�&�©Kª �a«N¬t­�� �T®�¤ (4.9.1)

definedby « ¬t­ � ©�¯�° ��� ¬ � . Anotherway of visualizing the map

¥
is by usingthe image-to-vectormap± ¦ � � § � �² ª ± � ² �

definedby ± � ² �b��� ² �q� � ���s���7��� ² ��� � �*� . Then

¥ � © ��� � ± � © ¯´³ �qµ¶�����7��� ± � © ¯´· �qµ � , where ± � © ¯ ° � µ denotes
the transposeof the vector ± � © ¯ ° ���¸� © ¯ ° �q� � ���s�7����� © ¯ ° �3� � �N� .
4.9.5 Example: Suppose¹xº»�3¼5½7¾*¿�À ¾ is definedby

1

1 1 1

1

s   Á =yq

Let Â ÃÅÄ�ÆAÇ�È�É�Ç�Ê7ËÍÌhÎ ÊÐÏÒÑ�Ó Ç�È Ó1Ô É Ñ�Ó Ç�Ê ÓÖÕ�× and ØZÌ¸ÙqÚLÛKÜ Û be the restriction of
s to the point set X in both its domain and range. More precisely, Ø1Ã ÝßÞ�à Û)á âäã�å so thatØ"æ�Æ�çzË�Ã�Ý"æ�ÆqçbËéèKê&É*ç�ÌfÂ . In particular,the imagecorrespondingto ØWà È á È å hasthe following
appearance:

1

1

1

0
ë

0
ë

0
ë0
ë 0

ë
0
ë
0
ë0

ë 0
ë

t        
=

=(1,1)
ì

The region outlined in bold show the supportof t. If we use the usual row scanningorderíIî�ï�ðNñ òAó�ñ�ôöõÍ÷ùø~ïZú ðAû�üÖýWõ�þ ÿ for relabelingthe arrayX, then the vectorcorrespondingto
the image

������� �	�
is given by
sð ����
 õzïZð ����
 ð�ý ó�ý7õ�ó ����
 ð�ý ó���õ*ó�������ó ����
 ð�� ó*ú�õNõïZð�ý ó�ý ó	� ó�� ó�ý ó�� ó�� ó�� ó�� ó�� ó�� ó��Wõ��
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By definition, this vector forms the first columnof the matrix ���� �!#"%$'&��( �)+*�!�,.-0/�/�/�-1&2�( �)3*54�!',76 .
Similarly, the secondcolumn is derivedfrom the vector&2�� �) 4 !8"9�' �) 4 ��:�-�:�!�-; �) 4 ��:�-�<+!�-�/�/�/�-= �) 4 ��>=-	?@!	!"9��:�-�:�-�:�-�A@-�A=-�:�-�A=-�A=-�A@-�A=-�A@-�A�!�B
where the image  �) 4 "C �D�E�F GIH is given by

1

1

1

0
J

0
J

0
J0
J 0

J
0
J
0
J0

J 1

(1,2)
Kt        s

=

Continuingin this fashion,we obtain the symmetricmatrix

LNM(O�PRQ

STTTTTTTTTTTTTTTTTTTU

V V W W V W W W W W W WV V V W W V W W W W W WW V V V W W V W W W W WW W V V W W W V W W W WV W W W V V W W V W W WW V W W V V V W W V W WW W V W W V V V W W V WW W W V W W V V W W W VW W W W V W W W V V W WW W W W W V W W V V V WW W W W W W V W W V V VW W W W W W W V W W V V

X�YYYYYYYYYYYYYYYYYYYZ
[

The relationshipbetweenmatrix algebraand the algebraof templatesis given by the following
theorem.

4.9.6 Theorem.
L]\�^1_�`8acb�dfe�gfe�hjilkmM	npo#q=M�`rP�e�gse�htP

is an isomorphism.

Proof: To showthat
L

is one-to-one,let u e	Ofv _ ` a b d with uxwQyO . Then z+{}| v�~ suchthatO������������� . But this meansthat ���#�	�1�������1���c� ���������	� ��������������'� and, therefore,� �t� �������� for
somepair of indices i, j. Thus, � � � � �� � ����� .
For � ���� @������¡£¢;¤¦¥¨§ ¡R¤ �ª©«� , define ¬ ¥®­�©°¯�±�² by ¬ � � ���0���#�] =��� . Then � � ¬ �r� � . This
provesthat � is onto.

If ³ �y��´ � , � �����µ�]¶x�9�������·�(¡£¢3¤ , � � � �°�9¸¹�]� � ���·��¡º¢3¤ , and ¶º´l¸®�y»¼�]��½��¾���'¡£¢3¤ , then³ � � �'���'�µ�9��� � �'���'��´ � � � �����ª�R�y�����#´ � �¾��9½����À¿ � ¥ÂÁ�Ã�Ä�Å�Å�Å}Ä1Æ�Ç ��È1É ¿;ÊË¥ÂÁ�Ã3ÄÌÅ�Å�Å�Ä1Í0Ç�Î
Therefore, � �����Ï´ � � � �£�Ð¶Ñ´Ò¸Ó�Ô»®� � � ³ �£� � ���r´ � � .
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Similarly, Õ#Ö�×�ØrÙ�ÕNÖ�Ú�Ø�ÛÜÕcÖ�×�Ù�Ú�Ø .
Q.E.D.

This showsthat for finite point sets,templatesare equivalentto matricesand the inducedbinary
operationson Ý�Þàßcá�â areequivalentto theinducedbinaryoperationson ã�äRå@Ö�Þ«Ø ; e.g. templateaddition
correspondsto matrix addition, andtemplatemultiplication correspondsto Hadamard(pointwise)matrix
multiplication.

4.10 Template Products

According to Theorem4.9.6, if Ö�Þçæ	è8æIéêØ is a ring (or semiring), then ë1Ý'Þ ß á â æ�è8æ�éíì is also a

ring (or semiring).Theoperationsè and é on Ý'Þ ß á â arepointwiseinducedoperations.In Section4.8
we observedthat undercertainconditionsthe operationsè and é canbe combinedto inducethe more
compleximage–templateproductoperator èé . This notion extendsto templatesaswell.

Suppose×ºî®Ý�ï8ð�á ß , ÚfîêÝ'ñ ß á â , éóò�ïõôpñ÷öøÞ , Ö	Þ#æ�è0Ø a commutativesemigroup,andX a finite

point set. Then the templateproduct ùxÛú× èéõÚ , where ùËî9Ý'Þ8ð�á�â , is definedasù�û1Ö�ü@ØRÛyýþ�ÿ�� Ö�×��@Ö�ü=Ø�é Ú�û1Ö � Ø�ØÌæ ��� î	� 
���
 � ü�î���� (4.10.1)

By definition, the operator èé is a functionèé ò�Ý�ï ð á ß ôyÝ'ñ ß á â ö Ý'Þ ð á â �
Pictorially we can view ù�ÛÔ× èé¨Ú as a functional compositionwith t appliedas a ñ –valuedtemplate
from Y to X, followed by the ï –valuedtemplates from X to Z asshownin Figure4.10.1.

Y X
�

Z
�

sÁ

t
�

r�

Figure 4.10.1 Illustration of templatecomposition.

Similar to the computationof the image–templateproduct,it is generallynot necessaryto apply the
global reduceoperator � in Eq. 4.10.1to all of X but only over a certainsubsetof X. For illustration
purposeswe againusethe primary value sets � , ����� , and ������ .
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If  "!$#&%�'�(�) and *	!+#&% ) (�, , then for a given -.!	/ define0�13254�6�798;: !�<>= 4 ! 0�2  �? 6A@�B�CA: !ED 2 * 1�6�F.G�4 !IH	J (4.10.2)

It follows that  K? 254L6NM * 1�2&:O6P7RQ
whenever

:TS! 0�132U4L6 . Hence, in order to compute V 7  XWY * , we
can use the formula

V 1 2U4�6�7 Z
?\[^]`_`acbed  ?

254L6fM * 1 2U:g6Lh (4.10.3)

where i?j[j] _ akbld  ? 2&4�6�M * 1 25:g6EmnQ
whenever

0 1 254L6o7qp
.

The lattice product V 7  srt * is defined in a similar manner. For  I!q#&% ' u�v ( ) , *w!T#5% )u�v ( ,
and -.!	/ define0Ox v1 2&4�6�798`: !y<>= 4 ! 0 x v 2  ? 6z@�B�{P: !ED x v 2 * 1 6�F.G�4 !�H	J (4.10.4)

Then V�!|#5% 'u�v ( , can be definedusing the formula:

V 1 2U4L6g7 }
?j[j]�~;�_ akbld

�  ? 2U4�6 W�* 1 25:g6��jh (4.10.5)

where V 1 2U4�6�7���� whenever
0 x v1 254�6P7�p

.

The dual operation � 7  s�t * can be computedin termsof the formula

� 1 254L6�7 �
?j[j] �_ acbed

�  ? 2&4�6 W���* 1 2&:O6U��h (4.10.6)

where
0 v1 254L6�7n8�: !�<>= 4 ! 0 v 2  ? 6z@�B�{.: !�D v 2 * 1 6�FnG34 !�H .

It follows from Eqs. 4.10.5and 4.10.6that the duality relation

 s�t * 792 *K�Nrt  ;� 6 �
is preserved.It is alsonot difficult to verify that thesupportof V 1 , where V 7  XWY * or V 7  �rt * , is given
by
0�2 V 1�6�7�8`4 !�Hq= 0�13254L6NS7�p�F or

0 x v 2 V 136g7n�`4 !�Hq= 0 x v1 254�6�S7�p��
, respectively.Similarly, if� 7  s�t * , then

0 v 2 � 1 6�7��`4 !�HT= 0 v1 254L6NS7�p�� .
For  A!���#5%����v9( '�  ) and *P!���#5%¡���v9(K)   , , the lattice product V 7  rY * is definedby

V 1 2U4L6�7 }
?j[j] _ a¢bed

�  ? 254�6�£ * 1 25:g6U�¤h (4.10.7)

where
0 1 254L6

is as in Eq. 4.10.2and V 1 2U4�6o7¥Q whenever
0 1 2&4�6o7np

. The dual operator �Y can be
definedeither in terms of duality by

 �Y * 7 # * rY  `( h
or by the formula

V 1 2&4�6�7 �
?j[j] �_ a¦bld

�  ? 2U4�6¡£ �;* 1 25:g65�§h (4.10.8)

where V 7  �Y * .
For manytemplatesaneasyway of computingthetemplateproduct V 7  �¨Y * is to usethefollowing

fact:
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4.10.1 Theorem. If ©�ª+«3¬­¯® , then ©�°�ª±« ¬­¯® °³²\´�µ¥©`°3¶5·�¸�ª+«e¹º�» ® °½¼
The theoremfollows from the observation

©`°�¶U·L¸gª¿¾À�Á`Â « ¹º ¶�Ãg¸ÅÄ ® °3¶5Ãg¸�ªn¾À¤Á^Â « À ¶5·�¸ÅÄ ® °3¶5Ãg¸�ª9¶Æ«ÈÇ­w® °�¸É¶5·L¸�Ê
and ¾À¤Á^Â « ¹º ¶5Ãg¸ÅÄ ® °Ë¶&ÃO¸OªÌ« ¹º » ® °�¼
Thereis nothingspecialaboutusing the operator Ç­ , the argumentis identical whenusing the general
product ¬­ .

4.10.2 Example: Suppose«¤Ê ®oÍ9Î5Ï�ÐKÑeÒ ÐKÑ are the following translationinvariant templates:

1 12

1

3

-1

s   Á =yÓ t   
�

=yÓ

Then the templateproduct ÔÖÕØ×�ÙÚIÛ is the templatedefinedby

r   Ü =yÝ
1 2 1

36
Þ

3

-1 -2 -1

If ß¤à�á½âäã5åOæKçèÈéAê æKç aredefinedasabovewith values ë�ì outsidethe support,thenthe template
product íyînß�ïð á is the templatedefinedby

r   =yñ
2
ò

3 2
ò

4 5
ó

4

0
ô

1 0
ô

In this particular example, the templates õäö�÷�øù�ú and ûnö�÷�üù�ú have the property thatýÈþ�ÿ�� õ����Pö ýËÿ�� û����	��
���
�� and

û � ��� �gö � õ�� ��� ����� � � ý�ÿ�� û����� ������ "!$# �&%  ('
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