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Preface

The aim of this book is to acquaintengineersscientists,and studentswith the
basic conceptsof image algebraand its use in the conciserepresentatiorof computer
vision algorithms. In orderto achievethis goal we provide a brief survey of commonly
usedcomputervision algorithmsthat we believerepresents core of knowledgethat all
computervision practitionersshouldhave. This surveyis not meantto be an encyclopedic
summaryof computervision techniquesasit is impossibleto do justiceto the scopeand
depthof the rapidly expandingfield of computervision.

The arrangementf the bookis suchthatit canserveasa referenceor computer
vision algorithmdevelopersn generalaswell asfor algorithmdevelopersisingthe image
algebraC++ objectlibrary, i ac++.> The techniquesand algorithmspresentedn a given
chapterfollow a progressionof increasingabstractness. Each techniqueis introduced
by way of a brief discussionof its purposeand methodology. Since the intent of this
text is to train the practitionerin formulating his algorithmsand ideasin the succinct
mathematicalanguageprovidedby imagealgebra,an effort hasbeenmadeto providethe
precisemathematicaformulation of eachmethodology. Thus, we suspecthat practicing
engineersaandscientistswill find this presentatiorsomewhatmore practicaland perhapsa
bit lessesotericthanthosefound in researctpublicationsor varioustextbooksparaphrasing
these publications.

Chapter1 providesa short introduction to field of image algebra. Chapters
2-11 are devotedto particulartechniguescommonly usedin computervision algorithm
developmentrangingfrom early processingechniquego suchhigherlevel topicsasimage
descriptorsand artificial neuralnetworks. Although the chapterson techniquesare most
naturally studiedin successionthey are not tightly interdependentind can be studied
accordingto the reader’sparticularinterest.In the Appendixwe present ac++ computer
programsof someof the techniquessurveyedin this book. Theseprogramsreflect the
imagealgebrapseudocod@resentedn the chaptersand serveas examplesof how image
algebrapseudocode&an be convertedinto efficient computerprograms.

1 Thei ac++ library supportsthe use of imagealgebrain the C++ programminglanguageandis available
for anonymoudtp fromftp://ftp.cis.ufl.edu/ pub/src/ial.
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Notation

The tables presentedhere provide a brief explantationof the notation used
throughoutthis document.The readeris referredto Ritter [1] for a comprehensivéreatise
coveringthe mathematicsof image algebra.

Logic
Symbol Explanation
p=q "p implies¢." If p is true,theng is true.
pEq "p if andonly if ¢," which meansthatp andq arelogically
equivalent.
iff "if andonly if"
- "not"
3 "there exists"
"there doesnot exist'
v "for each"
s.t. "suchthat"

Sets Theoretic Notation and Operations

Symbol Explanation

XY, Z Uppercaseharactersepresengrbitrary sets.

T,Y, 2 Lowercasecharactersepresentlementsof an arbitrary set.
X,Y,Z Bold, uppercaseharactersire usedto represenpoint sets.
X,y,% Bold, lowercasecharactersre usedto represenpoints,i.e.,

elementsof point sets.

N ThesetN ={0,1,2,3,...}.

Z,7%, 7~ The setof integers,positive integers,and negativeintegers.
Z, ThesetZ, = {0,1,...,n — 1}

7y Thesetz; = {1,2,...,n}.

Lyp ThesetZ4, = {-n+1,...,-1,0,1,...,n —1}.
R,RT,R™,R2° The setof real numbers positive real numbers negativereal

numbersand positive real numbersincluding 0.
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Explanation
The setof complexnumbers.
An arbitrary setof values.
The setF unionedwith {co}.
The setF unionedwith {co}.
The setF unionedwith {—o0, co}.
The emptyset(the setthathasno elements).

The powersetof X (the setof all subsetof X).

"is an elementof"”
"is not an elementof"
"is a subsetof"

Union
XUY={z:2z€XorzeY}

Let { Xy },c beafamily of setsindexedby anindexingset

A U Xy ={z:z € X, for atleast one A € A}
AEA

UXi=XiUXsU...UX,
=1

UXi={z:2€ X, forsomei e 7}
i=1

Intersection
XNY={z:2ze Xandz €Y}

Let {X\},c beafamily of setsindexedby anindexingset

A N Xa={z:zeX,forall A € A}
XEA

NXi=XiNnXon...nX,
=1

N X;={z:x€ X, foralliezt}
=1

Cartesianproduct
XxY={(z,y):zeX,yeY}

I1X:= {($17$27. .. ,acn) rx; € Xvi}
i=1
H Xl = {(1}17.’[]2,1'37 .. ) Lx; € Xz}

<
Il
-

The Cartesiamproductof n copiesof F, i.e.,F* = [] F.
=1

Vi



Symbol

X\Y

X’

card(X)

choice(X)

Explanation

Setdifference
Let X andY be subset®f someuniversalsetU,
X\Y={zeX:x¢gY}

Complement
X'=U\ X, whereU is the universalsetthat containsX.

The cardinality of the setX.

A function thatrandomlyselectsan elementfrom the set X.

Point and Point Set Operations

Symbol

X+y

XAy

X7y

Xey

XXy

Xy

Explanation
If x,y e R*,thenx+y=(z14+y1, .-, Tn+Yn)
If x,y e R", thenx —y = (21 — 41, .-, Tu — Yn)
If x,y € R", thenx -y = (z1y1, --- , TnYn)
If x,y € R”, thenx/y = (x1/y1, - -+, Tn/Yn)
If x,y e R*,thenxVy=(z1Vuyr, ..., ZnVyn)
If x,y € R, thenx Ay = (21 Ay1, .-, T AYn)

In generalif x,y € R", and
7:R xR — Rxvy = (x17y1, - -+, TnYYn)

If k€ Randx € R" andvy: R x R — R, then
k7X = (k7m17 R kﬁ/‘r’n)

If x,y € R”, thenxey = 2141 + Toya + -+ + TuYn

If x,y € R"”, then
X Xy = (Tays — T3ya, T3Yy1 — T1Y3, T1Y2 — LaY1)

If x € R™ andy € R"thenxy = (21, ..., Zpn, Y1, -+ » Ym)
If x € R*, then—x = (—z1, ..., —xz,)

If x € R™, thenlf x € R”, then[x]| = ([21], ---, [Za])

If x € R", then|x| = (|z1], --., [zn])

If x € R™, then[x] = ([z1], - .-, [za])

If x = (-rlwrQ;- .. ,$n) c Rn, thenpi(x) =T

If x e R*, thenXx =21 +a2+ --- + 2,

Vi



X+p
X-p
XUY
X\Y

XAY

X xY

VX

inf(X)

A X

choice(X)

card(X)

Explanation
If x € R”, thenIlx = 2122 *** Tn
If x e R®, thenvx =21 V2oV --- V z,
If xeR™, thenA\x =21 Az A --- Az,
If x € R, then||x||, = /2 + --- +22
If x € R", then||x||, = |z1| + |2z2| + -~ + |z,]
If x € R, then||x||, = |z1| V |z2| V -+ - V |z,]
If x € R™, thendim(x) =n
fX,7YCR", thenX+Y ={x+y: xeXandy €Y}
fFX,2YCR" thenX-Y ={x—-y: xe€XandyeY}
If X CR", thenX +p={x+p: xeX}
If XCR", thenX —p={x—p: x€X}
If X,2YCR", thenXuY ={z:z€XorzeY}
If X,7YCR", thenX\Y ={z: z€Xandz¢ Y}

If X, Y CR", then
XAY={z:zeXUYandz¢gXnNY}

If X,7YCR", thenX xY ={(x,y) : x€ Xandy €Y}
If X CR", then—X = {-x : x € X}
IfXQR”,thenX:{Z:ZGR“andz%X}

If X C R", thensup(X) = the supremunof X . If
X = {x1,X2,...,Xn}, thensup(X) =x; Vxa V... Vx,

For a point set X with total order <,
xo=VX & x<x0,¥x € X\ {x0}

If X C R”, theninf(X) = theinfimum of X . If
X = {x1,X2,...,Xn}, , thensup(X) =x1 Axa A ... AX,

For a point set X with total order <,
xo=AX & x0 <z,Vx € X\ {x0}

If X C R™, then
choice(X) € X (randomly chosen element)

If X C R", thencard(X) = the cardinality of X

viii



Morphology

In following table A, B, D, and E denotesubsetsof R”.

Symbol
A*
Al
Ay

AxB

A/B

AoB

AeB

A®C

Explanation
The reflectionof A acrossthe origin 0 = (0,0,...,0) € R™.
Thecomplemenbf A; i.e., A’ = {x e R" : x ¢ A}.
Ap,={a+b:acA}

Minkowskiaddition is defined as
AxB={a+b:ac A bc B}. (Section7.2)

Minkowskisubtractionis definedas A /B = (A’ x B*)'.
(Section7.2)

The openingof A by B is denotedA o B andis definedby
A oB = (A/B) x B. (Section7.3)

The closingof A by B is denotedA ¢ B andis definedby
A ¢B = (A x B)/B. (Section7.3)

Let C = (D, E) be an orderedpair of structuringelements.
The hit-and-misgransformof the set A is given by
A®C={p:D, C Aand E;, C A'}. (Section7.5)

Functions and Scalar Operations

Symbol
[ X—>Y
domain(f)

range()

f—l

YX

fla

fr

Explanation
f is afunctionfrom X into Y.
The domainof the function f : X — Y is theset.X.

Therangeof the function f : X — Y is the set

{f(z):z € X}.
The inverseof the function f.

The setof all functionsfrom X into Y, i.e.,if f € YX, then
[+ X—-Y.

Givena function f : X — Y anda subsetd C X, the
restrictionof f to A, f|a: A — Y, is definedby
fla(a) = f(a) for a € A.

Givenf: A — Y andg: B — Y, the extensiorof f to g is

stneto 101 [ 1) 23



Symbol
gof

f+yg

p;: H Xz — ‘ij
=1

card(X)

choice(X)

rVy

x mod y

xs(z)

Explanation

Giventwo functionsf : X — Y andg:Y — Z, the
compositiong o f : X — 7 is definedby
(go f)(z) =g(f(x)), for everyz € X.

Let f and g be real or complex-valuedunctions,then

(f +9)(z) = f(z) + g().

Let f and g be real or complex-valuedunctions,then

(f - 9)(z) = f(z) - g(x).

Let f beareal or complex-valuedunction,andk be areal
or complexnumberthen f € FX, (k- f)(z) = k- (f(x)).

|f1(x) = |f(x)|, where f is a real (or complex)-valued
function, and| f(z)| denoteshe absolutevalue (or
magnitude)of f(z).

Theidentityfunction1y : X — X is givenby 1x(z) = =.

The projectionfunctionp; ontothe jth coodinateis defined
by pj(z1,...,2j,...,2,) = ;.

The cardinality of the set X.

A function which randomlyselectsan elementfrom the set
X.

Forxz,y € R, x V y is the maximumof z andy.
Forz,y € R, x A y is the minimun of = andy.

For z € R the ceiling function [z] returnsthe smallest
integerthatis greaterthanor equalto z.

For = € R thefloor function | x| returnsthe largestinteger
thatis lessthanor equalto .

For 2 € R the roundfunctionreturnsthe nearesintegerto z.
If therearetwo suchintegersit yields the integerwith
greatermagnitude.

Forz,y € N, x mod y = r if thereexistsk,r € N with
r <y suchthatz = yk + r.

The characteristicfunction y s is definedby

0 otherwise.



Images and Image Operations

Symbol

a,b,c

aeFX

1eFX

0eFX

a|z

alls

al(z,s)

aof

avb

Explanation

Bold, lowercasecharactersire usedto representmages
Imagevariableswill usually be chosenfrom the beginningof
the alphabet.

Theimagea is anF-valuedimageon X. The setF is called
thevaluesetof a and X the spatialdomainof a.

Let F be a setwith unit 1. Then1 denotesanimage,all of
whosepixel valuesare 1.

Let F be a setwith zero0. Then0 denotesanimage,all of
whosepixel valuesare 0.

The domainrestrictionof a € FX to a subsetZ of X is
definedby a|]z =an(Z x F).

The rangerestrictionof a € FX to the subsetS C F is
definedby al|s = an (X x S). The double-bamotationis
usedto focusattentionon the fact that the restrictionis
appliedto the secondcoordinateof a € X x F.

If ae FX,Z c X, andS C F, thentherestrictionof a to Z
and S is definedasa|z 5y = an (Z x 5).

Let X andY be subsetof the sametopologicalspace.The
extensiorof a € FX to b € FY is definedby

a(x) ifzeX
al>(x) = {b((y)) ifzeY\X.

Row concatenatiorf imagesa andb, respectivelythe row
concatenatiorof imagesay, as, . .., a,.

Columnconcatenatiorof imagesa andb.

If ac FX andf:F — Y, thentheimage f(a) € YX is
givenby foa, i.e.,

f(a) = {(x,¢(x)) : e(x) = f(a(x)),x € X}.

If f:Y — X anda € F¥, theinducedimageao f € FY is
definedby ao f = {(y,a(f(y))) : y € Y}.

If ~ is a binary operationon I, thenan inducedoperationon
FX canbe defined.Let a, b € F¥; the inducedoperationis
givenby ayb = {(x, c(x)) : c(z) = a(x) v b(x),x € X}.

Xi



Symbol

kva

I'a

Explanation

Let k € F, a € FX, andy be a binary operationon . An
inducedscalaroperationon imagesis definedby
kva={(x,c(x)):c(x) =kva(x),x € X}.

Leta,b € RX; aP = {(X,c(x)) te(x) = a(x)b(x),x € X}
Leta,b € (RT)*

logra = {(x,¢(x)) : ¢(x) = logpxa(z),x € X}.
Pointwisecomplexconjugateof imagea, a*(x) = (a(x))".

T’'a denotegreductionby a genericreduceoperation
I FX > F.

The following four itemsare specificexamplesof the global reduceoperation.Each

assumes € R* andX = {x1,x2,...,X,}.

Ya Ya=a(x)+alx)+ - +a(x)

[la [Ta=a(x) a(xs) - a(x,)

Va Va=a(x)Va(xz) V- Va(xy)

Aa Aa=a(x)Aa(xz) A Aa(x,)

aeb Dot product,aeb = X(a-b) = Y (a(x) - b(x)).
a Complementatiorof a set—valuegr;);gea.

a‘¢ Complementatiorof a Booleanimagea.

a’ Transposef imagea.
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Templatesand Template Operations

Symbol

b

te ([FX)Y

Explanation

Bold, lowercasecharacterare usedto representemplates
Usually characterdrom the middle of the alphabetare used
astemplatevariables.

A templateis animagewhosepixel valuesareimages.In
particular,an F-valuedtemplatefrom Y to X is a function
t:Y — FX. Thus,t € ([FX)Y andt is an FX-valued
imageonY.

Lett € ([FX)Y. Foreachy € Y, ty, = t(y). Theimage
ty € FX is givenby t, = {(x,ty(x)) : x € X}.

If F e {R,C} andt € ([FX)Y, thenthe supportof t is
denotedby S(t,) andis definedby

S(ty) = {x € X : ty(x) # 0}
If t € (RX)Y, then Su(ty) = {x € X : ty(x) # co}.
If t € (RX)Y, thenS_o.(ty) = {x € X : t(x) # —o0}.

If t € (RX.)Y, thenSia(ty) = {x € X : ty(x) # o0},

A parameterizedr-valuedtemplatefromY to X with
parameterdn P is afunctionof theformt : P — ([FX)Y.
Lett € ([FX)Y. The transposet’ € ([FY)X is definedas
t(y) = ty(x).

Image-Template Operations

In the table below, X is a finite subsetof R™.

Symbol
a@t

tDa

Explanation

Let (F,v,(Q) beasemiringanda € FX, t € ([FX)Y, then
the genericright productof a with t is definedas

a®t = {(v,b(y)) : ¥ € Y, b(y) = La(x) O ty(x) }.

With the conditionsabove,exceptthatnow t € ([FY)X, the
genericleft productof a with t is definedas

t@a={(v,b(y)) 1y € Y,b(y) =L a(x) O tx(y) }-
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Symbol
a®t

t Pa

aMt

tMa

aAlt

tAla

tQa

Explanation

LetY C R™, a € FX, andt € ([FX)Y, whereF € {C,R}.
The right linear product(or convolution)is definedas

a®t=<(y,b(y)):y€Y,b(y) = > a(x)ty(x)

z€XNS(ty)

With the conditionsabove,exceptthat t € ([FY)X, the left
linear product(or convolution)is definedas

t®a={(y,b(Y)):y€Y,b(.V)= > a(X)-tx(Y)}-

z€XNS(t})

Fora € RX_ andt € ([R’Z’i(oo)Y, the right additivemaximum
is definedby

at:{(.% b(y)):y€Y,b(y)= V ax) +ty(X)}-

zEXNS_(ty)

Fora € RX_ andt ¢ (RIOO)X, the left additive maximumis
definedby

tma:{(y,b(Y)) yeY,b(y)= V a(X)+tx(Y)}-

zexms,x(t'y)

Fora € RX_ andt € ([Rz’i(oo)Y, the right additive minimum
is definedby

awtz{(y,b(y» :YEY,b(y)= A ax) +'ty(x)}-

zEXNSc(ty)

Fora € RX_ andt € ([R’ZIOO)X, the left additive minimumis
definedby

tma=< (y,b(y)) : y€Y,b(y) = A a(X)+’tx(Y)}-

2EXNSac(t)
Y
Fora e ([ROEOO)X andt € ((Rgof))x) , the right

multiplicative maximumis definedby

a@tZ{(y, b(y)):y€Y,b(y) =V ax) xty(x) }

zeXNS(ty)

X v\ X L
Forae (R2’)™ andt € (([R;OO) ) , the left multiplicative
maximumis defined by

t@lz{(y,b(y)) :yeY,b(y) =V ax) xtx(y)}.

zeXNS(t},)

Xiv



Symbol
a(®t

tPa

Explanation

Y
Fora e (RgoO)X andt € ((Rgg)x) , the right
multiplicative minimumis definedby

a@‘:{(y, b(y)):y€Y,b(y)= A ax)x'ty(x) }

2€XNS(ty)

X v\ X L
Forae (RZ)™ andt € (([R?OO) ) , the left multiplicative
minimumis defined by

t@ﬁZ{ (y,b(y)):y€Y,b(y) = A ax)x'tx(y) }

2EXNS ()

Neighborhoodsand Neighborhood Operations

Symbol

M,N

N1 @ N,

Explanation
Italic uppercaseharactersare usedto denoteneighbohoods

A neighborhoods animagewhosepixel valuesare setsof
points. In particular,a neighbohoodfromY to X is a
function N : Y — 2%,

A parameterizedieighborhoodromY to X with parameters
in P is afunction of theform N : P — (2X)Y.

Let N € (2X)Y, the transposeN’ € (2Y)X is definedas
N'(x)={y €Y :x € N(y)}, thatis,
x € N(y)iff y € N'(x).

The dilation of Ny by N is definedby

N(y) = E]LVJ( )(N1(Y) +(p—-v))-

Image-Neighborhood Operations

In the table below, X is a finite subsetof R™.

Symbol
a@N

N @a

Explanation

Givena € FY andN € (2X)Y, andreduceoperation

I' : FX — F, the genericright reductionof a with N is
definedas (a ©N)(x) = I'a| y(x)-

Y, t

With the conditionsabove,exceptthatnow N € (2%) ", the

genericleft reductionof a with t is definedas

(N @a)(x) = (a ON')(%).
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Symbol Explanation

ai@ N Givena € RY, andthe imageaveragefunctiona : RY — R,
yielding the averageof its imageargument,

(@@ N)(x) = a(alne)-

a@N Givena € RY, andthe imagemedianfunctionm : RY — R,
yielding the averageof its imageargument,

(@a@N)(x) = m(aln)-

Matrix and Vector Operations

In the table below, A and B represenimatrices.

Symbol Explanation

A* The conjugateof matrix A.

A The transposeof matrix A.

Ax B, AB The matrix productof matricesA and B.

A®B The tensorproductof matricesA and B.

A®,B The p-productof matricesA and B.

A @;B The dual p-productof matricesA and B, definedby

A@,B = (B'@,4") .

References
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CHAPTER 1
IMAGE ALGEBRA

1.1. Intr oduction

Sincethe field of imagealgebrais a recentdevelopmenit will be instructiveto
providesomebackgroundnformation. In the broadsensejmagealgebrais a mathematical
theoryconcernedvith the transformatiorandanalysisof images.Although muchemphasis
is focusedon the analysisand transformationof digital images,the main goal is the
establishmenbf a comprehensiveand unifying theory of image transformationsjmage
analysis,andimageunderstandingn the discreteaswell asthe continuousdomain[1].

The idea of establishinga unifying theory for the various conceptsand opera-
tions encounteredn imageand signalprocessings not new. Over thirty yearsago,Unger
proposedthat many algorithmsfor image processingand image analysiscould be imple-
mentedin parallelusingcellular array computerd2]. Thesecellulararraycomputersvere
inspiredby the work of von Neumannin the 1950s[3, 4]. Realizationof von Neumann’s
cellular array machinesvas madepossiblewith the adventof VLSI technology.NASA's
massivelyparallel processoior MPP andthe CLIP seriesof computersdevelopedoy Duff
andhis colleaguegepresenthe classicembodimenif von Neumann’soriginal automaton
[5, 6,7,8,9]. A moregeneralclassof cellulararray computersare pyramidsand Thinking
MachinesCorporation’sConnectionMachines[10, 11, 12]. In an abstractsensethe vari-
ousversionsof ConnectionMachinesare universalcellular automatonsvith an additional
mechanismaddedfor non-local communication.

Many operationgperformedby thesecellular array machinescanbe expressedn
termsof simple elementaryoperations.Theseelementaryoperationscreatea mathematical
basisfor the theoreticalformalism capableof expressinga large numberof algorithms
for image processingand analysis. In fact, a commonthreadamongdesignersof parallel
imageprocessingarchitecturess the belief that large classeof imagetransformationsan
be describedby a small set of standardrules that induce thesearchitectures.This belief
led to the creation of mathematicaformalismsthat were usedto aid in the design of
special-purposearallelarchitecturesMatheronand Serra’sTextureAnalyzer[13] ERIM’s
(EnvironmentalResearchnstitute of Michigan) Cytocomputer{14, 15, 16], and Martin
Marietta’s GAPP [17, 18, 19] are examplesof this approach.

The formalism associatedvith thesecellular architecturess that of pixel neigh-
borhoodarithmeticand mathematicamorphology. Mathematicaimorphologyis the part of
image processingconcernedwith imagefiltering and analysisby structuringelements. It
grew out of the earlywork of Minkowski and Hadwiger[20, 21, 22], andenteredthe mod-
ern erathroughthe work of Matheronand Serraof the Ecole desMines in Fontainebleau,
France[23, 24, 25, 26]. Matheronand Serranot only formulatedthe modernconcepts
of morphologicalimagetransformationsbut also designedand built the Texture Analyzer
System. Since thoseearly days, morphologicaloperationshave beenapplied from low-
level, to intermediateto high-levelvision problems. Among somerecentresearctpapers
on morphologicalimageprocessingare CrimminsandBrown [27], Haralick et al. [28, 29],
Maragosand Schafer[30, 31, 32], Davidson[33, 34], Dougherty[35], Goutsias[36, 37],
and Koskinen and Astola [38].

Serraand Sternbeg were the first to unify morphologicalconceptsand methods
into a coherentalgebraictheory specfically designedfor image processingand image
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analysis. Sternbeg was also the first to use the term “image algebrd [39, 40]. In the
mid 1980s,Maragosintroduceda new theory unifying a large classof linearandnonlinear
systemsunder the theory of mathematicalmorphology [41]. More recently, Davidson
completedthe mathematicalfoundation of mathematicalmorphology by formulating its
embeddinginto the lattice algebraknown as Mini-Max algebra [42, 43]. However,
despitetheseprofound accomplishmentsmorphologicalmethodshave somewell-known
limitations. For example, such fairly commonimage processingtechniquesas feature
extraction basedon convolution, Fourier-like transformations,chain coding, histogram
equalizationtransformsjmagerotation,andimageregistrationandrectificationare— with
the exceptionof afew simple cases— eitherextremelydifficult or impossibleto expressn
termsof morphologicalperations.Thefailure of amorphologicallypasedmagealgebrato
expresafairly straightforwardJ.S. government-furnisheBLIR (forward-lookinginfrared)
algorithm was demonstratedby Miller of Perkin-Elmer[44].

The failure of an image algebrabasedsolely on morphologicaloperationsto
provide a universalimageprocessingalgebrais dueto its set-theoretidormulation, which
restson the Minkowski addition and subtractionof sets[22]. Theseoperationsignore
thelinear domain,transformationdetweendifferentdomains(spacesf differentsizesand
dimensionality) andtransformation®etweerdifferentvaluesets(algebraicstructures)e.g.,
setsconsistingof real, complex,or vector valued numbers. The image algebradiscussed
in this text includestheseconceptsand extendsthe morphologicaloperationg1].

The developmentof image algebragrew out of a need,by the U.S. Air Force
SystemsCommand,for a commonimage-processinganguage. Defensecontractorsdo
not use a standardizedmathematicallyrigorous and efficient structurethat is specfically
designedfor image manipulation. Documentatiorby contractorsof algorithmsfor image
processingand rationaleunderlying algorithm designis often accomplishedsia word de-
scription or analogieshat are extremelycumbersomend often ambiguous.The result of
thesead hoc approachesas beena proliferation of nonstandarchotation and increased
researchand developmentost. In responsdo this chaoticsituation,the Air Force Arma-
ment Laboratory(AFATL — now known as Wright LaboratoryMNGA) of the Air Force
SystemsCommand,in conjunctionwith the DefenseAdvancedResearctProjectAgency
(DARPA — now known asthe AdvancedResearcHrojectAgency or ARPA), supported
the early developmeniof imagealgebrawith the intent that the fully developedstructure
would subsequentlyorm the basisof a commonimage-processinganguage.The goal of
AFATL wasthe developmenbf a completeunified algebraicstructurethat providesa com-
mon mathematicabnvironmentfor image-processinglgorithmdevelopmentpptimization,
comparisoncoding,andperformanceesvaluation. The developmenbf this structureproved
highly successfulcapableof fulfilling the taskssetforth by the governmentand is now
commonly known as image algebra.

Becausef the goalssetby the governmentthe theoryof imagealgebraprovides
for alanguagewhich, if properlyimplementedasa standardmageprocessingnvironment,
cangreatlyreduceresearctanddevelopmentosts. Sincethe foundationof this languagés
purely mathematicaknd independenbf any future computerarchitectureor languagethe
longevity of animagealgebrastandards assured Furthermoresavingsdueto commonality
of languageand increasedproductivity could dwarf any reasonablénitial investmentfor
adaptingimage algebraas a standardenvironmentfor image processing.

Although commonality of languageand cost savings are two major reasons
for consideringimage algebraas a standardlanguagefor image processingthere exists
a multitude of other reasonsfor desiring the broad acceptanceof image algebraas a
componentof all image processingdevelopmentsystems. Premieramongtheseis the
predictableinfluenceof animagealgebrastandardon future image processingechnology.
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In this, it canbe comparedto the influenceon scientific reasoningand the advancement
of sciencedueto the replacemenbf the myriad of differentnumbersystemge.g.,Roman,
Syrian, Hebrew, Egyptian, Chinese,etc.) by the now common Indo-Arabic notation.
Additional benefitsprovided by the use of image algebraare

«  The elementalimage algebraoperationsare small in number,translucent,
simple, and provide a methodof transformingimagesthat is easily learnedand
used;

« Imagealgebraoperationsand operandsrovide the capability of expressing
all image-to-imageransformations;

*  Theoremgyoverningimagealgebramakecomputemprogramsasednimage
algebranotationamenableo both machinedependenaind machineindependent
optimizationtechniques;

*  The algebraicnotationprovidesa deeperunderstandingf imagemanipula-
tion operationglueto concisenesandbrevity of codeandis capableof suggesting
new techniques;

«  Thenotationaladaptabilityto programmindanguagesillowsthe substitution
of extremelyshortand conciseimage algebraexpressiongor equivalentblocks
of code,andthereforeincreasegprogrammerproductivity;

« Imagealgebraprovidesa rich mathematicaktructurethat can be exploited
to relateimage processingproblemsto other mathematicahkreas;

e Without image algebra,a programmerwill never benefitfrom the bridge
that existsbetweenanimagealgebraprogramminganguageandthe multitude of
mathematicastructurestheoremsandidentitiesthatarerelatedto imagealgebra;

*  Thereis no competingnotationthat adequatelyprovidesall thesebenefits.

The role of image algebrain computervision and image processingtasksand
theory should not be confusedwith the government'sAda programminglanguageeffort.
Thegoalof the developmenbf the Ada programmindanguagevasto provideasinglehigh-
orderlanguagein which to implementembeddedystems.The specialarchitecturedeing
developednowadaysfor image processingapplicationsare not often capableof directly
executingAda languageprograms often due to supportof parallel processingnodelsnot
accommodatety Ada’s taskingmechanism.Hence,mostapplicationsdesignedfor such
processorsare still written in specialassemblyor microcodelanguages.Image algebra,
on the other hand, providesa level of specification,directly derivedfrom the underlying
mathematic®n whichimageprocessings basedandthatis compatiblewith bothsequential
and parallel architectures.

Enthusiasmfor image algebramust be temperedby the knowledgethat image
algebra,like any other field of mathematicswill neverbe a finished productbut remain
a continuously evolving mathematicaltheory concernedwith the unification of image
processingand computervision tasks. Much of the mathematicsassociatedwvith image
algebraandits implication to computervision remainslargely uncharterederritory which
awaitsdiscovery. For example,very little work hasbeendonein relatingimage algebra
to computervision techniqueswvhich employ tools from suchdiverseareasas knowledge
representationgraphtheory, and surfacerepresentation.
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Severalimage algebra programminglanguageshave been developed. These
include image algebraFortran (IAF) [45], an image algebraAda (IAA) translator[46],
image algebra ConnectionMachine *Lisp [47, 48], an image algebralanguage(lAL)
implementationon transputerg49, 50], and animagealgebraC++ classlibrary (i ac++)
[51, 52]. Unfortunately,thereis often a tendencyamongengineergo confuseor equate
theselanguageswith image algebra. An image algebraprogramminglanguageis not
image algebra,which is a mathematicaltheory. An image algebra-basegrogramming
languageypically implementsa particularsubalgebraf thefull imagealgebra.In addition,
simplistic implementationganresultin poor computationaperformance Restrictionsand
limitationsin implementatiorareusuallydueto a combinationof factors,the mostpertinent
beingdevelopmentostsandhardwareand softwareenvironmeniconstraints.They arenot
limitations of imagealgebra,andthey shouldnot be confusedwith the capability of image
algebraas a mathematicatool for image manipulation.

Imagealgebrais a hetengeneousr many-valuealgebrain the senseof Birkhoff
andLipson[53, 1], with multiple setsof operandsand operators.Manipulationof images
for purposesof image enhancementanalysis,and understandingnvolves operationsnot
only on images,but also on differenttypesof valuesand quantitiesassociatedvith these
images.Thus,the basicoperand®f imagealgebraareimagesandthe valuesandquantities
associatedwith theseimages. Roughly speaking,an image consistsof two things, a
collection of pointsand a setof valuesassociatedvith thesepoints. Imagesare therefore
endowedwith two typesof information, namelythe spatialrelationshipof the points,and
also sometype of numericor other descriptiveinformation associatedvith thesepoints.
Consequentlythe field of imagealgebrabridgestwo broadmathematicalreasthe theory
of point setsand the algebraof value sets,and investigatesheir interrelationship.In the
sectionsthat follow we discusspoint and value setsas well as images,templates,and
neighborhoodghat characterizesomeof their interrelationships.

1.2. Point Sets

A point setis simply a topological space. Thus, a point set consistsof two
things,a collectionof objectscalled pointsanda topologywhich providesfor suchnotions
asnearnes®f two points,the connectivityof a subsetf the point set,the neighbohood of
a point, boundarypoints and curvesandarcs Point setswill be denotedby capital bold
lettersfrom the end of the alphabet,i.e., W, X, Y, andZ.

Points (elementsof point sets)will be denotedby lower casebold lettersfrom
the end of the alphabethamelyx, y, z € X. Note alsothatif x € R", thenx is of form
x = (x1, x9, ..., x,), Wherefor eachi = 1, 2, ... | n, z; denotesa real numbercalled
the ith coorinate of x.

The mostcommonpoint setsoccurringin imageprocessin@rediscretesubset®of
n—-dimensionaEuclideanspaceR™ with n = 1, 2, or 3 togetherwith the discretetopology.
However,othertopologiessuchasthe von Neumanropologyandthe producttopologyare
also commonly usedtopologiesin computervision [1].

There is no restriction on the shape of the discrete subsetsof R™ used
in applications of image algebrato solve vision problems. Point sets can assume
arbitrary shapes. In particular, shapescan be rectangular, circular, or snake-like.
Some of the more pertinent point sets are the set of integer points Z (here we view
Z C R'), the n—dimensionallattice 7* c R" (i.e., 7" = 7 X 7 x -+ x I=
{xeR”: x=(x1,...,%pn), z;, €Z fori=1,...,n}) withn = 2 orn = 3, and
rectangularsubsetsof Z2. Two of the most often encounteredectangularpoint setsare
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of form
X=2mx2y={(z1,22) €7° : 0<27<m—1,0<z,<n—1},

or
X=7Hx7}={(z1,22) €7% : 1 <2y <m, 1<z <n}.

We follow standardracticeandrepresentheserectangulapoint setsby listing the pointsin
matrix form. Figurel.2.1providesagraphicalrepresentatioof thepointsetX = 7} xZ;}.

1 2 n
: > Y
1+ . o  ses aes .
2 1 . o  reroaus °
m+ o o e .
\)
X

Figure 1.2.1. The rectangulampoint setX = 7,, x Z,,

Point Operations

As mentioned,someof the more pertinentpoint setsare discretesubsetf the
vector spaceR™. Thesepoint setsinherit the usual elementaryvector spaceoperations.
Thus, for example,if X C 2" (or X CR™) andx = (21, ... , Zn), Yy = (Y1, - -+ , Yn) €
X, thenthe sum of the pointsx andy is definedas

X+y=(x1+y1, -y Tn+Yn),
while the multiplication andadditionof a scalark € 7 (or k € R) anda pointx is given by
k-x=(k -z, ...,k x,)
and
k+x=(k+z, ..., k+z,),

respectively. Point subtractionis also definedin the usualway.

In additionto thesestandardvectorspaceoperationsimagealgebraalsoincorpo-
ratesthreebasictypesof point multiplication. Theseare the Hadamad product the cross
product(or vectorproduc) for pointsin Z* (or R?), andthedot productwhich aredeiinedby

X'y:(xl'yla"'axn'yn)7

XXy = (T2 ys— T3 Y2, T3 Y1 —T1 Y3, T1 Y2 — T2 Y1),

and
Xey=2x1 -1 +T2 Y2+ - +Tn Yn,

respectively.
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Note thatthe sumof two points,the Hadamardoroduct,andthe crossproductare
binary operationghat take asinput two pointsand produceanotherpoint. Thereforethese
operationscan be viewed as mappingsX x X — X wheneverX is closedunderthese
operations.In contrastthe binaryoperatiorof dot productis a scalarandnot anotherector.
This providesan exampleof a mappingX x X — F, whereF denoteshe appropriatdield
of scalars. Another suchmapping,associatedvith metric spacesijs the distancefunction
X x X — R which assignsto eachpair of pointsx andy the distancefrom x toy. The
mostcommondistancefunctionsoccurringin imageprocessingrethe Euclideandistance,
the city block or diamonddistance andthe chessboat distancewhich are definedby

p(X7Y) = Z |$k - yk| )
k=1

and
6(x,y) = maz{lzr —yi| : 1 <k < n},

respectively.

Distancescan be convenientlycomputedin termsof the norm of a point. The
threenormsof interesthereare derivedfrom the standardZ.? norms

n 1/p
lIxll, = <Z |$i|p> :

=1

The L norm is given by
Il = \/ il
=1

where \/ |z;| = max{|z1], ..., |za|}. Specifically, the Euclideannorm is given by
=1

1
IIx|l, = /27 + --- +2%. Thus,d(x,y) = ||x — y|l,. Similarly, the city block distance
can be computedusing the formulation p(x,y) = ||x — y||; andthe chessboardlistance
by USing 6(X7 Y) = HX - Y||OO

Note that the p-norm of a point x is a unary operation, namely a function
Il I, : X — R. Anotherassemblagef functionsX — R which play a major role in
variousapplicationsarethe projectionfunctions. Given X C R™, thentheith projectionon
X, wherei € {1, ..., n}, is denotedby p; anddefinedby p;(x) = =;, wherez; denotes
the ith coordinateof x.

Characteristicfunctions and neighborhoodfunctions are two of the most fre-
quently occurring unary operationsin image processing.In orderto definetheseopera-
tions, we needto recall the notion of a powersetof a set. The power setof a setSis
definedasthe setof all subsetsof S andis denotedby 2°. Thus,if Z is a point set,then
2Z = {X : X CZ}.

Given X € 2% (i.e., X C Z), thenthe characteristicfunction associatedwvith
X is the function

Xx :Z—{0, 1}
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defined by

|1 ifzeX
Xx(z)_{o ifz¢g X.

Forapairof pointsetsX andZ, aneighbohoodsystenfor X in Z, or equivalently,
a neighbohoodfunctionfrom X to Z, is a function

N:X — 2%,

It follows thatfor eachpointx € X, N(x) C Z. The setN(x) is calleda neighbohood
for x.

Thereare two neighborhoodunctionson subsetsof 72 which are of particular
importancein imageprocessing.Thesearethe von Neumanmeighborhoodandthe Moore
neighborhood.The von NeumannneighborhoodV : X — 2l is definedby

N(X): {y Y= (xl:tj7 :L'Q) ory = (xla :L'Qik)7 j7 ke {07 1}}7
wherex = (z1, ) € X C 72, while the Moore neighborhoodV/ : X — 22’ is definedby
Mx)={y:y=(1xj,22%k), j, k€{0,1}}.
Figure 1.2.2 providesa pictorial representatiorof thesetwo neighborhoodunctions;the
hashedtenterarearepresentshe pointx andthe adjacentellsrepresentheadjacenpoints.
The von Neumannand Moore neighborhoodsre also called the four neighbohood and

eight neighbohood respectively. They are local neighbohoodssincethey only include
the directly adjacentpoints of a given point.

N(x) = M(x) =

Figure 1.2.2. The von NeumannneighborhoodV (x)
and the Moore neighborhoodM (x) of a point x.

There are many other point operationsthat are useful in expressingcomputer
vision algorithmsin succinctalgebraicform. Forinstancejn certaininterpolationschemes
it becomesnecessarnto switch from points with real-valuedcoordinates(floating point
coordinates}o correspondingnteger-valuedccoordinatepoints. One suchmethodusesthe
inducedfloor operation| | : R* — 7" definedby |x| = (|z1], |22], ---, [zn]), Where
x = (x1, z2, ..., z,) € R™ and |z;| € Z denoteghe largestintegerlessthan or equalto
Z; (i.e., |_.’L'ZJ < z; andif k € Z with k < z;, thenk < |_l‘lJ)

Summary of Point Operations

We summarizesomeof the more pertinentpoint operations.Someimagealgebra
implementationsuchasiac++ provide many additional point operationg54].
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Binary operations. Let x = (1,22, ..., %),y = (Y1, Y2, ..., Yn) € R”, and
z = (21, 22, ..., zZm) € R™.

addition x+y=(x1+y1, - ) Tn+Yn)

subtraction x—y=(x1—y1, .-, Tn — Yn)

multiplication x-y = (z1y1, --- » TnYn)

division x/y = (x1/y1, -+ Tn/Yn)

supremum sup(x,y) = (1 VY1, oovy Tn V Yn)

infimum inf(x,y) = (X1 Ay1, oo, T AYn)

dot product Xey = X1Y1 + XoY2 + +* + Tnln

crossproduct (n = 3) XXy = (Z2ys — T3y2, T3Y1 — T1Y3, T1Y2 — TaY1)

concatenation Xz = (T1, ...y Tny 215 -+ 5 Zm)

scalar operations kyx = (kyxq, ..., kyz,),

wherey € {+, —, %, V, A}

Unary operations. In the following let x = (x4, 22, ..., z,) € R™.
negation —x = (—z1, ..., —T,)
ceiling [x] = ([z1], ---, [za])
floor x| = (lz1], .-+, |Ta))
rounding [x] = ([#1], - -, [z0])
projection pi(x) = x;
sum Sx =21 +a0+ -0 + 2,
product IIx = 2120 -+ Tn,
maximum VX =z Vz2V -V x,
minimum AX =21 AZa N\ -+ A Tp,
Euclidean norm x|, = /a2 + -+ + 22
L' norm %[l = |z1| + |z2| + - + |za]
L norm x|l = |z1| V|22 V -+ V |z4]
dimension dim(x) = n
neighborhood N(x) C R”

- . 1 ifzeX

characteristicfunction Yx(2) = {0 ifrdX

It is importantto note that severalof the above unary operationsare special
instancesof spatialtransformationsX — Y. Spatialtransformsplay a vital role in many
image processingand computervision tasks.

In the above summarywe only consideredpoints with real- or integer-valued
coordinates. Points of other spaceshave their own induced operations. For example,
typical operationson points of X = (Z,)" (i.e., Boolean-valuedpoints) are the usual
logical operationsof AND, OR, XOR, and complementation.

Point Set Operations

Point arithmeticleadsin a naturalway to the notion of setarithmetic. Given a
vector spaceZ, thenfor X, Y € 2% (i.e., X, Y C Z) and an arbitrary point p € Z we
define the following arithmetic operations:

addition X+Y={x+y:xeXandy€eY}
subtraction X-Y={x—-y:xeXandy€eY}
point addition X+p={x+p: xeX}

point subtraction X-p={x—-p: xeX}
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Anothersetof operationsn 2% arethe usualsetoperationsf union, intersection
set difference (or relative complement symmetricdifference and Cartesianproduct as
ddfined below.

union XUY={z:z€XorzeY}
intersection XNY={z:zeXandzeY}
setdifference X\Y={z:zeXandz¢Y}
symmetricdifference XAY ={z:zeXUYandz¢XNY}
Cartesianproduct XxY ={(x,y) : xeXandy €Y}

Note that with the exceptionof the Cartesianproduct, the set obtainedfor eachof the
aboveoperationsis againan elementof 2%,

Another commonset theoreticoperationis setcomplementation.For X € 27,
the complemenpf X is denotedby X, and definedas X = {z : z € Z and z ¢ X}.
In contrastto the binary set operationsdefined above, set complementatioris a unary
operation. However,complementatiorcan be computedin termsof the binary operation
of setdifferenceby observingthat X = Z\X.

In additionto complementatiorthereare variousothercommonunaryoperations
which play amajorrole in algorithmdevelopmentsingimagealgebra.Amongtheseis the
cardinality of a setwhich, whenappliedto afinite point set,yields the numberof elements
in the set,andthe choicefunction which, whenappliedto a set,selectsa randomlychosen
point from the set. The cardinality of a set X will be denotedby card(X). Note that

card : 2% — N (for all finite elements of 2Z),
while
choice : 22 — 7.

Thatis, card(X) € N andchoice(X) = x, wherex is somerandomlychoserelementof X.

As was the casefor operationson points, algebraicoperationson point setsare
too numerousto discussat length in a short treatiseas this. Therefore,we againonly
summarizesomeof the more frequently occurringunary operations.

Summary of Unary Point Set Operations
In the following X C R™.

negation X ={-x:xeX}

complementation X ={z:2€Zandz¢X}

supremum sup(X) (for finite point set X)

infimum inf(X) (for finite point set X)

choicefunction choice(X) € X (randomly chosen element)

cardinality card(X) = the cardinality of X

The interpretationof sup(X) is as follows. SupposeX is finite, say X =
{x1, X2, ..., Xx}. Then sup(X) = sup(... sup(sup(sup(x1,X2),X3),X4), - .. ,Xn),
where sup(x;,x;) denotesthe binary operation of the supremumof two points de-
fined earlier. Equivalently, if x; = (z;,y;) for i« = 1,... k, then sup(X) =

(1 VaaV -~ Vo, 1 Vya V --- Vyi). More generally, sup(X) is definedto be the
leastupperboundof X (if it exists). Theinfimum of X is interpretedin a similar fashion.

If X is finite andhasatotal order,thenwe alsodefinethe maximumandminimum
of X, denotecby \/ X and A X, respectivelyasfollows. SupposeX = {xi, X2, ..., Xi}
andx; < xo < --- < xi, wherethe symbol < denotesthe particulartotal order on X.
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Then\/X = x; and A X = x;. The mostcommonlyusedorder for a subsetX of 72
is the row scanningorder. Note also that in contrastto the supremumor infimum, the
maximumand minimum of a (finite totally ordered)setis alwaysa memberof the set.

1.3. Value Sets

A hetengeneouslgebrais a collection of nonemptysetsof possibly different
types of elementstogetherwith a set of finitary operationswhich provide the rules of
combiningvariouselementsn orderto form a new element.For a precisedefinition of a
heterogeneoualgebrawe refer the readerto Ritter [1]. Note that the collection of point
sets,points,andscalarsogethemwith the operationgdescribedn the previoussectionform
a heterogeneouslgebra.

A homogeneouslgebrais a heterogeneouslgebrawith only onesetof operands.
In other words, a homogeneouslgebrais simply a settogetherwith a finite number of
operations. Homogeneouslgebraswill be referredto as value setsand will be denoted
by capital blackboardfont letters, e.g., E, F, and G. There are severalvalue setsthat
occurmoreoftenthanothersin digital imageprocessing.Thesearethe setof integers,real
numberg(floating point numbers) the complexnumbers binary numbersof fixed lengthk,
the extendedeal numberg(which includethe symbols+oco and/or—oco), andthe extended
non—-negativeeal numbers.We denotethesesetsby 7, R, C, Zy. , Ryoo = RU {+00},
R_oo = RU{—0}, Rieo = RU {400, —00}, andRZ’ = R* U {0, +oc}, respectively,
wherethe symbol R™ denotesthe setof positive real numbers.

Operations on Value Sets

The operationson and betweenelementsof a given value setF are the usual
elementaryoperationsassociatedwith F. Thus, if F € {Z, R, Zy.}, then the binary
operationsare the usual arithmetic and logic operationsof addition, multiplication, and
maximum, and the complementaryoperationsof subtraction,division, and minimum. If
F = C, thenthe binary operationsare addition, subtraction,multiplication, and division.
Similarly, we allow the usualelementaryunary operationsassociatedvith thesesetssuch
as the absolutevalue, conjugation,as well as trigonometric,logarithmic and exponential
functionsastheseare availablein all higher-levelscientific programminglanguages.

For the setR.., we needto extendthe arithmeticand logic operationsof R as
follows:
a+ (—o0) = (—00) +a=—0 a€R_
a+00=00+4+a=00 a € Ry
(—00) + 00 = 00 + (—00) = —o0
aV(—0)=(-0)Va=a a€ R
Notethatthe element—co actsasanull elementn thesystem(R. ., V, +) if we
view the operation+ asmultiplication andthe operationv asaddition. The samecannotbe
saidabouttheelementx in thesystem(R 1., A, +) since(—oo)+00 = co+(—00) = —c0.
In orderto remedythis situationwe define thedual structure R+, A, +') of (R4, V, +)
as follows:

a+'b=a+b a,beR
a+' (—0)=(—00)+ a=—0 a€R_o
a+'oco=00+a=x a € Ro

(—00) +' 00 = 0o +' (—0) = 00

aNoco=00ANa=a a € Ry
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Now theelementtoo actsasanull elemenin thesystemR ..., A, +’). Observehowever,
that the dual additions+ and +’ introduce an asymmetrybetween—oo and +oco. The
resultantstructure(R.1, V, A, +, +') is known asa boundedattice ordered group [1].

Dual structuresprovide for the notion of dual elements.For eachr € R1,, we

defineits dual or conjugater* by r* = —r, where —(—oc0) = oo. The following duality
laws are a direct consequencef this definition:

(1) (r)*=r

(2) (rAat)  =r*vi and(rvit)" =r* Ath.

Closely relatedto the additive boundediattice orderedgroup describedaboveis
the multiplicative boundedattice orderedgroup (R2?, v, A, x, x’). Herethe dual x’ of
ordinary multiplication is definedas

ax'b=axb VYabeR"=R"U{0}
with both multiplicative operationsextendedas follows:

a X 00 =00 X a = 00 a€RY
ax'oo=00x"a=00 a€RY
Oxoo=00x0=0

0x'"co=00x"0=00

Hence, the element0 actsasa null elementin the system(R=?, v, x) andthe element
+o0 actsasa null elementin the system(R=2°, A, x’). The conjugater* of an element
r € RZO of this value setis definedby

r~b if r e Rt
=40 if r=+0c0-
400 ifr=0

Anotheralgebraicstructurewith duality whichis of interestin imagealgebrais the
valueset (73, Vv, A, +, J—'), whereZs = (Z3), . = Z> U {o0, —c0} = {0, 1, —o0, c0}.
The logical operationsv and A arethe usualbinary operationsof max (or) andmin (and),
respectivelywhile the dual additive operationst and F are definedby the tablesshown
in Figure 1.3.1.

I 0 1 | -0 I 0 1 | -0l
0 1 0 oo | —oo 0 1 0 | 0 | —
1 0 1 oo | —oo 1 0 1 oo | —o0
—ool o |l 0ol o | o —ool o0 | o | o0 | =
oo | —oo | —oo| oo | —o0 0o | —oo | —co| —co| oo

Figure 1.3.1. The dual additive operations+ and +'.

Note thatthe addition+ (aswell as+') restrictedto Z, = {0, 1} is the exclusive
or operationxor and computeghe valuesfor the truth table of the biconditionalstatement
p < q (i.e., p if andonly if g).



12 CHAPTER 1. IMAGE ALGEBRA

Theoperation®nthevaluesetZ} canbeeasilygeneralizedo its k-fold Cartesian
product Z5, = Z3 x Z5 x --- x Z3. Specifically, if m = (mi, ..., mp) € Z3,
andn = (n1,...,n) € 2%, wherem;, n; € Z5 for i = 1,..., k, thenm+n =
(m1—|~—n1, ey mk—T—nk).

The addition + should not be confusedwith the usualadditionmod2* on Z.:.
In fact, for m, n € Zox m+n = ((mq +mn1)’, ..., (my +mny)’), where

’ 0 if (m;+mn;)mod2=1
(mi +na) = { 1 z? Emi + njmod? =0.

Many point setsare also value sets. For example,the point setX = R™ is a
metric spaceas well as a vector spacewith the usual operationof vector addition. Thus,
(R™, +), wherethe symbol“+" denotesvectoraddition,will at varioustimesbe usedboth
asa point setand as a value set. Confusionasto usagewill not ariseas usageshouldbe
clear from the discussion.

Summary of Pertinent Numeric Value Sets

In orderto focus attentionon the value setsmost often usedin this treatisewe
provide a listing of their algebraicstructures:

@ (R,V, A, +,")

(b) (C, +,)

(c) (Z,v, A, +,")

(d) (Zow, V, A, +, -)
(€) (Riwo, V, A, +, +)
M (R, Vv, A, x, x)

) (Z;, v, A, F, %’)

In contrastto structurec, the additionandmultiplicationin structured is addition
and multiplication mod2*.

Theselisted structuresrepresenthe pertinentglobal structures. In various ap-
plicationsonly certainsubalgebra®f thesealgebrasare used. For example,the subalge-
bras(R_o, V, +) and (Ryeo, A, +') Of (Riso, V, A, +, +') play specialrolesin mor-
phological processing. Similarly, the subalgebraN, v, A, +) of (Z, v, A, +, -), where
N={0,1,2,...,n,...}, is theonly pertinentapplicablealgebrain certaincases.

The complementanbinary operations wheneverthey exist, are assumedo be
partof the structures.Thus,for example,subtractionanddivision which canbe definedin
termsof additionandmultiplication, respectivelyareassumedo bepartof (R, v, A, +, -).

Value Set Operators

As for point sets,given a value setF, the operationson 2F are againthe usual
operationsof union, intersection,set difference,etc. If, in addition, F is a lattice, then
the operationsof infimum and supremumare alsoincluded. A brief summaryof value set
operatorsis given below.
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For the following operationsassumethat 4, B € 2F for somevalue setF.

union AUB={c: ceAorce B}
intersection ANB={c: ce Aandc€ B}
setdifference A\B={c: ceAandc ¢ B}
symmetricdifference AAB={c: c€e AUBandc¢ AN B}
Cartesianproduct AxB={(a,b) : a€ Aandb € B}
choicefunction choice(A) € A
cardinality card(A) = cardinality of A
supremum sup(A) = supremum of A
infimum inf(A) = infimum of A

1.4. Images

Theprimaryoperandsn imagealgebraareimagestemplatesandneighborhoods.
Of thesethree classesof operandsjmagesare the mostfundamentakince templatesand
neighborhoodsanbeviewedasspecialcase®f thegeneratoncepif animage. In orderto
providea mathematicallyrigorousdefinition of animagethat coversthe plethoraof objects
called an “image” in signal processingand image understandingwe definean imagein
generalterms,with a minimum of specification.In the following we usethe notationA” to
denotethe setof all functionsB — A (i.e., A® = {f : fisa function from B to A}).

Definition: Let F be avaluesetand X a point set. An F-valuedimage
on X is any elementof FX. Given an F-valuedimagea € FX (i.e.,
a: X — F), thenF is calledthe setof possiblerange valuesof a and
X the spatial domain of a.

It is oftenconveniento let the graphof animagea € F* represent. Thegraph
of animageis also referredto as the data structuie representationof the image. Given
the datastructurerepresentatiorm = {(x, a(x)) : x € X}, thenan element(x, a(x)) of
the datastructureis called a picture elementor pixel. The first coordinatex of a pixel is
calledthe pixel location or imagepoint, andthe secondcoordinatea(x) is calledthe pixel
value of a at location x.

The abovedefinition of animagecoversall mathematicalmageson topological
spaceswith rangein an algebraicsystem.RequiringX to be a topologicalspaceprovides
uswith the notion of nearnessf pixels. SinceX is not directly specifiedwe may substitute
any spacerequiredfor the analysisof animageor imposedby a particularsensoandscene.
For example,X could be a subsetof 73 or R* with x € X of form x = (z,y,t), where
the first coordinate z, y) denotespatiallocationandt a time variable.

Similarly, replacingthe unspedied valuesetF with Z,. orF = (Zgx , Zom , Zon)
providesus with digital integer-valuedand digital vector-valuedmages,respectively.An
implication of theseobservationds that our image definition also characterizesany type
of discreteor continuousphysicalimage

Induced Operations on Images

Operationson and betweenF-valued imagesare the naturalinducedoperations
of the algebraicsystemlF. For example,if + is a binary operationon [, then-~ inducesa
binary operation— againdenotedby v — on F* definedas follows:
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Let a,b € FX. Then
ayb = {(x,c(x)) : c(x) = a(x)yb(x), x € X}.

For example,supposea, b € RX and our value setis the algebraicstructureof the real
numbers(R, +, -, V, A). Replacingy by the binary operations+, -, Vv, and A we obtain
the basic binary operations

a+b={(x,c(x)) : c(x)=a(x) + b(x), x € X},
a-b={(x,¢c(x)) : c(x)=a(x)-b(x), x € X},
aVb={(xc(x)) : c(x)=a(x)Vbx), xe X},

and
aAb={(x,c(x)) : c(x)=a(x)Ab(x), x € X}
on real-valuedimages.Obviously, all four operationsare commutativeand associative.

In additionto the binary operationbetweenimages,the binary operationy on F
also inducesthe following scalaroperationson images:

Fork € F and a € FX,
kra = {(x,0(x) : e(x) = kra(x), x € X}

and

avk = {(x,c(x)) : ¢(x) =a(x)vk, x € X}.
Thus,for k& € R, we obtainthe following scalarmultiplication and addition of real-valued
images:

k-a={(x,¢c(x)): c(x)=k-a(x), x € X}

and
E+a={(x¢c(x)) : c(x) =k +a(x), x € X}.

It follows from the commutativity of real numbersthat,
k-a=a-kand k+a=a+k.

Although muchof imageprocessings accomplishedisingreal-,integer-,binary-,
or complex-valuedmages,many higher-levelvision tasksrequire manipulationof vector
and set-valuedmages. A set-valuedmageis of form a : X — 2F. Herethe underlying
value setis (QF, U, N, ~), wherethe tilde symbol denotescomplementation.Hence,the
operationson set-valuedmagesarethoseinducedby the Booleanalgebraof the value set.

For example,if a,b € (ZF)X, then

(x) Ub(x), x € X},
(x)Nb(x), x € X},

PP

and N
a= {(x,c(x)) . e(x) = a(x), x € x} :

where a(x) = F\a(x).
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The operationof complementatiois, of coursea unaryoperation.A particularly
useful unary operationon imageswhich is inducedby a binary operationon a value set
is known as the global reduceoperation More precisely, if v is an associativeand
commutativebinary operationon F and X is finite, say X = {x1,x2, ... ,X,}, theny
inducesa unary operation

I:FX—>F

calledthe global reduceoperationinducedby ~, which is definedas

n

Ta :xgx a(x) = I a(xx) = a(x1)va(x2)y - va(x,) .

Thus, for example,if F = R and~ is the operationof addition(y = +), thenT" = ¥ and

Za: Z a(x) =a(x1) +a(x2)+ - + a(xy).

xeX

In all, thevalueset(R, +, -, vV, A) providesfor four basicglobalreduceoperationsnamely

> a, [[a, Va, and A\ a.

Induced Unary Operations and Functional Composition

In the previoussectionwe discussedinaryoperationson elementof FX induced
by a binary operationy on F. Typically, however,unary image operationsare induced
directly by unary operationson F. Given a unary operationf : F — F, thenthe induced
unary operationF* — FX is againdenotedby f andis definedby

f(@) ={(x,c(x)) : c(x) = f(a(x)), x € X}.

Note that in this definition we view the compositionf o a as a unary operationon FX
with operanda. This subtledistinction hasthe importantconsequencéhatf is viewed as
a unary operation— namelya function from FX to FX* — and a as an argumentof f.
For example,substitutingR for F andthe sinefunction sin : R — R for f, we obtainthe
inducedoperationsin : RX — RX, where

sin(a) = {(x,¢c(x)) : c(x) = sin(a(x)), x € X}.

As anotherexample,considerthe characteristidunction

. (T):{l if >k
= 0 otherwise.

Thenfor any a € RX, X s, (a) is the Boolean(two-valued)imageon X with value 1 at
locationx if a(x) > k andvalueO if a(x) < k. An obviousapplicationof this operation
is the thresholdingof animage. Given a floating pointimagea andusingthe characteristic

function
(r) = 1 if j<r<k
X" = 10 otherwise,

then the imageb in the image algebraexpression

b:=a-x,, (a)
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is given by
b = {(x,b(x)) : b(x) =a(x) if j < a(x) <k, otherwise b(x) = 0}.

The unaryoperationon animagea € F* discussedhusfar haveresultedeither
in a scalar(an elementof ) by useof the global reductionoperation,or anotherF-valued
imageby useof thecompositionfoa = f(a). More generally givenafunctionf : F — G,
thenthe compositionf o a providesfor a unaryoperationwhich changesanF-valuedimage
into a G-valuedimage f(a). Taking the sameviewpoint, but using a function f between
spatialdomainsinstead,providesa schemefor realizing naturally inducedoperationsfor
spatial manipulationof imagedata. In particular,if f : Y — X anda € FX, thenwe
definethe inducedimagea o f € FY by

aof={(y,a(f(y)) : yeY}.

Thus, the operationddfined by the aboveequationtransformsan F-valuedimage defined
over the spaceX into an F-valuedimagedefinedover the spaceY.

Examplesof spatialbasedmagetransformationareaffine andperspectivarans-
forms. For instance,supposea € RX, where X C Z? is a rectangularm x n array. If
1<k < Fandf: X — X is definedas

_ [ (=) if k<ax
fy) = {(Qk—x,y) if v <k’

thenao f is aonesidedreflectionof a acrosgheline x = k. Furtherexamplesareprovided
by severalof the algorithmspresentedn this text.

Simpleshifts of animagecanbe achievedy usingeithera spatialtransformation
or point addition In particular,givena € FX, X C 7%, andy € 72, we definea shift
of abyy as

a+y={(zb(z) : b(z)=a(z—-y),z—yeX}.

Note thata + y is animageon X + y sincez —y € X < z € X +y, which provides
for the equivalentformulation

a+y={(zb(z): bz)=alz—y),zeX+y}.

Of course,one could just as well define a spatial transformationf : X +y — X by
f(z) = z —y in orderto obtainthe identical shiftedimagea + y = ao f.

Another simple unary image operationthat can be definedin termsof a spatial
mapis imagetransposition Givenanimagea € FZ»*Z-, thenthe transposeof a, denoted
by a’, is definedasa’ = ao f , wheref : Z,, xZ,,, — Z,,, X Z,, is givenby f(z,y) = (y, z).

Binary Operations Induced by Unary Operations

Various unary operationsimage operationsinduced by functions f : F — F
can be generalizedto binary operationson FX. As a simple illustration, considerthe
exponentiatiorfunction f : RZ° — R definedby f(r) = r*, wherek denotessomenon-
negativereal number. Thenf inducesthe exponentiatioroperation

ak = {(x,b(x)) : b(x) = [ax)]", x € x},
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wherea is anon-negativeeal-valuedmageon X. We may extendthis operationto a binary
image operationas follows: if a, b € (REO)X, then

ab = {(X,C(X)) ce(x) = a(x)b(x), X € X}.

The notion of exponentiatiorcanbe extendedo negativevaluedimagesaslong
as we follow the rules of arithmetic and restrict this binary operationto those pairs of
real-valuedimagesfor which a(x)b(x) € R vx € X. This avoidscreationof complex,
undefined,and indeterminatepixel valuessuch as (—1)%, Oi, and 0°, respectively.
However, there is one exceptionto theserules of standardarithmetic. The algebraof
imagesprovidesfor the existenceof pseudadnverses For a € RX, the pseudadnverseof
a, which for reasonof simplicity is denotedby a—! is definedas

a~l = {(X,b(x)) : b(x) = a(lx) if a(x) # 0 otherwise b(x) = 0}.

Note thatif somepixel valuesof a arezero,thena-a~! # 1, wherel denotesunit image
all of whosepixel valuesare 1. However,the equalitya-a~! -a = a alwaysholds. Hence
the name“pseudoinverse.”

The inverseof exponentiationis definedin the usualway by taking logarithms.
Specifically,

logra = {(x,¢(x)) : c(x) = lognxa(x), x € X}.

As for real numbers,ogpa is definedonly for positiveimages;i.e.,a, b € ([R’Z+)X.

Anothersetof examplesf binary operationsnducedby unaryoperationsarethe
characteristidunctionsfor comparingtwo images.For a, b € RX we define

X <n(a) = {(x,¢(x)) : c(x) = 1if a(x) < b(x), otherwise c(x) = 0}
X n(@) = {(x,¢(x)) : c(x)=1if a(x) < b(x), otherwise c(x) = 0}
X_p(a) = {(x,¢(x)) : ¢(x)=1if a(x) = b(x), otherwise c(x) = 0}
Xsp(@) ={(x,¢(x)) : c(x)=1if a(x) > b(x), otherwise c(x) = 0}
Xon(a) ={(x,¢(x)) : c(x)=1if a(x) > b(x), otherwise c(x) = 0}
X#(a) ={(x,c(x)) : ¢(x)=1if a(x) # b(x), otherwise ¢(x) = 0}.

Functional Specification of Image Operations

The basicconceptf elementaryfunction theoryprovidethe underlyingfounda-
tion of a functional specificationof image processingechniques.This is a direct conse-
quenceof viewing imagesas functions. The mostelementaryconceptsof function theory
are the notionsof domain,range,restriction,and extensionof a function.

Image restrictionsand extensionsare usedto restrictimagesto regionsof par-
ticular interestand to embedimagesinto larger images,respectively.Employing standard
mathematicahotation, the restriction of a € FX to a subsetZ of X is denotedby alz,
and defined by

alz =an(ZxF)={(x,a(x)) : x€Z}.

Thus, alz € FZ. In practice,the usermay specify Z explicitly by providing boundsfor
the coordinatesof the points of Z.
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Thereis nothing magicalaboutrestrictinga to a subsetZ of its domainX. We
canjust aswell definerestrictionsof imagesto subsetof the rangevalues. Specifically,if
S C F anda € FX, thenthe restrictionof a to Sis denotedby a||s anddefinedas

alls =an(XxS9).

In termsof the pixel representationf a||s we haveal|s = {(x,a(x)) : a(x) € S}. The
double-bamotationis usedto focus attentionon the fact that the restrictionis appliedto
the secondcoordinateof a C X x F.

Imagerestrictionsin termsof subsetsof the value setF is an extremelyuseful
conceptin computervision asmanyimageprocessingasksarerestrictedto imagedomains
over which the image values satisfy certain properties. Of course, one can always
write this type of restriction in terms of a first coordinaterestriction by setting Z =
{xeX : a(x) € S} sothata||s = a|z. However, writing a program statementsuch
as b := alz is of little value since Z is implicitly specifiedin termsof S i.e., Z
must be determinedin terms of the property “a(x) € S.” Thus, Z would haveto be
precomputedaddingto the computationabverheadaswell asincreasectode. In contrast,
directrestrictionof the secondcoordinatevaluesto anexplicitly specifiedsetS avoidsthese
problemsand providesfor easierimplementation.

As mentioned,restrictionsto the rangeset provide a useful tool for expressing
variousalgorithmic proceduresFor instancejf a € RX andSis theinterval (k, ) C R,
wherek denotessomegiven thresholdvalue, thenal|(; ., denoteshe imagea restricted
to all thosepoints of X wherea(x) exceedghe value k. In orderto reducenotation,we
defineallr = al|(x,00). Similarly,

all>r = a||[k,oo); all<p = a||(,w7k), allx = a||{k}7 and all<), = a”(*ooyk] :

As in the caseof characteristidunctions,a moregenerafform of rangerestriction
is given when S corresponddo a set-valuedmage S € (2'F)X; e, S(x) CF vx € X.
In this casewe define

alls ={(x,a(x)) : a(x) € S(x)}.
For example,for a, b € RX we define

all<p ={(x,a(x)) : a(x) <b(x)}, all<p ={(x,a(x)) : a(x) <b(x)},

al>p = {(x,a(x)) : a(x) 2b(x)}, al>p ={(xax)) : a(x) >b(x)},

allp ={(x,a(x)) : a(x) =b(x)}, allzp ={(x,a(x)) : a(x) # b(x)}.
Combining the conceptsof first and second coordinate (domain and range)

restrictionsprovidesthe generaldefinition of animagerestriction.If a € FX, Z C X, and
S C F, thenthe restrictionof a to Z and S is definedas

a|(z75) =an(Zx259).

It follows that a|z 5y = {(x,a(x)) : x€Z and a(x) € S}, alix,sy = alls, and
a|(Z7||:) = a|Z.

The extensionof a € FX to b € FY on Y, whereX andY are subsetsof the
sametopological space,is denotedby al® and definedby

b a(x) if xeX
3 (X):{b((x)) if xeY\X.

In actualpractice,the userwill haveto specify the function b.
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Two of the mostimportant conceptsassociatedvith a function are its domain
andrange. In the field of imageunderstandingit is convenientto view theseconceptsas
functionsthat map imagesto setsassociatedvith certainimage properties. Specifically,
we view the conceptof rangeas a function

range : FX — 2F

definedby range(a) = {r € F : r = a(x) for some x € X}.
Similarly, the conceptof domainis viewed as the function
domain : |FX|(QX><2F) — 2%

where
IFX|(2XX2F) = {b : b= a|(Z7S), ac [FX, Z ¢ 2X, S e 2":}

and domainis defined by
domain(b) = {x € X : a|(z g)(x) = b(x) =1 for some r € F}.

Thesemappingcan be usedto extractpoint setsand value setsfrom regionsof
imagesof particularinterest. For example,the statement

s := domain(al|>r)

yields the set of all points (pixel locations) where a(x) exceedsk, namely s =
{x e X : a(x) > k}. The statement

s := range(al|>)

on the other hand, resultsin a subsetof R insteadof X.

Closelyrelatedto spatialtransformationandfunctionalcompositionis the notion
of image concatenation Concatenatiorservesas a tool for simplifying algorithm code,
addingtranslucencyto code,andto providea link to the usualblock notion usedin matrix
algebra.Givena € FZ»*Zr andb € FZ»*Z» thenthe row-order concatenatiorof a with
b is denotedby (a | b) andis definedas

(a|b)= a|b+(0’k) .

NOte that (a | b) - I]:ZIIIXZII,+k.

Assumingthe correctdimensionalityin the first coordinate concatenatiorof any
numberof imagesis definedinductively usingthe formula (a | bjc) = ((a | b)|c) sothat
in generalwe have

(arag| -+~ Jar) = ((arfas| -~ |a-1)las).

Column-oder concatenatiorcanbe definedin a similar manneror by simpletransposition;
ie.,

= (ailag| - |al)/-
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Multi-V alued Image Operations

Although generalimage operationsdescribedin the previoussectionsapply to
both single and multi-valuedimagesas long as thereis no specificvalue type associated
with the genericvalue setF, thereexist a large numberof multi-valuedimageoperations
that arequite distinct from single-valuedmageoperations.As the generaltheory of multi-
valuedimageoperationds beyondthe scopeof this treatise we shall restrictour attention
to somespecificoperationson vector-valuedimageswhile referring the readerinterested
in moreintricate detailsto Ritter [1]. However,it is importantto realizethat vector-valued
imagesare a specialcasesof multi-valuedimages.

If F = R™ anda € FX, thena(x) is avectorof form a(x) = (a;(x), ..., a,(x))
where for eachi = 1,...,n, a;(x) € R. Thus, animagea € (R")* is of form
a= (ay, ..., a,) andwith eachvectorvaluea(x) thereareassociatedh real valuesa;(x).

Real-valuedmageoperationgjeneralizeo the usualvectoroperationson (R")X.
In particular,if a,b € (R")*, then

a+b=(a;+by,...,a,+by,)
a-b=(a; by, ...,a, b,
avVvb=(a;Vby,...,a,Vb,)
aAb=(a; Aby, ... ,a, Ab,).
If r = (r,...,r,) € R", thenwe also have
I’+a:(’r1+a1,...,’rn+an),
r'a:(’l"]'al, 7T'n'an)7
etc. In the specialcasewherer = (r,r, ... ,r), we simply usethe scalarr € R anddefine

r+a=r+a, r-a=r-a, andsoon.

As before, binary operationson multi-valuedimagesare inducedby the corre-
spondingbinary operationy : R” x R™ — R™ onthevaluesetR™. It turnsoutto be useful
to generalizethis conceptby replacingthe binary operation~ by a sequenceof binary
operationsy; : R» x R* — R, wherej =1, ... ,n, anddefining

ayb = (ay1b,ayb, ... ;ay,b).

For example,if v; : R” x R™ — R is definedby

(@1, - xn)Yi (Y1, oY) =maz{z; Vy; : 1 <i<j},
thenfor a, b € (R")® andc = ayb, the component®f ¢(x) = (c1(x), ... ,cn(x)) have
values

¢;(x) = a(x)y;b(x) = maz{a;(x) va;(x) : 1<i<j}
forj =1,... n.

As anotherexample supposey; and-~, aretwo binary operationsR? x R? — R
defined by

(3317302)“/1(1/17@'2) = T1Y1 — T2Y2

and
(1, 22)72(Y1, ¥2) = T1Y2 + T2yt ,
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respectively. Now if a,b € (RQ)X representtwo complex-valuedimages, then the
product = ayb representpointwise complexmultiplication, namely

c(x) = (a1(x)b1(x) — az(x)by(x), a1 (x)by(x) + az(x)by1(x)).

Basic operationson single and multi-valued imagescan be combinedto form
imageprocessingperationf arbitrarycomplexity. Two suchoperationghathaveproven
to be extremelyusefulin processingeal vector-valuedmagesare the winnertakeall jth-
coordinatemaximumand minimum of two images.Specfically, if a,b € ([RZ”)X, thenthe
jth-coominate maximumof a and b is definedas

aV ;b ={(x,c(x)) : c(x)=a(x)if a;(x) > b;(x), otherwise c(x) = b(x)},
while the jth-coordinate minimumis definedas
aAjb={(x,¢c(x)) : c(x)=a(x)if aj(x) < bj(x), otherwise c(x) = b(x)}.
Unaryoperationon vector-valuedmagesaredefinedin a similar componentwise

fashion. Given a function f : R — R, thenf inducesa function R™ — R™, againdenoted
by f, which is definedby

flxr, oy ooy ) = (f(21), fl22), -0y f(20)).

Thesefunctions provide for one type of unary operationson vector-valuedimages. In
particular,if a = (aj, a, ... , a,) € (R"), then

f(a) =foa= (f(a1)7 f(aQ)a S f(an))
Thus,if f = sin : R — R, then
sin(a) = (sin(ay), ..., sin(a,)).

Similarly, if f = x.,, then

sz(a) = (le.-(al)a SRR XZL-(an)) :
Any function f : R® — R™ givesrise to a sequencef functions f; = p; o f :
R™ — R, wherej =1, ..., n. Converselygiven a sequencef functions f; : R* — R,
wherej = 1, ..., n, thenwe candefine a function f : R* — R™ by

) = (f1(x), f2(x), -, fa(x)),

wherex = (21, ..., z,) € R”. Suchfunctionsprovidefor a more complextype of unary
image operationssince by definition

f(a) = (fi(a), ..., fm(a)) = {(x,b(x)) : b(x) = (fi(a(x)), ..., fm(a(x)))},

which meansthat the constructionof each new coordinatedependson all the original
coordinates.To provide a specificexample,define f; : R? — R by f(z,y) = sin(z) +
cosh(y) and fo : R? — R by fo(z,y) = cos(x) + sinh(y). Thenthe inducedfunction
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f: (RQ)X — ([RQ)X givenby f = (f1, f2). Applying f to animagea € ([RQ)X results
in the image

f(a) = {(x,b(x)) : b(x) = (sin(a1(x)) + cosh(az(x)), cos(ai(x))
+ sinh(as(x))), x € X }.

Thus, if we represencomplexnumbersas pointsin R? and a denotesa complex-valued
image,then f(a) is a pointwiseapplicationof the complexsine function.

Global reduce operationsare also applied componentwise. For example, if
a € (R, andk = card(X), then

Ya=(Xa, ..., Xa,)

k k
= (Zal(xj), ,Zan(xj)) ER™.

n n
In contrast,the summation_ a; = Y p;(a) € RX sinceeacha; € R*. Note that the
=1 =1

projectionfunction p; is a unary operation([F&")X — RX.

Similarly,
Va=(Vvay,...,Va,),

Na=(Aay, ..., Aa,),

and
IMa = (Ila,, ... ,Ia,).

Summary of Image Operations

The lists below summarizesomeof the more significantimageoperations.

Binary image operations.

It is assumedhat only appropriatelyaluedimagesare employedfor the opera-
tions listed below. Thus, for the operationsof maximumand minimum apply to real- or
integer-valuedmagesbut not complex-valuedmages. Similarly, union and intersection
apply only to set-valuedimages.

generic ayb = {(x,¢c(x)) : c(x) = a(x)yb(x), x € X}
addition a+b={(x,¢c(x)) : c(x) =a(x)+b(x), x € X}
multiplication a-b={(x,¢(x)) : c¢(x)=a(x)-b(x), x € X}
maximum aVb={(xc¢cx)): cx)=alx)Vbkx), xe€X}
minimum aAb={(x¢c(x)) : c(x)=a(x) Ab(x), x € X}
scalar addition E+a={(x¢c(x)): c(x)=Fk+a(x), xe€ X}
scalar multiplication k-a={(x,c(x)) : c¢(x) =k a(x), x € X}
point addition a+y={(z,b(z): b(z)=a(z-y),ze X+y}
union aUb = {(x,c(x)) : ¢(x) =a(x)Ub(x), x € X}
intersection anb={(x,c(x)) : c(x)=a(x)Nb(x), x € X}
exponentiation ab = {(x,c(x)) Ce(x) =a(x)P™, xe X

logarithm loga = {(x,¢(x)) : ¢(x) = logpxa(x), x € X}
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concatenation
concatenation

characteristics
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(a|b — a|b+(07k)7 a € ":mezk7 ac¢€ ":Zm XLn

)

—) = (ab)’

b
{(x,¢(x)) : ¢(x) =1if a(x) < b(x), otherwise ¢(x) = 0}
{(x,c(x)) : c(x)=11if a(x) < b(x), otherwise c(x) = 0}
{(x,¢(x)) : ¢(x) =1if a(x) = b(x), otherwise c(x) = 0}
{(x,¢(x)) : ¢(x) =1if a(x) > b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : ¢(x) =11if a(x) > b(x), otherwise c¢(x) = 0}
{(x,¢(x)) : ¢(x) =1if a(x) # b(x), otherwise ¢(x) = 0}

Wheneverb is a constantimage,sayb = k (i.e., b(x) = k£ Vx € X), thenwe
simply write a* for a andlogya for logya. Similarly, we havek+a, x _, (a), x ., (a), etc.

Unary image operations.

As in the caseof binary operations,we again assumethat only appropriately
valuedimagesare employedfor the operationdlisted below.

value transform
spatial transform
domain restriction
range restriction

extension

domain

range
genericreduction
imagesum

image product
image maximum
image minimum
image complement

pseudoinverse

imagetranspose

1.5. Templates

fea=f(a) ={(x,c(x)) : e(x) = f(a(x)), x € X}

aof={(y,a(f(y):yeY}
alz = {(x,a(x)) : x€Z}
alls = {(x,a(x)) : a(x) € S}

a(x) if xeX

4" = {(X’C(X)) Helx) = {b((x)) if x E Y\X}
domain(a) = {x € X : Ir € F s.t. a(x) =}
range(a) = {r €F : 3x € X s.t. r = a(x)}
Ta = a(xi)ya(xz)y -~ ya(xn)
da= X;X a(x) = a(x1) +a(x2) + -+ +a(xn)
[Ta= EIX a(x) = a(x1) - a(x2) a(xn)
Va= x\e/x a(x) = a(x1) Va(xa) VvV Va(xp,)
Na= é\x a(x) = a(x1) A a(x2) A A a(x,)
a= {(x,c(x)) c(x) = a(x), x € x}

-1 _ _ ﬁ if a(x)#0
@ {(x,b(x)) blx) = {0 ) othe(rvzise }

Templatesareimageswhosevaluesareimages. The notion of atemplate,asused
in imagealgebra,unifiesandgeneralizeshe usualconceptsof templatesmasks,windows,
and neighborhoodfunctionsinto one generalmathematicakntity. In addition, templates
generalizethe notion of structuringelementsasusedin mathematicamorphology[26, 55].
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Definition. A templateis an image whose pixel values are images
(functions). In particular,an F-valuedtemplatefrom Y to X is a function
t:Y — FX. Thus,t € ([FX)Y andt is an FX-valuedimageon Y.

For notationalconvenienceve definety, = t(y) Vy € Y. Theimaget,
has representation

ty = {(x, ty(x)) : x € X}.
Thepixel valuesty (x) of thisimagearecalledthe weightsof thetemplate
at point y.

If t is areal- or complex-valuedemplatefrom Y to X, thenthe supportof t,,

is denotedby S(ty) andis definedas

S(ty) ={x e X : ty(x) #0}.
More generally,if t € ([FX)Y and[F is an algebraicstructurewith a zeroelementO, then
the supportof t, will be definedasS(ty) = {x € X : t,(x) # 0}.

For extendedreal-valuedtemplateswe also define the following supportsat
infinity:

Seo(ty) = {x € X : ty(x) # oo}
and
S_oo(ty) ={x e X : ty(x) # —oo}.

If X is a spacewith anoperation+ suchthat (X, +) is a group,thena template
te ([FX)X is saidto be translationinvariant (with respecto the operation+) if andonly
if for eachtriple x,y, z € X we havethatt,(x) = ty.,(x + z). Templatesthat are not
translationinvariant are called translation variant or, simply, variant templates. A large
classof translationinvarianttemplateswith finite supporthavethe nice propertythat they
canbe definedpictorially. For examplelet X = Z2 andy = (x,y) be an arbitrary point of
X. Setx; = (z,y — 1), xo = (r+ 1,y), and x3 = (x + 1,y — 1). Definet ¢ (RX)X by
definingthe weightst, (y) = 1, ty(x1) = 3, ty(x2) = 2, ty(x3) =4, and ty(x) =0
wheneverx is not an elementof {y, x; ,x,,x3}. Notethatit follows from the definition
of t that S(ty) = {y,x1,x2,x3}. Thus,at any arbitrary point y, the corfiguration of the
supportand weightsof t, is as shownin Figure 1.5.1. The shadedcell in the pictorial
representatiorof t, indicatesthe location of the pointy.

y-1 Yy
>y
X 4 3 1
X+14 4 2
v
X

Figure 1.5.1. Pictorial representatiorof a translationinvarianttemplate.
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Thereare certaincollectionsof templatesthat can be definedexplicitly in terms
of parametersTheseparameterizedemplatesare of greatpracticalimportance.

Definition. A parameterized--valuedtemplatefromY to X with param-
etersin P is a function of form ¢ : P — (FX)¥ . ThesetP is calledthe
setof parametersand eachp € P is called a parameterof t.

Thus, a parameterizedr-valuedtemplatefrom Y to X givesrise to a family of
regularF-valuedtemplatesfrom Y to X, namely{t(p) € ([FX)Y :peE P}.

Image-Template Products

The definition of an image-templatgroduct providesthe rules for combining
imageswith templatesandtemplatesvith templates.The definition of this productincludes
the usual correlationand convolution productsusedin digital image processing.Suppose
F is a value setwith two binary operations() and~, where() distributesover ~, and~
is associativeand commutative.If t € ([FZ)Y, thenfor eachy € Y, t, € FX. Thus,if
a € FX, whereX is finite, thena O ty, € FX andT'(a(Q ty) € F. It follows that the
binary operationsC) and~ inducea binary operation

@ :FX x (FX)Y S FY,

where
b=a@tcFY
is defined by
b(y) =I(aOty) =1 (a(x) O ty(x)).
Therefore,if X = {x, x2, ..., X, }, then

b(y) = (a(x1) O ty(x1))v(alx2) O ty(x2))y -+ v(alxn) O ty(xn)).-

The expressiona Ot is called the right product of a with t. Note that while
a is animageon X, the producta @t is animageon Y. Thus, templatesallow for the
transformationof animagefrom onetype of domainto an entirely differentdomaintype.

Replacing(F,~, Q) by (R, +, -) changesb = a®t into
b=a®t,

the linear image-templatgroduct where

a € RX andt € (RX)Y.
Every templates € ([FY)X has a transposes’ € ([FX)Y which is defined
sy (x) = sx(¥)- Obviously, (s’)’ = s ands’ reverseghe mappingorderfrom X — FY
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to’ Y — FX. By definition,s;, O a € F* andT (s, O a) € F, whenevera € F* and
s € ([FY)X. Hencethe binary operations)) and~ induceanotherproductoperation

@: (FY)" xFX - FY,

where
b=s@acFY

is defined by
b(y) =I(sy Oa) =L, (sy(x) Oa(x)).

The expressions @ a is called the left productof a with s.
Whencomputings Qa, it is not necessaryo usethe transposes’ since

L (s(x) Oax) =L, (sx(y) O alx)) .

This allows us to reddine the transformationb = s ®)a as

b(y) =L, (sx(y) Oa(x)) .

For the remainderof this sectionwe assumethat (F,~) is a monoid and let O
denotethe zero of F underthe operationy. Supposea € F* andt € ([FZ)Y, where
X and Z are subsetsof the samespace. SinceF is a monoid, the operator ¢)) can be
extendedto a mapping

@ :FXx (F4)Y - FY,
whereb = a®t is definedby is definedby

_ (L (ax)Oty(x)) if XNZ#Y
b(y) {”6 Y fXNZ=0.

Theleft products @)a is definedin asimilar fashion. Subsequergxampleswill demonstrate
thatthe ability of replacingX with Z greatlysimplifiesthe issueof templatemplementation
and the use of templatesin algorithm development.

Significantreductionin the numberof computationsnvolved the image-template
productcanbeachievedf (F,~, Q) is acommutativesemiring. Recallthatif t € ([FZ)Y,
then the supportof t at a point y € Y with respectto the operation+y is definedas
S(ty) = {x€Z: ty(x)#0}. Sincety(x) = 0 wheneverx ¢ S(ty), we havethat
a(x) O ty(x) = 0 wheneverx ¢ S(ty) and, therefore,

L, 000 O ty(0) =T (a(x) O ty(x)).
It follows that the computationof the new pixel value b(y) doesnot dependon the size of

X, but on the size of S(t, ). Therefore,if k = card(X N S(ty)), thenthe computationof
b(y) requiresa total of 2k — 1 operationsof type v and ).

As pointedout earlier,substitutionof differentvalue setsand specfic binary op-
erationsfor v and (O resultsin awide variety of differentimagetransforms.Our prime ex-
amplesarethering (R, +, -) andthevaluesets(R+.., V, A, +,+’) and (RZ%, v, A, x, x’).
The structure(R1~, V, A, +,+') providesfor two lattice products:

b=aMt,
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where
b(y) = \V [a(x) + ty(x)],
XEXNS_ oo (ty)
and
b=aRAt,
where

by)= N\ [+ ty(x)].

XEXNSa(ty)

In orderto distinguishbetweerthesetwo typesof lattice transformsywe call the operatory
the additivemaximumand Al the additiveminimum It follows from our earlierdiscussion
that if X N S_o(ty) = O, thenthe value of b(y) is —oo, the zeo of R4, underthe
operationof V. Similarly, if X N S (ty) = &, thenb(y) = cc.

The left additive max and min operationsare definedby

ta= {(y,b(y)) ib(y)= /[ +ax)], ye Y}

XEXNS_ oo (ty)

and

x€XNS(ty)

ta= {(y,b(y)) tby)= A [(y) + a)], er},

respectively. The relationshipbetweenthe additive max and min is given in terms of
lattice duality by

alt=(t*"Ma*)",

where the image a* is definedby a*(x) = [a(x)]", and the conjugate(or dual) of
t € ([R’Pi‘oo)Y is the templatet* € (R}EOO)X definedby ti(y) = [ty(x)]". It follows
that t5(y) = —t, ().

The valueset (RZ", v, A, x, x’) also providesfor two lattice products. Specif-
ically, we have

b=a®t,
where
by)= \/ [a(x)x ty(x)],
x€XNS(ty)
and
b=a®t,
where

biy)=  /\  [ak) % ty(x)].

x€XNSac(ty)

Here 0 is the zero of RZ" under the operationof Vv, so that b(y) = 0 whenever
X NS(ty) = . Similarly, b(y) = co wheneverX N So.(ty) = <.
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The lattice products @) and @® are called the multiplicative maximumand
multiplicative minimum respectively. The left multiplicative max and left multiplicative
min are defined as

tQa=<(y,b¥) : by)= \/ [tx(y) xa(x)], y€Y
xEXNSoc(t,)
and
tPa=q(y,by): by)= A [txy)xax)],yeYy,
x€XNS~ (t,)

respectively.The duality relation betweenthe multiplicative max and min is given by
a@t = (t"@a")",

wherea*(x) = (a(x))" andt%(y) = [ty(x)]". Herer* denoteshe conjugateof r in RZ°.

Summary of Image-Template Products

In the following list of pertinentimage-templateproductsa € FX andt €
([FX)Y. Again, for eachoperationwe assumethe appropriatevalue setlF.

right genericproduct

a®t = {(y,b(y)) : b(y) =T, (a(x) Oty(x)), y € Y|
right linear product
a®t = {(be()’)) : b(y) =) (a(x)-ty(x)), y € Y}

right additive max

aJt = {(y,b(y» :b(y) =/ [a(x) +ty(x)], y € Y}
xeX

right additive min
aflt = {(y,b(y» :b(y)= A\ @)+ t,(x)], yeY
right multiplicative max
a@Qt = {(Y;b(}’)) :b(y) =\ [ax) xty(x)], ye Y
right multiplicative min
a®t = {(Y;b()’)) :b(y)= A\ [ax) x' ty(x)], y€ Y

right xor max

aflt = {(y,b(y)) i by) =\ [ax)+ty(x)], yeY

right xor min

allt= {(y,b(y)) $by) = A a0+t x)], v € Y}
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In the next setof operationst € ([FY)X.

left genericproduct

t@a={(y,b(y) : b(y) = (b«(y) Oa(x)), y € Y}
left linear product
t @a= {()ﬂb()’)) :b(y) =) (tx(y)-a(x), y € Y}
xeX

left additive max

tQa= {<y,b<y>> $by) =V [t(v) +ax), y € Y}

left additive min

tWa= {(y,b(y» :b(y) = N\ [tx(y) + a(x)], ¥ GY}

left multiplicative max

tQa = {(y,b(y)) :b(y) = \/ [tx(y) xa(x)], y € Y}

left multiplicative min

tPa = {(y,b(y)) : b(y) = /\ [tx(y) X" a(x)], y € Y}

xeX

Binary and Unary Template Operations

Since templatesare images, all unary and binary image operationsdiscussed
earlier apply to templatesas well. Any binary v on F inducesa binary operation
(againdenotedby v) on ([FX)Y as follows: for eachpairs, t € ([FX)Y the induced
operationsyt is definedin termsof the inducedbinary image operationon FX, namely
(s7t), = sy7ty Vy € Y. Thus,if F = R, s, t € (RX)Y, and vy = +, then
(s +t), = sy +ty, wheresy + t, denoteshe pointwisesumof the two imagessy € RX
and t, € R*.

The unarytemplateoperationsof prime importanceare the global reduceopera-
tions. SupposeY is a finite point set,sayY = {yi, y2, ..., ¥}, andt € ([FX)Y. Any
binary semigroupoperationy on F inducesa global reduceoperation

r:(FX)Y - FX
which is defined by

't =T ty =TIty =ty yty,y - ty, .

YEY
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Thus, for example,if F = R and~ is the operationof addition(y = +), thenI' = ¥ and

STt=3 ty =ty Fty, b by,

YEY

Therefore,> " t is animage,namelythe sum of a finite numberof images.

In all, the valueset (R, +, -, Vv, A) providesfor four basicglobal reduceoper-
ations,namely > t, J[t, \/t, and A t.

If thevaluesetF hastwo binaryoperationsy and(O sothat(F,~, Q) isaring (or
semiring),thenunderthe inducedoperations((FX)Y, v, Q) is alsoa ring (or semiring).

Analogousto theimage-templatg@roduct,the binary operationg) and~ induceatemplate
convolution product

@ (F)" x (F)" - (F*)”

definedas follows. Supposes € ([FZ)X, t e ([FX)Y, and X a finite point set. Thenthe
templateproductr = s ®t, wherer € ([FZ)Y, is definedas

ry(z) =T (sx(z) Oty(x)) Vy €Y and VzeZ.

xEX

Thus,if s € (RZ)X andt € (RX)Y, thenr = s @t is given by the formula

ry(z) = ) sx(2) - ty(x).
xeX
The lattice productr = s/ t is definedin a similar manner.Fors € (Rﬁw)x
andt € (Rféoo)Y, the producttemplater is given by

ry(z) = \/ [sx(z) + ty(x)] .

xeX

The following exampleprovidesa specificinstanceof the aboveproductformu-
lation.

Example: Supposes,t € (sz)z~ arethe following translationinvariant
templates:
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Thenthe templateproductr = s Pt is the templatedefinedby

1 2 1

ry=13 [6 |3

1] -2 -1

If s,;t € (RZ,)" are definedas abovewith values —oo outsidethe
support,thenthe templateproductr = s t is the templatedefinedby

The templatet is not an RZ’-valuedtemplate. To provide an exampleof
the templateproducts @t, we redefinet as

1
ty=13
1
Thenr = st is given by
1 2 1

The utility of templateproductsstemsfrom thefact thatin semiringsthe equation

aQ(sQt) = (aQs) Ot

holds [1]. This equationcan be utilized in order to reducethe compu}ationalburden

N &
associatedvith typical convolutionproblems. For example,if r € ([R’ZZ"> is definedby
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Vy € 72, then
4 6 -4
y=16 9 -6
4| 6| 4
a@r=a®(sDt) = (a®s) Dt,
where
2
Sy= | 2 3 -2 ty=13
-2

The constructionof the new imageb := a @r requiresnine multiplicationsand
eightadditionsper pixel (if we ignoreboundarypixels). In contrastthe computatiornof the
imageb := (a @s) @t requiresonly six multiplicationsandfour additionsper pixel. For
large images(e.g., size 1024 x 1024) this amountsto significantsavingsin computation.

Summary of Unary and Binary Template Operations

In the following s, t € ([FX)Y andF denoteshe appropriatevalue set.

generichinary operation syt s (s7t)y, = syty

templatesum s+t (s+t), =sy+ty

max of two templates sVt: (sVt), =s, Vity

min of two templates sAt:  (sAt), =sy Aty

genericreduceoperation re=1 ty :ki“ltyk = ty, vty v - vty

sumreduce Yt= >ty =ty +ty, + - Fty
YeEY

productreduce [[t= ] ty =ty, ~ty, - - -ty
YEY

max reduce Vt= V ty =ty Vit, V.- Vi,
YEY

min reduce At= A ty =ty Aty, A s Aty

yeY
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In the nextlist, s € ([FZ)X, t e ([FX)Y, X is a finite point set,andF denotes
the appropriatevalue set.

generictemplateproduct r=s@t: ry(z) =L (sx(z) Oty(x))

linear templateproduct r=s@®t: ry(z)= Zx sx(2z) - ty(x)
X€E

additive max product r=sMt: ry(z)= \/X sx(z) + ty(x)
XE

additivemin product r=s@At: ry(z)= é\x sx(z) + ty(x)

multiplicative max product r=sQt: ry(z)= \/X sx(z) - ty(x)
xXE

multiplicative min product r=s®t: ry(z)= /\X sx(2z) - ty(x)
xXE

1.6. Recursive Templates

In this sectionwe introduce the notions of recursivetemplatesand recursive
template operations,which are direct extensionsof the notions of templatesand the
correspondingemplateoperationsdiscussedn the precedingsection.

A recursivetemplateis definedin termsof a regulartemplatefrom somepoint
setX to anotherpoint setY with somepartial orderimposedon Y.

Definition. A partially ordered set (P, <) (or pose} is a setP together
with abinaryrelation<, satisfyingthefollowing threeaxiomsfor arbitrary
x, Y,z € P:

() = <z (reflexive)
(i) z<yandy <z = z =y (antisymmetric)

(i) x <yandy < 2z = =z < z (transitive)

Now supposehat X is a point set,Y is a partially orderedpoint setwith partial
order <, andF a monoid. An F-valuedrecursivetemplatet fromY to X is a function
t=(tg, tz): Y — (FX, FY), wherety: Y — F* andt. : Y — FY, suchthat

Ly ¢&5(t«(y)) and
2. foreach z € S(t4(y)), z < y.

Thus, for eachy € Y, t4(y) is anF-valuedimageon X andt_(y) is anF-valuedimage
onY.

In most applications,the relation X C Y or X = Y usually holds. Also,
for consistencyof notationand for notationalconveniencewe definets, = t4(y) and
toy = to(y) sothatty, = (txy, t-y). The supportof t at a pointy is definedas
S(ty) = (S(txy), S(t<y)). The setof all F-valuedrecursivetemplatesrom Y to X will
be denotedby (FX, FY)™"™),

In analogyto our previousdefinition of translationinvariant templates,if X is
closed under the operation+, then a recursivetemplatet € (F*, FX)(X’<) is called
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translationinvariant if for eachtriple x, y, z € X, we havety(x) = tyi.(x+z), or
equivalently,t 4y (x) = tiy4+z(x+2) andtoy(x) = toyi.(x+2). An exampleof an
invariant recursivetemplateis shownin Figure 1.6.1.

t74: 1 t<:

Figure1.6.1. An exampleof aninteger-valuednvariantrecursivetemplatefrom 72 to 72.

If t is aninvariantrecursivetemplateandhasonly onepixel definedon the target
point of its nonrecursivesupportS(txy ), thent is called a simplified recursivetemplate.
Pictorially, a simplified recursivetemplatecan be drawn the sameway as a nonrecursive
templatesince the recursivepart and the nonrecursivepart do not overlap. In particular,
the recursivetemplateshownin Figure 1.6.1 canbe redrawnasillustratedin Figure 1.6.2

-1 1

1 1

/

Figure 1.6.2. An exampleof an integer-valuedsimplified recursivetemplate.

The notionsof transposenddual of a recursivetemplateare definedin termsof
thosefor nonrecursiveemplates.In particular,the transposet’ of a recursivetemplatet is

definedast’ = ( A ;). Similarly, if t € (RX__, RX.))™ ™ thenthe additivedual of

t is definedby t* = (t7, tig. The multiplicativedual for recursiveRZ’-valuedtemplates
is defined in a likewise fashion.

Operations betweenIimages and Recursive Templates

In orderto facilitate the discussionon recursivetemplatesoperationswe begin
by extendingthe notions of the linear product @, the additive maximum &, and the
multiplicative maximum ¢ to the correspondingrecursive operations @ _, <, and
WV, respectively.

Let X andY befinite subsetof R™ with Y partially orderedoy <. If a € R* and
t € (RX, RY)(Y’@, thenthe recursivelinear image-templat@roducta @ _t is definedby

a@.t= {(y,b(y» Yy EY, bly)= 2 (a(x)-tgy(x))+

xES(t,ey)
> (b(z)- t<y(Z))}-
z€S(t<y)

The recursivetemplateoperation @ _ computesa new pixel value b(y) based
on both the pixel valuesa(x) of the sourceimage and some previously calculatednew
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pixel valuesb(z) which are determinedby the partial order < and the region of support
of the participatingtemplate. By definition of a recursivetemplate,z < y for every
z € S(t<y) andy ¢ S(t-y). Therefore,b(y) is alwaysrecursivelycomputable. Some
partial ordersthat are commonlyusedin two-dimensionatecursivetransformsareforward
and backwardrasterscanningand serpentinescanning.

It follows from thedefinitionof @ _ thatthecomputatiorof anewpixel b(y) can
bedoneonly afterall its predecessor®rderedoy <) havebeencomputed.Thus,in contrast
to nonrecursivetemplateoperations recursivetemplateoperationsare not computedin a
globally parallel fashion.

Note that if the recursivetemplatet is definedsuchthat S(t-y) = < for all
y € Y, thenone obtainsthe usual nonrecursiveemplateoperation

a@.t=4(yv,b(y) : bly)= Y (a(x)-ty(x),yeY

x€S5(tsy)

Hence,recursivetemplateoperationsare natural extensionsof nonrecursivetemplateop-
erations.

Recursiveadditive maximumandmultiplicative minimumaredefinedin a similar
fashion. Specifically,if a € RY, andt € (RX,,, Rfﬁoo)(x’{), then

is defined by

by)= V) +tu&]v ) [bz) +tay(2)]

x€S e (ty) 2€5_ oo (t<y)

(Y,
Fora € (R2’)™ andt € ((R2%)™, (RZ)") s

is defined by

by)= \ [ax) <ty v\ [b2) x tuy(2)].

x€5(tay) 2€5(t<y)

The operations of the recursive additive minimum and multiplicative minimum
([ < and @) aredefinedin the samestraightforwardfashion.

Recursiveadditive maximum,minimum aswell asrecursivemultiplicative maxi-
mumandminimumarenonlinearoperations However therecursivdinearproductremains
a linear operation.

The basicrecursivetemplateoperationglescribecabovecanbe easilygeneralized
to the generic recursiveimage-templateproduct by simple substitutionof the specific
operationssuchas multiplication and addition, by the genericoperations)) and~. More
precisely, given a semiring (F, v, O) with identity, then one can define the generic
recursive product
¥.<)

@ F* x (FX, FY) FY
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by definingb = a@_t by

b(y)=T [a(x) O tgy(x)]y T

zES(tﬁy) z€5(t<y)

[b(2) O t<y(2)].

Again, in additionto the basicrecursivetemplateoperationgliscusseaarlier,awide variety
of recursivetemplate operationscan be derived from the generalizedrecursiverule by
substitutingdifferentbinary operationdor ) and~. Additionally, parameterizedecursive
templatesare defined in the samemanneras parametrizechonrecursivedemplatesnamely
as functions

(Y,<)

t:P— (FX, FY)
whereP denoteshe setof parametersandt(p) = (t(p)%, t(p)<> with t(p) , € ([FX)Y
andt(p)_ € (FY)™¥7.

Summary of Recursive Template Operations

In the following list of pertinentrecursiveimage-templatgroductsa € FX and
t e (FX, [FY)(Y’<). As before,for eachoperationwe assumethe appropriatevalue setF.

recursivegeneric product

(v,b(y)) : b(y)=yeY, L ) [a(x) O tay(x)]y

a®<t - ’ zES(t{y
[b(2) O t<y(2)]

z€5(t<y)

recursivelinear product

(y,b(y)) : bly)=y €Y, 2 (ax) - tuy(x))+

"Ot= wes(i)
> (b(z) - tay(2))
z€S(t<y)
recursiveadditive max
am = | PO PE) =y €Y, xes,\){(%) [a(x) + b4y (x)] V
[b(z) + t<y(2)]
z€S_(t<y) )
recursiveadditive min
aly ot = (v,b(y)) : b(y) =y €Y, xes){\(t{y) [a(x) +' t 4y (x)] A

N [b(z) +' ty(2)]

Z€ S (t<y) /

recursivemultiplicative max

(y.b(y) : by)=yey, VY [OIxtuy(]v

xES(t7<y)
[b(z) x t<y(2z)]
z€S(t<y)

aQot=



1.7 Neighborhoods 37

right multiplicative min

3.b) by =yey, Sy RO

[b(z) <" t<y(2)]

zES(t<y)

a@t=

The definition of the left recursiveproductt ) __a is alsostraightforward.How-
ever, for sake of brevity and since the different left productsare not requiredfor the
remainderf this text, we dispenseawith their formulation. Additional factsaboutrecursive
products,their propertiesand applicationscan be found in [1, 56, 57].

1.7. Neighborhoods

Thereare severaltypesof templateoperationghat are more easilyimplemented
in termsof neighborhooperations.Typically, neighborhooperationgeplacetemplate
operationsvhenevethe valuesin the supportof a templateconsistonly of theunit elements
of the value set associatedvith the template. A templatet € ([FX)Y with the property
thatfor eachy € Y, the valuesin the supportof t, consistonly of the unit of F is called
a unit template

o\ 22
For example the invarianttemplatet ¢ [RZ“) shownin Figure1.7.1is a unit

templatewith respectto the value set (R, +, -) sincethe value1 is the unit with respect
to multiplication.

Figure 1.7.1. The unit Moore templatefor the value set (R, +, -).

N &
Similarly, the templater € (RZQOO shownin Figure 1.7.2is a unit template

with respectto the value set (R_.., Vv, +) sincethe value 0 is the unit with respectto
the operation+.

r=| 0| 0] O

Figure 1.7.2. The unit von Neumanntemplatefor the valueset(R_.., V, + ).
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AL
If X C 7% is anm x n arrayof points,a € RX, andt € (R?") isthe3 x 3

unit Moore template,then the valuesof the m x n imageb obtainedfrom the statement
b := a @t are computedby using the equation

by)= Y. al-tx)= Y. ax)-L.

x€XNS(ty) XEXNS(ty)

We needto point out that the differencebetweenthe mathematicakqualityb = a @t and
the pseudocodstatemenb := a @t is thatin the latter the newimageis computedonly
for thosepointsy for which X N S(t,) # <. Observethat sincea(x) - 1 = a(x) and
M(y) = S(ty), where M(y) denotesthe Moore neighborhoodof y (seeFigure 1.2.2),
it follows that

biy)= > alx).

x€EXNM(y)

This observationleads to the notion of neighbohood reduction In implementation,
neighborhoodeductionavoidsunnecessarynultiplication by the unit elementand, aswe
shall shortly demonstrate neighborhoodreduction also avoids some standardboundary
problemsassociatedvith image-templatgroducts.

To preciselydefinethe notion of neighborhoodeductionwe needa moregeneral
notion of the reduceoperationT : FX — F, which was definedin terms of a binary
operationy on F. The more generalform of T is a function

F:[FX|2x —F,

whereF*|,x = {a|lw : a€ FX, W Cc X}.
For example,if FX = RX, whereX C 72 is anm x n arrayof points,thenone
such function could be definedas

Y:R¥|x — R,
where  (alw) = Y, a(x). Anotherexamplewould be to define
xeW
T: [R’ZX|2x —R

asT (a|lw) = CML}W > a(x), thenT implementsthe averagingfunction, which we
XEW
shall denoteby average Similarly, for integer-valuedmages,the medianreduction
median : N¥|;x — N
is defined as median(alw) = median{a(x;,), a(x;,), ..., a(x;,)}, where
{Xi17 Xigy ==+ s Xi;,.} = W.

Now supposeX C Z, t € ([FZ)Y is a unit template with respectto the
operation() of the semiring(F,~, O), N : Y — 2% is a neighborhoodsystemdefinedby
N(y) = S(ty), anda € F*. It thenfollows thatb := a@®t is given by

b(Y) :xgxms(ty) (a(x) O ty(X)) :x£XﬂN(Y) a(X) ’

This observationleads to the following definition of an image-neighbdrood
product GivenX C Z, a € FX, areductionfunctionT : FX|,x — F, anda neighborhood
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systemV : Y — 2% (e, N € (ZZ)Y), thenthe image-neighbdroodproductb := a @ N
is defined by

b(y) =T (alxnn(y))

for eachy € Y. Note thatthe product @ is similar to the image templateproduct @)
in that @ is a function

@:FXx (297 S FY.

In particular,if a € RX, M : 72 — 22 is the Moore neighborhood,and
Ny &
t e ([R’ZZ‘> is the 3 x 3 unit Moore templatedefined earlier, thena Pt = a @M.

Likewise,aMr = aM N, wherer € [R’Zlfoo ’ denotesthe von Neumannunit template
(Figure 1.7.2) and N denotesthe von Neumannneighborhood1.2.2). The latter equality
stemsfrom the fact thatif b := aMr andc := aM N, thensincery(x) = 0 for all
x € XN S_s(ry) and S_.(ry) = N(y) for all pointsy € 72, we havethat

by)=  \V  am+rnt= \/  ak)=cly).

x€XNS_o(ry) xeXNN(y)

Unit templatesactlike characteristicfunctionsin thatthey do not weigh a pixel,
but simply note which pixels are in their supportand which are not. When employedin
the image-templateoperationsof their semiring, they only serveto collect a number of
valuesthat needto be reducedby the gammaoperation. For this reason,unit templates
are also referredto as characteristictemplates Now supposethat we wish to describea
translationinvariant unit templatewith a specfic supportsuchasthe 3 x 3 supportof the
Moore templatet shownin Figurel1.7.1. Supposeurther that we would like this template
to be usedwith a variety of reductionoperationsfor instance summationand maximum.
In fact, we cannotdescribesuchan operandwithout regardof theimage-templat@peration
@ by which it will be used.For usto derivethe expectedesults,the templatemustmap
all pointsin its supportto the unitary value with respectto the combining operation().
Thus, for the reduceoperationof summationy_, the unit valuesin the supportmust be
1, while for the maximumreduceoperation\/, the valuesin the supportmustall be 0.
Therefore,we cannotdefine a single templateoperandto characterizea neighborhoodor
reductionwithout regardto the image-templateperationto be usedto reducethe values
within the neighborhood.However,we can captureexactly the information of interestin
unit templateswith the simple notion of neighborhoodunction. Thus, for example,the
Moore neighborhoodM canbe usedto addthevaluesin every3 x 3 neighborhoodiswell as
to find the maximumor minimumin sucha neighborhoody usingthe statementa @ M,
aM M, anda A M, respectively.This is one advantagdor replacingunit templateswith
neighborhoods.

Another advantageof using neighborhoodsnsteadof templatescan be seenby
consideringthe simple exampleof imagesmoothingby local averaging.Supposea € RX,
2 22
whereX C 7? is anm xn arrayof points,andt € (RZ“> is the3x 3 unit Mooretemplate

with unit valuesl. Theimageb obtainedfrom the statemenb := %(a @t) representshe
imageobtainedfrom a by local averagingsincethe new pixel value b(y) is given by

by)=3 S al) =3 > ak).

XEXNS(ty) XEXNS(ty)
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Of course, there will be a boundary effect. In particular, if X =
{(i,j) : 1<i<m, 1<j<n}, then

b(1,1) = %(a(l, 1) +a(1,2) +a(2, 1) + a(2,2)),

which is not the averageof four points. One may eitherignore this boundaryeffect (the
most commonchoice), or one may one of severalschemedo preventit [1]. However,
eachof theseschemesaddsto the computationalburden. A simpler and more elegant
way is to usethe Moore neighborhoodunction M combinedwith the averagingreduction
a = average. Thesimplestatemenb := a (o) M providesfor the desiredocally averaged
image without boundaryeffect.

Neighborhoodtcompositionplaysanimportantrole in algorithmoptimizationand
simplification of algebraicexpressionsGiventwo neighborhoodunctions Ny, N, : R* —
2R™ then the dilation of N by N», denotedby Ny @N-, is a neighborhoodfunction
N : R" — 28" which is definedas

Ny)= | ™M®»+®-y),

PENa(y)

where N(y) +q = {x+q : x € N(y)}. Justasfor templatecomposition,algorithm
optimizationcan be achievedby useof the equationa © (N @Nz) = (a ©N1) @ N, for
appropriateneighborhoodunctionsand neighborhoodreductionfunctionsT. For k& € N,
thekth iterate of aneighborhoodV : R — 2R" is definedinductivelyasN* = N*~1 @ N,
where N%(y) = {y} Vy € R".

Most neighborhoodunctionsusedin image processingare translationinvariant
subsetf R™ (in particular,subsetof 72 ¢ R?). A neighborhoodunction N : R — 28"
is said to be translationinvariantif N(y + p) = N(y) + p for every point p € R™.
Given a translationinvariantneighborhood\, we defineits reflectionor conjugate N* by
N*(y) = N*(0) +y, whereN*(0) = {—x : x € N(0)} and0 = (0,0, ...,0) € R"
denotesthe origin. Conjugateneighborhoodsplay an important role in morphological
image processing.

Note alsothatfor a translationinvariantneighborhoodN, the kth iterateof N can
be expressedn terms of the sumof sets

N*(y) = N*"'(y) + N(0).

Furthermore, since N*~'(y) + N(0) = U (N '(y)+q) and
qEN(0)
U (M Yy)+a) = U (N*'(0)+p), we have the symmetric relation
qEN(0) PEN(Y)

N*(y) = N*7'(0) + N(y).

Summary of Image-NeighborhoodProducts

In the following list of pertinentimage-neigborhoogroductsa € FX, X C Z,
andN € (2Z)Y. Again, for eachoperationwe assumehe appropriatevalue setF.

generic neighborhoodreduction

a®N = {(y,b(y)) : b(y) =T (alnw), y € Y}
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neigborhoodsum

a@®N={(y,b(y) :by)= > ax),yeY

neighborhoodmaximum

neighborhoodminimum

aMN =3 (y,b(y): bly)= \/ ax), er}

a@N=1((y,by):by)= J ax),yeY
xEXNN(y)
Note that
a@N ={(y,b(y) : by)= \/ ax),yeY

x€XNN(y)

and, therefore,a @N = aM N. Similarly, a®N = a@A N.

Although we did not addressthe issuesof parameterizecheighborhoodsand
recursiveneighborhoodoperations,it should be clear that theseare definedin the usual
way by simple substitutionof the appropriateneighborhoodunction for the corresponding
Booleantemplate. For example,a parameterizedheighborhoodvith parametersn the set
Pis afunctionN : P — (QZ)X. Thus,for eachparametep € P, N(p) is a neighborhood
systemfor X in Z since N(p) : X — 2%. Similarly, a recursiveneighborhoodsystemfor
a partially orderedset (X, <) is a function N = (Ng, N<) : X — (2%,2%) satisfyingthe
conditionsthat for eachx € X, x ¢ N.(x), andfor eachz € N.(x), z < x.

1.8. The p-Product

It is well known that in the linear domain templateconvolution productsand
image-templateproductsare equivalentto matrix productsand vector-matrix products,
respectively[58, 1]. The notion of a generalizedmatrix productwas developedin order
to provide a generalmatrix theory approachto image-templateproductsand template
convolutionproductsin boththe linearandnon-lineardomains.This generalizednatrix or
p-productwas first definedin Ritter [59]. This new matrix operationincludesthe matrix
and vector productsof linear algebra,the matrix product of minimax algebra[60], as
well as generalizedconvolutionsas specialcases[59]. It providesfor a transformation
that combinesthe sameor differenttypesof values(or objects)into valuesof a possibly
differenttype from thoseinitially usedin the combiningoperation.It hasbeenshownthat
the p-productcanbe appliedto expressvariousimageprocessingransformsn computing
form [61, 62, 63]. In this documenthowever,we consideronly productsbetweenmatrices
having the sametype of values. In the subsequentliscussionF € {R, C} andthe setof
all m x n matriceswith entriesfrom F will bedenotedby F,, «,,. We will follow the usual
conventionof settingF” = F1,, andview F" asthe setof all n-dimensionakrow vectors
with entriesfrom F. Similarly, the setof all m-dimensionalcolumn vectorswith entries
from F is given by (F™)" = [F1xm] = Fomx1.
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Let m,n, and p be positive integerswith p dividing both m andn. Define the
following correspondences:

cp i L} XZ:/I)—)ZTT

. n .
by Cp(kv.]) = (k_ 1); +.]7

Wherelgjgﬁ,andlgkgp,
p

and

+
m/p

by rp(i, k) = (i —1)p + &,
where1 < k < p,and1<i< 2

Ty L XZ;HZ;

Sincerp(i, k) < rp(i', k') & i <" or i =

= i and k < k', r, linearizesthe array
Z;/p X Z; using the row scanningorder as shown:
1 2 k P ]
( (1,1 (1,2) (1,k) (L,p)
p+1 pt2 ptk 2p
(2,1) (2,2) - (2,k) (2,p)
(i—1)p+1 (i—1)p+k ip
(5,1) (4,2) (4,k) (i)
L((m/p)—l)pﬂ (m/p)p=m
(m/p,1) (m/p2) - (m/pk) (m/p,p)

It follows that the row-scanningorder on Z;/p X Z;; is given by

(i) < (I K) & rylisk) <rpli', )
or, equivalently, by
(k)< (@, K)si<i ori=1 andk <k .
We define the one-to-onecorrespondence

fo Iy XTI}, xTy — I x I,

by fp:(z,y,2) = (2,1p(y,2)).
The one-to-onecorrespondencallows us to re-indexthe entriesof a matrix A = (a, ) €
Fixm in termsof atriple index a, (; ) by usingthe convention

s (k) = Asp & Tp(i, k) =1,
where 1<i<m/p and 1 <k<p.
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Example: Supposd =2, m =6 and p=2. Thenm/p=3, 1<k <
p=2, and 1 <i<m/p=3. Hencefor A = (as:) € Faxs, We have

A= ail a2 a13 a4 ais G416
a1 azz2 a23 Q24 A5 (26

:<a1,(1,1) a1,(1,2) @1,(2,1) @1,(2,2) @1,(3,1) al.(3,2’)>.
a2,11) 92,12 %221 @222 92,31 92,3.2)

The factor Z;} of the Cartesianproduct Z,} x Z; is decomposedn a similar
fashion. Here the row-scanningmap is given by

12y <L), — Ly
where cp(k,]) (k—1)(n/p) + 4,

1<j<n/p, and 1<k <p.

This allows us to re-indexthe entriesof a matrix B = (b ;) € Muxq(F) in termsof a
triple index b, ;)¢ by using the convention

birjye =bsp & cp(k,j) =,
where 1<k <p and 1<j<n/p.

Example: Supposen =4, ¢ =3 and p=2. Thenn/p=2, 1 <k <
p=2, and 1 < j <n/p=2. Hencefor B = (bs+) € F,xq, We have

bin b1z b3 bani banz bans
g b2 b2 bas | | baoyn baze Daos
bs1 b3z b33 b1y banz b3
by baz  bas b2)1 be2)2 be2)s3

Now let A = (asj/) € Fixm and B = (by ;) € Fpxq. Using the mapsr, and
¢p, A and B can be rewritten as

A = (as,3i k), where 1 <s <1, 1<r,(i,k) =75 <m, and
B = (b(kJ)J)an, where 1< ¢,(k,7) =14 <n and 1 <t <gq.

The p-product or generalizedmatrix product of A and B is denotedby A @, B, andis
the matrix

C=A®,B € Fin/p)x(m/p)aq

defined by

=

Clorg)(irt) = Z s (i k)P g)t) = (@s,i1)D(1 gy 0) + oo+ (s ) b))
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wherec, )i+ denotesthe (s, j)th row and (7, ¢)th columnentry of C. Here we usethe
lexicographicalorder (s, j) < (s',j") & s < s'or if s =s',j < j'. Thus,the matrix C
has the following form:

[ canay - “n) S CT IR IR € S DIC-N) R € 5 IO N C(l)l)< )q)

>
12y - 41,2)(L9) 41221 - ‘Q2)@e - CL2)6 - C(l,Z)(%,q)

“20,1) - A2, 1)(1yq) “2,1(2,1) -0 @D “2DGY

Dpan " Reo (pen T (e (en T (u)(30)
(21

C(Zy%)(lJ) 6(2,%)(1&) C(zy%)(zJ) 6(2,%)(2)(1) C(2y%)(i¢) 6(2’%)

e, ,1) v Y1) Cs)(2,1) 0 SN2 o S c(s B (m q)
I

‘ny - CQ(L,9) ‘uzy o D29 - QDG - C(m)<%yq)

Cep)on 7 ep)an Tep)en T E)es T (0 )eo T () (5) ]

Theentry ¢, jy,1) in the (s,))-row and (i,t)-columnis underlinedfor emphasis.
To provide an example,supposehat! = 2, m =6, n =4, and ¢ = 3. Then
for p = 2, oneobtainsm/p = 3, n/p =2 and 1 < k < 2. Now let

a1 G112 a3 a4 a5 aie
A= € Mo ye(R)
a21 @G22 QA23 0G24 Q25 0426

and
bin bz b3
b1 bao  bos
B =
b31 b3z b33
bsr  bao  Dbas

€ R4><3 -

Thenthe (2,1)-row and (2,3)-columnelementcs ;)2 3) Of the matrix

C=A®2B € Ritn/p)x(m/p)g = Raxo
is given by

2

CoN28) = Y, 02ma(2k)  Desk1).3
k=1

= 02,r5(2,1) * bey(1,1),3 F G2,r5(2,2) * es(2,1),3

= a3 - b1z + a4 - bzs.

Thus, in orderto computecs 1)(2,3), the two underlinedelementsof A are combinedwith
the two underlinedelementsof B asillustrated:
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bi1 b2 b1_3
<a11 a12 A13 @14 Q15 a16>®2 ba1  bag  bo3
a21 @22 G23 G24 Q25 (26 bs1 bza b33
b1 bao  ba3
_<a1,r2(1,1) a1,75(1,2)  QA1,r2(2,1) QA1,75(2,2) Q1,75(3,1) ‘11,7’2(3,2))69
N A2, ry(1,1)  A2,r9(1,2)  G275(2,1) A2,ry(2,2) A2,r5(3,1) @2 7r,(3.2) 2
be,(1,1),1 bey(1,1)2 ben(1,1),3
be,(1,2)1 bey(1,2)2 bew(1,2),3
bes(2,1),1 bes2,1)2 ben(2,1),3
be,(2,2)1 bey(2,2)2 bey(2,2),3
C(1,1)(1,1)  €(1,1)(1,2) €(1,1)(2,3) C(1,1)(3,3)
— | 2 €(1,2)(1,2) €(1,2)(2,3) €(1,2)(3,3)
C(2,1)(1,1)  €(2,1)(1,2) €(2,1)(2,3) €(2,1)(3,3)
C(2,2)(1,1)  €(2,2)(1,2) €(2,2)(2,3) €(2,2)(3,3)
€11 €12 - Cig C19
_ | C21 C22 C26 €29
C31 €32 C36 €39
C41  C42 C46 C49
In particular,
2 6 1 6 10 11 10 10 25 14 30 19
1 2 0 5 4 3 13 2} (7 3 10 15 0 20 13 12 20
<234106>®2225_10181710269121230
3 0 4 11 6 16 7 12 12 18 0 24
If
4
A:(_ll (1)) and B= |7 |,
3

then

(A @QB)I = (47 27 27 1) 7é (47

—2,6, —3) = B' @,A".

This showsthat the transposeproperty, which holds for the regular matrix product, is
generallyfalse for the p-product. The reasonis that the p-productis not a dual operation
in the transposalomain. In orderto makethe transposegropertyhold we definethe dual

operation @, of @, by

A@,B=(B'®,4)".

It follows that

A@,B= (B @,A

/)/

andthe p-productis the dual operationof @;. In particular,we now havethe transpose

property (A @pB)' =B @,



46 CHAPTER 1. IMAGE ALGEBRA

Sincethe operation @; is definedin termsof matrix transpositionJabeling of
matrix indices are reversed. Specifically,if A = (as) is anl x m matrix, then A gets
reindexedas A = (a,,(x;)), using the convention

Os (kj) = Qst < Cp(kvj) =t,
where 1<j<m/p and 1 <k <p.

Similarly, if B = (bs;) is ann x ¢ matrix, thenthe entriesof B are relabeledasb(; 1)+,
using the convention

by =bsp & 1p(isk) =,
where 1 <k <pand 1<i<n/p.

The product A @;B = C is then definedby the equation

p
gy = Y (@senbine) = (@@ + -+ (Gspbip.)-
k=1

Note that the dimensionof C is [ - % X % - q.
To provide a specificexampleof the dual operation @;, supposehat

bi1  bio

ba1  ba

a1 G122 @13 Q14 bay  bao

A= a21 Q22 A23 A4 and B = b b
41 42

az1 azz2 aszz a34 b b

51 52

be1  be2

In this casewe havel = 3, m = 4, n = 6, and ¢ = 2. Thus,for p = 2 andusing the
schemedescribedabove,the reindexedmatriceshave form

by, b
ba2)1 b2
bia,y,1 b2)2
bia,2)1 b2,2),2
bz, besiye
biz2)1 be32)2

ai(1,1) Q1,(1,2) Q1,(2,1) @1,(2,2)
A= Az (1,1) Q2,(1,2) 0G2,(2,1) 02/(2,2) and B =
az (1,1) a3,(1,2) a3,2,1) a3,2,2)

Accordingto the dual productdefinition, the matrix A @5 B = C' is a9 x 4 matrix givenby

€11 €12 €13 Ci4 C,0)(1,1)  C1,0)(1,2)  C,)(2,1)  €(1,1)(2,2)

€21 C22 C23 C24 C(1,2)(1,1)  €(1,2)(1,2)  €(1,2)(2,1)  €(1,2)(2,2)
C: =

61 Co2 C63  Cod CR3)11) €23)(12) 23R C23)22)

€91 Co2 Cg3  Co4 €(3,3)(1,1)  €(3,3)(1,2) €(3,3)(2,1) €(3,3)(2,2)
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The underlinedelementcgs is obtainedby using the formula:

2

Ce3 = C23)21) = P Aa(k)b@k).2 = a3,1,1)b@21)2 + 3,2,1)D2,2).2
k=1

Thus, in orderto computecgs, the two underlinedelementsof A are combinedwith the
two underlinedelementsof B as illustrated:

bi1 b1

ba1  bao

ajlp @12 a3 a4 b b
’ 31 32

a1 G2 G423 (24 @2 T

ba1  ban
a3y az2 a33 434 b _b
- - 51 52
be1  be2

As afinal observationnotethatthe matricesA, B, andC in this examplehavethe form of
the transpose®f the matricesB, A, and C, respectively of the previousexample.
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