Nine Points of Light: Acquiring Subspacegor FaceRecognitionunder Variable
Lighting

Kuang-ChihLeeY

Jefrey Ho *

David Kriegman*

BeckmaninstituteandComputerScienceDepartment
University of Illinois at Urbana-Champaign
Urbana,L 61801

Abstract

Previouswork hasdemonstatedthat the image variations
of manyobjects(humanfacesin particular) undervariable
lighting can be effectivelymodeledoy low dimensionalin-
ear spaces.Basisimages spanningthis spaceare usually
obtainedin oneof two ways: A large numberof imagesof
the objectunderdifferent conditionsis acquired, and prin-
cipal componentinalysis(PCA) is usedto estimatea sub-
space Alternatively a 3-D model(perhapsreconstructed
fromimages)is usedto rendervirtual imagesundereither
point sourcesfromwhich a subspacés derivedusingPCA
or more recentlyunder diffusesyntheticlighting basedon
spherical harmonics. In this paper we show that there
existsa con guration of nine point light source directions
sud that by taking nine images of ead individual under
thesesingle sources, the resultingsubspacas effectiveat
recanitionunderawiderange of lighting conditions.Since
the subspacés genemteddirectlyfromreal images,poten-
tially complex intermediatestepssuc as PCAand 3D re-
constructioncanbe completelyavoided;nor is it necessary
to acquire large numbes of training imagesor physically
constructcomple diffuse(harmonic)light elds. We pro-
vide both theoeetical and empirical resultsto explain why
thesdinear spaceshouldbe goodfor recaynition.

1. Intr oduction

To build arobustandefcient facerecognitionsystemthe
problem of lighting variation is one of the main techni-
cal challengesfacing systemdesigners. In the pastfew
yearsmary appearance-basetethodshave beenproposed
to handlethis problem,andnew theoreticainsightsaswell
as good recognitionresultshave beenreportedin various
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publicationsge.g.[1, 2, 3,4, 5, 6]. Themaininsightgained
from theseresultsis that thereare both empiricaland an-
alytical justi cations for usinglow dimensionalinear sub-
spaceso modelimagevariationsof humanfacesunderdif-
ferentlighting conditions.Early work shavedthatthe vari-
ability of imagesof a Lambertiansurfacein x edpose but
undervariablelighting whereno surfacepointis shadeved,
is a three-dimensiondinear subspacgl, 7, 8]. Whathas
beenperhapsnoresurprisingis thatevenwith castandat-
tachedshadwvs, thesetof imagess still well approximated
by a relatively low dimensionalsubspacealbeitwith a bit
higherdimension[2].

Underthe Lambertianassumptionthe setof imagesof
an object under all possiblelighting conditionsforms a
polyhedralcone,theillumination cone,in theimagespace
[3]. In afollow-up paper[9], it wasreportedthattheillu-
mination conesof humanfacescanbe approximatedvell
by low-dimensionalinear subspacesMore recently using
sphericaharmonicsandtechnique$rom signal-processing,
Basri and Jacobshave showvn that for a corvex Lamber
tian surface, its illumination cone can be accuratelyap-
proximatedby a 9-dimensionalinear subspacg6]. The
magicnumberof nine comesfrom the numberof spherical
harmonicswith degreelessthanthree. The major contri-
bution of their work is to treat Lambertianre ection asa
convolution processetweentwo sphericalharmonicsep-
resentinghelighting conditionandthe Lambertiarkernel.
By observinghatthe Lambertiarkernelcontainsonly low-
frequeny componentsthey deducethatthe rst nine (low
frequeng) sphericalharmonicscapturemore than 99% of
the re ection enegy. Using this nine-dimensionalinear
subspacea straightforvard recognitionschemecanbe de-
velopedandresultsobtainedn [6] areexcellent.

Thestartingpointof our paperis to understandhis nine-
dimensionakpaceproposedy BasriandJacobsn thecon-
text of the illumination coneand facerecognitionand to
explore otherwaysto constructthis linear subspace.The
importanceof this 9-dimensionalinear subspacdor face
recognitionis con rmed by the goodrecognitionresultsre-



portedin [6]. In their approachthe 9-dimensionalinear
subspacéH , the harmonicplane,is formedby simulating
nine harmonicimages:the imagesof the modelunderthe
lighting conditionspeci®edby sphericalharmonics.These
nineharmonicimagesform the basisof H . In orderto sim-
ulateharmonicimagesthe model's 3D structure or atleast
its normalsand albedos hasto be known in advance. On
the otherhand,simplelinearalgebratells usthatary setof
nine linearly independentectors(or images)in H is suf-
®cientto recover the plane. This hints at the possibility of
aneasiemway to obtainthe linear subspacethatis, canwe
®nd a setof ninerealimagessuchthatthe linear subspace
spannedby themcoincideswith theharmonigplane?For all
practicalpurposethe answerto this questionis 'no'. Since
ary realimagein H requiresa smoothlighting condition
speci®edby a linearcombinationof the ®rst nine spherical
harmonicsit is very dif®cult to reproduceheexactlighting
conditionin a commonlaboratoryervironment. However,
onecanaskadifferentbut relatedquestion:is thereanother
9-dimensionalinear subspacd&® which canalsoprovide a
goodrepresentatiorfior facerecognition? CanR be con-
structedn somecanonicafashion perhapavith ninephys-
ically andeasilyrealizedlighting conditions?

Sincewe know thatH is goodfor facerecognition,it is
probablya goodideato ®nd a planeR closeto H. From
the recognitionstandpoint,it is also preferableto require
thattheintersectiorbetweerR andtheillumination coneC
is aslarge aspossible. Thatis, we wantto ®nd a 9-D lin-
earsubspacer generatedy elementsin the illumination
coneC suchthat the distancebetweenR andH is mini-
mized(in someway)while the (unit)-volumeR\ C is max-
imized. In Section3, we formulatethe problemin terms
of maximizing an objectie function de®nedon the setof
extremerayson the cone. Our endresultis a setof nine
extremeraysthatspanR andtheninesourcedirectionscor
respondingo thesenine extremerays. It turnsout thatthe
resultingnine light sourcedirectionsare qualitatively very
similarfor differentindividuals. By averagingthe objective
functionsfor differentindividualsandmaximizingthis nev
objective function, we obtaina con®gurationof nine light
sourcedirections,the universalcon®guration,suchthaton
average thelinear spacespannedy the correspondingx-
tremeraysis agoodapproximatiorio theilluminationcone.
We demonstrat¢hatby usingthis universalcon®guratiorof
nine directionalsourcesgoodfacerecognitionresultscan
beobtainedusingthelinearsubspacspannedy theresult-
ing nineimages.

Fromapracticalstandpointacquiringimageunderasin-
gledistantandisotropiclight sourceis mucheasierandless
costly thanalternatves. Thatis, the linear subspaceR is
lot easierto obtainthanthe harmonicplaneH or anillu-
minationcone.Thisis particularlyapplicablefor acquiring
training imagesof individualsin a controlledervironment

suchasadriver's licenseof®ce, a bank,or a securityof®ce.

This paperis organizedasfollows. In the next section,
we brie'ysummarizeheideaof [6] usingaharmonicplane
H for facerecognition. The relationshipbetweenH and
the illumination cone[3] is explained. Our algorithmsfor
computingR andthe universalcon®gurationaredescribed
in Section3 and4, respectiely. The ®nal sectioncontains
abrief summaryandconclusionof this paper

2 Harmonic Images and the Illumi-
nation Cone

2.1 Lambertian Re ection and Spherical
Harmonics

In this section,we brie'y summarizethe recentwork pre-
sentedn [6, 10, 11]. Considera corvex Lambertianobject
with uniform albedoilluminated by distantisotropic light
sourcesandp is a pointonthe surfaceof the object.Pick a
local (x; y; z) coordinatesystenmF, centeredatp suchthat
the z-axis coincideswith the surfacenormalat p, andlet
( ; ) denotethe sphericalcoordinatesenteredat p. Un-
der the assumptiorof distantand isotropic light sources,
the con®gurationof lights thatilluminate the objectcanbe
expressedisa non-ngative functionL ( ; ). There ected
radianceatp is givenby

RR
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with  thealbedoandk( ) = max(cos ;0), the Lamber
tian kernel. A similar integral canbe formedfor ary other
point g on the surfaceto computethe re”ectedradiance
r(q). Theonly differencebetweertheintegralsatp andq is
thelighting functionL : ateachpoint,L is expressedn alo-
calcoordinatesystem(or coordinatdrameF,) atthatpoint.
Therefore consideredasa function on the unit sphere L
andL q differ by arotationg 2 SO(3) thatrotatesheframe
FptoFq. Thatis,Ly( ; )= Lg(a( ; ))-

The sphericaharmonicsarea setof functionsthatform
anorthonormabasisfor thesetof all square-intgrable(L ?)
functionsde®nedon theunit sphere They aretheanalogue
onthesphereto the Fourierbasisontheline or circles. The
sphericaharmonicsy, , areindexedby two integersl and
m obgyingl Oand | m I

Yim (5 )= Nim PI™ (cog( )™ @)

whereN, is a normalizationfactorguaranteeinghat the
integral of Yim ~ Yiomo = mmo 110, andP/™ is the associ-
atedLegendrefunctions(its precisede®nitionis notimpor-
tant here;however, see[12]). In particulay therearenine



sphericaharmonicswith | < 3. Onesigni®cantpropertyof
thesphericaharmonicgs thatthepolynomialswith ®xed -
degreeform anirreduciblerepresentationf the symmetry
groupSO(3), thatis, arotatedharmonidis thelinearsuper
positionof sphericaharmonicsof samel-degree.For a 3D
rotationg 2 SO(3):

Yim (g( ; )) = gll‘nn YIn( ; ): (3)
n= 1

Thecoef®cientsyy),,, arerealnumbersanddeterminedy g.

Expandingthqj_ambertiankernelk( ) in termsof Yy, ,
one hask = |1:o kYio. Becausek( ) hasno -
dependeny its expansionhasno Y|, componentswith
m 6 0. An analyticformulafor k; wasgivenin [6, 10].
It canbe shavn thatk; vanishedor odd valuesof | > 1,
andthe even termsfall to zerorapidly; in addition, more
that 99% of the L2-enegy of k( ) is capturedby its ®rst
threeterms,thosewith | < 3. Becauseof thesenumerical
propertiesof k;, by Equationl, ary high-frequeng (I > 2)
componenbf thelighting functionL ( ; ) will beseverely
attenuatedThatis, theLambertiarkernelactsasalow-pass
®lter. Thereforefor asmoothlighting functionL , theresult
of computingre ectedadianceusingEquationl canbeac-
curatelyapproximatedy thesameintegralwith L replaced
by L°, obtainedby truncatingthe harmonicexpansionof L
atl > 2. Sincerotationspresere thel-degreeof the spher
ical harmonicg(rf. Equation3), the sametruncated.° will
work atevery surfacepoint.

2.2 Harmonic Images

From the above discussion,it follows that the set of all
possibleimagesof a corvex Lambertianobject underall
lighting conditionscanbe well approximatedy nine'har-
monicimages','images’' formedunderlighting conditions
speci®edby the ®rst nine sphericalharmonics. Exceptfor
the®rst sphericaharmonic(whichis a constant)all others
have negative valuesandtherefore they do not correspond
to real lighting conditions. The correspondingharmonic
images'arenotrealimagesandaspointedoutby [6]: “they
areabstraction.Knowing the object's geometryandalbe-
dos,theseharmonicimagescanbe synthesizedisingstan-
dardtechniquessuchastheray-tracing.

For sphericalharmonics the sphericalcoordinates ;
are a little bit complicatedto work with. Instead,it is
usually cornvenientto write Y, as a function of x;y;z
ratherthan angles. EachsphericalharmonicY, (X;Y; z)
expressedn termsof (X; y; z) is a polynomialin (x; y; z)
of degreel. The®rst ninesphericaharmonicsn the Carte-
siancoordinatesire

Yoo = 0:2821; 4)

Fig. 1: The nine simulatedharmonicimagesof a facefrom Yale
Database.The light gray anddark gray indicatethe positive and
negative pixel values.Sincethe Yoo is aconstantthe correspond-
ing harmonicimage simply scalesthe albedovaluesas shavn
in Picture1. Pictures4 is the harmonicimage correspondgo
Y1 1 = z, which givespositive valuesfor all pixels. Here,the
imageplaneis de®nedasthexy -plane.

(Y115 Y10; Y1 1) = 0:4886(;Y; 2); (5)
(Y21;Y2 13 Y2 2) = 1:093(xz;yz;Xy); (6)
Yoo = 0:3154(%% 1); (7)

Yo = 0:5462K%  y?): (8)

Figurel shows therenderecharmonicimagesfor aface
taken from the Yale Database Thesesyntheticimagesare
renderedby sampling1000rayson a hemisphereandthe
®nal imagesare the weightedsum of 1000 ray-tracedim-
ages. Unlike [6] which only accountedor attachedshad-
ows, theseharmonicimagesalsoincludethe effectsof cast
shadavs arising from non-cowex surfaces. Therefore,all
nine harmonicimagescontain 3D information (i.e., the
shadwvs) of the face. The valuesof the sphericalharmon-
ics ata particularpointis computedeasilyusingEquations
4-8.

2.3 Relationto the lllumination cone

From the discussiorabore, we canconcludea few things
aboutthe relationshipbetweenthe linear subspacéd gen-
eratedby the harmonicimagesand the illumination cone
C [3]. We let P denotetheinterior of the positive orthant:
P = f(x1;:::;%xn)jXi > 0forl i ng,wheren isthe
dimensionof theimagespacej.e. thenumberof pixels.
First, H approximatesvell the imagesobtainedunder
smoothdiffuse lighting. Imagesresultingfrom this type
of lighting typically lie in P. Thatis, ever)ﬁoi_xel is illumi-
nated.In fact,Thepolynomialf (x;y;z) = 3 (X+y+2z)
is anon-ngative functionon the unit sphere. Theimageof
ahumanfaceresultedrom alighting conditionspeci®ecby



P
PCA Plane

Fig. 2: Crosssectionof theillumination coneC. Thesolid circles
denotethe extremeraysof the cone. A) TheintersectionC \ H
is shavn asthe dashedine. Notice thatthe intersectionrdoesnot
containextremeraysandH is parallelto the directionin which
C is the thickest. B). A possible9-dimensionalspacewhich is
goodfor facerecognition.C) A PCA planeobtainedby choosing
extremeraysp andq assamples.

f hasno pixel with zerointensityvalue. Theproofis simple
sincethethezerosetof f arelinesontheunit sphere That
is, theintersectiorof H with theinterior of theconeC\ P
is non-empty. the necessargonditionfor H to bea good
approximationof C. Secondthe goodrecognitionresults
reportedby [6] suggesthefollowing two possibilities.

1. Thevolumeof theintersectionC \ H islarge.

2. TheintersectionC \ P is'concentratednearC\ H.

Thatis theilluminationconeC is thick in thedirectionspar
allel to H while it is thin in directionsperpendiculato H .
If noneof theabove conditionsis true, it will bedif®cult to
explainthegoodrecognitionresultsreportedn [6]. A gen-
eral pictureemepgedfrom theseobsenationsis depictedin
Figure2(a).lt is thennaturalto askthe questions:ls there
anotheR-dimensionalinearsubspac® whichis alsogood
for facerecognition?CanR be constructedothatit is, in
someway, intrinsic to the illumination cone? Expressed
differently is therea canonicalprocedureto determineR
directly from the illumination cone? And consideringthe
compleity of the illumination cone,how do we compute
R, if it exists? This is depictedin Figure2(b). In thefol-
lowing sectionswe provide our (partial) solutionsto these
questions.

Of course, there are mary ways to arrive at a 9-
dimensionallinear subspace. The most common and
straightforvardway s to sampleémagesin theconeanduse
the principal componentinalysis.However, principalcom-
ponentanalysisdepend$eavily onthesampleémagesused
to de®nethe correlationmatrix, whoseeigervectorsde®ne
theresultingPCA plane.A biasedsetof samplege.g.small
numberof sampleswould producea PCA planethatis not
effective for facerecognition,asshovn in Figure2.

3 Low Dimensional Linear Approxi-
mation of lllumination Cone

In this section,we detail our algorithm for computingR.
Recallthatour overall aimis to ®nd a 9-dimensionalinear
subspac® whichcanprovideabasisfor agoodfacerecog-
nition method;in addition, we would like to have some
canonicaprocedurghatcandetermineRr directly from the
illumination cone.Givenamodel(humanface),we assume
thatwe have the detailedknowledgeof its surfacenormals
and albedos. Using the methodsoutlinedin the previous
section,we can constructits harmonicplaneH. Let C
andEC denotethe models illumination coneandthe set
of (normalized)extremeraysin the cone,respectiely. By
anormalizedextremeray, we meanthe uniquepointonthe
extremeray with magnitudel. For notationalreasonwe
will not make ary distinction betweena (normalized)ex-
tremeray (whichis animage)andthedirectionof thecorre-
spondinglight sourcetherefore dependingon the context,
anelemenbf E C candenotesitheranimageor adirection.

3.1 Computing the Linear SubspaceR

SinceR is meantto provide a basisfor a goodfacerecog-
nition method,we requireR to satisfy the following two
conditions:

1. TheangulardistancebetweerR andH shouldbemin-
imized.

2. The(unit) volumeC \ R shouldbe maximized.(The
unitvolumeis de®nedasthevolumeof theintersection
of C\ R with theunit ball).

NotethatC \ R is asubconeof C. Therefore the second
conditionis equivalentto maximizingthe anglesubtended
by thesubconeC \ R. Sincewe know thatH is goodfor
facerecognition. It is reasonabléo assumehatary sub-
spacecloseto H would likewise be goodfor recognition;
hencethe ®rst condition.

In [3], it wasshawvn thatthe numberof extremeraysis
m(m 1) wherem is the numberof distinct surfacenor
mals- m is typically greaterthan100Q Thereforejn most
casesthe full illumination coneC is too dif®cult to com-
pute. This implies that a linear subspacer satisfyingthe
two conditionsabove is alsolikely to be dif®cult to com-
pute. Insteadwe computea R asa sequencef nestedin-
earsubspace®, Ri1 i R Ro = R with
Ri;i > Oalinearsubspacef dimensioni andR, ; as
follows. First, we let E C; denotethe setobtainedby delet-
ing i extremeraysfrom EC. It followsthatECy = EC.
We will de®neR; andE C; inductively. AssumethatR; ;
andEC; ; havebeende®nedor computed) ThesetE C;
andR; arede®nediteratively asfollows:



Let x; denotetheelemenin EC; ; suchthat

distOx Ri 1) |
dist(x; H)

R; is de®nedasthe spacespannedyx; andR; 1, andthe

setEC; isde®nedasE C; 1nx;. Thealgorithmterminates
after Rg R is computed. Note that sinceH is the har

monicplane dist(x; H) is alwaysnon-zerdor allx 2 EC;.

WhencomputingR 1, we de®nalist(x ; Rg) = dist(x;;) to

be l. Thereforethe®rstelemenk; istheextremerayin C

thatis closesto the harmonicplaneH .

Xi = arg max
X2EC;i 1

©

3.2 Discussion

From the recognitionstandpoint.the optimal linear plane
R shouldbe the planethat maximizesthe unit volume of

the intersectionR \ C. To formulatethis problemmore
precisely let GR(n; 9) denotethe spaceof 9-dimensional
linear subspacesf IR", the GrassmannianThe unit vol-

umeof theintersectionS\ C of eachS 2 GR(n; 9) with

theillumination coneC de®nesa continuousfunctionvol

on GR(n; 9) andthe optimal linear planeR is simply a
globalmaximumof vol. Sincethedimensionof GR(n; 9)

is9(n  9) andn is the numberof pixels, directcomputa-
tions on GR(n; 9) is out of question. Instead,we restrict
our domainto a subsetlD of GR(n;9) consistingof 9-

dimensionalinearsubspacegeneratedby theextremerays
of C. Thatis, eachlinear spacein ID hasa basisconsist-
ing of only extremerays of the cone. The maximization
problemis now equivalentto maximizingthe“solid angles”
subtendedby theextremeray basis.ThespacdD is discrete
andcontainsatmostC(e;9) points(e is the numberof ex-

tremerays). If e is small,we canenumeratevery pointin

ID and computethe maximalintersection. This, again,is

not possiblein general.

A straightforvardapproachusingagreedyalgorithm,is
similar to the iterative stepswe outlinedabove. However,
the greedyalgorithmcannot guaranteghat a global max-
imum is reachedat the end; neverthelesspne expectsthe
resultinglinear spaceR should have “large” intersection
R\ C. Startingwith ary extremeray, we caniteratively
®nd asequencef extremerayssuchthatthe successie lin-
earspacespannedy theseraysintersectheconein some
'maximal way'. We formulatethis in termsof maximiz-
ing the distancebetweena normalizedextremeray x and
the currentlinear spaceR; asin the numeratorof Equa-
tion 9. Of course,the resultinglinear subspaceyenerated
by this processlepend®n theinitial extremeray. Figure3
illustratestwo possibilities. If the numberof extremerays
is small, we can perform the sameiterative processwith
every extremeray asthe initial ray. Unfortunately this is
computationallyimpossiblein our casebecausef thelarge
numberof extremerays. Therefore,it is importantto have

Fig. 3: Both®guresdepicta crosssectionof theillumination cone
with the dashediine indicating the harmonicplane. A) If p is

choserastheinitial ray, theresultinglinearsubspacetersectshe

coneonly ontheboundaryB) If qis chosennsteadtheresulting
linearspaceis theoptimalone.

agoodinitial ray to startwith. In our case our startingray
X1 is the extremeray thatis closestto the harmonicplane
H. Accordingto our obsenation,H shouldbe parallelto
the directionsin which the coneis thickestand morethan
likely, thereis analmostoptimalR whichis closetoit. This
almostprovesthe factthatan almostoptimal planeis very
likely to containour initial ray x;. Thatis, our iterative
procesawill startattherightinitial value.

In asenseconditionl is not necessaryf the numberof
extremeraysis small. However, if thisis not the case for
computationafeasonit is necessaryo have agoodstarting
ray. Condition1 or moreprecisely the harmonicplaneH
providesuswith agoodguess.

3.3 Experimentsand results

In our implementationfE C, the full setof extremeraysof
C, is replacedby a subsetof 200 extremerays. Follow-
ing [5] we obtainthese200 rays by uniformly sampling
the hemisphere.For eachsampleddirection, we produce
the correspondingextremeray by renderingan imageun-
der a single directionalsourceemanatingfrom this direc-
tion (with intensitysetto 1). Theazimuth andelevation
anglesarede®nedonthehemisphersuchthatfor thes00
images, variesbetween 180 and180 and goesfrom
0 to 87 . This setof 200 sampledextremeraysis used
to de®nethe domainfor the maximizationprocedurespec-
i®ed by Equation9. We have implementedour algorithm
for computingthe linear subspaceR usingthe Yale Face
Databasé. For tenindividuals,the Yale databaseontains
a 3D modeland45 imagesunderdifferentlighting condi-
tionsof eachperson.

Someresultsof computingthe 9-dimensionalinearsub-
spacer for eachpersorin thedatabasareshavnin Figure
4. For eachextremerayformingabasisvectorof R, we plot



Fig. 4: The ®rst row displaystwo of the ten uncroppedfacesin

the Yale database The secondrow is the correspondingplots of

the nine directionsproducedby our algorithm. The polar axis is

theelevationangle andtheazimuthangle goesto the usual

in the 2D polarcoordinatesThe circlesrepresenthe circleswith
= 25 ;50 and75 , respectrely.

thedirectionof the correspondindight source.lt is worth-
while to notethatthe setof nineextremerayschoserby the
algorithmhasa particulartype of con®guration.First, the
frontal direction(with = = 0) is alwayspresent.In
fact, it is alwaysthe ®rst basisvectoix, the oneclosestto
the harmonicplaneH . Secondpesideghe frontal image,
thereareanother2 to 3 @interior’images,i.e. thosepro-
ducedby the lighting directionswith j j; 65 Third,
the other directionsare concentraten the sides(rather
thanabove or below) andwith directionsj j: 65 . It
is well known that thesedirectionsproducelarge shadavs
on humanfaces,andmakesfacerecognitionmoredif®cult
[9]. Ourresultsseemto tell usthe obvious: moresamples
areneededn the partof the hemispher¢hatis mostlikely
to producedif®cult imagesto recognize.lt is importantto
notethatit is by no meancleara priori thatour algorithm
basedon the two conditionsexplainedin Section3.1 will
favor suchtype of con®gurations.

4 Nine Points of Light

The resultsin the previous sectiondemonstratehat, for
eachindividual, thereexistsa con®guratiorof ninelighting
directionssuchthat the linear subspacespannecdby these
imagesis a goodlinear approximationof the illumination
cone. The con®gurationsare qualitatively similar for dif-
ferentindividualswith smallvariationsin eachlighting di-
rection. It is thenlogical to seeka ®xed con®gurationof
ninelighting directionsfor all individualssuchthatfor each

Fig. 5: The plot (the projectionfrom the hemispherd ; ) onto
thexy-planein polarcoordinategr; )is: ! r; ! )ofthe
universalcon®guratiorof ninelight sourcedirectionswith all 200
samplepoints. The circlesrepresenthecirclesonthehemisphere
with =25 ,50 and75 , respectiely.

individual, on averagethelinearspacespannedy thecor
respondingextremeraysis a goodlinear approximatiorto
theillumination cone.

To ®nd suchacon®gurationor anapproximatef it), we
canmodify our previous methodslightly by computingthe
averageof the quotientin Equation9 over all the available
trainingmodels.With all thenotationsde®nedasabove, we
®ndthenestedinearsubspacd®y R; i@ R;

Rg = R by computingeachx; suchthat

( ; .
X dist(x; RK ;)

Xi = al’g max W

x2EC; - (10)
Sincewe arecomputingequation9 for all theavailableface
modelssimultaneouslythe setE C denoteghe setof 200
samplepoints on the hemisphereand for eachx 2 EC,
xk denotesheimageof modelk takenunderasinglelight
sourcewith directionx. EC; denoteghe setobtainedby
deletingi elementdrom EC. k indexesthe availableface
models. H* denotesthe harmonicplaneof modelk and
RK | representghe linear subspacespannedby the im-
agesxX; ;xKg of modelk underlight sourcedirections
fxi;  iXig.

We call the resulting con®guration of nine direc-
tions the universal con®guration. Thesedirectionsaref
(0;0), (68;90), (74; 108), (80;52), (85; 42), (85, 137),
(85;146), (85; 4), (51,67) g. They alongwith the 200
samplesonthehemispherareplottedin Figure5.



Fig. 6: Imagesof oneof the 10 individualsunderthe 4 subsetof
lighting. See[5] for moreexamples.

4.1 RecognitionResults

Next we apply the previous resultin a recognitionexperi-
mentto seeif the con®gurationof nine directionsleadsto
effective facerecognitioncomparedo usingeithertheil-
lumination coneor eigenfices. Using this setof nine di-
rections,we constructa linear subspacdor eachof theten
persondy renderingheimagesof eachpersorunderthese
lighting conditions. In practice the nineimagesshouldbe
real; however, dueto the lack of sampleswe have opted
for renderinginstead.We call our methodthe Nine Points
of Light (9PL) method. The recognitionresultsof 9PL us-
ing this particularcon®gurationof nine lighting directions
given above togetherwith other methodsreportedprevi-
ouslyin [13] areshavn in Table4.1.

Fortherecognitiontest,realimagesof tenfacesachun-
der45 differentlighting conditionsareused,andthe testis
performedonall of the450images.Theresultsaregrouped
into 4 subsetsccordingo thelighting anglewith respecto
thecameraaxis. The®rsttwo subsetgoverangle® 25,
third25 50, andthefourth50 77 .

All of the other methodsreportedin the table require
considerablamountof off-line processingntrainingdata.
For theNine Pointsof Light method thereis notrainingin-
volved!! Thework is almostminimal: only nineimagesare
neededIt is alsointerestingo obsene thatour methodper
formsmuchbetterthanthe eigenficesmethod.It shouldbe
pointedout thatall the methoddistedin Table4.1 thatre-
quire off-line processingveretrainedusingall the images
of Subsetl and 2, in particular the eigenficesand linear
subspacenethods. Our nine renderedmagesare mostly
from Subset} (sevenimagesperperson).Becausef this, it
is expectedhatour methodshouldperformbetterthanmost
of theothermethoddor Subset whichis themostdif®cult
subsetwith greatamountof shadev variations. This is in-
deedthe case. However, for Subsetsl-3, our methodstill
performsequallywell comparedvith all othermethods.

4.2 Further DimensionalReduction

We have demonstratethatthereis a con®gurationof nine
light sourcedirectionswhich provide agoodrepresentation

| COMPARISON OF RECOGNITION METHODS |

Method Error Rate(%) vs. lllum.
Subset| Subset| Subset
1&2 3 4
Correlation 0.0 23.3 73.6
Eigenfaces 0.0 25.8 75.7
Eigenfaces 0.0 19.2 66.4
w/o 1st3
Linearsubspaceg 0.0 0.0 15.0
Cones-attached 0.0 0.0 8.6
9PL 0.0 0.0 2.8
Cones-cast 0.0 0.0 0.0

Table1: Therecognitionresultsusingvariousdifferentmethods.
Exceptfor the Nine Pointsof Light (9PL) method the datafor all
othermethodswveretakenfrom [9].

for facerecognition.As shown in [3], the actualdimension
of an illumination coneis the numberof distinct surface
normals. Hence for humanfacesthe actualdimensionof
the illumination coneis quite large; neverthelessthe pre-
vious resultsshowv that the illumination conefor a human
face( undera®xedpose)admitsagoodapproximatiorby a
9-dimensionalinear planein theimagespace.The natural
extensionof this conclusionis to furtherreducethe dimen-
sion of the linear approximationand obsene the resulting
recognitionrate.

We experimentedwith this type of dimensionalreduc-
tion by successiely usingeachinearsubspacé thenested
sequenceRgp R1 N Rj Ry = R, for
facerecognition. The resultsare shovn in Figure7. It is
clearthattherecognitionresultis still reasonablgoodeven
when the dimensionhasbeenreduceddown to only ®ve.
However, the error rate becomesoticeablewhen the di-
mensionis further reduced.Theseresultscorroboratewell
with the much earlierresultsof [1, 2]. They have shovn
thatusingb 2 eigenimagess suf®cientto provide agood
representatiorf the imagesof a humanfaceundervari-
ablelighting. The main distinctionsbetweentheseearlier
resultsand oursare 1) the linear approximationgrovided
by theearlierwork have alwaysbeencharacterizeéh terms
of eigenimagesIin contrast,our linear approximationsare
characterizethy realimages.2) Thereis noreportof recog-
nition resultsin theseearlierwork while we have demon-
stratedthatnot only agoodlow-dimensionalinearapprox-
imation of theillumination coneis possiblebut it alsopro-
videsreasonablyoodfacerecognitionresults.



Fig. 7: Left: The Error ratesfor facerecognitionusing succes-
sively smallerlinear subspaces.The abscissaepresentshe di-
mensionof the linear subspacavhile the ordinategivesthe error
rate. In this experiment,the extendedYale Face Databasegon-
taining1710imagesof 38 individuals,wasused.Right: Thetotal
errorrateonall 1710images.

5 Conclusionand Futur e Work

We have shavn that thereexists a setof nine single light

sourcedirectionsthatis importantfor facerecognition.The

linearsubspacspannedy the correspondingxtremerays
is agoodapproximatiorto theillumination, andit provides
good facerecognitionresultsundervariablelighting. We

obtainthe setby maximizinga function de®nedon the set
of theextremeraysof theillumination cone.Our resultpro-

videsa recipefor building a simple but robust facerecog-
nition system. By taking nine imagesof eachindividual

with singlelight sourcesemanatingrom thesenine direc-

tions, our resultsshav that thesenine imagesare already
suf®cient for the task of recognizingfacesunderdifferent
illumination conditions. The usualcomplicatedntermedi-
ate steps,suchasthe 3D reconstructiorof the model,can

be completelyavoided.

Onesurprisingconclusionof our work is that for mod-
eling the effect of illumination on humanfaces,linear su-
perpositionof a few directionalsourcesmay very well be
aseffective aslinear superpositiorof smoothdiffuselight
sources(the harmonicplane). This is surprisingbecause
thedirectionalsourceqrepresentedsdeltafunctions)and
smoothdiffuse sources(representeds smoothfunctions)
are,in someways,completelyoppositeof eachother In arny
function spacewith ary reasonablenorm, the deltafunc-
tions and smoothfunctionsare certainly different. We be-
lieve thatthis seeminglyparadoxicalkconclusioncanbe at-
tributedto the prominentgeometrideatureof humanfaces:
humanfacesaregenerally at andthe variationin normals
aregenerallysmallover a large portion of theface. Verify-
ing this claim will be oneof the mainthemesn our future
research.
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