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Abstract— Group-wise registration of a set of shapes repre- transformation would obviously be a non-rigid spatial map-
sented by unlabeled point-sets is a challenging problem since, ping. Solving for nonrigid deformations between pointsset
usually this involves solving for point correspondence in a non- with unknown correspondence is a hard problem. In fact, many
rigid motion setting. In this paper, we propose a novel and . . !
robust algorithm that is capable of simultaneously computing current methods only attempt to SONE? for affine al|g.nme]1t [2
the mean Shape_represented by a probabmty density function— Furthermore, we alSO encounter the ISsue Of the b|a.S problem
from multiple unlabeled point-sets (represented by finite mixture in registering two or more data sets, this is a significantésa
models) and registering them non-rigidly to this emerging mean the Atlas construction problem. Atlas construction hereiés
shape. This algorithm avoids the correspondence problem by oreation of a representative of a population of point data se
minimizing the Jensen-Shannon (JS) divergence between the . -
point sets represented as finite mixtures of Gaussian densities.each of Whlch_represents a 3Db/2D sh_ape. Before creating Sl_JCh
We motivate the use of the JS divergence by pointing out its @ representative, one needs to register the data sets. Since
close relationship to hypothesis testing. Essentially, minimizing we have more than two sample point-sets to be aligned for
the JS divergence is asymptotically equivalent to maximizing the creating an atlas, a question that arises is: How do we align
likelihood ratio formed from a probability density of the pooled all the point-sets in a symmetric manner so that there is no

point-sets and the product of the probability densities of the . - . L
individual point-sets. We derive the analytic gradient of the cost Pias toward any particular point-set? Once the regismaso

function namely, the JS-divergence, in order to efficiently achies  @chieved, the representative, atlas, is generally takebeto

the optimal solution. The cost function is fully symmetric with no  some sort of an average of the aligned point sets.

bias toward any of the given shapes to be registered and whose To overcome these aforementioned problems, we present a
mean is being sought. A by product of the registration process is novel approach to simultaneously register multiple psits

a probabilistic atlas which is defined as the convex combination of d truct the atl The idea is t del h point-set
the probability densities of the input point sets being aligned. Our and construct the atias. € idea I1s 1o model each point-se

algorithm can be especially useful for creating atlases of various Py a probability density function, then quantify the distan
shapes present in images as well as for simultaneously (rigidly or between these probability densities using an information-
non-rigidly) registering 3D range data sets (in vision and graphics theoretic measure. The distance is optimized over a space of
applications) without having to establish any correspondence. We coordinate transformations yielding the desired regisins.
present experimental results on non-rigidly registering 2D as well It i bvi that Il the d ity functi ¢
as 3D real and synthetic data (point sets). IS Obvious that once .a € enm_y un‘_: lons are trans-
formed through appropriate changes in their parametees, th
distance measure between these densities would be minimize
|. INTRODUCTION since all these densities should be similar to each other. We
i{Hgose regularization on each deformation field to prevent

In_regent years, t_here has been can|derabIe Interest in large transformations on each density representing thet-poi
application of statistical shape analysis to problems idioa sets. Jensen-Shannon divergence, first introduced indejes

image analysis and computer vision. Regardless of whether : ) -
. . . a model divergence measure between multiple probability
shapes are parameterized by points, lines, curves etc., the

7 . ?nsities, researchers have used it as a dissimilarity ureas
fundamental problem of estimating mean and covariance f3F image registration and retrieval applications in thestpa
shapes remains. We are particularly interested in the atddb g 9 PP P

. ) . - L (Hero et al. [4], He et al. [5] and Chiang et al. [6] But
point-set representation since statistical analysis afitpet ; . .
. . never for registration of two or more point set$ has some
representation of shapes is very mature [1]. Means, COV&lEry desirable properties. To name a few, i) the square root
ances and probability distributions on manifolds condedc y prop ) ' g

from point sets can now be defined and estimated [1]. of JS-divergence (in the case when its (convex combination)

The primary technical challenge in using point-set re rg_arameter s fixed tc%) Is a metric [7], ii) the JS-divergence
P y 9 9p P relates to other information-theoretical functionals;tsas the

e eap e i, W Taftue etopyor e ullbacLeter (<) chegencand
pond ; ) . boint Herice it shares their mathematical properties as well as the
properly aligned with appropriate spatial transformagiotf

the objects under consideration are deformable, the attequlgtwtlve mterp_retablllty, and iii) the cpmpared denemcar_w be
weighted, which allows us to take into account the different
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of section (I) gives a brief review of the literature, foausi and non-rigid transformation between each point-sets ¢o th
on differences between existing methods and ours. Sedtioreinerging mean shape using deterministic annealing and soft
contains a description of the formulation using JS-diveoge assign, and the generated mean shape is entirely symmetric
for our simultaneous nonrigid registration and atlas aoiest with no bias toward any of the original shapes. Garcin et
tion model as well as a derivation of the associated gradieait [16] attempt to solve the unlabeled point-set averaging
of the energy function. Section Ill contains a descriptioproblem using a similar idea as in [12], except that it's unde
of the computational techniques employed in our algoriththe diffeomorphism setting, and consequently the estidhate
for simultaneous non-rigid registration and atlas comsion. distance between point-sets are geodesic distances. ldgwev
Experimental results on 2D as well as 3D point-sets ane both of these works, the annealing procedure results in a
presented in Section IV. Finally, we draw conclusions islow algorithm. Unlike their approaches, we do not need to
section V. first solve a correspondence problem in order to subsequentl
solve a non-rigid registration problem.
The active shape model proposed in [17] utilized points to
represent deformable shapes. Their work pioneered thesffo
Extensive studies on the atlas construction for deformahtebuilding point distribution models to understand defabte
shapes can be found in literature covering both theoretiGgdapes [17], [18]. Objects are represented as carefuflpete
and practical issues relating to computer vision and pattdandmark points and variation of shapes are modeled using
recognition. Based on the shape representation used, #mey & principal component analysis. These landmark points are
be classified into two distinct categories. One is the methodcquired through a more or less manual landmarking process
dealing with shapes represented by feature point-sets, amtere an expert goes through all the samples to mark corre-
everything else is in the other category including thosgeha sponding points on each sample. It is a rather tedious pgoces
represented as curves and surfaces of the shape bounday, accuracy is limited. In recent work [19], they attempt
and these curves and surfaces may be either intrinsically overcome this limitation by trying to automatically selv
or extrinsically parameterized (e.g. using point locadi@md for the correspondences in a nonrigid setting. The resgyultin
spline coefficients). algorithm is very similar to the earlier work in [10] and is
The work presented in Klassen et al. [8] is a representatiuestricted to curves. The work in [2] also uses 2D points to
method using an intrinsic curve parameterization to amalylearn shape statistics, which is quite similar to the aciivepe
deformable shapes. Shapes are represented as elementsicofel method except that more attention has been paid to the
infinite-dimensional spaces and their pairwise differeace sample point-sets generation process from the shape. éJnlik
guantified using the lengths of geodesics connecting themr method, the transformation between curves is limited to
on these spaces. The intrinsic mean (Karcher mean) a@gid mapping, and the registration process is not symmetri
be computed as a point on the manifold (of shapes) whichThere are several articles on point-sets alignment in tecen
minimizes the sum of squared geodesic distances betwditarature which bear close relation to our research regbort
this unknown point to each individual shape, which lies ohere. For instance, Tsin et al. [20] proposed a kernel cor-
the manifold. However, the curves are limited to be closedlation based point-set registration approach where tis¢ ¢
curves, and it has not been extended to the 3D surface shajp@sction is proportional to the correlation of two kernehdiy
For methods using intrinsic curve or surface represemsticestimates. In [21], Jian et al. introduced a novel and robust
[8], [9], [10], further statistical analysis on them is muchalgorithm for rigidly and non-rigidly registering pairs data
more difficult than analysis on the point representatiort, beets using the L2 distance between mixtures of Gaussians
the reward maybe higher due to the use of the intrinsic high@presenting the point-set data. They derived a closed éxrm
order representation. pression for the L2 distance between the mixtures of Gaussia
Among the methods using point-sets parameterization, taed used it in their registration algorithm. Therefore.irthe
idea of using nonrigid spatial mapping functions, spedifica algorithm is very fast in comparison to existing methods on
thin-plate splines [11], [12], [13], to analyze deformabl@oint-set registration and the results shown are quainttat
shape has been widely adopted. Bookstein’s work in [1Matisfactory. However, they do not actually fit a mixtureglgn
successfully initiated the research efforts on the usage tof each point-set choosing instead to allow each point in
thin-plate splines to model the deformation of shapes. Thimch set to be a cluster center. Consequently, their method
method is landmark-based, it avoids the correspondende priz actually more similar to the image matching method of
lem since the placement of corresponding points is drivgp2] discussed below but with the advantage of not having
by the visual perception of experts, however it suffers frono evaluate the cost function involving spatial integrals n
the the typical problem besetting landmark methods, emerically since, a closed form expression is derived for the
inconsistency. Several significant articles on robust ama n same. Their method however has not been extended to the
rigid point-set matching have been published by Rangarajproblem of unbiased matching of multiple point-sets being
et al. using thin-plate splines [12], [14], [15]. In theircemt addressed in this paper. Perhaps closest to our work is the
work [12], they extend their work to the construction ofpproach of Wang et al. [23] where an the relative entropy
an mean shape from a set of unlabeled shapes which areasure (Kullback-Leibler distance) is used to find a sirityla
represented by unlabeled point-sets. The main strengtieof t transformation between two point-sets. The Kullback-lezib
work is the ability to jointly determine the correspondemcedistance, as we know, is a special case of our proposed JS-

A. Previous work



divergence for two random variables [3], and the approach in

[23] only tackl_es_ the pairwise r|g_|d matching problem. Tées ’**:jwwc%m%
methods are similar to our work since we too model each of the f ; W
point-sets by a kernel density function and then quantify th e
(dis)similarity between them using an information-thdiare - -
measure, followed by an optimization of a (dis)similarity { pei e

function over a space of coordinate transformations yigjdi e
the desired transformation. The difference lies in the fhat

- . . ,*:*Hﬁw*ﬁ
JS-divergence used in our work is a lot more general than the L H
information-theoretic measures used in [20], [21], [23}da f* 5

can easily cope with multiple point-sets. Recently, in [22]
Glaunes et al. represent points as delta functions and match .
them using the dual norm in a reproducing kernel Hilbert . :
space. The main problem for this technique is that they need '

L ]
a 3D spatial integral which must be numerically computed.
In contrast, we compute the JS-divergence using an emiirica g*l*;t;;*;::ﬁ“
framework where the computations converge in the limit to " 3 b

the true values. We will show that our method when applied
to match point-sets, achieves very good performance insterm

of both robustness and accuracy. Fig. 1. lllustration of corpus callosum shapes (pointsetpresented as
density functions.

Il. MATHEMATICAL FORMULATION

In this section, we present the mathematical formulation @b expect them to cluster well. Furthermore, we can greatly
our simultaneous non-rigid registration and atlas cor§0  jmprove the algorithm efficiency by using limited number of
method. Note that normally, non-rigid registration prez®d ¢|ysters. Note that we can choose the cluster centers toebe th
atlas construction since the later requires the data to dis-re point-set itself if the size of point-sets are quite smakheT
tered. However, in our work, the atlas emerges as a by prodgglster center point-sets are denoted{B§, p € {1,..., N1}.
of the non-rigid registration and hence is not achieved & thesch cluster point-sev’ consists of points{v¢ € R, a €
aforementioned, traditional sequential order. The badeai 1,..,K°} }. Note that there aré’® points in eachi’¢, and
is to model each point-set by a probability density functioRhe number of clusters for each point-set may be different
then quantify the distance between these probability dessi (i, our implementation, the number of clusters were usually
using an information-theoretic measure. Figure 1 illus8a cposen to be proportional to the size of the point-sets). The
this idea, wherein the right column of the figure depictg|yster centers are estimated by using a clustering prasess
the density functions corresponding to the point-sets dray,e original sample points¢, and we only need to do this
from a cortical substructure in the human brain called th§,ce pefore the process of joint atlas estimation and psaite-

corpus callosum shown in the left column. The dissimilarityagistration. The atlas point-set is denotedzhyWe begin by
measure between these density functions is then optimige,gicifying the density function of each point-set.

over a space of coordinate transformations yielding theelds i
transformations. We will begin by presenting the finite nanet X . .
of Gaussian densities used to model the probability dessiti P.(z) = Zaap(x‘va) (1)
of the given point-sets. o=t
In Egn. (1), the occupancy probability which is different fo

A The Finite Mixture Models ;?;\:Cd)aif point-set is denoted &Y. The component densities

Given the fact that nonrigid point matching is fraught with . .
the problems of noise, outliers and deformations with umkmo p(zlvg) = G(z —vg, Xa)

parameterizations, it is natural to use probability disttions _ 1 exp ( -~ }(m -~ ,Uc)TE—l (m _ vc))
to model each point-set. We also think that it is natural ®ais (27) 2 |8, |2 2 e “
finite Gaussian mixture model as the representation of a-poin (2)

set. As the most frequently used mixture model, a Gaussiap1 . : - :
. : ! o -whereG (z —v?,3%,) is the Gaussian Kernel i-dimensional
mixture [24] is defined as a convex combination of Gaussian . o
component densities Space, and - | denotes the determinant. Probability of the
’ . : oint-set X ¢ coming from this mixture is then
We use the following notation: The data point-sets al% 9
denoted by{X¢ ¢ € {1,..., N}}. Each point-sefX“ consists T ne K°
of points {z¢ € R, € {1,....,n.} }. To model each point-set  Pr(X°|Ve,a®) = [[Py(af) = [[D_ esp(ailes)  (3)
as a Gaussian mixture, we define a set of cluster centers, one i=1 i=la=1
for each point-set, to serve as the Gaussian mixture centémater, we set the occupancy probability to be uniform and
Since the feature point-sets are usually highly structuwesl make the covariance matrices, to be proportional to the



identity matrix in order to simplify the atlas estimatiorope- atlas construction problem can now be formulated as,
dure.

N
Having specified the Gaussian mixtures of each point-set, iy, JS:(Py,Ps,....,PN) +)\Z ILfe|?
we would like to compute a meaningful average/mean (shape) #° i

point-set Z, given all the sample sets and their associated N
distributions. Intuitively, if these point-sets are alégh cor- :miCnH(Z mePe) — ZTFCH(PC) + AZ |Lfe||?
rectly under appropriate nonrigid deformations, the syl H c c e=1

®)

mixtures should be statistically similar to each other. Con
sequently, this raises the key question: how to measure {
similarity/closeness between these densities repratenye =
Gaussian mixtures? We answer this in the following sectio

Eqn. (5), the weight parametaris a positive constant and
g operatorl. determines the kind of regularization imposed.
or example,L could correspond to a thin-plate spline, a
'Gaussian radial basis function, etc. Each choicelofs in
turn related to a kernel and a metric of the deformation from
and to~.

Following the approach in [14], we choose the thin-plate
spline (TPS) to represent the non-rigid deformation. Given
control pointsx,,...,x, in R%, a general nonrigid mapping

The Jensen-Shannon (JS) divergence, first introduced,in [3]. pd _, pd represented by thin-plate spline can be written
serves as a measure of cohesion between multiple prolgabi 'halytically asif(z) = WU(x) + Ax + t Here Ax + t is
densities. It has been used by some researchers as a dissii-linear part off. The nonlinear part is determined by a
larity measure for image registration and retrieval agians ;7 . ;, matrix, W. And U(x) is ann x 1 vector consisting
[4], [5]._ This dissimilarity measure has some very Qes'mabbf n basis functiond; (x) = U(x, x;) = U(||x — x;||) where
properties; to name a few, i) The square root of JS-divemeng ;) is the kernel function of thin-plate spline. For example,
(in the case when its parameter is fixed 49 is a metric i the dimension is 24 = 2) and the regularization functional
[7], ii) the JS-divergence relates to other informatioaefetic s gefined on the second derivatives bfwe havelU(r) =
functionals, such as the relative entropy or the Kullbaclg-/(gﬂ)rzlnm_

Liebler (KL) divergence, and hence it shares their mathe-Tp,s the cost function for non-rigid registration can be
matical properties as well as their intuitive appeal, it formylated as an energy functional in a regularization am
probability densities compared using the JS-divergennebea work, where the regularization term in Eqn. (5) is governgd b

weighted, which allows one to take into account the differeg,q bending energy of the thin-plate spline warping and can
sizes of the point-set samples from which the probabilifys explicitly given bytrace(WKW7) whereK = (K.

densities are computed, iv) the JS-divergence measure aso _ 17(p, ) describes the internal structure of the control

allows us to have different numbers of cluster centers i eaﬁc;ijnt-sets. In our experiments, the clusters are used dsoton
point-set. There is NO requirement that the cluster centey§ints. Other schemes to choose control points may also be
be in correspondence as is required by Chui and Rangargi@fisidered. Note the linear part can be obtained by anlinitia

[14]. Givenn probability distributionsP;, i € {1,...,n}, the  afine registration, then an optimization can be perforned t
JS-divergence oP; is defined by find the parameteV.

B. Jensen-Shannon Divergence for Learning the Atlas

Next we will present some properties of the Jensen-Shannon
JS:(P1,Py, .., P,) = H(Z miP;) — ZmH(pi) (4) divergence in the context of groupwise point-sets registra

wherer = {m, Ta, ..., ma|m > 0,3 m; = 1} are the weights C. JS Divergence in a Hypothesis Testing Framework

of the probability distributiond®; and H(P;) is the Shannon  |n this section, we show that the Jensen-Shannon divergence
entropy. The two terms on the right hand side of Eqn. (4) ag@n be interpreted in the statistical framework of hypdthes
the entropy ofP := } m;P; (the 7- convex combination of testing. We first give an intuitive presentation followed &y
the P;s ) and the same convex combination of the respectifgore formal one. Assume for the moment that we have only
entropies. two point-setsX (") and X that need to be registered. We
Assume that each point-seX¢ is related toZ via a construct the following hypothesis test. For any given igdr
function f¢ and u° is the set of the transformation paramiransformation, consider the following two hypothesestfar
eters associated with each functigh. The densities of the pooled point-setX = X u X The null hypothesis is
deformed point-sets can be written Bs = P.(z|V°, u¢) = that the samplesx™) and X(®) are independent but drawn
ZQK; asp(x|fe(vS)). To compute the mean shape densitfrom two different distributions?; and P, respectively. The
a.k.a. the probabilistic atlas, from these point-sets @gister alternative hypothesis is that the sampls= X1 U X2
them to the emerging mean shape density, we need to recawe independent and drawn from a pooled distribuBoiThe
the transformation parametegs. This problem can be mod- likelihood ratio for this hypothesis test is
eled as an optimization problem with the objective function iy dtnn
being the JS-divergence between the densities of the detbrm A= [z PX5) (6)

point-sets, represented Bs = P, (x|, 1¢), the probabilistic P P T Pa(x )




wheren; is the number of instances from point s&t!) and the individual point-set countén, } are large enough. We get
ns is the number of instances frofd (2. It should be under-

stood that the distributioR is a maximum likelihood estimate N N
over then; +n, samples drawn frolX = X(WUX ) and that —logA = MH(Z TaPa) — Z neH (P,)
the distributionsP; andP, are maximum likelihood estimates a=1

over then,; samples drawn fromX (") and then, samples N

N
Ng

drawn from X () respectively. Furthermore, the same set of = M[H(Z maPa) — MH(Pa)] ©)
samples are used in the numerator and denominator of (6) with a=1 a=1
the main difference being that the identity of the point-%ét) = M[JSx(P1, Py, Pn)l.
or X2 is erased when considering samples from the pooled
point-setX = XM U X2, We then maximize the likelihood ®
ratio A over the set of nonrigid transformations. Maximizing The interpretation of minimizing the JS divergence as a type
the likelihood ratio corresponds to favoring the likelilboof a of hypothesis testing has intuitive appeal for us. Maxinmgzi
single pooled distributiof over the product of the likelihoods the likelihood ratio above means that we favor a maximum
of separate distributionB; and P, evaluated at theameset likelihood explanation of fitting a mixture to the pooled aat
of samples. rather than separately fitting mixtures to the individuainpo

It can be shown that the likelihood ratio asymptoticallpets. Please note that in our groupwise registration approa
converges to the Jensen-Shannon (JS) divergence Whentrﬂgewarplng is not between a source and a fixed target. Instead

distribution P above is modeled as a mixturg P, + mP, the warping is performed on the parameters of the original
with 71 = —2— andm = —2—. This approach has the Mixtures such that the likelihood ratio is maximized.

T naitne T onptng”

advantage that we do not need a separate model for the averlay

More formally (and moving over to the case of multiple point-

sets), we construct a likelihood ratio between i.i.d. s@®plp. JS Divergence is unbiased

drawn from a mixture _, 7,P,) with 7, = <<~ and i.i.d.

samples drawn from a heterogeneous COE(EJCIIOH of densitiesTypically we are required to construct an atlas from very

(P, Ps, ..., Py) with the samples being indexed by the specifitirge number of point-sets, and this process will usuakg ta

member densities in the family from which they are drawr long time since the computational complexity grows poly-

Assume thatn; samples are drawn fror®;, n, from P, nomially with the number of point-setsV() that we want to

etc. Let the total number of pooled samples be defined gister. We now introduce a hierarchical registratiomtégue

A M . na. The likelihood ratio then is that significantly reduces the computational complexity.

- Assume that we are giveN point-sets, from which we are

required to construct the probabilistic atlas. We divide
Hk L Z =1 TaPa (k) (7) point-sets intom subsets (generally, < N), therefore, we
H e Pa(g,) can construcin probabilistic atlases from these subsets using

our algorithms, and all the point-sets inside each of theaish

where z;, consists of points{z} .k, € {l,..,n.}a € are registered. Then, we can either construct a singlefabias

{1, ..., N}}, which is the pooled data of all the samples. lthesem atlases, or we can further divide theatlas point-sets

contrast to the typical statistical test relative to a thodd, into even smaller subsets, and follow the same processauntil

we seek the maximum of the likelihood ratio in Eqgn. (7)single atlas is constructed. The remaining question is ket

The following theorem shows the relationship between Jenséhe atlas constructed this way is biased or not? The follgwin

Shannon divergence and the above likelihood ratio. theorem will help to give us the answer with the exclusion of

Theorem 1: Given N probability distributionsP,,a < the thin-plate spline part of the cost function.
{1,..., N}, maximizing the hypothesis ratio in Eqn. (7) is Theorem 2: Given N probability densities P,,a €
equivalent to minimizing the Jensen-Shannon divergenee Hé, ..., N}, each with a weightr, in the Jensen-Shannon

tween theN probability distributionsP,,, a € {1, ..., N}. divergence. Let us divide these set df densities intom
Proof: Taking the negative logarithm of the likelihood ratloSUPfet?) SUCh( 'ghafh subset containg; densitiesP,,a €
we have, {ki”, ks, .. kn/}, and >, n; = N. AssumeS; is the
convex comb|nat|on of all the densities, th&" subset,
—logA with the weights “’, where g; = 3, T ie. S, =
e Zj 17rk< >Pk<)/ﬂz The JS divergence of th@ s and JS
= —Zlongra (z1) + Zlog I Pa(zt,) divergence of theS;s are then related by:
a= a=1 ko=1 (8)
JS7(P1,Pa, - ,PN) — JS5(S1,82,-++,Sn)
= —ZlogZﬂ'a (zk —|—Z Z log Py (f, ) m (10)
a= a=1ka=1 ZﬂzJS’*k() ORI TOTEER apkﬁj)

We now apply the law of large numbers after assuming that



Proof: We can rewrite/S3(S1,S2,---,S,,) as 1. ESTIMATING EMPIRICAL JS
In Eqn. (5),P; = Pi(a|V', 1) = 202, alp(a] f1(v])) =

JS5(S1,S2,-++,Sm) K% Z(If:l Gz — fi(vi),5,) = K% Zf=1 Gz — fi(v}),o%T),

_ - o - ‘ ‘ where we assume that the occupancy probabilities are umifor
B H(;ﬁzsl) _;@H(S) (o}, = #) and the covariance matrices; are isotropic,
m n T pk(i) m diagonal, and identicat;, :‘021. For simplicity, we denote
= H(Z B; Z #) _ Z@H(Si) deformed cluster cente(rg a i):: fz((zz_));). We can then gener-
-1 =1 i i—1 ateg; random samples;”’, s;’, ..., sq’ from the mixtureP;.
N m Q = >, ¢; is the total number of random samples from Al
=H() mP)—> BH(S)) densities functiond;,Vi = {1,2,..., N}, {s1,s2,....sq} =
i=1 i=1 (s, ..,s\”,....s{N} are the pooled random samples. We

Therefore, the left-hand side of Eqn. (10) can be rewrittgn (,Pave the estimation of the Shannon entropy Rorusing the
weak law of large numbers,

JSr(P1,Po, -+ ,Pn) — JS5(S1,82,--- ,Snm) 1 & .
m N H(P;) = “u > log Pi(Sy))
= BH(S;) — > mH(P;) ‘=
i=1 i=1

1 qi 1 Ki . R
==Y g [ GGl - rid). ]
i =1 v a=1

Meanwhile, right-hand side of Eqn. (10) can be rewritten as,

m 1 % 1 K; @ .
Zﬁit}s"{%&(PkYMPkéi)f" Poi) I > log [f > Gl —ug0 I)}
i=1 i i tj=1 ta=1
Ui o TRl o Tl For the convex combinatio®_ m;P;, if we chooser; =
- Zﬁi {H( i Pro) = 3 H(Pky))] K. where M = Y, K; is the total number of the cluster
1:11 i=1 N =1 centers in theV point-sets that we want to register, we have
- the following,
= [@;H(Si) -y wk@H(Pk@)} g
= = i N NoOKig o
m N ZmPi :Zm EG((E—UQ),U I)
=> BiH(S;) - > mH(P) i=1 =1 a=1
N K;
=1 1=1 1 . 9
=—> " Gz —u}),s) (12)
which is exactly the same as the left-hand side of Eqn. (10). M i—1 a—1
| LM
In our registration algorithm, all the point-sets are rep- = MZG(J?—UJ‘,UQI)

resented as probability densities, and the atlas consttuct j=1

can be considered as convex combination of these derﬁhere{ul g unr} = {ul Ul u% } are the pooled
S U2, ..., = ooy Wy ooy Upe s

ties. Therefore, we can tre®,s andS;s as the densities .| ster centers. Therefore the linear combination of theM@M
corresponding to the point-sets and the constructed atlaggy, pe expressed as a single Gaussian Mixture centered on the

from the subsets respectively. Therefore, from Theorem faformed cluster centers. Consequently, we have the Shanno
we know relationship in Eqgn. (10) holds between the Jéwtropy estimation of th&” m;P;

divergence of thé®,s andS;s. Notice that the righthand side N "

of Eqgn. (10) is the JS divergences of the densities in all th B 1 9
subsets, which are minimized in each step of the hierarbhich(z miP;) = H(M Z G(z —u;,0°T))
technique we proposed here. Intuitively, if these poirs-see =t =1

(13)
aligned properly, the corresponding density functionsuttho 1 @ ) 1 U G 21

be statistically similar. Therefore the JS divergenceslidha _é Z o8 {ﬁ Z (s = ua,0 )}
subsets should be zero or very close to zero, which means =1 o=t

the right hand side of Eqn. (10) is zero. Consequently, the JSCombine the two terms in Eqn. (11,13) together, we have,

divergence of thé®>,s and JS divergence of tf&s are equal JS:(P1,Ps, ..., Py)
to each other. Therefore, minimizing JS divergence of al th
resulting atlas point-sets is equivalent to minimizing & :H(Z miPi) — ZmH(Pi)
divergence of the original point-sets. 12 1 M
Having introduced the cost function and the transformation = — 5 > log {M > G(s; — ua, 021)} (14)
model, now the task is to design an efficient way to estimate j=1 a=1

the empirical JS-divergence from the Gaussian mixtures and N g & 1 & , ]

. . . . . . 2 () 7 2
derive the analytic gradient of the estimated divergence in  + E oM E log {T( E G(Sj — Uy, O I)}
order to achieve the optimal solution efficiently. i=1 17 =1 " a=1




A. Cost function optimization solution. The samplegs’} from the mixtureP; are

Computation of the gradient of the energy function is ~ ré-drawn every couple of iterations. We currently have
necessary in the minimization process when employing a WO implementations of our registration algorithm using

gradient-based scheme. If this can be done in analyticad,for the Matlab Optimization toolbox: one with gradients

it leads to an efficient optimization method. We now present explicitly computed and one without. Experiments ShOW
the analytic form of the gradient of the JS-divergence (@st ¢ that results on data;ets with 'Iarge qon—rlgld deformations
function): show the version with analytic gradients converges faster

than the one without.
8JS78JS,W, aJS} (15) 3) The successful registration process ensures that the
op' " Op? opN deformed point-sets are close to each other. Therefore,
Each component of the gradient may be found by differenti- ~ we can apply one of the recovered deformation to the
ating Eqn. (14) with respect to the transformation pararsete corresponding point-sets to recover the mean shape.
In order to compute _this gradient, let's firs_t calculate the Note that our transformation model can be any type of ge-
derivative ofG(sy) —u!, 0%I) with respect tou?, ometric transformations, e.qg. rigid, affine, polynomialotiher
types of nonrigid transformations. Therefore our alganith
can be applied to registration problems other than the atlas

VJS = |

8G(s§-i) —ul, o%I)

ot construction, e.g. we can apply it to align any two poinsset
1 ) i o, () i\ 0ub (16) in 2D or 3D, in this case, there is a model point-set and a scene
= EG(SJ — Uq, 07 I)(s;7 —ug) o point-set (N=2). The only modification to the above procedur

_ . _ ‘ (i i is to keep the scene point-set fixed and we try to recover
1 (1) i 2 (7) i af (vaa/'l') . . K
= G557 —uq, 07I)(s; —UG)T the motion from the model point-set to the scene point-set
o ) . _ such that the JS-divergence between these two distrilsuison
Based on this, it is straight forward to derive the gradiepginimized.

of the JS-divergence in Eqn. (14) with respect to the transfo por g typical atlas construction problem, an affine reg-
mation parameterg’, which is given by istration of the multiple point-sets precedes the nonrigid
aJS registration to bring the point-sets relatively closer tacle

op' other, which will speed up the nonrigid registration praces
Q M significantly. We will present experimental results on poin
1 1 0G(sj — ug, 1) ; ; ;
- _72 — Z J__—w set alignment between two given point-sets as well as atlas
Q j=1 Zua=1 G(sj — ua,0I) [ op' construction from multiple point-sets in the next section.
K, & 1 Ki 8G(s§z) —ul o)
uM ; Zf;j G(S;i) i o) & ol IV. EXPERIMENT RESULTS
0 I - We now present experimental results on the application of
_ 1 Z 1 9G(s; — @Z’U I) our algorithm to both synthetic and real data sets. First, to
Q o M G(sj — ua,021) = ou’ demonstrate the robustness and accuracy of our algoritlem, w
K . K, GG(s(Z) i o) show Fhe ahgnmen_t results by applying the_z JS-divergence to
i Z : J Cw the point-set matching problem. Then, we will present thesat
qiM = Zf:il G(s;’) —ut o1) i op' construction results in the second part of this section.
17

A. Alignment Results

B. Algorithm Summary First, to test the validity of our approach, we perform a set

Our simultaneous atlas construction and registration-alg@f exact r|g|d registration experiments on both Syntheﬁd a
rithm can be summarized as follows: real data sets without noise and outliers. Some examples are

Given N point-sets{X*, c € {1, ..., N}}. shown in Figure 2. The top row shows the registration result

1) Estimate the cluster centefd/“,c¢ € {1,...,N}} for for a 2D real range data set of a road (which was also used
each pointX¢. In our implementation, we utilize de-in Tsin and Kanade's experiments [20]). The figure depicts
terministic annealing (DA) procedure with its proverthe real data and the registered (using rigid motion). Tipe to
benefit of robustness in clustering [25]. left frame contains two unregistered point-sets supexpase

2) Set initial transformation parameteys® to zero and each other. The top right frame contains the same point-sets
optimize the cost function in Eqn. (5) with respechtfter registration using our algorithm. A 3D helix exampde i
to the transformation parametgt“. Since the analytic presented in the second row (with the same arrangement as the
gradients with respect to these transformation paranop row). We also tested our method against the KC method
eters have to be explicitly derived in Eqn. (17), w¢20] and the ICP methods. As expected, our method and the
can use them in gradient-based numerical optimiz&C method exhibit a much wider convergence basin/range
tion techniques like the Quasi-Newton method and thban the ICP and both achieve very high accuracy in the
nonlinear Conjugate-Gradient method to yield a fastoiseless case.
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After registration

superposed on each other ('o’ and '+’ indicate the model and
scene points respectively), the registration result isvshim

the lower left column. The warping of the 2D grid under
the recovered motion is shown in the middle column. Our
non-rigid alignment performs well in the presence of noise
and outliers (Figure 4 right column). For the purpose of
comparison, we also tested the TPS-RPM program provided
in [14] on this data set, and found that TPS-RPM can correctly
register the pair without outliers (Figure 4 top left) buildd

to match the corrupted pair (Figure 4 top right).

Fig. 2. Results of rigid registration in noiseless case. '0’ and '+ 02
indicate the model and scene points respectively. 01

Next, to see how our method behaves in the presence ¢
noise and outliers, we designed the following procedure tco.2
generate a corrupted template point-set from a model sef Fo 01

Initial Setup Original point set Initial Setup
O 0.2 0.2t +F g
L 01| £ Ve
i ‘*& %f e
0 i N 0 0 by
04 06 08 1 04 06 08 1 04 06 08 1
After registration Deformed point set After registration
osaes: 0.2 02f  *F i
fiﬂ**w %{:‘} 01 0.1 ;{%M%W
ol i : 0 of & W

model set withn points, we control the degree of corruption by
(1) discarding a subset of sizé — p)n from the model point-

04 06 08 1 04 06 08 1 02 04 06 08 1
Fig. 4. Nonrigid registration of the corpus callosum data. Left

set, (2) applying a rigid transformatioiR{) to the template, column: two manually segmented corpus callosum slices before and
(3) perturbing the points of the template with noise (ofrsgt  after registration, ‘o’ and '+ indicate the model and scene points
). and (4) adding(r - p)n spurious, uniformly distributed [ERRCEAER FEUE TR TERES 8 e conpted by noree
pomtg to the template. Thu;, after corruptlon, a templatatp and outliers, before apndgafter registration. P y

set will have a total ofn points, of which onlypn correspond

to points in the model set. Since ICP is known to be prone to

outliers, we only compare our method with the more robust

KC method in terms of the sensitivity of noise and outlierd3. Atlas Construction Results

The comparison is done via a set of 2D experimeAtseach | this section, we begin with a simple but demonstrative
of several noise levels and outlier strengths, we generaé feyample of our algorithm for 2D atlas estimation. After this
models and six corrupted templates from each model for & tofample, we describe a 3D implementation on real hip-
of 30 pairs at each noise and outlier strength settiigr each nocampal data sets. The structure we are interested in this
pair, we use our algorithm and the KC method to estimate tE?periment is the corpus callosum as it appears in MR brain
known rigid transformation which was partially responeifiir jmages. Constructing an atlas for the corpus callosum and
the corruption. Results show that when the noise level is l0Wpsequently analyzing the individual shape variatiomfro
both KC and our method have strong resistance to outlieffiormal” anatomy has been regarded as potentially valuable
However, we observe that when the noise level is high, oy the study of brain diseases such as agenesis of the corpus
method exhibits stronger resistance to outliers than the kGjjosum (ACC), and fetal alcohol syndrome (FAS).

method, as shown in Figure 3. We manually extracted points on the outer contour of the
corpus callosum from seven normal subjects, (as shown &igur
5, indicated by "0"). The recovered deformation betweerheac
point-set and the mean shape are superimposed on the first two
o.ap 1 rows in Figure 5. The resulting atlas (mean point-set) isxho

in third row of Figure 5, and is superimposed over all the
point-sets. As we described earlier, all these results ane- ¢
puted simultaneously and automatically. This examplerlglea
demonstrates that our joint matching and atlas constmuctio

RMS errors in translation RMS errors in rotation

a
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Fig. 3. Robustness to outliers in the presence of large noise. Errg
in estimated rigid transform vs. proportion of outliefs & p)/(p))
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for both our method and KC method.

algorithm can simultaneously align multiple shapes (medel
b% sample point-sets) and compute a meaningful atlas/mean
ape.

Fig. 6 illustrates the effect of the regularization paraanet
A of the thin plate spline in Eqgn. (5). As the regularization

S

We also applied our algorithm to nonrigidly register metlicgpparameter varies from.0001 to 0.005, we can see that the
datasets (2D point-sets). Figure 4 depicts some resultsiof oesulting atlas is relatively stable.

registration method applied to two 2D corpus callosum slice The next figure (Fig. 7) shows the stability of our algorithm
with feature points manually extracted by human expertp. Tby adding an eighth point-set, which is shown on the left of
left of Figure 4 contains these two unregistered point-sefgy. 7, to the original seven point-sets shown in Fig. 5. We
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Point Set5
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Point Set7 Point-sets Before Registration Deformed Point-sets
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Fig. 5. Experiment results on seven 2D corpus callosum point-sets. The fostoims and the left image in third row show the deformation

of each point-set to the atlas, superimposed with initial point-set (show)imrml deformed point-set (shown in "*). Middle image in the
third row: The estimated atlas is shown superimposed over all the pointRigts: The estimated atlas is shown superimposed over all the
deformed point-sets.

w w 3D point-sets were extracted from epilepsy patients with le

o5l —- 1=00001 | | anterior temporal lobe foci identified with EEG. An interiget
' — A=0001 segmentation tool was used to segment the hippocampus in
0.2 T the 3D anatomical brain MRI of the 10 subjects. The point-

sets differ in shape, with the number of points varies from
412 — 805. Nine of the 10 hippocampal point-sets are shown
in Figure 8. In Figure 9, the recovered nonrigid deformation
between each hippocampal point-set to the atlas is shown
along with a superimposition on all of the original data sets
We also show the scatter plot of original point-sets alonii wi
-0.05 \ ‘ ‘ ‘ ‘ ‘ all the point-sets after the non-rigid warping in Figure (10

04 05 0.6 0.7 08 09 1 L1 and(b) respectively. An examination of the two scatter plots
Fig. 6. Plots of the 2D atlas results with different regularlzatloraeany shows the efficacy of our recovered non-rigid wagpin
parameter of the thin plate spline. Note that validation of what an atlas shape ought to be in the

‘ ‘ ‘ ‘ ‘ ‘ real data case is not feasible.
= Atlas from 7 pointsets
02 02 V. CONCLUSIONS
0.15 0.15
0.1 0.1

0.05 0.05

0.5}
01f

005}

ol

In this paper, we presented a novel and robust algorithm
using an information theoretic measure namely, the Jensen-
; ; Shannon divergence, to simultaneously compute a probabili
. . mean (atlas) shape from multiple unlabeled point-setsh(eac

o 06 08 ! 04 06 08 L represented by finite mixtures) and register them nondsiga
Fig. 7. Illugtratlon of the effect of qd(_jlng a point-set that is noeihiS emerging mean (atlas) shape. Atlas construction rgrma
largely varying different from the original set. On the left is th ging pe.

original seven point-sets augmented with a point set, on the rigigquires the task of non-rigid registration prior to forgin
is the resulting atlas compared with the atlas constructed from tiiee atlas. However, the unique feature of our work is that
original seven point-sets in Fig. 5. a probabilistic atlas emerges as a byproduct of the nod-rigi
registration. Other advantages of using the JS-divergenee
existing methods in literature for atlas construction aod-n
then constructed an new atlas from these eight point-seim F rigid registration are that, the JS-divergence is symmetri
the right plot of Fig. 7, it is evident that our algorithm ydel its square-root is a metric and allows for use of unequal
an atlas not much different from the atlas constructed frovardinality of the given point sets to be registered. We also
the original seven point-sets in Fig. 5, which confirms thahowed that the JS divergence has a number of desirable
the constructed atlas using our algorithm is stable with tigoperties for use in group-wise point-sets registratian, e
incorporation of more point-sets that are not largely vagyi i) It can be interpreted in a hypothesis testing framewortt an
from the original set. i) it is unbiased i.e., our group-wise registration apgtoas
Next, we present results on 3D hippocampal point-sets. Teat biased toward any particular point-set. However, ttatiap
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Fig. 8. 3D Hippocampal point-sets. Nine (of the 10) hippocampal point-setstaren. Note that all the point-sets were subsampled for
the purposes of display.

Fig. 9. 3D Hippocampal point-sets. Nine (of the 10) hippocampal point-setstaoen. The deformed point-sets (shown in red '+') is
shown superimposed on the data (shown in blue '+’) along with the uridgrgpace deformation. All the point-sets were subsampled for
the purposes of display.

regularization term in the cost function used for regigtrais data sets and showed significantly improved performance in
not invariant in its form under a change of variables and thike context of robustness to noise and outliers in the data. E
constitutes a type of bias—very different from the possiblgeriments were depicted with both 2D and 3D point sets from
bias toward a particular point-set. We plan to examine thmedical and non-medical domains. Our future work will focus

issue in future work. on generalizing the non-rigid deformations to diffeomacph
) o _ mappings.
The constructed atlas is a probabilistic atlas which is
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