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Abstract—In this paper we use the cumulative distribution density comprising of a combination of Guassians and
of a random variable to define its information content and delta functions.
thereby develop an alternative measure of uncertainty that 2) The entropy of a discrete distribution is always positive

extends Shannon entropy to random variables with continuous hile the diff tial ent f Hi iabl
distributions. We call this measure cumulative residual entropy while the dieérental entropy of a continuous variable

(CRE). The salient features of CRE are, (1) it is more general may take any value on the extended real line.

than the Shannon Entropy in that its definition is valid in the 3) It is "inconsistent” in the sense that the differential
continuous and discrete domains, (2) it possesses more general entropy of a uniform distribution in an interval of length
mathematical properties than the Shannon entropy and (3) it a is log a, which is zero ifa = 1, negative ifa < 1, and

can be easily computed from sample data and these computations itive if 1
aymptotically converge to the true values. The properties of CRE posiive ita > 1. . o .
and a precise formula relating CRE and Shannon entropy are ~ 4) The entropy of a discrete distribution and the differ-

given in the paper. Finally, we present some applications of CRE ential entropy of a continuous variable are decreased
to reliability engineering and computer vision. by conditioning. Moreover, ifX and Y are discrete
I ndex Terms— Entropy, information measurement, distribution (continuous) random variables, and the conditional en-

tropy (differential entropy) ofX given Y equals the
entropy (differential entropy) ofX, then X and Y
are independent. Also, the conditional entropy of the

] ) discrete variableX givenY is zero, if and only ifX
N [15] Shannon proposed a measure of uncertainty in & s g function ofY’, but the vanishing of the conditional
discrete distribution based on the Boltzman entropy of  ifrerential entropy ofX given Y does not imply that

I. INTRODUCTION

classical statistical mechanics. He called it the entrdphe X is a function ofY’.
Shannon Entropy of a discrete distributiéhis defined by 5) Use of empirical distributions in approximations is of
H(F) = _Zpi log p;, 1) great \{aluelln practical appllcatl.ons. Howeyer. it is
- impossible, in general, to approximate the differential

entropy of a continuous variable using the entropy of
empirical distributions.

) . ) . 6) Consider the following situation: Suppos€ and Y
With this he opened up a new branch of mathematics with are two discrete random variables, wifi taking on

fgr reaphing applications in many areas. To name a few: values{1,2,3,4,5,6}, each with a probability. /6 and
Financial AnglyS|s [16], Data Compression [14], Stats{@], Y taking on values{1,2,3,4,5,10°} again each with
and Ilnformatlon Theory [4],' ) i probability 1/6. The information content measured in
This measure of uncertainty has many important properties <o two random variables using Shannon entropy is
which agree with our intuitive notion of randomness. We the same i.e., Shannon entropy does not bring out any
mention three: (1) It is always positive. (2) It vanishes if — iterences between these two cases. However, if the two
and only if it is a certain event. (3) Entropy is increased by  o.40m variables represented distinct pay off schemes
the addition of an independent component, and decreased by in a game of chance, the information content in the
conditioning. . ) ) ) o two random variables would be considered as being
However, extension of this notion to continuous distribnti dramatically different. Nevertheless Shannon entropy

poses some challenges. A straight forward extension of the fails to make any distinction whatsoever between them.
discrete case to continuous distributiohAs with density f

wherep/s are the probabilities computed from the distribution
F.

called differential entropy reads: For additional discussion on some of these issues the reader
is referred to [6].
H(F) = _/f(x) log f(x)dx @ In this work we propose an alternative measure of uncer-

This definition raises the following concerns: tamty in a random variableX' and caII_ I thg C;umulatwe
1 It \v defined for distributi ith densit F Residual Entropy (CRE) ofX. The main objective of our
) Itis OE y detine dorf. .'S.t” ut;ons wit fensme; Orstudy is to extend Shannon entropy to random variables with
€.g., there is no definition of entropy for & mixtUr&,in,oys distributions. The concept we proposed oveesom
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are decreased by conditioning, while increased by indegr@nd Then its CRE is computed as follows
addition. They both obey the data processing inequality etc

However, the differential entropy doesn't have the follogi E(X) = —/ P(|X]| > z)log P(|X| > z)dx
important properties of CRE. o
T T
1) CRE has consistent definitions in both the continuous = —/ (1- E)log(l - E)dx
and discrete domains; 1 0
2) CRE is always non-negative; = 30 (5)

3) CRE can be easily computed from sample data and these
computations asymptotically converge to the true values.Example 2: (CRE of the exponential distribution)

4) The conditional CRE (defined below in section 3)xf ~ The exponential distribution with mean/A has the density
givenY is zero, if and only ifX is a function ofY. function:

The basic idea in our definition is to replace the density p(z) = Ae % (6)
function with the cumulative distribution in Shannon’s def _ o
inition (2). The distribution function is more regular than Correspondingly, the CRE of the exponential Distribution
the density function, because the density is computed as the
derivative of the distribution. Moreover, in practice what e e
of interest and/or measurable is the distribution functieor E@@) = */0 e ™ loge Tt
example, if the random variable is the life span of a machine, >
then the event of interest is not whether the life span equals / Ate”"*dt
but rather whether the life span exceed®©ur definition also '10
preserves the well established principle that the logariti = 3 (7)
the probability of an event should represent the infornmatio . o
content in the event. The discussions about the properties OExampIe 3:_ (CRE of th_e Gauss_|an D|st_r|bu_t|on)

CRE in next few sections, we trust, are convincing enough forThe Gaussian probability density function is:
further development of the concept of CRE. 1 (x —m)?

Rest of the paper is organized as follows: section llcostain p(x) = oo exp|[— 902
the definition of CRE and a description of its properties in ) 5 )
the form of several theorems. In section Ill, we present tg1€rem is the mean and= is the variance.
definition of the conditional CRE and its properties. This is 1N€ cumulative distribution function is:
followed by a discussion and derivation of the relationship Flz)=1- erfc(f - m)’ 9)
between CRE and the Shannon (differential) entropy in the
form of theorems, in section IV. In section V, we present whereer fc is the error function:
discussion of empirical CRE and its relation to the contirgio

) (8)

case. Section VI contains a discussion on applications of erfe(z) = L/ exp(—t?/2)dt.
CRE in reliability engineering and computer vision. Figall V2T Jo
in section VII, we present conclusions. Then the CRE of the Gaussian distribution is:
o T—m T—m
Ex:—/ erfc log |erfc dz (10
II. CUMULATIVE RESIDUAL ENTROPY. A NEW MEASURE (=) 0 fel o )log [er fel ) (10)
OF INFORMATION Next we will prove some properties of CRE.

In this section, we define an alternate measure of unceytaint USing the convexity ofclogz, it is easy to see CRE is a
in a random variable and then derive some properties ab&@fcave function of distribution.

Definition: Let X be a random vector iRY, we define v+ Z[1Xil”] <o _ _
the cumulative residual entropy (CRE) &f, by : Proof: For simplicity we write the proof in steps
Stepl: Using Wider’s inequality ([1, p.125])
N N
E(X)=— [ P(X|>NIlogP(X|>NdA  (3) E([] £1 <[] ELFM VY
RY i=1 i=1
whereX = (X1, Xo, ..., Xn), A = (A1, ...Ax) and | X| > A we see that for setd, ..., A,
means| X;| > \; andRY = (xl eRN:z; > 0). N N
Now we give a few examples. PlA N Ayn..nAx] < E[[]1a] <[] PA)YY (12)
Example 1: (CRE of the uniform distribution) Consider a i=1 i=1
general uniform distribution with the density function: Step2: It is not difficult to see that for ea¢h< o < 1

L 0<z2<a a
p(x) = { 6 0.1; - (4) |zlog x| < et 131

0<z<l. (12)



Step3: From step2 and stepl, for dhy a < 1 and anyi, Next theorem shows one of the salient feature of CRE. In
‘ the discrete case Shannon entropy is always non-negatige, a

P[|X;] > 2;,1 <i < N| ’ log P[|X;| > 2;,1 <i < N]| equals zero if and only if the random variable is a certain

o1 N event. However, this is not valid for the Shannon entropy in
< - aP[|Xi| > 2,1 <i< N| the continuous case as defined in (1). In contrast, in thisrdeg
N CRE does not differentiate between discrete and continuous
€ [ Pixil > @i/~ (13) cases, as shown by the following theorem:
T ooy Theorem 3: £(X) > 0 and equality holds if and only if

) ) P[|X| = A] = 1 for some vector), ie. | X;| = A; with
Integrating both sides of (13), oRY, we get

probability 1.
1 N Proof: Now zlogz = 0 if and only if z = 0 or 1. Thus
£(X) < € / HP[|XZ" > ;] Ndx E(X) = 0 implies P[|X| > A] = 0 or 1 for almost all\. If
1—a Jry g for all A\, P[|X| > A\] = 0, then P[|X| = 0] = 1. Now we
1 N o0 consider the case that for some P[|X| > A] = 1. Note that
= 1= H {/ P[IX;]| > xi]a/Ndzq;} (14) if X andp satisfy P[|X| > A\] = P[|X| > u] = 1, then also
@im Vo P[|X| > AV u] =1, whereX v i denotes the vector whose
Step4: We have for any positive random variable coordinates are maxima of coordinates)ofind ».. Then,
P[Y > y]a/Ndy Ae = max}\GA)\a
0
1 a/N o0 /N satisfiesp[| X | = A] = 1, whereA = {\|P[|X]| > \] = 1},
= / PY > y|*"dy +/1 PIY > y]*"dy and the maximum oA € A is a vector whose coordinates are
R 1 a/N the maxima of the coordinates of lle A. =
< 1 +/ {=E[Y"]}" dy (15)  Theorem 4: If X; are independent, then
1Y
The second inequality on the right hand side above follows EX)=>) (HE(|XJ'D)5(X¢)
from the Markov inequality. The last integral is finite 4§ > i i#j

1,ie. if p< &. Forp > N, we can choose < 1 to satisfy e omit the proof.

p > . Then the conclusion of the theorem follows from (14) No analogue of the following property below is valid for the

and (15). m Shannon entropy. Weak convergence [11] is a fundamentally
The traditional Shannon entropy of a sum of independemportant notion in probability theory.

variables is larger than that of either. We have analogaily  Theorem 5: (Weak Convergence). Let the random vectors

following theorem: X, converge in distribution to the random vectr
Theorem 2: For any non-negative and independent vari- .
ablesX andY’, Jim Elp(Xy)] = Elp(X)] (16)
max (£(X),E(Y)) <EX +Y) for all bounded continuous functionson RY, If all the X,

Proof: SinceX andY are independent are bound inL? for somep > N, then

P[X+Y>t]:/dFy(a)P[X>t—a}, lim&(Xy) =€(X) 17

Proof: If X} converges toX in distribution, it is known that
where Fy is the cumulative distribution function df. Using for aimost allz € Ry [10],
Jensen’s inequality, lim P[|X4| > 2] = P[|X| > a]
PX+Y >t]llogP[X +Y >t k
< /dFy(a)P[X > t—allog PIX >t — d] In particular for almost allr
liin P[|X%| > z]log P[| Xk| > z]

Integrating both sides with respect #drom 0 to oo, — PIX| > a]log P[|X]| > 1] (18)

—£(X +Y) - and using (13),
/dFy(a)/ P[X >t —a]log P[X >t —a]dt o1 N
0 [P[IX5| > a]log P[|Xx| > ]| < —— [ [ PlIXx.| > 2]/

IN

= /dFy(a)/ P[X >t —a]log P[X >t —a]dt
a and for each and k

- / dFy (2)E(X) = —€(X) PlXp| > ] < Ljo.1y(@:) + ;P11 ooy () E(X[2). (19)

where in the first equality we used that for< o P[X > Thusif & > 1, |P[|Xk| > z]log P[|X}| > ]| is bounded by
t —a] =1, and in the second one we change variables in tha integrable function. Use of dominated convergence #mor
inner integral. m completes the proof. m



[1l. CONDITIONAL CRE then 14|X]| is F-measurable, wherd , is the indicator

In this section, we will recall formal definitions of certainfunction of the setd, and 14|X| = [X]| on the setA and
concepts from probability theory [5] that will be used subse&€ro elsewhere. In particular for random vectéfsand Y’
quent[y._ ) ) ) ) . E(X|Y) =0 iff|X]is a function ofY’

Definition: A sigma fieldF, is a class of subsets containing
the empty set and closed under compliments and countablete that E[(X|F)] is a scalar whereas(X/Y) is a
unions. function of Y. Also, if Y is a generator of then,&(X/F) =

Given a sigma fieldF and a random variabl& with finite E(X/Y).
expectation, we can define a random variablewhich is Proof: Let ®(x) = zlogx, note that for any positive random
measurable with respect t6 and is called the conditional variable Z and any setd, 1,4®(Z) = ®(142). In particular
expectation ofX given F [5], denoted byE (X /F). It should if Ae F

be noted that the measure functions®fandY” are the same. 1AQ(E(Z|F)) =P1aE(Z|F))
Definition: Given a randonR”" vector X and ac-field F,
we define the conditional CRE:(X|F) by Therefore proving (22) implies the more general statement

(23) . To prove (22) we will use the following easily verified
eXIF) == [ POX| > alF)og PX| > 2l P (20) fact
+

where, P(|X| > z|F) denotes the conditional expectation
of the indicator function namelyf(1(x|~)/F). Note that

E(X|F) is a random variable measurable with respec#to ~ Now supposéX| is F-measurable. TheR (| X| > z|F) =
For example, itF is theo-field generated by a random variablel 4, where A = {|X| > xz}. Moreover ®(14) = 0, since

For any set A, A is F-measurable } (24)

iff E(14]F) is 0—1 valued.

Y then, £&(X/F) = g(Y) where, g(Y) = — [P(|X| > &(1p) = 0 for all setsB. Conversely if§(X|F) = 0, then
z/Y =y)log(P(|X| > x/Y =y))dz. WhenF is the trivial for almost all x
field
E(X|F) =€(X) O(P(IX] > =z|F)) =0,
The following proposition says that the conditional CRE hdse- P(|X| > z|7) is 0 —1 valued. Using(18) we get that for
the "super-martingale property”. almost allx € Rﬁ the set(|X| > z) belongs taF. Otherwise
Proposition 1: Let X € L? for somep > N, then for Stated|X|is 7-measurable. m
o-fieldsG c F Theorem 7: For any X ando-field F
EE(X|F)|G] < £(X]9) (21) ElE(X|F)] < &(X). (25)

Proof: The proof follows by applying Jensen’s inequality [13
for the convex functione log x.

In words, Proposition 1 states that conditioning decrea
CRE. The same result holds for the Shannon Entropy.
particular

lEquality holdsiff X is independent ofF. Where, X is said

sté) be independent of the-field 7/ meansX is independent
fsevery random variable measurable with respecfto
roof: The inequality (25) follows from (21) by taking

to be the ftrivial field. Now we prove the necessary and

sufficient condition for the equality. First it is clear frothe

for any random variableX, Y, andZ. A simple consequence definition that if | X| is independent ofF equality holds in

is the Data Processing Inequality. (21). Conversely, suppose that there is equality in (25). By
If X - Y — Z is a Markov chain, i.e. if the conditional Jensen’s inequality for conditional expectations,

distribution of Z given (X,Y) equals that givent’, then

H(Z|X,Y) < H(Z|X),

H(Z|Y) < H(Z|X). This is so becausel(Z|X,Y) — E[P[|X| > z|F]log P[|X]| > x| F]]
H(Z|Y), from Markov property. > P[|X| > x|log P[|X]| > z] (26)
For the same reason we have the data processing meque]lgtrya” z. Integrating both sides of (26) with respectitpand

forlfC;E v . 7 is Markou using (25) we see that equality holds in (26) for almost all
' x. Note the following fact, which can be proved using Taylor
E[E(Z|Y)] < E[E(Z|X))]. with remainder:
Indeed,£(Z|Y) = £(Z|X,Y), and from (21) Fact For any random variableX and strictly convex

olie. ¢ >0)
EIE(Z1X.Y)|X] < £(Z]X).
Theorem 6: Let X € L” for somep > N, andF ac-field, Elp(X)] = p(E[X])
then implies X = E(X) almost surely.
E[E(X|F)] =0 iff X is F-measurable. (22) (zéJ)sing this fact and strict convexity aflog z, we get from
More generally if, P[|X| > z|F] = P[|X| > 2]

A= {5(X|7:) = 0} (23) for a.e.z. ie.|X]|isindependent ofF. m



IV. CRE AND DIFFERENTIAL ENTROPY

Definition: The joint entropyH(X,Y) of two random

We show below that CRE dominates the differential Entrop@fiable X andY” in Shannon’s sense is defined as :

(which may exist whenX has density).
Definition: The differential EntropyH (X
variable X with density f is defined as

Bllog f] = - [ f(@)log (o
Theorem 8: Let X > 0 have densityf, Then
E(X) > Cexp{H(X)}

) of a random

H(X) =

(27)
1
log(z|log z|)dz} =2 0.2065

PX >z] =

whereC = exp{/
0

Proof: Let G(z) =
Sum inequality

[.° f(u)du using the Log-

f(x)
/f 108 &) Tog G

log J
0

5()

Y]

|logG( )|da

= log

(28)

If [G(x
The left hand side in (28) equals

/f ) 10g(G(z) log G(z) )dx

so that,

/ £(2) log(G(x)| log G(x))dzx < log £(X) (29)

Finally a change of variable gives:

/ f(z log (2)|log G(x )|)dx = /01 log <x|logx\)dgc

Therefore, we have from (29) the following equation:

1
H(X)+/U log (x|logz|)dx§log€(X) (30)

Exponentiating both sides of (30), we get (27m
More generally we have the following proposition,
Proposition 2: Let X > 0 be a random variableF a o-
field, and assumé&’ has conditional density relative 8, i.e.
X has a conditional probability density function givEn= y
Then

E(X|F) > Cexp{H(X|F)},
1

whereC = exp{/ log(z|log z|)dz} = 0.2065
0

andH(X|F) is the conditional Shannon-Entropy defined as

“H(X|F) = / f(x|F) log f (x| F)dz

with f(z|F) the conditional density:

PIX > t|F] = f(z|F)dz

We omit the proof which is afmost exactly the same as that= '~

of the previous theorem.

)log G(z) is infinite then, the proof trivially follows.

H(X,Y)=H(X)+H(Y/X) (31)
Analogously we define th€ross CRE by
E(X.Y) = E(X) + E[E(Y/X)] (32)

Note H(X,Y) is symmetric,£(X,Y’) need not be. If we
want a symmetric measure, we can defidmss CRE as
1/2(E(X,Y) + (Y, X)).

Now using the last proposition we have the following
proposition:

Proposition 3:

£(x.v) > 20exp( 1, (33)
Proof: Using the proposition 2, the convexity ef°, and
Jensen inequality:

E(X,Y)

E(X) + E[E(Y/X)]

Cexp{H(X)} + Cexp{E[H(X/Y)]}
2CeXp{H(X) + EZ[H(X/Y)}}
H(X,Y)

—5 !

in the second inequality we used:2exp{Zf¢} < e® + ev.
n

v

v

2C exp{

A. Analytical Form Relating CRE and Differential Entropy

We now present a theorem which provides the exact formula
relating CRE and the differential entropy. Before stating o
theorem, we first make some remarks.Hfis a continuous
distribution andU is uniformly distributed, ther#”~*(U) has
the distributionF. Here F~1(U) is defined as the largest
such thatF(y) =z (0 < z < 1), and F~1(1) is the smallest
y such thatF(y) = 1. Further, if X is a random variable
with continuous distribution functionF'x, then Fx(X) is
uniformly distributed. Thus, ifX is any random variable with
continuous distribution functiof’x and if F' is any continuous
distribution function, thenf"~!(Fx (X)) has the distribution
F.

Proposition 4: SupposeX is a hon-negative random vari-
able with continuous distribution. Then, there exists afiom
¢ = ¢x (a formula for¢ is given in the proof below) such
that the Shannon entrog((Y") of Y = ¢(X) is related to

E(X) by
_E(X) 1 1
M= oy~ e
Proof: Let F' be the distribution with density
P(X >1t)
E(X)

. By the remarks preceding the proposition, simply choose
L(Fx(x)) or equivalentlyY = F~1(Fx(X)). Now
use definitions o€ (X) andH(Y). m



V. CREAND EMPIRICAL CRE VI. APPLICATIONS

Let X1, X»,...X,, be positive and i.i.d with distribution I this section, we will present some applications of our

X, X,,: put 2 at each of the sample poink, ... X,,, then sections. We start with the characterization of distritn,
gy X - . ¢h

F, is the CDF of this mass distribution. Writingz,, (z) = in particular, the exponential distribution which is thelyon
1— F,(z), the CRE of the empirical distributiof,, is distribution with the “memoryless” property and is widely
prevalent and fundamental in applications of queuing theor

_E(Fy) :/OO G () log Gy (z)dz (34) [8] and in reliability engineering [7]. This is followed by
0 applications of CRE in Computer Vision, specifically to the

This is a random variable. A well known theorem of Glivento!Ma9€ alignment/registration problem.

Cantelli (see [11], p.18) asserts that A. Application to Reliability Engineering

sup |F,(z) — F(z)| = sup |Gpn(z) — G(x)] — 0 (35) The exponential distribution is very widely used in reli-

® z ability applications. The exponential distribution is dst®
almost surely as: — oo. Using this result we prove the model data with a constant failure rate (also described by th
fo||owing theorem, which pro\/ides a method of Computin@azard function). We will not dwell on the various uses of
the CRE of appropriate random variables using the CRE fe exponential distribution in reliability engineeringre but,

empirical data. present a way of characterizing this distribution using CRE
Theorem 9: For any random¥ in L? for somep > 1, the There are many characterizations of the exponential distri
empirical CRE converges to the CRE &f, i.e. bution in literature. The one we give below is based on CRE.
Since the exponential distribution has no “memory”, intuit
E(F,) — E(F), almost surely. suggests that it should have maximum CRE. This is borne out

Proof: We will use dominated convergence theorem to pro\®y the following Theorem.
this. By dominated convergence theorem, the integral of Theorem 10: Let X > 0 be a random variable. Then
G (x)log G,(x) on any finite interval converges to that of CRE(X) < CRE(X()))

G(z)log G(x). Therefore, we need only show thatias— oo

- - where X (\) is the exponentially distributed random variable
‘ / G (x)log Gy (x)dax — / G(z)log G(x)dx with mean = E(XQ)./QE(X_)-
1 1 Proof: By Log-Sum inequality,

— 0 almost surely.

/Oo P(X > t)log(et/*P(X > t))dt
0

Recall that
Gola) = Pu(Z > 2, > E(X)log(E(X)/A). (38)
. S o Expanding the LHS of (38) we get
where P, is the probability distribution ofR . assigning mass 0o 0o
1 to each of the sample pointXy,..., X,, and Z is the P(X >t)log P(X > t)dt + P(X > t)t/Adt

random variable withZ (y) =y, y € R+ 0 0
It follows that > E(X)log(E(X)/A)

Since [;° P(X > t)tdt = E(X?)/2, we get from above

1 n
PGy (z) < EQ[ZP] = =) X! (36) oo
n Zl: / P(X > t)log P(X > t)dt
0
where E,, is expectation relative td?,. By the strong law > —E(X?)/2\ + E(X)log(E(X)/)). (39)
11
(111 This is valid for all A positive. The maximum of the RHS of
I~ op » (39) is attained when = E(X?)/2E(X).
n ZXi — E[X{]  almost surely. @37) Substituting this value oh into (39) we get
1 o0
In particular, A P(X > t)log P(X > t)dt
&, — > —E(X)+ E(X)log2E(X)?/E(X?)
W 2N e almostsurey > —B(X)+ B(X)[1 - E(X*)/2B(X)’]
= —B(X?)/2B(X), (40)

The combination of36) and (37) leads to . . . .
here in the second inequality we uded = > 1—1/x. Finally,

we note that the CRE of an exponential variable with mgan
is u.

Thus, one way to characterize the exponential distribution
Now by applying the dominated convergence theorem aig] as the distribution that maximizes the CRE given the
using (35), we proved the theorem. coefficient of variation of the distribution.

Gn(z) §x*p(sup%ZXf) in [1,00)
" 1



B. Computer Vision Applications [19]. We will now present one example depicting the superior

Matching two or more images under varying Conditiongerformance of CCRE (in the context of higher amount of

— illumination, pose, acquisition parameters etc. — is Ubigolerance to noise in the data) over the mutual information

uitous in Computer Vision, medical imaging, geographic azed r§g|sltr§1t|on.tha;. IIZ W'S\?ly ufsedthln _cct)mputte(; V'S'gn
information systems etc. In the past several years, infooma and medical imaging fields. We reter the-Interested reader

theoretic measures have been very widely used in definirtg C%[E::-iglltfig:’l: more detailed account of the image alignment

functions to be optimized in achieving a match. An examp The first experiment involves registerin maanetic r
problem common to all the aforementioned areas is the image € Tirst experime OIVES TEgISering a magnetic reso

; : : ) ance (MR) image of a human brain against a computerized
registration problem. This problem may be defined as foliow . . ;
Given two imagesT; (x) and I(x'), with x — (z,y)" and tomographic (CT) image of the same brain. We choose the MR

x' = (2',y)" being the coordinates of each of the twd 293¢ ?Sinthe SE:]M\:;'] trf:]? te:irgr?rtn'”;?g?i |?dtft1r|snca;s?n|]sgege;ate
images respectively. Let’ = T o x, where, T is an un- Y @PPWINGg a Kno salignment (rigid transformation) to

known transformation/registration between the two cauath the CT image. The source and target image pair along with

systems that needs to be estimated. The matching/re'giatramg rSiSL:ICteOf e_:titlrannatgzde:Ir:ns;;):hmeattlsrn :tslan dg gcr:an nghj%t N
problem is then posed as, maximize/minimize the cost fancti. urce wi veray g 9 P W

M(LL(T(x)), I»(x)) over all the appropriate (rigid, affine, orn F_|gure_1. As ewdent, the registration is quite accurabenf
nonlinear nonparametric) class of transformatiahs a visual inspection. For quantitative assessment of acgura

The most popular cost function presented in Iiteraturoef the estimated registration, we refer the reader to [18p T

has been the mutual information (MI%(Z:(T(x)), I»(x)) summary result presented in [19], in this context, is thaREC

. between the two given images which is maximized oves at least as accurate as the competing methods namely, the

the class of transformations mentioned earlier [18], [HeT mutualbmfo(rjmatmr:\ ((jMI) and normalized mutual information
key strength of the MI-based methods is that the intensi@lMl) ased methods.
functions in the two images being matched need not be related
in any known way e.g., the source and target images could
be the images of the same scene under different lighting
conditions e.g., view of a room under artificial lighting and
another under natural lighting. Since MI does not compare
intensity values at corresponding points in the two images
being registered, it is well suited for registering imagds o
the same scene taken from two different sensing devices e.g.
video and infra red images. The MI between the source and
the target images that are to be aligned was maximized using
a stochastic analog of the gradient descent method in [18] an
other optimization methods such as the Powells method in [3]
and a multiresolution scheme in [17]. In recent times, most
of the effort on the MI-based methods has been focussed on
coping with non-rigid deformations between the source and
target multi-modal image data sets [12], [2]. Many variaofts
this technique have been published in literature and we refe

the reader to a recent survey [20] for these. - _ . ,
1. Rigid motion example, Left:The MR (source) image, Right

. . Fig.
In order to use the concept. of CRE for the image al'gnmegfnthetically transformed (with a rigid motion) CT (source)aige. Middle:
problem, we defined a quantity called the cross-CRE (CCRE)erlay of the target edge map on the transformed source imaget by

earlier in section IV which is recalled here for convenienc@Plying the CCRE estimate of the rigid motion.

(also see [19]), . o : .
Using an aerial image of a city as our source image (see
C(X,Y)=E(X) — EE(Y/X)). (41) figure 2(a)), we generated the target image (figure 2(b)) by
applying a fixed rigid motion. We conduct this experiment
Note that Z(X,Y") is symmetric butC(X,Y) need not be. by varying the amount of Gaussian noise added and then
We can define a symmetrized version of CCRE by addirigr each instance of the added noise, we register the two
E(Y) - E[E(X/Y) to C(X,Y) and pre-multiplying it by a images using CCRE, Ml and NMI. We expect that all the
factor of % It is easy to show that the symmetrized CCREchemes are going to fail at some level of noise. By comparing
is non-negative. In all our image alignment experiments the noise magnitude of the failure point, we can show the
date (see [19]), we have used the non-symmetric CCRE aslégree to which these methods are tolerant. We choose the
was sufficient to yield the desired image registration tssulfixed motion to bel0° rotation, and5 pixel translation in
The key experimental contribution in this context is that weoth x and y direction. The numerical scheme we used to
empirically show superior performance of CCRE under lowchieve the optimization of the cost functions (CCRE, Ml and
SNR and also depict its larger capture range with regardsNdl) to determine the estimated registrations is the setigien
the convergence to the optimal parameterized transfoomatiquadratic programming (SQP) technique. Table | shows the




registration results obtained using optimization of thee¢h a scratch on the surface and envision that there will be many
cost functions. From the table, we observe that the MI fait#hers in the near future. The results presented here are by
when the standard deviation of the noise is increasetbto no means comprehensive but hopefully will pave the way for
It is slightly better for NMI, which fails atl9, while CCRE reexamining the popular notion of entropy in a different,reno

is tolerant until60, a significant difference when compared tgeneral and rigorous setting.

the traditional MI and NMI methodsThis experiment depicts
that CCRE has more noise immunity than both MI and the
normalized MI. T_hd(_ey I_deal_n our definition of CRE Is to _use 1] D.P. BertsekasNonlinear ProgrammingAthena Scientific.

the cumulative distribution in place of the density funoti@s [2] c. Chefd’Hotel, G. Hermosillo and O. Faugeras, “A vacail approach
was done in Shannon’s definition of differential entropyeTh  to multi-modal image matching,” in IEEE Workshop on VLSM, pp. 21-
qiStribUIion funCti,on is more re;gular b‘?cause _it is,deﬁneari [3] i.S’C%J(IJIioglr\’o\r/\E,ig(t:.O;I\./,e"rAEtcoﬁ(;?;;?niItimodality image reggation using
integral form unlike the density function, which is compuite information theory,"Proc. IPMI, pp. 263-274,1995.

as the derivative of the distribution. This is the reason why#l T. M. Cover and J. A. Thomastlements of Information Thegryohn
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