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Towards Computing on Non-Cartesian Lattices

Alireza Entezari

Abstract —Curious hexagonal shapes appearing in a range of natural structures such as honeycomb or photo-receptors in human
eyeballs can be explained by the optimality of the hexagonal lattice for packing disks. Optimal sphere packing structures also appear
in crystals and atomic structure of minerals.
A brief history of Kepler's conjecture on optimal sphere packing is presented. The sphere packing problem is demonstrated to
have surprising applications in several computational domains such as image and signal processing, visualization, mathematical
morphology and numerical computations.
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1 INTRODUCTION

The omnipresence of the Cartesian lattice in a wide range of areas in
computing science is certainly indisputable. The simple structure of
the Cartesian lattice and its separable nature allows one to readily ap-
ply a tensor-product paradigm to many problems in multi-dimensional
setting. The power of the dimensionality reduction will remain the
major reason that the Cartesian lattice will be the preferred tool in nu-
merical algorithms. The other attraction of the Cartesian lattice is that
it simply exists inanydimension and often tools and theory extends to
problems in higher dimensional setting in a trivial manner.

Attracted to the above mentioned luxuries, most researchers shy
away from the overhead of understanding and dealing with alternate
structures that compete with the Cartesian lattice. However, there is
suf�cient evidence showing that the Nature does not ignore the advan-
tages of employing these alternative structures. The goal of this re-
port is to discuss some instances where non-Cartesian lattices appear
in nature and describe how these lattices help us better model natural
phenomena in the computational domain.

2 NON-CARTESIAN LATTICES IN NATURE

Perhaps the most striking non-Cartesian example observed in the Na-
ture is the structure of honeycomb (Figure 1). The center of each

Fig. 1. A honeycomb. Courtesy of [90]

cell lies on ahexagonal latticewhose Voronoi cells (that are regu-
lar hexagons) are �lled with honey and separated from each other by
the wax. There are two possible explanations about the curious hexag-
onal shape of honeycomb. The �rst argument is based on the fact that,
while tiling the 2D plane, the hexagon covers the biggest possible sur-
face area for its perimeter length [48]. A circle would maximize the
containing surface area for its perimeter, but fails to �ll the 2D plane.
Hence, for constructing such honeycomb bees use the minimal amount
of wax to cover the space; therefore, they optimize the volume of the
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honey containers. A second plausible explanation is that the bees put
together the cells individually and they push as far as they can. This
argument is based on the fact that the hexagonal lattice allows for the
optimal packing of disks in 2D. An argument in favor of the latter ex-
planation is that the queen cells which are constructed in isolation have
irregular and lumpy shapes without any concern for optimality [72]. It
is likely that the honey bee constructs the honeycomb based on in-
stinct, and the prevailing theory of biology is that the appearance of
such ef�cient shapes in nature is a result of natural selection [89].

The hexagonal lattice is also observed in the anatomical structure
of photo-receptors in the central part of the fovea where the light is
projected to the back of the human eyes (Figure 2). These photo-
receptors act as a scanning device that samples the intensity of the
incoming light and generates an electrical signal that is sent to the
brain for further visual processing [36]. It is likely that the optimal
placement of these photo-receptors have similar roots in the natural
selection.

Fig. 2. The photo-receptors in the fovea are optimally packed in a hexag-
onal fashion

Fig. 3. The facets (mini eyes) in the eye of a �y are optimally p acked on
a hexagonal lattice.

Hexagonal lattice is found in the structure of many insect eyes. Sev-
eral species of insects have many (� 700) mini-eyes called facets in-
side each eye (Figure 3). These facets are also densely packed in a
hexagonal fashion [52]. One can argue that the arrangement of the
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facets optimizes the resolution at which the insect's eye perceives the
visual information. The hexagonal lattice appears in various other
physical phenomena like in the structure of superconductors and ice
crystals in the snow �akes.

Non-Cartesian 3D structures appear mostly in crystallography in
the atomic structure of crystals, elemental metals and minerals. The
projection of crystal lattice structures are obtained by studying the
X-ray diffraction patterns through the crystals [55]. The Body Cen-
tered Cubic (BCC) lattice is fairly common in nature. For instance,
the atomic structure of iron, chromium and tungsten are BCC lattices.
Also the Face Centered Cubic (FCC) lattice appears in the structure
of lead, aluminum, copper and gold [88]. The Atomium monument in
Brussels represents the BCC model of iron crystal's unit cell.

As we will see in the following section, the
FCC lattice have been shown to be the dens-
est pattern for spherical packing of atoms or
spherical shapes. This dense packing is fre-
quently observed in nature where optimal ar-
rangement of spherical objects is desired. For
instance the pomegranate seeds are packed
densely in an almost optimal FCC fashion.
The jelly around the seeds, on average, resem-
ble the Voronoi cell of the FCC lattice which is a rhombic dodecahe-
dron [55] –image courtesy of [91].

2.1 Discrete geometry

The hexagonal lattice is the solution to several problems of discrete ge-
ometry in 2D. The optimalpackingproblem in 2D which is the prob-
lem of �nding the densest arrangement of equally sized disks results
in the hexagonal lattice as illustrated in Figure 4(b,c). When compared
to the regular Cartesian packing of disks (Figure 4(a)), the hexagonal
packing is about14% more ef�cient. The hexagonal lattice also al-
lows one tocoverthe plane with equal sized disks while maintaining
the minimum area over the regions that two disks overlap; this con�g-
uration is illustrated in Figure 4(d)[11].

(a) (b)

(c) (d)

Fig. 4. (a) Cartesian close packing. (b) Hexagonal close packing, takes
smaller area. (c) Hexagonal close packing of larger disks occupying the
same area as (a). The unit cells are indicated with the black band. The
area of the unit cell in (b) is � 0:866 of (a) and (c). (d) Covering the plane
with hexagonally arranged disks minimizes the area in the overlapping
regions.

The problem of packing spheres in 3D has its roots to the 16th cen-
tury when an English nobleman and seafarer, Sir Walter Raleigh, asked
his mathematical assistant, Thomas Harriot, to develop a formula to

count the number of cannon-balls stacked in his ships. Harriot who
was an accomplished mathematician and astronomer was able to solve
that problem; but he, curiously, pushed the question further to �nd the
most ef�cient way to pack the cannon-balls on the ship. After contem-
plating the problem for a while, Harriot decided to share this problem
with one of the outstanding contemporary mathematicians, physicists
and astronomers of the time– Johannes Kepler.

Kepler studied this problem and concluded that densest packing
must happen in sheets of 2D hexagonally packed spheres laid on top
of each other such that every sphere on a sheet falls inside the dimple
formed betweenthreespheres in the lower level sheet. This alternate
sheet arrangement of spheres where each hexagonal sheet �lls the dim-
ples in of the lower hexagonal sheet is calledHexagonal Close Pack-
ing (HCP). In 1611 Kepler conjectured that HCP packing (of density
74.05%) produces the optimal packing of 3D spheres in a book entitled
“The Six-Cornered Snow�ake” [68].

In 1881, the crystallographer, William Barlow, demonstrated that an
atomic structure calledFace Centered Cubic(FCC) packing achieves
the samepacking density as the HCP packing does [68]. In fact, he
demonstrated that FCC is a speci�c type of HCP packing (when look-
ing from a different angle) and there are in�nitely many packings that
match the same packing density. The FCC packing would place a
sphere on the corners of a cube and additional spheres in the centers of
each face. The illustration Barlow used to demonstrate this similarity
is re-drawn in Figure 5.

Fig. 5. The Face Centered Cubic Packing with a cut-away view shows
the hexagonal arrangement of spheres from the diagonal viewpoint of
the cube.

When stacking a layer of hexagonally packed spheres on top of an-
other sheet, every sphere in the second layer �lls a dimple formed by
three of the spheres in the �rst layer. Due to the hexagonally packed
arrangement of the second layer, only half of the dimples of the �rst
layer are �lled. Therefore, there are two choices for the second layer.
We can call the arrangement in the �rst layer (A) and the two choices
in the second layer as (B ) and (C) as illustrated in Figure 6.

(a) AB (b) AC

Fig. 6. Two different ways for the consecutive sheets of hexagonally
packed spheres to lie on top of each other.



ENTEZARI: TOWARDS COMPUTING ON NON-CARTESIAN LATTICES

It turns out that the all possible arrangements of layersA, B and
C achieves the same packing density. In particular the alternating
sheets described byABAB : : : is the HCP that Kepler studied and
ABCABCABC : : : is the FCC packing mentioned above Figure 7.
The attractiveness of the FCC packing is that the centers of spheres
form a discrete sub-group of the Euclidean space and FCC forms a
point lattice. However, the HCP points do not form a sub-group and
hence isnota lattice.

(a) An example of HCP for ABA (b) The FCC packing for ABC

Fig. 7. HCP vs FCC packing

The FCC packing is (perhaps not inciden-
tally) the grocer's method for piling up or-
anges, apples and melons on a pyramid; also
the FCC lattice a common arrangement for
storing cannon-balls Figure 8. It is important
to note that the packing density, mentioned
above, is not de�ned over a �nite domain, but
is an asymptotic measure. For �nite packings,
depending on the geometry of the boundary of space there are irreg-
ular packings that attain the maximum density. Back in 1611, Kepler
conjectured that the packing density of HCP (74.05%) is the densest
packing possible in 3D among regular or irregular packings.

Kepler's conjecture remained open for nearly 400 years. The dif�-
culty in proving Kepler's conjecture was that for �nite domains irreg-
ular packings outperform the regular ones; but, when extending these
irregular packings would signi�cantly decrease their density. On the
other hand, the truth of Kepler's conjecture suggest a special property
of the Euclidean geometry that the regular packings outperform the ir-
regular packings in the limit. In 1831, Gauß proved that the packing
density of HCP attains the maximum possible packing density among
the regular packings [11]. This meant that if Kepler's conjecture was to
be disproved, a more dense packing structure had to be found with an
irregular pattern. Gauß's result was perhaps a disappointing result for
disproving Kepler's conjecture by counter-examples since eliminating
all possible irregular packings is intractable.

After Gauß's observations, there were no progress on this problem
for a while. David Hilbert included Kepler's conjecture in his list of
unsolved problems in mathematics (Hilbert's 18th problem). The sit-
uation turned more hopeful in 1953 when Fejes Tóth showed that the
search for disproving Kepler's conjecture among all possible irregular
patterns can be reduced to a �nite, but very large, number of cases.
This was an important observation since it offered the hope of enu-
merating through the possible irregular packings in �nite time with a
fast computer like. Following T́oth's contribution, Thomas Hales de-
termined that the maximum density of all possible arrangements could
be determined by minimizing a function of150 variables. In 1998
Hales announced that he has completed the (computer-aided) proof
and believes the Kepler conjecture to be true [29].

Sphere packings in higher dimensions is of great interest to both
geometers and engineers with various applications such as coding the-
ory and quantization theory [11]. One curious lattice of interest in
24 dimensions isLeech latticethat attains an unusually high packing
density and is used to design error-correcting codes [11] (codes whose
bit-representation is resistant to a few erroneous bit �ips due to pres-
ence of noise in communication).

Fig. 8. Cannon-balls stacked in a face-centered-cubic lattice. Left
Image: (Arlington, Virginia, about 1863). Courtesy of MATHEW B.
BRADY/LIBRARY OF CONGRESS

2.2 Bravais lattices

In this section we will brie�y present selected topics in geometry of
three dimensional non-Cartesian lattices of interest.

In geometry apoint latticeis a discrete subgroup of Euclidean space
that contains the origin [55]. In other words, the set of points in a lat-
tice is closed under addition and inverses. The discrete nature of lattice
implies that every lattice point has a neighborhood in the Euclidean
space in which it is the only lattice point. This neighborhood can be
formally de�ned using a Delaunay diagram by forming the Voronoi
cell. All Euclidean points that are closest to a lattice point form the
Voronoi cell of a lattice. Each lattice point has surroundings identical
to those of all the other points hence one can refer to the Voronoi cell
of a lattice without ambiguity [5].

In the context of close packings (i.e. con�gurations where spheres
are touching each other),cubiclattices are of interest. The term cubic
refers to the fact that in a close packing on a cubic lattice, one can
�nd a unit cell that is a cube. A unit cell is a parallelepiped that con-
tains the minimum repeatable elements of the close packing. There are
three different types of cubic close packings: Cartesian Close Packing
(CC), Face Centered Cubic (FCC) close packing and Body Centered
Cubic (BCC) close packing. The Voronoi cell of these lattices are a
cube, a rhombic dodecahedron (Figure 9) and a truncated octahedron
(Figure 10), respectively. The FCC and BCC lattices are the three di-
mensional counterparts of the hexagonal lattice in 2D.

x

y

z

Fig. 9. The Voronoi cell of FCC lattice is a rhombic dodecahedron.
The blue neighbors are at offsets of (� 1; � 1; 0), (� 1; 0; � 1) and
(0; � 1; � 1). The green neighbors are at offsets of (� 2; 0; 0), (0; � 2; 0)
and (0; 0; � 2).

The FCC lattice is often referred to as theD 3 lattice [11]. In
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Fig. 10. The Voronoi cell of BCC lattice is a truncated octahedron. The
blue neighbors are at offsets of (� 1; � 1; � 1). The green neighbors are
at offsets of (� 2; 0; 0), (0; � 2; 0) and (0; 0; � 2).

factD 3 belongs to a general family of lattices,D n , sometimes called
checkerboard lattices. The checkerboard property implies that the sum
of the coordinates of the FCC lattice sites is always even. Therefore,
one can start with theZ3 and retain only points whose sum of coordi-
nates are even. The resulting FCC lattice has a density of1=2 in the
original Z3 and therefore, its Voronoi cell has a volume of2. Alter-
natively, one can describe the FCC lattice as the points on the corners
of a cube in addition to the centers of the faces of the cube, hence the
name Face Centered Cubic.

The BCC lattice points are located on the corners of a cube with
an additional sample in the center of this cube. Therefore, the BCC
lattice can be considered as two interleaving Cartesian lattices where
the vertices of the secondary Cartesian lattice are moved to the center
of the primary Cartesian cells. An alternative way of describing the
BCC lattice as a sub-lattice of the Cartesian is to start with a Cartesian
lattice (i.e. Z3) and retain only those points whose coordinates have
identical parity. For an integer point inZ3 to belong to the BCC lattice,
all three ofx; y andz coordinates need to be odd or all three need to be
even. Therefore, the BCC lattice is a subgroup whose quotient group is
of orderfour1. Therefore, the BCC lattice is a sub-lattice ofZ3 whose
density is1=4 in Z3 ; in other words the volume of the Voronoi cell of
each lattice point is4.

The FCC and BCC lattice points can be generated by integer linear
combinations of the columns of theirgeneratingmatrices:

BCC =

2

4
1 � 1 � 1

� 1 1 � 1
� 1 � 1 1

3

5 ; F CC =

2

4
0 1 1
1 0 1
1 1 0

3

5 : (1)

It is fairly obvious to note that for a particular lattice there are many
generating matrices [79]. The span of all of these different generating
matrices yield the same set of points, but the integer coordinates of
points are different for each choice of generating matrix. Different
choice of generating matrices yield differentfundamental regionsin
the lattice– the parallelepiped formed by the basis vectors (columns)
of the generating matrix [23, 80].

Since the Voronoi cell of these lattices tile the 3D space, cube, trun-
cated octahedron and rhombic dodecahedron are calledspace �lling
polyhedra. In 3D, there are only �ve (combinatorially) different types
of polyhedra that have this nice property. The other two are hexag-
onal prism and elongated rhombic dodecahedron. These polyhedra

1Looking at thehx; y; z i coordinates mod2, there are8 different combina-
tions and we are interested in only two:h0; 0; 0i andh1; 1; 1i .

are some times referred as Fedorov's parallelohedra [55]. It is a curi-
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(a) (b)

Fig. 11. (a) Elongated rhombic dodecahedron is a space �llin g zonotope
with �ve zones. (b) Hexagonal prism is a space �lling zonotop e with four
zones. Edges belonging to one of the zones of these zonotopes have
been colored green.

ous fact that all of these polyhedra are (the support of) shadows (pro-
jections) of higher dimensional hypercubes down to 3D. The class of
polytopes that are the support of the projection of higher dimensional
hypercubes is calledzonotopes. A zonotope is a polytope that both it-
self and its facets exhibit point symmetry with respect to their centers
(e.g. a rectangle is symmetric with respect to its center, but a triangle
is not). A three dimensional zonotope is often referred to aszonohe-
dron. It turns out that a polyhedron is a zonohedron if and only if its
faces are (center) symmetric [87]. The set of edges of a zonohedron
can be partitioned intozonesin such a way that all edges in one zone
are parallel [31]. The edges in one zone of a zonohedron construct
a “belt”-like structure around the polyhedron. For instance, the elon-
gated rhombic dodecahedron is a �ve zone zonohedron, one of which
has been illustrated with green color in Figure 11(a). A zonohedron
can be speci�ed by a representative vector from each zone. These rep-
resentative vectors can, in turn, be used to construct a projection matrix
that yields the polyhedron from the corresponding higher dimensional
hypercube. The dimension of the hypercube is simply the number of
zones in a zonohedron.

With this knowledge one can easily verify that the cube is the iden-
tity projection of a 3D cube, rhombic dodecahedron and hexagonal
prism are different projections of a 4D tesseract, elongated rhombic
dodecahedron is a projection of a 5D hypercube and truncated octahe-
dron is a projection of a 6D hypercube.

3 NON-CARTESIAN LATTICES IN VISUAL COMPUTING

Motivated by attractive features of the hexagonal lattice and its em-
ployment in biological visual systems, researchers in image process-
ing and computer vision have tried to exploit the hexagonal lattice in
acquisition, processing and visualization algorithms.

The beginnings of digital image processing is usually traced back
to the 1960s when it was motivated by the need to enhance lunar sur-
face images transmitted by Ranger 7 [48]. Even though in the early
stages the Cartesian lattice was studied heavily, McCormick consid-
ered a hexagonal lattice (in addition to the Cartesian lattice) for a thin-
ning algorithm to process digital images and detect nuclear particles
in bubble chamber experiments [45].

It was Petersen [51] who realized the attractive property of the
hexagonal lattice for sampling functions whose support in Fourier do-
main is bounded (i.e. band-limited). In fact, he showed the hexagonal
lattice is the optimal pattern for sampling (isotropically) band-limited
functions. Given an isotropic and band-limited spectrum of the orig-
inal function, one can properly sample that function on a hexagonal
lattice with only 86% of the number of samples one would require
for a proper sampling on the Cartesian lattice. Further details on this
subject is discussed in Section 5.1

3.1 Acquisition

Motivated by the optimal sampling property of the hexagonal sampling
lattice, there has been interest to exploit this optimality and increase
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the “information” captured by the samples taken on the hexagonal lat-
tice in sensor arrays. One (perhaps misleading) approach is to sam-
ple images on the regular Cartesian lattice with generic hardware and
then adopt a resampling scheme [48]. However, during the resampling
process no information can be injected to the captured data and such
re-sampled hexagonal data will contain no more information that was
originally captured.

Staunton [60, 59] have been an advocate for building custom hard-
ware for acquiring hexagonal images. He designed a pipeline to in-
troduce a delay to alternate rows of the video images for hexagonal
acquisition. Also general purpose sensors have been proposed in [32].
However, the progress in this �eld has not been enough compared to
the Cartesian pipeline.

The attractive features of 3D optimal sampling demonstrate tremen-
dous potential to be exploited in medical scanning devices such as
Magnetic Resonance Imaging (MRI); this is discussed in the work of
Ehrhardt [20]. This technique can be used to reduce scan time, data
throughput, and data storage requirements while maintaining resolu-
tion or to improve resolution while maintaining scan time. It is worth-
while to mention that while it is reasonably easy to modify the k-space
trajectories to collect MRI samples on the BCC or FCC lattices, adjust-
ing the impulse response (excitation function) for proper anti-aliasing
is the challenging part. Similarly, a simple phase shift in k-space to
introduce a shift in space domain does not provide with optimal BCC
sampling. The optimality of the BCC lattice allows one to capture
about 30% more information given the same number of samples are
taken on a Cartesian lattice. Similarly for tomographic reconstruc-
tion, Matej and Lewitt considered the optimal sampling properties of
the BCC lattice and developed a tomographic reconstruction method
based on radial basis functions [43, 44]. A good exposition of the
methodology for reconstruction Positron Emission Tomography (PET)
they developed can be found in a technical report [34].

In computed tomography, the notion of 'interlaced lattice' have
been explored and proved to signi�cantly improve the quality of re-
construction [13, 18]. Cormack [13], suggested that one can improve
that quality of tomography by almost50% if the interlaced lattice
was chosen for reconstruction purposes. While the interlaced lattice
bears resemblance to the hexagonal lattice, for a given identical an-
gular and distance discretization resolution, it matches the hexagonal
lattice exactly. Rattey and Lindgren pushed this idea further and ex-
plored optimally sampling the 2D Radon Transform (RT) plane [53].
In this work, the information on the RT plane is considered as a bivari-
ate function (as opposed to the traditional univariate parameterization)
and the optimal hexagonal sampling lattice is applied on that function.
The advantages of using the interlaced lattice are explained by means
of Fourier analysis in works by Faridani [25, 26, 27, 42].

Wells et al [85] also advocate the use of hexagonal sampling pattern
in practical CT applications. They state that conventional CT scanners
are not making the best use of the available data if they are not using
some scheme that approximates hexagonal sampling, but are using a
scheme equivalent to Cartesian sampling. “It seems that one ought
to get the maximum spatial resolution from the number of samples
acquired as the CT scanning and image reconstruction are expensive
enough in time and dollars without unnecessarily throwing resolution
away” [85]. The mentioned framework and simulation studies and
experiments for typical �rst generation scanner have been described in
Suparta's PhD thesis [67].

Unser used the BCC lattice for measuring their proposed volumet-
ric signal to noise ratio (VSSNR) model for assessment of 3D recon-
structions of biological macromolecules by transmission electron mi-
croscopy [78]. They used the BCC lattice points to approximate the
VSSNR by a radial basis function based on generalized Kaiser-Bessel
window functions.

3.2 Other Applications

The hexagonal lattice has also found interest in the mathematical mor-
phology domain thanks to the elegant notion of neighborhood on each
lattice point. In a 2D Cartesian lattice, there are two distinct sets of
neighbors in the immediate neighborhood of each lattice point. Four

closest neighbors whose Voronoi cells share a face with the Voronoi
cell of the center lattice point (face-connected: green arrows in Fig-
ure 12(a)). Also four more neighbors whose Voronoi cells share a ver-
tex with the Voronoi cell of the center point (vertex-connected: blue
arrows in Figure 12(a)). In many computer vision applications a face-
connected or a vertex-connected neighborhood (or their union) is arbi-
trarily chosen as the choice of neighborhood. However, in the case of
hexagonal lattice a total of six face-connected neighbors completely
separate the center point from the rest of the lattice (see Figure 12(b)).
This distinction allows one to distinguish a foreground image from its
background in a more sensible fashion.

Besides the improved notion of neighborhood, for creating isotropic
structural elements in morphology, it is desirable to have the richest
group of rotations as possible. In 2D the hexagonal lattice's Voronoi
cell (hexagon) provides with a better element than the simple square
of Cartesian lattice. Motivated by these advantages Meyer developed
the corresponding morphological operators on the FCC and BCC lat-
tice [47]. The improved notion of neighborhood are also desirable in
certain �nite element modeling applications [49].

(a) (b)

Fig. 12. Left Cartesian lattice point, Face+Vertex connectivity. Right the
hexagonal lattice point, Face connectivity.

The improved isotropy of neighbors in FCC and BCC lattices makes
their voxel representations (i.e. their Voronoi cells) more suitable to
rotations than the cubic voxels on the Cartesian lattice. This prop-
erty proves useful to discrete representation of shapes and their skele-
tons [62]. In a distance transform (DT), each picture element in an
object is labeled with the distance to the closest element in the back-
ground. DTs are very useful tools in many types of image analysis,
from simple noise removal to advanced shape recognition. Results
concerning weighted DTs and Euclidean DTs on the FCC and BCC
lattices have been studied [64, 63].

Miller [49] examined the advantages of non-Cartesian lattices for
estimating perimeter (in 2D) and surface area (in 3D) of piecewise
smooth objects sampled on Cartesian and non-Cartesian lattices. The
estimation process uses local counting methods on the pixels and vox-
els where each element is responsible for its local contribution to the
total boundary of discretized objects. In local counting methods the
hexagonal lattice is demonstrated to provide with a better perimeter
estimation than the commonly used 2D Cartesian lattice. In 3D it
is shown that for surfaces of random orientation with a uniform dis-
tribution, the expected error of surface area estimates is signi�cantly
smaller for the FCC and BCC lattices than for the standard Cartesian
lattice. The competition between FCC and BCC is in favor of BCC
for the lowest mean error in estimating the area while FCC has the
much smaller maximum error. This work demonstrate that FCC and
BCC lattices can be exploited in various �elds like medical imaging
where area estimation of tissues or tumors is a challenging and im-
portant task. Similarly, in manufacturing world, the improved surface
area estimation by non-Cartesian lattices is useful for computing �ux
of physical quantities across or along a surface such as shear stress,
heat or electromagnetic �elds or wind resistance computations.

Half-toning is a technique for producing the illusion of continuous
tone in binary display devices (such as laser printers) through a ran-
dom placement of pixels. Hexagonal patterns have also been proposed
for half-toning [61, 74, 35]; however, the blue noise dithering method
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proposed by Ulichney [75] ironically showed that only on a rectangu-
lar sampling lattice it is possible to isolate pixels at all gray-levels. The
issue with the hexagonal lattice pattern was that the minority pixels be-
gin to cluster when the gray-level value (normalized to[0; 1]) tends to
1=2. Because of this issue Ulichney concluded that the hexagonal lat-
tice can not support blue-noise [75]. Only recently Lau and Ulichney
resolved the mentioned paradoxical result and showed that the hexago-
nal lattice is actually the preferred choice for stochastic dithering [40].

Sun et al [66] demonstrated that a �nite difference approximation
of gradients can be obtained with a hexagonal stencil that involve a
point and six of its neighbors. This seven point stencil achieves a
fourth order approximation while a Cartesian �nite difference stencil
of the same approximation order requires the full nine-point neigh-
borhood. It is worthwhile to mention that even though [66] considers
this approximation only in 2D on a hexagonal lattice, they refer to the
hexagonal lattice as a face centered cubic lattice.

Tian [73] showed that the hexagonal lattice can help improving the
estimates of thedirection-of-arrival (DOA) of a signal on an antenna
array. The estimate they found exhibits good thresholding and is close
to the Cramer-Rao bound above threshold.

4 UNIFORM UNIVARIATE SAMPLING AND RECONSTRUCTION

In the univariate signal processing theory sampling a continuous-
domain function can be interpreted as a multiplication with acomb
(shah) functionqq T where the samples areTZ [50]. Since the comb
function is a distribution, its multiplication with a regular function is
de�ned as:

Z
qq T f (x) dx =

X

k 2 Z

f (k) (2)

Sampling the function brings aboutreplicationof the spectrum on a
lattice with1=T period in the Fourier domain; this phenomenon can be
justi�ed using Poisson sum formula [4]. Since the Fourier transform
(in the distributional sense) of a comb function is another comb func-
tion with reciprocal scale, one can demonstrate the mentioned replica-
tion phenomena as a convolution with the dual comb function [3]:

qq T f  ! qq 2 �
T

� f̂ (3)

Here$ denotes a Fourier transform pair.

4.1 Reconstruction in the space of band-limited functions

Traditionally, the subspaceD of L 2 whose elements have a Fourier
transform with a bounded support (i.e. band-limited functions) was
considered for the purpose of sampling and reconstruction. Whit-
taker [86] demonstrated the countable nature of the space of band-
limited functions by representing a function by its cardinal series.
Shannon [56] then realized the potential of this representation for com-
munication theory and signal processing. Assuming a spaceB ( � �;� )
of functions whose Fourier transform is only nonzero on theopenin-
terval(� �; � ), the classical result claims that a functionf 2 B ( � �;� )
is completely determined by its ordinates:

f (x) =
X

k 2 Z

f (k) sinc (2� (x � k)) (4)

wheresinc(t) = sin( t=2)=(t=2) andf (k) are the samples (ordinates)
of the functionf on integers. The supremum frequency of� allowed in
the spectrum of functions inB ( � �;� ) is called the Nyquist frequency.
A function can be completely recovered by samples taken at intervals
inversely proportional to the Nyquist frequency of its spectrum [50].
If a function's spectrum has a wider support, the Nyquist frequency is
higher and the sampling intervals needed to recover the function from
its samples is smaller.

While Shannon's result provides an extremely useful reconstruction
formula that has a wide range of applications, it has several shortcom-
ings:

1. Due to the Riemann-Lebesgue lemma the Fourier transform of
many functions, including elements ofL 1 or L 2 , decay to zero as
the frequency increases, hence the traditionally popular choice of
band-limited functions as a space of approximation is not a bad
idea; however, the band-limited assumption in the strict sense is
typically not met. There is a large class of functions for model-
ing real phenomena that are not band-limited; for such functions,
the representation on the right hand side of Equation 4 could turn
erroneous and invalid. In practice, a pre-�ltering step is applied
before sampling where the original function's spectrum is �ltered
so that all frequencies outside of the safe range of(� �; � ) are re-
moved. This pre-�ltering is ideally implemented by convolving
the original function with asinc function before sampling.

2. It is dif�cult to use the reconstruction in Equation 4 since the
sinc function has an in�nite support and decays very slowly. For
instance a pointwise evaluation is a non-local operation and the
value of the function at any pointx is affected by manyf (k)'s.
It is a common practice [50] to choose a windowed or truncated
sinc where thesinc function is dampened to concentrate its en-
ergy in a windowed support. However, these techniques ruin the
good approximation capabilities of thesinc function [77].

3. From the point of view of applications, it is rarely possible to
obtain exact samplesf (k) of a functionf . Instead, a sampling
device usually has a point-spread function which effectively sam-
ples a weighted local average of the function [1].

These problems in sampling and reconstruction on the space of band-
limited functions demands a more general framework where one
could model non-band-limited functions and reconstruct functions ef-
�ciently and accurately. The concept of sampling and reconstruction
in theshift invariant spacesremedies these problems. A good review
of shift invariant spaces can be found in [77, 1] and the references
therein. The sampling and reconstruction in shift invariant spaces can
be viewed as an abstraction of Shannon's result where the restriction
of band-limited space is removed with a more general space [77].

4.2 Sampling and Reconstruction in shift invariant
(spline-like) spaces

If we considerX to be a Hilbert space equipped with the norm in-
duced from the common inner product:hf; g i =

R
f (x)g(x) dx, the

pre-�ltering step can be viewed as an orthogonal projection of an el-
ement inX onto the space of band-limited functionsD ; therefore,
Shannon's result can be viewed as the “best approximation” of an ar-
bitrary element ofX in the space of band-limited functions. To ob-
serve this relationship, we �rst note that the shifts of thesinc function
form an orthonormal set [30]:f ' k = sinc (2 � (� � k))g for k 2 Z
sinceh' m ; ' n i = � m � n where� is the Kronecker delta function. By
Whittaker's result in Equation 4, this set forms an orthonormal basis
for D . Therefore, an elementf 2 X can be projected ontoD using
the dual basis tof ' k g. But sincef ' k g is an orthonormal basis, the el-
ements of the dual basis are again shiftedsinc functions. Therefore the
best approximation off is achieved by the coef�cientsck = hf; ' k i
and ~f =

P
k 2 Z ck ' k . Due to the property of thesinc function that

sinc (2�k ) = � k , we have~f (k) = ck ; it turns out that the coef�cients
ck can also be viewed through sampling the function that is the convo-
lution of the originalf with thesinc function. This convolution is the
ideal pre-�ltering step that band-limits the spectrum off .

ck = hf; ' k i =
Z

f (x) sinc (2� (x � k))dx = ( f � sinc)(k) = ~f (k)

The original Shannon's theorem follows from the case thatf 2 D , in
that case we havef = ~f andck = f (k).

The theory of sampling and reconstruction in the shift invariant
spaces builds on using different choices of basis functions than the
sinc function. Again usually a single function' determines the entire
procedure and is called the generating function; the span of the shifts
' k = ' (� � k) formsD (' ) the approximation space. The choice of'
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can be guided by the fact that we desire a function with compact sup-
port. Moreover, the shifts of' should produce linearly independent
set of functions.

A function f 2 X is approximated (represented) by~f in the space
D (' ) which is determined by its coef�cient seriesc 2 l2 .

~f =
X

k 2 Z

ck ' k

These coef�cients are not necessarily the samples off but are obtained
by some series of linear functionals acting onf . It is desirable to have
a stable representation which means that small changes in the coef-
�cients should result in small changes in~f . Also, we like to have a
unique representation off ; in other words we would like to be able
to de�ne ~f unambiguously. Ideally, an orthonormal basis satis�es all
of these requirements; however orthonormality is sometimes a pro-
hibitively strong restriction. The next best constrain to enforce is the
Riesz criteria for the generating set [15]. Forf ' k g to be a Riesz basis,
there should exist two positive and �nite constantsC1 andC2 such
that for every sequence of coef�cientsc 2 l2 :

C1kck2 � k ~f k2 � C2kck2 (5)

The lower bound inequality implies the linear independence of the set
f ' k g since

P
k 2 Z ck ' k = 0 implies c = 0 . The linear indepen-

dence, in turn, implies the uniqueness of the approximation~f . The
upper bound inequality ensures that the approximation is still square
integrable andD (' ) is a subset ofL 2 .

In order to �nd the best approximation tof from the spaceD (' )
we need to �nd the orthogonal projector that projectsf to ~f . Since we
do not necessarily have an orthonormal basis for the approximation
space anymore, we need to �nd the dual basisf ' 0

k g to serve as the or-
thogonal projector toD (' ). The dual basis satisfy the biorthogonality
property: h' m ; ' 0

n i = � m � n . The best approximation then comes
from:

~f =
X

k 2 Z



f; ' 0

k

�
' k

We note that the coef�cientsck = hf; ' 0
k i are no longer exact samples

of the original function, but are the scalars obtained from the series of
functionalsfh� ; ' 0

k ig k 2 Z .
If f happens to be inD (' ) it is possible to recoverf exactly. How-

ever, for a general element ofX the exact recovery is not possible and
hence one settles down with the best approximation inD (' ). There-
fore another criteria to be considered when designing or comparing
generator functions is the best approximation their corresponding shift
invariant spaces can achieve. This leads to the concept ofapproxima-
tion power.

Since a typical choice of the generating function is one with a com-
pact support, one can try to re�ne the space of approximation by scal-
ing the generating function and accordingly the shifts byT . Therefore,
an element in a space generated by the dilated' T = ' (�=T) has the
form:

~f T =
X

k 2 T Z

ck ' T
k

We also note that the density of coef�cients also changes since they
are now counted byTZ. By choosingT < 1 we increase the “sam-
pling” density and have a �ner approximation to the functionf and
the choice ofT > 1 leads to a coarser approximation off . For a gen-
erator function' to be acceptable for approximation it has to be able
to approximate any element ofX arbitrary closely:

lim
T ! 0

kf � ~f T k = 0 :

4.3 Approximation Power and Strang-Fix Results

When it comes to choosing a generating function over another it makes
sense to compare the rate at which the best approximation in their cor-
responding spaces converge. One of the most common measures for
comparing approximation power of generating functions is developed
by Strang and Fix [65]. Their result allows to predict the rate at which
scales of the space of a generating function approximates differen-
tiable functions. In Strang-Fix theory a generating function' with a
compact support (or an inverse polynomial decay) has approximation
power ofL if [65, 76]:

1. f ' k g for k 2 Z forms a Riesz basis.

2. ^' (0) = 1 and ^' (! ) behaves like(! � 2�k )L around allaliasing
frequencies! = 2 �k wherek 6= 0 ; k 2 Z.

where ^' is the Fourier transform of' . If f is a function whoseL th

derivative exists and is of �nite energy, then the error in the best ap-
proximation off in a scaled space generated by' decays as fast as
T L :

inf
~f T 2 D ( ' T )

kf � ~f T k � C' T L kf ( L ) k

the constantC' is independent off . The number of zero crossings
at aliasing frequencies was also studied in the wavelet theory as they
predict the approximation power of a wavelet decomposition [76].

The Strang-Fix result can be considered as the computational alter-
native to the concept of Nyquist frequency in the traditional Shannon's
theory. The error, generally, is not zero but can be made arbitrary small
given a �ne “sampling” intervals ofT .

Splines are a general class of approximation spaces where the func-
tion f is approximated by apiecewise polynomialfunction [16]. Given
a uniform sequence of knots or seam points, the class of basis splines
(B-splines) span this space. Under this assumption B-spline basis
functions act as the generators of the shift invariant space. Different
orders of B-splines can be obtained by successive convolutions of the
zeroth order B-spline (indicator function of sampling interval) with
itself. One can design B-splines of arbitrarily high smoothness and
approximation order.

5 MULTIDIMENSIONAL REGULAR SAMPLING

While in the univariate setting, the choice of uniform sampling can
only be controlled by the choose of the sampling distanceT , in the
multivariate setting, there is a greater freedom in choosing the sam-
pling pattern. A great introduction to multidimensional signal pro-
cessing can be found in the book from Dudgeon and Mersereau [19].

In the multidimensional case there are more choices for uniform
distribution of points and it becomes a matter of regular tiling. The
obvious choices in 2D are Cartesian lattice and a hexagonal lattice
for sampling. A general point lattice for sampling is the span of the
columns of thesampling matrixM . Associated with every full rank
lattice is adual (reciprocal [19] or polar [7]) lattice whose generator
matrix is the inverse transpose of the original latticeM �> see Fig-
ure 13.

The very same terminology as de�ned in Section 4 can be extended
into the generic multivariate setting. Here one can introduce a comb
function, qq M with its spikes on the lattice pointsM Zn [19]. The
(distributional) Fourier transform of this comb function involves the
dual lattice:

qq T  ! qq 2� M �>

When sampling a multivariate function on a lattice, generated by
M , the effect in the Fourier domain is the replication of the spectrum
on the dual lattice [19] (scaled by2� ).

qq M f  ! qq 2� M �> � f̂
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Fig. 13. (a) A 2D lattice with sampling matrix M = [ u ; v ]. (b)The dual
lattice described by M �> = [ u 0; v 0]. (c) The Voronoi cell (Wigner-
Seitz cell) of the lattice. (d) The Brillouin zone: the Voronoi cell of the
dual lattice.

The corresponding multidimensional Poisson sum [4] formula in
this case becomes:

X

k 2 Zn

f (M k ) =
X

k 02 Zn

f̂ (2� M �> k 0)

Since the spectrum is replicated in the Fourier domain according
to the dual lattice, the Voronoi cell of the dual lattice is where the
main spectrum lies. The Voronoi cell of the dual lattice is sometimes
referred to as the Brillouin zone [55]. The boundary of the Brillouin
zone can be considered as the multidimensional version of the Nyquist
frequency. Therefore, the multivariate version of (Shannon) sampling
theorem holds when the spectrum of the signal to be sampled on the
latticeM does not contain frequencies outside the Brillouin zone (i.e.
the Voronoi cell of the dual lattice).

Therefore, the ideal interpolation kernel on the latticeM is de�ned
as the inverse Fourier transform of the indicator function of the Bril-
louin zone:

sincM  ! � M �> (6)

Where� M denotes the indicator function of the Voronoi cell of a lat-
ticeM at the Origin.

Claim 1 M lattice shifts ofsincM forms an orthonormal system. We
�rst note that a shift in the space domain amounts to a phase shift in
the Fourier domain. Therefore:

sincM (� � k )  ! exp (� i k �)� M �>

Moreover, the multidimensional Fourier basis form an orthonormal
system:

hexp(� i k 1 �); exp(� i k 2 �)i = � k 1 � k 2 (7)

We resort to the Plancherel's theorem (Fourier transform preserves
angles) forlattice shiftedsincM functions:

hsincM (� � M k 1); sincM (� � M k 2)i
= hexp (� iM k 1 �)� M �> ; exp (� iM k 2 �)� M �> i

(8)

Since� M �> is the Voronoi cell of the dual lattice, its periodic repli-
cation with respect to dual lattice shifts of2� M �> k tiles the space.
Similarly the phase shifts are also periodic with the same period:

exp
�

� i (M k ) � (! + 2 � M �> k 0)
�

= exp ( � i (M k ) � ! ) � exp
�

� 2�i (M k ) � (M �> k 0)
�

= exp ( � i (M k ) � ! ) � exp
�

� 2�i k > M > M �> k 0
�

= exp ( � i (M k ) � ! ) � exp
�

� 2�i k > k 0
�

= exp ( � i (M k ) � ! )

sincek > k 0 2 Z.
Therefore, the inner product in Equation 7 is the sum of individual

tiles in Equation 8 (which are identical to each other). For different
lattice shifts (M k 1 6= M k 2), the inner product over the whole do-
main (Equation 7) is zero, therefore, the individual tiles in Equation 8
must be zero. Therefore,sincM shifted to different lattice sites are or-
thogonal. WhenM k 1 = M k 2 the value of Equation 8 simpli�es to
the volume of the Brillouin zone which is normalized to unity.

hsincM (� � M k 1); sincM (� � M k 2)i = � M k 1 � M k 2 (9)

The orthonormality of the de�nedsincM system readily extends
the univariate sampling and ideal interpolation theory to the multivari-
ate case.

5.1 Optimal Sampling Lattice

The optimality of the hexagonal lattice in sampling theory can be ex-
plained by theuncertainty principle. As mentioned earlier, when a
function is sampled on space domain, its spectrum is replicated in the
Fourier domain on a lattice withreciprocaldensity of the sampling set.

When a function is sampled coarser than the Nyquist rate, the repli-
cates of the spectrum overlap in the Fourier domain and lead to the so
calledaliasingeffect. Too dense of a sampling leads to excessive and
unnecessary amount of data; this phenomenon is attributed to a sparce
replication of replicates of the spectrum. The best sampling rate is
achieved when the spectrum of the function ispacked as dense as pos-
sible(in the Fourier domain) without overlap. Figure 14 illustrates the
uncertainity principle in the univariate case.

T
T

2p/T
2p/T 2p/T

Coarsely Sampled Densely Sampled Optimally Sampled

Fig. 14. Uncertainity principle in the univariate setting. First row: sam-
pling a function in the space domain. Second row: replication of the
spectrum in the Fourier domain. First column illustrates aliasing, sec-
ond column is dense sampling with too many unnecessary samples, the
third column is the ideal sampling rate.

Petersen and Middleton [51] developed the multidimensional ver-
sion of the sampling theorem of Whittaker and Shannon. They further
noticed that for isotropic functions (i.e. functions with roughly low-
pass isotropic spectrum) the optimal sampling rate in the multidimen-
sional setting, one be obtained by the dense (hyper-) sphere packing
arrangements to optimally pack the replicates of the spectrum in the
Fourier domain. Such dense packing of the replicates in the Fourier
domain provides the notion of optimal sampling lattice as the dual lat-
tice to the dense sphere packing lattices.
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Since the density of hexagonally packing disks in 2D is roughly
14% more than the regular Cartesian, one can retain roughly14%
more wave-number frequency information in the spectrum of the func-
tion without introducing aliasing [51]–see Figure 15. The optimal
packing of spheres in 3D is obtained by FCC packing whose pack-
ing density is74:05%. In comparison to the packing density of the
Cartesian lattice (52:3%), the FCC replication of spectrum has to loose
about30%of the information in its Voronoi cell for an alias-free sam-
pling on the Cartesian lattice. Therefore, the dual to FCC lattice, the
BCC lattice, is considered the best generic sampling pattern in 3D.

(a) Cartesian Replication (b) Hexagonal Replication

(c) Hex: Fewer Samples (d) Hex: More Info

Fig. 15. (a) Cartesian replication of spectrum versus (b) Hexagonal
replication with the same sampling density in space domain. (c) One
could represent the same spectrum with tighter replication in the Fourier
domain, therefore sparser sampling in space domain. (d) One could add
extra wave-number information (in the highlighted region) and still avoid
aliasing

The canonicalsinc functions are ideal interpolators on these non-
Cartesian lattices to reconstruct a function in space of band-limited
functions. However, local kernels with bounded support are de-
sired from the numerical accuracy and computational ef�ciency rea-
sons. For reconstruction (interpolation/approximation) on these non-
Cartesian lattices, one needs to consider shift-invariant spaces for ap-
proximation withnon-Cartesian shifts.

Van De Ville et al [84] introduced a class of B-splines (called hex-
splines) that have the proper geometry for reconstruction on the hexag-
onal lattice in 2D. They also demonstrated smoothness and approxima-
tion power of these hex-splines.

Box splines offer a natural extension of B-splines to the multivari-
ate setting. Box splines are piecewise-smooth multivariate polyno-
mials that can be obtained by successive self convolutions of zeroth
order box spline alongdirection vectors. The zeroth order box spline
is de�ned to be the indicator function of any parallelohedron. An al-
ternative geometric view of box splines is obtained by projections of
higher dimensional hyper-cubes down to any lower dimensional space.
This geometric view demonstrates that the support of box splines are
always zonohedra. The general topic of box splines is rather intricate
and a general survey of results on the topic has been gathered in [17].

Condat and Van De Ville [10] proposed an ef�cient characterization
of three-directional box splines for reconstruction on the hexagonal
lattice with an ef�cient piecewise polynomial evaluation method.

In volume graphics, optimality of BCC sampling has been explored

by Theußl et al. [70]. They applied the spherical extension of recon-
struction �lters, which resulted in rather blurry and unsatisfying re-
sults. Different ad-hoc approaches were studied for reconstructionand
derivative reconstruction on the BCC lattice, with mixed results [69].

We have designed a family of box splines for reconstruction (in-
terpolation, approximation) on the BCC lattice, that are comparable
to their Cartesian B-spline counterparts in smoothness and numeri-
cal accuracy [21]. We have also recently shown that these box spline
reconstructions are twice as fast as their Cartesian counterparts [24].
These box spline reconstruction methods allowed us for the �rst time
to observe the theoretical expectations of the optimality of BCC sam-
pling in practical applications. For example in ray-traced images in
Figure 16 one can observe the high �delity of imaging produced by
the BCC sampling and box spline reconstruction of a carp �sh dataset.
Moreover, the time it takes for rendering these images con�rms the
computational ef�ciency of reconstruction on the BCC lattice. Simi-
lar observations can be made in the imagings of the teapot dataset in
Figure 17.

2,744K Cart samples 658 sec 2,735K BCC samples 335 sec

Fig. 16. A comparable sampling density of Fish dataset, left on the
Cartesian lattice and right on BCC lattice. The bones and �sh tail have
been better reconstructed in the right image. The Cartesian data has
been reconstructed with tri-cubic B-spline and the BCC dataset has
been reconstructed with the box spline in [24].

Meng et al also examined the perceptual accuracy [46], of optimal
sampling and box spline reconstruction of various datasets in scienti�c
visualization. This study establishes an empirical evidence that the
theoretical expectation that a BCC sampled volume with roughly about
70% number of samples of a Cartesian volume produces equivalent
visualizations.

Also, iso-surface extraction on the optimal sampling lattice has
been studied with inconclusive results [6]. Recently, Csébfalvi [14]
demonstrated a reconstruction using a Gaussian kernel and the prin-
ciple of generalized interpolation [71]. While this method provides
with an isotropic solution, it does not guarantee approximation order.
It is also a numerical scheme without any closed form solution for the
interpolation kernel.

5.2 Multi-resolution and Subsampling

Wavelet theory plays a central role in many biomedical, image pro-
cessing and visualization applications [2]. Key algorithms such as
compression [54] and de-noising [58] heavily rely on wavelet trans-
form. By sub-sampling a (sampled) function into coarser scales of
resolution, the wavelet transform produces a multi-resolution repre-
sentation of the function. The quincunx lattice in 2D and the FCC
and BCC lattices in 3D produce striking sub-sampling patterns. Their
curious structure allows for optimally partitioning the spectrum of the
function into a multi-resolution representation.

Multi-resolution schemes are important tools for dealing with large
data. Different levels of detail of the data can be pre-computed and an
appropriate level can be picked according to the available bandwidth
of the display device or the transition channel (e.g. for online music,
video, or graphics applications).
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763K Cart samples 326 seconds 741K BCC samples 167 seconds

Fig. 17. A comparable sampling density of porcelain teapot dataset, left
on the Cartesian lattice and right on BCC lattice. The water-tight surface
of the teapot has developed a hole when sampling on the Cartesian
lattice while the BCC lattice represents the surface more accurately. The
Cartesian data has been reconstructed with tri-cubic B-spline and the
BCC dataset has been reconstructed with the box spline in [24].

Ideally, one would like to �nd the appropriate level-of-detail, which
preserves exactly as much data as can be handled by the underlying
hardware or software constraints. In other words, we would like to
have a continuous level-of-detail (LOD) slider, creating the LOD that
is needed. However, it is only feasible to pre-compute �nitely many
LOD's. The choice of LOD's is often constrained by the underlying
data structures and algorithms available to process these data struc-
tures.

In image and volume processing it has been customary to work
with image and volume pyramids that treat each dimension separately
which is a Cartesian tensor-product paradigm of multi-resolution. In
such a scenario the smallest possible granularity of sub-sampling
would be to half the resolution of each dimension. This leads to the
well-known quad-trees (in 2D) and octrees (in 3D). While we are only
halving the resolution per coordinate axis during each iteration, we ef-
fectively reduce the overall data by a factor of four in 2D and eight in
3D.

While this is a convenient and widely used pipeline, the granularity
may be too coarse and alternatives are of interest. Hence, quincunx
structure has been studied in the image processing community [79, 19]
with the bene�t of allowing a �ner granularity for 2D image pyramids.
Quincunx allows an overall data reduction by a factor of two in each
iteration.

Van De Ville et al [80] have shown that a simple extension of the
quincunx scheme to 3D is not possible and iterating through the com-
monly assumed Face Centered Cubic (FCC) subsampling cannot pro-
vide a suitable isotropic representation of the signal at various resolu-
tion levels. On the other hand, Linsen et al [41] have studied a multi-
resolution pipeline which has a change of resolution by a factor close
to two in each step. In the �rst step of down-sampling, this method
loses3=8 of the data; in the second step it discards3=5 of the data;
and in the �nal step it loses1=2 of the data to obtain a representation
at 1=8 of the original data rate. Therefore, each resolution of the data
is not exactly halving the information. Another drawback is that this
pipeline is made up of grids, for which no rendering algorithms with

proper reconstruction �lters exist. Moreover, it is not possible to ana-
lyze the representation of the data at various resolution levels in terms
of the spectrum of the underlying signal. In other words, there are no
signal processing tools available to analyze or predict the quality of
the data representation and reconstruction on such grids.

In [22] we introduced a multi-resolution pipeline in 3D, which rep-
resents a volumetric dataset at the half resolution on a FCC lattice
and at the quarter resolution on a BCC lattice. The resolution of one
eighths is again represented on a Cartesian lattice. Since proper in-
terpolation and reconstruction schemes for these lattices exist we are
able to render data in decomposition domain on these 3D lattices ef-
�ciently. The spectrum of the data at these sub-sampling steps have
been illustrated in Figure 18.

a) FCC b) BCC c) Cartesian

Fig. 18. Nyquist regions for various subsampling steps. The gray cube
indicates the support of the spectrum of the original Cartesian-sampled
trivariate function.

Designing wavelets suitable for these FCC and BCC is a challeng-
ing task since they are non-separable (not a trivial tensor product of
one dimensional) wavelets [57]. The non-separability leads to their
improved isotropy and slow progression through the scales of resolu-
tion.

Nonseparable multivariate regular perfect reconstruction �lter
banks have been studied by Cooklev [12] and Kova�cevíc [33, 37, 38,
39] and Vetterli [81, 82, 83] that extend the techniques of �lter design
to two-channel multidimensional transforms. However, multi-channel
non-separable wavelets are signi�cantly harder to come by. A major
dif�culty is that the spectral factorization results do not easily extend
to multivariate setting [28]. Cohen and Daubechies showed that com-
ing up with scaling functions and wavelets for arbitrary dilation ma-
trices are dif�cult [8]. However, Cohen presented a class of wavelet
bases with hexagonal symmetry [9].

6 CONCLUSION

The non-optimal Cartesian lattice has been used extensively in a vari-
ety of disciplines that employ numerical algorithms and signal pro-
cessing; these include biomedical imaging, scienti�c visualization,
image processing and computer graphics. These disciplines stand to
bene�t from employing the optimal lattices.

These optimal lattices exhibit elegant mathematical properties. For
instance, the FCC lattices corresponds to the densest pattern for pack-
ing non-overlapping spheres in 3D. Similarly, the BCC lattice shows
us how to cover 3D space with spheres that are minimally overlapping.
These lattices have been used in crystallography to explain shapes
of crystals and in coding theory to construct optimal error-correcting
codes.

The existence of non-Cartesian structures in nature have provoked
great amount of interest in the research community to exploit other
lattices for their potential in various applications. We have reported
on a number of different sub-domains in visual computing �eld where
the optimality of hexagonal lattice in 2D and Body Centered Cubic
lattice in 3D have been extremely fruitful. These optimal lattices not
only demonstrate potential for improving numerical accuracy of many
imaging pipelines, but also improving the computational ef�ciency in
several applications.

It is certainly challenging to convince practitioners to exploit the
optimality of these lattices in applications before the mathematics of
approximation and numerical algorithms for proper handling of data
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on these lattices are developed. Therefore, the greatest challenges in
this �eld are to develop the proper analysis and processing algorithms
in numerical analysis, approximation theory and signal processing on
the optimal lattices.
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