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Abstract
We proposea threedimensionalmulti-resolutionschemeto representvolumetricdata in resolutionswhich are
powers of two, resolvingthe rigidity of thecommonlyusedseparableCartesianmulti-resolutionschemesin 3D
that only allow for change of resolutionby a powerof eight.Throughin-depthcomparisonswith thecounterpart
resamplingsolutionson the Cartesianlattice, we demonstrate the superiorityof our subsamplingscheme. We
deriveanddocumenttheFourier domainanalysisof this representation.Usingsuch an analysisonecanobtain
idealanddiscretemultidimensional�lter s for thismulti-resolutionscheme.

CategoriesandSubjectDescriptors(accordingto ACM CCS): G.1.1[NumericalAnalysis]:Approximation
I.4.10[ImageProcessingandComputerVision]: ImageRepresentation,Volumetric

1. Intr oduction

Multi-resolution schemesare important tools for dealing
with largedata.Differentlevelsof detail of thedatacanbe
pre-computedandanappropriatelevel canbepickedaccord-
ing to the availablebandwidthof the displaydevice or the
transitionchannel(e.g.for onlinemusic,video,or graphics
applications).

Ideally, one would like to �nd the appropriatelevel-of-
detail,which preservesexactly asmuchdataascanbehan-
dledby theunderlyinghardwareor softwareconstraints.In
otherwords,we would like to have a continuouslevel-of-
detail (LOD) slider, creatingtheLOD that is needed.How-
ever, it is only feasibleto pre-compute�nitely many LOD's.
Thechoiceof LOD's is oftenconstrainedby theunderlying
datastructuresandalgorithmsavailableto processthesedata
structures.

One could easily usea continuous�lter in order to re-
constructa continuousrepresentationof theunderlyingdata
andto samplethiscontinuousrepresentationatany arbitrary
resolution.Using this idea,any arbitrarygranularitycanbe
produced.However, this would requirethe useof a differ-
ent �lter maskfor eachsamplepoint of the down-sampled
grid. This is ratherineffective andcomputationallyexpen-
sive. Hence,it is desirableto constructa multi-resolution
pyramidusingonly discrete�lters.
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In imageandvolumeprocessingit hasbeencustomaryto
work with imageand volume pyramidsthat treat eachdi-
mensionseparately. In sucha scenariothesmallestpossible
granularityof sub-samplingwould be to half the resolution
of eachdimension.This leadsto thewell-known quad-trees
(in 2D) andoctrees(in 3D). While we areonly halving the
resolutionper coordinateaxis during eachiteration,we ef-
fectively reducetheoveralldataby afactorof four in 2D and
eightin 3D.

While this is a convenientandwidely usedpipeline,the
granularitymay be too coarseandalternativesareof inter-
est.Hence,quincunx�ltering hasbeenstudiedin theimage
processingcommunity[Vai93,DM84] with thebene�t of al-
lowing a�ner granularityfor 2D imagepyramids.Quincunx
allows an overall datareductionby a factorof two in each
iteration.

VanDeVille etal. [VDVBU05] haveshown thatasimple
extensionof thequincunxschemeto 3D is not possibleand
iteratingthroughthecommonlyassumedFaceCenteredCu-
bic (FCC) subsamplingcannotprovide a suitableisotropic
representationof the signalat variousresolutionlevels.On
theotherhand,Linsenetal. [LPD� 04] havestudiedamulti-
resolutionpipeline which hasa changeof resolutionby a
factorcloseto two in eachstep.In the �rst stepof down-
sampling,this methodloses3=8 of the data;in the second
stepit discards3=5 of thedata;andin the�nal stepit loses
1=2 of thedatato obtaina representationat 1=8 of theorig-
inal datarate.Therefore,eachresolutionof the datais not

c
 TheEurographicsAssociation2006.



Entezari,etal. / A GranularMultiresolutionTransform

exactly halving the information.Another drawback is that
this pipelineis madeup of grids,for which no renderingal-
gorithmswith properreconstruction�lters exist. Moreover,
it is not possibleto analyzethe representationof the data
at variousresolutionlevels in termsof the spectrumof the
underlyingsignal. In otherwords,thereareno signalpro-
cessingtools available to analyzeor predict the quality of
thedatarepresentationandreconstructiononsuchgrids.

In this paper we introduce a novel multi-resolution
pipeline,which representsa volumetricdatasetat onehalf
of its original resolutionon a FaceCenteredCubic (FCC)
latticeandatonequarterof its original resolutiononaBody
Centeredcubic(BCC) lattice.Theresolutionof oneeighths
is again representedon a Cartesianlattice.Sinceproperin-
terpolationandreconstructionschemesfor theselatticesex-
ist we areableto renderthese3D latticesproperlyandef-
�ciently . Moreover, we canoffer a Fourier analysisof this
multi-resolutionrepresentation.

In Section2 we review previous researchon this topic
andintroduceour multi-resolutionpipelinein Section3. In
Section4 we aredescribingsomedetailsnecessaryfor the
implementationof our framework. Finally, in Section5, we
compareour novel pipelineto a pipelinebasedon compara-
bleCClatticesonly, whichwascomputedusingacontinuous
�lter bank.We concludeour paperin Section6 andpoint to
someideasonhow to furtherimproveour results.

2. RelatedWork

Since it is not always possible to interactively process
data in the original sampling resolution, level-of-detail
and multi-resolution techniqueshave been proposedby
many researchersto balancebetweenarchitecturalcon-
straints(e.g.performanceandmemory)and�delity . Multi-
resolutiontechniqueshave beenemployed in a variety of
visual datarepresentationapproachesincluding geometric
rendering[WG92, CDL� 96, LWC� 02] andvolumetricdata
visualization [LHJ99], especiallyfor out-of-coreapplica-
tions[SCM99].

Progressive Meshes[Hop96] probablycomeclosestto a
continuousLOD pipeline. This approachbecomespracti-
cal throughanef�cient datastructure,which minimizesthe
overhead.Unfortunately, nothingcloseto sucheleganceis
known in imageor volume processing.The de-facto stan-
dardis quadtreeandoctreestructures.They areeasyto im-
plementandthey donotaltertheunderlyinglatticestructure
(thispipelineconsistssolelyof CC lattices).

Octreeshave beenwell studied[Sam90] andarewidely
usedin scienti�c visualizationandgraphics[WG92]. They
are the primary tool to deal with large and time-varying
data[SCM99,YMC05].

In 2D image processing,the quincunx lattice provides
more�e xibility thana quadtreestructure,sinceit preserves

a Cartesianlattice (througha rotation by 45� ), while, the
down-samplingrateis two ratherthanfour asfor quad-trees.

TheFCClatticeis likenedin structureto thequincunxlat-
ticeandprovidesadown-samplingby a factorof two in 3D.
However, Van De Ville et al. show that no isotropicdown-
samplingpyramid,basedon thedilation matrix inducedby
the FCC lattice, can be computed[VDVBU05]. Linsen et
al. designeda wavelet multi-resolutionpyramid which is
basedonan n

p
2 subdivisionscheme[LPD� 04]. Theirmulti-

resolutionpyramidgoesfrom aCCto amodi�ed FCC(with
an additionalsamplein the middle of eachcell) to a BCC
lattice.Becauseof the existing �lter banksassociatedwith
eachlevel, it is potentiallya very attractive pipeline.How-
ever, themodi�ed FCClatticeof this pipelineis a new grid
for whichnoproperinterpolation�lter is known.Further, no
properFouriertransformis known for this latticeandhence,
it is not possibleto analyzethespectrumof thedata.There-
fore,we cannotusethis latticein a volumevisualizational-
gorithm.

Recentlywe have devised interpolationand reconstruc-
tion kernelsbasedon box splinesfor the BCC lattice and
similar linear and cubic elementkernelsfor the FCC lat-
tice[QEE� 05,EDM04]. Wehavedemonstratedthatef�cient
andfastlinearreconstructionfor bothBCCandFCClattices
outperformsthe trilinear interpolationfor theCartesianlat-
tice. Also we have recentlydevised an extremely ef�cient
evaluationmethodfor thecubicbox splinethatwill bepub-
lishedshortly.

The problem of optimal down-samplingrelatesto the
classicalcover problem. The cover problem is the prob-
lem of covering spacewith equalsizedsphereswhile al-
lowing thesmallestamountof overlap[CS99]. Whendown-
sampling,we are moving the copiesof the spectrain the
Fourier domaincloserto eachother. In order to minimize
aliasing,we would like to minimize the amountof over-
lap of the aliasedspectra.Hence,we would like to arrange
the aliasedspectraso that they incur the smallestamount
of overlap.With theassumptionof anisotropicsignalspec-
trum, the Fourier domain interpretationof optimal down-
samplingyieldsa tile of sphereswheretheoverlapbetween
the replicasof the spectrumis minimized.As discussedby
Conway andSloan[CS99], BCC attainsthebest(smallest)
cover overlap.Secondto that is the FCC pattern,and the
Cartesiancubicranksthird in this measure.While theselat-
ticesgive us insightover aliasingbehavior in thefrequency
domain,their dualsgive the actualsamplingpatternto use
in thespatialdomain.Hence,we �rst down-sampleto FCC
(which is dual to BCC), secondwe down-sampleto BCC
(whichis dualto FCC)and�nally wedown-sampleto Carte-
sian.

3. SubsamplingLattices

The goal of subsamplingis to obtain a sub-latticeof the
original lattice such that the sub-latticehas the appropri-
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atesamplingdensitybasedon a desiredsubsamplingratio.
Ourconstructionof themulti-resolutiontransformis mainly
motivatedby suitablepropertiesof the BCC andFCC lat-
tices.Consideringthe original datagiven on the Cartesian
latticeof Z3, anFCCsub-latticecanbeconstructed,thathas
half its density. Moreover, a BCC sub-latticeof Z3 canbe
constructedwhosedensityis a quarterof theoriginal Carte-
sianlattice.Thenestingstructureof theFCCandBCC sub-
latticesinsidetheoriginalCartesianlatticeisdepictedin Fig-
ure1.

Cartesian

TheFCCsub-lattice TheBCCsub-lattice

Figure1: TheCartesianlatticeandthestructureof thesub-
lattices.TheFCChashalf thesamplingdensityandBCChas
a quarter samplingdensity. Thesamplingdensityfor each
samplinglattice is the inverseof the volumeof the Voronoi
cell of that samplinglattice.

3.1. FaceCenteredCubic Lattice

TheFCClatticeis commonlyreferredto asthecheckerboard
lattice in 3D. This property illustratesthe structureof the
FCC lattice asa sub-latticeof the Z3 with only half of the
points.The latticepointsbelongingto theFCClatticehave
thepropertythatthesumof their coordinatesis even.

In termsof signalprocessingtheoryof band-limitedfunc-
tions, the spectrumof a band-limitedfunction represented
on the FCC lattice is containedin the Voronoi cell of its
dual lattice. The dual to the FCC lattice is a BCC lattice
whoseVoronoicell is a truncatedoctahedron.Therefore,the
spectrumof aproperlyband-limitedfunctionrepresentedon
theFCClatticeis containedin a truncatedoctahedronin the
Fourierdomain.This is illustratedin Figure2b.

3.2. Body CenteredCubic Lattice

TheBCC latticepointshave thepropertythatall threecoor-
dinatesof eachpoint have the sameparity. In otherwords,
a lattice point belongsto the BCC lattice if andonly if all
threeof its coordinatesareevenor all threeareodd.

As theFCC andBCC aredual latticesof eachother, the
spectrumof a properlyband-limitedfunction that is repre-
sentedon theBCC latticeis containedin theVoronoicell of
thedualFCC lattice.TheVoronoi region of anFCC lattice
is a rhombicdodecahedronasillustratedin Figure2a.

a)FCC b) BCC

Figure2: TheVoronoi cells

3.3. Fourier Domain Representation

Assumingthe original volumetricdatasetis properlyband-
limited andsampledonaCartesianlattice,andsincethedual
to theCartesianis still aCartesianlattice,thespectrumof the
originalsignalis containedin aVoronoicell of theCartesian
lattice,which is acube.

In orderto properlysubsamplethisoriginal functiononto
a sub-lattice,oneneedsto performa �ltering stepto appro-
priatelyband-limit theoriginal function for thesamplingat
the lower rate(i.e. the sub-lattice).The Nyquist region for
the sub-latticesamplingis determinedby the geometryof
thesub-lattice.TheVoronoicell of thedualto thesub-lattice
is preciselytheNyquist region for thesamplingprocess.In
other words, to perform the properband-limiting process,
oneneedsto �lter out thepartsof theoriginal spectrumthat
fall outsidetheVoronoiregion of thedualto thesub-lattice.
In geometricterms,one needsto cut out and preserve the
Voronoi cell of the dual to the sub-latticefrom the original
cubicspectrum.

TheNyquistregion for subsamplingtheCC volumeonto
anFCClatticeis theVoronoicell of theBCClattice(a trun-
catedoctahedron).Thispolyhedronoccupiesexactlyhalf the
volumeof theoriginalcubicspectrum,asin Figure3a.Sim-
ilarly, whensubsamplingtheCartesianvolumedown to the
BCClattice,theNyquistregionis theVoronoicell of anFCC
lattice(a rhombicdodecahedron).Thispolyhedronoccupies
exactlyaquartervolumeof theoriginalcubeasin Figure3b.
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a)FCC b) BCC c) Cartesian

Figure 3: Nyquist regions for various subsamplingsteps.
Thegray cubeindicatesthe supportof the spectrumof the
original Cartesian-sampled3D function.

4. Implementation

The multi-resolutionframework we describehereconsists
of two mainparts.The�ltering processcanberegardedasa
pre-processingstep.It resultsin datarepresentationsat dif-
ferentscales(levelsof detail).Thekey pointof ourmethodis
thattheserepresentationsareondifferentlatticesandcanbe
obtainedfrom theoriginal resolutionCartesianlatticeby the
useof discrete�lters. The secondsubsectionis concerned
with renderingthoselatticesto thescreenusingray-casting.
Here,properinterpolationtechniquesarethekey for ahigh-
quality renderingprocess.

4.1. Filtering process

The main challengein designingvalid �lters for the band-
limiting processbeforesubsampling,is to devise a band-
pass�lter whosesupportresemblesthe Voronoi cell of the
duallatticeof thesubsamplinglattice.Therefore,werequire
�lters whosesupportis containedwithin the polyhedronin
Figure3 andzeroeverywhereelse.Thiswouldconstitutethe
ideal subsampling�lter for thesesub-lattices.While these
ideal �lters areband-limitedin the frequency domain,they
have in�nite supportin thespatialdomainandhenceareim-
practicalto use.

Ourapproachfor designingcompactsupport�lters for the
subsamplingprocesswasto takeadvantageof thelinearand
cubic reconstruction�lters we recently introducedfor the
BCC andFCC latticesin [QEE� 05, EDM04], respectively.
These�lters dohavethepropersupportin thefrequency do-
main.

For ourexperimentsweusedthelinearelementFCC�lter
that is a linear �lter on the �rst neighborscell of the FCC,
wherethe �rst neighborscell is a cub-octahedron(seeFig-
ure 4a). The cubic FCC �lter is the convolution of the lin-
earelementFCC with itself [QEE� 05]. Similarly, we used
thelinearbox splineBCC �lter whosesupportis a rhombic
dodecahedron(seeFigure4b). The cubic box spline is the
convolutionof thelinearboxsplinewith itself [EDM04].

For evaluationpurposeswe alsocomputeda comparable
multi-resolutionpyramid basedsolely on CC lattices.For
this Cartesianpipeline,sincethereis no sub-latticeof a half

andaquarterresolution,weresortto resamplingtechniques.
To obtaina properlyband-limitedfunction at half the res-
olution, we reconstructedthe original (continuous)volume
usinga tri-cubic B-spline�lter . The �lter sizewasproperly
chosen,suchthat a properband-limiting processoccurred
beforethelowerrateresampling.A similarcomputationwas
performedto obtaintheCC latticeat onequarterof theres-
olution from theoriginal lattice.

FCC BCC

Figure4: The�r st neighborcells

4.2. RenderingMulti-r esolutionLattices

In this section,we presentour renderingframework for ray-
castingvolumessampledon the Cartesian,BCC, andFCC
lattices.First, we designa GeneralRay-casterthatoperates
oncontinuousvolumes.Then,we implementvariousrecon-
structionkernelsfor Cartesian,BCC, and FCC lattices to
producecontinuousvolumesfrom datasetssampledonthese
lattices.Thisarchitectureenablesthemaximumreuseof ray-
castingcodecommonto all latticetypes.Furthermore,min-
imal codingis neededto extendthis framework to new lat-
tice types,or new reconstructionkernelsfor existing lattice
types.

Most partsof thestandardvolumerenderingpipelinere-
main the samewhen renderingdifferent lattices.The step
thatneedsadjustmentis theinterpolationstagewhereacon-
tinuousvolumeis reconstructedfrom thegivensamplinglat-
tice.

Datasetsare sampledon a given lattice in world-space.
We record the scaling and offset neededto arrive at the
correspondingcanonical-lattice-space.In particular, in the
canonicalCartesianlattice, the distancebetweenneighbor-
ingpointsalongany (x, y, or z) axisis 1. In theBCCandFCC
lattices,thatdistanceis 2, asit canbeseenin Figure1. We
now transformthecanonical-lattice-spaceinto acompacted-
Cartesian-space,in preparationof datastorage.Finally, co-
ordinatesin thecompacted-Cartesian-spacearetransformed
to 1-dimensionalindicesin memory-space,andsamplesare
storedon �le accordingly.

All the afore-mentionedtransformationsarewell under-
stood, except the one going from canonical-lattice-space
to compacted-Cartesian-space.For theCartesianlattice this
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Figure 5: BCC indexing scheme. The sequenceof images
showsa simple 2x2x4 BCC datasetbeing mappedfrom
canonical-lattice-space to compacted-Cartesian-space.
Green (dotted) lines illustrate even z-slicesof the BCC
dataset. Red (solid) lines illustrate odd z-slices. Left
column: canonical-lattice-spacefor BCC. Right column:
compacted-Cartesian-spacefor CC; note that the size of
each compactedCartesianslice has beendecreasedby a
scalingfactorof two(andthustheconceptof 'compaction').
Top row: front view. Bottomrow: sideview.

stepis just the identity transformation.For theBCC lattice,
asshown in Fig. 5, weshift down all odd-numberedz-slices
(coloredred,connectedby solidlines)by anoffsetof 1 along
thex andy axes,sothatthey alignwith theevenslicesalong
thez axis.Then,we compactthex andy axesby a factorof
2, sothattheresultingcompacted-Cartesian-latticebecomes
acanonical-Cartesian-lattice.For theFCClattice,illustrated

(0,0,0) (1,0,0)

(0,0,1) (1,0,1)

(0,1,0) (1,1,0)

(0,1,1) (1,1,1)

z=0 (even)

(0,0,2) (1,0,2)

(0,0,3) (1,0,3)

(0,1,2) (1,1,2)

(0,1,3) (1,1,3)

z=1 (odd)

Figure 6: FCC index compactioninto Cartesianscheme
(givenin xyz-coordinatetuples)usedfor memorystorage.

in Fig. 6, we decomposeeachz-slice into two sub-slices,
pushthe secondsub-sliceto be halfway betweenthe cur-
rentz-sliceandthez-slicedirectly behindit, andthenbring
all sub-slicesinto alignmentalong the z axis. Finally, we
performtheappropriatescalingto transformthesez-aligned
sub-slicesinto acanonical-Cartesian-lattice.

5. Results

In order to examinethe multi-resolutionschemediscussed
in this paper, we have implementedtwo pipelines - one
pipeline basedon CC/FCC/BCCdown-samplingand one
solely basedon Cartesianlattices. Both pipelineshave a
samplereductionof one-halfat eachstep.Normal estima-
tion, neededfor shading,wasbasedon centraldifferencing

of the reconstructedcontinuousfunction both in the Carte-
sianandFCC/BCCcase.CentralDifferencingis easyto im-
plementand thereis no reasonto believe that it performs
any betteror worsethantaking the analyticalderivative of
thereconstructionkernel [MMMY97].

We have chosenthe syntheticdataset�rst proposedin
[ML94] asa benchmarkfor our comparisons.The function
wassampledatthecritical resolutionof 403 ontheCartesian
lattice.We thenobtainedthe correspondingdown-sampled
FCC andBCC datavolumesusingthe �ltering processde-
scribedin Section4.1. TheFCCvolumehashalf thesamples
of theoriginal volumeandtheBCC volumehasaquarterof
the original samples.Therefore,we obtaineda pair of lin-
earlydown-sampledandcubicallydown-sampledFCC and
BCC volumes.Similarly, we constructedCC latticesat one
half andonequarterof theoriginal resolutionvia a �ltering
stepdiscussedin Section4.1. Again we produceda pair of
linearly andcubicallyre-sampledCartesiandatasetsat each
resolution.

The renderingpipeline rendersimagesof the FCC vol-
umesusing the linear andcubic element�lters introduced
in [QEE� 05] and the BCC renderermakes useof the lin-
earandcubicboxsplinesasin [EDM04]. TheCartesianim-
ageswererenderedusingthepopulartri-linearandtri-cubic
B-spline interpolations.For eachsub-sampleddatasetren-
dered,we producedan error imageto visualizethe errors
incurredin this lower resolutionrepresentationof theorigi-
nal volume.Sincethegradienterror is perceptuallysigni�-
cant,we mappedtheangularerrorof thecomputedgradient
(via centraldifferencing)to gray-scale.Wemappedthemax-
imum angularerror to white andzeroerror to black.In our
experimentswe usedan angularerror of 2 radiansas our
maximumerror.

Theleft imageof Figure7 depictstheoriginalML dataset
at 403 resolution(usingtri-linear interpolation),andon the
right is the correspondingerror image.The error imageis
black whenthereis no error in estimatingthe gradientand
thewhiteandgrayareasconvey theangularerrorof thegra-
dientestimation.

Figure 7: ML Data at a CC resolutionof 403 (left) and its
error image (right). Themaxangularerror depictedis 2 ra-
dians.

Figure8 displaysthehalf resolutionvolumes.Thetoprow
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is the imageof the FCC volume(left) andits error (right).
Thebottomrow is thecorrespondingresolutionontheCarte-
sian pipeline.Thesevolumesare down-sampledusing the
correspondinglinear �lters and renderedusing the linear
reconstruction�lters. The appearanceof brighter tints of
grayin theerror imageof theCartesianrepresentationindi-
catestheappearanceof moreerrorsin theCartesianpipeline.
Figure9 displaysthe half resolutionvolumeslike Figure8

Figure 8: Top row: FCC at half resolution(left) and its er-
ror image (right); Bottomrow: CC at half resolution(left)
andits error image (right). Themaxangularerror depicted
is 2 radians.We usedlinear down-samplingand linear re-
construction�lter s.

usingalineardown-sampling�lter . Thesevolumeswereren-
deredusingcubicreconstruction�lters. Wecanstill observe
the dominanceof dark andblack regions in the FCC error
imagethatindicatesfewererrorsin theFCCrepresentation.

Figure 10 displaysthe quarterresolutionvolumes.The
top row depictsthe imageof theBCC volume(left) aswell
as the gradienterror of the BCC volume (right). The bot-
tom row is the correspondingresolutionon the Cartesian
pipeline.Thesevolumesare down-sampledusing the cor-
respondinglinear�lters andrenderedusingthelinear�lters
for reconstruction.Figure11 displaysthequarterresolution
volumesusinglineardown-sampling�lters. Thesevolumes
wererenderedusingthecubicreconstruction�lters. Theap-
pearanceof brighter tints of gray in the error imageof the
Cartesianindicatesthat more errorsexist in the Cartesian
pipeline.Wecanstill observe thedominanceof darkregions
in theBCC error imagethat indicateexistenceof fewer er-
rorsin theBCCrepresentation.

Figure12 depictsthedataat a resolutionof one-eighthof
theoriginal resolution.

We alsocomparedthe two multi-resolutionpipelineson
anexperimentaldataset.Althoughwe cannot quantify the

Figure9: Toprow: FCCat half resolution(left) andits error
image (right); Bottomrow: CC at half resolution(left) and
its error image (right). Themaxangular error depictedis
2 radians.We usedlinear down-samplingandcubic recon-
struction�lter s.

Figure 10: Top row: BCC at one quarter resolution(left)
and its error image (right); Bottomrow: CC at onequarter
resolution(left) andits error image(right). Themaxangular
error depictedis 2 radians.We usedlinear down-sampling
andlinear reconstruction�lter s.

accuracy of therepresentations,we includedtheactualren-
deringof thedatasetat eachresolutionfor comparisonpur-
poses.The resultscanbe seenin Figure13. In the middle
rows,theleft imagesbelongto FCCandBCCrepresentation
and the right imageto the correspondingCartesianmulti-
resolutionpipeline.The original skull datasetwassampled
at the resolutionof 1283. It becomesclearfrom the images
that our new multi-resolutionpipelineis preferablesinceit
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Figure 11: Top row: BCC at one quarter resolution(left)
and its error image (right); Bottomrow: CC at onequarter
resolution(left) andits error image(right). Themaxangular
error depictedis 2 radians.We usedlinear down-sampling
andcubicreconstruction�lter s.

Figure 12: CC at oneeight of the original resolution(left)
andits error image (right). Themaxangularerror depicted
is 2 radians.We usedlinear down-samplingand linear re-
construction�lter s.

preservesmoredetail.However, somerenderingartifactsare
visible for the FCC image,which aredue to a linear FCC
�lter thatexhibits girderingartifacts(see[CMS01]). In our
experimentalsettingwe have experiencedwith �lters that
would get rid of theseartifacts.These�lters will be pub-
lishedshortly.

6. Conclusionsand Futur eWork

We introduceda multi-resolutionalgorithmthat allows the
changeof resolutionin 3D with powersof two. Moreover,
we have demonstratedthat the representationof the data
on theselatticesis a moreaccuraterepresentationthanre-
samplingto a lower resolutionCartesianlattice. This was
illustratedthroughthe error imagesin the resultssection.
Analyzing the imagesin the resultssectionandotherpos-
siblecombinationsof down-samplingandreconstruction�l-
ters,wenotedthatlineartypedown-samplingalongwith cu-

Figure 13: Theskull data setat the original resolutionof
1283 at the top. First row, at half the resolution,left image
on FCC, right on re-sampledCartesianlattice. Secondrow
at quarterresolution,left imageonBCCandright imageon
re-sampledCartesian.The bottomrow, the datasetat one
eighth resolution.Thesevolumesare down-sampledusing
linear type�lter and reconstructedusingcubic typerecon-
structions.

bic typereconstructionproducesthemostsuitableresultsin
termsof thesmoothnessof reconstruction,while thiscon�g-
urationkeepstheangulargradientestimationerrorslow.

SincetheFCClatticeconstitutesthedatarepresentationat
the half resolution,it is importantto designaccurate�lters
with desirablesmoothnessproperties.The linear andcubic
element�lters on the FCC lattice do not have any proven
smoothnessproperties.We arecurrentlyinvestigating�lters
for the FCC stepwith variableguaranteedsmoothness.We
havesomepreliminaryresultsonaB-splinefamily of �lters
for the FCC lattice.Using these�lters, we could eliminate
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theartifactsintroducedon theFCCresolutionimageof Fig-
ure13.

Currently, we areable to quantitatively visualizethe er-
rors in the variousmulti-resolutionsteps,throughcompar-
ison with the analytical ML function. For other real life
datasets,wealsowouldliketoquantitativelyvisualizetheer-
rorsof variousresolutiondatasetswith respectto their orig-
inal high resolutionvolume.This erroranalysiswill enable
usto examineourmulti-resolutionschemeagainsttheCarte-
sianpipelineonanumberof otherreallife datasets.

Possibleapplicationsfor our�ne-grainedmulti-resolution
pyramid includeLOD or progressive rendering,3D multi-
scalefeatureextraction,or multi-scalespatio-temporalfea-
tureextractionin videodata,to just namea few directions.
Other future developmentcould go towardsa generalized
latticerenderingbeyond3D. Key issueshereareappropriate
linearor higherorder�ltering kernels,andauni�ed indexing
scheme.Apart from that GPU acceleratedlattice rendering
of the3D lattices(BCC,FCC)usinghigher-orderkernelsis
currentlybeinginvestigated.

Further, perfectreconstruction�lter bankscould be de-
signedfor thesenon-separablelattices.
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