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Abstract

e proposea three dimensionalmulti-resolutionsdhemeto representvolumetricdata in resolutionswhich are

powes of two, resolvingthe rigidity of the commonlyusedsepaable Cartesianmulti-resolutionschemesn 3D

thatonly allow for change of resolutionby a powerof eight. Throughin-depthcomparisonswvith the counterpart
resamplingsolutionson the Cartesianlattice, we demonstate the superiority of our subsamplingscheme We

deriveand documenthe Fourier domainanalysisof this representationlUsing suc an analysisone can obtain

ideal anddiscretemultidimensionallter s for this multi-resolutionscheme

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS) G.1.1[NumericalAnalysis]: Approximation
I.4.10[ImageProcessingndComputerVision]: ImageRepresentationfolumetric

1. Intr oduction

Multi-resolution schemesare important tools for dealing
with large data.Differentlevels of detail of the datacanbe
pre-compute@ndanappropriatdevel canbepickedaccord-
ing to the available bandwidthof the display device or the
transitionchannel(e.g.for online music,video, or graphics
applications).

Ideally, onewould like to nd the appropriatelevel-of-
detail, which preseresexactly asmuchdataascanbe han-
dled by the underlyinghardware or softwareconstraintsin
otherwords, we would like to have a continuouslevel-of-
detail (LOD) slider, creatingthe LOD thatis neededHow-
ever, it is only feasibleto pre-computenitely mary LOD's.
Thechoiceof LOD's s oftenconstrainedy the underlying
datastructuresandalgorithmsavailableto processhesedata
structures.

One could easily usea continuous lter in orderto re-
constructa continuougepresentationf theunderlyingdata
andto samplethis continuougepresentatioatary arbitrary
resolution.Using this idea,ary arbitrarygranularitycanbe
produced However, this would requirethe useof a differ-
ent Iter maskfor eachsamplepoint of the down-sampled
grid. This is ratherineffective and computationallyexpen-
sive. Hence, it is desirableto constructa multi-resolution
pyramidusingonly discretelters.
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In imageandvolumeprocessingt hasbeencustomaryto
work with image and volume pyramidsthat treat eachdi-
mensionseparatelyin sucha scenariche smallestpossible
granularityof sub-samplingvould be to half the resolution
of eachdimension.This leadsto the well-known quad-trees
(in 2D) andoctreeg(in 3D). While we areonly halvingthe
resolutionper coordinateaxis during eachiteration, we ef-
fectively reducetheoverall databy afactorof fourin 2D and
eightin 3D.

While this is a convenientandwidely usedpipeline,the
granularitymay be too coarseandalternatves are of inter-
est.Hence,quincunx ltering hasbeenstudiedin theimage
processingommunity[ Vai93 DM84] with thebene t of al-
lowing a ner granularityfor 2D imagepyramids.Quincunx
allows an overall datareductionby a factorof two in each
iteration.

VanDe Ville etal.[VDVBUO5] have shavn thata simple
extensionof the quincunxschemeo 3D is not possibleand
iteratingthroughthe commonlyassumedraceCenteredCu-
bic (FCC) subsamplingcannotprovide a suitableisotropic
representationf the signalat variousresolutionlevels. On
theotherhand,Linsenetal. [LPD 04] have studieda multi-
resolutionpipeline which hasa changeof resolutionby a
factor closeto two in eachstep.In the rst stepof down-
sampling,this methodloses3=8 of the data;in the second
stepit discards3=5 of the data;andin the nal stepit loses
1=2 of the datato obtainarepresentatioat 1=8 of the orig-
inal datarate. Therefore,eachresolutionof the datais not
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exactly halving the information. Another dravbackis that
this pipelineis madeup of grids, for which no renderingal-

gorithmswith properreconstructionlters exist. Moreover,

it is not possibleto analyzethe representatiorof the data
at variousresolutionlevels in termsof the spectrumof the
underlyingsignal.In otherwords,thereare no signal pro-
cessingtools available to analyzeor predictthe quality of

thedatarepresentatioandreconstructioron suchgrids.

In this paper we introduce a novel multi-resolution
pipeline,which represents volumetric datasetat one half
of its original resolutionon a Face CenteredCubic (FCC)
latticeandat onequarterof its original resolutionon a Body
Centerectubic (BCC) lattice. The resolutionof oneeighths
is agpin representedn a Cartesiarlattice. Sinceproperin-
terpolationandreconstructiorschemegor thesdatticesex-
ist we areableto renderthese3D latticesproperly and ef-

ciently. Moreover, we can offer a Fourier analysisof this
multi-resolutionrepresentation.

In Section2 we review previous researchon this topic
andintroduceour multi-resolutionpipelinein Section3. In
Section4 we are describingsomedetailsnecessaryor the
implementatiorof our framework. Finally, in Section5, we
compareour novel pipelineto a pipelinebasedn compara-
ble CClatticesonly, whichwascomputedisingacontinuous
lter bank.We concludeour paperin Section6 andpointto

someideason how to furtherimprove our results.

2. RelatedWork

Since it is not always possibleto interactvely process
data in the original sampling resolution, level-of-detail
and multi-resolution techniqueshave been proposedby

mary researcherdo balancebetweenarchitecturalcon-
straints(e.g. performanceand memory)and delity . Multi-

resolutiontechniqueshave beenemployed in a variety of

visual datarepresentatiompproachesncluding geometric
renderinglWG92 CDL 96, LWC 02] andvolumetric data
visualization[LHJ99, especiallyfor out-of-core applica-
tions[SCM99.

Progressie MeshegHop9q probablycomeclosestto a
continuousLOD pipeline. This approachbecomespracti-
calthroughan ef cient datastructurewhich minimizesthe
overhead.Unfortunately nothing closeto sucheleganceis
known in image or volume processingThe de-facto stan-
dardis quadtreeandoctreestructuresThey areeasyto im-
plementandthey do notalterthe underlyinglatticestructure
(this pipelineconsistssolely of CC lattices).

Octreeshave beenwell studied[Sam9( and are widely
usedin scienti ¢ visualizationand graphics[WG92. They
are the primary tool to deal with large and time-varying
data[ SCM99 YMCO05].

In 2D image processingthe quincunx lattice provides
more e xibility thana quadtreestructure sinceit preseres

a Cartesianlattice (througha rotation by 45 ), while, the
down-samplingrateis two ratherthanfour asfor quad-trees.

TheFCClatticeis likenedin structureto thequincunxlat-
tice andprovidesa down-samplingoy afactorof two in 3D.
However, Van De Ville et al. shav thatno isotropic down-
samplingpyramid, basedon the dilation matrix inducedby
the FCC lattice, can be computed[VDVBUOS5]. Linsen et
al. designega_wavelet multi-resolution pyramid which is
basecbnan™ 2 subdiiision schemgLPD 04]. Their multi-
resolutionpyramidgoesfrom a CCto amodi ed FCC(with
an additionalsamplein the middle of eachcell) to a BCC
lattice. Becauseof the existing Iter banksassociatedvith
eachlevel, it is potentiallya very attractive pipeline. How-
ever, themodi ed FCClattice of this pipelineis a new grid
for whichno properinterpolation Iter is known. Further no
properFouriertransformis known for this latticeandhence,
it is not possibleto analyzethe spectrunof thedata.There-
fore, we cannotusethis lattice in a volumevisualizational-
gorithm.

Recentlywe have devised interpolationand reconstruc-
tion kernelsbasedon box splinesfor the BCC lattice and
similar linear and cubic elementkernelsfor the FCC lat-
tice[QEE 05,EDMO04]. We have demonstratethatef cient
andfastlinearreconstructiorior bothBCC andFCClattices
outperformsghe trilinear interpolationfor the Cartesiarat-
tice. Also we have recentlydevised an extremely ef cient
evaluationmethodfor the cubicbox splinethatwill be pub-
lishedshortly

The problem of optimal down-samplingrelatesto the
classicalcover problem. The cover problemis the prob-
lem of covering spacewith equalsized sphereswhile al-
lowing the smallesamountof overlap[CS99. Whendown-
sampling,we are moving the copiesof the spectrain the
Fourier domaincloserto eachother In orderto minimize
aliasing, we would like to minimize the amountof over-
lap of the aliasedspectraHence,we would like to arrange
the aliasedspectraso that they incur the smallestamount
of overlap.With the assumptiorof anisotropicsignalspec-
trum, the Fourier domaininterpretationof optimal down-
samplingyieldsatile of spheresvherethe overlapbetween
the replicasof the spectrumis minimized.As discussedy
Conway and Sloan[CS99, BCC attainsthe best(smallest)
cover overlap. Secondto that is the FCC pattern,and the
Cartesiarcubicranksthird in this measureWhile theseat-
ticesgive usinsightover aliasingbehaior in the frequeng
domain,their dualsgive the actualsamplingpatternto use
in the spatialdomain.Hencewe rst down-sampleto FCC
(which is dual to BCC), secondwe down-sampleto BCC
(whichis dualto FCC)and nally we down-sampldo Carte-
sian.

3. SubsamplingLattices

The goal of subsamplings to obtain a sub-latticeof the
original lattice such that the sub-latticehas the appropri-
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ate samplingdensitybasedon a desiredsubsamplingatio.

Our constructiorof the multi-resolutiontransformis mainly

motivatedby suitablepropertiesof the BCC and FCC lat-

tices. Consideringthe original datagiven on the Cartesian
lattice of Z?’, anFCCsub-latticecanbe constructedthathas
half its density Moreover, a BCC sub-latticeof Z3 canbe

constructedvhosedensityis a quarterof the original Carte-
sianlattice. The nestingstructureof the FCCandBCC sub-
latticesinsidetheoriginal Cartesiadatticeis depictedn Fig-

urel.

TheBCC sub-lattice

TheFCCsub-lattice

Figure 1: TheCartesianlattice andthestructue of the sub-
lattices.TheFCC hashalfthesamplingdensityandBCChas
a quarter samplingdensity The samplingdensityfor eac
samplinglattice is the inverse of the volumeof the Voronoi
cell of that samplinglattice.

3.1. FaceCentered Cubic Lattice

TheFCClatticeis commonlyreferredto asthecheclerboard
lattice in 3D. This propertyillustratesthe structureof the
FCC lattice asa sub-latticeof the Z3 with only half of the
points. Thelattice pointsbelongingto the FCC lattice have
the propertythatthe sumof their coordinatess even.

In termsof signalprocessingheoryof band-limitedfunc-
tions, the spectrumof a band-limitedfunction represented
on the FCC lattice is containedin the Voronoi cell of its
dual lattice. The dual to the FCC lattice is a BCC lattice
whoseVoronoicell is atruncatedctahedronThereforethe
spectrunof a properlyband-limitedfunctionrepresentedn
the FCClatticeis containedn atruncatedoctahedrorin the
Fourierdomain.Thisis illustratedin Figure2b.

¢ TheEurographic#ssociation2006.

3.2. Body Centered Cubic Lattice

TheBCC lattice pointshave the propertythatall threecoor
dinatesof eachpoint have the sameparity. In otherwords,
a lattice point belongsto the BCC lattice if andonly if all
threeof its coordinatesreevenor all threeareodd.

As the FCCandBCC areduallatticesof eachother the
spectrumof a properly band-limitedfunction thatis repre-
sentecbn the BCC latticeis containedn the Voronoicell of
the dual FCC lattice. The Voronoiregion of an FCC lattice
is arhombicdodecahedroasillustratedin Figure 2a.

- o ’ -
-
a)FCC b) BCC

Figure 2: TheVoronoicells

3.3. Fourier Domain Representation

Assumingthe original volumetricdataseis properlyband-
limited andsampledna Cartesianattice,andsincethedual

totheCartesians still a Cartesiarattice,thespectrunof the

original signalis containedn aVoronoicell of the Cartesian
lattice,whichis acube.

In orderto properlysubsampléhis original functiononto
asub-lattice oneneedgo performa ltering stepto appro-
priately band-limitthe original function for the samplingat
the lower rate (i.e. the sub-lattice). The Nyquist region for
the sub-latticesamplingis determinedby the geometryof
thesub-lattice TheVoronoicell of thedualto thesub-lattice
is preciselythe Nyquistregion for the samplingprocessin
otherwords, to performthe properband-limiting process,
oneneeddo Iter outthepartsof the original spectrunthat
fall outsidethe Voronoiregion of the dualto the sub-lattice.
In geometricterms,one needsto cut out and presere the
Voronoi cell of the dualto the sub-latticefrom the original
cubicspectrum.

The Nyquistregion for subsamplindhe CC volumeonto
anFCClatticeis the Voronoicell of the BCC lattice (atrun-
catedoctahedron)This polyhedroroccupiesxactly halfthe
volumeof the original cubicspectrumasin Figure3a. Sim-
ilarly, whensubsamplinghe Cartesianvolumedown to the
BCClattice,theNyquistregionis theVoronoicell of anFCC
lattice (arhombicdodecahedron his polyhedronoccupies
exactly aquartervolumeof theoriginal cubeasin Figure3b.
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a)FCC

b) BCC

Figure 3: Nyquistregions for various subsamplingsteps.
Thegray cubeindicatesthe supportof the spectrumof the
original Cartesian-sample8D function.

c) Cartesian

4. Implementation

The multi-resolutionframevork we describehere consists
of two mainparts.The Itering processcanberegardedasa
pre-processingtep.lt resultsin datarepresentationat dif-
ferentscaleqlevelsof detail). Thekey pointof ourmethods
thattheserepresentationareon differentlatticesandcanbe
obtainedrom theoriginal resolutionCartesiarattice by the
useof discrete Iters. The secondsubsectioris concerned
with renderingthoselatticesto the screerusingray-casting.
Here,properinterpolationtechniquesrethe key for a high-
quality renderingprocess.

4.1. Filtering process

The main challengein designingvalid Iters for the band-
limiting processbefore subsamplingjs to devise a band-
pass Iter whosesupportresembleghe Voronoi cell of the
duallattice of thesubsamplindattice. Thereforewe require
Iters whosesupportis containedwithin the polyhedronin

Figure3 andzeroeverywhereelse.Thiswould constitutethe
ideal subsamplinglter for thesesub-latticesWhile these
ideal lters areband-limitedin the frequeng domain,they

havein nite supportin thespatialdomainandhenceareim-

practicalto use.

OurapproacHor designingcompacsupportlters for the
subsamplingrrocesavasto take advantageof thelinearand
cubic reconstructionlters we recentlyintroducedfor the
BCC and FCC latticesin [QEE 05, EDMO04], respectiely.
Theselters dohavethepropersupportin thefrequeng do-
main.

For ourexperimentsve usedthelinearelementCC lter
thatis alinear Iter onthe rst neighborscell of the FCC,
wherethe rst neighborscell is a cub-octahedroffseeFig-
ure 4a). The cubic FCC lter is the convolution of the lin-
earelementFCC with itself [QEE 05]. Similarly, we used
thelinearbox splineBCC Iter whosesupportis arhombic
dodecahedroiseeFigure 4b). The cubic box splineis the
convolution of thelinearbox splinewith itself [EDMO04].

For evaluationpurposesve alsocomputeda comparable
multi-resolutionpyramid basedsolely on CC lattices. For
this Cartesiarpipeline,sincethereis no sub-latticeof a half

andaquarterresolutionwe resortto resamplingechniques.
To obtaina properly band-limitedfunction at half the res-

olution, we reconstructedhe original (continuous)volume

usinga tri-cubic B-spline Iter . The Iter sizewasproperly

chosen,suchthat a properband-limiting processoccurred
beforethelowerrateresamplingA similarcomputatiorwas

performedto obtainthe CC lattice at onequarterof theres-

olution from the original lattice.

FCC BCC
Figure 4: The r stneighborcells

4.2. Rendering Multi-r esolutionLattices

In this sectionwe presenbur renderingframework for ray-
castingvolumessampledon the CartesianBCC, and FCC
lattices.First, we designa GeneralRay-castethatoperates
on continuousvolumes.Then,we implementvariousrecon-
struction kernelsfor CartesianBCC, and FCC latticesto
producecontinuous/olumesfrom datasetsamplednthese
lattices.Thisarchitecturenableshe maximumreuseof ray-
castingcodecommonto all latticetypes.Furthermoremin-
imal codingis neededo extendthis framevork to new lat-
tice types,or new reconstructiorkernelsfor existing lattice

types.

Most partsof the standardvolumerenderingpipelinere-
main the samewhen renderingdifferent lattices. The step
thatneedsadjustments theinterpolationstagewhereacon-
tinuousvolumeis reconstructedfom thegivensamplingat-
tice.

Datasetsare sampledon a given lattice in world-space.
We record the scaling and offset neededto arrive at the
correspondingcanonical-lattice-spacén particular in the
canonicalCartesianattice, the distancebetweenneighbor
ing pointsalongary (X, y, or 2) axisis 1.In theBCCandFCC
lattices,thatdistanceis 2, asit canbe seenin Figurel. We
now transformthecanonical-lattice-spadato acompacted-
Cartesian-spacén preparatiorof datastorageFinally, co-
ordinatesn the compacted-Cartesian-spametransformed
to 1-dimensionaindicesin memory-spaceandsamplesare
storedon le accordingly

All the afore-mentionedransformationsre well under
stood, except the one going from canonical-lattice-space
to compacted-Cartesian-spaéer the Cartesiarattice this
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Figure 5: BCC indexing scheme The sequencef images
showsa simple 2x2x4 BCC datasetbeing mappedfrom
canonical-lattice-space to compacted-Cartesian-space
Green (dotted) lines illustrate even z-slicesof the BCC
dataset. Red (solid) lines illustrate odd z-slices. Left
column: canonical-lattice-spacdor BCC. Right column:
compacted-Cartesian-spader CC; note that the size of
eath compactedCartesianslice has beendeceasedby a
scalingfactor of two (andthustheconcepbf‘compaction’).
Top row: frontview. Bottomrow: sideview.

stepis just the identity transformationFor the BCC lattice,
asshavn in Fig. 5, we shift down all odd-numbered-slices
(coloredred,connectedby solidlines)by anoffsetof 1 along
thex andy axes,sothatthey align with theevenslicesalong
thez axis. Then,we compacthex andy axesby afactorof
2, sothattheresultingcompacted-Cartesian-lattibecomes
acanonical-Cartesian-latticeor the FCClattice, illustrated

0.1,1) (1.1.1)

(0,1,3) 1,1,3)
(0,1,0) (1,1,0) 0,1,2) (1,1,2)
©.0.1) 1.01) ©,03) 1.03)
(0,0,0) (1,0,0) (0,0,2) (1,0,2)
z=0 (e\en) z=1 (odd)

Figure 6: FCC index compactioninto Cartesiansceme
(givenin xyz-coodinatetuples)usedfor memorystorage.

in Fig. 6, we decomposeeachz-slice into two sub-slices,
pushthe secondsub-sliceto be halfway betweenthe cur

rentz-sliceandthe z-slicedirectly behindit, andthenbring

all sub-slicesinto alignmentalongthe z axis. Finally, we

performthe appropriatescalingto transformthesez-aligned
sub-slicesnto a canonical-Cartesian-lattice.

5. Results

In orderto examinethe multi-resolutionschemediscussed
in this paper we have implementedtwo pipelines- one
pipeline basedon CC/FCC/BCCdown-samplingand one
solely basedon Cartesianlattices. Both pipelineshave a
samplereductionof one-halfat eachstep.Normal estima-
tion, neededor shadingwasbasedon centraldifferencing
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of the reconstructedontinuousfunction bothin the Carte-
sianandFCC/BCCcase CentralDifferencingis easyto im-

plementandthereis no reasonto believe thatit performs
ary betteror worsethantaking the analyticalderivative of

thereconstructiorkernel [MMMY97].

We have chosenthe syntheticdatasetrst proposedin
[ML94] asa benchmarkfor our comparisonsThe function
wassampledatthecritical resolutionof 40° ontheCartesian
lattice. We then obtainedthe correspondinglowvn-sampled
FCC andBCC datavolumesusingthe ltering procesgde-
scribedn Sectiond.1 TheFCCvolumehashalfthesamples
of theoriginal volumeandthe BCC volumehasa quarterof
the original samplesTherefore,we obtaineda pair of lin-
early down-sampledand cubically down-sampled=CC and
BCC volumes.Similarly, we constructedCC latticesat one
half andonequarterof the original resolutionvia a Itering
stepdiscussedn Section4.1 Again we produceda pair of
linearly andcubicallyre-sampledCartesiardatasetst each
resolution.

The renderingpipeline rendersimagesof the FCC vol-
umesusing the linear and cubic element Iters introduced
in [QEE 05] andthe BCC renderemales useof the lin-
earandcubicbox splinesasin [EDMO04]. The Cartesiarim-
ageswererenderedisingthe populartri-linear andtri-cubic
B-spline interpolations.For eachsub-samplediataseten-
dered,we producedan error imageto visualizethe errors
incurredin this lower resolutionrepresentationf the origi-
nal volume. Sincethe gradienterroris perceptuallysigni -
cant,we mappedhe angularerrorof the computedyradient
(via centraldifferencing)to gray-scaleWe mappedhemax-
imum angularerrorto white andzeroerrorto black. In our
experimentswe usedan angularerror of 2 radiansas our
maximumerror.

Theleftimageof Figure7 depictstheoriginal ML dataset
at40° resolution(usingtri-linear interpolation),andon the
right is the correspondingerror image. The errorimageis
black whenthereis no errorin estimatingthe gradientand
thewhite andgrayareasorvey theangularerrorof thegra-
dientestimation.

Figure 7: ML Data at a CC resolutionof 40° (left) andits
error image (right). Themaxangularerror depicteds 2 ra-
dians.

Figure8 displaysthehalf resolutiornvolumes Thetoprow
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is the imageof the FCC volume (left) andits error (right).
Thebottomrow is thecorrespondingesolutionontheCarte-
sian pipeline. Thesevolumesare dowvn-sampledusing the
correspondindinear lters and renderedusing the linear
reconstructionlters. The appearancef brighter tints of
grayin theerrorimageof the Cartesiarrepresentatiomdi-
categheappearancef moreerrorsin theCartesiarmpipeline.
Figure9 displaysthe half resolutionvolumeslike Figure 8

Figure 8: Top row: FCC at half resolution(left) andits er-

ror image (right); Bottomrow: CC at half resolution(left)

andits error image (right). Themaxangularerror depicted
is 2 radians.We usedlinear dovn-samplingand linear re-
constructionlter s.

usingalineardown-samplinglter . Thesevolumeswereren-
deredusingcubicreconstructionlters. We canstill obsene
the dominanceof dark and black regionsin the FCC error
imagethatindicatesfewer errorsin the FCCrepresentation.

Figure 10 displaysthe quarterresolutionvolumes.The
top row depictstheimageof the BCC volume(left) aswell
asthe gradienterror of the BCC volume (right). The bot-
tom row is the correspondingesolutionon the Cartesian
pipeline. Thesevolumesare down-sampledusing the cor
respondindinear Iters andrenderedisingthelinear Iters
for reconstructionFigure 11 displaysthe quarterresolution
volumesusinglineardown-sampling lters. Thesevolumes
wererenderedusingthe cubicreconstructionlters. Theap-
pearanceof brightertints of grayin the errorimageof the
Cartesianindicatesthat more errorsexist in the Cartesian
pipeline.We canstill obsere thedominanceof darkregions
in the BCC errorimagethatindicateexistenceof fewer er
rorsin the BCC representation.

Figure12 depictsthe dataat a resolutionof one-eightiof
theoriginal resolution.

We alsocomparedhe two multi-resolutionpipelineson
an experimentaldataset. Although we cannot quantify the

Figure9: Toprow: FCCat half resolution(left) andits error
image (right); Bottomrow: CC at half resolution(left) and
its error image (right). The maxangular error depictedis
2 radians.\e usedlinear down-samplingand cubic recon-
struction lter s.

Figure 10: Top row: BCC at one quarter resolution(left)

andits error image (right); Bottomrow: CC at onequarter
resolution(left) andits error image (right). Themaxangular
error depictedis 2 radians.We usedlinear down-sampling
andlinear reconstructionlter s.

accuray of therepresentationsye includedthe actualren-
deringof the datasett eachresolutionfor comparisorpur-
poses.The resultscanbe seenin Figure 13. In the middle
rows, theleft imagesbelongto FCCandBCCrepresentation
and the right imageto the correspondingCartesianmulti-
resolutionpipeline. The original skull datasetvas sampled
atthe resolutionof 128°. It becomeslearfrom theimages
that our new multi-resolutionpipelineis preferablesinceit

¢ TheEurographic#ssociation2006.
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Figure 11: Top row: BCC at one quarter resolution(left)
andits error image (right); Bottomrow: CC at onequarter
resolution(left) andits error image (right). Themaxangular
error depictedis 2 radians.We usedlinear down-sampling
andcubicreconstructionlter s.

Figure 12: CC at oneeight of the original resolution(left)
andits error image (right). Themaxangularerror depicted
is 2 radians.We usedlinear down-samplingand linear re-
constructionlter s.

preseresmoredetail. However, somerenderingartifactsare
visible for the FCC image,which aredueto a linear FCC
Iter thatexhibits girderingartifacts(see[CMSO01]). In our
experimentalsettingwe have experiencedwith lters that
would getrid of theseartifacts. These lters will be pub-
lishedshortly,

6. Conclusionsand Futur e Work

We introduceda multi-resolutionalgorithmthat allows the
changeof resolutionin 3D with powers of two. Moreover,

we have demonstratedhat the representatiorof the data
on theselatticesis a more accuraterepresentatiorthanre-
samplingto a lower resolutionCartesianlattice. This was
illustrated throughthe error imagesin the resultssection.
Analyzing the imagesin the resultssectionand other pos-
siblecombination®f down-samplingandreconstructionl-

ters,we notedthatlineartypedown-samplingalongwith cu-
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Figure 13: The skull data setat the original resolutionof
128 at thetop. Firstrow; at half the resolution,left image
on FCC, right on re-sampledCartesianlattice. Secondow
at quarterresolutioneftimage on BCCandright image on
re-sampledCartesian.The bottomrow, the datasetat one
eighth resolution. Thesevolumesare down-sampledising
linear type Iter andreconstructedisingcubictyperecon-
structions.

bic typereconstructiorproduceghe mostsuitableresultsin
termsof thesmoothnessf reconstructionwhile thiscon g-
urationkeepsthe angulargradientestimationerrorslow.

SincetheFCClatticeconstitutegshedatarepresentatioat
the half resolution,it is importantto designaccuratelters
with desirablesmoothnesgroperties.The linear andcubic
element Iters on the FCC lattice do not have ary proven
smoothnespropertiesWe arecurrentlyinvestigating lters
for the FCC stepwith variableguaranteegmoothnessiWe
have somepreliminaryresultson a B-splinefamily of lters
for the FCC lattice. Using these Iters, we could eliminate
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theartifactsintroducedon the FCCresolutionimageof Fig-
urel3.

Currently we are ableto quantitatvely visualizethe er-
rorsin the variousmulti-resolutionsteps throughcompar
ison with the analytical ML function. For other real life
datasetayealsowouldlik eto quantitatvely visualizetheer-
rors of variousresolutiondatasetsvith respecto their orig-
inal high resolutionvolume.This erroranalysiswill enable
usto examineour multi-resolutionschemegainstthe Carte-
sianpipelineon a numberof otherreallife datasets.

Possibleapplicationdor our ne-grainedmulti-resolution
pyramid include LOD or progressie rendering,3D multi-
scalefeatureextraction,or multi-scalespatio-temporafea-
ture extractionin video data,to just namea few directions.
Other future developmentcould go towards a generalized
latticerenderingbeyond3D. Key issueshereareappropriate
linearor higherorder Itering kernelsandauni ed indexing
schemeApart from that GPU acceleratedattice rendering
of the 3D lattices(BCC, FCC)usinghigherorderkernelsis
currentlybeinginvesticated.

Further perfectreconstructionlter bankscould be de-
signedfor thesenon-separabl&ttices.
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