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Summary . In this paper we intro duce reconstruction kernels for the 3D optimal
sampling lattice and demonstrate a practical realisation of a few. First, we review
fundamentals of multidimensional sampling theory. We derive the optimal regular
sampling lattice in 3D, namely the Body Centered Cubic (BCC) lattice, basedon
a spectral sphere packing argument. With the introduction of this sampling lattice,
we review some of its geometric properties and its dual lattice. We intro duce the
ideal reconstruction kernel in the space of bandlimited functions on this lattice.
Furthermore, weintro duce a family of box splinesfor reconstruction on this sampling
lattice. We concludethe paper with someimagesand results of sampling on the BCC
lattice and contrast it with equivalent samplings on the traditionally used Cartesian
lattice. Our experimental results conrm the theory that BCC sampling yields a
more accurate discrete represertation of a sighal comparing to the commonly used
Cartesian sampling.

1 Intro duction

With the advent of the theory of digital signal processingvarious elds in
scienceand engineering have been dealing with discrete represertations of
continuous phenomena.As sciertic computing algorithms mature and nd
applications in a variety of scierti c, medical and engineering elds, the ques-
tion of the accuracy of the discrete represenations gains an enormousim-
portance. The theory of optimal sampling dealswith this issue:given a xed
number of samples,how can one capture the most information from the un-
derlying cortinuous phenomena.Suc a sampling pattern would constitute
the most accurate discrete represertation.

While virtually all image and volume processingalgorithms are basedon
the Cartesian sampling, it has been well known that this sampling lattice
is sub-optimal. Yet, only recenly advanceshave been made by introducing
reconstruction lters for the 2D optimal lattice (e.g. the Hexagonallattice).
Our paper intro ducesnovel reconstruction Iters for the Body Centered Cubic
(BCC) lattice, the analogousoptimal sampling lattice in 3D, that are basedon
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the geometricstructure of the underlying lattice. This should pave the way for
a more mainstream adaption of the BCC lattice for the discreterepresertation
and processingof three dimensional phenomena.

An introduction to multi-dimensional sampling theory can be found in
Dudgeon and Mersereau[5]. A lattice can be viewed as a periodic sampling
pattern. Periodic sampling of a function in the spatial domain givesrise to a
periodic replication of the spectrum in the Fourier domain. The lattice that
describesthe certers of the replicasin the Fourier domain is called the dual,
reciprocal, or polar lattice. Reconstruction in the spatial domain amourts to
eliminating the replicas of the spectrum in the Fourier domain while preserv-
ing the primary spectrum. Therefore, the ideal reconstruction function is the
inverseFourier transform of the characteristic function of the Voronoi cell of
the dual lattice.

In Section2 we will give a rigorous intro duction to multidimensional sam-
pling theory and derive the relationship betweenthe sampling pattern in the
spatial and the frequency domain. This will allow us to derive the notion of
the optimal sampling lattice in Section 3. Section 4 will discussand derive
geometric aspects of the BCC and the FCC lattices, setting the stage for de-
riving nearestneighbor, linear and cubic reconstruction Iters in Section5. A
practical implementation of the linear reconstruction Iter is derived in Sec-
tion 6 and Section 7 discusseur experimental evaluation. Finally, Section8
and Section9 summarize our cortributions and point to someopen problems,
respectively.

2 Multidimensional  Sampling Theory

Let f 2 L,(R") be a multiv ariate function for which the Fourier transform
existsand let f': R" | C beits Fourier transform:
z
f(1)y= f(x)e? ™ Xdx

Given the fact that "2 L,(R") also, the inversion formula
z

f(x)= f()e! xd

recovers the original function f almost everywhere . If the original function
is also cortinuous, the reconstruction equality holds everywhere [8].

We are interestedin the regular sampling of a function and its reconstruc-
tion from the discrete set of samples.In this paper we shall refer to recon-
struction in the spaceof functions with a compact support in their Fourier
represemations (i.e. bandlimited functions).

!Reconstruction takesthe mean value of the left and the right limit at the points
of discontin uity.
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The sampling operation is de ned over the spaceof squareintegrable func-
tions (L2(R)) equipped with the usual inner product:
z
H;gi = f(x)g(x)dx:

Assuming sample values are produced by a sampling device which is charac-
terized by a function, g, calledits impulse respons€. The sampling operation,
takesa function that is an elemen of L, and returns a number. This operation
can be modeled by the following functional:

L7V R:f 70 H ;i

The ideal impulse response(i.e. sampling function) is referredto asDirac's
delta (generalized) function which is the point evaluation functional de ned
by the following functional equation:

[f1=1(0) (1)

for all continuous functions f . Formally this symbol in an integral behavesas
the limit of integrals of a sequenceof integrable functions K, that have the
properties:

z

Ki(x)dx = 1forallr> 20

IiImOK,(x) 0 for all x 6 O:

r!

Examples of sudch kernels consist of Dirichlet, Fejer, Gaussian and Poisson
kernels.It is customary to say that in the limit thesekernelsbehave like the
delta function: Z

[f1= Ii'mO K (x)f (x)dx = f (0)
r
for all continuous functions f . Therefore the behavior of the functional in
Equation 1 can be consideredas the behavior of the above limit. As a nota-
tional corvenience,the operation of on a function f is de ned as:
z

(Of (x)ax, [f]

even though, sudch a function (x) does not exist. Since Dirac's generalized
function is not a function in the classical setting, the symbolic intro duction
of Dirac's delta function is merely for the easeof notation.

A regular sampling pattern can be viewed as a point lattice. An n-
dimensionalpoint lattice is characterizedby a setof n basisvectorsfT; g1 j n.

2In the medical imaging community the impulse responseis sometimes referred
to asthe excitation function.
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A point is on the lattice if and only if it is described by a linear combination
with integer coe cien ts of the basisvectors. The matrix, T = [T1T2:::Th],
whose columns are the basis vectors is called the sampling matrix and any
lattice point t is givenby t = Tp for somep 2 Z". Figure 2 illustrates a
two-dimensionallattice. The impulse responseof such a sampling lattice is:

Fig. 1. A two-dimensional lattice with T = [T1T2], where T; = [4;,1] and T, =
[1;2T .

X
Mr(x)= (x  Tk) 2
k2zn
This equation is again a symbolic equation that easesthe notation. The cor-
responding de nition, then, is:
Z Z x
o1 (X)f (x)dx , Iilm0 Ki(x Tk)f (x)dx 3)
r!
k22zn

for all cortinuous functions f with bounded support.
The corresponding functional that de nes the oo 1 is:
Z

X
o7 (x)f (x)dx = f(Tk) (4)
k2zn

Therefore the function that is obtained by the sampling deviceis:

fs(x) = o (x)f (x) (5)

We obsene that 1 is a periodic function with period T: ¢t (X + Tm) =
T (x)form22zZ",

In order to study the e ect of the sampling operator on the Fourier rep-
reseriation of the underlying function, we needto derive the Fourier trans-
form (FT) of cg 1. Without claiming any of the convergenceproperties of the
Fourier transform for the shah function, we transform the shah as:
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Z

@r()= mrx)e 2" Xdx:

Sincethe exponertial functions are contin uous, Equation 4 yields:
A X
Ar()= e
k2zn

201 (TK).

Note that dj 1 is periodic with the periodicity matrix T = T > , sincefor any
m2Zz":

X
ﬁTU'+T>nﬂ= e 2i(1+T> m)(Tk)

5%zn

— e 200t (TkHT> m) (Tk)]
k2 zn
X ih > 1

— e 20 (TkHm>T 'Tk)]
k2 zn
X o .

— e2|[(TMHm k)]
ral

— e 21 (Tkg 2 imk
%

= e 21 (TK) sincee 2 M K = 1forall m;k 2 Z"
k2zn
AN

=d@r():

Theorem 1. The Fourier transform of a Shahfunction o 1 (x) over a lattice
T asde ned in Equation 2 can be descriled as another Shahfunction o (! )

over the dual lattice T = T~ with fi7(' )= qq+(!)

Proof. To prove this theorem we note that the dj+ is T periodic. Let =
T[ %; %)“ be one period of the domain R". Therefore, all we needto shaw is
that: Z 4

@r()glt)d =90 = (!)g(! )d! (6)
for all cortinuousg: R"™ 7! C with bounded support.

For the choice of the kernel K, in Equation 3, we resort to the Poissonkernel.
The family of functions P, : R" 7! C; 0< r < 1 de ned by:

X ,
P.(l)= pkkg2 it (Tk)
k22zn

P >
wherekkk = =, jkij for k = [ky:::kn]™ .
Expanding the right hand side of the above equation we have:
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X it
Pr(T" ): rkkkeZ il k
k2zn

X
= rjklerKZj r]kn]e2 il 1k1e2 il zkz:::ez il nkn
kikoiinkn22
X X X o
= ( rikiig2 1t 1k1)( pikaig2 1! zkz):::( piknig2 i nkn)
k122 k22 kn2Z

Pr(! )P (1 2):i:Pe(th)

In other words, the multi-dimensional Poissonkernelis a separablekernel and
therefore we can usethe following one-dimensionalresults from [1]:

X
P.(1)= rikig2 it k

k22
B() o
P(M)d =1
[ 3:%)
Furthermore,[1]:
z z
lim  Pr(t)g(t)d = g0)=  ()g(!)d!

Since P, (! ) is positive and bounded, P, (! ) 0 and by the Fubini theorem
we have:

VA Z 1 Z 1 Z 1

) P (T!)d = . P (! 1)d! ) P (! 2)d! o . P ('pn)dy =1

) 2 2 2

[N

[

[N
[N

Moreover, for any cortinuous function g : R" 7! C we have:

z
Ii‘m1 Pe(t)g(t)dr =
r: Z Z
= Iiml T Pe(t oo tn)g(t gy t)dligoidt g
r! 1 -
:rlilml i Pr(ta;iitn 0ot 5oyt 150)dl g qoodl
z

lim  Pr(11)g(! 1;0;:::;0)d! 1 = g(0)

N R

Hence,we conclude by the dominated corvergencetheorem that:
z y

fim o Pe()o(t ) = @i (1)g! )d = g(0)
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Sincedyt is T periodic, we have:

FAr()=aqc():

This equality is again a symbolic equality and its meaning is only de ned
under an integral:
z z

Ar()fC)d = () )d! (7)
for all corntinuous functions f with bounded support.

In conclusion, the Fourier transform of ¢ 1 is yet another shah function on
the reciprocal lattice o . t

In order to nd the Fourier transform of the sampled function f¢ as in
Equation 5, one can usethe Convolution-Multiplication theorem to show:

)= (@t D)= (@@ N()

The important obsenation from this result is that the two lattices represened
by T and T are duals of eat other through the Fourier transform.

3 The Optimal Lattice Sampling

The main result of the previous section was that sampling a function f on
a lattice T, brings about the replication of the Fourier Transform of f on
the dual lattice T = T~ . Due to this reciprocal relationship, the sparsest
sampling matrix T will have to produce the densestpacding of the replicas
of the spectrum on the dual lattice T. Therefore, in order to distribute the
samplesin the spatial domain in the most economical (sparse) fashion, the
dual lattice T needsto be as denselypadked as possible.

In the typical three-dimensional case,usually there is no knowledge of a
direction of preferred resolution for sampling the underlying function f and
the function is assumedto be qualitativ ely isotropic. This meansthat f has
a spherically uniform spectrum. With this assumption, the densepacking of
the spectra in the Fourier domain can be addressedby the sphere pading
problem. Consequetly the best sampling lattice in 3D is dual to the lattice
that attains the highest spherepacing density.

The sphere packing problem [3] can be traced bad to the early 17th
century . Finding the densestpadking of spheresis known asthe Kepler prob-
lem. The fact that the face certered cubic (FCC) pading attains the highest
density of lattice padings was rst proven by Gau in 1831 [3]. Further, the
Kepler conjecture { that the FCC padking is an optimal padking of spheres
in 3D even when the lattice condition is not imposed{ was not proven until
1998by a lengthy computer-aided proof [6].
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In two dimensionshowever, the hexagonalpading structure can be easily
shown to attain the optimal density of padking. Since the two dimensional
hexagonallattice is self-dual, the optimal samplingin 2D is a hexagonallattice.
Consequetly, by sampling a 2D function f on a hexagonallattice, its Fourier
domain represertation is replicated on the dual hexagonal lattice; similarly
by sampling a function on the commonly used Cartesian lattice, its Fourier
domain represenation is replicated on the dual Cartesian lattice.

Figure 2 illustrates the optimalit y of hexagonalsampling versusCartesian
sampling. An equivalert spatial domain sampling density is usedfor both the
Cartesian and the hexagonalsampling lattice. The Fourier domain replication
is shown for the Cartesian lattice in Figure 2(a) and for the hexagonallattice
in Figure 2(b). It is apparert that the area of the main spectrum (in red)
that is captured in the hexagonal caseis larger than that of the Cartesian
case. This meansthat with the equivalent sampling density in the spatial
domain, the hexagonal sampling captures more of the frequency cortent of
the spectrum of f and in the processof band limiting the underlying signal
for sampling, we can allow a larger basebandto be captured. This meansthat
more information can be captured with the same number of samples. The
increasede ciency of the optimal sampling lattice in 2D is about 14%and in
3D it is about 30%.

7\,
oQJ«

(a) Cartesian Replication of the (b) Hexagonal
Spectrum Spectrum

Replication of the

Fig. 2. Hexagonal sampling captures higher frequencieswith equal sampling density

While the optimal regular sampling theory is attractiv e for its theoretical
advantages, it hasn't been widely employed in practice due to the lack of
signal processingtheory and tools to handle such a sampling lattice.



From Sphere Packing to the Theory of Optimal Lattice Sampling 9
4 The BCC Lattice

A lattice can be viewed as an in nite array of points in which ead point
has surroundingsidentical to those of all the other points [2]. In other words,
every lattice point hasthe sameVoronoi cell and we can refer to the Voronoi
cell of the lattice without ambiguity. The lattice points form a group under
vector addition in the Euclidean space.

The BCC lattice is a sub-lattice of the Cartesian lattice. The BCC lattice
points are located on the cornersof the cube with an additional samplein the
center of the cube asillustrated in Figure 3. An alternativ e way of describing
the BCC lattice is to start with a Cartesian lattice (i.e. Z%) and retain only
those points whosecoordinates have identical parity.

(@) (b)

Fig. 3. The BCC Lattice. A neighborhood of 35 points is displayed on the left,
while a simple neighborhood of 9 points is displayed on the right.

The simplest interpolation kernel on any lattice is the characteristic func-
tion of the Voronoi cell of the lattice. This is usually called nearestneighbor
interpolation. More sophisticated reconstruction kernels involve information
from the neighboring points of a given lattice point. With this in mind, we
focusin the next section on the geometry and the polyhedra assaiated with
the BCC lattice.

4.1 Polyhedra Associated with the BCC Lattice

Certain polyhedra arise naturally in the processof constructing interpolation
Iters for a lattice. The Voronoi cell of the lattice is one such example. The
Voronoi cell of the Cartesian lattice is a cube and the Voronoi cell of the BCC
lattice is a truncated octahedron asillustrated in Figure 4a.

We are also interested in the cell formed by the immediate neighbors of a
lattice point. The rst neighbors of a lattice point are de ned by the Delaunay
tetrahedralization of the lattice; a point g is a rst neighlor of p if their
respective Voronoi cells sharea (nhon-degenerate)face. The rst neightors cell
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is the polyhedron whoseverticesare the rst neighbors. Again, this cell is the
samefor all points on the lattice.

For example, by this de nition there are six rst neighbors of a point in
a Cartesian lattice; the rst neighbors cell for the Cartesian lattice is the
octahedron. For the BCC lattice there are fourteen rst neighbors for eat
lattice point. The rst neighbor cell is a rhombic dodecahedronas illustrated
in Figure 4b.

The geometry of the dual lattice is of interest when we considerthe spec-
trum of the function captured by the sampling operation. The Cartesian lat-
tice is selfdual. However, the dual of the BCC lattice is the FCC lattice. The
FCC lattice is a sublattice of Z3 and is often referred to asthe D 3 lattice
[3]. In fact D 3 belongsto a generalfamily of lattices, D ,, sometimescalled
chederboard lattices. The chederboard property implies that the sum of the
coordinates of the lattice sites is always even. We will use this property to
demonstrate the zero crossingsof the frequency response of the reconstruc-
tion lters at the FCC lattice sites.

The Voronoi cell of the FCC lattice is the rhombic dodecahedronas il-
lustrated in Figure 4c. Its characteristic function is the frequencyresponseof
the ideal reconstruction lter for the BCC lattice. Figure 4d shows the rst
neighbors cell of the FCC lattice; the cuboctahedron.

5 Reconstruction Filters

The kernelfor the nearestneighbor interpolation in 1D is the Box function. It

is the characteristic function of the Voronoi cell of the sampleson the real line.
The nearest neighbor interpolation on the BCC lattice is similarly de ned

in terms of the Voronoi cell of the lattice which is a truncated octahedron
(Figure 4(a)). In this scheme, a point in spaceis assignedthe value of the
samplein whoseVoronoi cell it is located. Sincethe Voronoi cell tiles the space,
its characteristic function induces an interpolation scheme for that lattice.

Basedon the fact that the periodic tiling of the Voronoi cell yields the constart

function in the spatial domain, Van De Ville [12] proves by means of the
Poissonsummation formula that the frequencyresponseof suc a kernel does
in fact vanish at the aliasing frequencies.

5.1 Ideal Interp olation

As noted earlier, sampling a function on a periodic lattice replicatesthe spec-
trum of the function in the Fourier domain on the dual lattice. When the space
of bandlimited functions is the spaceof choicefor reconstruction, the ideal in-
terpolation function is the one that removes the replicates of the spectrum
in the Fourier domain. This provesthat the Fourier transform of the ideal
interpolation function is the characteristic function of the Voronoi cell of the
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Fig. 4. The Voronoi cell of the BCC lattice is the truncated octahedron (a), and
its rst neighbor cell is the rhombic dodecahedron (b). For the FCC lattice, the
rhombic dodecahedronis the Voronoi cell (c), and the cuboctahedron is the rst
neighbor cell (d).

dual lattice; hence,cornvolving by the ideal interpolation function, leavesout
the main spectrum and eliminates all of the replicas.

The ideal reconstruction function for the Cartesian lattice has a Fourier
transform that is the characteristic function of a cube and the onefor the BCC
lattice has Fourier transform which is the characteristic function of a rhombic
dodecahedron.Therefore, in order to nd the ideal interpolation function for
the BCC lattice weneedto nd afunction whoseFourier transform is constart
on the rhombic dodecahedronin Figure 4(c) and is zero everywhere else.

As it is not easyto derive this function directly, to construct an explicit
function we decomposethe rhombic dodecahedroninto simpler objects that
are easyto construct in the dual domain. Figure 5 illustrates the decomposi-
tion of the rhombic dodecahedroninto four three dimensional parallelepipeds.
These parallelepipeds share the origin and ead are formed by three vectors
from the origin. For a rhombic dodecahedronoriented as in Figure 4(c) we
de ne the set of vectors:

2 3 2 3 2 3 2 3
1 1 1 1
l:4 15: ,=4 15: ,=4 15. ,=415;
1 1 1 1
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Any three of these four vectors form one of the parallelepipeds in the
decomposition of the rhombic dodecahedronillustrated in Figure 5. One can

obsene that: 2 3
0

1t ot gt 4,=40° (8)
0
that is attributed to the symmetries of the rhombic dodecahedron.

Since a parallellepiped can be constructed by a linear transform from a
cube, we can start by constructing a cube in the Fourier domain:

F f sinc(x) sinc(y) sinc(z)g = B(! x) B(! y) B(! ;)

where sinc(x) = w

tension of sinc:

. Rewriting the above equation in terms of a 3D ex-

Ffsincp (x)g= Bap (! ):

Let ;; ;; k denote the vectors forming a parallelepiped. Then the matrix
T =1[ij ;i «] transforms the unit cube to the parallelepiped. If 1 denotes
the characteristic function of the parallelepiped formed by the columnsof T,
then:

T(1)=Bsp (T ')

In orderto get 7 in the Fourier domain, we usethe multidimensional scaling
lemmain the Fourier transform:

Ffsincp (T™x)g= detT 1(!):

That meansthe spatial domain form of a constart parallelpiped formed by T
in the Fourier domain is:

Ffsinc(; x)sing( ; x)sing(  x)g= detT 1(!): (9)

This equation represerts a parallelepiped that is certered at the origin; in
order to represen the parallelepipedsin Figure 5 we needto shift them so
that the origin is at the corner of ead parallelepiped. The shift is along the
antip odal diagonal of the parallelepiped by half the length of the antip odal di-
agonal. The shift in the Fourier domain can be achieved by a phaseshift in the
spacedomain. Therefore, the spacedomain represetation of a parallelepiped
formed by T with its corner at the origin is

1

Ffe 2 'z0i% 1% WXsing(; x)sing( ; x)sing( , x)g= detT §(!):

where ¢ is the characteristic function of the parallelepiped with its corner
at the origin.

Now we can write the spacedomain represertation of the rhombic dodec-
ahedronin Figure 4(c).
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sincBCC(x) =

e' +Xsinc( ; x)sing , x)sing 5 X)+

e ' s Xsinc( ; x)sing , x)sing( , Xx)+

el 2x sinc( ; x)sinc( 3 x)sing( 4 X)+ (10)
e i X sinc( 2 X)Sinq 3 x)sinC( 4 X)
x Y

= e'iX SinC( K X):

Claim. sincBCC(x) is a real valued function

Proof. In orderto shaw that sincBCC(x) is a real valued function we subtract
it from its conjugate:

sincBCC(x)  sincBCC(x) =

X _ , Y
(e '1* eliX)  sinc(y x)=
j=1 K6 |
x4 Y
(2isin( ; x)) sinc( , X) =
j=1 K6 |
x4 Y
(2 i(; x)sinc( ; x)) sinc(  X) =
j=1 K6 j
x4 Y

20(; x) sinc( X)=
j=1

Y
20(( 1+ 2+ 3+ 4) x) sinc(, x)=0

due to symmetries of the rhombic dodecahedronillustrated in Equation 8.
As acorollary to this claim, usingthe fact that sincBCC(x) = <f sincBCC(x)g =
%(sincBCC(x) + sincBCC(x)) we simplify the sincBCC(x) to :

X Y
sincBCC(x) = cos( ; Xx) sinc( | X): (12)
j=1 k6 j

5.2 Linear Box Spline

de Boor et al [4] analytically de ne the box splines, in n-dimensional space,
by successie directional corvolutions. They also describe an alternativ e ge-
ometric description of the box splinesin terms of the projection of higher
dimensional boxes (nD cubes). A simple example of a one dimensional linear
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(@) (b)

Fig. 5. The rhombic dodecahedron, the Voronoi cell of the FCC lattice, can be
decomposedinto four parallelpip eds.

box spline is the triangle function which can be obtained by projecting a 2D
box along its diagonal axis down to 1D. The resulting function (after proper
scaling) is oneat the origin and hasa linear fall o towardsthe rst neighbors
asillustrated in Figure 6a.

The properties and behaviors of box splinesare studied in [4]. For example,
the order of the box splines can be determined in terms of the di erence in
dimension between the higher dimensional box and the lower dimensional
projection. For instance, the triangle function is a projection of a 2D cube
into 1D, henceit is a rst order box spline.

Our construction of box splinesfor the BCC lattice is guided by the fact
that the rhombic dodecahedron(the rst neighbors cell of the BCC lattice)
is the three-dimensional shadowv of a four-dimensional hypercube (tesseract)
along its antip odal axis. This fact will be revealedin the following discussion.
This construction is reminiscent of constructing a hexagon by projecting a
three-dimensional cube along its antip odal axis; see Figure 6b for the 2D
case.

Integrating a constart tesseract of unit side length along its antip odal
axis yields a function that has a rhombic dodecahedronsupport (seeFigure
3b), has the value two® at the certer and has a linear fall o towards the
fourteen rst neighbor vertices. Sinceit arisesfrom the projection of a higher
dimensional box, this Iter is the rst order (linear) box spline interpolation
Iter on the BCC lattice.

Let B denote the Box distribution. The characteristic function of the unit
tesseractis given by a product of these functions:

T(x;y;z;w) = B(x) B(y) B(z) B(w): (12)

Let v = hi; 1; 1; 1i denotea vector alongthe antip odal axis. In order to project
along this axis, it is corveniert to rotate it sothat it aligns with the w axis.

®Note that the BCC sampling lattice has a sampling density of two samplesper
unit volume.



From Sphere Packing to the Theory of Optimal Lattice Sampling 15

a b

Fig. 6. a) one dimensional linear box spline (Triangle function). b) the two dimen-
sional hexagonal linear box spline

Let 2 3

11

112

11 (13)
11 11

1
1
1

N

1 1
R:§[1234]:§§

This rotation matrix transformsv to H0;0;0;2i.* Let x = hx; y; z; wi; now the
linear kernel is given by
Z

Lrp(X;y;2) =  T(R”X)dw:

Substituting in equation (12) we get
VA v 1
Lrp (X;y;2) = B(Q i X)dw: (14)
i=1

We illustrate an analytical evaluation of this integral in Section 6.

5.3 Cubic Box Spline

By corvolving the linear box spline Iter kernelwith itself we doubleits vanish-
ing momerts in the frequency domain. Hencethe result of such an operation

4By examining equation (13), one can seethat eac vertex of the rotated tesser-
act, when projected along the w axis, will coincide with the origin or one of the ver-
tices of the rhombic dodecahedron:  %; 1; % ,h 1,0;0i, H0; 1;0i or h0;0; 1i.
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will have a cubic approximation order [11]. As noted by de Boor [4], the
convolution of two box splinesis again a box spline.

An equivalent method of deriving this function would be to convolve the
tesseractwith itself and project the resulting distribution along a diagonal
axis (this commutation of convolution and projection is easyto understand in
terms of the corresponding operatorsin the Fourier domain { seeSection5.4).
Convolving a tesseractwith itself results in another tesseractwhich is the
tensor product of four one-dimensionaltriangle functions.

Let denote the triangle function. Then corvolving the characteristic
function of the tesseractyields

Tcxiy;zw) = (x) (y) (2 (w): (15)

Following the same4D rotation asin the previous section, we obtain a space
domain represenation of the cubic box spline Iter kernel:

Z Vv 1
Cro(Xy;2) = ( > i X) dw: (16)

Again, we will illustrate in Section6 how to evaluate this integral analyt-
ically.

5.4 Frequency Response

From the construction of the rhombic dodecahedrondiscussedearlier, we can
analytically derive the frequencyresponseof the linear function described by
equation (14).

From equation (12), it is evidert that the frequencydomain represerttation
of the characteristic function of the tesseractis given by the product of four
sinc functions:

Tyt 2t w) = sinc(! ) sinc(! y) sinc(! ;) sinc(! w):

While in the previous section the origin was assumedto be at the corner
of the tesseract,for the simplicity of derivation, we now consider a tesseract
whosecerter is at the origin. The actual integral, computed in Equation 14
or Equation 16 will not change.

By the Fourier slice-proection theorem, projecting the tesseractin the
spatial domain is equivalent to slicing T perpendicular to the direction of
projection. This sliceruns through the origin. Again we make useof the rota-
tion (13) to align the projection axis with the w axis. Thus in the frequency
domain we take the slice! ,, = 0.

It is corvenient to introducethe 3 4 matrix

3
1 1 11

1 1
25[1234]254 11 119 (17)
1 1 11
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given by the rst three rows of the rotation matrix R of equation (13). The
frequencyresponseof the linear kernel can now be written as

Y 1
Cro(txilyitz) = sine( i 1) (18)
i=1

where! = H ;!y;!,i.

The box spline assaiated with this lter is represened by the  matrix.
The properties of this box spline can be derived basedon this matrix according
to the theory dewvelopedin [4]. For instance, one can verify C° smoothnessof
this Iter using

We can verify the zero crossingsof the frequencyresponseat the aliasing
frequencieson the FCC lattice points. Due to the chederboard property for
ewery ! onthe FCC lattice, , ! = (Ix+!y+!;)= 2kfork 2 Z; therefore,
sinc(% 4 ') = 0onall of the aliasing frequencies.Since , ! = I

5 | 3 !, atleastoneofthe ; ! fori = 1;2;3 needsto be alsoan even
integer and for such i we have sinc(% i 1) = 0; therefore, there is a zero of
order at least two at ead aliasing frequency yielding a C° Iter.

The cubic box spline Iter canbesimilarly derivedby projecting atesseract
composedof triangle functions. Again, the frequencyresponsecan be obtained
via the Fourier slice-projection theorem.

Since cornvolution corresponds to multiplication in the dual domain, the
frequencyresponseof (15) is

To(x;tyil 2t w) = sin(! ) sin(! ) siné(! ;) sind(! w):

By rotating and taking a slice as before we obtain:

¥ 1
Cro(!xilyilz) = Sincz(é i b (19)
i=1

We can seethat the vanishing momerts of the cubic kernel are doubled from
the linear kernel. We could also have obtained Equation 19 by simply multi-
plying Equation 18 with itself, which correspondsto corvolving the linear 3D
kernel with itself in the spatial domain.

The box spline matrix for the cubic kernelis  °=[ j ]. One can verify
the C2 cortinuity of this box spline using ° and the theory in [4].

6 Implemen tation

In this section we describe a method to evaluate the linear and the cubic
kernel analytically.

Let H denotethe Heaviside distribution. Using the fact that B(x) = H(x)
H(x 1) we can expand the integrand of the linear kernel (Equation 14) in



18 Alireza Entezari, Ramsay Dyer, and Torsten Moller

terms of Heaviside distributions. After simplifying the product of four Box
distributions in terms of H, we get sixteenterms in the integrand. Each term
in the integrand is a product of four Heaviside distributions. Sincex;y;z are
constarts in the integral and the integration is with respectto w, we group the
X;y;z argument of eah H and call it t;, using the fact that H(%x) = H(x),
we can write ead term in the integrand as:

Zy

| = H(w+ to) H(w+ t1) H(w + t2) H(w + t3) dw:
a

The integrand is non-zero only when all of the Heaviside distributions are
non-zeroand sincethe integrand will be constart one we have:

I = max(0;b max(a;max( tj))):

Similarly, for the cubic kernelin Equation 16 we substitute ( x) = R(x)
2R(x 1)+ R(x 2), whereR denotesthe ramp function. We obtain eighty
oneterms, ead of which is a product of four ramp functions. Using R(%x) =
% R (x), we can write eact term in the integrand as a scalar fraction of:

Zy
| = R(w+ to) R(w+ t;) R(w+ t2) R(w + tg3) dw:
a
This simpli es to a polynomial times four Heaviside distributions that we can
evaluate analytically:

wa

(w+ tj) H(w + tj) dw
a j=1

Zbyq.

(w+ tj) dw:
C =1

wherec = min(b;max(a; max( t;))) and one can compute the integral of this
polynomial analytically.

6.1 Simplication of the Linear Kernel

An alternative method of deriving the linear kernel can be obtained through
a geometric argumert.

All of the polyhedra discussedin Section 4 are corvex and therefore may
be described as the intersection of a set of half spaces.Further, ead faceis
matched by a parallel antip odal face; this is due to the group structure of
the lattice. If a point a is in the lattice and vector b takesit to a neighbor
then a + b is in the lattice; then the group property enforcesa b be a point
in the lattice as well, hencethe antip odal symmetry. As a consequencehe
polyhedra lend themsehesto a corveniert description in terms of the level
setsof piecewiselinear functions.
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Considerthe rhombic dodecahedron,for example.Eacd of its twelve rhom-
bic facescan be seento lie certered on the edgesof a cube such that the vector
from the certer of the cube to the certer of its edgeis orthogonal to the rhom-
bic face placed on that edge.

So the interior of the rhombic dodecahedronthat enclosesthe unit cube
in this way can be described as the intersection of the twelve half spaces

Xy 2 X z 2y z pé: (20)

Now consider the pyramid with apex at the certer of the polyhedron and
whose baseis a face f with unit outward normal f;. Notice that for any
point p within this pyramid, the scalar product p f; is larger than p f¢o,
where R¢o is the outward normal for any other rhombic face f °. Thus if we
de ne a function

‘R® I R

p 7! r’rgaxp As; (21)

f

its level sets are rhombic dodecahedra.We can use the axial symmetries of
the half spaces(20) to write the function (21) for the rhombic dodecahedron
in the compact form

(X y;2) = max(jxj + Jyj;ixj + jzj;jyi + jzj):

For a xed s, all the points in the spacewith (x;y;z) < s are the interior
of the rhombic dodecahedron, (x;y;z) = s areon the rhombic dodecahedron
and (x;y;z) > s are on the outside of the rhombic dodecahedron.Therefore
for all s 0 the function (x;y;z) describesconcerric rhombic dodecahedra
that are growing outside from the origin linearly with respect to s.

Using this fact, one can derive the function that is two at the center of the
rhombic dodecahedronand decreasedinearly to zero at the vertices, similar
to the linear kernel described in Equation 14, to be:

Lro (X1y;2) = 2max(0; 1 max(jxj + jyj; jxj + jzi;jyj + jzj)): (22)

7 Results and Discussion

The optimalit y properties of the BCC sampling imply that the spectrum of a
Cartesian sampled volume matchesthe spectrum of a BCC sampledvolume
with 29.3% fewer samples[7]. On the other hand, given equivalent sampling
density per volume, the BCC sampledvolume outperformsthe Cartesian sam-
pling in terms of information captured during the sampling operation. There-
fore, in our test cases,we are comparing renditions of a Cartesian sampled
dataset against renditions of an equivalertly denseBCC sampled volume as
well as against a BCC volume with 30% fewer samples.
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In order to examine the reconstruction schemesdiscussedin this paper,
we have implemerted a ray-caster to render imagesfrom the Cartesian® and
the BCC sampled volumetric datasets. The normal estimation, neededfor
shading, was based on certral di erencing of the reconstructed cortinuous
function both in the Cartesian and BCC case.Certral Di erencing is easyto
implemert and there is no reasonto believe that it performs any better or
worsethan taking the analytical derivative of the reconstruction kernel [10].

We have chosenthe synthetic dataset rst proposedin [9] asa bendimark
for our comparisons.The function wassampledat the resolutionof 40 40 40
on the Cartesian lattice and at an equivalent sampling on the BCC lattice of
32 32 63. For the sake of comparisonwith thesevolumesa 30% reduced
volumeof 28 28 55samplesonthe BCC lattice alongwith a volume of 30%
increasedsampling resolution of 44 44 44 for the Cartesian sampling was
alsorendered. The imagesin Figure 7 are renderedusing the cubic box spline
on the BCC sampled datasets and the tri-cubic B-spline on the Cartesian
sampled datasets. The imagesin Figure 8 documert the corresponding error
images that are obtained by the angular error incurred in estimating the
normal (by certral di erencing) onthe reconstructedfunction. The gray value
of 255 (white) denotesthe angular error of 30 betweenthe computed normal
and the exact normal.

The optimalit y of the BCC sampling is apparert by comparing the images
Figure 7(a) and Figure 7(b) astheseare obtained from an equivalert sampling
density over the volume. While the lobes are mainly presened in the BCC
case,they are smoothed out in the caseof Cartesian sampling. This is also
conrmed by their corresponding error imagesin Figure 8. The image in
Figure 7(c) is obtained with a 30% reduction in the sampling density over the
volume of the BCC sampled data while the image in Figure 7(d) is obtained
with a 30%increasein the sampling density over the volume of the Cartesian
sampled data. One could match the quality in Figure 7(c) with Figure 7(b)
and the Figure 7(d) with the Figure 7(a), this pattern can also be obsened
in the error imagesof Figure 8. This matchesour predictions from the theory
of optimal sampling.

We also examined the quality of the linear kernel on this test function.
The renditions of the test function using the linear kernel on the BCC lattice
and tri-linear interpolation on the Cartesian lattice areillustrated in Figure 9.
Since 98% of the energy of the test function is concerrated below the 41st
wavenumber in the frequency domain [9], this sampling resolution is at a
critical sampling rate and hencea lot of aliasing appearsduring linear recon-
struction. We doubled the sampling rate on ead dimension and repeated the

5In order to ensure fair comparison of Cartesian vs. BCC sampling we should
compare our new reconstruction Iters with Iters basedon the octahedron of rst
neighbors cell (seeSection 4.1). However, tri-linear ltering is the common standard
in volume rendering and sincetri-linear Iters are superior to the octahedron based
Iters, we will compare our new lters to the tensor-product spline family instead.
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(d) Cartesian 30% Increasdl

Fig. 7. Comparison of BCC and Cartesian sampling of the Marschner-Lobb data
set, cubic reconstruction

experimert in Figure 10. Figure 11 demonstratesthe errors in the normal es-
timation. Due to the higher sampling density, the errorsin normal estimation
are considerably decreasedhencewe have mapped the gray value 255 (white)
to 5 of error.

Renditions of the Marschner-Lobb function with this higher sampling res-
olution using cubic reconstruction and the corresponding error images are
illustrated in Figure 12 and in Figure 13.

Throughout the imagesin Figure 7 through Figure 13, onecan obsene the
superior delit y of the BCC sampling comparedto the Cartesian sampling.

Real volumetric datasetsare scannedand reconstructed on the Cartesian
lattice; there are ltering stepsinvolved in scanningand reconstruction that
tune the data according to the Cartesian sampling so the spectrum of the
captured data is anti-aliased with respect to the geometry of the Cartesian
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/i

(C) BCC 30% reduced

(d) Cartesian“',' 30% Increasdl

Fig. 8. Angular error of the computed normal versusthe exact normal of the cubic
reconstruction in Figure 7. Angular error of 30 mapped to white

lattice. Therefore, the ultimate test of the BCC reconstruction can not be
performed until there are optimal BCC sampling scannersavailable.
Howevwer, for examining the quality of our reconstruction Iters on real
world datasetswe useda Cartesian lter to resamplethe Cartesian datasets
on the BCC lattice. While prone to the errors of the reconstruction before
resampling, we have produced BCC sampled volumes of the tooth and the
UNC brain datasetswith 30% reduction in the number of samples.The origi-
nal tooth volume hasaresolution of 160 160 160andthe BCC volume after
the 30% reduction hasa resolution of 113 113 226; similarly for the UNC
dataset, the original Cartesian resolution of 256 256 145 was reduced by
30%to the BCC resolution of 181 181 205. The result of their rendering
using the linear and the cubic box spline in the BCC caseand the tri-linear
and tri-cubic B-spline reconstruction in the Cartesian caseis illustrated in
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(@) BCC 32 32 63 (b) Cartesian 40 40 40

(c) BCC: Error image (d) Cartesian: Error image

Fig. 9. (a,b)Comparison of BCC and Cartesian sampling of the Marschner-Lobb
data set, linear reconstruction. (c,d) The corresponding error imagesmap an angular
error of 30 to white

Figure 14 and Figure 15. Theseimageswere renderedat a 512 resolution on
an SGI Altix with sixty four 1.5GHz Intel Itanium processorsunning Linux.

8 Conclusion

In this paper we have derived an analytic description of linear and cubic box
splinesfor the body certered cubic (BCC) lattice. Using geometricargumerts,
we have further derived a simpli ed analytical form of the linear box spline in
Equation 22, which is simple and fast to evaluate (simpler than the trilinear
interpolation function for Cartesian lattices).

Further we have alsoderivedthe analytical description of the Fourier trans-
form of thesenovel lters and by demonstrating the number of vanishing mo-
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(a) BCC 64 64 126 (b) Cartesian 80 80 80

(c) BCC, 30% reduced (d) Cartesian, 30% increasel

Fig. 10. Linear reconstruction of the Marschner-Lobb data setat a higher resolution

mernts we have establishedthe numerical order of these lters. We believe that
these lters will provide the key for a more widespreaduse of BCC sampled
lattices.

Our imagessupport the theoretical results of the equivalenceof Cartesian
lattices with BCC lattices of 30% fewer samples.

9 Future Research

As we have obtained the linear interpolation Iter from projection of the
tesseract, we can obtain odd order splines by successie convolutions of the
linear kernel (or alternatively { projecting a tesseract which is the tensor
product of higher order one-dimensional splines). Howewer, the even order
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(a) BCC 64 64 126 (b) Cartesian 80 80 80

(c) BCC, 30% reduced (d) Cartesian, 30% increasal

Fig. 11. Angular error images for linear reconstruction at a higher resolution as
shown in Figure 10. Angular error of 5 mapped to white (255)

splines and their analytical forms do not seemto be easily derived. We are
currently investigating this case.

The easeof deriving the frequency response of these interpolation Iters
lendsitself to a thorough error analysison this family.

Further, the computation of the cubic box spline in Equation 16 currently
entails the evaluation of 81 terms. This makesthe evaluation of the cubic ker-
nel computationally expensive. We are currently investigating simpli cations
similar to that of the linear kernel discussedin Section6.1.

Except for the rst order box spline, the spline family are approximat-
ing lters, hencereseart on exact interpolatory lters, similar to those of
Catmull-Rom for the BCC lattice is being explored.
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(a) BCC 64 64 126 (b) Cartesian 80 80 80

(c) BCC, 30% reduced (d) Cartesian, 30% increasal

Fig. 12. The cubic reconstruction of the Marschner-Lobb data set at a higher

resolution
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(@) BCC 30% reduced, linear box (b) Cartesian , tri-linear, 13 seconds
spline, 12 seconds

(c) BCC 30% reduced, cubic box (d) Cartesian, tri-cubic B-spline, 27
spline, 190 minutes seconds

Fig. 14. The tooth dataset
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(@) BCC 30% reduced, linear box (b) Cartesian , tri-linear, 12 seconds
spline, 11 seconds

(c) BCC 30% reduced, cubic box (d) Cartesian, tri-cubic B-spline, 24
spline, 170 minutes seconds

Fig. 15. The UNC dataset



