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February 7, 2009

1.6.1 The form x = f × 2β is unique for some β ∈ Z : (β − 1) < log2 x ≤ β
and f ∈ [1/2, 1] , where Z is the set of integers.

x β = dlog2 xe f = x/2β

13 4 .8125

25 5 .78125
1
3 -1 .6
1
10 -3 .8

1.6.6 Let us examine if we can improve upon logarithm approximation using
the form z = 1−x

1+x

1. Let p(x) = ln(1− x) and q(x) = ln(1 + x),written in terms of Taylor
approximations and remainders as

p(x) = pn(x) +Rpn(x)
q(x) = qn(x) +Rqn(x), where

pn(x) = ln(1− x0)−
n∑
k=1

1
k

(
x− x0

1− x0

)k
qn(x) = ln(1 + x0) +

n∑
k=1

(−1)k+1

k

(
x− x0

1 + x0

)k

The remainders can be bound in a way similar to the method dis-
cussed in Section-1.6.

|Rpn(x)| =

∣∣∣∣∣∣
xˆ

x0

(x− t)n (1− t)−(n+1)
dt

∣∣∣∣∣∣ ≤ |x− x0|
∣∣∣(1− t)−1

∣∣∣ ∣∣∣∣x− t1− t

∣∣∣∣n

|Rqn(x)| =

∣∣∣∣∣∣
xˆ

x0

(x− t)n (1 + t)−(n+1)
dt

∣∣∣∣∣∣ ≤ |x− x0|
∣∣∣(1 + t)−1

∣∣∣ ∣∣∣∣x− t1 + t

∣∣∣∣n
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For g(t) =
(
x−t
1−t

)
and h(t) =

(
x−t
1+t

)
, as in Section-1.6, it can be

seen that, there in no critical point for all t ∈ (x0, x). Hence, due
to Extreme Value Theorem, the maximum clearly occurs at x0 such
that |g(t)| ≤ |g(x0)| and |h(t)| ≤ |h(x0)|. We then have

|Rpn(x)| ≤ |x− x0|
∣∣∣(1− t)−1

∣∣∣ ∣∣∣∣x− x0

1− x0

∣∣∣∣n
|Rqn(x)| ≤ |x− x0|

∣∣∣(1 + t)−1
∣∣∣ ∣∣∣∣x− x0

1 + x0

∣∣∣∣n
2. For f(x) = ln

(
1−x
1+x

)
, the Taylor expansion written as f(x) = pfn(x)+

Rfn(x):

pfn(x) = pn(x)− qn(x)∣∣Rfn(x)∣∣ = |Rpn(x)−Rqn(x)| ≤ |Rpn(x)|+ |Rqn(x)|

3. Given z ∈ [1/2, 1], z =
(

1−x
1+x

)
, x can be obtained from z as

x = g(z) =
(

1− z
1 + z

)
⇒ x ∈ [0,

1
3
]⇒ x0 =

1
6

4. We can approximate ln(z) using f(x) = f(g(z)). Substituting x = 1
3 ,

x0 = 1
6 and t = 1

3 , 0 in Rpn, R
q
n respectively

|Rpn(x)| ≤ |1/6|

∣∣∣∣∣
(

1− 1
3

)−1
∣∣∣∣∣
∣∣∣∣1/65/6

∣∣∣∣n =
5−n

4

|Rqn(x)| ≤ |1/6|
∣∣∣(1 + 0)−1

∣∣∣ ∣∣∣∣1/67/6

∣∣∣∣n =
7−n

6∣∣Rfn(x)∣∣ ≤ |Rpn(x)|+ |Rqn(x)| ≤
5−n

4
+

7−n

6
≤ 10−16

=⇒ n ≥ 23

Note that the logarithm approximation in Section-1.6 required a
degree-33 Taylor polynomial for the same accuracy. Since MATLAB
stores only 16 signi�cant digits, we cannot compute errors ≤ 10−16.
So for an accuracy of 10−15, we get n≥21 from the above bound
where as the numerical approach shows that n≥19 is su�cient.

1.6.10 Given f(x) = 1/x, x ∈ [1/2, 1], let us bound the Cauchy form of Re-
mainder (Eqn-1.2), so as to determine the degree of Taylor polynomial
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necessary for an accuracy of 10−16

Rn(x) =
1
n!

xˆ

x0

(x− t)nf (n+1)(t)dt = (−1)n+2

xˆ

x0

(x− t)nt−(n+2)dt

⇒ |Rn(x)| =

∣∣∣∣∣∣
xˆ

x0

(
x

t
− 1)nt−2dt

∣∣∣∣∣∣ ≤ |x− x0|
∣∣t−2

∣∣ ∣∣∣x
t
− 1
∣∣∣n , (as shown in Section− 1.6)

Since g(t) = x−t
t does not have critical points with in [x0, x], due to

Extreme Value Theorem, the maximum clearly occurs at one of the end
points. Hence |g(t)| ≤ |g(x0)|. Substitute x0 = 3/4, x = 1, t = 1/2, to
obtain the upper bound as:

|Rn(x)| ≤
(

1− 3
4

)(
1
2

)−2(
x

x0
− 1
)n
≤
(

1
3

)n
≤ 10−16 ⇒ n ≥ d16/ log10(3)e = 34

p34(x) =
34∑
k=0

(−1)k(x− x0)k

xk+1
0

, where x0 =
3
4
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