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ABSTRACT
In this short paper we briefly discuss a moment based method
that was recently introduced to study the behavior classi-
fication algorithms and model validation techniques for fi-
nite sample sizes. The method involves accurate and ef-
ficient computation of the moments of the generalization
error which are over the space of all possible datasets of
size N drawn from an underlying distribution. A classifi-
cation algorithm trained on each of these datasets induces
a space of classifiers (i.e. an empirical hypothesis space)
and the moments can be equivalently computed over this
space. In our previous work we also drew relationships be-
tween the moments of the generalization error and moments
of hold out error, cross-validation error, leave one out er-
ror and hence these model validation techniques can also
be studied accurately by our method. The primary goal of
this paper is to familiarize machine learning researchers with
this newly proposed methodology, so as to discuss its impli-
cations regarding important problems such as classification
model selection.

1. INTRODUCTION
Let us consider the following question: how does a given
classification algorithm behave with respect to a given joint
distribution over the input-output space (X×Y ) in the non-
asymptotic regime? This is different from the general setup
in machine learning where the distribution is unknown and
only independent and identically distributed (i.i.d.) sam-
ples are available. If this problem is solved accurately and
efficiently, it offers an alternative line of study for classifi-
cation algorithms and potentially unique insights into the
non-asymptotic behavior of learning algorithms.

A natural solution to solve the above problem is to sample
multiple datasets of size N , train the chosen classification
algorithm on each of them to produce potentially multiple
classifiers, compute the empirical error for each of these clas-
sifiers and report the average and variance of these empirical
errors as an indicator of the performance of the algorithm
for that particular weighting of datasets or joint distribution.
Ideally, we would want to train the algorithm on all possible
datasets producing the corresponding classifiers, compute
the generalization error (GE) rather than empirical error
for each classifier and report the expected value and vari-
ance of GE for all these classifiers. Accurate and efficient
computation of these moments is what we review in this
paper. However, before we concern ourselves with strate-
gies to compute these moments accurately and efficiently,
we discuss the benefits of computing them.

As mentioned before one of the benefits of computing these
moments is that classification algorithms can be closely stud-
ied with respect to different distributions in the non-asymtotic
regime. Another application is regarding studying robust-
ness of algorithms and applicability of results. If an al-
gorithm designer validates his/her algorithm by computing
these moments, it can instill greater confidence in the prac-
titioner searching for an appropriate algorithm for his/her
dataset. This is because, if the practitioner has a dataset

which has a similar structure or is from a similar source
as the dataset on which an empirical distribution was built
and favorable results (i.e. low expected value and variance)
reported by the designer, then this would mean that the re-
sults apply not only to that particular dataset, but to other
similar types of datasets and since the practitioner’s dataset
belongs to this similar collection, the results would closely
apply to his. Thus, the moments can be used as a tool to
study and evaluate the behavior of classification algorithms
in real life settings (i.e. over finite size samples).

In the rest of the paper we first compare our approach with
other formal frameworks. We then discuss an important
result and current successes of our approach. Finally, we
conclude in section 4.

2. CLASS OF CLASSIFIERS
Vapnik-Chervonenkis theory (VC theory) [7] categorizes clas-
sification algorithms (rather learning algorithms) into differ-
ent classes called Concept Classes. The concept class of a
classification algorithm is determined by its VC dimension
which is related to the shattering capability of the algo-
rithm. The bounds on the GE of a classification algorithm
derived by this theory are functions of the VC dimension,
the sample size and training error. The strength of this
technique is that by finding the VC dimension of an algo-
rithm we can derive error bounds for the classifiers built
using this algorithm, without ever referring to the underly-
ing distribution. A fallout of this very general characteriza-
tion is that the bounds are usually loose [4] which in turn
result in making statements about any particular classifier
weak. In an attempt to circumvent this problem the luck-
iness framework [6] was introduced. In this framework a
function (called luckiness function) can be defined by the
practitioner, which maps all relevant classifier-dataset pairs
to a positive real value. Higher the value more likely that the
particular classifier will perform well on the corresponding
dataset. If the defined luckiness function is ”correct”, the
bounds are valid and much tighter than those found by VC
theory. This function (with constraints such as smoothness)
however, may not be easy to find in practice since it is more
or less equivalent to the problem of finding an appropriate
prior in bayesian methods which we know is many times a
challenge.

In our methodology we define a class of classifiers which is
induced by a given classification algorithm trained on i.i.d.
data of a given size. Any member of this class can be viewed
as a sample classifier and the characterization of the class
is strongly connected to the behavior of the classifier. This
class of classifiers are much smaller than the classes consid-
ered in VC theory and hence the results are significantly
tighter. The downside of our method is the fact that we
loose the strength to make generalized statements to the
extent that VC theory makes.

3. RESULTS
Let us now introduce some notation and define basic con-
cepts such generalization error. X is a random vector mod-
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Figure 1: Number of terms for three methods that
analytically compute the first moment are shown
above. For the second moment the number of terms
is just the square of the above complexity. It can be
seen that our result is an efficient alternative.

eling input whose domain is denoted by X . Y is a random
variable modeling output whose domain is denoted by Y
(set of class labels). Y (x) is a random variable modeling
output for input x. ζ represents a particular classifier with
its GE denoted by GE(ζ). Z(N) denotes the space of clas-
sifiers obtained by application of a classification algorithm
to different samples of size N . Then GE(ζ) is defined as,
GE(ζ) = E [λ(ζ(x), y)] where λ(., .) is a 0-1 loss function, x
is an input and y is an output and the expectation is over
the input-output space X × Y . We now present the ana-
lytical formulas for computing the first two moments of GE
efficiently. This result is under Theorem 1 in [2].
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Note that the probabilities in the above equations after sum-
mation over Y are conditionals given a particular x. Also
note that the formulas are applicable to the continuous do-
main by replacing summations over X with the correspond-
ing integrals. The probabilities of the form PZ(N)[.] are
the only terms in the above equations that depend both on
the classification algorithm and the underlying distribution.
The other terms depend only on the underlying distribu-
tion. Hence, if we have to find the moments for a particular
classification algorithm we only need to characterize these
probabilities which is essentially the behavior of a classifi-
cation algorithm on individual inputs for the first moment
and pairs of inputs for the second moment.

We say the above equations are efficient since the other al-
ternatives for analytically computing the moments are sig-
nificantly more expensive. For example the most obvious
alternative is to compute the moments over all datasets of
size N . The other alternative is to compute the moments
over all classifiers as above but without the simplifications
that have led to equations 1 and 2. If we assume that there
are d attributes each having m distinct values, then the com-
plexity of these two alternatives and our formulas are shown
in Figure 1. There is practically an exponential gain in speed
without compromising on accuracy with our method.

Another non-analytical alternative is to simply perform monte
carlo simulations and compute the moments. From our stud-
ies on three algorithms namely; Naive bayes classifier [2],
Random decision trees [3] and K-nearest neighbor [1] we
have found that even when the probabilities in equations
1 and 2 are approximated using monte carlo the accuracy
is still higher than computing the moments directly using
monte carlo for the same amount of computation. The rea-
son for this is that the parameter space of the individual
probabilities is generally much smaller than the entire space
over which the moments are computed. In fact for Ran-
dom decision trees the moments computed using the above
equations were considerably more accurate than Breimans
bounds based on strength and correlation [5].

Using our closed form formulas for the moments of GE and
the relationships between these moments and the moments
of cross validation error (CE) and hold out error, we were
able to study the behavior of these errors. In these stud-
ies we observed finite sample convergence behavior of these
errors to the generalization error. We were also able to re-
produce the V-shaped behavior (i.e. error is least at around
10-20 folds and higher for lower and larger folds) of the cross
validation error for small sample sizes and low input-output
correlation with our formulas. We provided an explanation
for this behavior which is closely linked to the behavior of
the covariance between pairs of runs of cross validation. This
shows that the moments can also be used as a tool to gain
insights into some popular prevalent techniques.

4. CONCLUSION
In summary, we have briefly discussed a recent methodol-
ogy that was introduced to study classification algorithms
and model validation techniques for finite sample sizes. It
remains to be seen how the analysis can be applied in an effi-
cient manner to other learning algorithms. Though charac-
terizing the probabilities in the moments that depend on the
classification algorithm can be a tedious process, we believe
that for accurate non-asymtotic studies of learning methods
the approach has merit.
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