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ABSTRACT OF THE DISSERTATION

The Phase-Space Dynamics of
Systems of Spiking Neurons

by ArunavaBanerjee

Dissertation Director: Prof. Haym Hirsh

Thisthesisinvestigates the dynamics of systems of neurons in the brain. It considers two ques-
tions: (1) Arethere coherent spatiotemporal structures in the dynamics of neuronal systems that
can denote discrete computational states, and (2) If such structures exist, what restrictions do
the dynamics of the system at the physical level impose on the dynamics of the system at the
corresponding abstracted computational level.

These problems are addressed by way of an investigation of the phase-space dynamics of a
general model of local systems of biological neurons.

An abstract physical system is constructed based on a limited set of realistic assumptions
about the biological neuron. The system, in consequence, accommodates a wide range of neu-
ronal models.

Appropriate instantiations of the system are used to simulate the dynamics of atypical col-
umn in the neocortex. Theresults demonstrate that the dynamical behavior of the systemisakin
to that observed in neurophysiological experiments.

Formal analysis of local properties of flows reveals contraction, expansion, and folding in

different sections of the phase-space. A stochastic process is formulated in order to determine



the salient properties of the dynamics of a generic column in the neocortex. The process is ana
lyzed and the criterion for the dynamics of the system to be sensitive toinitial conditionsisiden-
tified. Based on physiological parameters, it isthen deduced that periodic orbitsin the region of
the phase-space corresponding to “normal operational conditions’ in the neocortex are almost
surely (with probability 1) unstable, those in the region corresponding to “seizure-like condi-
tions’ inthe neocortex are almost surely stable, and trajectories in the region of the phase-space
corresponding to “normal operational conditions’ in the neocortex are almost surely sensitive
to initial conditions.

Next, a procedure is introduced that isolates from the phase-space all basic sets, complex
sets, and attractors incrementally.

Based on the two sets of resullts, it is concluded that chaotic attractors that are potentially
anisotropic play acentra roleinthe dynamics of such systems. Finaly, the ramifications of this

result with regard to the computational nature of neocortical neurona systems are discussed.
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Chapter 1

I ntroduction

It isin the nature of human-kind to strive towards a better understanding of the world it inhabits.
The past two thousand five hundred years of documented human history iscompelling testament
tothisveritable obsession. Onemerely need consider one's own daily existence to appreciate the
extent of the progress made. Our grasp and subsequent application of some of the fundamental
principles underlying nature has allowed us to communicate via el ectromagnetic waves, predict
storms, and travel by air, to cite but afew examples. If there is one phenomenon, however, that

continues to elude our understanding, it is the human mind.

1.1 History

Evidence of a scientific approach to the question of the nature of the mind can be found as early
as the 5th century BC. Several physicians, among them Alcmaeon of Crotona (535-500 BC),
Anaxagoras of Clazomenae (500-428 BC), Hippocrates of Cos (460-379 BC), and Herophilus
of Alexandria (335-280 BC) are known to have practiced dissections of the human and the ver-
tebrate brains. Alcmaeon is aso recognized as being among the first to have proposed the brain
as the central organ of thought. Aristotle (384-323 BC) laid what is now regarded as the foun-
dations of comparative anatomy. He aso conjectured that the mind and the body were merely
two aspects of the same entity, the mind being one of the body’s functions. Hisviews were fur-
ther developed by Galen (131-201 AD) who founded the science of nervous system physiology.
Galen recognized that nerves originate in the brain and the spinal cord, and not in the heart as
Aristotle had maintained. His pioneering spinal dissection studies shed light on the function of
the nervous system. This golden age of enquiry was, however, short lived. The knowledge ac-
cumulated during this period was lost in the dark ages, when the mind came to be considered

more atranscendent entity than a phenomenon, its study consequently relegated to religion.



Science remained out of favor until the beginning of the Renaissance. In 1543 Andreas
Vesalius published De Humani Corporis Fabrica that hel ped correct numerous misconceptions
about the human anatomy that had prevailed for fifteen hundred years. The 1641 publication of
René Descartes Meditationes de Prima Philosophia: In quibus Del existentia, & animae hu-
manae a corpore distinctio demonstratur replaced the Platonic conception of a tripartite soul
with that of aunitary mind (res cogitans) distinct from the body. Descartes considered the body
and the soul to be ontologically separate but interacting entities.

The mechanistic approach to the human mind was once again taken up in earnest during the
19th century. Between 1810 and 1819 Franz Joseph Gall published Anatomie et physiologie du
systéme nerveux en général wherein he propounded the Phrenological Doctrine.! Functional
localization gained empirical support with Paul Broca's identification of the seat of the faculty
of articular speech in the human brain (Broca, 1861) and Gustav Fritsch’s and Eduard Hitzig's
identification of the motor cortex in dogs and monkeys (Fritsch & Hitzig, 1870).

Thefirst half of the 20th century saw aflurry of activity that included Brodmann's account
of the cytoarchitectural map of cortical areas (Brodmann, 1909), Cga’s histological investiga-
tions corroborating the Neuron Doctrine? (Cajal, 1909, 1910), Sherrington’s treatise on reflex
and the function of neurons in the brain and spinal chord (Sherrington, 1906), Adrian’s record-
ing of the electrical activity of single nerve cells (Adrian & Zotterman, 1926; Adrian & Bronk,
1928), and Berger’s recording of the electroencephal ogram of man (Berger, 1929). Subsequent
work by Loewi, Dale, and Katz on the nature of chemical transmission of impulses across neu-
rons (Loewi, 1921; Dae, 1914, 1935; Fatt & Katz, 1951, 1953; Katz & Miledi, 1967), and by
Eccles, Hodgkin, and Huxley on the biophysics of nerve impulse generation and conduction
(Eccles, 1936, 1937a-b, 1957; Hodgkin & Huxley, 1952a-d) led to a detailed understanding of

the biophysical basis of the activity of a single neuron.

The Phrenol ogical Doctrine holds that the mind can be divided into separate faculties, each of which isdiscretely
localized in the brain. Furthermore, the prominence of any such faculty should appear as a crania prominence of
the appropriate areain the brain.

2The Neuron Doctrine holds that the neuron is the anatomical, physiological, genetic and metabolic unit of the
nervous system. Itisan extension of Cell Theory enunciated in 1838-1839 by Matthias Jacob Schleiden and Theodor
Schwann to nervoustissue. In contrast, the Reticular theory, awidely held view during thisperiod (that included such
renowned neuroscientists as Camillo Golgi), asserted that the nervous system consisted of a diffuse nerve network
formed by the anastomosing branches of nerve cell processes, with the cell somata having mostly a nourishing role
(for review, refer to Shepherd, 1991; Jones, 1994).



These developments, while significant in their own right, did not substantially advance the
understanding of the principles underlying the activity of the greater system, the brain. Therea-
sons were primarily twofold. First, computation as aformal concept had just begun to be in-
vestigated (Post, 1936; Turing, 1936, 1937; Kleene, 1936a-b), and second, it was realized that
understanding the dynamics of asystem of interacting heuronswasaproblem quite distinct from
that of understanding the dynamics of a single neuron.

Rashevsky, McCulloch, and Pitts were the first to investigate the properties of systems of
interconnected neuron-like elements (Rashevsky, 1938; McCulloch & Pitts, 1943). Although
their research was based on a highly simplified model of the biological neuron, the threshold
gate,? they were thefirst to demonstrate that the computational power of anetwork could greatly
exceed that of its constituent elements. Feedforward networks constructed of a slightly more
general element, the sigmoidal gate,* gained in popularity after several researchers introduced
learning into such systems via local link-strength updates (Rosenblatt, 1958; Bryson & Ho,
1969; Werbos, 1974; Parker, 1985; Rume hart, Hinton & Williams, 1986). Likewise, recurrent
networks of symmetrically coupled sigmoidal gates gained in popularity after Hopfield demon-
strated that such networks could be trained to remember patterns and retrieve them upon pre-
sentation of appropriate cues (Hopfield, 1982).

Our understanding of the computational nature of such systems has grown steadily since
then (Amit, Gutfreund & Sompolinsky, 1987; Hornik, Stinhcombe & White, 1989; Siegelmann
& Sontag, 1992; Omlin & Giles, 1996, and the references therein). The extent to which some
of these results apply to systems of neuronsin the brain, however, remains uncertain, primarily
because the models of the neurons as well as those of the networks used in such studies do not
sufficiently resemble their biological counterparts.

The past decade has been witness to severa theories advanced to explain the observed be-

havioral properties of large fields of neuronsin the brain (Nunez, 1989; Wright, 1990; Freeman,

3The threshold gate computes the function H (3" w;z; — T) where z; € {0, 1} are binary inputs to the gate,
w; € {—1,1} are weights assigned to the input lines, T is the threshold, and H (-) is the Heaviside step function
(H(z)=1lifz>0and H(z) = 0if z < 0).

“Theweightsw; are generalized to assume real values, and the Heaviside step function is replaced with asmooth
sigmoid function.



1991). In general, these models do not adopt the neuron as their basic functional unit; for ex-
ample, Freeman’s model uses the KO, KI, KII, and K111 configurations of neurons’® as its basic
units, and Wright's model ‘lumps small cortical areas into single functiona units. Moreover,
some of these models are founded on presupposed functional properties of the macroscopic phe-
nomenon under investigation; for example, both Wright's and Nunez's models assume that the
global wavelike processes revealed in EEG recordings satisfy linear dynamics. These reasons
account, in part, for the controversies that surround these theories.

The search for coherent structures in the dynamics of neuronal systems has also seen asurge
of activity in recent times (Basar, 1990; Kriger, 1991a; Aertsen & Braitenberg, 1992; Bower
& Beeman, 1995). Armed with faster and more powerful computers, scientists are replicating
salient patterns of activity observed in neuronal systems in phenomena as diverse as motor be-
havior in animals and oscillatory activity in the cortex. The models of the neurons as well as
those of the networks are considerably more redlistic in these cases. There is an emphasis on

simulation and it is hoped that analytic insight will be forthcoming from such experimentation.

1.2 Objectives

The research presented in this thesis shares the broad objectives of the diverse endeavors men-
tioned inthe previous section: to unravel the dynamical and computational properties of systems
of neurons in the brain. A detailed account of the goals of our research, however, requires that
aproper terminology be established and explicated. We begin by clarifying what we intend by
the phrase discrete computational state.

There are no serious disagreements in the scientific community regarding the position that
the physical states of the brain are causally implicated in cognition, and that the intrinsic na-
ture of these states plays a significant role in controlling behavior. It is only when the issue of
whether or not these states bear representational content is broached, that we encounter diver-

gent views. Anti-representationalists, for example, contend that these physical states are merely

SWequote LeslieKay, “...Briefly, aK 0 set represents a popul ation of similar neurons, such asthe mitral and tufted
cellsinthe OB (Olfactory Bulb), or the granule cellsinthe OB. A K1 set istwo popul ations of neuronsinterconnected
with feedback. A KII set istwo (or more) interconnected Kl sets with feedback; in the model this would refer to
the representation of the OB (Olfactory Bulb) or the AON (Anterior Olfactory Nucleus) or the PPC (PrePyriform
Complex). A KllI set isthe whole thing connected with feedback delays (emphasis on the delays)...”



the reflection of the organism’s acquired skills at performing the task at hand, that is, the activa-
tion of traces of an indefinite number of occasions where similar situations have been encoun-
tered (Dreyfus & Dreyfus, 1988). (Seea so related perspectivesin (Merleau-Ponty, 1942) where
it ismaintained that the organism and the physical world are tightly coupled, and in (Heidegger,
1927) where the duality between subject and object is denied.)

Even within the Representationalist camp (those who adhere to the view that the brain states
have semantic content in the sensethat they “ stand for” or encode objects, events, states of affair,
etc., in the world) there are serious differences of opinion. The Classical school of cognitive
architecture with its foundations in the Physical Symbol System hypothesis (Newell & Simon,
1976), has steadfastly rejected the tenets of the Connectionist school, arguing that the latter is
not committed to alanguage of thought (Fodor & Pylyshyn, 1988).

Our sole concern in this thesis is the physical nature of these brain states as constrained by
the anatomy and the physiology of the brain. Our use of the phrase “discrete computational
states’ therefore conforms with the notion of symbolic states or tokens as used in Computer
Science—states that mark a discrete computational process regardless of representational con-
tent, if any, and not the related notion of “symbols” asused in the Cognitive Sciences—the phys-
ical embodiment of semantic units.

While there have been several proposals regarding the redization of such states in the pro-
cesses of the brain, such as Hebbian Cell Assemblies (Hebb, 1949) and Reverberating Synfire
Chains (Abeles, 1982, 1990), such theories have not been entirely satisfactory. The characteri-
zation of aHebbian Cell Assembly, for example, lacks specificity since the notion of a“consis-
tent firing pattern” has no definitive interpretation. Reverberating Synfire Chains, on the other
hand, though well defined, lack causal justification; the formation of stable cycles (recurrence
of firing patterns of groups of neurons) with periods extending over hundreds of milliseconds
has not been formally established.

We believe that such drawbacks can be remedied by taking into consideration the physical
constraints imposed by the system. The objective of our research has therefore been to answer

two crucial questions:

1. Arethere coherent spatiotemporal structuresin the dynamics of neuronal systemsthat can



denote discrete computational states?

2. If such structures exist, what restrictions do the dynamics of the system at the physical
level impose on the dynamics of the system at the corresponding abstracted computational

level?

Theresults presented in this thesis constitute a step towards the resolution of these queries.
Our approach is characterized by our position on two significant methodological issues. First,
we take a conservative bottom-up approach to the problem, that is, we adopt the biological neu-
ron as our basic functional unit. We believe that by not assuming a ‘lumped’ unit with pre-
supposed functiona characteristics, we not only detract from controversy, but also add to the
well-foundedness of the theory. Second, we believe that answers to the above questions can be
obtained primarily through aformal analysis of the phase-space dynamics of an abstract system
whose dynamical behavior matches, sufficiently, that of the biological system.

From apurely conceptual perspective, the content of thisthesis may be regarded as an exer-
cise in demonstrating that certain seemingly innocuous assumptions about the dynamics of an
individual neuron have rather significant and stringent implications for the dynamics of a sys-
tem of neurons. From a more material perspective, thisthesis may be viewed as an attempt at
guantifying the nature of the representation of information in the brain. In this case, the core
constitution of the model of the individual neuron takes prominence, for, the extent to which
the results of the thesis foretell Nature is conditioned by the extent to which the model of the
neuron captures the salient characteristics of the biological neuron. With thisin mind, we have
included a chapter that summarizes the biophysical basis of the activity of abiological neuron.
The chapter isintended to equip the reader lacking abackground in the neurosciences with suf-

ficient information so as to be able to evaluate the mode!.

1.3 Organization of the Thesis

We have taken an unconventional two-pass approach to presenting the contents of this thesis.
The substance of the thesisis first presented in an informal vein in Chapter 2. This chapter is
intended both for the casual reader whoisinterested primarily in the general claimsof thethesis,

as well as the scrupulous reader, for whom the chapter affords a framework for the materia



that follows. The subsequent chapters, with the exception of Chapters 3 and 5 which contain
background material, offer a detailed and comprehensive account of the thesis.

In Chapter 3, we present a summary description of the biophysical basis of the activity of
aneuron. In keeping with the objectives outlined in the previous section, we then construct a
model of abiological neuron in Chapter 4 that is, on the one hand, sufficiently realistic so that
conclusions drawn from the investigation of a system derived from the model may be applied
with reasonable confidence to the target system, the brain, and on the other, sufficiently simple
so that any system derived from the model may be investigated through anaytical means. The
model is based on ageneral set of characteristics of abiological neuron, which we set forth in
some detail at the beginning of the chapter.

In Chapter 5, we present a brief tutorial on the subject of manifold theory, a rudimentary
knowledge of which is essentia to the comprehension of the material that follows. We aso
present anovel approach to defining certain concepts in dynamical systems analysis that allows
us to construct new structures relevant to our system in Chapter 9.

In Chapter 6, we formulate an abstract dynamical system that models systems of biological
neurons. The abstract system is based on the model of the neuron presented in Chapter 4. The
chapter begins with a formal description of the phase-space of the system. It then describes
the geometric structure immanent in the phase-space, and concludes with a description of the
velocity field that overlays the phase-space.

Chapter 7 is devoted to anumerical investigation of the system. Simulation results are pre-
sented for several instantiations of the abstract system, each modeling atypica column in the
neocortex to a different degree of accuracy. The results demonstrate that the dynamics of the
abstract system is generally consistent with that observed in neurophysiological experiments.
They also highlight certain dynamical properties that are robust across the instantiations.

In Chapter 8, we analyze the local properties of flowsin the phase-space of the abstract dy-
namical system. A measure analysisreveals contraction, expansion, and folding in different sec-
tions of the phase-space. In order to identify the salient properties of the dynamics of a generic
column in the neocortex, we model its dynamics as a stochastic process. The process is ana-
lyzed and the criterion for the dynamics of the system to be sensitive to initial conditions is de-

rived through an appropriate application of alocal cross-section analysis. Thesalient qualitative



characteristics of the system are then deduced based on physiological and anatomica parame-
ters. The results not only explain the simulation results obtained in Chapter 7, but also make
predictions that are borne out by further experimentation.

In Chapter 9, wefirst define the novel concept of acomplex set. We then introduce a proce-
dure that isolates from the phase-space al basic sets, complex sets, and attractors incrementally.
Based on the results presented in this and the preceding chapter, we conclude that the coherent
structures sought after in the questions posed earlier, are almost surely chactic attractors that
are potentialy anisotropic.

Finaly, in Chapter 10 we examine the impact of this result on the dynamics of the system

at the abstracted computational level, and discuss directions for future research.



Chapter 2

Summary of Results

The neuron, in and of itself, is a remarkably complex device. Action potentials (also known
as spikes) arrive at the various synapses located on the cell body (soma) and the multitudinous
dendrites of aneuron. The effects of the spikes then propagate towards the axon hillock of the
neuron. The integration of the effects of the various spikes arriving at temporaly and spatialy
removed locations on the neuron is a complex nonlinear process. Weak nonlinearities are en-
gendered, among other causes, by branch points on dendrites, while strong nonlinearities are
engendered by the precipitation of local action potentials on the dendrites of the neuron. When
the potential at the axon hillock exceeds the threshold of the neuron, the neuron emits an action
potential which then travels down its axon to influence other neurons in like manner. A more
detailed account of the biophysics underlying these processes is presented in Chapter 3.

Not only does one have to contend with the redization that the neuron is by no standard
an elementary device, but also that the brain contains on the order of 3 x 10'° of these units.
The salient nature of the dynamics of the brain, which evidently impacts the manner in which
it represents and manipul ates information, is therefore an issue of profound difficulty. Thereis,
nevertheless, no denying that the issue begs to be addressed, for it underlies aimost all problems
in the fields of human vision, language acquisition and use, olfaction, motor control, attention,
planning, decision making, etc.

The traditional approaches to understanding the nature of this dynamics can, by and large,
be classified into two groups. Inthefirst approach, the model of theindividua neuron is simpli-
fied to an extent that formal analysis becomes feasible. Analysis of feed-forward and recurrent
networks of hard and soft threshold gates and integrate-and-fire neurons fall within this cate-
gory. The second approach maintains a more redlistic view of the neuron, but in the processis

compelled to draw conclusions based on the results of simulation experiments. Compartmental
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approaches to modeling individual and groups of interconnected neurons fall within this cate-
gory. Thereis also athird category of hybrid approaches, where higher level models of small
groups of neurons (based on experimental observations) are used to model and formally analyze
the dynamics of larger groups of heurons. Models based on the Wilson Cowan oscillator (Wilson
& Cowan, 1972, 1973), and Freeman’s KI, KllI, and Kl configurations of neurons (Freeman,
1991) are prototypical examples of approaches that fall within this category.

Our approach to the problem can be classified under the first group. Although we do present
results from simul ation experimentsin Chapter 7, our principal intent isto deduce the qualitative
characteristics of the dynamics of systems of neurons through formal analysis. Asalluded toin
the previous chapter, the model of the individual neuron constitutes the weakest link in such an
approach. We describe our model informally in the next section and again in aformal setting in
Chapters 4 and 6.

In the remainder of this section, we aim to acquaint the reader with the observed generic
dynamics of systems of neurons at the global (hundreds of thousands of neurons) as well asthe
local (individua neuron) scales.

The dynamics of the brain observed at the global scale isillustrated in Figure 2.1. The left
column in the figure presents an EEG record of ayoung healthy human subject with eyes open
over an 8 sec epoch.! The data was accumulated at a sampling rate of 128 Hz, cast through
a band-pass filter (0.1 Hz to 30 Hz, 12 dB/octave roll-off), and digitized by an 8-bit digitizer.
The standard international 10 — 20 system of electrode placement on the scalp was utilized,
resulting in 19 simultaneous EEG measurements. The right column in the figure presents the
corresponding power spectrum charts.

For the reader not acquainted with EEG records, we quote Wright (1997):

“The dendrites of cortical pyramidal neurones generate local field potentials (LFP)
during processing of cognitive information (John et al., 1969; Mitzdorf, 1988; Ge-
vins et a., 1983; Picton and Hillyard, 1988). Summed at a point on the cortica
surface these LFP form the ECoG., and when recorded via the scalp, the electroen-

cephalogram (EEG)...”

1This data is presented with permission from Prof. Dennis Duke and Dr. Krishna Nayak at SCRI, Florida State
University.
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Figure 2.1. EEG records and corresponding power spectrums of ayoung healthy human subject
with eyes open over an 8 sec epoch.

The temporal records appear noisy and the power spectrums have a “1/f” noise envelope
with intermediate peaks at certain frequencies. These are generic properties of EEG records.

The dynamics of the brain observed at the local scale isillustrated in Figure 2.2. The left
column in the figure presents several spike trains recorded from a direction selective neuron in
area V1 of a macagque monkey.? The stimulus was a sinusoidal grating oriented orthogonal to
the cell’s axis of preferred motion. For a30 sec period, the grating moved according to arandom
walk along the cell’saxis of preferred motion. The graphs present successive inter-spikeinterval

(1S1) times beginning with the onset of thefirst video frame for ten independent trials. Theright

2This data is presented with permission from Prof. Wyeth Bair at CNS, New York University.
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Figure2.2: 1Sl records and corresponding frequency distributions of adirection selective neuron
in area V1 of amacague monkey.

column in the figure presents the corresponding frequency distributions.

The temporal records are aperiodic and the frequency distributions suggest that they could
be generated from a Poisson process. These are generic properties of 1S records.?

We now proceed to informally describe the results of this thesis. The title of each section
contains the chapter of the thesis that it corresponds to in parenthesis. A note of caution be-

fore we begin: The material presented in this chapter should be considered more a motivation

3The perceptive reader may be troubled by the possibility of the aperiodicity in the spike trains arising entirely
from the randomness in the stimulus. That thisis not the case has been documented in numerous other experiments
with more regular stimuli. The aperiodic nature of the spike trainsisan intrinsic feature of the activity of neuronsin
most regions of the brain.
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for than an elucidation of the contents of the upcoming chapters. Informal descriptions, by na-
ture, lack rigor and therefore leave open the possibility of misinterpretation. In the face of any

ambiguity, the reader should defer to the more formal treatment in the upcoming chapters.

2.1 Modd of the Neuron (Chapter 4)

Aswas described at the beginning of this chapter, at the highest level of abstraction, abiological
neuron is adevice that transforms a series of incoming (afferent) spikes at its various synapses,
and in certain cases intrinsic signals, into a series of outgoing (efferent) spikes on its axon. At
the heart of this transformation lies the quantity P*(-), the membrane potential at the soma of
the neuron. Effects of the afferent as well as those of the efferent spikes of the neuron inter-
act nonlinearly to generate this potential. The series of efferent spikes generated by the neuron
coincide with the times at which this potentia reaches the threshold, 7', of the neuron. All real-
istic models of the neuron proposed to date attempt to model the precise manner in which this
potential is generated.

We take a different approach to the problem. We simply assume that there exists an im-
plicit function P*(Z1, Za, ..., Zm; Zo) that yields the current membrane potential at the soma
of the neuron. The subscripts ¢ = 1, ..., m represent the synapses on the neuron, and each
& = (z},22,....7,....) isadenumerable sequence of variables that represent, for spikes ar-
riving at synapse 7 since infinite past, the time lapsed since their arrivas. Z is a sequence of
variables that represent, in like manner, the time lapsed since the generation of spikes at the
somaof the neuron. For example, 75 = (17.4,4.5,69.1,36.0,83.7, ...) conveysthat at synapse
#5 of the neuron, a spike arrived 17.4 msec ago, one arrived 4.5 msec ago, one 69.1 msec ago,
one 36.0 msec ago, one 83.7 msec ago, and so forth. We have, in this example, intentionally
left the times of arrival of the spikes unsorted. Note that this would then imply that P*(-) is
symmetric with respect to the set of variables in each z;, since (17.4,4.5,69.1, 36.0, 83.7, ...)
and (4.5,17.4,36.0,69.1,83.7, ...) denote the same set of arrival times of spikes.

Most of Chapter 4 is an exercise in demonstrating that based on a well recognized set of
characteristics of the biological neuron, atime bound can be computed such that all spikes that

arrived prior to that time bound (and all spikes that were generated by the neuron prior to that
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bound) can be discounted in the computation of the current membrane potential at the soma of
the neuron. For example, if calculations based on physiological and anatomical parameters re-
sulted in abound of 500 msec, the assertion would be that if a spike arrived at any synapse 500
or more msec ago (or was generated by the neuron 500 or more msec ago), its impact on the
current membrane potential would be so negligible that it could be discounted. Finally, since
spikes can not be generated arbitrarily close in time (another well recognized feature of the bi-
ological neuron, known as refractoriness, that prevents spikes from being generated within an
absolute refractory period after the generation of a spike), this would imply that there can be, at
any time, only finitely many spikes that have an impact on P*(-). In our example, if the abso-
lute refractory period of the neuron in question and of al neurons presynaptic to it were 1 msec,
then of the spikes generated by the neuron at most 500 could be effective? at any time, and of
the spikes arriving at each synapse at most 500 (per synapse) could be effective at any time.
Theimport, in essence, isthat P*(-) can be suitably redefined over afinite dimensional do-
main (that corresponds to amaximal set of effective spikes) without incurring any loss of infor-

mation. The resulting function islabeled P(-).

2.2 Abstract Dynamical System for a System of Neurons (Chapter 6)

How do we represent the state of a system of neurons assuming that we possess absol ute knowl-
edge about the potential functions (P;(-)’s) of the constituent neurons? From a dynamical sys-
temns perspective, what then is the nature of the phase-space and the velocity field that overlays
this space? These are the issues addressed in Chapter 6.

We begin with the first question. Figure 2.3 presents a schematic diagram of atoy system
consisting of two neurons (and two inputs) and is intended to supplement the description below.

For the moment, we disregard the case where the system receives external input. We first
note that a record of the temporal locations of all afferent spikes into neurons in a system is
potentially redundant since multiple neurons in the system might receive spikes from acommon
neuron. As afirst step, we therefore execute a conceptua shift in focus from afferent spikes

to efferent spikes. We now observe that if for each neuron in the system, we maintain a log

4An effective spike refers to a spike that currently has an effect on the membrane potentia at the soma of the
neuron.
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of the times at which the neuron generated spikes in the past (each entry in the log reporting
how long ago from the present the neuron generated a given spike), then the set of logsyield a
complete description of the state of the system. Thisfollows from the fact that not only do the
logs specify the location of all spikesthat are still situated on the axons of the neurons, but aso,
in conjunction with the potential functions, they specify the current states of the somas of all
neurons.

Based on the time bounds (for each neuron in the system) derived in the previous section and
information regarding the time it takes a spike to reach a synapse from its inception at a given
soma, we can compute anew bound such that all spikesthat were generated in the system before
this bound are currently ineffective. Returning to our example, if 500 msec was the longest a
spike could remain effective on any neuron, and if 5 msec was the longest it took a spike to
arrive at a synapse from itsinception at asoma, then any spike that was generated in the system
more than 505 msec ago is currently ineffective. Since ineffective spikes can be disregarded,
and each neuron has an absolute refractory period, it would suffice to maintain a log of finite
length (in our example, alength of 505 msec/1 msec= 505).

The state of the system can now be described by alist of logs of real numbers. Each log
has a fixed number of entries, and the value of each entry is bounded from above by a fixed
quantity. In our example, each neuron would be assigned a 505-tuple of reals whose elements
would have vaues less than 505 msec. The membrane potential at the soma of each neuron in
the system can be computed based on these logs and the potentia functions (which, along with
other information, contain the connectivity data).

We have assumed thus far that the recurrent system receives no external input. Externa
input, however, can be easily modeled by introducing additional neurons whose spike patterns
mimic the input. The state of the system is therefore completely specified by the list of logs.

At this juncture an assay at specifying the phase-space for the entire system would yield a
closed hypercube in Euclidean space, [0.0, 505.0)505% {# Of neuronsin the system} gy ex-
ample. However, this formulation of the phase-space suffers from two forms of redundancies.
We shall articulate both using our example. First, 505 was computed as an upper bound on the
number of effective spikes that aneuron can possess at any time. It isconceivable that there will

be times at which a neuron will have spiked fewer than 505 timesin the past 505 msec. Under
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Figure 2.3: A schematic diagram of a system of neurons. The input neurons are placeholders
for the external input. Spikes on the axon are depicted as solid lines. Those on the dendrites
are depicted as broken lines, for, having been converted into graded potentials, their existence
isonly abstract (point objects indicating the time of arrival of the spike).

such conditions, where should the remaining elements in its 505-tuple be set? To answer this
guestion, we consider the dynamics of the system. When an element in the tuple is assigned to
aspikeitsvaueisset at 0 msec. Then, astime passes, its value grows until the bound of 505
mesec is reached, at which time the spike turns ineffective. When the element is assigned to a
new spike at a later time, its value is reset to 0 msec.’ In essence, not only is one of the two
values 0.0 and 505.0 redundant, but also, this representation gives rise to discontinuities in the
dynamics. The resolution liesin identifying the value 0.0 with the value 505.0.

Second, whereas atupleisan ordered list of elements, our true objective liesin representing
an unordered list of times (which element of atuple represents agiven spikeisimmaterial). For
example, whereas (17.4,4.5,69.1,36.0,83.7) and (4.5,17.4,36.0,69.1,83.7) are two distinct
5-tuples, they denote the same set of spike generations. Thisredundancy also adversely impacts
the description of the dynamics of the system. For example, if aneuron, on the brink of spiking,
wasinthe state (4.5, 505.0, 36.0, 69.1, 505.0), which of the two elements set at 505.0 would we
reset to 0.0?

In Section 6.2, a phase-space is constructed that resolves both issues. In two successive
transformations areal number (how long ago the spike was generated) is converted into acom-

plex number of unit modulus (so that the terminal points, 0.0 and 505.0 in our example, meet),

5Note that since a neuron, in its lifetime, will fire many more times than the number of variables assigned to
it, variables will necessarily have to be reused. The number of variables assigned to a neuron has, however, been
computed in amanner such that there will always exist at |east one variablewith value set at 505 msec when thetime
comes for avariable to be reassigned to a new spike.
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and then this ordered set of complex numbers is converted into an unordered set by recording
instead the coefficients of the complex polynomia whose roots lie at these values. The new
phase-space is then shown to be acompact manifold with boundaries. Various other features of
the phase-space are also explicated.

In Section 6.3 acrucia topological issueisaddressed. Toillustrate using our example: what
should be considered aneighborhood of the state (4.5, 17.4, 0.0, 0.0, 0.0) of aneuron? Should it
be (for somee > 0) (4.5+¢,17.44¢,0.0£¢,0.04¢,0.04€) or (4.5+¢,17.44¢,0.0,0.0,0.0).
Thisissue has significant implications for the accurate identification of attractors in the phase-
space of the system. Since an element set a 0.0 is merely an artifact of the representation, the
second choice is appropriate. Trandating this intuition onto the new phase-space is the subject
of Section 6.3.

Finaly, in Section 6.4, the velocity field that overlays the phase-space is defined. The dy-
namics of the abstract system is elementary when characterized over theinitial phase-space de-
scribed above. For each tuple (corresponding to a distinct neuron in the system), all non-zero
elements grow at a constant rate until the upper bound (505.0 in our example) is reached, at
which time its value is reset to 0.0. When neuron i is on the brink of spiking (the trgjectory in
the phase-space impinges on the surface P;(-) = 7'), exactly one of the elementsin the ith tuple
that isset at 0.0 isset to grow. The section transplants this dynamics appropriately onto the new

phase-space.

2.3 Simulation Experiments (Chapter 7)

The primary objective of Chapter 7 isto familiarize the reader with the generic dynamics of the
abstract dynamical system formulated in Chapters 4 and 6. Questions such as how the dynamics
of the system compares with the generic dynamics of systems of neuronsin the brain (described
earlier in this chapter) are addressed through the application of simulation experiments.

The target unit in the brain to which the system is compared is a column in the neocortex.
The choice is based on several reasons. Firt, there stands the issue of tractability; the compu-
tational resources required to simulate a column lies barely within the reach of modern work-

stations. Although simulation results are presented for systems comprising 10° model neurons
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(in comparison, atypical column contains on the order of 10° neurons), alimited set of exper-
iments with larger systems (10* model neurons) were also conducted. These experiments did
not reveal any significant differences with regard to the generic dynamics of the system, instead
the qualitative aspects of the dynamics became more pronounced.

Second, in neocortical columns, the distribution of the various classes of neurons, the loca-
tion of synapses on their somas and dendrites, the patterns of connectivity between them, etc.,
can be described statistically. Finally, the qualitative features of the dynamics of generic neo-
cortical columns are well documented.

Simulation results for several instantiations of the abstract system, with varying degrees of
physiological and anatomical accuracy (starting from P(-) being a unimodal piecewise linear
function to it being a complex parameterized function reported in (MacGregor & Lewis, 1977)
fitted to realistic response functions) are presented.

Theresults demonstrate asubstantial match between the dynamics of the abstract system and
that of generic neocortical columns. A significant outcome of the experiments is the emergence
of three distinct classes of qualitative behavior: quiescence, intense periodic activity resembling
a state of seizure, and chaotic activity in the realm associated with “normal operational condi-

tions” in the neocortex.

24 Local Analysis(Chapter 8)

Chapter 8 is devoted to the study of local properties of tragjectories in the phase-space of the
abstract dynamical system.

The phase-space (which isacompact manifold with boundaries as described in Section 2.2)
isfirst endowed with aRiemannian metricin Section 8.1. The definition of adifferentiable man-
ifold does not stipulate an inner product on the tangent space at apoint. The Riemannian metric,
by specifying thisinner product, institutes the notion of a distance between points in the phase-
space, anotion that isindispensable to the analysis of local properties of trajectories.

Although the initial formulation of the phase-space suffered several drawbacks, the corre-
sponding velocity field was inordinately simple. The Riemannian metric is defined such that

this simplicity is preserved. To elaborate, the metric causes the phase-space to appear locally
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like the initial formulation of the phase-space; if point p in the phase-space corresponds to the
point (17.4,4.5,69.1, 36.0, 83.7) intheinitial formulation, then (for e — 0) vectors directed to
the point corresponding to (17.4+¢,4.5,69.1, 36.0,83.7), orto (17.4,4.5+¢,69.1, 36.0, 83.7),
orto(17.4,4.5,69.1 + ¢, 36.0, 83.7), etc., are mutually orthogonal. Thisarrangement yields an
excellent blend of global consistency and local simplicity.

It is then demonstrated that with regard to this metric, the velocity field is not only measure
preserving but also shape preserving over the short intervals during which neither any neuron
in the system spikes (labeled the birth of a spike) nor any spike in the system turns ineffective
(Iabeled the death of a spike). What transpires in the neighborhood of atrgjectory in the event
of the birth of a spike or that of the death of a spike is considered in Sections 8.2 and 8.3.

In Section 8.2, a perturbation analysis is conducted on trgjectories around the events of the
birth and the death of a spike. To illustrate using an example, if the current state of a 2-neuron
system is specified by the pair of 5-tuples (17.4,4.5,69.1,0.0, 0.0), (36.0,83.7,0.0,0.0,0.0),
and the second neuron is on the brink of spiking, then the state of the system 1 msec later will
be specified by the pair (18.4,5.5,70.1,0.0,0.0), (37.0,84.7,1.0,0.0,0.0). The question ad-
dressed by the perturbation analysisis: What would the perturbation be after the 1 msec interval
had we begun from the infinitesimally removed state (17.4 + €1, 4.5 + €2,69.1 + €3, 0.0, 0.0),
(36.0 + €3,83.7 + €3,0.0,0.0,0.0), where the eg’s are the components of an initial perturba-
tion? It is apparent that not only would all spikes maintain their initial perturbations, but also
that the new spike would undergo a perturbation (denoted here by €3). It is demonstrated that
3 = alel + a3 + e} + alel + ade3, where the o’s are the normalized gradients of the
potential function of the second neuron—P; (-)—with respect to the various spikes, computed
at the instant of the birth of the spike. The same question, with the intermediate event set asthe
death of aspike, is addressed in like manner.

In Section 8.3, the results of Section 8.2 are applied to demonstrate that an infinitesimal hy-
percube of phase-space around atragjectory expands in the event of the birth of a spike and con-
tracts in the event of the death of a spike. Thisis arather straightforward consegquence of the
fact that at the birth of a spike a component perturbation is gained, and at the death of a spike a
component perturbation islost. It is aso shown that folding of phase-space can occur across a

series of birthsand deaths of spikes. Folding isaphenomenon that befalls systems with bounded
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phase-spaces that are expansive in at least one direction. In such cases, sections of the phase-
space can not expand unfettered. The expansion of the section is therefore accompanied by a
folding so that it may fit back into the phase-space.

Section 8.4 considers the effect of a series of births and deaths of spikes on atrajectory. Just
as in traditional stability analysis, the relationship between an initial perturbation and a final
perturbation, both of which lie on transverse sections through the trgjectory under consideration,
is examined as a function of increasing time.

We consider here an example that, even though acutely simplistic, illustrates the genera
import of the result presented in the section. The system is specified by three spikes. When
al 3 spikes are active, the impending event is that of the death of the oldest spike, and when 2
spikes are active, it isthat of the birth of aspike. In other words, the dynamics is an alternating
sequence of birth and death of spikes, the system switching between 2 and 3 effective spikes
in the phase-space. Note that at the birth of a spike, there are 2 effective spikes in the system
that can be referenced by their respective ages (young vs. old). The equation describing the
perturbation on the new spike (at its birth) is given by enew = a1€01d + @2€young-

We consider two cases, (a; = 0.95, a3 = 0.05) and (o = 1.05, e = —0.05). Note that
in both cases, the «;’s are fixed. Moreover, the o;’s sum to 1 in recognition of the constraint
that they be normalized. Since theinitia perturbation must lie on a transverse section through
the trajectory, it must take the form (e, —e). The fina perturbation must, likewise, be adjusted
aong its trgectory to lie on the same plane. Figure 2.4 presents the temporal evolution of the
adjusted final perturbations for the two cases. Theinitial perturbation isy/(€)2 + (—€)2 = /2¢
in both cases.

Inthefirst case (a; = 0.95, s = 0.05) the perturbation decays exponentially, whereas in
the second (o; = 1.05,a2 = —0.05) it rises exponentially. In other words, the trgjectory in
the first case is insengitive to initia conditions, and in the second is sengitive to initial condi-
tions. What feature of the «;’s makes this determination? Section 8.4 answers this question in
aprobabilistic framework.

Section 8.5 applies the result of Section 8.4 to the dynamics of systems of neurons (a col-
umn in the neocortex) in the brain. Based on physiological and anatomical parametersit is de-

duced that trgjectories in the region of the phase-space corresponding to “normal operational
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Figure 2.4: Temporal evolution of the adjusted final perturbation for asimple 3 spike system.
Two cases are shown: (a; = 0.95, a2 = 0.05) and (a; = 1.05, g = —0.05).

conditions” in the neocortex are amost surely (with probability 1) sensitive to initial conditions
and those in the region of the phase-space corresponding to “ seizure-like conditions’ are almost

surely insensitive to initial conditions.

2.5 Global Analysis(Chapter 9)

Chapter 9 is devoted to aglobal analysis of the phase-space dynamics of the abstract system.
Section 9.1 reviews the definitions of wandering points, nhonwandering points, and basic sets
that were introduced in Chapter 5, Section 3. A wandering point (also referred to as atransient
point) inthe phase-space of an abstract system isapoint such that the system, initiated anywhere
in a neighborhood of the point returns to the neighborhood at most finitely many times (the ex-
istence of at least one such neighborhood is guaranteed). A nonwandering point is a point that
is not wandering. A basic set is a concept that was ingtituted to identify coherent sets (such as
isolated fixed points and periodic orhits) as distinct from the remainder of the phase-space, but
matured substantially with the discovery of chaos. The definitions used in all cases are varia-
tions of the classical definitions of these concepts, and reduce to them when the iterated map is
ahomeomorphism. Thefact that our system is not even continuous therefore plays a significant
role in the further development of these concepts. The existence of discontinuities in the dy-
namics of the system spawns a new concept, that of a complex set. It is shown that a complex
set that is aso an attractor, is potentially anisotropic (under noise-free conditions, a trajectory

visits only part of the set, depending upon its point of entry into the basin of attraction of the
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set).

Section 9.2 presents a revision of the phase-space of the abstract system so asto yield a
discrete dynamical system. The revision underscores the discontinuities that are inherent in the
dynamics of the system.

Finaly in Section 9.3, atraditional method geared to recover basic sets is augmented to re-

cover complex setsand attractors from the phase-space of therevised abstract dynamical system.

2.6 Summary

In this chapter, we have informally described the core results of the thesis. In the upcoming

chapters we recount these results in formal detail.
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Chapter 3

Background: The Biophysics of Neuronal Activity

In this chapter, we present a brief description of the biophysics that underlies the activity of a
biologica neuron. A basic understanding of this materia should facilitate any evaluation of the
strengths and weaknesses of the model of the neuron that we propose in Chapter 4. Familiarity
with this material is, however, not a prerequisite to the comprehension of the contents of the

thesis.

3.1 TheBrain: Basic Features

The brain is an exceptionally complex organ. It can be regarded at various levels of organiza-
tion and detail. From afunctional perspective, the brain can be partitioned into (i) the cerebral
cortex, responsible for al higher order functions, (ii) the thalamus, which acts as a processing
gateway to all information bound for and departing the cerebral cortex, and (iii) the perithalamic
structures comprising the hypothalamus, the reticular formation, the nigrostriate formation, the
cerebellum, the hippocampus, and the colliculus, each performing peripheral tasks essential to
the proper functioning of the system as awhole.

At thehighest level of abstraction, the brain isadevice that is composed of numerous copies
(approximately 3 x 10'° in the human brain) of alone functional unit, the neuron (or the nerve
cell).! This outlook, however, changes drastically when the brain is viewed at a more concrete
level. Physiological and anatomica investigations have established that neurons in the brain
come in an overwhelming variety of shapes, forms, and functional types. Furthermore, there is

extensive evidence both of structure and the lack thereof in the layout of connections between

1The other category of cell known as the glial (or neuroglial) cell outnumbers the neuron eight or nine times
to one, and is believed to serve as a structural and metabolic support element, a role played by connective tissue
elsawhere in the body.
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individual neurons (Braitenberg & Schiiz, 1991; Schiiz, 1992; Shepherd, 1998).
Notwithstanding the great variety of neurons present in the various structures enumerated
above, and significant variations in cytoarchitecture both between and within each structure,
the basic principles that govern the operation of their constituent neurons are substantialy the
same. Thisfortuitous finding hasled to the formulation of the model neuron, a construction that

embodies the general characteristics of the majority of the neurons.

3.2 Morphology of the Biological Neuron

A model neuron can be partitioned into four morphological regions: the soma, the dendrites,
the axon, and the presynaptic terminals. The soma or the cell body contains the organelles (sub-
cellular components) necessary for cellular function. The somagivesrise to the axon, atubular
process that in most instances extends over a considerable distance. For example, the axons of
pyramidal neurons in layers 2/3 of the cortex extend to distances of 100 pmto 400 pm. At the
distal end the axon divides into fine branches (axonal arborization) that have specialized termi-
nal regions called presynaptic (axonal) terminals. Terminals convey information regarding the
activity of the neuron by contacting dendrites that are receptive surfaces of other neurons. Den-
drites typically consist of arborizing processes, that is, processes that divide repeatedly to form
atreelike structure, that extend from the soma. The point of contact between two neuronsisla
beled asynapse. Itisformed by the presynaptic termina of one cell (the presynaptic neuron) and
the receptive surface on the dendrite of the other (the postsynaptic neuron). Figure 3.1 displays
a schematic diagram of a pair of model neurons and their various morphological regions.
Electrical signals known asaction potentials® travel down the axon and arrive at presynaptic
terminals, whereupon they are transmitted to the dendrite of the postsynaptic neuron through a
chemically mediated process. The electrical signal in the dendrite then spreads to the soma (the
impulse has by now lost its localized form) where it is integrated with signals arriving from
other such presynaptic neurons, and in certain cases signals generated intrinsically. When the
potential at the soma exceeds the threshold of the neuron, the soma generates an action potential

that travels down its axon.

2 Also known as spikes, each such nerve impulse is aroughly triangular solitary wave of amplitude 100 mV that
lasts approximately 1 msec.
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Figure 3.1: Schematic diagram of a pair of model neurons.

From a systems perspective, a neuron transforms multiple series of input action potentials
arriving at its various afferent (incoming) synapses and in addition, in certain cases intrinsic
signas, into a series of output action potentials on itsaxon. It isthisview of the neuron that we
adopt in the upcoming chapters.

In order to build a viable model of the biological neuron, we impose several formal con-
straints on the noted transformation, constraints that we enumerate in Chapter 4. Evaluating
the veridicality of the constraints, however, requires a basic understanding of the functioning of
the neuron. In the remainder of this chapter we therefore shed light on the nature of this trans-
formation by describing briefly the biophysics that underlies the various stages of the process
described above. Readers who desire a more comprehensive exposition of the materia should

consult (Kandel, 1976; Cronin, 1987; Tuckwell, 1988; Koch, 1998; Zigmond et al., 1999).
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3.3 TheMembrane Potential

The cell membrane of atypical neuron ranges in thickness between 30 and 50 A and consists
of two layers of phospholipid molecules. Thisinsulating bilipid membrane is interspersed with
membrane spanning protein molecules with water filled pores that act asionic channels, that is,
conduits through which ions can pass. At itsresting state a neuron maintains a potential differ-
ence across its cell membrane, the inside of the cell being negative in relation to the outside.
This potential difference, known as the membrane potential, ranges between —40 and —70 mV
(with the mode at —60 mV) depending upon the organism as well as the classification of the
neuron (Bernstein, 1902; Hodgkin & Huxley, 1939; Curtis & Cole, 1942).

The potential difference is derived primarily from an unequal distribution of K+ and Na*
ions across the cell membrane. The membrane is selectively permeable and alows ions to dif-
fuse through the specific and sparsely distributed ionic channels at rates determined by the per-
meability of the membraneto the particular ion, theelectrical gradient acrossthe membrane, and
the concentration gradient of theion across the membrane. The membrane maintains numerous
electrogenic? Nat —K* pumps (also known as Na', K+-ATPase) that actively transport Na'
ions out of the cell and K™ ionsinto the cell. It is primarily the effect of these pumps and the
differential permeability of the membraneto Nat and K™ ions at resting state that resultsin the
membrane potential.

Due to the concentration gradient generated by the pumps, K™ ions diffuse across the mem-
brane. Thisis, however, not accompanied by the entry of an equal quantity of positive charge
(borne by cations such asNa™) into the cell or the exit of negative charge (borne by anions such
as Cl~ and other organic anions) out of the cell, the permeability of the membrane to these ions
being very low at resting state. Thereistherefore abuildup of electrical charge across the mem-
brane. At steady state, there is a net balance between flow of charge into the cell (Nat ions
drawn in due to the equilibrium potential difference and its concentration gradient across the
membrane) and flow of charge out of the cell (K™ and Cl~ ionsdriven out for like reasons). The

equilibrium potential difference isgiven by the solution to the Goldman-Hodgkin-K atz equation

3Three Na' ions are expelled for every two K ions drawn into the cell. This unequal transport of ions leadsto
ahyperpolarizing potential, and the pump is therefore el ectrogenic.
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(Goldman, 1943)
o RT PK[K+]O + PNa[Na+]O + FPq [Cli]z

Vin = —1In
F Pk [K+]i + PNa[NaJF]Z- + Fq [Cl_]o

where R isthe gas constant, 7" the absolute temperature, F' the Faraday constant, [-],'sand [-];'s

(3.1)

the concentrations of the ions outside and inside the cell respectively, and P’s the permeability

of the membrane to the ions.

3.4 Passive Conductance of Synaptic Potential across Dendrites

Synaptic potentials, generated by the arrival of action potentials at synapses, are conducted pas-
sively over thedendritesto the soma. This passive conductance isgenerally modeled using cable
theory (Rall, 1960).

The dendrite is modeled as a uniform cylindrical core conductor with length much larger
than diameter. Membrane properties such asresistivity and capacitance are assumed to be uni-
form. The gradient of the membrane potentia v,,, aong the axis of the cable can then be ex-
pressed as
&%v,, o1

OV, . B
e = and as aresult 52— " on (3.2

where z represents the distance along the axis of the cable, i the current flowing along the axis,

andr = (r; +r,) the compound resistance per unit length of the cable (r; istheintracellular and
r, the extracellular resistance per unit length). If there is no current injected by an intracellular
electrode, and i,,, isthe membrane current density per unit length of the cylinder (current flowing

perpendicular to the axis of the cable), then

) ot
Equations 3.2 and 3.3, when combined, yield
0%vy, .
W = Tlm. (34)

Finaly, aunit length of the membrane is modeled as an equivalent circuit (Figure 3.2) con-
sisting of two components connected in parallel. Thefirst isthe membrane capacitance, and the
second isacompound component that consists of the membrane resistance and acell (modeling

the resting potential) connected in series. This results in the equation

) ov v ) ov
Ty = cma—;n + i or i, = cma—;n + GmUm, (3.5
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Figure 3.2: Schematic diagram of the equivalent circuit for a passive membrane.

where ¢, is the membrane capacitance per unit length, and g,,, = i is the membrane con-
ductance per unit length. The partial differential equations 3.4 and 3.5 together form the basis
of cable theory. The equations have been solved for various boundary conditions. One such

solution (MacGregor & Lewis, 1977) uses the Laplace transform method to yield

r

vm (2, 5) = v(0, 8) cosh[\/rgm + rems ] —, / mi((% s)sinh[y/rgm + rems z], (3.6)

i(z,s) =1i(0,s) cosh[\/Tgm + rems x] — 4/ MU(O, s)sinh[\/rgm + rems z]. (3.7)

r
Assuming a short circuit at the soma, that is, v,, (I, s) = 0, asynaptic impulse at the near
end, that is, i(0,s) = Iyyn(s) = @, and asemi-infinite dendrite (I — oo) so that higher order

terms in the solution may be disregarded, one arrives at the solutions,

Q\/Tcm—xQ]e—rcmx2/4t€—(9m/cm)t’

R v 338
(1) =1 2V/mt3 -
__Ojerens? it~ (gm/fen)t (3.9)

Um(x,t) =] N
The membrane potentia at the soma is computed by integrating the impact of the PSP's
(postsynaptic potentials) generated by the arrival of spikes at the various synapses on the den-
dritictree. Anadvantage of using cabletheory to model subthreshold response at the somaisthat
the equations are linear. In other words, if V; isthe solution to the equation V; = V., — V + I,
with initial value vy (z) (I3 isintroduced asinjected current density at (z,¢)), and V5 isthe so-

[ution to the equation V; = V., — V + I, with initial value vy (z) and the same boundary
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conditions, then the solutionto V;, = V., — V + I1 + I, with initia value vy (x) + v2(x) and
the same boundary conditionsis V (z,t) = Vi (z,t) + Va(z, t).

While spatiotempora integration of PSP’s on a single dendritic branch is linear (the conse-
guence of the linearity of cable theory), spatiotemporal integration of PSP's on an entire den-
dritic treeisin genera not so. It has, however, been shown in (Walsh & Tuckwell, 1985) that

if al dendritic terminals are at the same distance from the origin, and at al branch points on

3/2
parent-cylinder

3/2

daughter-cylinder» then the entire dendritic tree

the dendritic tree diameter = > diameter
can be mapped onto a single nerve cylinder, in which case integration of PSP's over the entire
dendritic tree becomes linear.

Dendritic treesdo not, in general, satisfy the above criterion. Passive conductance of synap-
tic potential across structurally complex dendritic trees is therefore computed using compart-
mental modeling. The main assumption in the compartmental approach is that small pieces of
the neuron can be treated as isopotential elements. The continuous structure of the neuron is
approximated by alinked assembly of discrete elements (compartments), and the resulting cou-
pled partia differential equations are solved numericaly.

In order to determine how reasonable the boundary conditions are that lead to the closed
form solution of (MacGregor & Lewis, 1977), we compared it to simulations of subthreshold
response in a neuron to synaptic inputs on an implementation of the compartmental approach,
NEURON v2.0 (Hines, 1993).* We constructed atoy neuron with the soma and axon modeled
asasingle compartment and six dendritic branches connected irregularly to form atree of depth
two. Synaptic inputs were applied at various locations on the dendrites and the responses at the
somawere noted. Figure 3.3 displays the result of one such experiment. As seen in the figure,
wefound agood fit between the simulation results and the closed form solution (with parameters
set at optimal vaues).

We aso tested the results of linear summation of PSP’s against simulations on the toy neu-

ron described above (the toy neuron violated the assumptions delineated in (Walsh & Tuckwell,

1985)) and found an agreeable fit. Figure 3.4 displays the result of one such experiment.

“NEURON, like GENESIS, is a neuronal simulation software that, given a compartmental model of a neuron,
simulatesits dynamics by solving numerically acoupled set of the Hodgkin-Huxley equations for each compartment.
Itisafreeware and is available at “http://neuron.duke.edu/”.
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Figure 3.3: Comparison of PSP traces: Simulation on NEURON v2.0 versus Closed form so-
[ution.

The results of the smulation experiments that are presented in Chapter 7 are based on a
model of a neuron, the membrane potential of which is computed as a linear summation of the
above noted closed form solution to passive conductance of potential across individual den-
drites. It should, however, be noted that the model of the neuron that we formulate and analyze
in this thesis is not so constrained. The potential in the simulation experiments is computed as
alinear summation for reasons of tractability. Moreover, as will become clear in Chapters 8
and 9, this issue does not play a significant role in the determination of the generic qualitative

dynamics of systems of neurons.

3.5 Generation and Conduction of Action Potentials

If the cell membrane isdepolarized (the membrane potential isdriven towards 0 mV by injecting
acurrent) by acritical amount, it generates alarge but brief (=~ 1 msec) active response known
asan action potential or spike. The membrane potential at which the action potential istriggered
varies from —55 to —45 mV (depending on the morphological class of the neuron) and iscalled
the threshold. The action potential is generated in an all-or-none fashion; increase in current

strength (to depolarize the membrane) above the threshold does not increase the amplitude of
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Figure 3.4: Comparison of PSP integration: Simulation on NEURON v2.0 versus Linear sum-
mation of individual solutions.

the action potential or change its shape (Adrian & Zotterman, 1926). The action potential not
only eliminates the resting potential (at ~ —60 mV) but actually reverses the membrane poten-
tial for an instant, raising it to approximately +55 mV. Upon reaching this peak, the potential
rapidly repolarizesto avalue below theresting potential inaprocessreferred to as afterhyperpo-
larization. Following afterhyperpolarization, the potential gradually (over several msec) decays
to the resting level. Unlike the passive conductance of PSP's described in the previous section,
the action potentia is conducted without any loss of amplitude.

The generation of an action potentia is the result of a dramatic, abeit transient, increase
in the ionic conductance of the membrane (an approximately forty-fold increase resulting from
the activation of voltage sensitive ionic channels). Theinitial increase in the ionic conductance
during the action potential is due to a sudden reversal in the permeability characteristics of the
membrane; it temporarily becomes more permeable to Na' ions than to K ions. Depolariza-
tion of the membrane increases Na™ permeability, producing an influx of Na* ionsinto the cell
and causing further depolarization, which increases Na™ permeability even more. This catas-
trophic event, known as Na™ current activation, eventually reverses the membrane potential.

The sudden reversal of the membrane potential is, however, transient. The progressive de-

polarization described above shuts off the Nat permeability in due course, a process labeled
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sodium current inactivation. This is accompanied by an increase in the already high K™ per-
meability, a process labeled delayed rectification. Na* current inactivation and delayed rectifi-
cation together result in the afterhyperpolarization of the membrane potential. At this point the
repolarization of the membrane potential |eads to the deactivation of the K™ and Na* channels
and the membrane potential gradually returns to its resting level. The removal of the depolar-
ization also leads to the deinactivation of the Na™ channels and the membrane is ready for the
next action potential.

Immediately following an action potential there isatimeinterval of approximately 1 msec
during which no stimulus, however strong, can elicit asecond action potential. Thisiscalled the
absolute refractory period, and islargely mediated by the inactivation of the sodium channels.
After the absolute refractory period there is arelative refractory period during which an action
potential can be evoked only by a stimulus of much larger amplitude than the normal threshold
value, a condition that results from the persistence of the outward K current.

The above process is modeled by replacing the partial differential equation 3.5 derived in
the previous section to model passive conductance of potential across dendrites, by the more

genera equation

‘ Ovy,
im = Cm g+ gNa(Um — WNa) + 9k (Um — Vk) + gL (vm — VL), (3.10)

where g.’sare the voltage sensitive membrane conductances for the respectiveionsand V.’ stheir
respective equilibrium potentials (L denotes leskage and is a variable that represents Cl ~ and
al other organic ions lumped together). Furthermore, the relation between the various conduc-
tances and the membrane potential is modeled based on empirical data. One such set of equa-
tions (Hodgkin & Huxley, 1952a-d; Hodgkin, Huxley & Katz, 1952),

) O _ _
im = Cm% + gNamSh(Um - VNa) + gKn4(vm - VK) + gL (vm - VL)v (311)
dm
pr am (1 —m) — Bpm, (3.12)
= on(1—h) ~ fuh, (3.13)
dn
o an(l - TL) — Ban, (314)
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called the Hodgkin-Huxley equations, agrees well with physiologica data. .y, B, an, Bn, i

and 3,, are functions of v,, given as

0.1(vy, + 25 om

Om = %7 ﬁm =4eT8 s (315)
e 10 —
vm 1

ap, = 0.07e20 Oy = —TE (3.16)

e 10 +1

.01 1 vim

Qp = Wa Bm = 0.125¢ 80 . (3.17)

e 10 —1

There have been severa attempts to reduce the complexity of these equations while main-
taining their qualitative properties (Fitzhugh, 1961; Nagumo, Arimoto & Yoshizawa, 1962).

The prospect of a closed form solution to the above process, however, remains bleak.

3.6 Beyond the Basic Model

Thetrue electrophysiology of neuronsin the central nervous system (CNS) issubstantially more
complex than the basic electrophysiology elucidated in the previous sections. The variationsin
the electrophysiology of morphologically distinct classes of neuronsin the CNSalowsthemto
operatein different firing modes. Severa of these modes have been cataloged and their electro-
physiological basis identified.

The simplest mode of behavior (manifest by the model described in the previous sections) is
called “regular-firing” and is characterized by the generation of action potentials one at atime.
Motor neurons in the brainstem and the spinal cord are examples of neurons that liein this cat-
egory. Such neurons aso exhibit abrand of linearity of behavior: the longer the depolarization
of their somas, the longer their discharge, and the more intense the depolarization, the higher
the frequency of their discharge.

A dlight modification of this basic behavior is characterized by neurons that, upon sustained
depolarization of their somas, generate spike trains that exhibit a marked decay in spike fre-
guency over time, a process known as spike frequency adaptation. Examples of cells that dis-
charge in thismanner are cortical and hippocampal pyramidal neurons (McCormick et al., 1985;
Connors & Gutnick, 1990). The basis for this behavior has been identified to be the activation

of aslow K afterhyperpolarization current that builds up over several action potentials.



A third category of behavior is characterized by an intrinsic propensity to generate bursts of
spikes instead of single action potentials. Thalamic relay neurons, some pyramidal and stellate
cells, and neurons in the inferior olive spike in this manner (Connors & Gutnick, 1990). The
clusters of action potentials are generated by the activation of specialized Ca2* currents that, by
virtue of their ow kinetics, allow the membrane potential to remain depolarized for sufficiently
long periods of time so as to generate several regular Na™ — K+ -dependent action potentials.

Yet another category of behavior is characterized by relatively short duration (< 1 msec)
action potentials that discharge at relatively high frequencies (> 300 H z). Inhibitory interneu-
ronsin the cortex, the thalamus, and the hippocampus display thiskind of behavior (Connors &
Gutnick, 1990).

Finaly, there is a class of neurons called pacemaker neurons that spontaneously generate
relatively low frequency (1 — 10 H z) spiketrains. These neurons innervate wide regions of the
brain and appear to set the “state” of the entire local network.

It is now well recognized that these diverse behaviors are the result of the wide variety of
ionic channels that are present in the neurons in addition to the basic Na™ and K™ channels de-
scribed inthe previous sections. Some of these channels activate and rapidly inactivate, whereas
others do not inactivate. Some are fast acting while others display very slow (> 1000 msec) ki-
netics. Some are directly activated by variations in the membrane potential while others require
second messengers for activation.

Severd of these ionic channels have been identified, and the search and classification of

others remains an integral part of ongoing research in the field.

3.7 Synaptic Transmission

The effects of an action potential arriving at a presynaptic termina is transferred to the post-
synaptic neuron through a chemically mediated process. Currents for excitatory (encouraging
the neuron to spike) and inhibitory (discouraging the neuron to spike) synaptic actions are gen-
erated in the postsynaptic neuron via changes in membrane conductance (Fatt & Katz, 1951,
1953). The biophysical processes involved in several aspects of synaptic transmission are not

yet completely understood, and the phenomenon continues to inspire intense research.
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Synaptic transmission isfairly rapid (synaptic delays range from 0.3 to 0.5 msec). The ner-
vous system achieves such speeds by confining transmitter moleculesto synaptic vesicles (rather
than leaving them freefloating in the plasma) that are docked in specialized sites along the presy-
naptic membrane called active zones.

The depolarization that results from the arrival of an action potentia at a synaptic terminal
leads to the activation of Ca®* channels that are strategically co-located with the synaptic vesi-
clesin the active zones. The opening of the Ca?* channels causes an intense rise in Ca?* ion
concentration in the immediate vicinity of the channels, thus creating Ca2™ rich fields known
as microdomains.

Theintense risein Ca2* ion concentration triggers the fusion of the synaptic vesicles with
the plasma membrane (a process known as exocytosis that is believed to be mediated by sev-
eral calcium-binding proteins) which results in the transmitter molecules being released into the
synaptic cleft. The released transmitter molecules drift across the cleft and bind with receptors
on the postsynaptic membrane. This |eads to opening/closing of various chemically gated Na™
and K™ channels on the postsynaptic membrane giving rise to a postsynaptic current (PSC).
The resultant effect can be one of an excitatory postsynaptic potential or one of an inhibitory
postsynaptic potential.

It was discovered around fifty years ago that the release of synaptic vesicles from their re-
spective sitesin the presynaptic terminal takes placein astochastic manner (Fatt & Katz, 1951).
This led to the postulation of the quantal hypothesis (del Castillo & Katz, 1954), according
to which neurotransmitter molecules are released from single presynaptic terminals in quantal
packets corresponding to synaptic vesicles, and the strength of a synaptic transmission is the
product of three parameters. Srength = png, where p is the probability of triggering quantal
release during a presynaptic action potential, n isthe number of readily releasable quanta avail-
able (which depends upon the number of release sites in the presynaptic terminal), and ¢ isthe
response (which can be excitatory or inhibitory) of the postsynaptic neuron to asingle quantum
of neurotransmitter.

Excitatory postsynaptic potentials (EPSP's) are generated by a sudden increase in gng Of-

ten accompanied by an increase in gx. These increases are simultaneous and not sequential.
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Moreover, the increase in gng iS Not voltage dependent as in the case of action potentials. Be-
cause gna and gk increase simultaneoudly, the EPSP is a compound potential that lies midway
between Ena (455 mV) and Ex (—75 mV). In other words, an excitatory synaptic action drives
the membrane potential fromitsresting value (—60 mV) past the threshold (—45 mV) to avalue
of approximately —10 mV (that is, about 50 mV above resting potentid).

Inhibitory postsynaptic potentias (IPSP’s) are generated by sudden increasesin gk and ggj.
IPSP's inhibit neurons from firing in two different ways. First, by increasing the conductance
to Cl—, synaptic inhibition increases the overall conductance of the membrane. Any EPSP gen-
erated by a postsynaptic current is subsequently lowered. This process is labeled shunting or
short circuiting. Second, inhibitory synaptic action due to increased conductance usually hy-

perpolarizes the membrane, moving it further away from threshold.

3.8 The Neuron-Synapse Ensemble: Should it be Modeled as a Deter ministic or
a Stochastic Unit?

Modeling any physical system entails making choices. The first decision that confronts our un-
dertaking is whether the neuron-synapse ensemble ought to be modeled as a stochastic or ade-
terministic unit.> We have elected to pursue a deterministic model. In the remainder of this
section we present the reasons that led to this choice.

Whether the neuron-synapse ensemble should be modeled as a stochastic or adeterministic
unit is an issue that is closely related to the question of the reliability of the nervous system.
Thereisnow mounting evidence that the mammalian (aswell asothers) nervous systemishighly
reliable. For example, responses to the arrival of single photons in retinal receptor cells have
been shown to be highly reproducible (Baylor, Lamb & Yau, 1979; Baylor, Nunn & Schnapf,
1984). Based on data pertaining to the spontaneous noisein these cells, it has been demonstrated
that the limits to the reliability of night vision are set by the photoreceptor cells, that is, little
additional noiseisintroduced by subsequent neuronal processing (Barlow, 1988; Donner, 1989;
Biadek & Owen, 1990; Rieke, Owen & Bialek, 1991). Similar results have been reported for
gpatial discrimination (Parker & Hawken, 1985) and somatosensory tasks (Vabo, 1995).

5 At issueiswhether afixed input into aneuron should produce afixed output, or avariable output based on some
probability distribution.
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The neuron-synapse ensemble has traditionally been modeled as a stochastic unit for the
simple reason that repeated presentation of the same sensory stimulus elicits variable response.
This apparent noise can, however, be the result of the ineluctable noise in the stimulus itself, as
well asinformation feedback from systems that are not driven by the same stimulus, for exam-
ple, when recording from the primary and secondary sensory cortex (these areas are of the order
of four synapses removed from the sensory receptors). A second reason for the choice has been
the apparent stochastic nature of spike train recordings from neurons in the cortex. However,
as shall be demonstrated in Chapter 7, such recordings can aso be elicited from a deterministic
system.

If the neuron-synapse ensemble isindeed an unreliable unit (acase that warrants the use of a
stochastic model for the unit), there are two possible courses that the nervous system can adopt
in order to maintain reliability: (i) reduce the noise-induced variance in the signal by choosing
the number of timesthe neuron spikes in arelatively large timewindow asthe relevant variable
(rate coding), or (ii) reduce the variance by choosing the instantaneous spike rate averaged over
alarge population of neurons as the relevant variable (population coding).

In order for rate coding to be aviable scheme, modulations in the signal must be slow com-
pared to the average spiking rate of the neuron. It has, however, been shown that not only do
modulations in natural signals occur over time scales comparable to typical interspike intervals
(ISI’s) recorded in the cortex, but also that behavioral decisions are made over the same time
scale (for example, sonar detection by bats (Simmons, 1989; Dear, Simmons & Fritz, 1993), bat
evasion by moths (Roeder, 1963), preattentive discrimination by monkeys and cats (Knierem &
van Essen, 1992; Reid, Soodak & Shapley, 1991), and tactile discrimination by rats (Fee & Kle-
infeld, 1994).).

Population coding, on the other hand, can reduce the noise induced variance in the signal
significantly only if the activity of the ensemble of neurons from which the average spiking rate
is computed, is uncorrelated. There is, however, strong evidence that thisis not the case (Zo-
hary, Shadlen & Newsome, 1994). Although there exist more robust schemes (such as maxi-
mum likelihood estimates) that can extract the appropriate variable under such conditions, they
are based on the availability of the entire joint probability distribution of the spike rates of the

neurons. Over the time scales under consideration, these schemes approach temporal coding
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(where spike times are relevant).

It is now widely held that cortical neurons are quite reliable. Experimental results have
demonstrated that cortical neurons are capable of extraordinary precision (to within &~ 1 msec)
when transforming injected currents into spike trains (Mainen & Sejnowski, 1995). Propaga
tion of action potentials on axons has likewise been shown to be relatively noise-free (Lass &
Abeles, 1975).

Noise and transmission failure at synapses is, however, a hotly debated issue. Somein the
field have reported that excitatory synapses in the cerebral cortex and the hippocampus are ex-
tremely unreliable; the value of p (from the equation Strength = png) in response to a single
spike has been estimated at 10% or lower (Rosenmund, Clements & Westbrook, 1993; Hesdler,
Shirke & Malinow, 1993; Allen & Stevens, 1994; Stevens & Wang, 1994, 1995; Dobrunz &
Stevens, 1997), whereas others have reported that synapsesinthe sameareasare quitereliable (p
is estimated upwards of 80%) (Thomson, Deuchars & West, 1993; Markram, L ibke, Frotscher,
Roth & Sakmann, 1997; Larkman, Jack & Stratford, 1997). In an attempt to explain this dispar-
ity Hardingham & Larkman (1998) have demonstrated that quantal transmitter release is tem-
perature dependent in cortical synapses, and that experiments performed at room temperature
could lead to an exaggerated impression of their unreliability.

Finaly, the notion that spike timing across an ensemble of cells plays an important role
in encoding various aspects of a stimulus is gaining support from experiments in a variety of
systems such as locust olfaction, electric fish electrosensation, cat and monkey vision, audition
and olfaction (Chung, Raymond & Lettvin, 1970; Freeman, 1975; Strehler & Lestienne, 1986;
Abeles, 1990; Richmond, Optican & Spitzer, 1990; Kriiger, 1991b; Bialek, Rieke, de Ruyter van
Steveninck & Warland, 1991; Bidek & Rieke, 1992; Bair, Koch, Newsome & Britten, 1994;
Singer & Gray, 1995; Bair & Koch, 1996; Decharms & Merzenich, 1996; Laurent, 1996; Wehr
& Laurent, 1996; Gabbiani, Metzner, Wessel & Koch, 1996; Lisman, 1997).

The apparent contradiction between evidence of unreliable synaptic transmission and that
of reliable spike trains may be the outcome of short term synaptic plasticity. That the strength
of synapses change in a history dependent manner during short term plasticity is well docu-
mented (Magleby, 1987; Zucker, 1989; Fisher, Fischer & Carew, 1997; Dobrunz & Stevens,
1997; Markram & Tsodyks, 1996; Tsodyks & Markram, 1997; Abbott, Varela, Sen & Nelson,
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1997; Varela, Sen, Gibson, Fost, Abbott & Nelson, 1997; Zador & Dobrunz, 1997). Since most
central synapses have very few release sites (n ranges from 1 to 5 (Raastad, Storm & Andersen,
1992; Gulyas, Miles, Sik, Toth, Tamamaki & Freund, 1993; Bolshakov & Siegelbaum, 1995;
Schikorski & Stevens, 1997)), it is conceivable that in order to achieve arapid and wide range
of efficacy, synapses modulate transmission in a deterministic history dependent manner.
Since the tempora sequence of |SI’sis abstracted away in a stochastic model, thereislittle
hope that such amodel would shed light on all aspects of information processing in a neuronal
system. Second, while thermodynamic noise in the guise of random miniature postsynaptic po-
tentials do exist, their mean amplitude is at least an order of magnitude smaller than the mean
amplitude of the postsynaptic potential elicited by thearrival of aspike at asynapse. Theimpact
of such noise on the dynamics of the system is best identified by contrasting the dynamics of a
noise-free model to that of a model augmented with the appropriate noise. We have therefore

chosen to investigate a deterministic model for the neuron.

3.9 Summary

The neuron congtitutes the basic building block of the nervous system. In this chapter, we have
briefly described the biophysical processes that underlie the dynamics of a neuron, including
the generation of the membrane potential, the passive conduction of synaptic input across the
dendritic arborization, the generation of the action potential and the transmission of the action
potential across a synapse.

While we do not deny that the neuron-synapse ensemble, like any other physical device,
must admit some noise, we have argued that in the light of the evidence supporting the relevance
of spike timing in information representation and transmission, it is logical to begin with the

analysis of a deterministic system.
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Chapter 4
M odel of the Neuron

In the previous chapter we presented a brief description of the biophysics that underlies the dy-
namics of a neuron, and argued in favor of a deterministic model for the neuron-synapse en-
semble. Inthis chapter we formulate an abstract, deterministic model for the biological neuron.
Our objective isto construct a model that is sufficiently realistic while keeping it amenable to

formal analysis. We begin by enumerating the set of assumptions on which the model is based.

4.1 Assumptions

Our model of the biological neuron is based on the following four observations.

(1) The biological neuron, like any other physical device, is afinite precision machine—the
depolarization at the soma that elicits an action potential is of afinite range (7 + ¢) and

not a precise value (7).

(2) The effect of a synaptic impulse (that results from the arrival of an afferent spike) at the
soma has the characteristic form of an abrupt increase or decrease in potential followed

by alonger exponential-like decay toward the resting level.

(3) The postspike elevation of the threshold that may be modeled as the inhibitory effect of

an efferent spike also decays after awhile at an exponential rate, and

(4) Theinter-spikeintervas (1SI's) of any given neuron isbounded from below by its absolute

refractory period, r, that is, no two spikes originate closer than r in time.

Based on these, we construct our model of the neuron asfollows. (Figure 4.1 isprovided as
avisua aid to complement the formal presentation below. The various aspects of the diagram

are explained in the caption.)
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e X5, X5, K X LX)

Figure 4.1: Schematic diagram of a neuron that depicts the soma, axon, and two Ssynapses on as
many dendrites. The axes by the synapses and the axon denote time (with respective origins set
a present and the direction of the arrows indicating past). Spikes on the axon are depicted as
solid lines. Those on the dendrites are depicted as broken lines, for, having been converted into
graded potentials, their existence is only abstract (point objects indicating the time of arrival of
the spike).

4.2

(i)

(i)

The Mod€

Spikes. Spikes are the sole bearers of information. They are identical except for their

spatiotemporal location.

Spikes are defined as point objects. Although action potentials are not instantaneous, they
can always be assigned occurance times, which may, for example, be the time at which

the membrane potential at the soma reached the threshold 7.

Membrane Potential: For any given neuron we assume an implicit, C*°, everywhere
bounded function P*(z1, Za, ..., Zm; Zo) that yields the current membrane potential at its

soma.

The subscripts i = 1, ..., m in the parameters defining the domain of the function rep-
resent the afferent synapses, and &; = (x},22,...,27, ....) is adenumerable sequence of
variables that represent, for spikes arriving at synapse i since infinite past, the time lapsed
since their arrivals. In other words, each xf fori =1, ..., m reports the timeinterval be-
tween the present and the time of arrival of adistinct spike at synapsei. Findly, Zp isa
denumerable sequence of variables that represent, in like manner, the time lapsed since

the departure of individual spikes generated at the soma of the neuron.

To repeat an example introduced in Chapter 2, ¥5 = (17.4,4.5,69.1, 36.0, 83.7, ...) con-

veysthat at synapse #5 of the neuron, aspike arrived 17.4 msec ago, one arrived 4.5 msec
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ago, one 69.1 msec ago, one 36.0 msec ago, one 83.7 msec ago, and so forth.

P*: R* — R accounts for the entire spatiotemporal aspect of the neuron’s response to
spikes. All information regarding the strength of afferent synapses, their location on the
dendrites, and their modulation of one another’s effects at the somaisimplicitly contained
within P*(-). Soisthe exact nature of the postspike hyperpolarization that gives rise to

both the absolute and the relative refractory periods.

In order for it to be well-defined, either the domain of P*(-) should be restricted to 0 <
z} < x? < .. foral i, or P*(-) should be constrained to be symmetric with respect to
. for al 4.

l‘l, z"

(iii) Effectiveness of a Spike: After the effect of a spike at the soma of a biological neuron

has decayed below ro(TESY) where ¢ is the range of error of the threshold, C' > 1 an

)
appropriate constant (defined below), and m the number of afferent synapses on the cell,

its effectiveness on the neuron expires.

This inference is based on the observations that (a) the biological neuron is a finite pre-
cision machine, (b) the total effect of a set of spikes on the somais almost linear in their
individual effects when such effects are small (~ m), and (c¢) owing to the exponen-
tial nature of the decay of the effects of afferent aswell as efferent spikes and the existence
of arefractory period, a quantity n < 1 can be computed such that the residual effect of
the afferent spikesthat have arrived at a synapse, whose effects on the soma have decayed
below D) (and that of the efferent spikes of the neuron satisfying the same constraint)
is bounded from above by theinfinite series m(l +p+p?+ .+ pk 4 L), Setting

C> - then guarantees that each such residual islessthan <.

This argument, in essence, demonstrates that the period of effectiveness of a spike since
its impact at a given afferent synapse or departure after being generated at the somais

bounded from above.!

We model this feature by imposing the following restrictions on P*.

1This does not necessarily imply that the neuron has a bounded memory of events. Information can be transfered
from input spikes to output spikes during the input spikes' period of effectiveness.



(iv)

1. Vi=0,...,mandVj, 3r; such that V¢ > 7; 22 |i_,= O irrespective of the values

assigned to the other variables.
2.Vi=0,..,madVj,Vt <0 Z—Z |i—= 0 irrespective of the values assigned to

the other variables.

3. Vi=0,..mandVj, P*(:) = P*(-) |,;_,. dl other variables held constant

| i_
;=0 x;

at any values.

4. 1fYi=0,..,mandV¥j 2] = 0 or 7;, then P*(-) = 0.

Thefirst criterion enforces that the sensitivity of P*(-) to spike xf expires after time 7;.
It therefore follows that if for every i there exists an n; such that j > n; = af > T

=/

then P*(dy, da, ..., Am; do) = P*(d},d, ..., d,,; dy) where each @, is derived from the

i

corresponding a; by setting all values after index n; to 7.

The second criterion results from P*(-) being C*° and %% ‘xg'<0: 0 (a spike that has
not yet arrived at an afferent synapse can have no effect on the membrane potential, and
likewise, a spike that has not yet been generated at the soma can not elicit a postspike

hyperpolarization).

Thethird criterion enforces that al else being equal, the membrane potentia at the soma
isthe same whether an afferent spike hasjust arrived or its effectiveness has just expired,
and in the case of an efferent spike whether it has just been generated or its inhibitory

effect on the soma has just expired.

The fourth criterion enforces that the resting state of the somais set at O.

Note that the time bound of 500 msec introduced in an example in Chapter 2 corresponds
to the quantity max;" ,{7; } here.

Finite dimensionality: The function characterizing the membrane potential can, asare-
sult, be defined over afinite dimensiona space.

Thisisbased on the observation that at any afferent synapsei = 1, ..., m, spikes arrive at
intervals bounded from below by r; (the absolute refractory period of the neuron presy-

naptic to ¢), and for i« = 0 spikes are generated at the soma of the neuron at intervals



bounded from below by r (the absolute refractory period of the neuron inquestion). Con-

sequently, at most n; = [7;/r;| variables can have values less than ;.

Based on (iii) above, we can define,

1 ny .1 n2 1 Nm. 1 noy _
P(ay, ..o xt g, ey 5% o Ty e, T3 T e, £°) =

P*(<{IZ%, ...,1'7111,7'1,7'1, >, <.’IZ’%, ...,1'32,7'2,7'2, >, ceeey

(x}n, ey T Ty Ty e ) <x(1), ey %, 70, 70, -.))  (4.1)

and use P(-) instead of P*(-) to represent the current membrane potential.

We must mention here that the definition of P* assumes that spikes have been arriving
a each synapse and have been leaving the soma sincetime¢t = —oo. If the number of
spikes on any synapse or the number of efferent spikes isfinite over the time (—oo, 0), a
denumerable set of dummy variables can be introduced to extend the function’s domain
to R*°. For any such dummy variable z, % =0isconsistent with the constraints imposed

on P*,

(v) Threshold and Refractoriness: A ssimple model isassumed for the generation of aspike

. _ dP(-
at asoma, that is, aspike is generated when P(-) = 7 and # > 0.

Since P(-) is C*°, the postspike hyperpolarization can not be instantaneous. P(:) = 7

is crossed twice—once when the spike is generated and once when the inhibitory effect

OP() da’

of the spike comes into play. The second constraint %ﬁ') =2 i, ou]

> () ensures

that the neuron does not spike during the membrane potential’s downward journey.

7T isassumed to be aconstant. It should, however, be noted that a more general criterion
of theform P(-) = 7(-), where 7 isafunction rather than a constant, can be transformed

into the form P(-) = 7 if the parameters of 7 (-) are asubset of those of P(-).

The above model of the neuron does not insist on a specific membrane potential function,
only that the particular function possess certain qualitative properties. By retaining thislevel of
generality, we can pose questions that are more basic, such as to what extent are the dynamics
of aneuronal system affected if the potential function P(-) isreplaced by any arbitrary function

that is unimodal with respect to all variables, and at the same time satisfies all the constraints



(items (ii), (iii), and (v) above). Furthermore, making a model more specific by resorting to

explicit functions is amuch easier task than making it more general.

4.3 Evaluating the M odel

In order to assess the scope of the model introduced in the previous section, we reexamine the
biophysical processes that underlie the dynamics of a biological neuron. These processes can,
with afew exceptions, be classified under two mutually interacting classes. synaptic transmis-
sion and postsynaptic processes. We explore each class separately.

Synaptic modulations can, in general, be categorized as short-term or long-term. Long-term
variations in the strength of synapses, which would trandate into evolving potential functions,
arenot modeled in our framework. Aswasnoted in Chapter 3, the biophysical processesthat in-
duce such changes are not yet completely understood, and the phenomenon continues to inspire
intense research. With regard to short-term changes (including those that lead to transmission
failure), however, the model ismorerobust. If future research determines that such changes are
in fact a deterministic function of abounded history of the pre- and postsynaptic activity of the
neuron, then such changes are aready accounted for in our model.

Postsynaptic effects of spikes are mediated by the activation of ionic currents. In Chapter 3
we described how synaptic potentials are passively conducted across dendrites. Since the pro-
cess does not induce changes in the properties of ionic channels, the sole equilibrium state of
the membrane isits resting state. Such a system has a fading memory of synaptic events, and
can be modeled in our framework.

We aso noted that the diverse behavior of the physiologicaly distinct classes of neurons
in the brain is the outcome of the assortment of ionic channels that pervade the membranes of
such neurons. Whereas some of these ionic channels are activating and self-inactivating, oth-
ers are noninactivating. The corresponding currents produced are therefore either transient or
persistent, for example, the Na® current (Inat) underlying action potential generation is tran-
sient whereas the K™ current (Ix) underlying the same process is persistent. Individual ionic
channels that generate transient currents, aswell as groups of ionic channels that operate in tan-

dem tofirst destabilize and then return the membrane to its previous state of equilibrium, can be
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modeled in our framework. Hence, neurons that on depolarization are subject to the generation
of dendritic spikes, can be modeled in our framework. Likewise, rhythmically bursting neurons
whose mode of activity is engendered by the activation of low-threshold Ca2* currents can be
modeled in our framework because the Ca®* currents are self-inactivating. There are however
other persistent currents, such as Iy, thet giveriseto plateau potentials, that can not be modeled
in our framework. Thisis so because membranes with such channels have multiple equilibrium
states and therefore it becomes possible, in principle, for a spike to have an everlasting effect
on the membrane potential .

Anacther dimension along which our model remains some distance from an accurate depic-
tion of the biological neuron concerns diffuse processes. There are several non-localized pro-
cesses in the brain, such as the influence of neuromodulators (molecules that are widely dis-
tributed in the system and spread into neurons to affect their internal processes over extended
periods of time) that cannot be modeled in our framework. We can only hope that not much is

lost in terms of the salient behavior of the system at our leaving out such details.

44 Summary

A biological neuron is a device that transforms multiple series of action potentias arriving at
its various afferent synapses into a series of action potentials on its axon. At the heart of this
transformation lies the quantity P*, the membrane potential at the soma of the neuron. Effects
of the afferent spikes that have arrived at the various synapses of the neuron, aswell asthose of
the efferent spikes that have departed since being generated at its soma, interact nonlinearly to
generate this potential. The efferent spikes generated by the neuron coincide with the times at
which this potential reaches the threshold of the neuron.

It was demonstrated in this chapter, based on a set of realistic assumptions about the biolog-
ical neuron, that it can reasonably be assumed that the individual effects of afferent as well as
efferent spikes on the membrane potentia at the soma of a neuron decay to 0 within a bounded
period of time. It follows from the existence of the absolute refractory period of aneuron that at
any given moment in time, there are at most a bounded number of most recent spikes (afferent

aswell as efferent) that are effective on the membrane potential at the soma of the neuron.
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A function P(-) over afinite dimensiona space (the axes representing the finite set of re-
cent afferent aswell as efferent spikes mentioned above) that satisfies a set of assumptions that
embody characteristics of the membrane potentia at the soma of a biological neuron is used to
model the neuron. The temporal sequence of spikes generated by the neuron is derived by iden-
tifying the times at which P(-) = 7 and %ﬁ') > 0, where 7 represents the threshold of the

neuron.



Chapter 5

Background: Manifold Theory and Dynamical Systems Analysis

In Chapter 6, we construct an abstract dynamical system that models systems of biological neu-
rons. The system isbased on themodel of the neuron delineated in the previous chapter. Follow-
ing the presentation of results of simulation experiments in Chapter 7, we anayze the dynamics
of the system in Chapters 8 and 9. In order to characterize the system formally and analyze its
dynamics, we employ the vocabulary of real analysis, manifold theory, and dynamical systems
anaysis (the system is formulated as a dynamical system on amanifold).

In this chapter, we present primers on basic topology, manifold theory, and dynamical sys-
tems analysis. The materia presented here is intended to ease comprehension of the chapters
that follow. For amore extensive exposition, the reader should consult (Boothby, 1986) on Rie-
mannian geometry and (Arrowsmith & Place, 1990) on dynamical systems anaysis.

Whereas the sections on topology and manifold theory are drawn from standard bodies of
work, the section on dynamical systems analysis features variations on standard definitions. A
non-standard definition of a basic set is proposed that facilitates the extension of several con-

cepts to dynamica systems defined by discontinuous maps.

5.1 Basic Topology

We conduct a rapid survey of several basic concepts in topology in this section. Our objective
isto familiarize the reader with those concepts that are applied in the upcoming chapters. The

material presented here is not intended to serve as an introduction to the subject of topology.

5.1.1 Metric Spaces

Definition 5.1.1 A set X of elements referred to as points, is called a metric space if for every

two points p and ¢ in X there exists an associated real number d(p, ¢) called the distance from
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p to ¢ that satisfies the following properties.
1. Vp,qifp # qthend(p,q) > 0,and Vp d(p,p) = 0.
2. Vp,qd(p,q) = d(q,p).

3. Vp,q,rd(p,q) <d(p,r) +d(r,q).

The function d(-, -) is called the metric.

The most common example of a metric space is R™ (the set of al n-tuples of reals) with

distance between x = (z1, ..., ) and y = (y1, ..., yn) defined as /> ;" | (zi — ;).

Definition 5.1.2 An e-neighborhood (for some e > 0) of a point p in X isthe set U,(p) of all

points ¢ in X that satisfy d(p, q) < e.

Theopenball, B.({z1,...,zn)) = {{y1, -, Un) | V/Dorey (i — vi)? < €}, isan example of

an e-neighborhood in R™.

Definition 5.1.3 A point p issaid to be a limit-point of a set F in X if every e-neighborhood of

p contains a point ¢ # p such that ¢ € E.

Definition 5.1.4 Apoint p issaid to bean interior-point of aset £ in X if thereexists U, (p), an

e-neighborhood of p, such that U (p) C E.

Definition 5.1.5 Aset Fissaidtobeclosedin (or relativeto) X if every limit-point of £ belongs
to F.

Definition 5.1.6 Aset E'issaidtobeopenin (or relativeto) X if every point of F isaninterior-

point of E.

It followsthat the empty set () and the entire set X are both open and closed relative to X. The
segment (0,1) C R, consisting of al points between but not including 0 and 1, is an example
of aset that is open relative to R, and the interval [0, 1] C R, consisting of dl points between

and including 0 and 1, is an example of a set that is closed relative to R.
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Theorem 5.1.1 A set E isopenin X if and only if its complement £¢ = X\ E isclosed in X.
Moreover, the union of any arbitrary family of open setsin X isopen in X, and the intersection

of any finite family of open setsin X isopenin X.

Theorem 5.1.2 Every e-neighborhood is an open set. It is therefore also known as an open
neighborhood.
5.1.2 Topological Spaces

One may dternatively begin with the fundamental notion of an open set without reference to
any metric. The resultant space, although weaker than ametric space, does admit the notion of
continuity. An open neighborhood of a point that was hitherto defined by the metric becomes a

derived concept in this formulation.

Definition 5.1.7 A set X of elements referred to as points, is called a topologica space if there

exists an associated system O of subsets of X that satisfy the following properties.
1. Both () and X belong to O.
2. Theunion of any arbitrary family of setsin O belongsto O.
3. Theintersection of any finite family of setsin O belongsto O.

O isthen said to defineatopology on X, and the setsin O are called the open sets of the topol ogy.

Definition 5.1.8 Given any point p in a topological space X, every open set of X that contains

p is called an open neighborhood of p.

Definition 5.1.9 Given any metric space, the (open) e-neighborhoods of pointsin the space gen-

erate a topology on the space. Thistopology is said to be induced by the given metric.

Definition 5.1.10 Let X be a topological space (topologized by the system O of subsets of X)
and Y be a subset of X. A topology can then be defined on Y as the system O of subsets of Y
defined as U € O if and only if thereexistsa U € O suchthat U = U N'Y. Y isthen called a

subspace of X and itstopology is referred to as the subspace topology.
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Definition 5.1.11 Let X be a topological space and ~ an equivalence relation on X. Let [p]
denote the equivalence class of points [p] = {¢ € X | ¢ ~ p}. Let X/ ~ denote the set of all
equivalence classes of points, and 7 : X — X/~ denote the natural mapping 7(p) = [p]. The
topology on X/ ~ inwhich U C X/ ~ isdeemed open if and only if 7=!(U) isopen in X, is

then referred to as the standard quotient topology on X/ ~.

5.1.3 Compact Spaces

Definition 5.1.12 Given any set E in atopological space X, an open cover of £/ isa collection

{U,} of open subsets of X such that E C |J,, Ua.

Definition 5.1.13 A set K inatopological space X issaid to be compact if every open cover of
K contains a finite subcover, that is, given any open cover {U, } of K, there exist finitely many

indices v, ..., i, SUch that K C |J7_; U, .

Theorem 5.1.3 Let K C Y C X, and Y be regarded as a subspace of X. Then K is compact

relativeto Y if and only if K is compact relative to X.

Definition 5.1.14 Given any set F in a metric space X, F is said to be bounded if there exists

areal number m and a point ¢ € X such that for any p € E, d(p,q) < m.

Theorem 5.1.4 (Heine-Borel) Let K be a closed and bounded subset of R™. Then K is com-
pact.
5.1.4 Continuity

Definition 5.1.15 Let X and Y betopological spacesand f : X — Y beamapping. Then f is

said to be continuous if the inverseimage V = f~1(U) of any open set U in Y, isopen in X.

Definition 5.1.16 Let X and Y betopological spacesand f : X — Y bea bijective (one-to-one

and onto) mapping. Then f is said to be a homeomorphism if both f and f~! are continuous.

Definition 5.1.17 Let X bea set, Y a topological space, and f : X — Y amapping. Then X
can betopologized by defining V c X asopeninXifandonlyif V = f~1(U) for some open set
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U inY. Thiscoarsest topology on X under which f iscontinuous is called the topol ogy induced

by the mapping f.

It follows that the subspace topology of Y C X isthetopology induced by the identity map-
ping, f : Y — X, f(p) =p.

5.2 Manifold Theory

The content of this section isorganized in order of spaces with successively richer structure. We
begin with topol ogical manifolds that support the notion of continuity, proceed to differentiable
manifolds that support the notion of tangent vectors, and conclude with Riemannian manifolds

that support operations such as integration and differentiation of vector fields.

5.2.1 Topological Manifolds

Definition 5.2.1 Ann-dimensional topological manifold M isatopological space that satisfies

the following properties.

1. M isHausdorff, that is, Vp, g € M such that p # ¢, there exist open neighborhoods U of
pandV of gsuchthat U NV = 0.

2. Mislocally Euclidean of dimension n, thatis, Vp € M, there exists an open neighborhood

U of p such that U is homeomorphic to an open set in R™.

The dimensionality of the manifold, n, isrepresented asdim(M). Each pair (U, ¢), where
U isan open set in M and ¢ is a homeomorphism of U onto an open set in R™, is called
a coordinate neighborhood or a chart. The local coordinates of any p € U is given by

X1y ooy T, WhEre p(p) = (x1, ..., y).
3. M issecond countable, that is, there exists a countable system of open sets, known as a
basis, such that every open set in M is the countable union of some sets in the basis.
5.2.2 Differentiable Manifolds

Whereas R™ wasintroduced in Section 5.1.1 asametric space, it can also be viewed as a vector

space with the choice of abasis, such asthe set of vectorse; = (1,0, ..., 0),....en, = (0, ...,0, 1),
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or even as an Euclidean space with the choice of aninner product, such as (x,y) = >"7" | =y,
which incidentally makes {es, ..., e, } orthonormal. Although the definition of a topologica
manifold requires M to be locally Euclidean, R™ here isregarded merely as ametric space. The

following definition of a differentiable manifold employs the vector space structure of R™.

Definition 5.2.2 A differentiable (or smooth or C*°) structure on a topological manifold M is

a family of coordinate neighborhoods, ¢/ = {U,, ¢, }, such that
1. U covers M, thatis, M C |, Ua.

2. For any «a, 3, the coordinate neighborhoods (U., ¢.) and (Ug, ¢3) are C>°-compatible,
that is, the functions ¢, o gbgl and ¢g o ¢, ! are diffeomorphisms (homeomorphisms and

both the functions and their inverses are C'*°) between the open subsets ¢, (U, NU3) and

¢3(Ua NUR).

3. Any coordinate neighborhood (V ¢) that is C*°-compatible with every (U, ¢) € U is
itself in/.

Definition 5.2.3 A differentiable (or smooth or C'*°) manifold is a topological manifold en-

dowed with a C*° structure.

Definition 5.2.4 Let W be an open set in a C'* manifold M. A function f : W — R issaid to
bea C* function if for every coordinate neighborhood (U, ¢) that satisfiessU NW # (), fop~!
isaC® function fromp(UNW) C R™toR. Likewise, F' : Ml — Nissaidtobea C> mapping
froma C°° manifold M to a C> manifold N if for every coordinate neighborhoods (U, ¢) of M

and (V,¢) of N,po Fo ¢! : ¢(U) — (V) isC>®.

With the introduction of aC*® structure on M, atangent vector at apoint p € M can be de-
fined asafunction from C'*°(p), the collection of all functions that are C>° in an open neighbor-
hood of p, toR. Intuitively, givenany function f thatisC at p, themapping X, : C*°(p) — R
that corresponds to the vector X, reports the directional derivative A f of f in the direction of

X, (X, not necessarily an unit vector).! The mapping must therefore satisfy the constraints,

1The motivation behind representing vectors in this manner lies in the existence of the dual vector space V*
(whose elements, known as covectors, are the set of al linear functions from V to R) of any vector space V, and



Xp(af + Bg) = aXjf + BXpgand X7 (fg) = f(p)X;9 + g(p) X} f wherea, 5 € R and
f9€ C=(p).

Based on this formulation, the vector X; = " | a,e; a any point p € R™ can be written
as X; = >, «(9/0z;), since R is also a manifold. Given any coordinate neighborhood
(U, ¢) of M, each vector e; = (0/0x;) ap € ¢(U) C R™isnow bound to the vector E; =
¢ 1(0/0x;) (defined as (¢, (9/0x;)) f = 0/0xi(f o p~")) &t p € Mwherep = ¢~ (p).

Definition 5.2.5 Thetangent bundle of a C'*° manifold M isthe collection of all tangent vectors

to points of M, including the zero vector at each point, and isdenoted by 7'(M) = ¢y 75 (M).

We now introduce the notion of asubmanifold. Although there are severa varieties of sub-
manifolds, al of them possess abasic feature: asubmanifold N of aC'°° manifold M isa subset
whichisitself aC> manifold. In the following paragraphs, we define three types of submani-

folds. immersions, imbeddings, and regular submanifolds.

Definition 5.2.6 Therank of a mapping £ : N — M at p € N is defined as the rank of the
Jacobian of ¢ o F o ¢~ at ¢(p), where (U, ) and (V, ) are coordinate neighborhoods of N
and M satisfyingp € U and F/(p) € V.

Definition 5.2.7 A C* mapping F' : N — M is called an immersion if at all points of N,
rank(F') = n = dim(N). If F' is one-to-one then F' establishes a topology and a C>° struc-
tureon F'(N) C M that makes F' a diffeomorphism. F'(N) with this C*° structure is called an

immersed submanifold.

Definition 5.2.8 Animbedding is a one-to-one immersion F' : N — M which is also a homeo-

morphism of N into F'(N) regarded as a subspace of M.

Definition 5.2.9 A subspace N of a C'> manifold M is said to possess the submanifold property
if each p € N hasa coordinate neighborhood (U, ¢) on M withlocal coordinates x, ..., z,, such

that ¢(p) = (0,...,0), (U) = C(0) (the open e-cube around (0, ..., 0)), and ¢(U N N) =

the natura isomorphism of V onto the dual of the dual (V*)* that maps v € V onto the linear functional on V*
whosevalueon any o € V* isa(v). Inother words, v € V isrepresented as its associated member in (V*)* that
isalinear functional that maps linear functions onto reals.
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{x € C™0) | 41 = ... = x, = 0}. Such a coordinate neighborhood is called the preferred

coordinate neighborhood at p.

Definition 5.2.10 Aregular submanifold of a C> manifold M is any subspace N with the sub-
manifold property and with a C'*° structure that the corresponding preferred coordinate neigh-

borhood determines on it.

Theorem 5.2.1 Let F' : N — M be a one-to-one immersion and N be compact. Then F'isan

imbedding and F'(N) isaregular submanifold of M.

Finally, we introduce the standard notion of a C'">° manifold with boundary and expand the
definition to characterize a dightly more genera object, a C*° manifold with boundaries. We
begin by extending the definition of differentiability of functionstoinclude thosethat are defined

on subsets of R”™ that are not necessarily open.

Definition 5.2.11 Afunction f defined onasubset F of R" issaid to be C*° if f can be extended

to a C'* function on an open subset U of R™ which contains .

Theorem 5.2.2 Let the upper half-space H" = {(z1, ..., z,,) € R™ | z,, > 0} and the positive
space Q" = {(z1,...,xn) € R" | ; > 0,7 = 1,...,n} be assigned the subspace topology of
R™. Let f bea C* function on H" (Q™). Then the value of 0 f /Jz; at any point of H" (Q") is

independent of the extension chosen.

We note that the notion of diffeomorphism appliesimmediately to relatively open subsets U
and V of H" (Q™); namely, U and V' are diffeomorphic if there exists abijection F : U — V
such that F and F—! are both C>°. Moreover, it follows from the inverse function theorem that
the diffeomorphism F', in the case of H™, mapsinterior points of U to interior points of V and
boundary points of U to boundary points of 1/, and in the case of Q™, maps interior points of
U tointerior points of V' and boundary points (in a boundary set of a given dimension) of U to
boundary points (in aboundary set of the samedimension) of V. Finally, both F and F~! canbe
extended to open sets U’ and V'’ of R” suchthat U = U'NH" (U = U'NnQ") and V = V' NH"
(V = V'nQ"), and even though the extensions are neither unique nor necessarily the inverses
of one another in the larger domains, it follows from the previous theorem that the Jacobians of

F and F~! are independent of the extensions.
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Definition 5.2.12 A C'* manifold with boundary (boundaries) is a Hausdorff, second count-
able, topological space M with a C'*° structure I/ in the following generalized sense: U =
{Uq, ¢o} consists of a family of open subsets U,, of M each with a homeomorphism ¢, onto

an open subset of H" (Q™) such that
1. U covers M, that is, M C |, Us.

2. For any a, 3, if (Ua, ¢o) and (Ug, ¢3) are elements of I, then ¢,, o %1 and ¢ o ¢
are diffeomorphisms of ¢ (U, N Ug) and ¢3(U, N Ug), open subsets of H™ (Q™).

3. U ismaximal with respect to properties 1. and 2.

5.2.3 Riemannian Manifolds

Just asthe vector space structure of R™ wasemployed to assign each point p € M atangent space

T, (M), the Euclidean structure of R™ can be used to endow 7),(M) with an inner product.

Definition 5.2.13 LetV beavector spaceover R. Amapping® : VxV — Riscalledabilin-
ear formonV ifitislinear ineachvariable, thatis, for o, 6 € Randv, vy, vy, w, w1, ws € V,

O (avi+pve,w) = ad®(vi,w)+ [P (ve,w) and (v, aw, +fwsy) = ad(v,w)+ P (v,ws).

Definition 5.2.14 A bilinear form that is symmetric, that is, for all v,w € V, &(v,w) =
¢ (w,v), and positive definite, that is, for all v € V, ®(v,v) > 0 and ®(v,v) = 0 if and

only if v isthe 0 vector, is called an inner product on V.

Definition 5.2.15 Afield ® of bilinear forms on a C> manifold M is a function that assigns to
each p € M abilinear form @, on 7),(M). Furthermore, thefield is C* if for every coordinate
neighborhood (V, ), the functions g;; = ®(E;, E;) defined by ® and the coordinate frames
E4,....E,, isC>.

Definition 5.2.16 A C*°° manifold M endowed witha C° field ® of symmetric, positive definite,

bilinear formsis called a Riemannian manifold, and ® the Riemannian metric.

The n? functions g;; = ®(E;, E;) on V are called the components of ® in the coordinate

neighborhood (V/, ), and are usually represented in matrix form.
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Given aRiemannian metric ® on M, one can now choose an orthonormal basis, F4, ..., F,,,
for T,,(M) at any point p € M. By assuming that the hypercube spanned by the vectors F;
fori = 1,...,n isof unit volume, one can extend integration of functions to the domain of
Riemannian manifolds. Thisfollowsfrom the observation that the volume of the parallelepiped
spanned by the members of the coordinate frame, E; = Z}‘:l a;jFjfori=1,...,n,isgivenby
the determinant of the matrix [a;;], whichwedenoteby |[a;;]|. Simpleagebrathen demonstrates
that [[a;;]| = +/][9:;]]. Asaconsequence, the volume of the parallelepiped spanned by the
vectors E; for i = 1,...,n isuniquely determined by the Riemannian metric ®.

Likewise, as is demonstrated next, one can now define differentiation of vector fields on

Riemannian manifolds.

Definition 5.2.17 Let X' (M) denote the set of all "> vector fields on a Riemannian manifold
M. ARiemannian connection V : X' (M) x X (M) — X (M) (denoted by V : (X,Y) — VxY)
is a mapping that satisfies the following properties for all f,g € C>°(M) and X, X', Y, Y’ €
X(M).

L Vixigx'Y = f(VxY) 4 g(VxY).

2. Vx(fY +gY") = (Xf)Y + fVxY + (Xg)Y' + gV Y.
3. (XY —YX)=VyxY — VyX.

4. X@(Y,Y') = ®(VxY,Y') + @(Y,VxY’).

Intuitively, V xY isthe vector field that denotes the rate of change of the vector field Y in
the direction of the vector field X. It follows from criteria 1 and 2 above that given any coor-
dinate neighborhood (U, ¢) of M, if the functions I'Y; in the equation Vg, E; = > )_ T Ey
are specified, then so is Vx Y for any C*° vector fields X = > b;(v)E; andY = > a;(u)E;,
since VxV = Y, (Xay + Y, ; Tj;a;b:)Eg. In other words, if the functions I'}; are uniquely

determined on a Riemannian manifold, then so is the Riemannian connection.

Theorem 5.2.3 The Riemannian connection V on a Riemannian manifold M is uniquely de-
termined. Given any coordinate neighborhood (U, ¢) of M the C'*° function Fi?j is defined as
FZ. = (1/2) Y., §**{(0gsi/0x;) — (Dgij/0xs) + (9gjs/Ox;)} where g;; denotes the (i, j)th

element of the matrix defining ®, and ¢** the (k, s)th element of the inverse of the matrix.
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Definition 5.2.18 Avector field Y on a Riemannian manifold M issaid to be constant or paralel

if Vx,Y = 0forall p e Mand X, € T,(M).

Congtant vector fields are of substantial significance in dynamical systems analysis because
they represent the simplest form of dynamics where the measure and shape of any section of the

manifold is preserved under its action.

5.3 Dynamical Systems

Any system that evolves over time (henceforth denoted by the variable t) is called adynamical
system. Such systems are classified into discrete and continuous dynamical systems based on

whether the time variable is discrete (¢t € Z) or continuous (¢ € R).
Definition 5.3.1 A discrete dynamical system is expressed as an iteration of a function

Xi41 = f(Xt), t e Z,

and a continuous dynamical system as a differential equation

Cfl—}: =V(x), teR.

In both cases, x € M represents the state of the system, M being the state- (or phase-) space.
In the case of a discrete dynamical system, M must at the least be a topological manifold, and
in the case of a continuous dynamical system, a C>° manifold. f(-) isafunction f : Ml — M
and V(-) avelocity field V : M — T'(M). In general, f isassumed to be a homeomorphism of
M onto itself and V' a C'>° vector field.

Given any C'*° manifold M and a homeomorphism f : Ml — M, the orbit (or trajectory)
of x under f isdefined as {f(x) | t € Z}. Likewise, given any compact C'°>° manifold M
and a C*° vector field V' : M — T (M), the orbit (or flow) through x under V' is defined as
{p(t,x) | t € R}, where ¢ isthe C°° mapping ¢ : R x M — M that satisfies ¢(0,x) = x and
% = V(¢(t,x)). Note that without the noted restriction on the function f (M and the field
V), the orbit is not necessarily well-defined for t € Z~ (¢t € R).

Since this thesis investigates the characteristics of adiscrete dynamica system, we restrict

al future discussions to discrete systems. The reader must however note that diffeomorphisms

and C'* flows are intimately related, and should consult (Smale, 1967) for more on this topic.



59

We begin with the notion of conjugacy that alows us to recognize when two diffeomor-

phisms exhibit the same behavior.

Definition 5.3.2 Two diffeomorphisms f : M — M and f/ : N — N are said to be topologi-
caly conjugate if there exists a homeomorphism 4 : M — Nsuchthat ho f = f'oh. If his

also a diffeomorphism then f and f/ are said to be C'*° conjugate.

Definition 5.3.3 A point x* € M is said to be a fixed point of the dynamical system defined by
fif fi(x*) =x*forall t € Z.

Definition 5.3.4 A point x* € M is said to be a periodic point of the dynamical system defined
by fif fi{(x*) = x* for somet € Z. The smallest such ¢ is called the period of the periodic
orhit.

Definition 5.3.5 A fixed point x* is said to be stable if for every open neighborhood U of x*
there exists an open neighborhood V' C U of x* such that for every x € V, ft(x) € U for all
teZt.

Furthermore, x* is said to be asymptotically stable if, in addition, there exists some open
neighborhood U of x* such that all points x € U satisfy lim; .., f(x) = x*. Fixed points that
are stable but not asymptotically stable are called neutrally stable.

Definition 5.3.6 Aset Z C M is said to be invariant under a homeomorphism f if f(Z) C Z
for all ¢ € Z. The set issaid to be positively (negatively) invariant if the criterion holds only

fort € Z+ (t € Z7).

Definition 5.3.7 Apoint x islabeled a nonwandering point of a homeomorphism f if given any
open neighborhood U of x and any t,,,;, > 0 (t,in € Z), thereexistsat > t,,i, (t € Z) such

that f1(U) N U # (). A point that is not nonwandering is labeled wandering or transient.
The set of al nonwandering points is called the nonwandering set and is represented by €.

Definition 5.3.8 Aset A C M islabeled a basic set of a homeomorphism f if given any points
x,y € A, any open neighborhoods U of x and V' of y and any #,,;, > 0 (tmin € Z), there

exist ty,to, t3,ty > tmin (t1,t2,ts3,t4 € 7Z) such that ftl(U) NU # 0, ftQ(U) NV # 0,
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fBV)YNU #0,and fi4(V)NV # 0, and furthermore, A isamaximal set with regard to this

property.

We now demonstrate that if f isahomeomorphism, the above definition reduces to the stan-

dard definition of abasic set.

Theorem 5.3.1 The set of all nonwandering points, €2, is closed. Moreover, any basic set, A,
(which is necessarily a subset of €2) is closed.
Proof:

Let x bea limit point of (2. Given any open neighborhood U of x, there exists a point y and
an open neighborhood V of y suchthaty € Q and V' C U. Given any t,,,;, > 0 there existsa
t >ty SUchthat f{(V)NV #£0. SnceV C U, f{(U)NU # 0, and therefore x € .

Let x bealimit point of a basic set A. Given any open neighborhood U of x, there exists a
point y and an open neighborhood V' of y suchthaty € AandV C U. Givenany z € A, open
neighborhood W of z, and ¢,,;,, > 0, there exist t1, to, t3,t4 > tm, SUchthat f11(V)NV # 0,
feV)NW #0, fs(W)NV #0,and f4(W)NW # (. Snce V C U, the congtraints are
also satisfied by U. Finally, A being maximal, x € A.

Theorem 5.3.2 Let f be a homeomorphism, and x and y pointsin M. Then, if given any open
neighborhoods U of x and V' of y and any ¢,,,;n, > 0 (tnin € Z) thereexistsat > tyn (t € Z)
such that f1(U) NV # ), then there exist t/, ¢ > t,in (t',t" € Z) suchthaty € f*(U) and
'(x) e V.

Proof:

Given any open neighborhoods U of x and V' of y, let ¢, < t1 < ... <t < tgy1 < ...be
thetimes at which f%(U) NV # 0. Lt W = 2, (f*(U) N V). Then W is an open set. Let
usalso assumethaty ¢ f4(U) for all t > t,,;,. Theny ¢ W, inwhich case, either there exists
an open neighborhood V'  V of y suchthat V/ N W = (), or y € W. If thefirst caseistrue,
we obviously have a contradiction. If, on the other hand, the second case is true, the sequence
F0(y), .., [ (y), ft+1(y), .... approaches U in the limit. We can then always choose an
open neighborhood U’ c U of x such that the limit does not approach U’. Replacing U with
U’ reduces this to the first case.

The proof of the second claim follows along the same lines.
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We notethat if f isahomeomorphism, membership in the same basic set is an equivalence
relation on pointsin €. Therelation is reflexive since VU, V' open neighborhoods of x, U NV
is an open neighborhood of x, symmetric by definition, and transitive as a consequence of the
previous theorem and the fact that each A is maximal with regard to the relation. In other words,

the system of basic sets comprise a partition of €.

Theorem 5.3.3 Let A beabasic set of the homeomorphism f. Then, A isan invariant set.
Proof:

We first prove that x € A = f(x) € A. Snce f is a homeomorphism, given any open
neighborhood U of f(x), f~1(U) isan open neighborhood of x. f{(f~1(U)) N f~X(U) # 0
impliesthat f{(U) N U # 0, f7H(f~HU))NU # 0, and f&=1(U) N f~1(U) # 0. Therefore,
f(x) isamember of the same basic set.

The proof for x € A = f~1(x) € A follows along the same lines.

Finaly, we consider the notion of an attractor. Informally, a basic set that attracts some

neighborhood of points in the phase-space is called an attractor.

Definition 5.3.9 A basic set A islabeled an attractor if there exists a bounded set U such that
A C int(U) theinterior? of U, for every basicset A’ # A, UN A’ = (), and U is positively
invariant, that is, f(U) C U for every t € Z*. Thelargest such U isthen called the realm of

attraction of A.

We now demonstrate that if f isahomeomorphism, the above definition reduces to the stan-

dard definition of an attractor.

Theorem 5.3.4 Let A bean attractor of the homeomorphism f. Let U be a set that satisfies the
criteria introduced in the definition above. Then, lim; ., f/(U) = A.
Proof:

Wefirst introduce some standard notation. Given any sequence of sets Ag, A1, ... we define
lim sup A; = ooy Uie,, A¢ and limy inf A, = U2 i, A¢. The sequence A, is said to

convergeto A (written aslim; o, A; = A) if lim; sup A; = lim; inf A; = A.

2Interior is defined as the set of al interior-points of the noted set.
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A standard theoremin set theory states that increasing and decreasing monotone sequences
of sets converge. Stated formally, if A9 2 A; D ... thenlimy oo Ay = A = (2, 4 and
likewise, if Ag C A; C ... thenlimy_,oo Ay = A = U2, As.

We now proceed to prove the theorem.

Since f iscontinuous, f(T7) C f(U). Inaddition, since f(U) C U impliesthat f(U) C U,
we have f(U) C U. Repeated application of f to both sidesyields U D f(U) D f?(U)....
Being monotone, based on the theorem stated earlier the sequence converges to (o2, f4(U).

Based on the assumptions in the definition, that U is compact and that f is a homeomor-
phism, and f(U) C U, wearrive at the additional conclusion that (72, f*(U) is compact and
invariant. That it is compact follows fromit being a closed subset of a compact set. That it is
invariant follows from f(N;2, f1(U)) = N2y f1(O) and (N2, F10)) = N2, F1O).

A C int(U) impliesthat A ¢ U. Since A isinvariant, repeated application of f to both
sdesyields A C f4(U) for every t € Z*. Hence, A C N2, f1(D).

If A C N5, f1(U), then based on the criteria that U N A’ = () for every basic set A’ # A
and f(U) C U, we can conclude that any point p € N2, f1(U)\A is a wandering point.
Snce N2, fH(U) isinvariant, it must then contain the entire trajectory through p. Finally,
since N2, f4(U) is compact, the sequence { f!(p)} must have a subsequence that converges

to some point in (N;2, f*(U). This, however, implies that p is a nonwandering point. Hence,

A =i f1O).

Attractors are the structures that are manifest in the dynamics of dissipative systems. The
simplest kind of attractor is a stable fixed point or a stable periodic orbit. Thereis, however, a
third kind of attractor known as a chaotic attractor, that we define next.

We must mention herethat although the field of dynamical systemsanalysishasnot yet com-
pletely settled on astandard definition of chaos, two themes recur: topological transitivity? and
sensitive dependence oninitial conditions. The definition of achaotic attractor that weintroduce

next requires both criteria to be satisfied.

3A set issaid to be topologically transitive if given any relatively open subsets U and V' of the set, there exists a
t € Z1 suchthat f*(U)NV # (.
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Figure 5.1: (& A map f : [0,1] — [4, 2] that contains a chaotic attractor at [, 2], and (b) Five

hundred iterations of the point 0.000001 under the map.
Definition 5.3.10 Amap f : U — U hasthe property that itsorbits depend sensitively oninitia
conditions if there exists an ¢ > 0 such that for every x € U and every open heighborhood V'

of x, thereisapointy € V for which | f¢(x) — f!(y)| > e, for somet € Z*.

Definition 5.3.11 Anattractor A issaid to be chaotic if the orbits of f inthe realmof attraction

U of A, depend sensitively on initial conditions.

Figure 5.1(a) presents a mapping that displays a ssmple example of a chaotic attractor. The
interval [1, 3] comprises the attractor and the interval [0, 1] its realm of attraction. While 1 and
% are both fixed points of the mapping, they are not basic sets since they do not satisfy the
maximality criterion set forth in the definition of abasic set. That theintervals [0, 1) and (2, 1]
)onto (7, 3]
J'in

asingle

are comprised of wandering points follows from thefact that the function maps [0,

1
' 4
and (2,1] onto [, 2). In essence, any point in these regions is mapped to [1, 2



iteration of the function, never to return to itsinterval of origin.

Theinterva [z, %], on the other hand, is comprised of nonwandering points. Not only does

P

the function map

—

1. 3] onto itself, but any open setin theinterval is stretched by afactor of two
of

with every iteration of the function, and eventually covers the entire interval. This observation
also proves that the entire interval [i, %] comprises asingle basic set and that trgjectoriesin the
region depend sensitively oninitial conditions. Figure 5.1(b) presents five hundred iterations of
the point 0.000001 under the map. The apparent randomness of the graph isthe most distinctive
feature of chaos.

Most of the results in this section assume that the map f that defines the dynamica system
is a homeomorphism. In Chapter 9, we shall deduce the implications of it not being so. We
will find that basic sets do not comprise a partition of the set of al nonwandering points. This
observation will lead to the formulation of a new set, the complex set, that does. We will aso
demonstrate that acomplex set that isachaotic attractor ispotentially anisotropic in natureinthe

sense that a trapped trajectory does not necessarily visit the entire complex set, and moreover,

the section of the complex set visited by the tragjectory depends on its point of entry.

54 Summary

Any system whose state changes with time is called a dynamical system. In this chapter, we
have presented a brief review of dynamical systems analysis, emphasizing the role that mani-
folds play in it, forming the natural setting for the phase-spaces of such systems. The uncon-
ventional definition of abasic set presented in this chapter allows us to extend several concepts
to dynamical systems that are defined by discontinuous maps.

We have also briefly reviewed basic concepts in topology and manifold theory. These con-
cepts are used extensively in the upcoming chapters where an abstract dynamica system that

models systems of biological neurons is formulated and its dynamics is analyzed.
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Chapter 6
The Abstract Dynamical System: Phase-Space and Ve ocity Field

In Chapter 4, we presented amodel of anindividual neuron. Inthischapter, we extend the model
to accommodate a system of neurons. The eventual goal of the current enterprise isto construct
an abstract dynamical system that, while instantiable to any particular neuronal system, can be
analyzed in its generalized configuration.

Thisobjectiveisaccomplished through several stages of development. We begin by address-
ing in Section 6.1 issues pertaining to the framework of the conceived system; the specification
of the tempora position of a spike in the system is standardized and the membrane potential
function is reformulated accordingly. In Section 6.2, awell-founded representation of the state
of a system of neurons is introduced, based on which the phase-space for the system is con-
structed. Section 6.3 is devoted to a careful development of the notion of the neighborhood of
a dtate of the system. A new topology is introduced on the phase-space, the impact of which
can be appreciated in Chapters 8 and 9. Section 6.4 completes the formulation of the dynamical
system by specifying the vel ocity field that overlays the phase-space. Section 6.5 then describes

the core components of the abstract dynamical system.

6.1 Standardization of Variables

The existence of two distinct sets of originsin relation to which the temporal positions of spikes
are determined in the model of theindividual neuron—synapses for spikes arriving from presy-
naptic neurons and the somafor spikes generated by the neuron—gives rise to complications in
the further development of the model to accommodate a system of neurons.

We begin by revisiting these definitions with the intent to institute the measure of uniformity
necessary for the construction of a phase-space for a system of neurons. Previoudly, xf 'sfor

i =1,...,m represented the time since the arrival of spikes at synapses, and for : = 0 thetime
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since the inception of spikes at the soma. We eliminate the asymmetry in the choice of origins
of the two sets of variables by redefining x{ Vi, j to represent the time since the inception of
the spike at the soma of the corresponding neuron. The subscript 7 in xi isnow set to refer toa
neuron rather than a synapse. In addition to changesin P(-), this prompts a shift in focus from
the postsynaptic to the presynaptic neuron.

Given asystem of neurons, an upper bound on the number of effective, efferent spikesthat a
neuron can possess at any timeisfirst computed asfollows. Leti = 1, ..., S denote the set of all
neuronsinthesystem, k; = 1, ..., m; the set of efferent synapses of neuron i (Synapses to which
neuron i is presynaptic), /\3C the time it takes for a spike generated at the soma of neuron i to
reach synapse k;, T,@ (the superscript is introduced to denominate a synapse in the system) the
interval over which aspikeimpinging on synapse k; is effective on the corresponding postsynap-
tic neuron, and r; the absolute refractory period of neuron 4. Since its inception, the maximum
time until which any spike can be effective on any corresponding postsynaptic neuron is then
givenby y = maxf:’ﬂizl{)\zi + 74, }- Lets denote the maximum time period over which any
spike is effective on the neuron that generates it, and let Y = max{x,<}. Thenn; = [Y/r;]
provides an upper bound on the number of effective, efferent spikes that neuron 7 can possess at
any time. Hence, for example, the time bound of 505 msec introduced in an example in Chap-
ter 2 corresponds to the quantity Y here. In the example, r; was assumed to be 1 msec for each
neuron ¢, and consequently n; was set at 505 for each neuron in the system.

The requisite changes in P(-) are threefold. First, the number of variables associated with
some synapses is increased so that all synapses actuated by neuron i are consistently assigned
n; variables. This is achieved by setting appropriately fewer variables in P*(-) to 7,3 in cri-
terion (iv) of Chapter 4 Section 2. Next, P(-) is trandated aong &l but one set of axes such
that the former origin is now at </\§<:11-1 , /\Qil,..., . )\Zmn , )\ngn, ..,0,0,...), where iy, ..., 4,, are

k or -0

T " 7 ’ J oy
m 8$k1 J}kift

the neurons presynaptic to the neuron in question (ip) at Synapses k;, , ...
for0 < ¢t < )‘2 holds owing to the manner in which P(-) was previoudly defined. Finally,
references to synapses in the variables are switched to references to appropriate neurons, and
multiple variables referencing the same spike (occurs when a neuron makes multiple synapses

on a postsynaptic neuron) are consolidated.
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6.2 The Phase-Space

Our aobjective in this section isto formulate an appropriate phase-space for asystem of neurons.
We begin by identifying a suitable representation for the state of a system of neurons. The de-
scription of the phase-space is derived as adirect consequence of the representation.

Whileit isassumed in the following treatment that neurons do not receive external input, in-
corporating such is merely a matter of introducing additional neurons whose state descriptions
areidentical to that of the external input. We return to thisissue in Chapter 10, where ramifica-
tions for the computationa nature of systems of neurons in the brain are discussed in the light

of the findings of this thesis.

6.2.1 Representation of the State of a System of Neurons

Wefirst notethat arecord of thetemporal locations of all afferent spikesinto neuronsin asystem
is potentially redundant since multiple neurons in the system might receive spikes from acom-
mon neuron. The issue is however resolved if we focus on efferent spikes rather than afferent
spikes. The perspective developed in Section 6.1 |eads to theimmediate realization that the state
of asystem of neurons can be specified completely by enumerating, for all neurons: =1, ..., S,
the temporal positions' of the n; (or fewer) most recent spikes generated by neuron i within Y
time from the present. On the one hand, such arecord specifies the exact location of al spikes
that are still situated on the axons of respective neurons, and on the other, combined with the
potential functions, it specifies the current state of the soma of al neurons.
Thisgivesusthefollowing initial representation of the state information contributed by each
neuron toward the specification of the state of the system: at any given moment neuron i reports
the n;-tuple (z}, 22, ..., "), where each 7/ denotes the time since the inception of a distinct
member of the n; most recent spikes generated at the soma of neuron ¢ within Y time from the
present. Since n; ismerely an upper bound on the number of such spikes, it is conceivable that

fewer than n; spikes satisfy the criterion, in which case the remaining componentsin then;-tuple

areset at Y. From adynamical perspective, this amounts to the value of a component growing

"How long ago the spike originated at the soma of the corresponding neuron is treated as the descriptor of its
temporal position.
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until Y isreached, at which point the growth ceases. The phase-space for neuron i is then the
closed n;-cube [0, Y]™ C R™.

This representation of the state of a neuron is, however, fraught with redundancy. First, the
finite description of the state of a neuron requires that a variable be reused to represent a new
spike when the effectiveness of the old spike it represented terminates. Since a variable set at
T (ineffective spike) isfirst set to 0 when assigned to a new spike, one of the two positions is
redundant. The abstract equivalence of the positions then dictates that T be identified with 0.

Second, if x = (z},2?,...,2") andy = (y},y?, ...,y") are two n;-tuples that are a non-

trivial permutation of one another (4o, a permutation, such that Vj = 1,...,n; xf = y;’(j )),
then while x and y are two distinct pointsin [0, Y], they represent the same state of the neu-
ron (which variable represents aspike isimmaterial). This stipulates that all permutations of an

n;-tuple be identified with the same state.

6.2.2 Formulation of the Phase-Space for a System of Neurons

Having identified the need for amore elaborate representation, we now propose a candidate so-
lution and construct the associated phase-space. The phase-space is constructed as a differen-
tiable manifold, the points of which satisfy both criteriaenumerated in the previous section. The
construction isdivided into two stages. Thefirst stage transformstheinterval [0, Y] into the unit
circle S* (spikes now being represented as complex numbers of unit modulus), and the second
computes a complex polynomial whose roots identically match this set of complex numbers.
By retaining the coefficients of this polynomial to represent the state of the neuron, al order

information is eliminated.
Stage 1

We impose on the manifold R the equivalence relation: = ~ y if (x — y) = aY, where

z,y € R,and a € Z, and regard R/ ~ with its standard quotient topology. The equivalence

2mit

class mapping 7 : R — R/ ~ can be identified with 7(¢t) = ™ . 7 mapsR/ ~ onto S =

{(zeC||z] =1}

2mizt 2miz? 2mia"™

We therefore apply the transformation (z!, 22, ....2") — (e T ,e"* ,....e” * )tothe

initial formulation of the phase-space of aneuron. The new phase-spaceis 7™ = [, S, the
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n-torus.
We assume hereafter that all vari ablesxf arenormalized, that is, scaled from [0, Y] to [0, 27].

P(-) isaso assumed to be modified to reflect the scaling of its domain.
Stage 2

That the set G={o | o is apermutation of n elements} forms a Group motivates the ap-
proach that the orbit space 7" /G of the action of G on T" be considered. G however, does
not act freely? on 7™, and therefore the quotient topology of 7 /G does not inherit the locally
Euclidean structure of 7. Hence, we explicitly construct the space as a subset of the Euclidean
space and endow it with the standard topology. While such a subset necessarily contains bound-
aries, the construction does shed light on the intrinsic structure of the space.

As noted earlier, we apply the transformation (z1, 22, ..., z,) — {(an,an—1,...,ap) Where
Un, Qp_1,...,ag € C arethe coefficients of f(z) = a,2" + a,_12""! + ... + ag whose roots
lieat 21, 29, ..., z, € C. Informally, this amounts to representing the quotient under reordering
by elementary symmetric functions, a standard technique in algebra. The immediate question,
then, iswhat are necessary and sufficient constraints on (a,,, a, 1, ..., ap) € C*** for al roots
z; of f(z) to satisfy |z;| = 1. We answer the question in two steps. First, we consider the case

of distinct roots, and subsequently that of multiple roots.

Theorem 6.2.1 Let f(2) = a 2" + ap_12""! + ... + a1z + ag be any complex polynomial of

degree n.

o Let f*(2) bedefined as f*(z) = 2" f(1/2) = @pz" + a12" ' + ... + a,, where a;
represents the complex conjugate of a;.
e Construct the sequence (fo(2), f1(2), ..., fn—1(2)) asfollows:
(i) fo(z) = f'(2) where f'(z) isthe derivative of f(z), and
(i) fie1(2) =05 f(2) =0, f7(2) for j=0,1,....,n — 2, where f;(2) is
represented as the polynomial $r=1 77 pU) 2k,
In each polynomial f;(z), the constant term béj Jisareal number, which we denote by 4,

8ja1 = b = 512 — o, 2 for j=0,1,..,n 2.

2A Group G actsfredly onaset X if forall z, gz = z impliesg = e.
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Then, necessary and sufficient conditions for all roots of f(z) to bedistinct and to lie on the unit

circle, |z| = 1, assuming without loss of generalization that a,, = 1, are:

‘Cbo‘ =1, and a; = an_;ap for i =1,2,....n—1, and (6.1)

0p<0and é; >0 for j=2,3,...,n—1 (6.2
Proof: See Appendix A.

Stated informally, equations (6.1) ensure that the degree of freedom reflected in the dimen-
sionality of theinitial space does not change asaresult of the transformation. Of the coefficients
(ap—1,an—2,...,a0) (a, = 1 without loss of generalization), (i) ay has one degree of freedom
(lao| = 1) and (ii) if n isodd, {(af,/21-1,-.,a1) can be derived from (a,,—1, ..., an 275 o)
or (iii) if n is even, ar, o has only one degree of freedom (aj,, /21 = @, 2100 iMplies that
ZLapp/2) = (1/2)Zag) and (ar,, j21-1, -+, a1) can be derived from (a,,—1, ..., app 27415 ao). AS
aconsequence, if nisodd, (a1, ..., ap,/27; ao) € C/2) x S completely specifies the poly-
nomial, and if n iseven, (an—1, ..., (21113 afn/a, a0) € CI/271 5 M2 does the same. M?
denotes the 2-dimensional Mobius band and we shall presently demonstrate that when n iseven,
(an /97, a0) € M2

(1/2)Zag has two solutions, ¢ and (6 + ), where 0 € [0, ). {(af, /21, ao) is represented
as (£|agy, 211, Zao), where ap, /2)'s choice between ¢ and (6 + ) is transferred to the sign of
larn 21| (that is, positive |af,, /21| implies 6 and negative |af,, /)| implies (¢ + 7)). Topological
constraints then require that any point satisfying (+[ay, /21|, Zao) = (o, 0) be identified with
the point satisfying (*|afy, 21], Zao) = (—a, 2m).

Expressions (6.2) enforce (n — 1) additional constraints expressed as strict inequalities on
C* functions over the transformed space (CL"/2) x S for odd n or Cl*/21=1 x M2 for even
n). That the functions are C'*° is evident from their being composed entirely of 4, —, x, and ~
(the sum, difference, product and conjugate operators respectively).

We note immediately, based on continuity and strict inequality, that the resulting space is
open in Cl"/2) x §1 (when n isodd) or Cl*/2)=1 x M2 (when n is even). Moreover, since the
space is the image of a connected set under a continuous mapping, it is connected as well. We
denote the resultant space by IL,,.

We now consider the case wherein both distinct and multiple roots are allowed.
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Theorem 6.2.2 The transformed space corresponding to the polynomial f(z) constrained to
have all roots on |z| = 1 without the requirement that they be distinct, is the closure of L,, (L.,)
inCl"/2] x S for odd n, or in CL"/21=1 x M2 for even n. Furthermore, the set (L,,\L,,) lies
on the boundary of LL,,.

Proof: See Appendix A.

Themultidimensional boundary set (LL,,\IL,,) can be partitioned, based on the multiplicity of
corresponding roots, into connected sets of fixed dimensionality. Each such set is diffeomorphic
to an appropriate manifold I,, 1, L, o, ..., or Ly by way of the mapping that disregards all but

one member of each multiple root. Finally, L,, is bounded because Vi |a;| < (7).

Corollary 6.2.1 Thetransformed space isa compact manifold with boundaries; a subset of the

same dimension of Cl"/2] x St if nisodd or of Cl*/2]-1 x M2 if nis even.

The nature of the spaces for dimensions n = 1,2, 3 is best demonstrated in figures. For
n = 1, the phase-space is the unit circle S*, for n = 2, the Mobius band, and for n = 3, asolid
torus whose cross-section is a concave triangle that revolves uniformly around its centroid as
one travels around the torus. Figure 6.1 presents the phase-spaces for n = 1, 2 and 3.

Finaly, the phase-space for the entire neuronal system isthe Cartesian product of the phase-
spaces of the individual neurons. We shall henceforth denote the phase-space of neuron i by
'L,,,. The phase-space of the system isthen [5_, “L,,,.

Having formulated the above representation for the state of a system of neurons, we must
now consider the effect it has on the description of the membrane potential function. In Chap-
ter 4, Pz, ..., 2t ad, . ab?, L xk, 2l L 2l was assumed to be C° for all neu-
ronsi. In Appendix B we define a corresponding function P, : 'L, x 2L, x ... x "L, X

‘L,,, — R on the transformed space, that is C°.

6.3 Geometric Structure of the Phase-Space: A Finer Topology

In the previous section we constructed the phase-space for an individua neuron as a fixed di-
mensional manifold, the fixed dimensionality derived from the existence of an upper bound on

the number of effective, efferent spikes that the neuron can possess at any time. We aso noted
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Figure 6.1: Phase-spaces for n = 1,2 and 3. Note that the one-dimensional boundary of the
Mobius band isacircle, and the two- and one-dimensiona boundaries of the torus are a M obius
band and a circle, respectively.

that at certain times, the neuron might possess fewer effective spikes. It follows from the pre-
vious section that under such circumstances, the remaining variables are set at emg' = 1. Inthis
section, we examine the structure induced in the phase-space as aresult of this feature.

Formally, we denote by p € (*L,,, x 2L,, x ... x °L,) apoint in the phase-space and
by (p1,p2, ..., ps) its projection on the corresponding individual spaces, that is, p; € ‘L,,,. For
each neuron ¢, we denote the number of variables set at et =1 by o;. Such spikeswelabel as
dead since their effectiveness on all neurons has expired. All other spikes we label aslive.

To begin, we note that for any L,,,, the subset of the space satisfying o; > k lies within
the subset of the space satisfying o; > (k — 1). In the previous section we established that the
phase-space of a neuron with asum total of & spikesisak-dimensional compact manifold. We
now relate (a) a phase-space A corresponding to & spikes to (b) the subset satisfying o > 1
of a phase-space B corresponding to (k + 1) spikes. Equating the appropriate polynomials,

(z = D[2F +ap_12F "+ ...+ ag) = 2P+ bp2F 4+ .+ by, wearrive at

bi = a;—1 — a; fori=0,....k (assuminga_; =0,a; = 1), hence, 63)

a;—1 = Zle bj +1 fori=1,....k.

That the mapplng Fr : A - B, fk(ak_l,...,a(k/g];éao) = (bk,...,b[(k+1)/21;4b0),
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isinjective follows directly from equations (6.3). That the mapping is an immersion (that is,
rank(F;) = dim(A) = k at all points) follows from the description of (DFy,), which when

simplified resultsin the (k + 1 x k) matrices (for even k and odd & respectively),

1 0 0 0
1 0 0

0 1 0 0
0 1 0 and ' o ' : . (64
0 --- 0 cos(52)
0 -+ 0 sin(£)

|a(§}| 0o - 2sin(%) —2005(%)

A being compact, 7, : A — B isaso an imbedding. Consequently, A is a homeomor-
phism onto itsimage, that is, the topology induced by A on F;.(A) is compatible with the sub-
space topology induced by B on Fi.(A). Finaly, repeated application of the argument for dis-
tinct values of k establishes that for all &, the subset of the space satisfying o > k isaregular-
submanifold of the subset of the space satisfying o > (k — 1).

Alternatively, the mapping from aspace A corresponding to k& spikes, to the subset satisfying
o > (I — k) of aspace B corresponding to [ spikes, can be constructed directly by composing
multiple F’s. Not only does the mapping F, = F;_1 0 Fj_g 0 ... o F}, map the space A into the
space B, but it also maps relevant subspaces® of A into corresponding subspaces of B. Since
(DFL) = (DFi—1) * (DF—2) * ... * (DFy), it follows from the arguments in the previous
paragraph that 7, is an imbedding.

Figure 6.2 displays the subspaces satisfying o > 2 (imbedding of acircle) and o > 1
(imbedding of a Mobius band) located within the phase-space for n = 3. We shall henceforth
denote by Zﬂb the subspace satisfying o; > j for neuron . Consequently, °L,, = ZE% D
Ty, D ... DL,

It must be noted that ]—',i : A — B not only maps phase-spaces but aso maps flows iden-
tically, afact manifest in the following informal description of the dynamics of the system: If
the state of the system at a given instant is such that neither any live spike is on the verge of

death nor is any neuron on the verge of spiking, then all live spikes continue to age uniformly.

3 Subspaces corresponding to at most (k — 1), (k — 2), ..., 0 live spikes.
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Figure 6.2: Subspaces o > 2 and o > 1 in the phase-space for n = 3. Thetorusis cut in half,
and the circle and the M dbius band within each half are exposed separately.

If aspike is on the verge of death, it expires (stops aging). This occurs when the spike reaches
e = 1. If aneuron ison the verge of spiking, exactly one dead spike corresponding to that
neuron is turned live.

Since dl dead spikes remain stationary at eirl — 1, they register as a constant factor in
the dynamics of a neuron. This has the important ramification that the total number of spikes
assigned to a neuron has little impact on its phase-space dynamics. ]—“,lC : A — B, inessence,
congtitutes abridge between all flowsthat correspond to agiven number of live spikes possessed
by aneuron over agiven interval of time. While the total number of spikes assigned to aneuron
dictates the dimensionality of its entire phase-space, flows corresponding to a given number of
live spikes lie on afixed dimensional submanifold and are C'*°-conjugate’ to each other.

We note that vV > 1 ZEZL isaC* hypersurface of dimension (n; — j) in‘L,,,.> Moreover,
sinceVj > 2 Zﬂl features amultiple root at %, it lies on the boundary of ‘L,,,.

The submanifolds ZEfl (j =1,...,n;) are not reveaed in the topology of ‘L,,, regarded (as

iSince FL : A — BisC™.

®S C M isak-dimensiona C? hypersurface in the m-dimensional manifold M if for every point s € S and
coordinate neighborhood (U, ¢) of M suchthat s € U, ¢(UNS) istheimage of an open set inR* under aninjective
C? mapping of rank k, ¢ : R¥ — R™.
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the case may be) as a subspace of CL"i/2) x S or of Cl™i/21=1 % M? (topologized by respec-
tive standard differentiable structures). We therefore assign ‘LL,,, the topology generated by the
family of all relatively open subsets of ZEL Vj > 0. This new, gtrictly finer topology better
matches our intuitions regarding the set of states that should comprise the neighborhood of any
given state of the system.

Previoudly, we defined a C'* function E(~) that represented the potential at the soma of
neuron . We denote by P;° the subset of the space wherein P;(-) = T, and by P! the subset
wherein dP;(-)/dt > 0 isdso true. Trivially, P/ C P?.

We now note that at all points satisfying E(-) = 7T there exists a direction = such that
OP;(-)/8z # 0.5 It therefore follows from the implicit function theorem that P is a regu-
lar submanifold of codimension 1. Furthermore, P! isaclosed subset of P°. Thisis based on
the observation that P;(-) being C>°, dP;(-)/dt along any direction d/dt is C*® on P5.

To summarize, the phase space ('L, x 2L,,, x ... x 5L, ) contains (a) S C°° hypersurfaces
Plfori = 1..S, and (b) for each 'L,,,, C*° hypersurfaces ZE; ) ZEi O .. D Ly of

successively lower dimensions.

6.4 TheVelocity Field

In Section 6.2 we described the phase-space for a system of neurons, and in Section 6.3 we as-
signed it a particular topology. In order to complete the description of the abstract dynamical
system, we must assign the phase-space a velocity field.

In this section we stipulate the velocity field, V : T[S, ‘L., — []5., T(‘Ly,), which arises
from the natural dynamics of the system. 7'(-) denotes the tangent bundle (appropriated from
the ambient space CL/2) x S for odd n; or CL/2/=1 x M2 for even n;).

We define two vector fields, V! and V2. For the case in which no spike is on the verge of
death and no neuron is on the verge of spiking, the velocity is specified by V!. Formally, V!
appliestoal pointsp € 15, (T 'Ly ™) for all values of o; < n; that satisfy Vi = 1,...,S

p ¢ P!. For the caseinwhich aneuron ison the verge of spiking, the velocity is specified by 2.

5This is not the case when ISi(~) = 7 isapoint. In all other cases there exist effective spikes that satisfy the
criterion.
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Formally, V2 applies to al points p that satisfy 3i such that p € P/. Since V! is, by definition,
afunction of o;'sfor dl i = 1, ..., S, it accounts for the case in which a spike is on the verge of
desath.

It follows from the natural dynamics of the system that given point p = (p1, ..., ps) in the
phase-space, V(p) = (VI (p),..., Vi(p)) can be redefined as (Vi (p1), ..., VL(ps)). Thatis,
each component V! of V! is solely afunction of p; € °L;’. Thisisaso true for V2. Onceit is
determined which P’s p lies on, each component V? can be computed based solely on p;.

We noted earlier that the differentiable structures of Z]L( . and Z]L, . are compatible by

virtue of f“(’;l being an imbedding. We also noted that flows corresponding to V! for & live

—oy)
spikeslie on a k-dimensional submanifold and are C'°°-conj ugate to each other, F; ,i congtituting
the bridge between such flows. We therefore define V! on (‘L (ns—cs) \' ]L (ns—ay))- Thecorre-
sponding velocity field on (‘L7 \'L; ") is then defined asF .y VT

Let p; correspond to 2™ ~% + ani_gi_lz"i*”i*1 + .. +ag = [[}5,7 (2 — z). Sinceall
roots rotate at constant speed, that is, z; = O DN P ;/dt = 222, Simple algebra then

demonstrates:

Theorem 6.4.1 V! for the C>°-conjugate flows on (‘L On —o) \' IL, (ni—cy)) IS TiveNn by

dam,m,k 2m A n; — o;

=—kO for k=1,... d k=n; —o; 6.5
y T or . | an n;g —o (6.5
d‘ani—di|

——F— =0 when (n; —0;) iseven. (6.6)

6 denotes the basis vector /90 on C 3 ay,, o, forany k = 1, ... , |57 ], represented
as {(r,0) | re? = an,_o,_r},0NSt > aorepresented as {0 | § = Zag}, and on M2 >
<a@,ao> for even (n; — o), represented as {(r, 0) | r = i’a% l,0 = Zap}.

Stated informally, each parameter revolves around its origin at uniform speed, the speed of
successive parameters increasing in steps of (27/7Y).

Turning our attention to V2, we note that VZ(p;) can be obtained from V} (p;) by setting o;
to (0, — 1); V2(p;) for p; € (Lo ) is equivalent to V! (p;) on ‘L' ignoring the fact

that p; lies additionally on ZEZZ c Z-Ezz,ll

"The reader should refer to Chapter 5 for questions regarding the mapping of vector fields from one C*° manifold
to another.
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Figure 6.3: Schematic depiction of the velocity field V.

Wehavedefined V : []2_, 'L,,, — []5_, T'(*LL,,,) based on our absol ute knowledge of flows
in the phase-space. The utility of this construction is to be found in the assistance it rendersin
the analysis of loca properties of flows (a topic that is pursued in Chapter 8). V is however
discontinuous. It must therefore be confirmed that 1 does not generate inconsistencies in the
model. We consider this problem next.

Both V} and V? are smooth on (‘L;! \Z'EZZ_H) for any ¢;. The only points where the pro-
jection of atrajectory ¥(z, ) on 'L’ is not differentiable (where, incidentally, it is not even
continuous when regarded in the context of the new, finer topology) is therefore when it meets
Lot

nq

" or it mests P!. Thisgivesrisetothe potentia problem that dﬁi(-) /dt might not be com-
puteble on P/, for whereas P;(-) is C'*°, one component of d¥(z, t)/dt in 'L, —the velocity
of the dead spike that just turned live—is undefined. However, one needs only to recall from
Appendix B that for any spike = stationed at €™, OP;(-)/0z = 0 over an infinitesimal interval
(e > e > ¢i(27=9)) The problem is therefore resolved trivially.

Figure 6.3 presents a schematic depiction of the velocity vector field )V described above.
Figure 6.3(a) displays ) corresponding to apatch of iE; within apatch of "Eg, and Figure 6.3(b)
displays V' corresponding to a P/ lying on a patch of iE; within iEg.

6.5 TheAbstract Dynamical System

We are now in a position to define an abstract dynamical system without reference to neuronal
systems. The phase-space of the system isgiven by []5_, “IL,,, (with the topology described in
Section 6.3), which contains S C*° hypersurfaces PZ.I fori =1,...,S. Thevelocity field V on
the phase-space is as defined in the previous theorem.

In order for the system to be consistent, each hypersurface PZ.I must at the least satisfy two
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additional constraints.

1. Thecriterion that any neuron i possess at most n; live spikes can be enforced by the con-

sraint: Vi = 1,...,8, P 0 ([[24 Lo, x (Lo VL) x [15,4,°Ly,) = 0.

i J

2. The criterion that multiple roots occur only at ¢ (when the spikes are dead) can be en-
forced by requiring the normal to the hypersurface P/ N Hle(jEZfl\jEZfl) a all
locationson P/ N[5, (FLy7\J EZjﬂ) not to be orthogonal to V2 for any values of i and
o; < nj.

Finaly, since neurons that spike spontaneously are not modeled, one can additionally en-

ng
ng?

force theweaker constraint: Vi = 1,..., S, P/ N[[5_, /L, = 0. Itthenfollowsthat [, 'L
denoting the state of quiescence in the neurona system, isthe sole fixed point of the dynamical

system.

6.6 Summary

In this chapter, we formulated an abstract dynamical system that models systems of biological
neurons. The moded was constructed by extending the model of alone biological neuron de-
scribed in Chapter 4.

We defined the phase-space of the system in Section 6.2, assigned it a particular topology in
Section 6.3, and described the velocity field that overlays the phase-space in Section 6.4.

The phase-space of neuron i isrepresented by ‘L, (the superscript i denotes the neuron and
the subscript n; the dimensionality of the space or equivalently the number of spikes assigned
to the neuron). The phase-space for a system of S neurons is therefore given by ]_[f:1 Ly,

[T, L., contains S C* hypersurfaces P for i = 1...S, each representing the class of
states of the system that causes the corresponding neuron to spike. The specific instantiation
of each hypersurface is determined by the connectivity between the neurons in the system, the
strength of the synapses in the system, their modulation of one another’s effects at the somas of
individual neurons, and a host of other physiological and anatomical parameters.

Each ‘LL,,, contains n; C> hypersurfaces @711 ) ZEi O ... D 'L, of successively lower
dimensions. These hypersurfaces denote the class of states of neuron ¢ that correspond to at

most (n; — 1) live spikes, at most (n; — 2) live spikes, and so forth.
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Thisconcludes the description of the abstract dynamical system. Theremainder of thethesis
investigates the saient characterigtics of the dynamics of this system. In Chapter 7, we famil-
iarize the reader with the generic dynamics of the system through numerous simulation experi-

ments. We then formally analyze the dynamics of the system in Chapters 8 and 9.
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Chapter 7

Mode Simulation and Results

A model isworthwhile only to the extent to which it succeeds in emulating the salient behavior
of the physical system it models. Inthischapter, wetherefore investigate by means of simulation
the dynamical behavior of the model just described.

We have chosen as our target unit atypical column in the neocortex. These neuronal sub-
systems are ideally suited for our purpose because, on the one hand, their configurations (con-
nectivity pattern, distribution of synapses, etc.) fit statistical distributions and, on the other, they
exhibit distinctive patterns of qualitative dynamical behavior.

We must mention here that although the anatomy and physiology of the neocortical column
has been thoroughly explored, the prodigious amount of information necessary to accurately
model any particular neocortical column is neither available at present, nor is it expected to be
available in the near future. Furthermore, it isnot our intent to model any particular neocortical
column. Our principal objective isto determine whether the qualitative aspects of the dynamics
of appropriate instantiations of the system constructed in Chapter 6 match those of neocortical
columns in the brain.

The nature of the results presented in this chapter is therefore more qualitative than quanti-
tative. Any claims made regarding the capacity of the model at emulating a particular behavior
should therefore be construed primarily as a cautious affirmation of the model.

Sections 7.1 and 7.2 describe the generic features of the anatomy, physiology, and the dy-
namics of neocortical columns. In Section 7.3, we describe several instantiations of the abstract
dynamical system, each modeling atypical columninthe neocortex to adifferent degree of accu-
racy. Section 7.4 describes the classes of datathat are recorded from the simul ation experiments,

and Section 7.5 compares them to those reported from the real biological system.
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7.1 General Features of the Anatomy and Physiology of Neocortical Columns

Extensive information is available about the anatomical and physiological composition of the
neocortex (Braitenberg & Schiiz, 1991; Shepherd, 1998). While not sharply defined every-
where, neocortical columns have a diameter of approximately 0.5 mm. Intracolumn connec-
tivity is markedly denser than intercolumn connectivity. Whereas inhibitory connections play
aprominent role within a column, intercolumn connections are distinctly excitatory. A column
contains approximately 10° neurons. The number of synapses each neuron makes ranges be-
tween 103 and 10*. The probability of a neuron’s making multiple synapses on the dendrite of a
postsynaptic neuron isfairly low (Braitenberg, 1978). The connectivity between neuronswithin
acolumn (intracolumn as opposed to thalamic afferents), while having evolved to achieve aspe-
cific function, has been experimentally ascertained to fit astatistical distribution (Schiiz, 1992).
The location of afferent synapses on the collaterals of the neurons has similarly been shown to
fit astatistical distribution (Braitenberg & Schiiz, 1991).

Neurons in the neocortex can be divided into two main groups. the spiny and the smooth
neurons. Spiny neurons can, in general, be subdivided into pyramidal and stellate cells, with
pyramidal cells congtituting by far the major morphological class. Diversity among smooth
neurons is much higher (Peters & Regidor, 1981). Spiny cells receive only Type Il (inhibitory)
synapses on their somas and both Type | (excitatory) and Type |l synapses on their dendrites.
They are presynaptic to only Type | synapses. Smooth cells receive both Type | and Type Il
synapses on their somasand are, in general, presynaptic to Type |l synapses (Peters & Proskauer,
1980). Approximately 80% of all neurons in the neocortex are spiny, and the rest are smooth.
Both kinds contribute on average to the same number of synapses per neuron.

Axonal arborizations that make local connections rangein length from 100 to 400 um. The
speed of propagation of aspike can be estimated at approximately 1 m/sbased on thefact that ax-
onswithinacolumn areunmyelinated. Synaptic delaysrange between 0.3 and 0.5 msec. Conse-
guently, thetimeinterval between the generation of aspike at an axon-hillock and its subsequent
arrival across a synapse can be estimated to lie between 0.4 and 0.9 msec. Finally, anatomical

investigations suggest that dendritic collaterals are seldom longer than three space constants.*

1 The space constant is the distance over which response drops by afactor of e.
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7.2 General Features of the Dynamics of Neocortical Columns

The past few decades have witnessed numerous investigations into the el ectrophysiological ac-
tivity of the cortex. The magjority of these studies fall under two categories. The first is the
recording of action potentials (spikes), which reflect the output of single cortical neurons with
atime resolution of milliseconds, and the second is the recording of the Electroencephal ogram
(EEG), aslow, continuous wave that reflects the activity of hundreds of thousands of neurons.?
An aspect shared universally among single neocortical neuron recordings is the apparent
stochastic nature of the spike trains (Burns & Webb, 1976). A good measure of spike variabil-
ity is given by the coefficient of variation (CV) of an ISI distribution.> Spike trains of cortical
neurons have CV’s ranging from 0.5 to 1.1, resembling a Poisson process for which CV= 1.
In the case of EEG recordings, the outputs are significantly more abstruse. Classical signal
analysis has long considered EEG records as redlizations of (often stationary) stochastic pro-
cesses, and spectral analysis has been the conventional method for extracting the dominant fre-
guencies of the rhythms (Erdi, 1996). Spectral charts of EEG records generaly exhibit peak
densities at frequencies of major cerebral rhythms, superimposed on a“ 1/f” spectral envelope.
Recently, some researchers have come to regard EEG records as the chaotic output of anon-
linear system (Basar, 1990), and have attempted to measure the dimensionality of its various
components (Babloyantz, Salazar & Nicolis, 1985; Roschke & Basar, 1989). Unfortunately,

the results remain varied and inconclusive.

7.3 Experimental Setup

We conducted simulation experiments to compare the dynamica characteristics of our model
to the salient properties of the dynamics of neocortical columns.* The parameterized function

v(z,t) = {aQ/(xv/t)}eP=*/te=7 was used to model the response to a spike at the somaof a

2In recent times, however, there has been adistinct shift towards Positron emission tomography (PET) and Func-
tional magnetic resonance imaging (fMRI) studies of the brain.

3The CV isdefined as theratio of the standard deviation o to the mean . of adistribution.

4Instantiating the abstract dynamical system involves the choosing of an appropriate number of spikes to be as-
signed to each neuron and the associated specification of the hypersurfaces P/ for each neuron in the system. The
nature of these hypersurfaces depends upon the connectivity of the neurons in the system, the location and strength
of synapses, the lengths of the axonal collaterals of the neurons in the system, etc.
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neuron (the reader should refer to Chapter 3 for aderivation of thisequation). Thetotal response
at the somawas computed as the sum of the responses to individual spikes. The parameters «,
(6, and ~ were set so asto fit response curves from NEURON v2.0 (Hines, 1993). Refractoriness
was modeled by the function ce 9.5

Four separate sets of experiments were performed. The physiological accuracy of the model
was enhanced with each successive set of experiments. In each case aneuronal system compris-
ing 1000 neurons with each neuron connected randomly to 100 other neurons was modeled.’
Model | Eighty percent of al neurons in the system were randomly chosen to be excitatory
(spiny) and the rest inhibitory (smooth). The strength of a synapse () was chosen randomly
from a uniform distribution over the range [5.7, 15.7].7 Values for the parameters «, 3, and
were chosen so asto model asynaptic response with an uncharacteristically short period of effec-
tiveness (7 ~ 10 msec) and were set at fixed valuesfor the entire system. = inv(x, t) wasalso set
at afixed valuefor theentire system. In other words, not only wereall afferent synapses assumed
to be located at the same distance from the soma, but they were also assumed to be generating
identica (to a constant factor) responses. Excitatory and inhibitory neurons were constructed
to be identical in al respects save the strength of inhibitory synapses, which was enhanced to
six times the magnitude () x 6.0). The lengths of the axonal collaterals and their variability
were assumed to be uncharacteristically large; the time interval between the birth of aspikeat a
soma and its subsequent arrival across a synapse was randomly chosen to lie between 5 and 15
msec (uniformly distributed). The parameters ¢ and 4 in the function modeling refractoriness
were set at appropriate values and held constant over the entire system. The threshold was es-
tablished such that at least 10 excitatory spikes (and no inhibitory spikes) with coincident peak

impact® were required to cause a neuron to fire and it was held constant over the entire system.

SWhereas in the abstract mode!, P(-) must necessarily be C'°°, such restrictions do not apply here because the
function is, in any case, discretized in time for simulation.

SSimulating larger systems of neurons was found to be computationally intractable. Although we did run afew
simulationswith 10* neurons, the limited scope of the simulations did not warrant their inclusion in thetext. Wealso
ran experiments on systemswith 100 and 500 neurons. The qualitative characteristics of the dynamics described here
became more pronounced as the number of neurons in the system (and their connectivity) was increased.

7 Although arbitrary, this range demonstrated arich variety of dynamica behaviors with regard to the numerous
instantiations of the model. Moreover, the reader should note that the threshold of the neuron was set based on this
range, and therefore any model based on a scaled version of this range (with the threshold appropriately scaled)
would exhibit identical behavior.

8The probability of 10 spikes’ arriving in such amanner that their peak impacts on a soma coincide is very low.



The system wasiinitialized with 5 live spikes per neuron chosen randomly over their respective
lifetimes (approximately 200 spikes per second per neuron).

Model 11 The lengths of the axonal collaterals aswell astheir variability were modified to re-
flect realistic dimensions; the time interval between the birth of aspike at a soma and its subse-
guent arrival across a synapse was randomly chosen to liein the aforementioned range of 0.4 to
0.9 msec. All other aspects of the model were left unchanged.

Mode Il The unrealistic assumption that all afferent synapses be located at the same dis-
tance from the soma and generate similar responses was eliminated. Instead, the locations of
the synapses were chosen based on anatomical data (Bernander, Douglas & Koch 1992). On
the spiny cells, inhibitory synapses were cast randomly to within a distance of 0.3 space con-
stants from the soma, and excitatory synapses were cast randomly from a distance of 0.3 to 3.0
space constants from the soma. On smooth cells, both inhibitory and excitatory synapses were
cast randomly between distances of 0.0 and 3.0 space constants from the soma. Since a synapse
closer to the somainduced amore intense response, we were aso able to eliminate the factitious
assumption of inhibitory synapses being six times stronger than excitatory synapses. Next,
50% of al excitatory synapses wererandomly chosen to be of type non-NMDA (AMPA/kainate)
and the rest of type NMDA..? Likewise, 50% of all inhibitory synapses were randomly chosen
to be of type GABA 4 and the rest of type GABA . The characteristic response of each kind
of synapse was modeled after graphs reported in Bernander, Douglas & Koch (1992) using the
parameterized potential function. Finally, the threshold for firing of a neuron was reduced to
an uncharacteristicaly low vaue, and the system was initialized at a very sparsely active state
(approximately 20 spikes per second per neuron).

Model 1V a,b Thethreshold for firing of a neuron was returned to its characteristic vaue, and
the system was initialized at a more redistic state. Two separate initializations, one with ap-
proximately 100 spikes per second per neuron and another with approximately 150 spikes per

second per neuron, were considered.

It took on average 20 live spikes to cause a neuron to fire.

“While the voltage dependence of NMDA synapses can be modeled in this framework, for the sake of simplicity,
the NMDA receptors were assumed to be relieved of the Mg?* block at all times. In other words, they were set at
peak conductance irrespective of the postsynaptic polarization.
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7.4 Data Recorded

The dynamics of several random instantiations of the models was investigated. In each case
neurons were assigned a maximum number of effective spikes (n = [Y/r]|) based on upper
(for 1) and lower (for r) bounds computed from physiological parameters (Bernander, Douglas
& Koch 1992). Each system wasinitialized randomly, and the ensuing dynamics was observed
in the absence of external input. Two classes of data was recorded. The temporal evolution of
the total number of live spikes registered by the entire system (afeature peculiar to the dynami-
cal system under consideration) was recorded as an approximation to EEG data, and individual
spike trains of 10 randomly chosen neurons from each system were recorded for comparison

with real spike train recordings.

75 Results

The most significant outcome of the simulation experiments was the emergence of distinct pat-
terns of qualitative dynamical behavior that were found to be robust across al models and their
numerous instantiations. Three classes of behavior were encountered. Each randomly gener-
ated instantiation of the models possessed an intrinsic range of activity'® over which the system
displayed sustained chaotic behavior. This range was found to conform with what is generally
held as “normal operational conditions’ in the neocortex. If the system was initiated at an ac-
tivity level below this range, the total number of live spikes dropped as the dynamics evolved,
until the trivial fixed point of zero activity (the state of quiescence) was reached. In contrast, if
the system wasinitiated at an activity level abovethisrange, the total number of live spikes rose
until each neuron spiked periodically at a rate determined primarily by its absolute refractory
period. In other words, the system settled into a periodic orbit of intense regular activity resem-
bling a state of seizure. Figure 7.1 displays the result of one such experiment (two of the three
classes of behavior, intense periodic activity and sustained chaotic activity are shown), aresult
that is representative of the qualitative dynamics of all the systems that were investigated.

The span of the above-mentioned range was identified to be dependent on an assortment

10The corresponding region in the phase-space is not exactly quantifiable through numerical analysis because of
the nature of chaos. Under conditions of relatively uniform activity, arange with soft bounds was, however, detected
with respect to the average spike frequency.
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Figure 7.1: Time series (over the sameinterval) of the total number of live spikes from a rep-
resentative system initiated at different levels of activity. Two of the three classes of behavior,
intense periodic activity and sustained chaotic activity, are shown.

of parameters, most prominent among which were the proportion of inhibitory neurons in the
system, their synaptic strengths, and their characteristic responses. Systems constructed from
Modelslll and IV manifest wider spansfor the noted range. A closer inspection of the dynamics
revealed the almost guardian-like role that the pool of inhibitory neurons played to the volatile
tendencies of the excitatory neuron population. Two factors were found critical in the determi-
nation of the noted span. The first was the magnitude of the bounds (a) the maximum level of
aggregate excitatory activity that the inhibitory pool, when fully operative, could subdue, and
(b) the minimum level of aggregate excitatory activity that could recuperate once the inhibitory
pool ceased to inhibit, and the second was the gradient of the characteristic response of the in-
hibitory neuron population in the neighborhood of these bounds, that is, the speed with which
the inhibitory population responded to subdue increased activity aswell asthe speed with which
it ceased when activity was sparse.

Figures 7.2 and 7.3 report results from simulations of systems that were initialized at activ-
ity levels within the above-mentioned range. Figure 7.2 displays normalized time series data
pertaining to the total number of live spikes from representative instantiations of each model.
Also shown are the results of a power spectrum analysis corresponding to each of the time se-

ries. Although there is substantially more to an EEG record than the dynamics of 1000 model
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Figure 7.2: Normalized time series of total number of live spikes from instantiations of each
model and corresponding Power Spectrums.

neurons, the presence of peak densities at specific frequencies and a“ 1/f” spectral envelope in
each of the spectra supports the view that the abstract system does model the salient aspects of
the dynamics of neocortical columns.'! Furthermore, the absence of any stochastic component
to the model 12 demonstrates that the standard features of the EEG spectrum do not necessarily
imply that the underlying process is stochastic.

Of the 10 neurons from each system whose spike trains were recorded during simulation,
we chose one whose behavior we identified as representative of the mean. Figure 7.3 displays
the time series of 1SI’s of these neurons (one per model) and their corresponding frequency dis-

tributions. The spike trains are not only aperiodic, but their ISl distributions suggest that they

" The reader isreferred to Chapter 2 for specimens of real EEG recordings and corresponding spectra.

12The neurons are deterministic, and the system does not receive external input.
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Figure 7.3: Interspike interval recordings of representative neurons from each model and cor-
responding frequency distributions.
could be generated from a Poisson process. We also computed the values of the CV's for the
various spike trains. The results obtained were encouraging: valuesranged from 0.063 to 2.921
with the mgjority falling around 1.21.13 Neuronswith higher rates of firing tended to have lower
values of CV. The agreement between the qualitative aspects of the simulation data and that of
real 1S recordings speaks additionally in favor of the viability of our model.

We conducted asecond set of experiments to ascertain how predisposed the systems wereto
the chaotic behavior in the presence of regulating external input. Each system was augmented
with 2 pacemaker neurons—an excitatory and an inhibitory—that spiked at regular intervals.™

Thetopology of the system was modified such that of the 100 afferent synapses on each neuron,

1350ftky & Koch (1993) report that the CV’s for spike trains of fast-firing monkey visual cortex neurons lie be-
tween 0.5 and 1.1. Asthe results clearly indicate, our deterministic model can account for this range of data.

14The two pacemaker cells spiked every seventeenth time step, generating the simplest form of periodic input.
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Figure 7.4. Interspike interval recordings of five representative neurons each, from three sys-
tems with 70%, 80%, and 90% of the synapses on neurons driven by two pacemaker cells, are
shown.
s received their input from one of the 2 pacemaker cells chosen randomly, and the remaining
(100—s) received their input from other neuronsin the system. s wasincreased with successive
experiments until the system wasfound to settleinto aperiodic orbit. Figure 7.4 depictsthelSI’s
of 5 representative neurons each, from systems with s set at 70, 80, and 90. The discovery that
the system did not quite settle into a periodic orbit even when 90% of al synapses were driven
by periodic spikes bears withess to the system’s propensity for chaotic behavior.

Finally, experiments were conducted to determine whether the systemswere sensitive toini-
tial conditions, afeature closely associated with chaotic behavior. Each system was initialized
at two proximal pointsin state-space, and the resulting dynamics was recorded. Respective tra

jectories were found either to diverge strongly or become coincident. Figure 7.5 depicts the
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Figure 7.5: Two trgjectories that diverge from very close initia conditions.

temporal evolution of the total number of live spikes registered by two identical systems of 100
neurons that were initialized with approximately five live spikes per neuron, chosen randomly
over respective lifetimes. Theinitialization of the two systemswasidentica except for one spike
(chosen randomly) in the second system, which was perturbed by 1 msec. Asthe figure demon-
strates, the trgjectories diverged strongly.'®

Theresults presented in this chapter are substantially more qualitative than quantitative. The
goal of the simulation experiments was not to emulate the dynamics of any specific neocortical
column. The data necessary to accomplish such afeat are not available, and we do not claim
that the idealized neuron models all aspects of aneocortical neuron. The principal objective of
the exercise was to demonstrate that the abstract dynamical system developed in the previous
chapter was capable of accounting for the qualitative dynamics of atypical neocortical column.
To this end, values for the various parameters were chosen such that the resulting systems re-
sembled generic neocortical columns, and the dynamics of these systems were assessed only to

the extent to which they conformed with the generic dynamics of neocortical columns.

7.6 Summary

In order to ascertain the viability of the abstract dynamical system described in the previous

chapter, we conducted simulation experiments to compare the dynamical characteristics of the

5 The scrupul ous reader will notice that the graphsin the figure exhibit divergence only after 5 sec. This, however,
is an artifact of the coarseness of the recorded parameter, the total number of live spikes registered by the entire
system. Divergence isimmediate. However, it is discernible as a disparity in the total number of live spikes only
after awhile.
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system, set up to model atypical neocortical column, to those of the real system.

The choice of the target system, atypical column in the neocortex, was based on several
notable factors. While in theory the entire brain may be viewed as an enormous network of
neurons, such an outlook is unlikely to result in useful observations, any more than finite state
assumptions help understand large but finite computer systems. The neocortical column has
not only been intensively investigated, but it also embodies an anatomical and functional ho-
mogeneity that confers upon it aunitary status.

The experiments revealed that the qualitative characteristics of the dynamics of the abstract
system are akin to those observed in the real system. They also highlighted the fact that in the
region of the phase-space corresponding to “normal operational conditions’ in the neocortex,

the dynamics of the system is chagtic.
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Chapter 8

Local Analysis

Our objectiveinthischapter istoidentify thelocal properties of trgjectoriesinthe phase-space of
the abstract dynamical system formulated in Chapter 6. We pursue this goal through ameasure
analysis in Section 8.3 and a cross-section analysis in Section 8.4. Section 8.5 then applies the
findings of these sectionsto the dynamics of neocortical columns. Itisinferred that the dynamics
of aneocortical column under normal operational conditionsisamost surely sensitive to initial
conditions, and under seizure-like conditions is amost surely insensitive to initial conditions.

As was noted in Chapter 2 Section 4, the definition of a differentiable manifold does not
stipulate aninner product on thetangent space at apoint. Sincewe propose toinvestigate aspects
of the dynamics of the system that are founded on the notion of a distance measure (such as
sengitive dependence on initial conditions), we first endow the phase-space with a Riemannian
metric. Thisisaccomplished in Section 8.1.

In Section 8.2, we conduct a perturbation analysis on trgjectories in the phase-space of the
abstract dynamical system. The nature of the Riemannian metric introduced in the previous
section ensures that the analysis can be restricted to two cases. the birth of a spike and the death
of aspike. The precise relationship between a perturbation before an event and the consequent
perturbation after the event is derived for both cases.

In Section 8.3, the result of the perturbation analysis is utilized to demonstrate that the dy-
namics of the system is expansive at the birth of a spike and contractile at the death of a spike.
Section 8.4 applies the same result to derive the impact of a series of births and deaths of spikes
on atrgjectory; the criterion for the trgjectory to be sensitive to initial conditionsisderived in a
probabilistic framework.

Finaly, in Section 8.5, we deduce the qualitative features of the dynamics of a neocortical

column based on the results of Section 8.4 and anatomical and physiological parameters.
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8.1 TheRiemannian Metric

Weremind the reader that in Chapter 6 we constructed the phase-space for the dynamical system
as[]2_, 'L,,, and endowed it with velocity fields V! and V2. We choose the Riemannian metric
inamanner such that all flows corresponding to thevelocity field V! on T2, (‘L \iEZj,H) (for
any values of ¢;’s) are not only measure preserving but also shape preserving. The intuitive
appeal of the choice liesin the fact that under the application of such ametric, any section of a
trgjectory that isdevoid of births and deaths of spikes turns uneventful from a measure theoretic
perspective.

Since for every o; > 1, 'L, corresponds to states of neuron ¢ that feature multiple com-
ponents set a ¢ = 1, it lies on the boundary of ’Eg It follows from the description of L,,,
in Chapter 6 that the boundary set in the neighborhood of p; € (‘L \Z'EZ’:LI) islocally diffeo-

morphic to an open subset of iEZi_l . Finally, the nature of the velocity fields V} and 1)? reveals

that for all p; € (‘L' \"Ly' ™), Vi € T(L; ™). Itistherefore sufficient aswell as appropriate

that the Riemannian metric at p € []2_, (‘L7 \'L7" ) be defined over ([T, "L ), that
D T, T ) = R,

ng

is,as®: T([[2, Ly~

Let p; € (L' \"Ly"*") denote the state of neuron i. We consider (‘L' \'L;' ') as asub-

space of ;"' The imbedding Frl (1) MaPS iigi,(oi,l) onto ‘7" " in a manner such

—1 1

that (iLni—(ai—l)\iEii—(ai—l)) C Tgi_(ai_l) is mapped onto (TZ?\@ZZH) c Ly The

0
n;—(0;—1)

mapping £, _(,,—1) : T @i=Y — L isalocal diffeomorphism at all points sat-

isfying ¢! # ¢it? £ .. # e " Hence, the mapping (F_ g1y © Frim(o1-1)) I8
alocal diffeomorphism at al such points. Finaly, whereas the section of ‘L,,, that is actually
explored by the state dynamics of neuron i, that is, the feasible space, does contain states com-
posed of identical components, such components are necessarily set at eirl = 1. Consequently,
VL, then

if W c 7~ (@=1) denotes the inverse image of the feasible section of (‘L
the constraint e} £ eie? + =+ ¢z is satisfied throughout W.
We are now in a position to define a C°>°-compatible basis for T(]_[;.S:1 ‘L,,) inthefeasible
section of [[3, (‘L7 \'L7 ™), namely, the set of vectors CFr o) OUF, (5i-1))+(0/0x])
fori=1,..,Sandj=1,...,n;—(0;—1). Weshal, for the sake of brevity, henceforth refer to

1) © Fri—(0,-1))+(0/0x]) asB]. We set the Riemannian metric to &(E, EY) = 1
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ifa = candb = d, and ®(E., E¢) = 0 otherwise. Intuitively, the metric enforces that inde-
pendent perturbations along any live spikes of neurons and exactly one dead spike per neuron
are mutually orthogonal.

The component labels in W can be chosen in a manner such that E! € T(iEZifl) lies
in T+("L; \'L;" ™), the orthogonal complement of 7'("L;'\“L ). The feasible section of
[13, (LI ), for any values of o,'s, can now be considered a Riemannian manifold in
its own right. T([T5_, (‘L' \"Lo"™)) in the feasible section is spanned by the set of vectors
<Eg li=1,..,8;j = 2,....,n; — (0; — 1)), which forms an orthonormal basis. The feasible
section of (‘L \'L;"™") istherefore also aregular submanifold of Ly’ .

We now consider [[5_, 'TL,,, asthe union of thesets [T, (L7 \‘L; ) forall i = 1,...,S
and o; = 0,...,n;, and assign it the topology generated by the family of all open setsin each
T3, (LI ) induced by the Riemannian metric. It isclear that in the feasible section of
]_[f:1 ‘L,,, this topology isidentical to that presented in Chapter 6 Section 3.

Vion TS, (LIS ™) is defined as Zf:”}f;:(gifl)(%/ Y)E? in the new frame. Since
the field of coordinate frames B fori = 1,...,S, j = 2,...,n; — (0; — 1) satisfies Vgy E = 0
(V being the Riemannian connection) for al a,c € {1,...,S} andb,d € {2, ...,n; — (o; — 1)},
and the coefficients (2 /) are constants, V! isa constant vector field on [[5_, (L7 'L ).
V! istherefore not only measure preserving but also shape preserving on Hle(iEZi\iEZiH).

Thisleadsto asubstantia simplification inthe analysis of the dynamics of the system. Since
any trajectory W, (t) in the phase-space has an associated sequence (1, to, ..., tg, tk11, ...) Of
timessuchthat for all j thesegment { W, (¢) | t; < t < ¢, } liesstrictly on [[5_, (Lo \ Lo )
for fixed values of o;’s (segments that correspond to periods during which neither any live spike
expires nor does any neuron fire), and since each such segment is volume and shape preserving,
the analysis of thelocal properties of W, (¢) reduces to the analysis of afinite or countably infi-
nite set of discrete events at times (¢4, to, ..., tx, tx+1, -..), €8h event denoting the birth and/or
death of one or more spikes. Since any event involving the simultaneous birth and death of mul-
tiple spikes can be regarded as a series of mutually independent births and deaths of individual
spikes,! the analysis can be further restricted to the birth of a spike and the death of a spike.

LAt the time of its birth or death, a spike has no impact on any membrane potential function.
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8.2 Perturbation Analysis

In the previous section, it was demonstrated that any segment of a trgjectory that lies strictly
on T[S, (7L ™), for fixed values of o,'s, is measure as well as shape preserving. Conse-
guently, any perturbation on atrajectory ismaintained during such aninterval. We now consider
what happens to a perturbation when the trajectory leaves the noted subspace either as aresult
of the birth of a spike or that of the death of a spike.

8.2.1 TheBirth of a Spike

Let {0, () | t; < t < t;1} liestrictly on [2, (Lo L) for arbitrary but fixed val-
ues of o;'s. Let the event associated with W, (¢;1) be, without loss of generalization, the birth
of a spike at neuron 1, that is, ¥, (t;11) € P{ and U, (¢;41) ¢ Pl fori = 2,...,S. Then,
{Ua(t) | ti1 <t < tj40) liesstrictly on (‘L7 'L x 15, Ly VLo ™). Consider
p1 = Vy(tjy1 —t*) onthesegment {U,(t) | t; <t < tjq1} andpy = U, (t;41 + t*) onthe
segment {W,.(t) | tj41 <t < tj1o}suchthat W, (¢) fort; 1 —t* <t < t;1+¢" liesinasingle
coordinate neighborhood? of Hle(iizzfl\iﬁi“). Let p; berepresented in local coordinates
as{al, ...,arfl_(al_l),a%, s a;u_(@_l), ey A5y ey ags—(as—1)> wherea! = 0fori=1,...,S,
and p, be represented as (b1, ...,bg“*(‘”*l),b;,...,632*("2*1),...,1)‘%, ...,ng*"S*”y Then,
bt = (27/T)t*, b} = 0fori =2, ..., S,and b} = ol +(27/Y)2t* for theremainingi = 1, ..., S
andj=2,...n; — (0; — 1).

Letpy on ][, (Lo ) besufficiently near p; sothat (1), thetrajectory through
hasacorresponding segment on (‘L ~"\'L!) x TS, (Lo \PLo" ™). Let, berepresentedin
local coordinatesas (a, ...,d?l_(‘”_l),dé, ...,632_(”2_1), A, ...,&gs_("s_l)),where&} =
al =0fori=1,..,8,andal = o} + Azl fori=1,..,8,5 = 2,..,n; — (0; — 1). Let
U5 (t) be parameterized in amanner such that p1 = Wz (tj41 —t*). Let po = W5(tj41 +t*) be
represented inlocal coordinatesas (b, ..., 57 1D Bl pramle2ml) bt ..., Egs_("s_l)>
where b} = b} + Ayl, b} = b} = O0fori = 2,...,S,and b} = b] + Ay] for the remaining
i=1,..Sandj=2,...n; — (o; — 1).

Ayl = Azl fori=1,...Sandj =2, ..,n; — (0; — 1) sinceb! = a + (2x/Y)2t* for all

2With the distinguished set of coordinate frames described in Section 8.1.
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suchvaluesof i and j. Let At besuchthat ¥z (t41+At) lieson P{. Then Ayl = —(2r/T)At
Since both ‘Ilac(tj-‘,-l) and ‘Ilj(tj+1 + At) lieon PI,

2 1) 2
Pi(a},a? + %t*,...,a’fl (1=1) +th*
2 2
af,af + St ag T 4 20 = T, and (8.)

2 (01— (o1 — 2
Pl(a%,a%—FAx%—F%(t*—FAt),...,a?l (@111 Agm—( 1)+%(t*+At),...,

aS,a5+AxS+2T (P+AL), ..., a7~ 1)+Axg5*("5*”+2%(t*+m)) = 7.(82)

Pi(-), being C*°, can be expanded as a Taylor series around ¥, (¢;41). Minor algebraic

manipulations, and neglecting al higher order terms, then yields

Sn;i—(0;—1) Sni—(0;—1)
8P1 i Z 8Pl
- i=1,j=2 (8355 0/ i=1,j=2 O] 9

All 28'sin the expression above are evaluated at ¥, (;+1). We denote aP’f/Z” gpgf by ko
Ty

Then, Ayl =3, tolAal, andforal k= 1,...8 Y,  Fad =
Intuitively, not only are al perturbations along the live spikes maintained, but the trgjectory
gains anew perturbation aong the spike that just took birth. The perturbation on the new spike

is given by Equation 8.3.

8.2.2 The Death of a Spike

Let {U,(t) | t; < t < t;;1} liestrictly on [, (‘Lo \PLo) for arbitrary but fixed values
of o;'s. Let the event associated with W, (¢;,1) be, without loss of generalization, the death of
aspike at neuron 1. Then {U,(t) | t;41 < t < t;4o} liesstrictly on ("L F\ITI %)
[15, (Lo ). Consider py = W,(tj11 — t*) onthe segment {W,.(¢) | t; <t < t;11}
and py = V,(tj41 + t*) onthe segment {W,(t) | tj41 < t < tj12} such that W, (¢) for
tj41 —t* <t < t;41 +t* lieswithin asingle coordinate neighborhood of [[5_, (L7 \/L; ™).
Let p; berepresented inlocal coordinates as (ai, ..., al'~7*, a}, ...,a3? " %%, ..., a%, ..., a5~ 7S),
and p, be represented as (b}, ..., b7 71, bl .., 05272, b, ., b8 7). Then b} = 0, and
b =al + (2n/T)2t* forali=1,...,Sandj=1,..., (n; — 0;) excepti = j = 1.

Letpr = Wi(tj11 —t*), and po = Wz(tj41 +t*) be pointson a W3 () sufficiently close to

U, (t) so asto have corresponding segments on the noted submanifolds. Let p; berepresented in
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~ni1—o1 ~1 ~N2—02

local coordinatesas (al, ..., a1 "1, b, ..., @522, ..., 4k, .., e 7S) whered! = al +Ax for
dli=1,..,8,j=1,..(n—0;),andpy as (b}, .., b7 "7, by, .., b5> 772 bk, ..., b %)
whereb! = b/ + Ayl fordli=1,...,S,j =1, ..., (n; — 0;). Thenitfollowsfromb! = bl = 0
and b] = al + (2m/)2t* for al other 4, j that Ay} = 0 and Ay! = Az] fordli=1,...,S,
j=1,...,(n; —o;) excepti =j = 1.

Intuitively, the trgjectory looses the perturbation along the spike that just expired. All other

perturbations along the live spikes are maintained.

8.3 Measure Analysis

In this section, we demonstrate based on the results of the previous section that atrgjectory is
expansive at the birth of a spike and contractile at the death of aspike. In other words, we show
that under the action of the dynamics, an infinitesimal section of the phase-space expands past
the birth of a spike and contracts past the death of a spike. We also demonstrate that folding of
phase-space,® afeature closely associated with chaotic dynamics, is realizable across a series of

births and deaths of spikes.

8.3.1 Expansion

We demonstrate that atrgjectory is expansive at the birth of a spike. We consider the adjacent
segments of W, (¢) described in Section 8.2.1 (the birth of aspike). Let C denote an infinitesimal
529, (n; — o;)-dimensiona hypercube spanned by vectors ¢E? (¢ — 0) fori = 1,...,S and
j=2,..,n; — (0; — 1) a any location on the segment of W, (¢) on [T, (‘L' \\Ly ). When
C passesinto (‘L' T\'L7) x [[2, (Lo Vo™ it istransformed into the 5 (n; — o4)-
dimensional parallelepiped C’ spanned by the vectors e(Eg + 1a§E%) fori=1,..,Sandj =
2,...,n; — (0; — 1), where the *o’s are evaluated at the point W, (t) N P/

Vectors E{ fori =1,.,Sandj = 1,....,n; — (0, — 1) are by assumption orthonormal.

Let A and A’ denote the matrices associated with the vectors spanning C and C’ represented as

3Folding refers to the phenomenon wherein a section of the phase-space, under the action of the dynamics of
the system, is deformed to an extent that it appears folded. This phenomenon is predominant among systems that
are expansive dong at least one direction. In order for an expanded section of the phase-space to fit back into the
phase-space, it isfolded upon itself by the dynamics.
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row coordinate vectors with respect to the above basis. A and A’ arethenthe (325, n; — o) x

(325, ni — (07 — 1)) matrices:

0 ¢ 0 0 La2e e 0 0
00 € -0 Lade 0 € -~ 0

A= _ and A = . o . 89
000 - e lage=@s= e g 0 ... e

In A, columns corresponding to E} for i = 1, ..., S are 0 vectors. All other columns contain an
€ at an appropriate location. A’ isidentical to A except for the first column, which is replaced
by the vector (1ade, ..., 10/1“_(”1_1)6, oy TOZE, 1ags_(”5_1)e>T.

The Z}S:l(nz’ — o;)-dimensional measure of C and C’ can now be computed as the square

root of the Gram determinants® of the respective matrices, A and A’. They are

JA) = Xm0 and (8.5)
/ Y5 ni—o e 1,732
JA ) =eximmi=vine (14 Y (fad)2. (8.6)
i=1,j=2

It follows from }, ; Lod =1 that the volume of C’ is strictly greater than that of C.

8.3.2 Contraction

We demonstrate that atrajectory is contractile at the death of a spike. We consider the adjacent
segmentsof W, (¢) described in Section 8.2.2 (the death of aspike). Let C denote aninfinitesimal
S| (ni—o;)-dimensional hypercube spanned by vectors €E (¢ — 0)fori =1,...,Sandj =
1,..., (n; — o;) a any location on the segment of W,,(¢) on [, ("L \‘L7 ™). When C passes
into (‘Lo TN\ ) x 12, (Lo 'Ly, it is transformed into the (35 ny — o7) — 1-
dimensional hypercube C’ spanned bythevectorSEE{ forali=1,..,Sandj=1,...,(n;—0y)
except i = j = 1. In other words, the Zle(ni — 0;)-dimensional hypercube C collapses
dong E1 to produce a (Z;; n; — 0;) — 1-dimensional hypercube C’. Any lower-dimensional

parallelepiped inside C spanned by thevectorse(E! + G/ El) fori = 1,...,8,5 = 1, ..., (ni— o)

4The Gram determinant of amatrix B isgiven by det(B x BT). The square root of the Gram determinant isalso
known as the modulus of B and isrepresented as /B/.
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except i = j = 1 such that ﬂ? = ( for some i, j therefore experiences a contraction in volume

asit passes from [, (Lo \Ly ) into (VL T\'Ly %) x 15, (Lo Ly ).

8.3.3 Folding

We demonstrate that folding can occur across a series of births and deaths of spikes. Let C de-
note a Zle(ni — o;)-dimensional hypercuboid of maximal measure in the feasible section
of T2, (Lo ") that is transformed after time Xt into a 35 | (n; — o;)-dimensional
hypersurface ¢’ in (‘L " '\'LoY) x TS, (Lo \'Lo ), past the birth of a spike at neuron

S,ni—(oi—1 )[

1. Let C be represented in local coordinates as [T;1',5' " '[a’, a] '+ A;], and C’ be repre-
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1 _ 2 ni—(o1-1) 2 nz—(o2—1) 2 ns—(os—1) J
sented as z; = h(zf,...,2; L L5y ey Ty s LGy ey T g ), where z] €

[a7+t a9f+Az+t] fori=1,.,Sandj = 2,...,n;— (0;—1). Thentheintersection of P{ with
the hypersurface C after time .L (t—1), Pl 15 (Dl 4 (t—T), al + Ay + (t—T)], when
trandated by adistance 7" along all dimensions (8/8@) fori=1,....8,j=2,...,n,—(0;,—1),
i = j = 1, yields identically the hypersurface h(-) = T inC'.> The shape of C’ and the re-
sult of adimensiona collapse along any E]f fori =1,...8,j = 2,...,n; — (6; — 1) onC’
is therefore completely specified by the position of C in HZ ne Lo 'L ‘”H) and the nature of
P ATIS, (V).

We now assumethat P; (-) isunimodal with respect to al variablesthat, at the given moment,
correspond to effective spikes. Any coordinate curve of an effective variable can then have only
point intersections (at most two) with P/ N[, (‘Lo \“Ly ). Finally, if aspike, over itsfinite
lifetime, is effective in the generation of one or more spikes, then there exists, trivialy, alast
spike that it is effective on. We assume, without loss of generalization, that =3 isone such spike,
and 21 isthefina spikeit is effective on.

In order for C’ to be curved in such a manner that at the subsequent death of x3 (irrespec-
tive of any number of intermediate births and/or deaths of spikes) it folds upon itself, there
must exist a coordinate curve for 3 that intersects P/ N C twice for at least one position of
C. Thisis based on the observations that (i) since x3 is by assumption not effective on any

intermediate births of spikes, the two intersections of such a coordinate curve with €’ remain

SWeuse P{ and P;° to represent both the hypersurfaces in the phase-space and the corresponding hypersurfaces
in local coordinates. The context will determine which hypersurface is being referred to.
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on a coordinate curve of 2 after such births, and (i) any intermediate deaths of spikes have
no impact on whether the intersections in question remain on a coordinate curve. Since P; (-)
is C* and P1()|,2-0 = Pi(-)|s2—0- When all other variables are held constant at any val-
ues, such coordinate curves exist for al points on P N Hf:’"lf;:(‘;*l)(o, 27). Furthermore,
if |0P;/023] at the intersection of any such coordinate curve with P, at the falling phase of
Py(+), isnot so large as to make Zf:’qu;(g“l) OP, /0 < 05 then dPy(-)/dt > 0 is satisfied
by both intersections. Consequently, the coordinate curve intersects twice with the hypersurface
PLOTI 5 0,2m),

The only question that remains unresolved is whether both intersections of such a coordi-
nate curve lie on T3 ('L, \L7"*"). While this question can be settled only when the spe-
cific instantiation of P (-) is known, there are two aspects of the system that have a signifi-
cant impact on the answer. First, the closer 7 isto max{P;(z) | = € [[ 15 (2710, 21}
and the tighter the peak of P, (-) is, the greater the chances are that a coordinate curve existsin
[13, (LI ) that intersects P/ twice. Second, the larger A; isforall i = 1,...,S and
j=2,..,n; — (o; — 1), the greater the chances are that such a coordinate curve exists. The

largest A; for whicha) ; ,1( — o;)-dimensional hypercuboid can fit into the feasible section

of Hizl(’LZ’i\’LZ’iH) is (¢ 2r__ _ (i "”1)“) Clearly, folding of C’ is more likely when

n;—o;) (ni—o;)Y

(n; — o) issmall, that is, when the system is sparsely active.

8.4 Local Cross-Section Analysis

We are now poised to present the first of the two central results of this thesis.” In Section 8.2
we determined the local effects of the birth and the death of an individual spike on atrajectory
through a perturbation analysis. The cumulative effect of such events on atrajectory, however,
remains obscure. We address thisissue in this section with regard to the dynamics of the system

set up to model atypica neocortical column.

5Thisis generally the casefor excitatory spikesin the cortex. Theimpact of such spikes on the potential function
isgiven by asteep rising phase followed by arelatively gentle falling phase.

"The second result demonstrates that attractors in the phase-space of the dynamical system can be anisotropic,
and is presented in the next chapter.
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The solution is presented in severa stages. Firgt, the problem is phrased in terms of a quan-
tifiable property of aparticular matrix. A deterministic process that constructs the matrix incre-
mentally is described in Sections 8.4.1 and 8.4.2. Next, each step in the processis reformulated
as a stochastic event in Section 8.4.3. The event is analyzed, and conclusions are drawn re-
garding its effect on the matrix. Finaly, the criterion for the trgjectory to be sensitive to initial

conditions isderived in Theorem 8.4.1.

8.4.1 TheDeterministic Process

Our objective in this section isto determine the precise relationship between aninitia perturba-
tion on atrgjectory and the corresponding final perturbation on the trgjectory following several
births and deaths of spikes.

We consider regular® trajectories that are not drawn into the trivial fixed point [T, L
(state of quiescence). We proved that if (Az?, ..., Axrfl_(‘”_lz AV S Axgs_("s_l))T
and (Ayi, ..., Ay’fl*(‘”*lz e AYE L Aygsf("sfl)ﬁ are perturbations on atrajectory before
and after the birth of aspike at neuron 1, and (Az}, ..., Az ™% . Az, ..., Az'sS75)T and
(A2, . Ay =7 Ay, ., AysST78)T are perturbations on a trajectory before and after

the death of aspike at neuron 1, then

Ayl 152 10/15—(05—1)
1 1 S A2
Ay? 1 0 0 .
= o . : (8.7
S Agls—(@s=1)
Ayps=(osD) 0 0 1 N
A:r%
Ay? 01 0 0
Ax?
and : = or _ . (8.8)
Ayls=os 00 0 1
AV S

8A regular trajectory is one for which the Lyapunov exponents exist. To elaborate, if v is avector in T'(z) the
tangent space at x, then the image of v under DW(z) is avector in T'(¥,(z)) the tangent space at W (z). The
Lyapunov exponent in the direction v is defined as A (z, v) = lim;—oc + ID(W) if such alimit exists. We
note for future reference that Oseledec’s multiplicative ergodic theorem (Oseledec 1968) when applied to our case
affirms that any W (z,t) that is locally differentiable in 2 and satisfies E(In* 3=, . (*al)?) < oo, whereIn* ¢ is

defined as max{In ¢, 0}, isalmost surely regular.
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If we denote by Ay, the matrix that corresponds to the event W, (¢ ), by the column vector
Axq aperturbation just prior to the event W, (¢;), and by the column vector Axy the corre-
sponding perturbation just past the event W, (¢x), then Axy, = Ay * Ag_1 * ... x A1 * Axp.
Alternatively, if A’g denotes the product Ay * Ai_1 * ... * Ay, then Axy, = A’g * Axg, where
Ak is defined recursively as A} = I (the identity matrix) and Vi > 0, ASTH = A, = A,

Given the nature of these matrices, we deduce that

(1) If WU, (txy1) corresponds to the birth of a spike at neuron [, then A’g“ can be generated
from A% by identifying rows / in A% that correspond to spikes that are effective in the
birth of the given spike, and introducing a new row ZL ; la{ rg’ a an appropriate location

into Af, and

(2) If U, (tx+1) corresponds to the death of a spike at neuron , then A’g“ can be generated
from A} by identifying the row in A% that corresponds to the given spike, and deleting it

from Af.

Finaly, since we shall be analyzing periodic orbits and trajectories, both the initial and the
final perturbations must lie on local cross-sections of the trajectory W,.(¢). The velocity field
being "% 1 (97D (27 /)T)E, the initial perturbation must satisfy 35 1 gD Al = 0,
and the final perturbation must be adjusted along the orbit (each component must be adjusted
by the same quantity) to satisfy the same equation. Interms of matrix operations, thistrandates
into B x Ak« C ' where B and C (assuming A} isan (m x n) matrix) arethe (m — 1 x m) and

(n x n — 1) matrices:

1 0 0
11 _1 1 1
_1oq_1 1 1
B = m m " ™ | andC = T X))
0 0 1
1 1 11 _1
" " mem 1 -1 .. -1

If U, (¢) isaperiodic, then Ax} = B x Ak « C x Ax for arbitrary value of k specifies the
relation between an initial and afinal perturbation, both of which lie on transverse sections of

the trgjectory. In this case, the sengitivity of the trgjectory to initial conditions is determined by
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| B * Ak % C|2.2 If limy o, | B * A * C| is unbounded then the trgjectory is sensitive to initial
conditions, and if limy, ., | B* Ak *C| is0 thenthetrgjectory isinsensitive toinitial conditions.

If, on the other hand, W, (¢) isperiodic with W, (¢1) = ¥, (tx+1) (that is, aclosed orbit with
period (541 —t1)), then A isasquare matrix and Ax} = Bx A% C x Ax(, isaPoincaré map.
The stability of the periodic orbit is then determined by p(B x A% x C).10 If p(B x Ak + C) >
1, that is, lim, . |(B * A5 * C)"| is unbounded then the periodic orbit is unstable, and if
p(B* Ak + C) < 1, thatis, lim, . |(B * AE + C)"| is0 then the periodic orbit is stable.

It should be noted that limy o | B * AE * C| and lim, ., |(B * Af x C)"|, by virtue of
the nature of their limiting values, yield identical results irrespective of the choice of the matrix

norm. We use the Frobenius norm (| A|r = +/Trace(AT % A)) in the upcoming analysis.

8.4.2 TheRevised Process

The computation of the norms of the matrices introduced in the previous section is problematic
asit requires repeated pre- and post-multiplications with matrices B and C' respectively, in the
case pertaining to periodic orbits.

In this section, we present arevised process that constructs a matrix fl’g that simplifies the
computation of the spectral properties of B x A% x C. We begin with [18 =1-— %(1), where
(1) denotes the matrix al of whose elementsare 1, and n = Zle(ni — 0;) isthe number of

components in theinitial perturbation. We then proceed with the rest of the process (generating

AR+ from Af) unaltered. Lemma8.4.1 relates the properties of A¥ to those of B x Ak « C.

Lemma84.1 Let A5 bean (n x n) square matrix. Then lim, . |(I — (1)) = (A&)"| =
lim, oo | AQ % (AF)"| = 0 (is unbounded) implies that lim, ... |(B * A * C)"| = 0 (is un-
bounded).

Instead, let Af bean (m x n) matrix. Then limy_.o (I — (1)) * Af| = 0 (is unbounded)
implies that limy ., | B * A} * C|| = 0 (is unbounded).

Pr oof:

9) A2 isthe spectral norm of the matrix A (defined as the natural matrix norm induced by the L, norm), that is,
||A||2 = SUPL£0 [Az]2

lzlz

195 A) isthe spectral radius of the matrix A, that is, p(A) = maz1<i<n|A:| Wherethe \;’sare the eigen values
of the matrix (Az; = A\ix;).
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Ak isan (n x n) square matrix:

The sum of the elements of any row in A = I is 1. Snce V! Zmlaf = 1, it follows that
Vk > 0 the sum of the elements of any rowin A% remains 1. The sum of the elements of any row
in 218 being 0, the same argument proves that Vi > 0 the sum of the elements of any row in [1’5
is0. Moreover, induction on k proves that Yk A5 = A% — 1(1).

Wealsonotethat C+B = I—1(1), Akx1(1) = (0),and 1 (1)+1(1) = 1(1), and conclude
viainduction onr that (Bx Ak« C)" = Bx(AE)"+C. B being AJwithout thelast row, B (AE)"
is AQx (AK)" without the last row. Iflim,._ o, | AJ*(AE)"| = 0, thenlim, o, AJ*(AE)" = (0).
Hence, lim,_, B * (AF)" = (0). If, on the other hand, lim, ... | A} * (AE)"| is unbounded,
then so islim, .« | B * (AE)"| since A3  (A%)" amounts to deleting the row mean from each

row of (A’g)r. Finally, the product with C' does not have an impact on the unboundedness of the

matrix because the sum of the elements of any row in B « (AF)" is0.
AF isnot congtrained to be a square matrix:

BisI — L(1) with thelast row eliminated. Moreover, sinceVk > 0 Ak = A% — 1(1), we

have B * Af = B x A’g. Theremainder of the proof follows along the lines of the previous case.
Note that by commencing the process with a dlightly altered matrix we have eliminated the

repeated pre- and post-multiplications with matrices B and C' mentioned at the beginning of the

section.

8.4.3 The Stochastic Process

In this section, we first present a stochastic counterpart for the deterministic process described
above. We then argue that the stochastic reformulation is reasonable in the case where the ab-
stract dynamical system models atypica neocortical column. Finaly, analysis of the stochastic
process yields the desired understanding of the local effect of a series of births and deaths of
spikes on atragectory.

The process is begun with an (n x n) matrix A, each of whose n rows are drawn indepen-
dently from a uniform distribution on [—0.5,0.5]™. Therefore, if vy, vo, ..., v, are the n rows
of A, then E(v;) = (0,0, ...,0), where E(-) denotes the expected value. Next, the row mean
v = (1/n) 37, v; isdeducted from each row of A. Thisyields AJ x A, which we set to AJ. It
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isclear that E(v;) in AJ remains (0,0, ...,0). Let Ak for some k be an (m x n) matrix where
m isalarge but finite integer.

For the birth of a spike, A’g“ is generated from A% as follows:

(1) Randomly sample the space of row vectorsin A% and choose p rows, vy, va, ..., vp, Where
p isarandom number chosen from a predefined range [Po.,, Phrign]- m being large, it can

safely be assumed that the rows are chosen with replacement even if they are not.

(2) Choose p independent and identically distributed (i.i.d.) random variables X, X, ..., X,
from agiven independent distribution. Let xy, o, ..., z,, bethe derived random variables

;= X;/>F | X;,and
(3) Setvpew = Y b z;v;, and insert the row at arandom location into A’g to generate A’g“.
For the desth of aspike, AX*! is generated from A} asfollows:
(1) Randomly choose arow from the space of row vectorsin A}, and
(2) Deletethe row from A% to generate A5 T,

In the case of a system set up to model atypical neocortical column, the deterministic pro-
cess described earlier can reasonably be viewed asthe stochastic process described above. First,
the connectivity between neurons within a column, while having evolved to achieve a specific
function, has been experimentally ascertained to fit auniform distribution (Schiiz, 1992). There-
fore, when neurons in the system are spiking at comparable rates, one can reasonably assume
that each spike, during its finite lifetime, is equally likely to be effective in the birth of a new
spike somewhere in the system. Second, whereas v; specifies the sensitivity of the correspond-
ing spike to the initial set of spikes, x; specifies the sensitivity of the spike that just originated
to the spike in question. The two are therefore causally independent. Third, whereas spikes that
are effective in the birth of anew spike arerelated spatially in the system, this does not trandlate
into any necessary relation among the elements of the corresponding rows. Finally, the location
of afferent synapses on the collaterals of neurons in a column has been shown to fit a statisti-
cal distribution (Braitenberg & Schiiz, 1991). Since X1, ..., X, (corresponding to the various
oP/ 8x{ ’s) depend on the positions of the corresponding spikes and the nature of P, they can

reasonably be approximated by i.i.d. random variables.
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If Ak = Ak x A, and A5 isgenerated asabove, then ART! = AE+1x AL If arow isdeleted
from A% to generate A, the act corresponds to the deletion of the corresponding row from
Ak to generate AR, If instead, vy, vs, ..., v, are the rows chosen from A% to construct vy,cq,
and uy, ug, ..., u, are the corresponding rowsin Ak sincev; = (U;.c1,ui.Coy ..y uj.Cp ) (Where
c1,...,c, aethe columns of A), >0z, = (O ziu).cr, (O wiwi).ca, ..., 3 wiwg).cn).
Therefore, ARt = ARTL A

The following lemma describes the statistical properties of the rows of the matrix past the
act of addition and/or deletion of arow. V(-) denotes the variance of the rows of the matrix,
thatis, V(v;) = E((v; — p).(v; — p)), and C'(-) denotes the covariance between the rows of the
matrix, that is, C'(vi, v;) = E((vi — p)-(v; — p))ij-

Lemma84.2 Let Ey(v;) = p, Vi(v;) = 02, and C(v;, vj) = &2 after the kth step (the result
being the (m x n) matrix A).

(i) If the (k + 1)th step involves the deletion of arow (vge;) fromthe matrix, then Ey. 1 (v;) = p,
and Vi41(v;) — Crg1(vi, v5) = (0 — €2).

(ii) If, on the other hand, the (k + 1)th step involves the addition of a row (vy,,,) to the matrix,
then Ey11(v;) = p. Moreover, if pE(2?) = (1 + A) for some A € R (A > —1 necessarily),
then Vi1 (vi) — Cra(vis vj) = (1 + %)(02 —&%).

Pr oof:

(i): Since vy is chosen randomly from the population of row vectors in the matrix, we have
E(vaet) = Ep(vi) = p1, V(vger) = Vie(vi) = 02, and C(vger, vi) = Ci(vi,v5) = £, Conse-
quently, By 11 (v;) = pand Vi1 (v5) — Chgr (03, v5) = (0% — £€2).

Before considering (ii), we note that for the derived randomvariables x1, 2, ..., x,, defined
earlier inthesection, (8) Vi, pE(z;) = 1,and (b) Vi, j,i # j, pE(x?)+p(p—1)E(z;2;) = 1.

(@ followsfrom "% | E(X;/ > X;) = 1,and Vi, j E(X;/ Y X;) = E(X;/ > X;) be-
cause of the i.i.d. nature of the X;’s.

(b) follows from 37, E(X? /(X Xi)%) + 07 sy E((XiX5) /(X X0)%) = 1 and
the fact that the X;'sbeing i.i.d., Vi, j E(X? /(3 X;)?) = E(X7 /(X X;)?) and Vi, j,i # j
E((X;X;)/(3C X:)?) yields the same result irrespective of the values of i and ;.
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(ii): E(vnew) = Ex(3-0_ mivi) = >°F_| Ex(x;v;). Sncethe z;'s are chosen independent of

the v;'s, E(vpew) = Y by E(xi)Ex(v;) = Ly (v;)) = p. Moreover, since E(v;) =

z 1p
(0,0,...,0) for theinitial population of row vectors, we can now conclude that V&, Ej(v;) =
(0,0, ..., 0).

Snce pp = (0,0,...,0), V(tnew) = E((vnew — u)-(’vnew = p) = E(vnew-Unew) =
Ep (30 wivi- 2oy wivi) = Ep(3C0_y 27 (vivs) + Be (272 i1 iz 3%33](% vj)). z; being
independent of v;, V(vnew) = E(z2)Ep(30_ viv;) + E(ziz;)Ex( i 17] Lizj Vi vj) =
1+AE (o= vi-vi) + p(;—,Al)Ek(ZfépLj:L#j vivj) = (1+ A)o? — A(EUz + %152) =
o? + A=L(g? — ¢2),

Likewise, C(vnew; vi) = E(vpew-vi) = pl35(50%) + Bt (367)) = € + 5, (0 — €7).

The two results give rise to the recurrence relations: Vi1 = Vi + ﬁgm +1% (Vi — Cy) and

Chs1 = C + sy (Vi — ). Therefore, Viy1 — Cpyr = (1+ 2820=2y(1, — ).
Finally, in the base case let E(v;.v;) = of for A. E(v;.vj);2; = 0 since v; is chosen

independent of v;, and E(v;) = p = (0,0,...,0). Inthecase of A} = A x A, E(v;.v;) =

(1 - 1208 + (2202 = (1= L)ob. Bluiwy)isy = 221 — Lod + (22)03 = Lok,

n

Therefore, Vy — Cy = o3.

Having assumed that the trajectory is not drawn into the fixed point, we note that if A% isan
(mu, x ) matrix, thenmy, € [Mpigh, Miow] Where My, > 0. Moreover, E(|Af| ) = /my V.
For the sake of brevity, we shall henceforth refer to Vi, (v;) and Cy(v;, v;) for rows in Ak as
V(AF) and C(Af), respectively.

The following theorem identifies the local properties of trajectories based on Lemma 8.4.2.
In &l cases, we assume aregular trajectory that is not drawn into the fixed point ]S, L. It
might be claimed that without external input sustaining the dynamics of the system, an aperiodic
trgjectory that isnot drawn into thefixed pointisnot realizable. Wetherefore consider two cases:
onewith and onewithout external input. For the case with external input, the connectivity of the
neuronsin the system, whether they areinput neurons or interneurons, isassumed to be uniform.
The number of spikes generated within the system for any given trgjectory ¥ . (¢) since time t;

is denoted by I(t), and the number of external spikes introduced into the system since time ¢;

is denoted by O(t).



108

Theorem 8.4.1 (Sensitivity) Let ¥, (¢) bearegular trajectory that isnot drawn into the trivial
fixed point [T>, ‘L.

(1) Given a system that receives no external input, if W, (¢) is aperiodic, then if A > MZQ

U, (t) is, with probability 1, sensitive to initial conditions, and if A < ﬁgh U,.(t) is, with
probability 1, insensitive to initial conditions.
(2) Given a system that is sustained by external input, if ¥, (¢) isaperiodic, and constants v, ¢

satisfy V¢ |O(t) — vI(t)] < ¢, thenif A > 2~ (1+ v+ =) + 2+ i) (L + v+ 515,

W, (t) is, with probability 1, sensitive to initial conditions.

(3) Given a systemthat receives no external input, if U, (¢) isperiodicwith W, (¢1) = Uy (tg41),
then if A > 52—, W, (¢) is, with probability 1, unstable, and if A < ﬁmh W, (t) is, with
probability 1, stable.

Pr oof:

(1): Of the k stepsin the process if k;, involve birth of spikes and &, involve death of spikes then
ky + kq = k, and |ky — k4| is bounded. Therefore, & — oo implies k, — oo and kg — oc.

IfA > 0, then (1 + 2Mran )k 62 y(AF) — C(A) > (1 + AMiu=2yh52 Smple
tgh

low hig

algebra demonstrates that V(I — 1 (1)) = Af) = (1 — L)(V(Af) — C(Af)). It therefore

follows that if A < 22—, then limy ..o E(|(I — (1)) = Af|r) = 0, and since [A|p > 0

Mpign’

for any A, Pr(limi—.oo|(I — 75(1)) * Af|r > 0) = 0. If, on the other hand, A > 32—,
then limy—oo E(|(I — (1)) * Af| ) is unbounded. Moreover, Pr(limy_.|(I — L (1)) =
Ak|  isbounded) = 0.1!

Snce (I — L(1)) x Ak = (I — L(1)) » A% « A, and A is, with probability 1, a bounded
rank n matrix, limg oo (I — £ (1))« A%| = 0 (unbounded) %5 limy,_.oo|(1 — L (1))« Af| =

0 (unbounded) . The result then follows from Lemma 8.4.1.

(2): SnceVt |O(t) — vI(t)| < ¢, if there are m live internal spikes at any given time, the
number of live external spikes at the same time lies in the range [vm — ¢,vm + ¢]. If p live

spikes are randomly chosen from the system and ¢ of those are internal spikes, then E(q) €

[y mrer Trom=e]

" For it to be bounded, an infinite subsequence of events, each of which occurs with probability < 1, must take
place.
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We now modify the stochastic process as follows. The process is begun with AY = A. If the
kth step involves the introduction of an external spike into the system, A% is set to A’g‘l. If the
kth stepinvolvesthe birth of aninternal spike, A} isgenerated from A’g‘ ! by randomly choosing
q rows from A{;*l, choosing random variables x1, z», .., x,, as described earlier, constructing
Unew = S0, @0, and inserting it at a random location into A5~

Clearly, asin case(1), Yk Ex(v;) = (0,0, ...,0). Smple algebra also demonstrates that at

(14+A)q Ag(g—1) ) MC;C 1, and

the birth of a spike V;, = (-2 - —1 7 mmD)plp—1)

AT T miDp — mimtUpep-1)) VE

Cr = ka 1+ (erl + m((m+1)) )Ck_1. Noting that m > p > ¢ and assuming that

A m— —1)—2(mp—m —
A > 0,wearriveat Vi, — Cj, > (1 + ( I)Q(‘jn(zﬁgp(’;fl)“q)(” DY (Vi1 — Ch_1).

Therefore, if A > ﬁg +u+ m)z Yo+ Mfow)(

) it follows that
Vi — Cy > Vi_1 — Cir_1. Finally, based on arguments identical to those in Lemma 8.4.1, we
have limy,_. | (I — (1)) x Af * Alis unbounded = limj,_.oo | B * Ak  C|is unbounded.

(3): We modify the stochastic process so asto construct the new matrix (A’g )" * A for arbitrary
r. Asin case (1), the processisbegun with A9 = AB*A. Each stepinthe processisthen carried
out in the exact same manner asin case (1). However, after every k steps, the row mean of the
matrix is deducted from each row, that is, the row mean is deducted from each row of A", for
r = 1,2, ... before the next step is performed.

Deletion of the row mean at the end of the first passage around the periodic orbit amounts
to the operation AQ * A} = AQ + Ak x A. It follows from a previous discussion that every
subsequent addition or deletion of rows can be considered as being performed on Ag. Therefore,
just prior to the deletion of the row mean after the rth passage around the periodic orbit, wehave
(AEY « A

Snce VI(A) + AF™ « A) = (1 — L)(V(AE" « A) — C(AE™ « A)) and C(A + Af" * A) =
—L(V(Af « A) — C(Ak™ x A)), it follows that V (AY + AF"™ « A) — C(A) « Ak™ x A) =
V(AE" « A) — C(AE™ + A). Therest of the argument follows along the lines of case (1).

Case (3) is based on the assumption that the v;’s remain independent of the x;’s in spite of
the z;'s being identical each time a specific event is encountered on the periodic orbit asiit is
traversed repeatedly by the process. We demonstrate that the assumption is reasonable.

We illustrate the issue using an example. Figure 8.1 depicts asingle traversal of a periodic
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Figure 8.1: Graphical depiction of the construction of (A%)™.

orbit in athree-neuron system. Thefour spikes, A, B, C, and D, in region H1 constitute the ini-
tial set of spikes (therefore, n = 4). Nodesin region N, also labeled A, B, C, and D, represent
the deletion of the row mean at the end of each passage around the periodic orbit. The peri-
odic orbit is extended to the right (H2) to mark the repetition of the spikes A, B, C, and D. The
dotted arrows relate which spikes are effective in the birth of any given spike. We now regard
the diagram as a directed graph with the additional constraint that nodesin N be identified with
corresponding spikes in H2, that is, they be regarded as one and the same. Edges from nodes
in N/H2 to corresponding spikesin H1 are assigned weights (1 — %), and to other spikesinH1
are assigned weights — % Each dotted edge is assigned weight ;.

Let v; correspond to any given spike i in the periodic orbit. Then (= 4) elements of the
row v; (sensitivity to A, B, C, and D) after the rth passage around the periodic orbit can then
be computed by identifying all paths from A in N/H2 (respectively, B, C, and D for the three
remaining elements) to spike i such that each path crosses N/H2 r times before terminating at
spike i, and setting vi = > pathg e,e,...c, W(e1)w(e2)..w(eq), Where e ...e, arethe edgesin a
path and w(e;)'s their weights.

Given any spike v; in the periodic orbit, a spike v; that it is effective on, and the corre-
sponding effectiveness z;, contributions to v; from paths that do not pass through v; are inde-
pendent of z;.!2 Assuming that there are approximately n live spikes at any time,'3 the pro-

portion of such paths is approximately (1 — %)T. The remaining paths can be partitioned into

12For example, in Figure 8.1 contributions to v from paths that do not pass through v2 are independent of x.

13 Given that there are ~ 10° neuronsin atypical column, the spiking rate of atypical neuron is~ 40/ sec, and
that the effects of a PSP lasts for 2 150 msec, n &~ 6 x 10°.
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sets based on the number of times! = 1, ..., r, that each path passes through v;. The assump-

tion of independence is unbiased for each such set because E(x;) 352 5 ) E(xj,..x5) =
ol = Bwizg, ..xj,) is satisfied by the corresponding terms. The assumption of inde-

pendence between the v;’s and the x;’s is therefore reasonable.

8.5 Qualitative Dynamics of Neocortical Columns

In thisfinal section, we apply the result of Theorem 8.4.1 to characterize the dynamics of neo-
cortical columns in the brain.

To begin, we note that the parameters of Py (-), for any neuron &, can be partitioned into two
sets: the set of afferent spikes into neuron k&, and the set of spikes generated by neuron k. Under
normal conditions, the spiking rate of atypical neuron in the neocortex is approximately 40 per
second. The interspike intervals being large, 0P /axi |p, (=7 isnegligible. Consequently, at
the birth of aspike a neuron k, ’“ai isnegligibleforadl j =1,...,ny.

Approximately 80% of al neurons in the neocortex are spiny (physiological experiments
indicate that they are predominantly excitatory), and the rest are smooth (predominantly in-
hibitory) (Peters & Proskauer, 1980; Peters & Regidor, 1981; Braitenberg & Schiiz, 1991; Shep-
herd, 1998). It therefore follows that the majority of the spikes in the system at any given time
are excitatory. The impact of such spikes on P(-) of atypical neuron is given by a steep rising
phase followed by arelatively gentle and prolonged falling phase (Bernander, Douglas & Kaoch,
1992). Consequently, the typical distribution of the kag’ 'sat the birth of aspike at any neuron &
comprises afew large positive e ements and numerous small negative elements. We determined
through numerical calculations based on mean spike rate, connectivity, and potential function
data from the models presented in Chapter 7 that E(_; j(’“ag )?) > 1 under such conditions,
and that E(Zivj(’“a{)% rises as the number of small negative elements increase. The resultant
values were in fact quite large and met al relevant conditions (from cases (1), (2) and (3)) in
Theorem 8.4.1.

A neuronal systemis considered to be operating under seizure-like conditions when most of

the neurons in the system spike at intervals approaching the relative refractory period. Under

such conditions, the first spike in the second set progressively assumes a significant role in the
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Figure 8.2: Dynamics of two systems of neurons that differ in terms of the impact of spikes on
Pi().
determination of the time at which the neuron spikes next. Stated formally, if the most recent
spike at neuron k is z, then at the subsequent birth of a spike at neuron k, ¥ = 1 — € and the
remainder of the ’“a{ 's (that sum to €) satisfy an appropriately scaled version of the distribution
presented inthe previous paragraph. Asthe system progressively approaches seizure-like condi-
tions, e dropsfrom 1 to 0. Simple algebra shows that when e issmall, E(Zm(kag)?) ~ 1—2e.
In summary, as one proceeds from the region of the phase-space associated with low neu-
ronal activity (e ~ 1) to the region associated with high neuronal activity (e = 0), periodic orbits
go from being almost surely unstable (trgjectories almost surely sensitive to initial conditions),
to amost surely neutral, to amost surely stable, and back to being almost surely neutral.
Wealso found that under conditions of sparse activity, E(Zm(kag)z) < lif thedistribution
of the 0P/ 8x{ 'sisinverted, a state that can be realized by setting the impact of an excitatory
(inhibitory) spike to have a gentle and prolonged rising (falling) phase followed by a steep and
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short falling (rising) phase. Piecewise linear functions were used to fashion the potential func-
tions in the models presented in Chapter 7, and simulation experiments were conducted. The
results were consistent with the assertions of Theorem 8.4.1. Figure 8.2 presents the result of
one such experiment. The columns represent two systems comprising 1000 neurons each, iden-
tical in all respects save the potential functions of the neurons. The first row depicts the effect
of atypical excitatory spike on the potential function of a neuron, the second normalized time-
series data pertaining to the total number of live spikes in each system, and the third results of
apower spectrum analysis on each time series. While in the first case the dynamics is chaotic,

in the second it is at best quasi-periodic.

8.6 Summary

In order to investigate the local properties of trajectories in the phase-space of the abstract dy-
namical system, we endowed the phase-space with aRiemannian metric. The metric was chosen
in amanner such that sections of any given trgjectory corresponding to intervals during which
neither any neuron fired nor any spike expired, were both volume and shape preserving. This
ensured that the local properties of trajectories could be deduced based on the analysis of two
events—the birth of a spike and the death of a spike.

A measure analysis revealed that atrgjectory was expansive at the birth of a spike and was
contractile at the death of aspike. Analysisalso revealed that folding of phase-space could occur
across a series of births and deaths of spikes.

The cumulative effect of several births and deaths of spikes on atrgjectory was deduced by
modeling the process as a series of stochastic events. Analysis then revealed that there existed
acriterion based on which one could infer whether a trgjectory was sensitive or insensitive to
initial conditions.

Finally, based on physiological parameters it was established that trajectories (periodic or-
bits) in the region of the phase-space corresponding to normal operational conditionsin the neo-
cortex were almost surely sensitive to initial conditions (unstable), and tragjectories (periodic or-
bits) in the region of the phase-space corresponding to seizure-like conditions in the neocortex

were almost surely insensitive to initial conditions (stable).
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Chapter 9
Global Analysis

In the previous chapter, we investigated the local properties of tragjectories in the phase-space of
the abstract dynamical system. In this chapter, we explore the global structures that the dynam-
ics of the system induces in the phase-space.

The standard approach to global analysisinvolves the identification of invariant sets' in the
phase-space of the dynamical system and a subsequent investigation of their salient properties.
Our approach, by comparison, is centered on the identification of the nonwandering set and an
appropriate partition of it. Aswasdemonstrated in Chapter 5, both approaches identify the same
structures in the case of a dynamical system defined by a homeomorphism. The approaches
however differ when the mapping is not so constrained.

This chapter is therefore organized along two themes. In the first part (Section 9.1) we elu-
cidate the nature of the structures that are identified by our approach, in ageneral setting. The
second part (Sections 9.2 and 9.3) then applies these results to the abstract dynamical system
formulated in Chapter 6.

To elaborate, in Section 9.1 we frame the concepts of nonwandering points and basic sets
in the broader context of ageneral mapping. These concepts, first introduced in Chapter 5 Sec-
tion 3 in the context of a dynamical system defined by a homeomorphism, form the basis for
the ensuing conceptual development. The need for anew construct for adynamica system de-
fined by a discontinuous map is demonstrated. The complex set is then defined and its nature
explicated.

In Section 9.2, the abstract dynamical system formulated in Chapter 6 is transformed from
a continuous dynamical system to a discrete dynamical system. The inherently discontinuous

nature of the mapping is then highlighted.

'The reader should refer to Chapter 5 Section 3 for aformal definition of an invariant set.
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Finaly, in Section 9.3 astandard technigue used to extract the nonwandering set and al basic
sets from the phase-space of a discrete dynamical system isaugmented to extract the basic sets,
complex sets, and attractors from the phase-space of the abstract dynamical system formulated
in Section 9.2.

9.1 Basic Definitions

As described in the introduction, our approach to globa analysis is centered around the notion
of the nonwandering set. Our objective in this section therefore isto extend all related concepts
described in Chapter 5 Section 3 to dynamical systems that are defined by general mappings.
We begin by reintroducing the concepts of the nonwandering set and the basic set. In the
definitions presented here, f isassumed to be ageneral mapping rather than a homeomorphism
(unlike inthe definitionsin Chapter 5 Section 3). Although the shift to the broader context might
seem innocuous, it has profound implications for the characterization of coherent structures in
the phase-space of a dynamical system defined by a discontinuous map. M in the definitions

denotes the phase-space of the system.

Definition 9.1.1 A point x € M islabeled a nonwandering point of a mapping f if given any
open neighborhood U of x and any ¢, > 0 (t;in € Z), thereexistsat > t,,i, (t € Z) such

that f4(U) N U # (). A point that is not nonwandering is labeled wandering or transient.
The set of al nonwandering points is called the nonwandering set and is represented by €.

Definition 9.1.2 Asest A C M islabeled a basic set of a mapping f if given any two points
x,y € A, any open neighborhoods U of x and V' of y and any ¢,,,;, > 0 (t,in € Z), there
exist t1,ta,t3,t4 > tmin (t1,to,t3,t4 € Z) suchthat f1(U)NU # 0, f2U)NV # 0,
fB(V)YNU #0,and f14(V)NV # 0, and furthermore, A isa maximal set with regard to this
property.

It was demonstrated in Chapter 5 Section 3 that the set of all nonwandering points, €2, is
closed in M and that any basic set, A, which is necessarily a subset of €2, is closed in M as
well. The proofs for these statements did not exercise any constraints on f (such asit being a

homeomorphism) and therefore apply to the general case defined here.
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It was aso proved in Chapter 5 Section 3 that under the assumption of f being ahomeomor-
phism, membership in the same basic set defines an equivalence relation on €2, and therefore the
basic sets comprise a partition of 2.

Inthe case of ageneral mapping f, membership in the same basic set falls short of an equiv-
alencerelation. Therelationisreflexivesince YU, V' open neighborhoods of x, U NV isan open
neighborhood of x, symmetric by definition, but not transitive since f isnot ahomeomorphism.
Each nonwandering point is therefore a member of one or more basic sets.

Thisfeature significantly affects the characterization of an attractor. We now define the con-

cept of acomplex set.

Definition 9.1.3 Two basic sets A and A’ are considered coupled if either A N A’ # () or there
exists a finite or countably infinite sequence of basic sets A1, ..., Ay, ... such that for each i A;

and A, are coupled, and in addition, AN Y, A; # 0and A" n {J, A; # 0.

We note immediately that this is an equivaence relation, and that it therefore partitions the
set of al basic setsinto equivalence classes. More significant, however, isthe fact that the rela
tion partitions (2 into digoint sets. This follows from the observation that if, on the contrary, x
belongs to two distinct classes, then there exist basic sets A and A’, members of the respective

classes, that are coupled.

Definition 9.1.4 Each digoint subset = of €2 induced by the relation “ coupled” is labeled a

complex set.

Theorem 9.1.1 Any complex set, =, (which is necessarily a subset of ) is closed in M.
Proof:

If x isalimit point of =, then every open neighborhood of x contains a point in = (which is
necessarily a nonwandering point). Hence, x is a nonwandering point. Moreover, since each
such point in = belongs to at least one member basic set, there exist A4, ...,Ag,... C Z such
that x € [J, A;. Consequently, if x € A then AN S, A; # 0 which impliesthat A C Z,

and therefore x € =. = istherefore closed in M.

Finaly, an attractor is defined as in Chapter 5.
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Figure9.1: A map f : [0,1] — [4, 2] that contains achaotic attractor at [1, 2]. The attractor is

acomplex set that is composed of the two basic sets [, 1] and [1, 2].

Definition 9.1.5 A complex set = is called an attractor if there exists a bounded set U that sat-
isfiesthe congtraints: = C int(U) theinterior? of U, for every complexset =/ # =, UNZ' = ),

and U is positively invariant, that is, f4(U) C U for every t € Z*.

Notethat an attractor that isacomplex set isanisotropic in the sense that atrapped trgectory
does not necessarily visit every basic set in the complex set, and moreover, the sequence of basic
sets visited by the trajectory depends on its point of entry. In essence, the discontinuous nature
of f sanctions the existence of anisotropic attractors.

In Figure 9.1 we present a simple example of an anisotropic chaotic attractor. The interval
[£, 2] constitutes the attractor and the interval [0, 1] itsrealm of attraction. The attractor [, 3]
is a complex set composed of the two basic sets [1, 1] and [1, 2]. The point § is a member of
both basic sets.

That theintervals [0, ) and (2, 1] are comprised of wandering points follows from the fact
that the function maps [0, 1) onto (1, 3] and (2, 1] onto (%, 2]. Any point in these regions is
therefore mapped to [1, 3] in asingle iteration, never to return to itsinterval of origin.

Theinterva [i, %], on the other hand, is comprised of nonwandering points. Note, however,
that unlike in the example presented in Chapter 5, [1, 3] is composed of two basic sets. That the

attractor is anisotropic follows from the observation that any point in [%, 1] is attracted to the

2Theinterior of aset U isthe set of all interior-points of U.
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basic set [3, 2] and not the entire complex set.

9.2 Formulation of the Discrete Dynamical System

In this section, we transform the continuous dynamical system formulated in Chapter 6 into a
discrete dynamical system. The transformation simplifies the upcoming analysis.

We begin by introducing an equivalence relation on all points p € ][5, ‘L, \ U, P/
For points p and ¢ we define the relation p ~ ¢ if p,q € Hle(iEZZ\iEZZH)\ U, P! for
arbitrary but fixed values of the o;’s, and there exists atrgectory ¥, (¢) such that p = W, (1),
g = W, (ts), and Vi € [min(ty, t), max(t1, t2)], W, (t) € [[2, (Lo Lo ™).

We define the equivalence class of points [p] = {q | ¢ ~ p}, and an associated mapping
© : ([IL, T \UL B)/ ~ = (1L Lo \ULi P/ ~ as O([p]) = [g] if there exists
atrajectory W, () such that two of its successive segments (as defined in Chapter 8) satisfy
{Wa(t) [ t; <t <tjpa} Clpland {Wa(t) | tj11 <t <tjr2} C[q).

We operate hereafter on ([]5_, L, \ S, P)/~,? andforsake ¥ (z, t) infavor of ©. This
concludes the reformulation of the continuous system into a discrete system.

We note immediately that © is only a piecewise continuous function. The analysis in the
previous chapter was restricted to trajectories, ¥(x, t), that are locally continuous in x for the

simple reason that all other ¥ (x,t)’s are, trivialy, sensitive to initial conditions.

9.3 Extraction of Basic Sets, Complex Sets, and Attractor sfrom the Phase-Space

Inthisfina section, we demonstrate how all basic sets, complex sets, attractors, and their realms
of attraction can be isolated, given the exact ingtantiations of P forali =1,...,S.

Figure 9.2 introduces a procedure that constructs an infinite partition of the reformulated
phase-space ([]5_, ‘L, \U>_, PY)/ ~. The procedure begins with the initial partition of the
space {[[5, (LY T \US, PL/ ~ ] 0 < 07 < ng;i = 1,...,5} and generates a suc-
cession of refinements. At each stage, the procedure yields a directed graph on a set of nodes,

with each node corresponding to aset in the partition. We shall henceforth refer to anode in the

STIS., L, \ U2, P/ isregarded with the topology defined in Chapter 6, and ([15_, "Ln,\ U5, P/)/~ with
the corresponding quotient topology.
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ﬁ::o /x Stage0 =/ \

Set Initial Partitionof ([T5_, 'L\ US_, P1)/~
to (T2, (L VLY O\ Uy P/~ [0 <oy < mizi = 1,..., S},
Generateinitia Directed Graph:
(i) Queue Qo = 0,
(i) Assign unique node to each set in the partition,
/* We shall henceforth refer to them as A" s and P’ s respectively. */
(iii) Va, b assign edge from AV, to A, if 3 [p], [¢] st. [p] € Pa, [¢] € Py, and O([p]) = [q].
Push al nodes into Queue Q
For (j=1 to c0) { /x Stages1through co */
Queue Q; =0
Repeat Until (Q;_1 = 0) {
NI=1=Pop(Q;_1)
Let 'MVY, ..., "N (I = j — 1 or j) bethe nodesthat receive edges from A7 1
Let VY, ...,ONL (I = j — 1 or j) bethe nodesthat direct edges to N7 1
Let 7Pl ... TPl OPL, ..., OPL: Pi~1 bethe sets in the current partition that
correspond to nodes TAY, ..., INL s ONT L L ONE NI L
Congtruct afinite partition of 7~ in the following manner.
Set tentative partition of P71
to {0 1(IPHNPI~t |i=1,..,m}u{PI—\ur, e-1(IPhH}.
Now construct a finite refinement of thistentative partition, {P/, ..., Pi},
suchthat Vi = 1,...,p P’ isconnected, and diam(P?) < Ldiam(Pi—1).
Delete A7~ ! and add A{, ..., N7 to Graph  /+ Corresponding to sets Py, ..., P4, x/
Replace all previousedges from M7= to LA, ..., LN, with new edges from
N, ., Nito TN, ..., TN, according to rule (iii) in Stage 0.
Replace dl previous edges from O}, ..., VL to A7 ~1 with new edges from
ONL,...,ONL to N7 ..., N according to rule (iii) in Stage 0.
Push nodes VY, ..., Vj into Queue Q;
}

N J

Figure 9.2: A procedure that constructs an infinite partition of the Phase-Space and aids in lo-
cating all nonwandering points, basic sets, complex sets, and attractors.

directed graph by V, and the corresponding set in the partition by P.

We note that the partition operation iswell-defined since any P partitioned by the procedure
satisfies the constraint ©(P) NP = .

We now present a framework that will aid in the extraction of all basic sets, complex sets,

and attractors from the reformulated phase-space.

Definition 9.3.1 A node \V¥ from stage j islabeled a descendant of the node N from stage k

if 5 > k and the corresponding setsin the partition satisfy 7 C Pf.
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Let N7N]... NV beapath in the directed graph at stage j. We define the set ;P recursively
as |P=7Pjad,; P=0"P)nP_..

Definition 9.3.2 A path Nng...Nﬂ{ in the directed graph is labeled a false path of primary
lengthpifvi=1,...,p ;P#0and, 1P =0.

We now make certain observations about the procedure.

1. If at stage j there is atrgjectory in the phase-space that has consecutive segments in the
sets P!, PJ, ..., P}, then the corresponding directed graph contains the path N7 N7 ...\
In other words, given any tragjectory in the phase-space, the corresponding path in the di-

rected graph exists at any stage.

2. If at stage j the directed graph does not contain the path V7 V7 ... N7, then at stage (j+1)
the directed graph does not contain the path A/ A7 A7 for any descendant A7 ™
of ./\/',z, k=1,..,n.

3. If at stage j, N7 VY ... N3 isafalse path of primary length p, then at stage (j + p — 1) no
path N/ P NPT NPT exists for any descendant A7 PN of A k=1, .. n.

This follows from the observations: (i) (base case) If at stage j, NV NY.. NV} isafase
path of primary length 2, then at stage (j -+ 1) no path A/ ' A7 17 exists for any
descendant A/ ! of A, k = 1,...,n, and (ii) (inductive case) If at stage j, N7 N3 ...
is afalse path of primary length p, then at stage (j + 1) if apath N7 "' A7

in

exists for any descendant A/ ! of A, k = 1,...,n, then the path N/ TN N H!
is afalse path of primary length (p — 1). Both observations follow from the fact that at
stage (j + 1), P)_, is partitioned in amanner such that there exist P, ., P, that

n—1 n—1
satisfy U_, Py =07 (Pi) NPy,

Definition 9.3.3 Given any stage j, a set of nodes (N7) = {N7 |1 =1,...,m] } isreferred to
"

j ——
asacluster if (2 P’ # 0.
k

We now define arelation Recurrent(-, -) between clusters at stage j as follows.



121

Definition 9.3.4 Given any pair of clusters (A7) and (N;) at stage j, Recurrent((NZ), (V7))

if and only if 31,1, € {1,...,m3} and 30y, I, € {1, ..., m] } such that pathsA/Z?;a 2 NN,
. . . . . @ Zb

and /\/'Jlg ]%1.../\/']%q 7, exist in the directed graph where the node ;! lies on a cycle for some
ib ig"

. N A 1!
h € {ile, ey, wep, iyt andsomeh € {if, fi,..., fg,id'}.

With the framework established, we are now poised to present the second of the two central
results of thisthesis. Inthefollowing set of theoremsweidentify the nonwandering set, the basic
sets, and the complex setsin the reformulated phase-space of the abstract dynamical system.

Thefollowing theorem identifies all nonwandering pointsin (TS, L., \ S, PY)/~ with
the exception of the trivial fixed point at ]_[f:1 ’EZ We assign the node corresponding to the

st [15, 'L,,. nonwandering status at the start of the process.

Theorem 9.3.1 Let {(/\/,Q | k=1,...,n;} betheset of all clusters at stage j that satisfy the
congtraint Vk = 1, ...,n;, Recurrent((N7/), (N7/)). Then, the set of all nonwandering points is
Q= Ui, P

Proof:

[p] is a nonwandering point = [p] € (7Z( Z;T}Zl PZ?,;):

Let [p] € [T, (Lo Lo T\ U, P!/ ~ for arbitrary but fixed values of the o;'s. e
assume, without loss of generalization, that [p] € P} at stage j. If [p] liesin the interior of
P}, an open neighborhood U of [p] can be chosen such that U < P}. Thereisthen a trajec-
tory through 73{ that returns to it. The unitary cluster {J\/{ } then satisfies the criterion. If, on
the other hand, [p] lies on the boundary of 7?{ , there are only finitely many sets Pf ..., Plin
15, (LN TN\ US, P/~ suchthat VI = 1,..,r, [p] € P .4 We choose U such that
UcU~, Plj. Then, since ©™(U) N U # () for aninfinite sequence of n's, 3i3,1s € {1, ...,7},
not necessarily distinct, such that there are arbitrarily long trajectories from 7?{1 to 73{2 Snce
the directed graph has a finite number of nodes at any stage, there exists a path from J\/'l]1 to /\/ZJ2

such that a node onthe path lieson a cycle. Thecluster {/\/’f, e /\/}j} then satisfiesthe criterion.

J )
5, M )

[p] isawandering point = [p] ¢ M7Z0(U2y /s Pi]lk ;

“Given the nature of the topology, [p] ¢ P for any P that does not liein [T, (‘Lo \'Ly "\ US, P!/ ~.
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As above, we assume [p] € P{ at stage j. Since at each stage the diameter® of each set in
the partition drops by a factor of two, given any open neighborhood U of [p], there exists a stage
jwhere (PI C UYAVI(PINP] #£0 =P/ CU). LeaePINP! £0forl=1,...r. Then
any cluster that contains/\/lj can, at best, contain Nlj for somel € {1,...,7}. Given any such
cluster, if 31, I such that thereisa path from /\/’lj1 to /\/{2 through a cycle, then thepath isa false
path since {Jj_, P/ € U. Thereisthen a stage (j + p) wherein all descendants of A/ and A/},

do not lie on the path.

The following corollary to Theorem 9.3.1 identifies basic sets in the reformulated phase-

space of the abstract dynamical system.

Corollary 9.3.1 Let {<N,g> | k=1,..,n;} for stages j = 1,2, ... be successive sets of clus-

ters such that (i) each set maximally satisfies V&1, ko € {1,...,n;}, Recurrmt((N,g1>,< ,32>),

. . n-,mj i i 7mj71 i—1 n-,mj i .
and (i) Vi U,y 1 PZ.J%C C Ul ot Pi]’;; - Then, M520(U 2y 124 731?2) isa basic set. Con-

versaly, every basic set is representable as such.

Pr oof:

If [pl1, [pl2 € N30 ngf;l P’ ) for any sequence of sets satisfying criteria (i) and (i),

i
then based on arguments similar to those in the previous theorem, we conclude that there exists
o .
abasic set A such that [p];, [p]2 € A. Moreover, A being maximal, 52, (U2}, P4 ) € A.

!

k
Finally, if there exists a [p] € A suchthat [p] ¢ (72( Z;ﬁ;l Pz?l;), then for some stage j, the
set {(NV]°) | k=1,...,nj,} isnot maximal.

Conversdly, if A isa basic set, a sequence of sets satisfying criteria (i) and (ii) can be con-
structed such that V[p] € A and for every stage j, [p] € </\/,g' ) for some cluster <N,f ) in the
set. Thisis based on observations: (a) if {<N,§> | k= 1,...,n;} for some stage j satisfies
criterion (i), then the minimal set { (A7, 1) | V/\fi € (V) 3/\/@3’;1 e (NI Pjéc C Pj’gl} is
Recurrent for all pairs of member clusters, and can therefore be expanded to satisfy criteria (i)
and (ii), (b) if {<N,§°> | k=1,..,n4} at some stage jo is a set of clusters such that V[p]
A F(NT°) where [p] € int((N7°)) and vice versa, then there are only finitely many ways it can

be expanded to satisfy criterion (i), and (c) there is then a stage (jo + p) wherein all pointsin

°The diameter is defined as maxy,, () (d([p], [q])) where d(-, -) isthe distance between [p] and [¢] based on the
Riemannian metric.
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g ,mk

these additional clustersdonotllelnﬂJO’Lp( e 17D ) In other words, aninfinite sequence
of sets satisfying criteria (i) and (if) can be constructed such that A C 2 Z”Tl’“ P ). Fi-
nally, if 3[p] € M5! Z”Tl’“ 1733 ) such that [p] ¢ A, then arguments similar to those in the

previous theorem reveal a contradiction.

Thefollowing corollary to Theorem 9.3.1 identifies complex setsin the reformulated phase-

space of the abstract dynamical system.

Corollary 9.3.2 Let {</\/,g> | k=1,..,n;} for stagesj = 1,2, ... be successive sets of clus-

ters such that (i) each set is an equivalence class of clusters generated by the transitive clo-

sure of Recurrent(-, -) onthe set { (A7) | Recurrent((A7), (N7))}, and (i) V5 U~ ;”f P , €
Z;l,l’:?l Pf,k_l Then, 72( ZJT;“ . 733 ) isa complex set. Conversely, every complex set

is representable as such.

Proof:

A and A’ are coupled if and only if there exists a sequence of basic sets A, Ay, Ag, ..., A/
such that each consecutive pair of basic sets shares one or more clusters at all stages. This
follows from the observation that given any basic set A and its corresponding set of clusters
(VY| k=1,..,n;} for stages j = 1,2, ..., if [p] € A, then for every stage j there exists a
(V) that satisfies [p] € int((N,)), and in addition, (N} ) € {(N}) | k =1,...,n;}. The

remainder of the proof follows along the lines of the proof of the previous corollary.

Having proved that the nonwandering set, the basic sets, and the complex sets in the refor-
mulated phase-space can be identified based on the procedure described in Figure 9.2, we now
demonstrate that any complex set that is also an attractor can be identified as such, as a product
of the same procedure.

We first note, based on previous observations and the fact that the entire phase-space is
bounded, that if G7 denotes the directed graph at stage j, and 7’ is a subgraph of G’ such that
there are no edges |leading from nodesin 77 to nodesin (G7\H7), then the union of the sets cor-
responding to the nodesin 4/ constitutes a bounded positively invariant set in the reformulated
phase-space.

We now demonstrate that a complex set = is an attractor if and only if there is a stage jg
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where no path exists from any node in the equivalence class of clusters associated with = (as
defined in the previous corollary) to a node in an equivalence class of clusters associated with
any other complex set ='.

We note that if such a stage exists, the criterion remains true for al subsequent stages. The
criterion guarantees the existence of maximal subgraphs 7 for every j > j, such that (a) every
cluster (V) in the equivalence class associated with = liesin 17, (b) 7 does not contain any
node from an equivalence class of clusters associated with any other complex set =/, and (c)
there are no edges from 7 to (G7\'H”). If W7 denotes the union of the sets corresponding to
the nodes in 7, the realm of attraction of = is given by lim; Wi,

If, on the contrary, at every stage j there exists a path from a node in the equivalence class
associated with = to a node in an equivalence class associated with some other complex set =/,
then thereisno set U suchthat = C int(U), V= # ZU NZ' = ), and ©O(U) C U. If, instead,
such aU exists, since VZ/ # Z U N E' = (), given any other complex set =/, there exists an
open neighborhood V' of =’ such that U NV = (). Moreover, since ©(U) C U, therefore,
Vn > 00"(int(U))NV = 0. This, however, isin contradiction with the existence of the noted
path at every stage.

In conclusion, werecall that with regard to the dynamics of neocortical columns, we demon-
strated in Chapter 8 that trajectories (periodic orbits) in the region of the phase-space corre-
sponding to “normal operational conditions’ are, with probability 1, sensitive to initial condi-
tions (unstable). It therefore follows that attractors in this region of the phase-space are almost
surely chaotic. Combined with the observation that the inherently discontinuous nature of ©
sanctions the existence of anisotropic attractors, we conclude that the dynamics of neocortical
columns, under normal operational conditions, is controlled by attractors that are not only al-

most surely chaotic, but are also potentially anisotropic.

94 Summary

We began the chapter with a review of the fundamental coherent structures that exist in the
phase-space of adiscrete dynamica system defined by a mapping f.

In Section 9.1, we explored the implications of f not being a homeomorphism. We were
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led to the realization that the phase-space of any such dynamical system contains an additional
variety of coherent structures of potentially greater complexity, structureswelabel complex sets.
In Section 9.2, we transformed the abstract dynamical system formulated in Chapter 6 from
acontinuous dynamical system to adiscrete dynamical system. The discontinuous nature of the
mapping that defines the discrete dynamical system was then highlighted.
Finaly, in Section 9.3 we introduced a procedure based on which the nonwandering set, the
basic sets, the complex sets, the attractors and their realms of attraction, in the reformulated

phase-space of the abstract dynamical system were identified.
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Chapter 10

Conclusions and Future Research

Thereis general agreement in the scientific community regarding the position that the physical
states of the brain are causally implicated in cognition and behavior. What congtitutes a dis-
crete brain stateis, however, aproblem far from resolved. A satisfactory resolution of thisissue
should at the least advance our understanding of how the brain represents and manipulates in-

formation.

10.1 Contributions of the Thesis

It has been our belief that an understanding of the nature of the coherent physical states of the
brain can be achieved by analyzing, exclusively, the dynamics of the brain (or any part thereof)
as constrained by its anatomy and physiology. From a dynamical systems' perspective the co-
herent spatiotemporal structures, if any, inherent in the dynamics of a physical system are re-
vedled in any attractors that are present in its phase-space.

Our objective has therefore been to determineif there exist attractors in the dynamics of sys-
tems of neurons, and if so what their salient characteristics are. Thefirst step in such aprogram
isthe construction of an abstract dynamical system that models systems of neurons.

We have presented in this thesis adetailed exposition of one such dynamical system. Were-
gard the dynamical system asasignificant contribution of the thesis because it has asufficiently
wide scope to be able to redistically model systems of neurons in the brain, and at the same
time, it is sufficiently simple to be amenable to formal anaysis.

In order to determine the viability of the model, we conducted simulation experiments on
severa instantiations of the system, each modeling atypical column in the neocortex to adiffer-
ent degree of accuracy. We found an agreeabl e fit between the qualitative aspects of the results
and that of real data
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A significant outcome of the simulation experiments was the emergence of three distinct
categories of qualitative behavior that were found to be robust across all the investigated in-
stantiations of the system. In addition to thetrivial behavior of quiescence, the class of systems
displayed sustained chaotic behavior in the region of the phase-space associated with normal
operational conditions in the neocortex, and intense periodic behavior in theregion of the phase-
space associated with seizure-like conditions in the neocortex.

The experiments also shed light on why the strictly neurophysiological perspective to the
study of the brain faces profound problems. Whereas the abstract system contains a good deal
of structure, such was not easily reveded in its dynamics. Thisis more so in the case of real
neurophysiological data wherein the impression is one of an appalling lack of structure. The
incongruence between data recorded at the individua or local neuronal level and at the organ-
ism’s behavioral level isenormous. Bridging this gap without access to an intermediary model
is aformidable task. Whereas approaching the problem via a model might be deemed weaker
because acceptance of the results hinge upon the acceptance of the adequacy of the moddl, itis
our view that given the circumstances, thisis arguably the only viable approach.

Based on the evidence from the simulation experiments we surmised that coherent structures
do exist inthe dynamics of neocortical neuronal systems operating under normal conditions, and
that they are chaotic attractors. Experimental evidence of the nature presented here, however,
does not amount to a proof of existence of chaotic attractors in the said class of systems. Fur-
thermore, the simulation experiments shed little light on the structure of the attractors.

In order to gain a deeper insight into the nature of these attractors, we conducted a formal
analysis of the phase-space dynamics of the abstract system. Not only wasthe existence of chaos
in the noted region of the phase-space confirmed, but the parameter that constituted the basisfor
the existence of the distinct categories of qualitative behavior was also identified.

The criterion for the dynamics of the system to be sensitive toinitial conditions was deduced
based on alocal analysis of trajectories in the phase-space of the abstract system. An anaysis
of the global structures induced by the dynamics of the system in the phase-space disclosed the
existence of complex sets. We concluded based on anatomical and physiological parameters
that the dynamics of neocortical columns under normal operationa conditions is governed by

attractors that are not only ailmost surely chaotic but also potentially anisotropic.
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10.2 Basic Implications of the Results

This thesis advances a principled proposal regarding the issue of information coding in recur-
rent neuronal systems (such as columns in the neocortex): that attractors in the phase-space de-
note the discrete computational states of such systems. While the spatial configuration of the
attractors in the phase-space of certain neurona systems might prompt the surmise of rate or
population coding, such schemes are rendered epiphenomenal from this perspective.

The chaotic and potentially anisotropic nature of the attractors attains principal significance
in this context. We first consider the ramifications of the attractors in question being almost
surely chaotic. Recall that externa input into the system is modeled by introducing additional
neurons whose state descriptions match, identically, the input. Stated formally, the expanded
phase-space is given by TS, 'Ly, x [[~g.1 Ln,, wherei = 1,...,S denote the neurons in
the system, and i = (S+1), ..., R denote the input neurons. Since the times at which spikes are
generated at the input neurons are determined solely by the external input, the expanded phase-
space does not contain hypersurfaces P! for i = (S + 1), ..., R. Each input corresponds to a
unique trajectory W (t) in [[% g +1'Ly,. Thetemporal evolution of the system upon input U(t)
is given by the trgjectory W (t) in the expanded phase-space whose projection on HZR: S+l L,
isW(t).

It is based on this formulation that we demonstrated in Chapter 8 that the dynamics of a
generic neocortical column under normal operational conditions, sustained by external input
from the thalamus and/or other cortical columns, is sensitive to initial conditions. Thisimplies
that even if the exact input isknown, it isimpossible to predict, based solely on nomina knowl-
edge of the attractor that the system currently resides in, which attractors the system will visit as
its dynamics unfolds, and at what times. In other words, the dynamics of a neocortical column
at the computational level can not, in general, be modeled as a deterministic automaton.

We now consider the ramifications of the fact that the attractors in question, in addition to
being chaotic, are potentially anisotropic. We recall that an anisotropic attractor is an attracting
complex set that is composed of multiple basic sets. Such attractors are capable of maintaining
complex sequence information. Thedirection from which the system approaches such an attrac-

tor determines not only the subset of the constituent basic sets that the system visits, but also the
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order inwhich they arevisited. In other words, structure can be discerned in the phase-space of
the neuronal system at two levels. First, there is the relationship between the attractors each of
which constitutes a macro-symbolic state of the system, and within each attractor the relation-

ship between the basic sets each of which constitutes a micro-symbolic state of the system.

10.3 Future Research

The present research has raised a number of issues that require further investigation.

In Section 4.3, we described the scope of our model of the neuron in general terms. Anim-
mediate next step would be to construct specific models (appropriate instantiations of P(-)) of
frequency-adapting regular-firing neurons, fast-spiking neurons, and intrinsically-bursting neu-
rons, al of which are found in the neocortex (Connors & Gutnick, 1990). The construction of
such models would facilitate more realistic simulations of the dynamics of columnsin the neo-
cortex.

In order to identify the salient features of the dynamics of a generic neocortical column, we
modeled aregular trgjectory in the phase-space of the abstract dynamical system asani.i.d. (in-
dependent and identically distributed) stochastic process, a process that ranks amongst the sim-
plest of stationary ergodic processes. In the ensuing analysis, the neurons in the system were
assumed to spike at comparable rates, and the 0P, / 8x§ 'swere assumed to arise from the same
distribution. An analysis based on aweaker set of assumptions would be more robust and there-
fore preferable.

Finaly, we have just begun to understand the impact of external input on the dynamics of
systems of neurons. In an aternative approach to the one presented in the previous section, one
can consider an isolated system of neurons, with the input into each neuron absorbed into its
membrane potential function as an additional parameter (each P;(-) is now afunction parame-
terized by the input and therefore time varying, and each P;(-) = 7 is, likewise, ahypersurface
that evolves with time). From this perspective, the effect of the input plays arole that is com-
plementary to the effect that synaptic variability has on the potentia function.

While it is evident that both the input into the system as well as changes in the potential

function of the neurons brought about by long-term potentiation (LTP) and depression (LTD),
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can dramatically change the nature of the dynamics of a neuronal system (creating, destroying
and altering the shape and location of the attractors in the phase-space), the exact nature of these
changes is at present unknown.

Thenature of the bounds on the number of attractorsthat asystem can maintain, asafunction
of the number of neurons, their connectivity, and the nature of their potential functions, isaso
a present unknown. A suitable quantification would shed additional light on the dynamics of
neurona systems.

We plan to address these issues in our future work.

10.4 Epilogue

The enquiry into the nature of the mind entertains a venerable past. Over the past two thou-
sand years, several solutions have been ventured—some have enjoyed modest success and oth-
ers have suffered critical failure. While modern techniques bring new vigor to the enterprise,
areflection on the history of the endeavor should give one pause. Our sentiment at the present

juncture is therefore one of cautious optimism.
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Appendix A
Proofs of Theorem 6.2.1 and Theorem 6.2.2

Proof of Theorem 6.2.1

The proof of Theorem 6.2.1 follows from Theorems A.0.1 and A.0.2.

Theorem A.0.1 All roots of f(2) = 2" + ap—12""* + ... + ap aredistinct and lieon |z| = 1
& (@) |agl =1, a; = ap—apfori =1,....,.n — 1,and (b) f'(z) hasall rootsin |z| < 1.
Proof:

(i) Distinct roots on |z| = 1 = (a) and (b).

Assume wl.o.gthat a,, = 1. z;isaroot of f(z) < 2 = (1/%;) isaroot of f*(2). |z] =1
implies (1/z;) = z;. Hencetherootsof f(z) and f*(z) areidentical. Moreover, ay =[]}, 2.
Consequently, (a) holds.

That all roots of f’(z) liein |z| < 1 follows from Lucas Theorem (Any convex polygon that
contains all roots of f(z) also contains all roots of f’(z)) and all roots of f(z) being distinct.

(ii) (@) and (b) = distinct roots on |z| = 1.

That theroots of f(z) lieon |z| = 1 follows from the following theorem in (Cohn 1922).

LemmaA.0.1 (Cohn) Let g(z) = bz +bp_12™ 4.+ b satisfy the criterion b, _; = ub;

for all i = 0,...,m. Then g(z) hasin |z| < 1 asmany roots as [¢/ (2)]* = 2™ 1g/(1/2).

f(z) by (a) satisfies the premise, and therefore, it hasin |z| < 1 asmany rootsas [f’(z)]*. By
() [f'(2)]* hasnorootsin |z| < 1. Hence, f(z) hasnorootsin |z| < 1. Finally, |ag| = 1

constraints all roots of f(z) tolieon |z| = 1. (b) then enforcesthat f(z) hasno multiple roots.

Theorem A.0.2 6; < 0, 2,03, ..., 0n—1 > 0 (From Theorem 6.2.1) < all roots of f/(z) liein
|z| < 1.

Proof:
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(i) 41 <0, 02,03, ...,0,—1 > 0= al roots of f/(z) liein|z| < 1.

This follows directly from the following theoremin (Marden 1948).

Lemma A.0.2 (Marden) If for polynomial f(z) = @, 2™ + am—12™ "1 + ... + ap the sequence
(fo(2), f1(2), -y fim(2)) is constructed as f;(z) = S al?) 2k where fo(z) = f(z) and
fi+1(z) = aéj)fj(z) — afi)_jff(z) for j =0,...,m — 1, and moreover §;,1 = aéjﬂ) satisfies

9 < 0,082, ...,0, > 0then f(z) hasall rootsin |z| < 1.

(i) All roots of f/(z) liein|z| < 1= 81 < 0, 2,03, ..., Op—1 > 0.

(@ <0.

Snce f/(z) = fo(z) = bpz™ + ...+ b1z + by (herem = n— 1) hasall rootsin |z| < 1, the
modulus of the product of all rootsislessthan 1. Hence, |bo| < by |, and d1 = |bo|?—|bm|? < 0.
(b) 62,03, ..., 0n—1 > 0.

This follows from the following theoremin (Marden 1948).

Lemma A.0.3 (Marden) IfinLemmaA.0.2, f;(z) hasp; rootsin |z| < 1 and noneon |z| = 1
and if 5j+1 = (0 then fj+1(z) haSij = %{m —j— [(m —j) - 2pj]sgn(5j+1} rootsin ‘Z| <1

and noneon |z| = 1.

fo(z) = f'(2) hasall n — 1 rootsin |z| < 1 and none on |z| = 1. We have shown that §; < 0.
Hence, sgnd; = —1. Based on the lemmathen, f1(z) hasp; = 0 rootsin |z| < 1 and none on
|z| = 1. In other words, all roots of fi(z) liein|z| > 1. Arguing asin (a), we get 62 > 0. We

now apply the lemma repeatedly to get po = p; = 0 and so on, implying és, ..., d,—1 > 0.

Proof of Theorem 6.2.2

The proof of Theorem 6.2.2 follows from Theorem A.0.3.

Theorem A.0.3 x € L, and = ¢ LL,, < z denotes a polynomial with all rootson |z| = 1 and
at least 1 multipleroot. € L,, and = ¢ LL,, = z isaboundary point of L,,, that is, every open
set containing  containsay ¢ L.

Proof:

()r €L,andz ¢ L, = All rootson |z| = 1 and at least 1 multiple root.
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Snce z isalimit point of L,,, 3 denumerable sequence (y1, 2, ..., Yk, Yk+1, ---),» SUch that
Viy; € L, and lim; ., y; = . We now apply the following theorem in (Coolidge 1908) to the

sequence.

Lemma A.0.4 (Coolidge) If any two given polynomials f1(z) = 2™+ a,,—12™ ' +...4+ag and
fa(2) = 2™ + by _12™ L+ ...+ by are so related that Vi a; isa constant, and Vi b; approaches
a;, thentherootsof f1(z) and f2(z), where each multiple root of order k is counted k times ask
roots, may be put into such a one-to-one correspondence that the absol ute value of the difference

between each two corresponding roots approaches 0.

Snce x ¢ L, either the corresponding polynomial does not have all roots on |z| = 1, or not
all roots are distinct. If thefirst caseistrue, the distance between at least one set of roots in the
theorem is bounded from below thus contradicting it.

(ii) All rootson |z| = 1 and at least 1 multipleroot = 2 € L, and x ¢ L,,.

Trivially, wehave x ¢ LL,,. Let (z1, 22, ..., 2, ) bethe roots of the polynomial corresponding
to x with multiple roots of order & repeated k times. Choose any § > 0 such that it satisfies
6 < |(1/2) minw; j 2, .;(£(zi/25))|. Choose (41, 02, ..., 0,) such that Vi, j i # j = &; # J;
and Vi, 0 < |0;] < 6.

Now consider the sequence of ordered sets (z1e/(91/2") | 25e1(92/2%) | 7 i(®n/2)) for p =
0,1, .... Each set comprises of distinct roots on |z| = 1. The sequence converges absol utely to
(21, 22, ..., zn ). Since coefficients are continuous functions of roots, the corresponding sequence
(Y1,Y2, -+, Yk Yk+1, ---) IN COEfficient space satisfies Vi y; € LL,, and lim; o, y; = x.

(i) x € L,, and = ¢ L,, = = is a boundary point.

z e Cl/2l x g1 (cln/21=1 « M%) = corresponding polynomial satisfies 3o, a permuta-
tion, such that z; = (1/Z,,). Letx € L, andz ¢ L,. Let (e, ¢2 ... ¢¥n) be the set of
roots that correspond to z and wl.og0* = 01 = 6, = ... = 6, (k > 2). Foranyj < 1
consider the sequence of ordered sets (((2P — §)/2P)e®", (2P /(2P — §))e®" i3, ..., €'0n) for
p = 0,1,... The sequence converges absolutely to (¢?1, ez, ., ¢ ) and each set satisfies 3o
suchthat z; = (1/z,,). Based on arguments identical to (ii) above the corresponding sequence

(Y1, Y2, ooy Yk Y1, ---) N COEfficient space satisfies Vi y; ¢ L, and lim; oo y; = .
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Appendix B

The Membrane Potential Function in the Transfor med Space

Assumption (iii) of Chapter 4 Section 2 makes P(-) C* onT". Let F~! : L, — U c T
map the transformed spaceinto theinitial space, thatis, F~{a,, 1, ..., arny21(lapn/211); Lao) =
(z!,...,2") for odd (even) n, suchthat, 0 < z! < 2? < ... < 2" < 27.

Boundaries of U are of no concern here because (a) the range of F~! could equally well be
§<az' <a?< .. <a"<2m+6forarbitrary § and (b) P(-) isC>™ onT™. Let G(-) denote
the Cartesian product of F~1(-) withitself appropriately many times that maps the transformed
space of all relevant neurons into their initial spaces. Define, tentatively, P=PoG.

Since both P and F" are C*°, P is C> wherever the Jacobian of F, (DF),isnon-singular.
The following two theorems demonstrate that (D F) is singular if and only if 2* isamultiple

root for some k.

Theorem B.0.4 g%j isundefined when z* isamultiple root, that is, 3a, b suchthat ¢ = 2? =
Det(DF) = 0.

Pr oof:

Oa; _ Oa;
9%  dzb

b

Vi a; isa symmetric function of (z!, ...,2"). Therefore, when z® = z°. In

other words, if % = x°, columns‘a’ and ‘b’ in (DF) are identical.

Theorem B.0.5 Vi, j (i # j = a' # 27) = Det(DF) # 0.
Proof:
We prove the theorem for cases, nisodd and n is even, separately.
(i) nisodd.
Based on the functions defining coefficients in terms of roots and simple matrix manipula-

tions, (DF) evaluated at (z!, 22, ..., 2™) = (01,05, ...,0,,) can bereduced to (DF) =
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1 1 o 1
8847‘110 —884;2—0 e %ézio Sin(gl) Sin(ag) . Sin(an)
OMar, ORar,, ORapy
Bl g2l cos(61) cos(B2) - cos(n)
O3 0 oSar. . . -
\rg;’;/ﬂ “g;’;/ﬂ e %’:fﬂ B Sln(Qol) s1n(292) - Sln(20n)
cos(201) cos(202) - cos(20,)
ORay_y ORa, 1 ORa,, _1
CE Ozo e I
S o S Sn(t520) sin(%562) - sin(2520)
cos(5101) cos(Z5202) oo cos(Z510n)

We prove Det(DF') # 0 by demonstrating that for any vector &, & x (DF') = 0 implies
T =(0,..,0). Letn = 2m + 1, and f(z) = ag + Y ."y agi—1siniz + ag; cosiz. For
arbitrary reals ag, s, ..., o, NOt @l zero, we demonstrate that the maximum number of roots
that f(z) can havein [0, 27) is2m, thus proving the claim.

Let g(z) =0 + D iv; visin(iz + §;) such that g(z) = f(x). Since g(x) is periodic with
period 27, if g(z) has u rootsin [0, 27) then g*(z) = ¢’ () hasat least 11 rootsin [0, 27), and
since ¢! () is also periodic with period 27, g2(z) = ¢"(x) has at least ;1 rootsin [0, 2x) and
so on.

g*(x) = 3 i sin(iz+ ;) for k = 1,2, .... Hence, (a) the coefficients of sin(iz+ 3;)
fori =1,...,(m—1) can be made negligible as compared to the coefficient of sin(mxz + 5,,,) by
increasing k, and () the magnitude of the gradients of i**~; sin(iz + ;) for i = 1, ..., (m — 1)
are also made negligible as compared to the gradient of m**~,, sin(ma + 3,,) near its roots.
Snce m**+y,, sin(ma + ,,) has 2mrootsin [0, 27), we have i < 2m.

(ii) niseven.

Let n = 2m. For any 6*, themapping F(z', ..., 2%™) = (an_1, ..., lap, 21 |; Zag) isa C>°-
diffeomorphism in an open set about (61, 02, ..., 02,,,) if and only if the corresponding mapping
Fl(at, o™ 2?1 = (an—1, ... |afn 21 ;s Lag; *™ 1) isa C*-diffeomorphismin an open
set about (01, 02, ..., 02, 6*). Consequently, all that needs to be shown isthat for n = 2m, the
mapping (asm—1, -, |aml; Zao; 22 ) — (Ao, .y Ama1; ZAg) is C%° (Ay's are the coef-
ficients of the polynomial of degree 2m+1 whose roots include the additional ). Note that
Vi,j (i #j = 0; #0;)andVi = 1,...,2m 0; # 0* is enforced by (i) above on the mapping

<A2m, ey Am—f—l; 4A0> — <x1’ . :L.Qm; x2m+1>_
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The trivial relations between the A;’s and the a;’s immediately proves that the mapping is
C.

The portion of L,, actually explored by the state dynamics of the neuron has multiple roots only

at ¢’ = ¢’ = 1, that is, when the spikes are dead. We therefore define P(-) as follows:

(a) If V relevant i each (z!, 22, ..., ™) is composed of distinct elements, then P(-) isC* as

sy Ly

demonstrated in the preceding theorem.

(b) If Irelevant i such that (z}, 27, ..., 2]"*) is not composed of distinct elements, and z* is
one such multiple element (at ¢’*" = 1), then we define, for al m, j1, ..., i—1, k1, ..., ki
(suchthat S, k; = m), and id's (not necessarily distinct, forg = 1, ..., p = 1, ..., k,)

ompP kgt ki1 i1 oLl

. . X
OFrgit. . OM-rgh-1dhip  dag...0an " Oap-i...0a;
1 1 ki1

=0 (B.1)

8ai1,1 ...86%1

Although % isundefined in this case, imposing the additional constraint 2 = 0
1 'k

over aninfinitesimal interval (¢? > " > ¢#(27=9)) irrespective of the values assigned

omp

%1 271 . GFI—14T1—1 g1 % = 0 over

to the other variables turns P C*°, since we then have

theinterval.

(c) If Irelevant i suchthat (z}, 27, ..., 2]'*) isnot composed of distinct elements, but member
element 2* is a distinct element, then g%; can not be directly computed from (DF)~!
since Det(DF') = 0. However, asis shown next, tangible value exists for g%;. Itisalso

6 * .
shown that %j iIsC*,

Theorem B.0.6 Lettherootsof f(z) = 2" +a,_12" "1 +...+ap, congtrained tolieon |z| = 1,

be (¢ir" ¢ie® . ei"). Let ¢i*” = ¢i*” and all other roots be distinct. Let the sequence of sets

(yp Y3y -y for p = 1,2, ... beconstructed such that Vp, ¢ isdistinct, Vg lim, .o yj = 29,

Then (DF)~! at (y;, 2, ..., yy) iswell defined for all p and limiting values exist for % for all
J

k # a or b. Moreover, g%‘: is C for all such values of k.

Proof:

That (DF)~! at (y,, y5, ..., y;) iswell defined for all p follows from the previous theorem.

Just asin the previous theorem, we consider the case for odd n first. We refer to the simplified



137

version of (DF) evaluated at (61, 0, ..., 0,,) given earlier. In the limit, column ‘b’ can be re-
placed by the column (% column *a’) = (0, cos(6,), — sin(6,), 2 cos(26,), —2sin(26,), ...)~ .

We demonstrate that this matrix isinvertible. Let g(z) = vo + ;- i sin(iz + 5;). For
arbitrary reals vo, 71, 51, ---» Ym, Om not al zero, g(x) can not have 2m distinct roots and 1
multipleroot in [0, 2) because g (z) must then have at least 2m + 1 rootsin [0, 27r) and so on.

All rowsexcept ‘a’ and ‘b’ in (DF)~!, computed as (DF)~'(DF) = I, therefore have fi-
nite limiting values, identical to the corresponding values in the inverse of the matrix described
above. Since the elements of the matrix are C'°°, and its determinant (a C*° function of its ele-
ments) is non-zero, the e ements of itsinverse are C°.

The case for even n istreated exactly as in the previous theorem.
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