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Abstract—

are that it yields discontinuous density estimates andiresjan

We present a new, geometric approach for determining the optimal choice of the bin width. Too small a bin width leads

probability density of the intensity values in an image. We dop

the notion of an image as a set of discrete pixels, and assum

a piecewise-continuous representation. The probability ensity can
then be regarded as being proportional to the area between tw
nearby isocontours of the image surface. Our paper extendshis
idea to joint densities of image pairs. We demonstrate the gpication
of our method to affine registration between two or more image
using information theoretic measures such as mutual inforration.
We show cases where our method outperforms existing methodsich
as simple histograms, histograms with partial volume intepolation,
Parzen windows, etc. under fine intensity quantization for &ine
image registration under significant image noise. Furthernore, we
demonstrate results on simultaneous registration of mulple images,
as well as for pairs of volume datasets, and show some theoiel
properties of our density estimator. Our approach requires the
selection of only an image interpolant. The method neither equires
any kind of kernel functions (as in Parzen windows) which are
unrelated to the structure of the image in itself, nor does itrely on
any form of sampling for density estimation.

I. INTRODUCTION

e

to noisy, sparse density estimates (variance) whereasarge |

a bin width introduces oversmoothing (bias). Parzen wirglow
have been widely employed as a differentiable density @stim

for several applications in computer vision, including gea
registration [32]. Here the problem of choosing an optimial b
width translates to the optimal choice of a kernel width and
the kernel function itself. The choice of the kernel funotis
somewhat arbitrary [29] and furthermore the implicit effed

the kernel choice on the structure of the image is an issue tha
has been widely ignorédThe kernel width parameter can be esti-
mated by techniques such as maximum likelihood. Such method
however, require complicated iterative optimizationsy atso a
training and validation set. From an image registrationdyaint,

the joint density between the images undergoes a change in
each iteration, which requires re-estimation of the kemielth
parameters. This step is an expensive iterative process avit
complexity that is quadratic in the number of samples. Mésho
such as the Fast Gauss transform [33] reduce this cost to some
extent but they require a prior clustering step. Howeves, Rast
Gauss transform is only ampproximationto the true Parzen

Information theoretic tools have for a long time been estabensity estimate, and hence, one needs to analyze the behavi
lished as thale factotechnique for image registration, especiallpf the approximation error over the iterations if a gradieased
in the domains of medical imaging [22] and remote sensimgptimizer is used. Also, as per [9] (Section 3.3.2), the lidadth
[3] which deal with a large number of modalities. The groundralue for minimizing the mean squared error between theanae
breaking work for this was done by Viola and Wells [32], anéstimated density is itself dependent upon the secondalisgv
Maeset al. [17] in their widely cited papers. A detailed surveyof the (unknown) true density. Yet another drawback of Rarze
of subsequent research on information theoretic techsigne window based density estimators is the well-known “taieeff in
medical image registration is presented in the works ofRluihigher dimensions, due to which a large number of samplds wil
et al. [22] and Maeset al. [18]. A required component of all fall in those regions where the Gaussian has very low val@g [2

information theoretic techniques in image registratioraigood

Mixture models have been used for joint density estimation i

estimator of the joint entropies of the images being reggste registration [15], but they are quite inefficient and requhoice

Most techniques employ plug-in entropy estimators, winetiee
joint and marginal probability densities of the intensiglues in

of the kernel function for the components (usually chosebeo
Gaussian) and the number of components. This number again

the images are first estimated and these quantities are sieelte will change across the iterations of the registration psecas the
obtain the entropy. There also exist recent methods whitihele images move with respect to one another. Wavelet basedtgensi
a new form of entropy using cumulative distributions insteaestimators have also been recently employed in image ratjist

of probability densities (see [25]). Furthermore, thersoadxist
technigues which directly estimate the entropy, withotinesting
the probability density or distribution as an intermedistep [1].

[9] and in conjunction with MI [21]. The problems with a waeél
based method for density estimation include a choice of leave
function, as well as the selection of the optimal number eéle

Below, we present a bird’s eye view of these techniques agid thor coefficients, which again requires iterative optimiaati

limitations. Subsequently, we introduce our method andghout
its salient merits.

The plug-in entropy estimators rely upon techniques fosign
estimation as a key first step. The most popular density asim

Direct entropy estimators avoid the intermediate density e

IParzen showed in [19] that s{fi{x) — p(x)| — 0, wherep’and p refer to the
estimated and true density respectively. However, we stitegt this is only an
asymptotic result (as the number of sampMas— ) and therefore not directly

is the simple image histogram. The drawbacks of a histograinked to the nature of the image itself, for all practicalpeses.



mation phase. While there exists a plethora of papers irfigflts  of histogram preserving locally continuous image transfations
(surveyed in [1]), the most popular entropy estimator useth  (the so-called Hamiltonian morphisms), which relatesdgsams
age registration is the approximation of the Renyi entrapyh@ to areas between isocontours. The main practical appitsti
weight of a minimal spanning tree [16] orkxnearest neighbor discussed in [12] are histograms under weak perspectivparad
graph [5]. Note that the entropy used here is the Renyi entroperspective projections of 3D textured models.
as opposed to the more popular Shannon entropy. Drawbacks dflote that our method, based on finding areas between isocon-
this approach include the computational cost in consinaif the tours, is significantly different from Partial Volume Inpaiation
data structure in each step of registration (the complexitgreof (PVI) [17], [30]. PVI uses a continuous image representatm
is quadratic in the number of samples drawn), the somewlafild a joint probability table by assigning fractional estto
arbitrary choice of then parameter for the Renyi entropy andnultiple intensity pairs when a digital image is warped dgri
the lack of differentiability of the cost function. Some Wdnas registration. The fractional votes are assigned typicalling a
been done recently, however, to introduce differentigbifi the bilinear or bicubic kernel function in cases of non-aligmneith
cost function [27]. A merit of these techniques is the ease pikel grids after image warping. In essence, the densitynes¢
estimation of entropies of high-dimensional feature vetwith  in PVI still requires histogramming or Parzen windowing.
the cost scaling up just linearly with the dimensionality tbé In this paper, we also present in detail the problems that lea
feature space. to singularities in the probability density as estimated thg
Recently, a new form of the entropy defined on cumulative disuggested procedure and also suggested principled maidifisa
tributions, and related cumulative entropic measures asadross The main merit of the proposed geometric technique is the fac
cumulative residual entropy (CCRE) have been introduced fimat it side-steps the parameter selection problem the¢tfbther
the literature on image registration [25]. The cumulatimérepy density estimators and also does not rely on any form of sampl
and the CCRE measure have perfectly compatible discrete gt accuracy of our techniques will alwaygpper boundall
continuous versions (quite unlike the Shannon entropyugho sample-based methods if the image interpolant is known (see
not unlike the Shannon mutual information), and are known fgection V). In fact, the estimate obtained by all samplseola
be noise resistant (as they are defined on cumulative distiis methods will converge to that yielded by our method only ie th
and not densities). Our method of density estimation carabiye limit when the number of samples tends to infinity. Empitigal
extended to computing cumulative distributions and CCRE. we demonstrate the robustness of our technique to noise, and
All the techniques reviewed here are based on different prigperior performance in image registration. We concludé wai
ciples, but have one crucial common point: they treat theggnadiscussion and clarification of some properties of our metho
as a set of pixels or samples, which inherently ignores tbe fa [I. MARGINAL AND JOINT DENSITY ESTIMATION
that the_se samples or|g|_nate from an underlying c_ontm@us In this section, we show the derivation of the probability
piece-wise continuous) signal. None of these techniquesitdo . . : -
account the ordering between the given pixels of an image. ggns!ty ffunct|on_(P|f3F) f(_)r the margma! as well as thle_ joint
a result, all these methods can be terrsathple-based~urther- egsﬂy or a palrlo 2D_d|mag_es. we p0||r|1t out plr_act|crf;1$_|ssues
more, most of the aforementioned density estimators recair gn . co_mputatlona const eratl_ons, as wet as outlne_t !t;e
particular kernel, the choice of which extrinsic to the image . erivations for the case of 3D images, as well as multiplegesa
being analyzed and not necessarily linked even to the naigkeh in 2D. L . o
. . . iy A. Estimating the Marginal Densities in 2D
In this paper, we present an entirely different approach hiciv
the density estimate is built directly from a continudusage Consider the 2D gray-scale image intensity to be a contiguou
representation (as opposed an arbitrary kernel on thetgier@ur scalar-valued function of the spatial variables, represkras
approach here is based on the earlier work presented intf&], w = (x,y). Let the total area of the image be denoted Ay
essence of which is to regard the marginal probability dgres Assume a location random variatie=< X,Y > with a uniform
the area between two isocontours at infinitesimally closenisity  distribution over the image field of view (FOV). Further, asse
values. A similar approach to density estimation has alsnbea new random variabl&/ which is a transformation of the
taken in the work of Kadir and Brady [13]. In our work, we havgandom variabl& and with the transformation given by the gray-
also presented a detailed derivation for the joint densityveen scale image intensity functioV =1(X,Y). Then the cumulative
two or more images, and also extended the work to the 3iistribution of W at a certain intensity levedr is equal to the
case, besides testing it thoroughly on affine image regjistréor ratio of the total area of all regions whose intensity is |é&mn
varying noise level and quantization widthrior work on image or equal toa to the total area of the image
registration using such image based techniques includég [2 17 ¢
[23], [10] and [14]. The work in [10], however, reports resul PrW < a) = K/ / dxdy (1)
only on template matching with translations, whereas thnma 7 y)<a
focus of [14] is on estimation of densities in vanishinglyaim Now, the probability density oV at a is the derivative of the
circular neighborhoods. The formulae derived are veryifipdo cumulative distribution in (1). This is equal to the difface in
the shape of the neighborhood. Their paper [14] shows tlcat |othe areas enclosed within two level curves that are seghtste
mutual information values in small neighborhoods are eelatan intensity difference ofa (or equivalently, the area enclosed
to the values of the angles between the local gradient vectgftween two level curves of intensity and a + Aa), per unit
in those neighborhoods. The focus of this method, howeverdiference, asta — 0 (see Figure 1). The formal expression for
too local in nature, thereby ignoring the robustness thans this is
integral part of moreglobal density estimates. There also exists 1 T hixy)<ana 9XAY— [ fixy)<q AXdy

some related work by Hadjidemetriai al. [12] in the context p(a) = E\AILTO Ao @)




Hence, we have intensity inly is less than or equal ta; and whose intensity in
1d [/ I, is less than or equal ta, be denoted by.. The cumulative
p(a) = Ada / / dxdy (3) distribution P(W; < a1, Ws < o) at intensity valuegas, a) is
7 y)<a equal to the ratio of the total area bfto the total overlap area
We can now adopt a change of variables from the spatigl The probability densityp(as,a,) in this case is the second
coordinates(x,y) to u(x,y) and I(x,y), whereu and | are the partial derivative of the cumulative distribution w.r; and a.
directions parallel and perpendicular to the level curviateisity - consider a pair of level curves from having intensity values;
a, respectively. Observe thepoints in the direction of the image ang g, 4+ Aay, and another pair fron, having intensitya, and
gradient, or the direction of maximum intensity change.iN®t o, 1 Aq,. Let us denote the region enclosed between the level

this fact, we now obtain the following: curves ofl; at a; anda; +Aa; asQ; and the region enclosed
1 ax 9y between the level curves & at a, and a, +Aa, asQ,. Then
p(a) = K/ & g, du. (4) p(ai,a2) can geometrically be interpreted as the are®pfi Q,,

)= | Gu gu divided byAaiAa», in the limit asAa; andAa, tend to zero. The

Note that in Eq. (4)da anddl have “canceled” each other out,/€gionsQs, Q and alsoQ; N Q, (dark black region) are shown
as they both stand for intensity change. Upon a series obmage in Figure 2(left). Using a technique very similar to that wfmo
manipulations, we are now left with the following expressioin Egs. (2)-(4), we obtain the expression for the joint cuatiue
for p(a) (with a more detailed derivation to be found in thelistribution as follows:

Appendix):

1
S L I du o PIiWA < oy, W, < ) = 5 [ [ dxdy ©)
AJixy)=a (%)2+(Z—)'/)2 fo d?ing a change of variables, we arrive at the following
ormula:
From the above expression, one can make some important
observations. Each point on a given level curve contribates oy
certain measure to the density at that intensity which isrisely PrW < a1, Wb < ap) = 1 ur AU |qu.d @)
. . : . 1= 01,02 = 02 A ox o0y 1ALp.

proportional to the magnitude of the gradient at that point. S a0

In other words, in regions of high intensity gradient, theaar L .
) . Hereu; andu, represent directions along the corresponding level
between two level curves at nearby intensity levels would be

. . : egyrves of the two imagek and l,. Taking the second partial
small, as compared to that in regions of lower image gradiept . ~. . ;
‘derivative with respect ta; and a,, we get the expression for

(see Figure 1). When the gradient value at a point is zeror@)W|the joint density:

Level curve att

1 02 . é?_X l;?_y
9(017012):—7// e Gy |dudwe.  (8)
A 001002 J JL ‘7_J(2 0—3/2

It is important to note here again, that the joint density8p (
may not exist because the cumulative may not be differeletiab
Level Curve ata+Aa Area between level curves Geometrically, this occurs if (a) both the images have lgcal
constant intensity, (b) if only one image has locally consta
Fig. 1. p(a) O area between level curves atand a +Aa (i.e. region with red intensity, or (c) if the level sets of the two images are lycal
dots) parallel. In case (a), we have area-measures and in the other
two cases, we have curve-measures. These cases are discribe
in detail in the following section, but for the moment, we lkha
ignore thesalegeneracies
To obtain a complete expression for the PDF in terms of
gradients, it would be highly intuitive to follow purely gewtric
reasoning. One can observe that the joint probability dgnsi
p(a1,02) is the sum total of “contributions” at every intersec-
tion between the level curves df at a; and those ofl, at
a». Each contribution is the area of parallelogram ABCD [see
Figure 2(right)] at the level curve intersection, as theeisity
o ) ) differencesAa; and Aa; shrink to zero. (We consider a paral-
B. Estimating the Joint Density lelogram here, because we are approximating the level surve
Consider two images represented as continuous scalardvalleeally as straight lines.) Let the coordinates of the pdinbe
functionsw; = I1(x,y) andw, = l>(x,y), whose overlap area is (X,¥) and the magnitude of the gradientlgfandl, at this point be
A. As before, assume a location random variaBile- {X,Y} g1(X,§) andgx(X.¥). Also, let 6(X,¥) be theacuteangle between
with a uniform distribution over the (overlap) field of view.the gradients of the two images Bt Observe that the intensity
Further, assume two new random variabWs and W, which difference between the two level curveslgfis Aa;. Then, using
are transformations of the random varialife and with the the definition of gradient, the perpendicular distance betwthe
transformations given by the gray-scale image intensitcfions two level curves of; is given asgf%. Looking at triangleCDE
Wi =11(X,Y) andWs, = 15(X,Y). Let the set of all regions whose(whereinCE is perpendicular to the level curves) we can now

to the existence of a peak, a valley, a saddle point or a flaamgg
the contribution to the density at that point tends to infinfThe
practical repercussions of this situation are discussid tmn in
the paper. Lastly, the density at an intensity level can beased
by traversing the level curve(s) at that intensity and irdégg the
reciprocal of the gradient magnitude. One can obtain amest
of the density at several intensity levels (at intensitycépg of h
from each other) across the entire intensity range of theyéma



Region P Intersection of P and Q

Level Curves of Image 2 / /
t levels a2 and a2+Aa2 / /
@
Level Curves of Image 1 Region Q Level Curves of 11
at levelsal and al+Aal
@
Level Curves of 12
The level curves of 11 and 12
make an angl® w.r.t. each other
Level Curves of 13
Level Curves of 12
ata2 anda2+Aa2 (b)

B ) Fig. 3. (a) Area of parallelogram increases as angle betweesl curves
length(CE) =Aal/gl(xy); decreases (left to right). Level curves kf and I, are shown in red and blue
intensity spacing Aal lines respectively. (b) Joint probability contribution time case of three images.

Level Curves of 11

atal andal+Aal . L . . .
of the marginal density in regions of zero gradient, or ofjtiet

(b) density in regions where either (or both) image gradienis)
Fig. 2. Left: Intersection of level curves df and I: p(ai,az) O area of (are) zero, or when the gradients locally align. The gradiges
dark black regions. Right: Parallelogram approximatioBFReontribution = area to zero in regions of the image that are flat in terms of intgnsi
(ABCD) and also at peaks, valleys and saddle points on the imagacsurf
We can ignore the latter three cases as they are a finite number
) o of points within a continuum. The probability contributiat a
deduce the length aED (or equivalently that oAB). Similarly, iy lar intensity in a flat region is proportional to thea of

we can also find the lengt@B. The two expressions are giveryhai fiat region. Somad hocapproaches could involve simply

by “weeding out” the flat regions altogether, but that woulduieg|
IAB| = Aay CB| = Aa; ) the choice of sensitive thresholds. The key thing is to eotitat
©gu(X,9)sinf(X,¥)’ T (%X,9)sinf(XY) in these regionsthe density does not exist but the probability

Now, the area of the parallelogram is equalA®||CB|sin6 (%, §), distribution doesSo, we can switch entirely to probability distri-

. n AayAas . . . ' butions everywhere by introducing a non-zero lower bounthen
which eva_luates t‘dl(w)gz(X y)sinb(xy) * with th|-s,.we finally obtain “values” of Aa; andAas. Effectively, this means that we always
the following expression for the joint density: . . . .

look at parallelograms representing the intersection betwpairs
21 1 of level curves from the two images, separated rimyn-zero
p(ay,az) = - 10) . oo :
A £ g1(X,Y)g2(%,y)SInB(X,y) intensity difference, denoted as, shySince these parallelograms

ave finite areas, we have circumvented the situation ofsihgo
resholds to prevent the values from becoming unboundetl, a
the probability atas, a», denoted a(t,a2) is obtained from
EEhe areas of such parallelograms. We term this area-bastde
of density estimation aAreaProh Later on in the paper, we shall
show that the switch to distributions is principled and does
reduce our technique to standard histogramming in any nmanne
whatsoever.

where the seC represents the (countable) locus of all point
whereli(x,y) = a1 andlx(x,y) = a». It is easy to show through
algebraic manipulations that Egs. (8) and (10) are equivtal
formulations of the joint probability densitp(ai,a2). These
results could also have been derived purely by manipulatfon
Jacobians (as done while deriving marginal densities), taed
derivation for the marginals could also have proceededviotig
geometric intuitions.

The formula derived above tallies beautifully with intoiti in
the following ways. Firstly, the area of the parallelogr&BCD
(i.e. the joint density contribution) in regions of high drant
[in either or both image(s)] is smaller as compared to that in
the case of regions with lower gradients. Secondly, the afea
parallelogramABCD (i.e. the joint density contribution) is the
least when the gradients of the two images are orthogonal and
maximum when they are parallel or coincident [see Figurg]3(a :
In fact, the joint density tends to infinity in the case wheitaer @ (b)
(or both) gradient(s) is (are) zero, or when the two gradiefign, rig 4. A retinogram [31] and its rotated negative.
so that sir@ is zero. The repercussions of this phenomenon are
discussed in the following section.
C. From Densities to Distributions

The notion of an image as a continuous entity is one of the
pillars of our approach. We adopt a locally linear formwati
In the two preceding sub-sections, we observed the divemgeim this paper, for the sake of simplicity, though the techhic
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Fig. 5. Joint densities of the retinogram images computedisiypgrams (top 2
rows) and by our area-based method (bottom 2 rows) using 2,668 and 128 . . . .
bins. of the otherimage, clipped against the body of the triangle (see

Figure 7). Observe that though we have to treat pathological

regions specially (despite having switched to distritugio we
contributions of this paper are in no way tied to any specififow do not need to select thresholds, nor do we need to deal
interpolant. For each image grid point, we estimate thensitg \with a mixture of densities and distributions. The other anaj
values at its four neighbors within a horizontal or vertidstance advantage is added robustness to noise, as we are now working
of 0.5 pixels. We then divide each square defined by theggth probabilities instead of their derivatives, i.e. dies.
neighbors into a pair ofriangles The intensities within each  The issue that now arises is how the value fofmay be
triangle can be represented as a planar patch, which is §iyenchosen. It should be noted that although there is no “optimal
the equatiory; = Ayx+ By +Cy in I1. Iso-intensity lines at levels h, our density estimate would convey more and more informatio
a; andaz +hwithin this triangle are represented by the equation the value oh is reduced (in complete contrast to standard
Ax+Biy+Cy = a1 and Aix+Biy+Cy = a1 + h (likewise for  histogramming). In Figure 5, we have shown plots of our joint
the iso-intensity lines of; at intensitiesa, and a2+ h, within - density estimate and compared it to standard histogram® for
a triangle of corresponding location). The contributioonfr this equal to 16, 32, 64 and 128 binséachimage (i.e. 32, 64 etc.
triangle to the joint probability atas, az), i.e. f(a1,a2) is the pins in the joint), which illustrate our point clearly. We uiod
area bounded by the two pairs of parallel lines, clippedreai that the standard histograms had a far greater number ofyempt
the body of the triangle itself, as shown in Figure 7. In thgins than our density estimator, for the same number of gityen
case that the corresponding gradients from the two images iels. The corresponding marginal discrete distribigiéor the

parallel (or coincident), they enclose an infinite area W original retinogram image [31] for 16, 32, 64 and 128 bins are
them, which when clipped against the body of the triangleldd shown in Figure 6.

a closed polygon of finite area, as shown in Figure 7. When both

the gradients are zero (which can be considered to be a specia

case of gradients being parallel), the probability contitn is i i _ _

equal to the area of the entire triangle. In the case where ffe JOint Density Between Multiple Images in 2D

gradient of only one of the images is zero, the contributi®n i For the simultaneous registration of multiplé % 2) images,
equal to the area enclosed between the parallel iso-itydimes the use of a singled-dimensional joint probability has been



=<

Fig. 7. Left: Probability contribution equal to area of gil@gram between
level curves clipped against the triangle, i.e. half-piXdiddle: Case of parallel
gradients. Right: Case when the gradient of one image is(bére level lines) and

iso-surfaces at neighboring intensity levels. The fornfolathe
marginal densityp(a) of a 3D imagew = 1(x,y,2) is given as

follows:
1 d " 3 3
p( ) Vda/./ ./I(x,y,z)ga xayaz

HereV is the volume of the imagé&(x,y,z). We can now adopt
a change of variables from the spatial coordinateg and z to
u1(x,y,2), uz(x,y,z) andl(x,y,z), wherel is the perpendicular
to the level surface (i.e. parallel to the gradient) andand u,
are mutually perpendicular directions parallel to the lewface.

(11)

that of the other is non-zero (red level lines). In each casehability contribution

equals area of the dark black region. Noting this fact, we now obtain the following:

9x 9y gz
1 |48 2

advocated in previous literature [2], [35]. Our joint prbiday p(a) = V2 / /l(xyz>:a dup  dup  dup durdu,. (12)
L . . s TIXY, ox 0y 9z
derivation can be easily extended to the casal of 2 images du, du; dup

by using similar geometric intuition to obtain the polygbaeea
betweend intersecting pairs of level curves [see Figure 3(righ
for the case ofl = 3 images]. Note here that thiledimensional
joint distribution lies essentially in a 2D subspace, as we a dudu, .
dealing with 2D images. A naive implementation of such a )2+(%)2+( )2

scheme has a complexity @d(NPY) where P is the number Y

of intensity levels chosen for each image aNds the size of For the joint density case, consider two 3D images represent
each image. Interestingly, however, this exponential cast be aswi =11(x,y,2) andw, = I2(X,y,z), whose overlap volume (the
Side-stepped by first Computing the at mog@)Pz pOintS of field Of-VieW) ?S V. The CUmUla‘Eive distribution Ml <ap, W <
intersection between pairs of level curves fromcalmages with  02) at intensity valuegay, az) is equal to the ratio of the total
one another, for every pixel. Secondly, a graph can be aeatéolume of all regions whose intensity in the first image issles
each of whose nodes is an intersection point. Nodes aredinkBan or equal tar; and whose intensity in the second image is less
by edges labeled with the image number (&4yimage) if they than or equal taxz, to the total image volume. The probability
lie along the same iso-contour of that image. In most cas€€nsity p(ai,az) is again the second partial derivative of the
each node of the graph will have a degree of four (and in t§gMmulative distribution. Consider two regioRg andR,, where
unlikely case where level curves from all images are comnirr Ru is the region trapped between level surfaces of the first énag
the maximal degree of a node will bel2 Now, this is clearly a at intensitiesoy anday +Aai, andR; is defined analogously for
planar graph, and hence, by Euler's formula, we have the eamf€ second image. The density is proportional to the volufne o
of (convex polygonal) facef — &271) « 4P _ MPM' o — the intersection oR; andR; divided by Aa; andAaz when the .
O(P2d?), which is quadratic in the number of images. The arégtter two _tend to zero. It can be shown through some geomgtn
of the polygonal faces are contributions to the joint proligb manipulations that the area of the base of the paralleldpipe

Upon a series of algebraic manipulations just as before, nwe a
fft with the following expression fop(a):

p(a) = \%//I(x,y,z)—a \/(%

X

(13)

a1
0z

. : : Aa AajAa:
distribution. In a practical implementation, there is nquigzement fi)rmedqby the isosurfaces is given %%&gzz\ = \glgzls—irj(ze)“ where
to even create the planar graph. Instead, we can implemerfi2ndd2 are the gradients of the two images, &hés the angle

between them. Lel be a vector which points in the direction of
the height of the parallelepiped (parallel to the base ngrira
01 X 02), anddh be an infinitesimal step in that direction. Then
the probability density is given as follows:

simple incremental face-splitting algorithm ([7], secti8.3). In
such an implementation, we create a list of fac#s which
is updated incrementally. To start witl#% consists of just the
triangular face constituting the three vertices of a chaselfr
pixel in the image. Next, we consider a single level-linat
a time and split into two any face it# that!| intersects. This 1 92
procedure is repeated for all level lines (separated by eretis P( \_/m///\/sdxdydz
intensity spacing) of all thd images. The final output is a listing 1 92 dadimdh 1 dh
of all polygonal faces7 created by incremental splitting which —7/// — = —/ ?8@1-4)
can be created in jusd(FPd) time. The storage requirement can Vimoay Vs [GLx Gl VJc|gx Gl
be made polynomial by observing that fdimages, the number In Eq. (14), u1 and u; are directions parallel to the iso-
of unique intensity tuples will be at mo&tN in the worst case surfaces of the two images, and is their cross-product
(as opposed t¢9). Hence all intensity tuples can be efficientlfand parallel to the line of intersection of the individual
stored and indexed using a hash table. planes), whileC is the 3D space curve containing the points
E. Extensions to 3D where I, and |, have valuesa; and a, respectively and
def

When estimating the probability density from 3D images, thes = {(x¥.2): Il_(x,y, 2) < a1, 12(xy,2) < az}.
choice of an optimal smoothing parameter is a less critemlé, - Implementation Details for the 3D case
as a much larger number of samples are available. HoweverThe density formulation for the 3D case suffers from the same
at a theoretical level this still remains a problem, whichuWdo problem of divergence to infinity, as in the 2D case. Similar
worsen in the multiple image case. In 3D, the marginal prdiyab techniques can be employed, this time using lesefacesthat
can be interpreted as the total volume sandwiched between tave separated by finite intensity gaps. To trace the levéhoes,

a, o)



the total number of co-occurrences of intensitigsand a, from
the two images respectively, is obtained by counting thal tot
number of intersections of the corresponding level curi#ssh
~— half-pixel can be examined to see whether level curves of the
; | ~«Face of one of . . o, . e
~=--t===1 7 thetetrahedra two images at intensities; anda, can intersect within the half-
; pixel. This process is repeated for different (discretdji@s from
the two images 1 and a,), separated by equal intervals and

Center of selecteda priori (see Figure 9). The co-occurrence counts are
voxel then normalized so as to yield a joint probability mass fiorct
(@) (PMF). We denote this method @DPointProb The marginals

are obtained by summing up the joint PMF along the respective

directions. This method, too, avoids the histogrammingioig

problem as one has the liberty to choose as many level cusves a

desired. However, it is a biased density estimator because m

v Each square face is the base pomts are picked from regions with hlgh image _grad|e_nt.sTh|

of four tetrahedra is because more level curves (at equi-spaced intensitysleve

are packed together in such areas. It can also be regarded as
a weighted version of the joint density estimator preseimate
previous sub-section, with each point weighted by the @rdi

Center of
voxel magnitudes of the two images at that point as well as the dine o
®) the angle between them. Thus the joint PMF by this method is
given as
Fig. 8. (a) Splitti_ng a voxel int_o 12 tetrahedra, two on eatthe six faces of 52 17
E)l}ethve())\(/?)l;e(lt.)) Splitting a voxel into 24 tetrahedra, four acle of the six faces play, az) = 7001002 K / /D 91(X,Y)92(x,y) sinf(x,y)dxdy (15)

whereD denotes the regions whelrgx,y) < ai,l2(x,y) < a, and

each cube-shaped voxel in the 3D image can be divided inI%ols a normalization constant. This simplifies to the follogin

12 tetrahedra. The apex of each tetrahedron is located at the 1

center of the voxel and the base is formed by dividing one of pay, az) = RZL (16)
the six square faces of the cube by one of the diagonals of that

face [see Figure 8(a)]. Within each triangular face of easths Hence, we havep(as,a) = % whereC is the (countable) set

tetrahedron, the intensity can be assumed to be a lineatidunc of points wherel1(x,y) = a1 and lz(x,y) = a». The marginal
of location. Note that the intensities in different facesoof and (biased) density estimates can be regarded as lengths of the
the same tetrahedron can thus be expressaetiffeyentfunctions, individual isocontours. With this notion in mind, the margi
all of them linear. Hence the isosurfaces at different isitgn density estimates are seen to have a close relation withothak t
levels within a single tetrahedron are non-intersecting ot  variation of an image, which is given B = |, _,, |01 (x,y)|dxdy
necessarily parallel. These level surfaces at any intengihin a [26]. We clearly havelTV = f,_, du, by doing the same change
single tetrahedron turn out to be either triangles or quegrials of variables (fromx,y to u,l) as in Eqgs. (4) and (5), thus giving
in 3D. This interpolation scheme does have some bias in the the length of the isocontours at any given intensity level
choice of the diagonals that divide the individual squaree$a
A scheme that uses 24 tetrahedra with the apex at the center of Iso-intensity
. line of 12 ata2
the voxel, and four tetrahedra based on every single face, ha grid poin
no bias of this kind [see Figure 8(b)]. However, we still used
the former (and faster) scheme as it is simpler and does not
noticeably affect the results. Level surfaces are agaicettaat
a finite number of intensity values, separated by equal §itien _
intervals. The marginal density contributions are obtdias the g‘r?égggi?]rts © v
volumes of convex polyhedra trapped in between consecutive t?,ﬁ; ?rEang}Ye“led e A vote for peil,a2)
level surfaces clipped against the body of individual teddra. A vote for pal+A,a2+4)
The joint distribution contribution from each voxel is oiotad
by finding the volume of the convex polyhedron resulting frormig. 9. Counting level curve intersections within a giverifipixel.
the intersection of corresponding convex polyhedra froenttio
images, clipped against the tetrahedra inside the voxelraiée In 3D, we consider the segments of intersection of two iso-
to this scheme of finding joint densities ¥slumeProb surfaces and calculate their lengths, which become the PMF
G. Joint Densities by Counting Points and Measuring Lengthscontributions. We refer to this dsengthProb[see Figure 10(a)].
Both 2DPointProb and LengthProh however, require us to

For the specific case of registration of two images in 2D, wignore those regions in which level sets do not exist becthese
present another method of density estimation. This methbath intensity function is flat, or those regions where level detsn
was presented by us earlier in [23], is a biased estimatodihes the two images are parallel. The case of flat regions in one or
not assume a uniform distribution on location. In this téghe, both images can be fixed to some extent by slight blurring of

Iso-intensity
line of I1 atal




Joint PDF using simple hist. (256 bins)

Planar Isosurfaces Joint PDF using simple hist. (128 bins) s

from the two images o s

Line of intersection
of two planes

(b)

Joint PDF using LengthProb (256 bins)

Planar Isosurfaces
from the three images

Line of intersectiol

of two planes . . .
Point of intersection of

three planes

Fig. 10. (a) Segment of intersection of planar isosurfaces fthe two images,

(b) Point of intersection of planar isosurfaces (each showa different color) © (d)

from the three images

Fig. 11. Joint probability plots using: (a) histograms, 1i8s, (b) histograms,
256 bins, (c)LengthProb 128 bins and (d)engthProb 256 bins.

|  Method | 2D/3D | Density Contr.| Bias | No. of images|

AreaProb 2D Area No Any
VolumeProb| 3D Volume No Any joint density between multiple images (needed for co-tegfion
LengthProb| 3D Length Yes 2 only of multiple images using measures such as modified mutual
2DPointProb| 2D Point count | Yes 2 only information (MMI) [2]). All that is required is the intersgon
3DPointProb| 3D Point count | Yes 3 only of multiple convex polyhedra in 3D or multiple convex polywo
TABLE | in 2D (see Section II-D). However2DPointProb is strictly

applicable to the case of the joint PMF between exactly two
images in 2D, as the problem of intersection of three or mavrell
curves atspecific (discrete) intensity levels is over-constrained.
In 3D, LengthProbalso deals with strictly two images only, but
one can extend thkeengthProbscheme to also compute the joint
PMF between exactly three images. This can be done by making

the image. The case of aligned gradients is trickier, esfigci use of the fact that three planar iso-surfaces intersectpoiiat
if the two images are in complete registration. However,hia t (€xcepting degenerate cases) [see Figure 10(b)]. The fitits
multi-modality case or if the images are noisy/blurred, feer between the three images are then computed by counting point
registration is a rare occurrence, and hence perfect aghiof  intersections. We shall name this method3a3PointProb The
level surfaces will rarely occur. differences between all the aforementioned methddsaProh

To summarize, in both these techniquéssation is treated 2DPointErob .VolumeProb Len.gthProb and 3DPointProb are
as a random variable with a distribution that is not uniformSUmmarized in Table | for quick reference. It should be noted
but instead peaked at (biased towards) locations whereifipecth@t2DPointProb LengthProband 3DPointProbcompute PMFs,
features of the image itself (such as gradients) have larggnin whereadAreaProbandVolumeProkcompute cumulative measures

COMPARISON BETWEEN DIFFERENT METHODS OF DENSITY ESTIMATION
W.R.T. NATURE OF DOMAIN, BIAS, SPEEDQ AND GEOMETRIC NATURE OF
DENSITY CONTRIBUTIONS

tudes or where gradient vectors from the two images are clog/er finite intervals.

towards being perpendicular than paralleébuch a bias towards

high gradients is principled, as these are the more salegioms

of the two images. Empirically, we have observed that botts¢h H. Image Entropy and Mutual Information

density estimators work quite well on affine registrationda We are ultimately interested in using the estimated values

that LengthProbis more than 10 times faster thafolumeProb of p(a;,a2) to calculate (Shannon) joint entropy and MI. A

This is because the computation of segments of intersecfionmajor concern is that, in the limit as the bin-width— 0,

planar isosurfaces is much faster than computing polylrednidie Shannon entropy doe®t approach the continuous entropy,

intersections. Joint PMF plots for histograms dmghgthProbfor  but becomes unbounded [6]. There are two ways to deal with

128 bins and 256 bins are shown in Figure 11. this. Firstly, a normalized version of the joint entropy BYJ
There exists one more major difference betw@esaProband obtained by dividing the Shannon joint entropy (JE) by Rog

VolumeProbon one hand, andlengthProbor 2DPointProbon  (whereP is the number of bins), could be employed instead of

the other. The former two can be easily extended to compule Shannon joint entropy. As — 0 and the Shannon entropy



tends toward+o, NJE would still remain stable, owing to thethe number of histogram samplbk is varied from 5000 to X
division by logP, which would also tend toward-e (in fact, 10° Thel; andL, norms of the difference between the joint PDF
NJE will have a maximal upper bound P2 =2, for a uniform of two 90 x 109 images (down-sampled MR-T1 and MR-T2 slices
joint distribution). Alternatively (and this is the moreipcipled obtained from Brainweb [4]) as computed by our method ant tha
strategy), we observe that unlike the case with Shannoomtr obtained by the histogram method, as well as the Jensem8han
the continuous Ml is indeed the limit of the discrete Mitas- 0 divergence (JSD) between the two joint PDFs, are plottedhén t
(see [6] for the proof). Now, aB increases, we effectively obtainfigures below versus Idg; (see Figure 12). The number of bins
an increasingly better approximation to the continuousumlut used was 128 128 (i.e.h = 128). Visually, it was observed that
information. the joint density surfaces begin to appear ever more siragi;

In the multiple image caseal(> 2), we avoid using a pair-wise increases. The timing values for the joint PDF computatite a
sum of Ml values between different image pairs, because su@own in Table II, clearly showing the greater efficiency af o
a sum ignores the simultaneous joint overlap between nheiltignethod.
images. Instead, we can employ measures such as modified
mutual information (MMI) [2], which is defined as the KL gyl oA e e an e PR v 00
divergence between thegbway joint distribution and the product os
of the marginal distributions, or its normalized versionNMI) - e
obtained by dividing MMI by the joint entropy. The expresso
for MI between two images and MMI for three images are give
below:

M1 (11,12) = Hy(l1) + Ha(l2) — Hio(11,12) (17) e S (R TR

which can be explicitly written as @ ®)
L2 Tg[m of difference betn. true and est. PDF vs. log NS JSD betn. true and est. PDF vs. log NS
o P j2) I
MI(lg,12) = P(j1, j2)log————=~ (18) o1
% % p(j1)p(j2) ]

where the summation indicejg and j, range over the sets of
possibilities ofl; andl, respectively. For three images,

8 10 12 14 16 18 20 22 8 10 12 14 16 18 20 22

MMI(I1,12,13) = Hi(l1) + Ha(l2) + Ha(l3) — Hiz23(l1, 12, 13) (19) © @

which has the eXplICIt form Fig. 12. Plots of the difference between the true joint PDE@sputed by the

p(jl j2 13) area-based method and the PDF computed by histogrammihgNaisub-pixel
MMI (I1,12,13) = i1,]2,j3)log———"2"="__ (20) samples versus ldg using (b)Ls norm, (c)Lz norm, and (d) JSD. The relevant
( ) %%% P(is,J2: Ja)log P(j1)p(i2)P(js) (20) images are in sub-figure (a).

where the summation indicqs, j» and j3 range over the sets of
possibilities oflq,1> and I3 respectively. Though NMI (normal- Method
ized mutual information) and MNMI are not compatible in thg

| Time (secs.)| Diff. with isocontour PDF]

discrete and continuous formulations (unlike Ml and MM, i : Isocogntoursl 51 0
our experiments, we ignored this fact as we chose very spedifi H!St' 10 samples 1 0.0393
: : Hist. 10' samples 11 0.01265
intensity levels. :
[1l. EXPERIMENTAL RESULTS Hist. 10° samples 106 0.0039

_ ) _ _ Hist. 5x 10° samples 450 0.00176
_ In _th|s section, we describe our experimental results on e 5 1P samples 1927 858x 10 2
timation of PDFs and a comparison between our area-based ABLET

method for 2D images, versus standard histogramming with su
pixel sampling. Further, we present results for (a) the aafse
registration of two images in 2D, (b) the case of registraid
multiple images in 2D and (c) the case of registration of two
images in 3D.

A. Area-based PDFs versus histograms with several sul-pixe
samples

TIMING VALUES FOR COMPUTATION OF JOINTPDFS AND L1 NORM OF
DIFFERENCE BETWEENPDFCOMPUTED BY SAMPLING WITH THAT
COMPUTED USING ISOCONTOURSNUMBER OF BINS 1S128x 128, SI1ZE OF
IMAGES 122 146.

The accuracy of the histogram estimate will no doubt apgroac
the true PDF as the number of sampigdrawn from sub-pixel ) ) ) ]
locations) tends to infinity. However, we wish to point ouath B Registration of two images in 2D
our method implicitly and efficiently considers every poat# a For this case, we took pre-registered MR-T1 and MR-T2
sample, thereby constructing the PDF directly, i.e. thaugmzy slices from Brainweb [4], down-sampled to size 122246 (see
of what we calculate with the area-based method will alwaydgure 12) and created a 2@otated version of the MR-T2 slice.
be an upper bound on the accuracy yieldedahy sample-based To this rotated version, zero-mean Gaussian noise of difter
approachunder the assumption that the true interpolant is knowvariances was added using timenoisefunction of MATLAB®.
to us.We show here an anecdotal example for the same, in whithe chosen variances were 0.01, 0.05, 0.1, 0.2, 0.5, 1 andl 2. A
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these variances are chosen for an intensity range betweed O @ the true interpolant. Parzen windows with the chogevalue

1. To create the probability distributions, we chose binmtswf of 5 gave good performance, comparable to our technique, but
16, 32, 64 and 128. For each combination of bin-count ancenoisve wish to re-emphasize that the choice of the parameter was
a brute-force search was performed so as to optimally ahen tarbitrary and the computation time was much more for Parzen
synthetically rotated noisy image with the original onedaser- windows.

mined by finding the maximum of MI or NMI between the two All the aforementioned techniques were also tested on affine
images. Six different techniques were used for Ml estinmat{®) image registration (except for histogramming with musiiub-
simple histograms with bilinear interpolation for imagerpiag pixel samples and Parzen windowing, which were found to be
(referred to as “Simple Hist”), (2) our proposed method gsinoo slow). For the same image as in the previous experimant, a
isocontours (referred to as “Isocontours”), (3) histogmaing affine-warped version was created using the paramétersS0°

with partial volume interpolation (referred to as “PVI") )(4 = 30,t = -0.3,s = -0.3 andg = 0. During our experiments, we
histogramming with cubic spline interpolation (referreml as performed a brute force search on the three-dimensionahpar
“Cubic”), (5) the method2DPointProb proposed in [23], and eter space so as to find the transformation that optimalgnati

(6) simple histogramming with fGsamples taken from sub-pixelthe second image with the first one. The exact parametrizéio
locations uniformly randomly followed by usual binningfgeed the affine transformation is given in [34]. Results were ectiéd

to as “Hist Samples”). These experiments were repeateddor f3r a total of 20 noise trials and the average predicted patairs
noise trials at each noise standard deviation. For eachaugethe were recorded as well as the variance of the predictions.aFor
mean and the variance of the error (absolute differencedsatwlow noise level of 0.01 or 0.05, we observed that all methods
the predicted alignment and the ground truth alignment) wperformed well for a quantization up to 64 bins. With 128 bins
measured (Figure 13). The same experiments were also pexdor all methods except the two we have proposed broke down, i.e.
using a Parzen-window based density estimator using a Gausyielded a false optimum o6 around 38, ands andt around
kernel ando =5 (referred to as “Parzen”) over 30 trials. In eacld.4. For higher noise levels, all methods except ours brakend
trial, 10,000 samples were chosen. Out of these, 5000 wesech at a quantization of just 64 bins. THZDPointProb technique

as centers for the Gaussian kernel and the rest were useldeforrétained its robustness until a noise level of 1, whereasitba-
sake of entropy computation. The error mean and variance imsed technique still produced an optimuméof 28°, s = -0.3,

recorded (see Table ). t = -0.4 (which is very close to the ideal value). The area-thase
technique broke down only at an incredibly high noise leviel o
| Noise Variance| Avg. Error | Std. Dev. of Error] 1.5 or 2. The average and standard deviation ofetsimateof
0.05 0.0667 0.44 the parameter@, s andt, for 32 and 64 bins, for all five methods
0.2 0.33 0.8 and for noise levels 0.2 and 1.00 are presented in Tables &V an
1 3.6 3 V. We also performed two-sided Kolmogorov-Smirnov tests] [1
2 4.7 12.51 for statistical significance on the absolute error betwéenttue

and estimated affine transformation parameters for 64 hias a
a noise of variance 1. We found that the difference in thererro
values for Ml, as computed using standard histogrammingpand
isocontour technique, was statistically significant, asegsained
at a level of 0.01.

We also performed experiments on determining the angle of
rotation using larger images with varying levels of noige=

The adjoining error plots (Figure 13) show results for aiga 0.05,0.2,1). The same Brainweb images, as mentioned before,
methods for all bins counts, for noise levels of 0.05, 0.2 arithe  were used, except that their original size of 18219 was
accompanying trajectories (for all methods except histogning retained. For a bin count up to 128, all/most methods perédrm
with multiple sub-pixel samples) with Ml for bin-counts a2 and quite well (using a brute-force search) even under higheois
128 and noise level 0.05, 0.2 and 1.00 are shown as well, ker s&lowever with a large bin count (256 bins), the noise resctaf
of comparison, for one arbitrarily chosen noise trial (Fega4). our method stood out. The results of this experiment witfecdgt
From these figures, one can appreciate the superior reséstan methods and under varying noise are presented in TablesIVI, V
noise shown by both our methods, even at very high noisedgveénd VIII.
as evidenced both by the shape of the Ml and NMI trajectories,
as well as the height of the peaks in these trajectories. Ayston
the other methods, we noticed that PVI is more stable thaplsim
histogramming with either bilinear or cubic-spline basethge
warping. In general, the other methods perform better when t The images used were pre-registered MR-PD, MR-T1 and MR-
number of histogram bins is small, but even there our methd@ slices (from Brainweb) of sizes 90 x 109. The latter two
yields a smoother MI curve. However, as expected, noise daesre rotated byf; = 20° and by 6, = 30° respectively (see
significantly lower the peak in the MI as well as NMI trajecés Figure 15). For different noise levels and intensity queattons,
in the case of all methods including ours, due to the incréasea set of experiments was performed to optimally align thetat
joint entropy. Though histogramming with 48ub-pixel samples two images with the former using modified mutual information
performs well (as seen in Figure 13), our method efficientigt a (MMI) and its normalized version (MNMI) as criteria. These
directly (rather than asymptotically) approaches the RDé& and criteria were calculated using our area-based method dsawel
hence the true Ml value, under the assumption that we hawsacsimple histogramming with bilinear interpolation. The ganof

TABLE Il
AVERAGE AND STD. DEV. OF ERROR IN DEGREESABSOLUTE DIFFERENCE
BETWEEN TRUE AND ESTIMATED ANGLE OF ROTATION FORMI USING
PARZEN WINDOWS. THE ISOCONTOUR METHOD CONSISTENTLY GAVE BETTER
RESULTS THANPARZEN WINDOWING UNDER HIGHER NOISE

C. Registration of multiple images in 2D
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Method Bins 6 S t Method Bins 0 s t
MI Hist 32 30,0 -03,0| -0.3,0 MI Hist 32 33.7,18.1 04,0 0.13,0.08
NMI Hist 32 30,0 -0.3,0( -0.3,0 NMI Hist 32 | 343,159 04,0 0.13, 0.08
Ml Iso 32 30,0 -03,0| -0.3,0 Ml Iso 32 30,0.06 -0.3,0 -0.3,0
NMI Iso 32 30,0 -0.3,0 -0.3,0 NMI Iso 32 30,0.06 -0.3,0 -0.3,0
MI PVI 32 30,0 -03,0| -0.3,0 MI PVI 32 | 28.1, 36.25| 0.26, 0.08 0.19, 0.1
NMI PVI 32 30,0 -0.3,0( -0.3,0 NMI PVI 32 | 28.1, 36.25] 0.3, 0.05 0.21,0.08
MI Spline 32 30.8,0.2| -0.3,0| -0.3,0 MI Spline 32 | 30.3,49.39 04,0 0.09,0.1
NMI Spline || 32 | 30.6,0.7| -0.3,0| -0.3,0 NMI Spline | 32 | 31.2,48.02 04,0 0.05,0.1
Ml 2DPt. 32 30,0 -03,0| -0.3,0 Ml 2DPt. 32 30.3,0.22 -0.3,0 -0.3,0
NMI 2DPt. 32 30,0 -0.3,0( -0.3,0 NMI 2DPt. 32 30.3,0.22 -0.3,0 -0.3,0
MI Hist 64 | 29.2,49.7| 0.4,0 | 0.27, 0.07 MI Hist 64 | 27.5, 44.65 04,0 0.25,0.08
NMI Hist 64 | 28.8,44.9| 0.4,0 | 0.33, 0.04 NMI Hist 64 27,43.86 04,0 0.246, 0.08
Ml Iso 64 30,0 -0.3,0 -0.3,0 Ml Iso 64 | 30.5,0.12| -0.27,0.035| -0.28, 0.02
NMI Iso 64 30,0 -0.3,0 -0.3,0 NMI Iso 64 31.2,0.1 | -0.27,0.058| -0.28, 0.02
MI PVI 64 30,0 -03,0| -0.3,0 MI PVI 64 | 26.2,36.96 04,0 0.038,0
NMI PVI 64 30,0 -0.3,0( -0.3,0 NMI PVI 64 26.8,41.8 04,0 0.038,0
MI Spline 64 24,215 | 0.4,0 | 0.33, 0.04 MI Spline 64 | 25.9,40.24 04,0 0.3, 0.06
NMI Spline || 64 | 24.3,20.9| 0.4,0 | 0.33, 0.04 NMI Spline | 64 25.7,26.7 04,0 0.3, 0.06
Ml 2DPt. 64 30,0 -03,0| -0.3,0 Ml 2DPt. 64 | 30.5,0.25| -0.24, 0.0197| -0.23, 0.01
NMI 2DPt. 64 30,0 -0.3,0( -0.3,0 NMI 2DPt. 64 | 30.5,0.25| -0.26, 0.0077| -0.22, 0.02
TABLE IV TABLE V
AVERAGE VALUE AND VARIANCE OF PARAMETERSB, SAND t PREDICTED BY AVERAGE VALUE AND VARIANCE OF PARAMETERSB, SAND t PREDICTED BY
VARIOUS METHODS (32 AND 64 BINS, NOISEO = 0.2). GROUND TRUTH: VARIOUS METHODS(32AND 64 BINS, NOISEC = 1). GROUND TRUTH:
6=30,s=t=-03. 6=30,s=t=-03.

| Method | 128 bins| 256 bins |

angles was from<1to 40 in steps of 2. The estimated values M1 Hist. 0.0 0.13,0.115
D. Regisration of volume datasets NMIFist | 00 ] 0067.0.062
' Ml Iso. 0,0 0,0
NMI Iso. 0,0 0,0
Ml PVI 0,0 0,0
NMI PVI 0,0 0,0

Ml Spline 0,0 0.33,0.22
NMI Spline 0,0 0.33,0.22

Ml 2DPt. 0,0 0,0
NMI 2DPt. 0,0 0,0
TABLE VI

AVERAGE ERROR(ABSOLUTE DIFF.) AND VARIANCE IN MEASURING ANGLE
OF ROTATION USINGMI, NMI CALCULATED WITH DIFFERENT METHODS,
NOISEo = 0.05.

warped MR-PD volume. The PMF was computed both using
LengthProbas well as using simple histogramming, and used to
(d) compute the MI/NMI just as before. The computed values were
Fig. 16. MI computed using (a) histogramming and (BngthProb (plotted al_so plotted against the tWO angles as 'ndlcated.m the WO
versusfy and 6z); MMI computed using (c) histogramming and @pPointProb  Figure 16. As the plots indicate, both the techniques yiklte
(plotted versusd, and 63). MI peak at the correct point in th@y, 8- plane, i.e. at 2Q20°.
When the same experiments were run usW@umeProbh we
Experiments were performed on subvolumes of sizex4lobserved that the joint PMF computation for the same intgnsi
41x 41 from MR-PD and MR-T2 datasets from the Brainweluantization was more than ten times slower. Similar expenis
simulator [4]. The MR-PD portion was warped by°2&bout the were performed for registration of three volume dataset3Dn
Y as well asZ axes. A brute-force search (from 5 to°3B namely 41x 41 x 41 subvolumes of MR-PD, MR-T1 and MR-T2
steps of 2, with a joint PMF of 64x 64 bins) was performed datasets from Brainweb. The three datasets were warpedgthnro
so as to optimally register the MR-T2 volume with the pre-2°, —21° and—30°around theX axis. A brute force search was
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| Method | 128 bins | 256 hins] | Noise Variance] Method | 32 hins| 64 bins|

MI Hist. 0.07,0.196| 0.2,0.293 0.05 MMI Hist. 21,30 | 22,31

NMI Hist. | 0.07,0.196| 0.13,0.25 0.05 MNMI Hist. | 21,30 | 22,31

Ml Iso. 0,0 0,0 0.05 MMI Iso. 20,30 | 20,30

NMI Iso. 0,0 0,0 0.05 MNMI Iso. 20,30 | 20,30

Ml PVI 0,0 0,0 0.2 MMI Hist. 15,31 40,8

NMI PVI 0,0 0,0 0.2 MNMI Hist. 15,31 40,8

Ml Spline 2.77,10 477,10 0.2 MMI Iso. 22,29 | 20,30

NMI Spline | 2.77,10 18,0.06 0.2 MNMI Iso. 22,29 | 20,30

MI 2DPt. 0,0 0,0 1 MMI Hist. 38,4

NMI 2DPt. 0,0 0,0 1 MNMI Hist. 40,9 34,4

TABLE VI 1 MMI Iso. 22,30 | 35,23

AVERAGE ERROR(ABSOLUTE DIFF.) AND VARIANCE IN MEASURING ANGLE 1 MNMI Iso. 22,30 40,3
OF ROTATION USINGMI, NMI CALCULATED WITH DIFFERENT METHODS, TABLE IX

NOISEO = 0.2. THREE IMAGE CASE ANGLES OF ROTATION USINGMMI, MNMI

CALCULATED WITH THE ISOCONTOUR METHOD AND SIMPLE HISTOGRANS,
FOR NOISE VARIANCEC = 0.05,0.1,1 (GROUND TRUTH20°> AND 30°).

| Method | 128 hins | 256 bins |
MI Hist. 1.26,31 27.9,3.1
NMI Hist. 1.2,30 28,3.3 [ Noise Level[ Error with LengthProb[ Error with histogramg
MI Iso. 0,0 0,0 0 0.09, 0.02 0.088, 0.009
NMI Iso. 0.0 0.0 V50R 0.135, 0.029 0.306, 0.08
MI PVI 0,0.26 | 26.9,14.3 V100R 0.5, 0.36 1.47, 0.646
NMI PVI 0,026 | 26.8,14.5 VI50R 0.56, 0.402 1.945,0.56
MI Spline 10,0.2 18,0.33 TABLE X
NMI Spline 9.8,0.15 18,0.06 ERROR(AVERAGE, STD. DEV.) VALIDATED OVER 10 TRIALS WITH LengthProb
MI 2DPt. 0.07,0.06 | 0.07,0.06 AND HISTOGRAMS FOR128BINS. RREFERS TO THE INTENSITY RANGE OF
NMI 2DPt. | 0.267,0.32| 0.07,0.06 THE IMAGE.
TABLE ViII

AVERAGE ERROR(ABSOLUTE DIFF.) AND VARIANCE IN MEASURING ANGLE
OF ROTATION USINGMI, NMI CALCULATED WITH DIFFERENT METHODS,

NOISED — 1 actual transformation parameters were chosen to *béof7 all

angles of rotation and shearing, and 0.04 $grs, ands,. For

a smaller number of bins (32), it was observed that both the

methods gave good results under low noise and histogramming
performed so as to optimally register the latter two dataméth occasionally performed better. Table X shows the perfooean
the former using MMI as the registration criterion. Joint Pbf ©Of histograms and.engthProbfor 128 bins, over 10 different
size 64x 64 x 64 were computed and these were used to compiise trials. Summarily, we observed that our method preduc
the MMI between the three images. The MMI peak occurréiPerior noise resistance as compared to histogramming whe
when the second dataset was warped thro@ghk 19° and the the number of bins was larger. To evaluate the performance on
third was Warped thr‘ougﬂ\3 — 280’ which is the correct Optimum_ real data, we chose volumes from the Visible Human Da.%aset
The plots of the Ml values calculated by simple histograngnifMale). We took subvolumes of MR-PD and MR-T1 volumes of
and 3DPointProbversus the two angles are shown in Figure 182 101x101x 41 (slices 1110 to 1151). The two volumes were
(bottom row) respectively. almost in complete registration, so we warped the formemngisi

The next experiment was designed to check the effect of zé#p affine transformation matrix with”Jor all angles of rotation

mean Gaussian noise on the accuracy of affine registratitmeof @nd shearing, and value of 0.04 far, s, and s, resulting in a
same datasets used in the first experiment, using histogiragnninatrix with sum of absolute values 3.6686. A coordinate elec
and LengthProb Additive Gaussian noise of varianag® was algorithm for 12 parameters was executed on mutual infdomat
added to the MR-PD volume. Then, the MR-PD volume walculated using.engthProbso as to register the MR-T1 dataset
warped by a 4 4 affine transformation matrix (expressed iAvith the MR-PD dataset, producing a registration error Gl0.
homogeneous coordinate notation) given As- SHRRR,T  (see Figure 17).
whereR;, Ry and R, represent rotation matrices about theY

and X axes respectivelyi is a shear matrix an& represents g have presented a new density estimator which is esdgntial
a diagonal scaling matrix whose diagonal elements are 9'V§@ometric in nature, using continuous image representatod

by 2%, 2% and 2». (A translation matrixT is included as geating the probability density as area sandwiched betwee
well. For more information on this parametrization, please

[28].) The MR_'T]- VOlume_WaS then registered with the MR- 2gpined from the Visible Human Proj@t (http://ww. nl m ni h.
PD volume using a coordinate descent on all parameters. Tgoe/ r esear ch/ vi si bl e/ getti ng_data. ht mi ).

IV. DISCUSSION
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isocontours at intensity levels that are infinitesimallyadpWe matrices, or to data fields that are defined on non-Euclidean
extended the idea to the case of joint density between tworfaces.
images, both in 2D and 3D, as also the case of multiple images APPENDIX

in 2D. Empirically, we showed superior noise resistance QR thjs section, we derive the expression for the marginabite

registration experiments involving rotations and affirmgforma- of the intensity of a single 2D image. We begin with Eq. (4)
tions. Furthermore, we also suggested a faster, biaseuhaliie®e jerived in Section 11-A:

based on counting pixel intersections which performs waaikl

extended the method to handle volume datasets. The redhtn 1 ox 9y

between our techniques and histogramming with multiple- sub p(a) = Z\/Nx \=a % ﬂ du. (21)
pixel samples was also discussed. Here are a few clarifitatio Y=l ou ou

about our technique in question/answer format. Consider the following two expressions that appear while pe

(1) How does our method compare to histogramming on forming a change of variables and applying the chain rule:
an up-sampled image?

If an image is up-sampled several times and histogramming is [ dx dy] —[dl du] % %’ . (22)
performed on it, there will be more samples for the histogram aﬁ %’
a theoretical level, though, there is still the issue of reihg able
to relate the number of bins to the available number of sasnple al  du LU
Furthermore, it is recommended that the rate of increasten f dI du | =[ dx dy] l gx X ] =[dx dy] { IX uX } .
number of bins be less than the square root of the number of dy 9y y ’('23)

samples for comp_utmg thgjomt density between_two images [ Taking the inverse in the latter, we have
[8]. If there ared images in all, the number of bins ought to be 1 b —u

less thanNd, whereN is the total number of pixels, or samples [ dx dy | = Y * ] [dl du]. (24)
to be taken [35], [8]. Consider that this criterion suggésteatN
Samp|es were enough for a joint density between two |mag¢s V\ﬁ:ompal’in the individual matrix CoefﬁCientS, we obtain

Ixuy_lyuX _Iy |X

X_bins. Suppose '_chat we now wished to_ compl_Jte a joint den_sity %‘ %’ _ IxUy — Uxly _ 1 _ (25)
with x bins for d images of the same size. This would require % % (Ixuy — Iyux)? Ity — lyuy

the images to be up-sampled by a factor of at |ea%‘§t2, which ) . ) o
is exponential in the number of images. Our simple areaebadioW: clearly the unit vectod is perpendicular td, i.e. we have

method clearly avoids this problem. the following: |

(2) How does one choose the optimal number of bins or Uy = —~X __ and (26)
the optimal interpolant for our method? \12+12

One can choose as many bins as needed for the application, |
constrained only by availability of appropriate hardwaseotes- Uy = ——2—. (27)
sor speed or memory). We chose a (piece-wise) linear ingmpo W12+ I§

for the sake of simplicity, though in principle any otherdrgolant

could be used. It is true that we are making an assumption b'S finally gives us

- . . . . . ax 9
the continuity of the intensity function which may be viadt o g—f _ 1 ' (28)
in natural images. However, given a good enough resolution % 3 /12412
. . . ! . — . X y
of the input image, interpolation across a discontinuityll wi o . o
have a negligible impact on the density as those discorigisui Hence the expression in Eq. (5) for the marginal density. (i.e

; . 1 d
are essentially a measure zero set. One could even inctepoRiQ) = z Ji(xy)—a |2Ler|2) follows.
: 717

an edge-preserving interpolant [20] by running an anigitro
diffusion to detect the discontinuities and then takingecaot ACKNOWLEDGMENTS
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Fig. 13. Graphs showing the average erdi.e. abs. diff. between the estimated
and the true angle of rotation) and error standard deviaBomith Ml as the
criterion for 16, 32, 64, 128 bins (row-wise) with a noise d@®[Top Two Rows:
(a) to (d)], with a noise of 0.2 [Middle Two Rows: (e) to (h)]cvith a noise

of 1 [Bottom Two Rows: (i) to (I)].Inside each sub-figure, errorbars are plotted
for six diff. methods, in the foll. order: Simple Histograrmyg, Isocontours, PVI,
Cubic, 2DPointProh Histogramming with 18 samples. Errorbars show the values
of A—S A A+S If Sis small, only the value oA is shown.
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Fig. 14. First two: Ml for 32, 128 bins with noise level of 0;05hird and
fourth: with a noise level of 0.2; Fifth and sixth: with a nei¢evel of 1.0. In
all plots, dark blue: isocontours, cyaBDPointProl black: cubic, red: simple
histogramming, green: PV(Note: These plots should be viewed in color.)
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Fig. 15. (a) MR-PD slice, (b) MR-T1 slice rotated by 20 degree) MR-T2
slice rotated by 30 degrees.

Fig. 17. TOP ROW: original PD image (left), warped T1 imageidgie),
image overlap before registration (right), MIDDLE ROW: P&ge warped using
predicted matrix (left), warped T1 image (middle), imagentap after registration
(right). BOTTOM ROW: PD image warped using ideal matrix flefvarped T1
image (middle), image overlap after registration in thealdease (right).




