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ABSTRACT 
 

Many new product development (NPD) projects are inherently complex, making 

effective management of the tasks, resources, and teams necessary to bring new products 

to market problematic. Frequently, managers of such NPD projects are overwhelmed by 

complicating factors such as stochastic task times, ill-defined specifications, complex 

interrelationships between tasks, and information dependencies. Recently, several 

researchers have developed an alternative project management tool called the Design 

Structure Matrix (DSM) that explicitly takes into account the iterative nature of new 

product development projects. In this paper, we first introduce a mixed integer linear 

programming formulation for the numerical DSM. Next, we analyze the numerical DSM 

and establish the complexity of this class of problems. Finally, numerical analysis of the 

DSM problem and heuristic approaches shows that relatively good solutions can be easily 

obtained, thereby offering managers efficient alternative solution approach to the original 

DSM problem.   
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1. Introduction

Many new product development (NPD) projects are inherently complex, making 

effective management of the tasks, resources, and teams necessary to bring new products 

to market problematic. Typically, product development concerns all activities which 

facilitate the transformation of a market opportunity into a product available for sale, 

(Krishnan and Ulrich (1997)). Frequently, managers of such NPD projects are 

overwhelmed by complicating factors such as stochastic task times, ill-defined 

specifications, complex interrelationships between tasks, and information dependencies.  

Traditional project management methodologies including PERT and CPM are useful 

tools for handling some of the problems associated with NPD projects. For example, 

given a list of project tasks with corresponding estimates of completion times and 

precedence relationships, the critical path listing those tasks crucial in determining the 

overall project completion time can be easily determined. However, these methodologies 

fail to take into account many of the complicating factors inherent in managing NPD 

projects. GERT (Graphical Evaluation and Review Technique), a transform based 

method of describing networks algebraically, overcomes some of the limitations of PERT 

analysis. In principle, GERT analysis can characterize the distribution of project 

completion time taking into account activity iteration and probabilistic looping. However, 

it becomes necessary to resort to simulation for all but simple networks.  

In their study of several companies, Adler et al (1996) discuss the failure of these 

traditional project management methodologies in aiding firms to speed new products to 

market. Two of the key factors they identify confounding successful project management 

of new product development processes were ineffective measures of resource utilization, 
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and the iterative nature of new product development processes. To illustrate, they discuss 

the experiences of a major computer equipment manufacturer that created cross-

functional concurrent teams in an attempt to minimize the number of iterations (or re-

work cycles) needed to bring new products to market. While such a strategy may increase 

the communication between team members, thereby decreasing the chances of re-work, 

they found that the team itself then became a bottleneck resource which actually limited 

company’s development speed. Similar experiences were reported at several companies, 

including Motorola, Hewlett Packard, General Electric, AT&T, and Ford. 

Over the past decade, several researchers have developed an alternative project 

management tool that explicitly takes into account the iterative nature of new product 

development projects; this is the Design Structure Matrix (DSM) approach. While DSM 

methodologies encompass the iterative nature of design projects, exact analysis of the 

computational difficulty of problems of this nature has remained relatively unexplored. In 

this paper, we first provide a mixed integer linear programming formulation of the 

numerical DSM problem and highlight the computational difficulties with the approach. 

We then analyze the numerical DSM method and formally establish its complexity. 

Moreover, we explicitly address the situation where the task times are stochastic within 

the DSM framework. Finally, we address the computational aspect of the problem by 

solving several problem instances using the CPLEX integer programming software. We 

also examine the performance of some intuitively appealing heuristics, thereby offering 

managers efficient alternative solution approaches to the original DSM problem.   

The remainder of the paper is organized as follows. In Section 2, we provide an 

overview of the basic DSM problem and summarize the existing literature on this 

 4



problem. The basic DSM problem and a related problem are described and analyzed in 

Section 3. In Section 4, computational issues are described. Numerical analysis of these 

models and other sample heuristics are also shown in Section 4. Finally, the conclusions 

offer an overview of the implications of this analysis as well as suggestions concerning 

future directions for research. 

 

2. Overview of the DSM Problem and Existing Literature

Steward (1981) introduced the notion of a Design Structure Matrix (DSM) which 

listed the project tasks and showed an explicit relationship between two of the project 

tasks by placing an ‘X’ in the matrix. Such a method is similar to PERT/CPM techniques 

which specify precedence relationships, in that entries in the lower diagonal portion of 

the DSM matrix represent a precedent task relationship. However, an entry in the upper 

diagonal portion of the DSM matrix denotes an iterative process whereby the outcome of 

a particular activity can impact directly on a previously performed task. Smith and 

Eppinger (1997) further refined the DSM concept to include the stochastic nature of task 

iteration by adding probabilities to the off-diagonal entries, and deterministic task 

completion times to the diagonal entries of the matrix. The probabilities reflect the 

chance of having to repeat a task given the information obtained during the completion of 

another task. To illustrate, in a typical numerical DSM the task times ti are listed in the 

diagonal entries and the probability pij that a certain task i will have to be iterated again 

after completion of activity j are listed in the non-diagonal entries. The authors discuss 

ways to identify the best task ordering utilizing a reward Markov chain approach and note 
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that “no simple closed-form relationship has been found that can determine the minimum 

length ordering of a 3x3 or larger matrix.”  

 Denker et al (2001) and Eppinger (2001) both offer simple tutorials describing the 

basic mechanics of DSM’s. For example, focusing on a particular row of the DSM shows 

all of the information inputs necessary to complete a task, while focusing on a particular 

column of the DSM shows all of the information outputs that one provides to other tasks. 

Similarly, managers should first attempt to determine an appropriate task sequence which 

creates a lower diagonal matrix, thereby minimizing the task dependencies. If this is not 

possible, then these authors advocate that managers attempt to limit the scope of the 

iteration by arranging all of the dependencies in the top of the matrix as close to the 

diagonal as possible. 

 Other authors offer insights into the application of DSM methodologies in a 

variety of different ways to many diverse industries. Browning (2001) offers an excellent 

overview of the literature on DSM. Yassine et al (2001) offer advice on how managers 

can determine appropriate probability measures pij. Yassine et al (2000) introduce the 

notion of restructuring or inserting additional tasks to minimize task iteration. Finally, 

Ahmadi et al (2001) apply an alternate version of the DSM to the problem of minimizing 

the number of iterations necessary to complete large scale design projects. 

 

3. Analysis of the DSM Problem

3.1 The DSM Problem Description 

Consider a set of n activities to be executed sequentially. Each activity takes a certain 

time for its completion, and in general the completion times of the activities are random 
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variables. We assume that the mean completion times of all the activities can be 

estimated a priori. There is a specific type of dependence between activity completion 

times and activity sequence. Let us explain the dependence structure associated with the 

DSM matrix with respect to the diagram below. 

 

 

    1                  2                            j–1  j    n 

Activity 1 is completed after a completion time t1, and activity 2 is begun. After activity 2 

is completed, there are two possible outcomes depending on whether or not activity 1 

needs to be reworked. There is a probability p12 that activity 1 will have to be iterated and 

a probability (1-p12) that we may proceed to the next activity in sequence, activity 3. 

Suppose an iteration of activity 1 is required. In that case, after the iteration is completed, 

there are 2 possibilities: activity 2 may have to be iterated (with probability p21) or we 

may proceed to activity 3 (with probability 1-p21).  

 Consider the situation when we reach activity j for the first time. After activity j is 

completed, there are j possibilities: any one of the (j –1) preceding activities i may have 

to be repeated with probability pij (i = 1,2,…, j-1), or else we proceed to activity (j+1). If 

one of the preceding activities (say activity k) is iterated, there are again j possibilities 

after activity k is completed; either one of the (j –1) activities in the set {1,2,…,k-1,k+1, 

…,j} is iterated, or else we proceed to activity (j+1). We define the total time that elapses 

between the point when we first reach activity j to the point when we first reach activity 

(j+1) to be the stage time of activity j (j = 1,2,…,n-1). The stage time of the last activity 
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is the time interval between the point of arrival at the last activity and completion of the 

project. The stage time of the first activity is simply its completion time. 

We proceed in this fashion until we successfully traverse the complete chain of n 

activities. With finite activity completion times and some mild restrictions on the 

iteration probabilities, the procedure will terminate in a finite amount of time. The 

problem is to identify the sequence that minimizes expected project completion time (the 

sum of the expected stage times of all the activities) for a set of activities with given 

activity completion times and iteration probabilities. 

We note that the problem of minimizing the expected completion time of a project 

with stochastic task times is equivalent to minimizing the expected completion time of 

the same project with each completion time random variable replaced by its mean. This 

follows from two facts: first, the completion time of the project is a linear function of the 

activity completion times; second, expectation is a linear operator. Hence, in the 

remainder of the paper we shall use the terms “activity completion time” and “expected 

activity completion time” interchangeably. It is interesting to note that we do not even 

need the activity time random variables to be independent. 

 

3.2 Integer Programming Formulation of the DSM 

Smith and Eppinger (1997) utilize a reward Markov chain approach to determine the 

expected completion time for a particular sequence of activities when analyzing the DSM 

problem. Furthermore, these authors state that “no simple closed-form relationship has 

been found that can determine the minimum length ordering of a 3x3 or larger matrix.” 

We propose two alternate integer programming formulations of the DSM problem which 
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can be solved utilizing standard integer programming software packages. Let the variable 

xij=1 if task i is assigned to the jth position in the sequence. Also rij is an intermediate 

variable which takes on the value of the stage time once the task has been scheduled in 

the sequence. More specifically, if xij=1, then rik=0 for all k<j. For all k≥j, let rik be the 

expected stage time for task i if it is assigned to the kth position in the sequence, given a 

particular sequence of tasks assigned to the previous positions. The stage time variables 

can also be interpreted as the expected time required to complete task i and all subsequent 

tasks encountered in stage j, given that one does task i first in stage j. For a DSM matrix 

of dimension nxn with expected task times in the diagonals and probabilities in the off-

diagonals, a quadratic programming formulation of the DSM problem is shown below.  

Quadratic Integer Programming Formulation (DSM): 
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We shall show that the quadratic integer problem above can be converted into a linear 

mixed integer problem. First, the linearization can be achieved by noting that every 

quadratic term in the original problem can be written as a product of a continuous 
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variable and a binary variable. Next, let r be a positive valued continuous variable and let 

x be a binary variable corresponding to an arbitrary quadratic term ‘rx’ in the above 

formulation. We create a new variable w and substitute it for ‘rx’. Let M be an upper 

bound for all the positive valued continuous variables in the quadratic programming 

problem above. To ensure that w is identical to ‘rx’, we add the following linear 

constraints: 

w > 0   (C-1) 

w < Mx  (C-2) 

w < r   (C-3) 

w+ M > r + Mx (C-4) 

If x = 0, it follows from (C-1) and (C-2) that w = 0. If x = 1, it follows from (C-3) and (C-

4) that w = r. Hence the four constraints together ensure that w is identically equal to ‘rx’.  

To convert the quadratic programming formulation for the DSM into a linear MIP, we 

replace each quadratic term by a new variable and add constraints of the form (C-1) to 

(C-4) above. This completes the linearization.  

In general, finding a mixed integer linear formulation for a combinatorial 

optimization problem would give some hope of finding a computationally efficient 

solution. In this case, unfortunately, the linearization does not pave the way for an 

efficient solution. The crux of the problem is this: the LP relaxation of the MIP obtained 

by the procedure described above will inevitably give a poor lower bound to the optimal 

integer solution. This makes it impossible to run an efficient branch and bound procedure 

for solving the MIP. While we discovered the fact that the big-M method gives poor 
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lower bounds empirically, the logic behind it can be explained with the help of the 

following simple example.   

 

Example   

Consider the following 2 activity DSM: 

Activities 1 2 
1 3 0.6 
2 0.4 4 

 

The QIP formulation for the problem is as follows: 

Minimize r11 y11 + r21 y21 + r12 (y12 - y11) + r22 (y22 – y21) 

Subject to  

r11 = (3 + 0.4 r21) y11

r21 = (4 + 0.6 r11) y21 

r12 = (3 + 0.4 r22) y12

r22 = (4 + 0.6 r12) y22

y11 + y21 = 1 

y12 = y22 = 1 

y11, y21, y12, y22 binary. 

To see that the above formulation is a special case of the generic QIP previously 

discussed, note that we made the substitution yij for in the original formulation. 

The objective function takes the above form because x

∑
=

j

k
ikx

1

ij = yij – yi,j-1. 
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Consider what happens when the substitution ry = w is made. (For simplicity, we 

drop the subscripts on r and y.) Choose M = 100 without loss of generality. The 

linearization requires the following constraints to be added: 

w < 100y 

w < r 

w > 0 

w > 100y + r – 100. 

Substituting an arbitrary value of r in the system of inequalities above will give us a clear 

picture of the situation. By setting r = 10, the inequalities reduce to:  

w < 100y 

w < 10 

w > 0 

w > 100y - 90 

The two dimensional slice of the feasible region at r = 10 when y is relaxed is represented 

by the shaded parallelogram in the graph on the next page. As shown in the graph, a 

larger value of M corresponds to a larger feasible region. Consequently, the constraints 

for the relaxed problem are not as tight. In fact, given any positive fraction e (however 

small), there is a value of M such that w lies in the range [0,r] for all y in [e, 1-e]. The 

point is that the more leeway w is given, the smaller the value returned by the objective 

function and the poorer the lower bound obtained. On the other hand, trying to control the 

value of M used in a particular instance by setting M close to r is not an option because 

we do not have a good upper bound on r in the first place. Ultimately, finding a good 

upper bound is as hard a problem as the one we seek to solve. 
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y

w 

w = 10

0.1 0.9 1 
 

 In the relaxed version of the MILP just described, if we substitute each occurrence 

of rijykl with wijkl, the objective becomes the following: 

Minimize w1111 + w2121 + w1212 – w1211 + w2222 – w2221. 

Since y12 = y22 = 1, the constraints on w1212 and w2222 are tight; hence w1212 = r12 and w2222 

= r22. However, note that if y11 = 0.1 and y21 = 0.9, then on the strength of the above 

observations, w1211 can be set as high as r12 and w2221 can be set as high as r22. In effect, 

the part of the objective which includes w1212  - w1211 + w2222 – w2221 can be driven to 

zero. So the optimal value of the objective function of the relaxed MILP is close to a 

relaxation of the expected stage time after the first job is scheduled. Succeeding stage 

times contribute very little to the objective. This is clearly a very poor lower bound on the 

objective function of the original QIP. 

 

3.3 Complexity of the DSM problem 

The following theorem addresses the complexity of the DSM problem.   

Theorem 1: The DSM problem is NP-hard. 
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Proof: First, we note that the problem can be described efficiently by means of a directed 

graph. Given a set of n jobs with expected job completion times ti, we construct a 

directed graph as follows. We associate job i with node i (i = 1 to n). Each node is 

therefore associated with a positive number ti, the completion time of the job 

corresponding to the node. If pij is strictly greater than zero, we draw an arc from node j 

to node i with the number pij on the arc. We assume without loss of generality that this 

directed graph is strongly connected. Otherwise it can be broken into its strongly 

connected components and our analysis repeated for each such component. (Note that the 

nodes in 2 strongly connected components cannot lie on a cycle.)  

Given a strongly connected directed graph G, we first formulate a modified version of the 

DSM problem that simplifies the structure of the iterations and fixes the task times and 

iteration probabilities via a simple rule. The task time T for all the nodes is defined to be 

the maximum out-degree of G and 
T

pij
1

=  is the probability attached to the edge from 

node j to node i , if such an edge exists, and 0=ijp  otherwise. Consider the situation 

when we reach job j for the first time (j > 2). After job j is completed, there are j 

possibilities: any one of the (j –1) preceding jobs i may have to be repeated with 

probability pij (i = 1,2,…, j-1), or else we proceed directly to job (j+1). If one of the 

preceding jobs (say job k) is iterated, we complete that job (consuming time tk) and then 

proceed to job (j+1) directly after. (Note that this iteration rule is in stark contrast to that 

in the DSM model, where the iteration of job k may be followed by further iterations of 

other jobs before returning to job (j+1) in the main sequence). We note the following fact 

about the expected completion time in the modified DSM model. The claim follows 
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immediately from the definition of the task times and iteration probabilities at every 

node.   

Fact 1: The expected completion time of every sequence, according to the rules described 

above for the modified DSM model, is an integer. 

The "minimum feedback arc set" problem on a digraph, which is known to be NP-hard 

(Karp, 1972), is trivially reducible to the decision version of the modified DSM problem; 

hence the decision version of the modified DSM problem is NP-hard. Now we shall 

reduce an arbitrary instance of the modified DSM problem to an instance of the DSM 

problem, and show a one-to-one correspondence between the optimal sequences for the 

two problem instances.  

Suppose we are given a graph G for the modified DSM problem. We construct a new 

directed graph H for the DSM problem as follows. For each node i in G, we create 2 

nodes ‘outi” and “ini” in H. For each edge (i,j) from node i to node j in G, we assign edge 

(outi,inj) from node outi to node inj in H and associate it with probability 
T

p ji
1

= . We 

also create edges from “ini” to “outi” for every i and associate each such edge with 

probability Q (to be defined later). We assign task time 
Q
T  to all nodes ini and task time 0 

to all nodes outi.  

Given any sequence (not necessarily an optimal sequence) in G for the modified DSM 

problem, we define the corresponding sequence in H for the DSM problem as follows. 

Let the sequence in G be )()...2()1( nσσσ where )(iσ  is the element of {1,2,…,n} to 

which the permutation σ maps i. Consider an arbitrary permutation σ~ .  
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Definition: For any sequence )()...2()1( nσσσ in G, we define the sequence 

 to be a corresponding sequence in H. )()2()1()(~)2(~)1(~ ...... nn inininoutoutout σσσσσσ

So a corresponding sequence in H is the sequence of “out” nodes in any order followed 

by the sequence of “in” nodes in the same order as the sequence in G. 

Fix a sequence σ  in G.  We define the rework time for node i to be the stage time for 

node i minus the task time ti. The rework time for a sequence is the sum of the rework 

times over all the nodes of the sequence.  

Lemma 1 

The rework time for a corresponding sequence in H is bounded above by the rework time 

for σ  in G plus a positive fraction and bounded below by the rework time  for σ .  

Lemma 2 

An optimal sequence in H consists of the “out” nodes in some order followed by the “in” 

nodes in some order. 

Lemma 3 

An optimal sequence in H is a corresponding sequence that corresponds to an optimal 

sequence in G. 

It follows from Lemma 1 and Fact 1 that if the optimal sequence in H consists of a batch 

of “out” nodes followed by a batch of “in” nodes, then the optimal sequence in G can be 

immediately inferred from the optimal sequence in H (Lemma 3 spells out the inference). 

Lemma 2 guarantees that the optimal sequence in H must indeed consist of a batch of 

“out” nodes followed by a batch of “in” nodes. Hence, the lemmas, together with Fact 1, 

establish that the DSM problem is NP-hard. The proofs for Lemma 1 and Lemma 2 are 

included in the Appendix. Lemma 3 is an immediate consequence. 
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3.5      A Simplified Model of Iteration 

In view of the complexity of the structure of iterations in the DSM model, we introduce a 

simplified model of iterations in which we limit the number of activities that can be 

iterated during each stage. Consider the point at which we reach activity j for the first 

time. After the activity is completed, there are j possibilities of iteration. With probability 

pkj, activities j and k have to be resolved together, a procedure that takes time    )( jk ⊕

(k = 1,2,…,j-1), where we define )( jk ⊕  to be the expected rework time in a 2-activity 

DSM with activities k and j when k is sequenced before j. Furthermore, we assume that 

once the j and k pair of activities is resolved, further iterations cannot occur with alternate 

activities, and the stage is completed. The remaining possibility is that no iteration is 

required at this stage; in this case, we proceed to activity (j+1) directly after activity j is 

completed. We call this model the Simple DSM Model. It follows from our proof of 

Theorem 1 that the Simple DSM Model is NP-hard. But at this point the plot takes an 

interesting turn: if the probability matrix is symmetric, it turns out that the Simple DSM 

Model is polynomially solvable. This follows from Theorem 2 below. 

Theorem 2: If the iteration probabilities are symmetric (pjk = pkj), then sequencing the 

activities in SPT order minimizes expected project completion time in the Simple DSM 

Model. 

Proof: We proceed via an adjacent pairwise interchange argument. Let Ti and ti denote 

the stage time and completion time, respectively, of activity i. Write (j i) for the time 

required to resolve an iteration between activities j and i initiated at i. The expected time 

at stage i is  

⊕
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Ti = ti + . ∑
−

=

⊕
1i

1j
jip)ij(

Now compare the sum of the stage times of all n activities resulting from the sequence 

1,2,…,i-1,i,i+1,…,n with the sum of the stage times resulting from the sequence 1,2,…, 

i-1,i+1,i…,n. After cancellation, we are left with the terms pij (i⊕ j) and  pji (j i).  Since 

(i⊕ j) = 

⊕

jiij

jiij

pp
ptt

−

+

1
 (see Smith and Eppinger (1997), page 1111), if pij = pji for all i,j, then  

pij (i j) <  p⊕ ji (j i) if and only if  t⊕ i < tj. Hence, sequencing in ascending order of 

activity completion times is optimal.  Q.E.D. 

 

4 Computational Issues 

4.1  Heuristics  

Next, we propose other heuristic methods that greatly reduce the computational burden 

associated with solving the DSM problem. The first heuristic is to ignore the probability 

of task iteration and simply schedule the tasks according to the shortest expected task 

(processing) time (SEPT). The second heuristic creates a ratio for each activity based on 

a combination of the activity’s time and probability of repeating other tasks after this 

activity. This heuristic method is akin to the SEPT method, but directly takes into account 

the impact of iteration on completion times. The Shortest Expected Processing Time 

Ratio (SEPTR) heuristic is summarized in the following steps. 

1. Initialize k such that k = n. 

2. Calculate a ratio hi for each activity i (i = 1 to k) as follows: hi   =  
∑
≠
=

−
n

ij
1j

ijij

i

)p1(p

t
.  
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3. Schedule the activity associated with the largest ratio in the kth position in the 

sequence, and remove it from the activity list. Decrement k such that k=k-1.  

Repeat steps 2 and 3 until there are no more activities to schedule (i.e. when k=0). 

 

4.2  Numerical Results 

A series of numerical experiments were developed to explore the efficacy of the heuristic 

introduced relative to traditional branch-and-bound methodologies. First, we generated a 

series of DSM’s with varying expected task time and column probability parameters. The 

dimension of the DSM’s that we tested were n=6 and n=9 total tasks. The expected 

processing times for each task were randomly drawn from a uniform distribution with a 

mean of μ and a spread of L, such that ]2L,2L[t i +μ−μ∈ . Two levels for each of 

these parameters were investigated, with μ= 4 or 10, and L=2 or 8.  

To generate the iteration probabilities in the matrix, we adjusted both the density 

of the matrix and the total probability of an iteration for each column. The density 

variable α effectively controls what percentage of the tasks within a column will have a 

positive probability of iteration. Three levels of density were investigated with α=33%, 

67% or 100%. To illustrate, when n=6 and α=33%, then 2 tasks in each column have a 

positive probability of iteration. A uniformly distributed random number between zero 

and 1 was generated for each off-diagonal element of the matrix to determine which tasks 

within a given column would have a positive probability of iteration. When the density 

variable α was set to 100%, this corresponds to the situation where there is a positive 

probability that all prior tasks would need to be iterated after the completion of a task in 

the series. For this situation, we also assumed that the probabilities of iteration were 
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equivalent for all of the tasks in a column. Consequently, we can investigate the scenario 

where the probability of task iteration is equal over all previously completed tasks. This 

situation may occur when managers are uncertain about the actual iteration probabilities, 

but estimate that there is roughly an equal chance of iterating among all previously 

completed tasks. It may also occur when there is very little a priori information about 

iteration probabilities. 

Finally, the parameter β controls the magnitude of the sum of the column 

probabilities. Recall that a prerequisite for feasibility of the numerical DSM problem is 

that the sum of the column probabilities cannot exceed 1. The actual column probability 

used for each DSM was randomly generated from a uniform distribution over the interval 

[0, β]. We investigated two levels of this parameter with β=.5 or .9. Then, uniform [0,1] 

randomly generated numbers were generated for each positive non-diagonal element to 

determine the fraction of the total column probability that each element should receive. 

 A total of 480 DSM’s were generated, reflecting 10 trials of each of the 48 

different parameter combinations. The DSM matrices were generated using C++ on a 

dual-processor Intel Xeon 3.4 GHz Dell workstation with 2G of memory. The CPLEX 

software was utilized to solve the linear MIP formulation of each DSM problem instance 

and identify the optimal solution, while Matlab software was used to generate the 

heuristic solutions. The computational results for each set of trials is shown in Tables 1 

and 2 in the Appendix. The impact of the individual parameters for each size matrix is 

shown in Table 3.  

 Overall, the SEPTR heuristic performed quite well relative to the optimal 

solution. The average SEPTR gap expressed in the percentage of the average completion 
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time for the optimal solution was 1%, with a maximum of 29%. The DSM which yielded 

the gap of 29% appears to be somewhat of an outlier, as the next highest SEPTR gap was 

13%. Upon further investigation, the outlier was a 6x6 DSM where the sum of the 

column probabilities for 4 out of 6 of the columns was greater than or equal to .78. The 

SEPTR heuristic also clearly outperforms the SEPT heuristic. The average SEPT gap was 

8%, with a maximum gap of 48%. Finally, while the 6x6 DSMs could all be solved in 

less than a minute, the mean CPU time for the 9x9 matrices was 37 minutes and the 

maximum CPU time was 103 minutes. Because the average solution time of the SEPTR 

heuristic was .06 seconds, the SEPTR heuristic clearly gives a high quality solution in a 

minimal amount of time. 

 The impact of various task time and iteration parameters on the solution quality is 

shown in Table 3.  In general, it appears that the average task time parameters do not 

have much of an influence on the heuristic performance. In contrast, the parameters 

controlling the iteration probabilities appear to influence the heuristic quality. One 

surprising result is that the heuristic gives better results when there are more tasks with a 

positive probability of iteration. One explanation for this result is that, because the sum of 

the tasks must be less than 1, increasing the number of tasks with a positive probability of 

iteration necessarily distributes the total column probability over a larger number of 

tasks. Consequently, the ratio calculated for the SEPTR heuristic is averaged over a 

larger number of tasks.   

To facilitate the experimental design and to be able to report our computational 

findings within a reasonable time frame, we tested only 6x6 and 9x9 matrices. Indeed, the 

average CPU Time to solve the 9x9 matrices using CPLEX was 37 minutes, with the 
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maximum CPU Time of 103 minutes. The typical size of a DSM, however, is much 

larger than those shown here. For example, Eppinger (2001) describes a DSM used by 

Intel to plan for its development process for new semiconductors which contains 60 tasks. 

Similarly, Yassine et al (2001) discusses the design process for a hood of a new car at 

Ford which contains 43 tasks. While further analysis is warranted to address these larger 

DSM’s, we anticipate that the SEPTR heuristic will perform reasonably well for larger 

projects. 

 

5. Conclusions 

The possibility of iteration frequently occurs in several types of project management 

networks. The Design Structure Matrix (DSM) was developed to develop insights into 

managing iteration in new product development projects, specifically in situations where 

new information or task incompatibility necessitates the repetition of previously 

performed tasks. Product development projects of this type include those where 

considerable technical or market uncertainty exists (such as R& D projects). To illustrate, 

DSM techniques have been used for applications in the semiconductor, automobile, and 

aerospace industries. However, task iteration is not unique only to product development 

projects. Large scale construction projects also suffer from the consequences of task 

iteration. Within the job-shop scheduling domain, task iteration in the form of rework is a 

realistic consideration. Utilization of such DSM techniques is appropriate in these 

alternate environments, to the extent that the probabilities of rework can be estimated in 

planning an appropriate schedule. 
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In this paper, we establish the complexity of the DSM problem with stochastic task 

times to be NP-hard. In contrast to previous authors, we also explicitly consider task time 

uncertainty in our formulation.  Because of the complexity of the original DSM model, 

we develop computational and heuristic methods for solving the DSM problem. First, we 

include a mixed integer linear programming formulation of the DSM problem, although 

this approach leads to limited computational success.  Second, we develop and analyse 

different heuristic methods. Numerical analysis of 480 test cases shows that one of these, 

called the Shortest Expected Processing Time Ratio (SEPTR) heuristic method, is quite 

promising, in that it yields near optimal solutions with minimal computational effort.  

Moreover, these techniques can be applied to large scale networks that were previously 

difficult to solve.  

Finally, we suggest some interesting avenues for future research. First, it would be 

useful to investigate the impact of sequencing on the variance of project completion time. 

For instance, we could explore a PERT-like approach, whereby we first identify the 

sequence that minimizes expected completion time, and then compute the variance of the 

project completion time associated with this sequence. The problem of finding the 

sequence that minimizes the metric ‘mean + a fixed multiple of the standard deviation of 

the project completion time’ may be managerially interesting. A second substantial 

problem for future research is that of developing good lower and upper bounds for the 

DSM problem. The SEPT rule may be a step in the direction of a good upper bound. For 

finding non-trivial lower bounds, one approach would be to curtail the number of 

iterations allowed at every stage and solve the modified problem to optimality. We 
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believe that there are substantial and interesting challenges involved in pursuing these 

suggestions.    
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Appendix 1: Proofs from Lemma 1 and 2 
Proof of Lemma 1 

Consider any sequence )()...2()1( nσσσ in G and a corresponding sequence in H. Without 

loss of generality, we re-label the nodes to obtain the sequence 1, 2, 3,…, n in G (and a 

corresponding sequence in H). Now consider the point at which nodes 1 to m-1 have 

already been sequenced and node inm is to be sequenced next in H. Let rm denote the 

stage time for inm and sm denote the stage time for outm. We have (noting that pii = 0 for 

all i) 

mm Qs
Q
Tr +=           (1) 
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Since the rework time in G at node m is , the rework time at node outTp
m

j
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m is, from 

(4) above, greater than the rework time in G at node m by .  We shall bound 

. We need to use the fact that  and 
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follows. Note first that (the second inequality 
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In a similar fashion to equation (3) for the stage time of inm, the following equations hold 

for iterations at nodes in1, …, inm-1 at that stage: 
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Δ+ for rj (j= 1 to m) inside the summation sign in each of the preceding 
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Adding up, we get . This simplifies to  ∑∑
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.  So 
Qn

QnT
−1

is an upper bound for the difference in 

expected rework times in G and H when any single activity is sequenced. Hence the 

difference in expected rework times when all n activities have been sequenced is bounded 

above by .
1

2

Qn
TQn

−
 Choose Q such that 1

1

2

<
−Qn

TQn . We have now bounded the expected 

rework time of a corresponding sequence in H to within 1 time unit of the expected 

rework time of the sequence in G.   Q.E.D. 

Proof of Lemma 2 

We shall prove that the optimal sequence in H consists of the “out” nodes in some order 

followed by the “in” nodes in some order. Suppose this is not the case. Then the optimal 

sequence in H is a mixed sequence of “out” nodes and “in” nodes. We shall show that 
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such a sequence can be reordered to form a corresponding sequence without adding to the 

total expected completion time. 

Claim1: If outi is scheduled before ini for any i, outi can be moved to the front of the 

sequence without increasing the completion time. 

Proof of Claim 1: Note that moving outi ahead of its current predecessors does not change 

the stage times of any of the current predecessors because the only incoming edge into 

outi is from ini and ini is sequenced after outi. The stage time of ini is unchanged because 

it sees the same set of predecessor jobs whether outi is moved to the first position in the 

sequence or not. The stage time of outi can only decrease when it is moved ahead. 

Claim 2: If outi is sequenced after ini for any i, ini can be sequenced to be the immediate 

predecessor of outi without increasing the completion time. 

Proof of Claim 2: The stage times of ini and outi do not change after the move; the stage 

times of the other nodes can only decrease. 

It follows from the preceding claims that any optimal schedule can be preprocessed in 

accordance with the moves described in Claim 1 and Claim 2 without adding to the 

expected completion time, and the resulting sequence can be partitioned into two blocks: 

an intial block  followed by a second block. The second block 

contains the nodes  in that order interspersed with the following pairs 

of nodes: . Now consider any consecutive 

pair in the preprocessed sequence. When  is sequenced, it is not 

possible that any is sequenced before it if 

)()2()1( ... moutoutout σσσ

)()2()1( ,...,, mininin σσσ

)()()2()2()1()1( ,...,, nnmmmm outinoutinoutin σσσσσσ ++++

)()( kk outin σσ )(koutσ

jin .0)(, ≠kjp σ  This follows because the 

expected rework time for  can then be made arbitrarily large by making Q )(koutσ

 29



arbitrarily small (the expected rework time is greater than 
Q
Tp kj )(,σ ). So it must be the 

case that . It follows that interchanging  and  in the sequence does 

not change the stage times of either of the interchanged nodes; consequently, the 

interchange does not change the total expected completion time of the sequence. Now 

invoking Claim 1, we infer that we may move  to the head of the sequence. We 

repeat this procedure until we finish with a sequence of the corresponding type; this 

sequence is optimal since we started with an optimal sequence that was, by hypothesis, 

not a corresponding sequence and permuted it into a corresponding sequence without 

adding to the expected completion time. Q.E.D. 

0)(, =kjp σ )(kinσ )(koutσ

)(koutσ
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Appendix 2: Computational Results 
 
Table 1: Computational Results for 6x6 DSM 

CPLEX MIP Solver Matlab Parameter Values 
 Optimal Values Optimal Soln Time (min) SEPT Gap SEPTR Gap 

Density 
Iteration 
Prob Mean Spread Avg Max Avg Max Avg Max Avg Max 

2 24.846 26.285 0.026 0.033 7.33% 14.62% 0.76% 1.91% 4 
8 24.911 29.882 0.026 0.032 5.78% 16.60% 0.78% 2.94% 

2 62.940 66.950 0.030 0.040 10.14% 18.82% 1.12% 4.38% 
0.5 

10 
8 62.040 69.373 0.034 0.042 6.29% 9.66% 0.79% 1.77% 

2 27.614 31.944 0.035 0.047 21.79% 45.46% 1.28% 7.18% 4 
8 29.358 48.784 0.035 0.044 14.30% 35.81% 6.09% 29.88% 

2 67.667 73.389 0.033 0.046 15.39% 25.91% 1.35% 4.85% 

0.33 

0.9 

10 
8 66.400 76.186 0.030 0.045 15.79% 24.47% 1.73% 8.04% 

2 26.789 29.767 0.046 0.063 5.43% 10.19% 0.92% 3.77% 4 
8 25.012 34.737 0.033 0.046 2.56% 5.25% 0.42% 2.03% 

2 65.388 68.595 0.042 0.051 7.18% 12.96% 0.63% 3.01% 
0.5 

10 
8 62.260 69.217 0.041 0.059 4.51% 6.80% 0.62% 1.66% 

2 26.963 35.287 0.045 0.059 6.24% 12.39% 0.79% 2.12% 4 
8 26.763 35.310 0.043 0.073 6.58% 13.73% 0.88% 3.76% 

2 70.701 80.738 0.053 0.071 11.32% 23.56% 1.61% 7.84% 

0.67 

0.9 

10 
8 73.181 95.588 0.054 0.077 11.01% 27.60% 1.28% 5.17% 

2 26.313 28.056 0.049 0.072 3.48% 6.67% 0.00% 0.00% 4 
8 25.119 32.453 0.045 0.057 2.08% 5.24% 0.00% 0.00% 

2 66.568 74.084 0.053 0.081 4.19% 6.42% 0.00% 0.00% 
0.5 

10 
8 67.805 76.161 0.057 0.089 4.01% 6.92% 0.00% 0.00% 

2 27.021 31.566 0.049 0.069 7.73% 14.60% 0.00% 0.03% 4 
8 25.427 32.474 0.055 0.070 2.96% 6.21% 0.00% 0.02% 

2 74.392 97.669 0.063 0.082 9.05% 16.11% 0.00% 0.00% 

6x
6 
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1.00 

0.9 

10 
8 74.605 89.096 0.065 0.095 7.43% 11.07% 0.01% 0.07% 
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Table 2: Computational Results for 9x9 DSM 
CPLEX MIP Solver Matlab Parameter Values 

 Optimal Values Optimal Soln Time (min) SEPT Gap SEPTR Gap 

Density 
Iteration 
Prob Mean Spread Avg Max Avg Max Avg Max Avg Max 

2 38.510 41.214 19.512 26.773 9.25% 16.59% 1.85% 4.89% 4 
8 44.646 57.574 20.070 27.091 4.79% 8.96% 2.20% 3.95% 

2 94.923 100.088 17.651 25.152 9.30% 14.76% 1.71% 6.00% 
0.5 

10 
8 94.338 108.067 17.282 24.476 6.30% 11.70% 1.14% 2.20% 

2 42.231 48.235 21.339 26.830 15.30% 25.16% 3.29% 10.35% 4 
8 44.893 57.300 18.819 25.104 11.72% 16.76% 3.49% 6.77% 

2 104.280 115.925 18.859 32.508 15.31% 22.07% 5.71% 13.13% 

0.33 

0.9 

10 
8 101.005 111.269 17.560 24.546 14.26% 27.29% 3.41% 8.02% 

2 38.646 41.528 38.354 57.617 5.75% 12.25% 0.83% 1.55% 4 
8 40.425 51.473 32.328 51.068 3.80% 7.83% 1.11% 3.14% 

2 95.752 102.058 35.027 56.317 5.26% 7.88% 0.78% 3.82% 
0.5 

10 
8 100.163 112.424 34.793 61.767 5.93% 9.42% 1.14% 4.01% 

2 42.819 47.783 39.479 57.628 12.33% 19.45% 1.97% 4.08% 4 
8 42.275 56.475 38.373 57.272 7.43% 15.04% 2.95% 6.63% 

2 107.112 114.783 30.981 45.901 14.01% 19.07% 1.94% 4.60% 

0.67 

0.9 

10 
8 109.220 129.331 38.412 75.980 10.30% 17.84% 1.49% 2.75% 

2 38.987 41.595 51.643 73.431 4.01% 6.26% 0.00% 0.00% 4 
8 43.990 53.520 48.797 80.320 2.03% 4.13% 0.00% 0.00% 

2 99.797 106.633 61.014 90.205 3.83% 5.89% 0.00% 0.00% 
0.5 

10 
8 101.317 109.801 63.007 103.499 3.88% 6.52% 0.00% 0.00% 

2 45.477 53.494 59.533 86.580 8.36% 15.26% 0.00% 0.00% 4 
8 36.387 56.566 44.776 67.104 4.05% 6.70% 0.00% 0.03% 

2 113.446 126.626 63.469 91.811 7.80% 11.14% 0.00% 0.00% 
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1.00 

0.9 

10 
8 106.883 118.040 60.362 88.985 5.30% 11.50% 0.00% 0.00% 
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Table 3: Impact of Numerical Parameters on Computational Results 
CPLEX MIP Solver Matlab Parameter Values 

 Optimal Values Optimal Soln Time (min) SEPT Gap SEPTR Gap 

Density Avg Max Avg Max Avg Max Avg Max 
0.33 45.722 76.186 0.031 0.047 12.10% 45.46% 1.74% 29.88%
0.67 47.132 95.588 0.044 0.077 6.85% 27.60% 0.89% 7.84% 
1.00 48.406 97.669 0.055 0.095 5.12% 16.11% 0.00% 0.07% 
Iteration Prob             
0.5 44.999 76.161 0.040 0.089 5.25% 18.82% 0.50% 4.38% 
0.9 49.175 97.669 0.047 0.095 10.80% 45.46% 1.25% 29.88%
Mean             
4 26.345 48.784 0.041 0.073 7.19% 45.46% 0.99% 29.88%
10.00 67.829 97.669 0.046 0.095 8.86% 27.60% 0.76% 8.04% 
Spread             
2 47.267 97.669 0.044 0.082 9.11% 45.46% 0.71% 7.84% 
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8 46.907 95.588 0.043 0.095 6.94% 35.81% 1.05% 29.88%
Density                 
0.33 70.603 115.925 18.887 32.508 10.78% 27.29% 2.85% 13.13%
0.67 72.051 129.331 35.968 75.980 8.10% 19.45% 1.53% 6.63% 
1.00 73.285 126.626 56.575 103.499 4.91% 15.26% 0.00% 0.03% 
Iteration Prob             
0.5 69.291 112.424 36.623 103.499 5.35% 16.59% 0.90% 6.00% 
0.9 74.669 129.331 37.663 91.811 10.51% 27.29% 2.02% 13.13%
Mean             
4 41.607 57.574 36.085 86.580 7.40% 25.16% 1.47% 10.35%
10.00 102.353 129.331 38.201 103.499 8.46% 27.29% 1.44% 13.13%
Spread             
2 71.832 126.626 38.072 91.811 9.21% 25.16% 1.51% 13.13%

9x
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8 72.128 129.331 36.215 103.499 6.65% 27.29% 1.41% 8.02% 
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