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Supplementary material: Conjugate Priors and
Posterior Inference for the Matrix Langevin
Distribution on the Stiefel Manifold

Subhadip Palf , Subhajit Sengupta’, Riten Mitra! and Arunava Banerjee*$

1 Properties of the Matrix Langevin distribution and
F <2 D_z)
051 \929 73

We introduce a few lemmas. Readers may skip this section with no loss of understanding
of subsequent sections in the paper.

Lemma 1. Let X be a random matriz taking values on the space Vy, p. If X ~ ML(-; M,d, V),
then E(X) = MDwVT. Dy, is a diagonal matriz with diagonal entrees h(d) := (hy1(d), ..., hy(d))

where
9 n D2
ad. 0471 )
hj(d) = odj 7\ 4 ) forj=1,2,---,p.

oF1 (3, 5)

Proof of Lemma 1. Let I'y = [M, m be a n xn orthogonal matrix where the columns
of the matrix M comprise of a orthonormal basis for the orthogonal complement of the
column space of M. Consider the random matrix Y = I'f XV. From Khatri and Mardia
(1977) (see page 98) we know that

E(Y)=[Dn . Onpy ], (1.1)

where Dy, is a diagonal matrix with diagonal entrees h(d) := (h1(d), ..., hp(d)) with

Y ) (2 i)
od. )
hj(d) == 9d; 7T O\2 4 ) for j=1,2,---,p.

oF1 (3, 5)

Hence from Equation (1.1), it follows that

T T
E(X)=T¢[ Dn , 0, p, " VT = MD,V".
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Lemma 2. (Chikuse, 2012; Hoff, 2009) For any p X p diagonal matriz D with positive

elements, oFy (%, DTQ> <etr(D) when n > p.

Proof of Lemma 2. From Equation (2.2) in the main article, we have

/v Frae (X (M, d, V) dp(X) =1

—  oF <Z,T)=/V etr(VDMTX) du(X). (1.2)

n,p

We know that fac(X;(M,d,V)) has the unique modal orientation MVT (page 32
in Chikuse (2012)). Hence it follows from Equation (1.2) that

n D?
J o il
01<2a4)

IN

/ etr(VDMTMVT) du(X)
\Z

n,p

etr(D) /V du(X) = etr(D), (1.3)

np
as (1 is the normalized Haar measure, i.e. a probability measure on Vy, .
|

Lemma 3. Let A be a n x p real matriz with n > p, and A; ; be the (j,j)-th entry of
the matriz A for j = 1,..,p. Let ||A|, denote the matriz operator norm ( also known
as spectral norm) of the matriz A. If ||A|l, < 0 for some § > 0 then |A;;| < & for
J=1,..,p. Also, if |Ally < 0 for some § >0 then |A; ;| <6 forj=1,.,p.

Proof of Lemma 3.

From the assumptions of Lemma 3 along with the definition of the spectral norm, it
follows that {TATA [ < §2 for all [ € R? with {71 = 1. In particular, ejTATA ej < 52
where e; € RP such that its j-th entry equals 1 while rest of its entries are 0. Hence
we have Y77 | A7 . < 6% implying the fact that [A; ;| < . The assertion with strict
inequality can also be shown in a similar fashion.

O

Lemma 4. Let D be a p X p diagonal matrix with positive diagonal elements d =
(dv,da, -+ ,dp). Then for any 6 > 0 and n > p, there exists a positive constant, K, , s,
depending on n,p and 0, such that

n D?
oF} (2, 4) > Kn7p75 etr ((1 — 5)D) .

Proof of Lemma 4.

Note that D is a p x p diagonal matrix with positive diagonal elements dy, .., d,. For the
case n > p, define
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Pal et. al. 3

1\7:{1” },17:1,, and[*::{lp ] (1.4)

n—p.,p 0”*1’11’

where I, denotes the p X p identity matrix and 0,_, , represents the zero matrix of
dimension (n — p) x p. For arbitrary given positive constant § > 0, consider

Bs := {X € Vi, such that [|X — I, < 8},

where |||, denotes the spectral norm of a matrix. Let ;1 denotes the normalized Haar
measure on the V, ,. Clearly, 0 < p(Bs) < 00, as Bs is a non-empty open subset of
V. p- Now from Equation (2.2) we have,

n D? ~ o~
oF) (2,4> /v etr (VDM X) dp(X).

/B tr (VDMTX) dp(X). (1.5)

Y

Using Lemma 3 we know that X, ; > (1—4) for j = 1,2,...,p where X € B;. Note that
X, ; denotes the (j, j)-th entry of the matrix X. Hence from Equation (1.4) and (1.5)
it follows that,

n D? u
oF1 <27 4> > / exp ZXJ‘J dj | dp(X),
Bs =

> u(Bs)etr ((1—0)D), (1.6)

where the last inequality uses the fact that d; > 0 for all j = 1,...p. Finally we denote
Kpps = p(Bs) >0 as it depends on n,p along with ¢, to conclude that

n D?
0F1 (27 4) > Kn’p’é etr ((]. — 5)D) .

O

Lemma 5. For any p X p diagonal matriz D with positive elements d € S,, the hyperge-
ometric function of matrixz argument denoted by oF} (%, DTQ) 1s log-convex with respect

to d where n > p.

Proof of Lemma 5.
From Equation (2.2) in the main article, we have

oF1 <ZT> :/V etr(VDMTX) du(X), (1.7)

n,p
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4

for arbitrary M € 17n7p and V €V, , where n > p. Without loss of generality, we can
takeM:M:[IP }andV:Ip.
0
(n—p),p

Let Dy and D> be two p x p diagonal matrices with positive diagonal entries d; and ds,
respectively, and dy # dy. From Equation (1.7), we have

D? —~
oF (” 1) :/ etr(Dy MTX) du(X)
2 4 .

n,p

oF (g?) :/v etr(DaMTX) dp(X). (1.8)

n,p

Let A € (0,1) be any real number, then

. <n (>\D1+(1/\)D2)2>

2’ 4

_ / etr(ADy + (1 — \) Do) M7 X) [dX]
Vn,p
1—-X

= /v (etr(DlMTX)))\(etT(DQMTX)) du(X)

n.p A
etr(DiMTX) du(X)) </v

(/.
A 1-x
= (()Fl <Z7Df>> (()Fl (Z, Df)) . (1.9)

where the inequality is due to Holder (Hardy et al., 1952; Billingsley, 1995) and we have
strict inequality as d; # da.

N

etr(DyMT X) du(X)) 7

n,p

Therefore from Equation (1.9), it follows that ¢F}; (%, DTZ is a log-convex function of
the diagonal entries d of the matrix D. Note that, the properties of the exponential
family of distributions have played a crucial role in establishing the result.

|
Lemma 6. For any p X p (p > 2) diagonal matriz D with positive elements d € S,
0] n D? n D?
N N /Y (el = =
0< a4, {0 1(27 4>}<0 1<2, 4>,
fori=1,2,--- p, where n > p.
Proof of Lemma 6.
Right hand side inequality Proceeding along similar lines as Lemma 5 we have
D? —~ ~
oFy (”) :/ etr(DM* X) du(X), where M = [ L ] (1.10)
2 4 Voo O(n—p).p
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Pal et. al. 5
From Equation (1.10), we have

n D? P
oF: (2,4> = [ e X dx, ) ) (L.11)
j=1

n,p

Consider the set Vy :={X €V, ,: X;; = 1}. Note that V, is isomorphic to the lower
dimensional Stiefel manifold, V,, ,—1. Vy, being a lower dimensional subspace of V,, ;,, has
measure zero i.e. fvn ) I(X € Vy)du(X) = 0, where I(X € V),) is the indicator function

for X to be in the set Vy. From Equation (1.11), we have

n D2 -’

where V§ is the complement of V. Hence,

0 D?
o4, [0F1 (72174)} / X I(X € Vg) exp Zd du(X).

(1.13)

Observe that || X||, = 1 on V, ,. Hence from Lemma 3 we have | X; ;| < 1. Also, X;; # 1
when X € V§. As a result, we conclude that X;; < 1 on V, , NV§. Consequently, it
follows from Equations (1.12) and (1.13) that,

aHF@Z)] < /V exp Zd I(X € V§) du(X)

n D2
= OFl <27 4) . (1'14)

Left hand side inequality Consider V1 :={X € V,,, : X, > 0}, Vi, ={X €V, : X;; <0}
and V3,9 := {X € Vyp : Xi;s = 0}. Clearly, V1, VL) and V) forms a partltlon of Vp p.
Hence from Equation (1.11) we have,

0 n D2
ad; [F(z i ﬂ
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Vilp j=1

P p
= +Xi,i exp Zdj Xj,j d,u(X) +/' Xi,i exp Zdj XjJ d,u(X).
Ve j=1
(1.15)

Let I' be the n x n diagonal matrix such that I';; = 1 for j = 1,...,n,j # ¢ and
I'j; = —1. I' is an orthogonal matrix as I''T = I,. It is easy to show that V}l’; =
{rx:Xevi,}

Consider the change of variable Y := I'X. Using standard algebra we can show that
Xii=—-Y;;and X;; =Y, ; for j =1,...p,j #i. As the normalized Haar measure on
Vp,p is invariant under orthogonal transformation from Chikuse (2012), we get that

p
/_ Xiaexp [ > d; X;; | du(X)
Vip =1

p
_/wY“eXp ~diYii+ Y d;Yj; | du(Y)

" =L
p
= _/H_Xiﬂ' exp | —d; X;; + Z d; X ; du(X). (1.16)
Vel j=Lji

From Equations (1.15) and (1.16) we have,

0 n D?
ad; [OFI (2’4)}

p
= / +Xi,i exp Z dj Xj,j <6Xp (dz Xz,z) — €xXp (—dz Xz,z)) dM(X)
Vil =1

p
it ’ 7“0 )
Vi j=1#i

(1.17)

where sinh is the hyperbolic sin function. Note that sinh (d; X;;) > 0 as d; > 0 and
Xii;>0on Vf;y‘; . Hence from Equation (1.17) it follows that,

0 D?
ad {OFl (Z74>} > 0. (1.18)

From Equations (1.14) and (1.18), we have the result.
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Pal et. al. 7

Lemma 7. Let U € R™"*P and D be a diagonal matriz with positive diagonal entries.
If @), <1, then for arbitrary M € Vi p, V € Vpp,

etr (VDMTW)  etr(—eo D)

oF1(%,2%) Knpeo

(1.19)

where eg = 1 (1 — ||¥||,) and K, ., > 0 is a constant depending on n,p and €.

Proof of Lemma 7.

Note that 0 < ¢y < 3, as || V]|, < 1. Assume Yy = M7 WV € RP*P. For arbitrary [ € R?
with ||I|| = 1, we have
Tyfvol = (vytetwwi - 1tvierta, - MMT)wvi
< (1-26)% (1.20)
The last inequality follows as || ¥||, = 1—2¢ and (I, — M M7) is a non-negative definite
matrix. From Equation (1.20) it follows that ||Yp||, < 1—2¢y. Hence, applying Lemma 3

we obtain that |Yp; ;| < 1—2¢ for j =1,---,p, where Yp; is the j-th diagonal element
of the matrix Yy. Now applying Lemma 4 we have,

etr (VDMT W) _ etr(DYy — (1 — €)D) - etr(—ey D)

oF1(3, DTz) Knpeo K p.eo
|
Lemma 8. Let R be a p X p symmetric positive definite matriz. Then for a > p/2,
oF (a, R) > T(a)(tr(R)) =" L1 (\/4 tr(R)), (1.21)

tr(R) denotes the trace of the matriz R.

Proof of Lemma 8. Let Dy, ;, denotes the set of all possible partitions of the integer &
into no more than p parts, i.e.

Dk,p:{(k17~-~7kp):k17~-~kp€Z7k1Z-”kpzoakl"'---"'kp:k}a

where Z denotes the set of non-negative integers. For a vector k& = (k1,...,k,) €
Dy, p, we denote the quantity H? %1)1/2/';’;) by the notation (a),. Then from the

Richards (2011) we get the representation

oF} (a, R) Z > G)SZ?, (1.22)

k=0kK€EDy

where C(R) is the Zonal polynomial of the matrix argument R corresponding to the
vector k € Dy, ,. More details about the Zonal polynomials can be found in Muirhead
(2009), Gross and Richards (1987).
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Note that, for k = (k1,...,kp) € D p, and a > £,

|

(a—(j—1)/2+k;j)

(@ = 1] @G-/
a+k PT(a—(j—1)/2)
: U @G-/
_ <a+k>
= O (1.23)
As a result, for a > £ > 1, we get that
ofi(a,R) > ka Z Ck(
KEDy p
(k) . ['(a)
= kzzomtr(l%)k
= D(a)(tr(R) =" L1 (VA 1r(R)), (1.24)

where the equality in (#x) follows from Gross and Richards (1987) (See Equation(5)
in Gross and Richards (1987) ), while the last equality follows from the definition of
I,—1(+), the modified Bessel function of the first kind. We would like to point out that
the result is motivated by a lower-bound developed in Sengupta (2013). ]

Lemma 9. Let v > % then for M >0,
I(x)> - [\/Me_ML,(M) , (1.25)

for all x > M.

Proof of Lemma 9

First we will show that the function # — z2e %I, (z) is a non decreasing function for
v> % and x > 0. Consider that

= VeI (z) <0'5x_ . I”l(x)> : (1.26)
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Pal et. al. 9

Iy (T)

From Segura (2011), we get that ; T S o 5)+\/9(c —ore

Hence, from (1.26), it follows that

forzxz%anda:>0.

2¢771,(x))

Y

JaeL( (05 L (-05)+ (1/—0.5)2+x2>
Jae L (

_ 2
V(w—=052+z _1>

—I( —05
_ Ve (z)(v > 0.

x (x—l— (v —10.5)2 +x2)

As a result, the function z ~— (z2e *I,(z)) is a non-decreasing function for v > 3.
Hence, for M > 0 we have
x%ef‘rfu(x) > MéefMIV(M)
— IL(x)> % VMe M1, (M), (1.27)
when x > M. O
Lemma 10. Letn >p > 2 and M > 0, for all d; > M,
qi(d) < Kppur di" D Peap(—v(1 = m)dy),
(1.28)
where
(v m ) /) 5) V
exp(v
gl(dl):% and Kl,p,M: P
oF (5. 5) P(n/2) {VMe=M1, 5 (M)}

Proof of Lemma 10 Let a = 5. Note that d; > dy > ... > d, are the diagonal
elements of the diagonal matrix D. From Lemma (8), we get that

oF) (a, lf) > T(a) (tr(‘]‘yz_)l L (VDY)
> 1@ (o) hata)

(1.29)
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As a result,

(pd%/4)ﬂ%lexp(7h,d ) ’
g1(d1) < [ [(a)lo—1(d1) 11 .

(1.30)

With the help of Lemma (9), from Equation (1.30), we get that

[ @) T eap(mdy) |
r(a) { & [VMe=M1,, (M)] }

r v
a—1

(p/4) = )di™Peap( —(1 —m)dy)
I'(a) { {\/Me*MIa_l(M)] }

r v

_ (p/4)*7) &2 up( —u(1 - my) dy).

I'(a) {\/Me*MIa_l(M)}

gi1(d1) <

(1.31)

Note that limar oo vVMe M1, (M) = \/% for all a > % The upper bound is nontriv-

ial in the sense that for larger values of M, the constant part involved in the inequality
(1.31) does not approach infinity.

All the above lemmas are used for the theoretical development of the Bayesian analysis
with ML distributions.

2 Proofs of the Theorems

2.1 Proof of Theorem 1.

(a) When ||¥], < 1:
The function g(M,d,V ; v,¥) can be normalized to construct a probability density
function with respect to the product measure p X gy X po. Consider now

fo o [ ot v w) @ ) o

/ / / w dpa(d) duz(V) dp(M)
Vop Y Vo Ri

[0F1(§7 T)]y
etr(—vegD)
/Vn,p /vp ) /Rg m dpi (d) dus (V) du(M)
etr(—vegD)
/Vh‘p dp(M) /V,,,p dpa (V') /Ri m dpy(d)

—
<.
2
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Pal et. al. 11
(i1)
= exp(—veod;) dd,;
,Pioj 1Y Ry

< 00,

where the inequality (¢) is due to Lemma 7 while (4i) follows from g and pg being the
normalized Haar measures.

(b) When ||¥], > 1:
Let ¥ := MyDyV{ be the the unique SVD (Chikuse, 2012) for the matrix ¥. Note
that, using sub-multiplicativity

¥, < [|Mylly | Delly||Ve ||, = I1Dwlly = Dy .

I

Hence there exists an ¢p > 0 such that, Dy 1 > (1 + €9) where Dy 1 denotes the first
diagonal element of the diagonal matrix Dy. Now consider that

/ / Rp g(M, d, V5 v, ¥) dpy (d) dpz(V) du(M)

v

/Vnp/v / g(M,d,V; v, V) dpi (d) dpz(V) dp(M)
/ﬂ p/ / o VZ,DéV;[:]\I}) dpa (d) dpz (V') dp(M)

/ / / etr VDMTHM;I;]\IJV\IJTV> dpi(d) dus(V') du(M).  (2.1)

Consider the change of variable via the following orthogonal transformations

M*=[ My , My | M, VvV =VIV,

where My is the matrix containing the orthonormal bases for the orthogonal com-
plement of the column space of My. Note that [ My , My ]TMq, = (I")" where

=1, , 0hp, }T. As the Haar measure on the Stiefel manifold is invariant under
orthogonal transformations (Chikuse, 2012), from Equation 2.1 we get that,

/VM/V / g(M,d,V; v, ¥) dpy(d) dps(V) dp(M)

etr VDM*TI*D‘I,V*>
/ / / — dun(d) dpa (V) dp(M7). (2.2)
r [oFi(3, 5]

Consider

N 0, 5
Vi, = {Mevnp |I* — M|, < 0};V;,p:={v6vp,p:|| V|, < 0},
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where 6y = €0/(2 || Dy||,). Note that 6y > 0 as 0 < || Dy||, < co. Clearly V} , and V] ,
are open subsets of V,, , and V, p,, respectively. Hence, (V) ) > 0 and pp(Vf ) > 0. If
M eV}, and V € V] , then using sub-multiplicativity of |||, (Conway, 1990) and the
triangle inequality, we get

|MTI*DgV — Dy, < |[[MTI*DgV — DgV||,+ |DsV — Dy,
< (M =L, [DeVly + [1De 1V = Ll
= || = I)"T||, 1De VI, + [ Dull,[[V - Ll
< @1 = )11 1Dl VI + 1Dl )V = Tl
< [ =17, 1Dwlly + [1Dw oIV = Tyl
< o [|Dell;
€
= 50 (2:3)

Let A1,..., A, be the diagonal elements of the matrix MTI*DgV. From Lemma 3 we
get |Aj — Dy ;| < eg/2 for j=1,...,p. Here Dy ; denotes the j-th diagonal element of

the matrix Dy. Hence for arbitrary M € VIL’ and V € V. p» We have

P
tr (M Dy V) =32 2 Y (Duy - %0) : (2.4)
as A\j > (D\pd — %0) for all j =1,2,--- ,p. Now, from Equation 2.2, we have

/v/ /R 9(M.d,V 5 v, ¥) dpuy (d) dppa(V) dp(M)

etr (1/ DM*TI*D@V*)
/ / / n D217V dpi(d) dus (V™) dp(M™)
vi o Jvi o Jre

loF1 (5, )]
(i) exp 1/2? 1d‘(D\1: L i,) * *
; /v /v /Rz ( (5. 5] 2 >d’“(d) duz (V") du(M”),

(2.5)
where (7i%) follows from Equation 2.4. Using Lemma 2, we get that

/ // (M,d,V; v, 0) dp (d) dpa(V) dp(M)

=, L / el td(D()l])\P 5 @) v o

n,p

p
€
> Vi) e, [ ew (v d (Duy =1 ) | dista),
j=1

2
i
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Pal et. al. 13

> M(VJW) ug(V;,p) /]Rp exp (1/ %Odl) ﬁ exp (1/ d; (D\p_,j -1- %0)) dus (d),
+ j=2

where (v) follows as Dy 1 > (1 + ). O

2.2 Proof of Theorem 2.

Sufficient condition For any 7 := (n1,...,7,) € R?, define ™ := (n{",..., ) where
77]-+ equals 7; when 1; > 0 and zero otherwise. Define D,, to be the diagonal matrix with
diagonal elements 7. Let us consider the following matrices

\I/:[D" },M*:[Im’ ]andV*:Ip.

On—p,p n—p,p

Note that M € IN/",p, Ve Vp,p and Dy, = MTUV. Now from Definition 2, it follows that

exp(v S°F_ nid;
[ stdivnmaa — [ P Ly %) ()
RP R% [OFl(ivf)}

exp(v Yy 0t dy)
< /]Ri [OFl(%, DTQ)]I/ du1<d)
_ etr (v DDy,) dus(d
/Ri [oFl(%aDTZ))]U pald)
etr (V‘N/DMT\IJ>
= - duy (d
/Ri [oFl(%vDTQ)} il

(vi) / etr(—vegD)
v dpa(d)
R (I(ndxﬁo)

1 ”/
- exp(—vegd;) dd;
g 1L [, cxp(vends) dd,
< 00, (2.6)

where the inequality at step (vi) follows from Lemma 7 with an appropriate €y > 0.

Necessary condition Let n € R? be such that max 1); > 1. There exists at least one
j=1,..p
Jj €{1,...,p} such that n; > 1. Without loss of generality, let us assume that n; > 1.

From Definition 2, we have

/ g(d; v,m,n) dui(d)
R

P
+

imsart-ba ver. 2014/10/16 file: BA1176_supplementary.tex date: August 11, 2019
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_ / exp(v 25— 1jd;)
RP [ Pa(ga e )]U

exp(v Zj:177jdj)

= /]RP etr(vD)

— H/R exp (v(nj — 1)d;) dd,

/ exp (v(m — 1)dy) ddl]:[/ exp (v(n; — 1)d;) dd,
R

= 00,

dp1(d)

dp1(d)

where the inequality is due to Lemma 2. (Il

2.3 Proof of Theorem 3

Proofs of part(a) and part(b) of Theorem 3 follow immediately from Lemma 11 and
Lemma 12, respectively.

Lemma 11. The probability density function for the prior distribution ofd ~ CCPD(d;v,n),
denoted by g(d;v,n) := exp(vn’d)/ [oFl

where D is the diagonal matriz with diagonal elements d, Jmax 1; <1l,v>0andn > p.
<ji<p

v
(2’ e )} , 15 log-concave as a function of d,

Proof of Lemma 11.

From Definition 2 we have,

T
exp(vn'd
g(d71/an) = %a
oF1 (5. 5]
T n D2
= logg(d;v,m) = vnid—vlog|ofi| 5. (2.7)

From Lemma 5, it follows that —v log ( F (2, 42 )) is a concave function of d. Also,

vnTd is a linear function of d. Therefore from Equation 2.7 it follows that log g(d; v, n)
is a concave function of d.

O

Lemma 12. The distribution of d is unimodal if 0 <n; <1 forallj =1,2,--- ,p. The
mode of the distribution is characterized by the parameter n and it does not dependent
on the parameter v.

Proof of Lemma 12.
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Pal et. al. 15

Let I(d,v,n) = log(g(d;v,m)). If d is the mode of the distribution then

0
—(d =
9d (d,v,m) L 0,
n D?
= V’I’]—l/a log (0F1 (2,4>> . =0,
0 n D?
- 8d10g <OF1 (27 4 >) d:(/i—nv

where h(d) := (hi(d), ha(d), - - , hy(d)) with

= (fon (3o (5)

for j = 1,2,---,p. The function hj;(d) is strictly increasing in each coordinate as the

55 D: is log-convex (see Lemma 5). Also, it follows from Lemma 6 that
0 < h;(d) < 1for all d € S,. Hence Equation 2.8 has a unique solution when 0 < n; < 1
for all j = 1,2,---,p. Also it is clear that the solution does not depend on v. On the
other hand, given any d € S, we can always find a 1 satisfying Equation 2.8 such that

0< maxi<;j<p?; < 1. (]

function oI} (

2.4 Proof of Theorem 4

(a) From definitions of unimodality and level sets, we have

{g(y,u,n)} >1 for all y € S and for all © € S¢. (2.9)
g(@;v,m)
Consider the function
9(y; v, m) / {g(y; Ln)r
r,z) = | LW g [ IY L g 2.10
where € S¢. Using Equation 2.9 it is easy to see that [ggg}:’]ﬂu is monotonically

increasing in v for all y € S. Hence r(v, ) is an increasing function in v for any x € S¢.
Note that,

P (deS8) _ [scy(@iv,m)de _ 1 _/ Lo
Pdes)  [solyivmdy s [ o gy o (v, )

(2.11)

Hence P,(d € §¢)/P,(d € S) is a decreasing function of v as T(Vlw) is a decreasing func-

tion in v for every & € §¢. Equivalently, P,(d € §) is an increasing function in v. O
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(b) Let d ~ CCPD(:;v,m) with 0 < n; <1 for j =1,...p. Let m,, be the mode of
the distribution. Note that the value of m, only depends on the parameter 1 and does
not depend on the parameter v. Let f(d;v,n) be the corresponding probability density
function. Hence for the class of distribution functions defined in Definition 2, it follows
that,

1 exp(vntd)

Kon [oF1 (5, 5)]"

fldiv,m) = (2.12)

where K, ,, is the appropriate normalizing constant. Let us define the function g(d;n) =
exp(nTd)/oF, (%, DTQ). Let m,, be the unique mode of the density function f(d;v,n)
(See Lemma 12). If d € RY. such that d # m,,, then for any A € (0, 1),

g(d;n)
g(Amy + (1 = N)d;n)

n [ADm+(1-X\)D]?
exp(n’d) of1 (3,22

Dil A n D2 1-X
w ea(ara) P (35)] A (35)

Y
n D2
B exp( n’d) o1 (57 1 )
o1 (%; DTQ) exp( n”'my)
) A
_ {g(d,n) } , (2.13)
g9(my;n)

where D,, is the diagonal matrix with diagonal m,,. Inequality (vii) follows from the
log-convexity of o Fj(-) (see Lemma 5). As a result,

f(d:v.m) :[ 9(d ;) r<[g<d;n>]“
fOmy + (1= Nd;v,n) — [g(Amy, + (1 - N)d;n) glmysn)| -

(2.14)

If S is an open set containing m,, then, there exists an open ball B. = {d € Rf_ :
|ld — my|| < €}, such that B, C S for some € > 0. Let S* be the complement of the set
B, and B, be the boundary of the open ball B, i.e. B = {d € RY : |[d — my|| = €}.
Note that, B, C S*.

Let ¢ = supges- 9(d;m). If d € 8* \ B, then ||d — m,| > e Consider the point
do = Aom,, + (1 — Ag)d where A\g = 1 —¢/||d — m,,||. Observe that dy € B.. As d # m,,
from Equation 2.14, it follows that

g(d ;mn) g(d;n) 17
g(dom) {g(mn;n)} <t
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Hence for any d € S* \ B, there is a point dy € B, such that g(d ;n) < g(do ;7).
Consequently, we get that ( = supges« g(d;n) = supyci, g(d;n). As the set B, is
compact, there exist df € B, such that ¢ = g(d';n). Therefore ¢ < g(my;m) as m,, is
the unique maximizer of the function g(d,n) and d' # my,,. Also,

PV(S*) = o f(d ;U ?’]) d/f’/l(d)
B /s f(Amy, J;(‘(i; —V’;;Zy v,n) fQOmy, + (1= Nd; v,n) dui(d)
. v
= /s [M] Fmg + (1= A)d; v,n) dpa(d)
vA
= /s [g(min)] fOm, + (1 - Nd; v,n) dui(d)
vA
- [g(mi'n)} o JOmg + (1= N)d 5 v,m) dun(d)
¢ 1
- |:g(m77777):| (1 - )\)p
Hence
. . . _ im C vA 1 -
Vli}n;o PV(S) =1 ”1520 PV(S ) 21 ul—>oo [Q(mn;n)} (1 — )\)P =1L

O
2.5 Proof of Theorem 5.
From Definition 1, we get that the joint density is proportional to
t DMTY
g(M7da V7 V7\I/) = er(y‘/n—DQlf)v (215)
[oF1 (3, 5]
Consider the unique SVD of ¥ = Mg,Dq,V\I,T.
We have,
etr(vVDMTW) = etr(v DM* My Dy VEV)
= etr(v Ve VDUy DNV Dy)
= etr(vViD Uy Dy Vi Dy) (2.16)

where the SVD of MT My is written as MT My = Uy Dy Vi and Vi = VEV is an
orthogonal matrix. Therefore,

etr(VDMTW) = etr(vViD Uy Dy Viy Dy)
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(viid)

< etr(vDDyDy), (2.17)

where the inequality (viii) follows from Kristof (1969) (see Theorem on page 5) as
V1,Ups and V), are orthogonal matrices while D, Djs and Dy are diagonal matrices
with nonnegative diagonal entries. Using sub-multiplicativity of |||, (Conway, 1990),
we have

IDarlly = |Usr M My V|, < [[URL|] | M7, M [l Varlly < 1.

Therefore, using Lemma 3, we can infer that all the diagonal entries of D), are less
than or equal to 1. Hence from Equation 2.17, we get

etr(vVDMTW) < etr(vDDy). (2.18)

Therefore, it follows from Kristof (1969) that M = My and V' = V4 are unique maxi-
mizers when Mg € V, , and Vi € V, ,. Note that this does not depend on the choice
of v.

In Equation 2.15, replacing M = My and V = Vg, we can maximize the function
etr(v DD\I/)/|:0F1 (%, DTQ)T with respect to the variable d. Note that the diagonal
elements of Dy are between 0 and 1 as ||¥||, < 1. Hence using part (b) of Theorem 3
we infer that d — etr(v DDy)/ [OFl (%, %2)} " hasa unique maximizer which does not
depend on the value of v.

O

2.6 Proof of Theorem 6

a) The argument is almost identical to part(a) of the proof of Theorem 4 ( See Section
2.4).

(b) For any open set A, there exist € > 0 such that A* C A where

~ 2 ~ 3 2
- {<M7d,v> & Vo x B xVyy |31 = 01 12— a4 | -0 <e}.

Let M, V and d be the mode of the distribution and ¥ = My Dy Vg be the unique
SVD of the matrix W. Let 1 denotes the vector containing the diagonal elements of Dy.
From part(a) of Theorem 5 we get M = My, V = Vi, and d = m,, where h(m,,) = 7.
Now consider

€
PAIM = Mall, > §)

imsart-ba ver. 2014/10/16 file: BA1176_supplementary.tex date: August 11, 2019



Pal et. al. 19

{(M,d,V):| M—Mg||,>e}
etr(VV DM V)

oF1 (2,2 K, p,

dp(M) dpa(d) dpz(V).
{(M,d,V):||M—~Mg | ,>e}

From Kristof (1969) (see Theorem on page 5) it follows that
etr(VVDMT V) = etr(vVDM* My Dy V{) < etr(vDD} Dy),

where Dj is a diagonal matrix with all the diagonal entrees less than or equal to one
and at least one of the diagonal elements is less than or equal to (1 — ¢), where ¢ > 0.
Here § > 0 depends on the choice of € > 0 and W. Without loss of generality, for the
rest of the proof we assume that the first diagonal element of D} is 1 — 4 and all the
other diagonal elements are 1. From Equation 2.22, we get

€
B(IM = Mg, = 5
/ etr(vDD§Dy)

oF (2,22 K, p,

dpa(d)

_ f(d; v,m)exp(—vidy) .
o f)‘mn"" (1—-Nd; v,n) fOmy + (1= Nd; v,n) dui(d)

zi ex 5d1 v
<S> / [ g(d;m)exp(— : )] FOmy, + (1= Nd; v,n) du(d)
RP

g(my;n
(2.19)

where (zi) follows from Equation 2.14. If we denote n* =n — (2,0,...,0)7, then

omy
A )

g9(d; n)e:vp(—&%) =g(d;n*) < g(m*;n*) = g(m*; n)exp(—
(2.20)

where m* is the unique mode of the CCPD(- ;1,n*) distribution (see Theorem 3) and
mj is the element in the first coordinate of the vector m*. m7 depends on the value of
A, ¢ and W. Note that, we can choose € and A in such a way that 1 —§/A > 0. Therefore,
it can be made sure that m} > 0. From Equation 2.19 and Equation 2.20 we get that

€
Po(IM = M, 2 )

/[Q(mn;n)} p(=vomi) f(Amy + (1= MN)d; v,n) dp(d).

RY
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Note that g(m;;n) < g(my;n) as m, is the unique maximizer of the function d —
g(d; m). Also, if we denote r. g » = exp(—dm en 0 < 7.y <1asm}>0. Hence
d Also, if we denote 7., v, dm7¥) then 0 o, 1 *>0.H

€

PoIM = M, > ¢

)

AN

[ 7t 0my + (1= N)d v din(d)

P
R

Tey,qz,,\
(1=’

where the last equality is obtained using a change of variable while using the fact that
f(-) is a probability density function on R”. In a similar fashion we obtain

v
T1,e,o,\

(1—=x)p

€

PAIV = Vall, 2 5

) < for some 0 < 71,92 < 1. (2.21)

Additionally, from part(b) of Theorem 4, we get that

lim (P, (||d — my|| = £) =0,

| Zde el

Finally, we obtain

lim P,(A)
V—r0o0
= 1 _ulggoPV(A )
> 1— lim P,(A*)
V—>r00
. € € €
> 1 lim (P(ld—my | = 5)+ PAIV = Vall, = £)+ Po(IM = M, = 5)
. e w 1 e wa
> 1-(1 et o2,
- (viTo((l—A)P*(l—A)p))
= 1.
|

(¢) For the JCPD distribution, the conditional distribution of M given (d, V) is pro-
portional to

etr (u (\IIVD)TM)) .
This distribution is an ML distribution with parameters M3, DY V! where the
unique SVD of v (¥V D) = MM DM V)"
Similarly, the conditional distribution of V' given M and d is proportional to

V)) .

etr (y WMD"

imsart-ba ver. 2014/10/16 file: BA1176_supplementary.tex date: August 11, 2019



Pal et. al. 21

Therefore, it too is an ML distribution with parameters My, DY, Vi where the unique
SVD of v (VT MD) = MY DY (V{)"

Finally, the conditional distribution of d given (M, V) is a distribution that belongs to
the COPC class of distributions with parameters v and g, where ny = (nw 1, Mwa, ;)
Here 7y ; is the j-th diagonal element of the matrix MTOV for j =1,...p.

O

2.7 Proof of Theorem 7

Proof of Theorem 7 follows immediately from Jupp and Mardia (1979) (see Proposition
and Corollary on page 601 in Jupp and Mardia (1979)). For the sake of completeness,
we include the arguments here.

Let Wy,...,Wx be independent and identically distributed samples from an ML-
distribution on the space V, ,. According to Proposition 2 in Jupp and Mardia (1979) ,
W has a density (i.e. absolutely continuous) with respect to Lebesgue measure on R"*?
ifN>2 p<nor N>3,p=n>3. Consider that,

_ 1 &
[0, < = > iwal, = 1.
=1

Hence P(W € {X € R™? : | X]|, < 1}) = 1. As Lebesgue measure on the set {X €
R™ P : || X||, = 1} is zero, P(W € {X € R"*P : || X||, = 1} = 0. As a result,

PWe{X eR":|X|,<1}) =1

2.8 Proof of Theorem 8

Let W = % ZZI\LI W; where Wy,..., Wy are independent and identically distributed
samples from an ML-distribution on the space V, ;. If Z; = W; — E(W7) then

1Zilly = Wi = EW)ly < [Willy + [EW)]l, = 2. (2.22)

Note that for all i € {1,..., N} and for arbitrary | € RP such that 7] =1,

"E(Z]Z) 1 =1"E (W; — EOW)T(W; — EOW)) L = E("WIWi)) — 1" E(W;)" E(W;)l
= E("Lxpl) — |[EW)I|?
= 1-[EW)* <1,
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as |E(W;)I||? > 0. Consequently, for i = 1,... N ||E (Z]'Z;)
that

H2 < 1, implying the fact

N

E(Y 7] Z)

N
Z E(z'z;)|, < N. (2.23)
i=1 i=1

Similarly, we get that for alli € {1,..., N} and for arbitrary I, € R" such that 1], =1,

ITE(2:2]) 1. = E(W; - EOWV)(W; — EGW)T) = E(TW:WiD) — I"E(W,) E(W;)"1
ey <1

Note that the (1) step of the inequality follows since the matrix W; W/ being real
symmetric and idempotent, is a orthogonal projection matrix. Therefore, fori =1,... N

||E (ZZ-ZZ»T) H2 < 1, implying the fact that
N N
EQ ziz])| <> ||EZiz])|, < N. (2.24)
=1 =
From Equation 2.23 and 2.24 we get that
N N
o? = max { EO zlz)| . |EQ z:2]) } < N. (2.25)
i=1 2 i=1 2

Using Equations 2.22; 2.25, For arbitrary € > 0, we now apply the matrix Bernstein
concentration inequality (see page 928 in Mackey et al. (2014)) to obtain that,

o] =)

=1
< N €2 N2
X
< (ntp)exp 302+4N6 ’

P~ B, 20 - (

< N €2 N2
< (ntplew | —3
N
< - . 2.2
< (n+p)exp< 3+46> (2.26)

Using Borel-Cantelli Lemma (Billingsley, 1995), it follows that
W 2% E(W,) as N — oo.

Consequently

= 14 N —\ as
Uy = (V+N\II+1/+NW> — E(W;) as N — oc. (2.27)
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Let 7)y be the diagonal elements of the diagonal matrix D\p ~» Where 7 N = M Nf)q, N VN
is the unique SVD for T ~- Using Theorem 5, we get that the posterior mode for param-
eters M and V' are My and VN, respectively. For the parameter d, the posterior mode
is dy where h(dy) = fjv,, and the function h(:) is as defined in Equation 2.8. Note
that the inverse function of h(-) exists as h(-) is strictly increasing in each coordinate.

As a matter of convenience, we write dy = h™? (fjwy ). From Lemma 1, we get
E(W;) = MD,VT, (2.28)

where Dy, is a diagonal matrix with diagonal entrees h(d). As the unique SVD ( see
Chikuse (2012)) is a continuous transformation, from Equation 2.27 and Equation 2.28,
we get

(My, fuy, Vi) =5 (M, h(d),V) as N — oc. (2.29)
Also, since h™!(+) is a continuous function, from Equation 2.29 we obtain that
dy =h~'(fy,) 5 0! (h(d)) =d as N — oco. (2.30)

As a result, the statistic M N Dy and Vi are consistent estimators for the parameters
M,d and V. O

2.9 Proof of Theorem 9

Before the proof of Theorem 9, we establish Lemma 13 which is required for the proof.

Lemma 13. Let d ~ CCPD(-;v,n) for some v > 0 and n = (m,...,n,) where

max 1 < 1. Let m be the mode of the CCPD}(- ;d=V v,n), the conditional dis-
<j<p

tribution of di given (do,...,dp). If b > 0 then the function Q(d1) = g1(d1 +b)/g1(d1)
is strictly decreasing, where g1(-) == g1(-; d=V, v, n).

Proof of Lemma 13.
From Definition 5, we get that,

log(g1(d1)) = vmdi —vlog (OFl <n D2>)

24
0° 0? n D?
== B¥R (loggi(di)) = _V87d% <log <0F1 <2, 4>>) <0, (2.31)
as v > 0 and log (0F1 (%, %)) is a strictly convex function (from Lemma 5). Therefore

8%1 (log g1(d1)) = ¢1(d1)/g1(d1) is a strictly decreasing function in d;. Consequently,

9 91(di+b)  gi(d1)
— (lo d = - <0,
ddy (log Q(c)) g(di+b)  gi(d1)
as b > 0. Therefore, Q(d;) is also a strictly decreasing function in d;. O

Proof of Theorem 9.
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The proofs of part (a) and part (b) follow immediately from the proof of Theorem 3.

(¢) We use the notation g (di) =: g1(d1; d=V), v,n) for brevity.

Note that the unnormalized conditional density of the random variable d; given d(~1)
is proportional to

Let f(di; v,m | (da,...,dp)) be the density function for the conditional distribution of
dy given (dg,...,d,). For notational convenience, for rest of this theorem we use f1(-)
as the conditional probability density function. Hence we have,

1 exp(vmdy)
fl(dl) = v
KimoFy (5. 57)

where Kl}m is an appropriate normalizing constant. From Lemma 13, it follows that
fi(B+x)/fi(m+ x) is a decreasing function of z when B > m. Hence for all = > 0,

fi(B+x) _ 91(B + ) - g1(B) (viii)
fitm+z) g(m+z)  gi1(m)

where the inequality at (viii) follows due to the assumption of the lemma. Therefore,

P(dy> B (do.....dy)) = /:my)dy
> fi(B+x)

m+x) dx
AR CE A
< EP(dl >m | (dg,...,dp))
< e
(d) Proof of part(d) of the Theorem follows immediately from Lemma 10. O
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