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Abstract

Bayesianbelief propagation in graphical models has beenrecertly
shown to have very closeties to inferencemethods basedin statis-
tical physics. After Yedidia et al. demonstrated that belief prop-
agation xed points correspond to extrema of the so-calledBethe
free energy Yuille derived a double loop algorithm that is guar-
anteed to convergeto a local minimum of the Bethe free energy
Yuille's algorithm is basedon a certain decomposition of the Bethe
free energy and he mentions that other decompositions are possi-
ble and may ewven be fruitful. In the presen work, we begin with
the Bethe free energy and show that it has a principled interpre-
tation as pairwise mutual information minimization and marginal
entropy maximization (MIME). Next, we construct a family of free
energyfunctions from a spectrum of decompositions of the original
Bethe free energy For ead free energyin this family, we develop
a new algorithm that is guaranteed to corverge to a local min-
imum. Preliminary computer simulations are in agreemenm with
this theoretical developmert.

1 Intro duction

In graphical models, Bayesianbelief propagation (BBP) algorithms often (but not
always) yield reasonableestimates of the marginal probabilities at eac node [6].
Recenly, Yedidia et al. [7] demonstrated an intriguing connection between BBP
and certain inferencemethods basedin statistical physics. Essertially, they demon-
strated that traditional BBP algorithms can be shown to arise from approximations



of the extrema of the Bethe and Kikuchi free energies.Next, Yuille [8] derived new
double-loop algorithms which are guaranteed to minimize the Bethe and Kikuc hi
energyfunctions while continuing to have closeties to the original BBP algorithms.
Yuille's approadc relies on a certain decomposition of the Bethe and Kikuchi free
energies.In the presern work, we begin with a new principle|pairwise mutual in-
formation minimization and marginal entropy maximization (MIME)|and  derive
a new energy function which is shown to be equivalert to the Bethe free energy
After demonstrating this connection, we derive a family of free energiesclosely re-
lated to the MIME principle which also showvn to be equivalent, when constraint
satisfaction is exact, to the Bethe free energy For each member in this family of
energy functions , we derive a new algorithm that is guaranteed to corvergeto a
local minimum. Moreover, the resulting form of the algorithm is very simple despite
the somewhatunwieldy nature of the algebraic developmert. Preliminary compar-
isons of the new algorithm with BBP were carried out on spin glass-like problems
and indicate that the new algorithm is corvergert when BBP is not. However, the
e ectiv enessof the new algorithms remainsto be seen.

2 Bethe free energy and the MIME principle
In this section, we shaw that the Bethe free energy can be interpreted as pairwise
mutual information minimization and marginal entropy maximization.
The Bethe free energy for Bayesianbelief propagation is written as
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where j (Xi;X;j) % i (Xi;X;) i(xi) j(xj) and n; is the number of neighbors of
nodei. Link functions j > O are available relational data betweennodesi and j.
phe singleton function ; is also available at ead node i. The double summation
i o is carried out only over the nodesthat are connected. The Lagrange pa-
rametersf j ; j g are neededin the Bethe free energy (1) to satisfy the following
constraints relating the joint probabilities fp; g with the marginals f p; g:
X X X
P (XisXj) = py(X); pij (XiiXj) = pi(xi); and pj (xirxj) =1 (2
Xi Xj Xi  Xj
The pairwise mutual information is de ned as
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The mutual information is minimized when the joint probability pj (Xi;x;) =
pi (Xi)pj (Xj ) or equivalertly whennodesi andj areindependert. When nodesi and
j are connectedvia a non-separablelink  (x;;%;) they will not be independert.
We now state the MIME principle.

Statemen t of the MIME principle: Maximize the marginal entropy and min-
imize the pairwise mutual information using the available marginal and pairwise
link function expectations while satisfying the joint probability constraints.



The pairwise MIME principle leadsto the following free energy:
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In the above free energy we minimize the pairwise mutual information and maximize
the marginal erntropies. The singleton and pairwise link functions are additional
information which do not allow the systemto reach its \natural" equilibrium|a
uniform i.i.d. distribution on the nodes. The Lagrange parameters enforce the
constraints betweenthe pairwise and marginal probabilities. These constraints are
the sameasin the Bethe free energy (1). Note that the Lagrange parameter terms
vanish if the constraints in (2) are exactly satis ed. This is an important point
when consideringequivalencesbetweendi erent energy functions.
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Lemma 1 Provided the constraints in (2) are exactly satis ed, the MIME free
energyin (4) is equivalert to the Bethe free energyin (1).

Pro of:  Using the fact that constraint satisfaction is exact and using the identit y
P (XiX;) = pyi(Xj;%i), we may write

X X X X
P (Xisxj)logpi(Xi)p; (xj) = i (Xi;Xj) logpi(xi)
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We have shown that a marginal entropy term emergesfrom the mutual information
term in (4) when constraint satisfaction is exact. Collecting the marginal entropy
terms together and rearranging the MIME free energyin (4), we get the Bethe free
energyin (1).

3 A family of decomp ositions of the Bethe free energy

Recallthat the Bethe free energyand the energyfunction resulting from application
of the MIME principle were shown to be equivalent. However, the MIME energy
function is merely one particular decomposition of the Bethe free energy As Yuille
mentions [8], many decompositions are possible. The main motivation for consid-
ering alternativ e decompositions is for algorithmic reasons.We believethat certain
decompositions may be more e ective than others. This kelief is basal on our pre-
vious experience with closely related deterministic annealing algorithms [3, 2]. In
this section, we derive a family of free energiesthat are equivalent to the Bethe
free energy provided constraint satisfaction is exact. The family of free energiesis
inspired by and closelyrelated to the MIME free energyin (4).

Lemma 2 The following family of energyfunctions indexed by the free parameters
> 0 and f ;g is equivalent to the original Bethe free energy (1) provided the



constraints in (2) are exactly satis ed and the parametersqand r are setto fq =
(3 )njgandfr; =1 n; ;g respectively.
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In (6), the rst term is no longer the pairwise mutual information asin (4). And
unlike (4), pi(xi) no longer appearsin the pairwise mutual information-lik e term.

P
Pro of: We selectiely substitute , pj (xi;xj) = pj(xj) and %, Pi (xi;x;) =
pi (Xj) to show the equivalence. First
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Substituting the identities in (7) into (6), we seethat the free energiesare alge-
braically equivalent.

4 A family of algorithms for belief propagation

We now derive descen algorithms for the family of energy functions in (6). All
the algorithms are guaranteed to corvergeto a local minimum of (6) under mild
assumptionsregarding the number of xed points. For eadh member in the family
of energy functions, there is a corresponding descen algorithm. Sincethe form of
the free energyin (6) is complex and precludeseasyminimization, we usealgebraic
(Legendre) transformations [1] to simplify the optimization.
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We now apply the above algebraic transforms. The new free energyis (after some
algebraic manipulations)
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We corntinue to keepthe parametersfggandfr;gin (9). However, from Lemma 2,
we know that the equivalence of (9) to the Bethe free energy is predicated upon
appropriate setting of these parameters. In the rest of the paper, we cortinue to
useq and r for the sake of notational simplicity.

Despite the introduction of new variables via Legendre transforms, the optimiza-
tion problem in (9) is still a minimization problem over all the variables. The
algebraically transformed energyfunction in (9) is separatelycorvexw.r.t. fpj ;pig
and w.rt. f j; jg provided 2 [0;1]. Sincethe overall energy function is not
convex w.r.t. all the variables, we pursue an alternating algorithm strategy similar
to the double loop algorithm in Yuille [8]. The basicidea is to separately minimize
w.r.t. the variablesf j; ;g and the variables fp; ;pig. The linear constraints in
(2) are enforcedwhen minimizing w.r.t the latter and do not a e ct the convergene
properties of the algorithm since the enemy function w.r.t. fp; ;pigis convex.

We evaluate the xp oints of f j ; ;g. Note that (9) is corvexw.r.t. f j; ;0.
i (X)) = § i (Xisxj); ji(xi) = § pi (Xisx;); and i(xi) = pi(xi):  (10)
Xi Xj
The xp oints of f p; ; pig are evaluated next. Note that (9) is corvexw.r.t. fpj ;pi0.
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The constraint satisfaction equationsfrom (2) can be rewritten as
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Similar relations can be obtained for the other constraints in (2). Consider a La-
grange parameter update sequencewhere the Lagrange parameter currently being
updated is taggedas\new" with the rest designatedas\old." We can then rewrite
the Lagrange parameter updates using \old" and \new" values. Pleasenote that
ea Lagrange parameter update corresponds to one of the constraints in (2). It
can be shown that the iterativ e update of the Lagrange parametersis guaranteed
to convergeto the unique solution of (2) [8]. While rewriting (12), we multiply the

left and right sideswith e 2 it (<),
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Using (11), we relate eadh Lagrange parameter update with an update of p; (Xi; X;)
and pi(x;). We again invoke the \old" and \new" designations, this time on the
probabilities. From (11), (12) and (13), we write the joint probability update
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and for the marginal probability update
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With the probability updates in place, we may write down new algorithms mini-
mizing the family of Bethe equivalent free energiesusing only probability updates.
The update equations (16) can be seento satisfy the rst constraint in (2). Similar
update equationscan be derived for the other constraints in (2). For eat Lagrange
parameter update, an equivalert, simultaneous probability (joint and marginal)
update can be derived similar to (16). The overall family of algorithms can be sum-
marized as shown in the pseudaode. Despite the unwieldy algebraic developmert
precedingit, the algorithm is very simple and straightforward.

Set free parameters 2 [0;1]and f ;g.
Initialize fp; ;pg. Setfg = (1 )nmgandfri=1 n; ;g
Begin A: Outer Loop
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End B
End A

In the above family of algorithms, the MIME algorithm correspondsto free param-
eter settings = 1 and ; = 0 which in turn lead to parameter settings g = 0
andr; = 1. The Yuille [8] double loop algorithm correspondsto the free parameter
settings = 0and ; = 0 which in turn leadsto parameter settings g = n; and
ri = 1. A crucial point is that the enemy function for every valid parameter setting
is equivalent to the Bethe free enemgy provided constraint satisfaction is exact. The
inner loop constraint satisfaction threshold parameter ¢y, setting is very important
in this regard. We are obviously not restricted to the MIME parameter settings.
At this early stage of exploration of the inter-relationships betweenBayesianbelief
propagation and inference methods basedin statistical physics[7], it is premature
to speculate regarding the \b est" parameter settings for and f jg. Most likely,
the e ectiv enessf the algorithms will vary depending on the problem setting which
enters into the formulation via the link functions f j g and the singleton functions

f ig.
5 Results

We implemented the family of algorithms in C++ and conducted tests on locally
connected50 node graphsand binary state variables. The (x;) and j (xi;x;) are
of the form e " and e "i whereh; and h;; are drawn from uniform distributions
(in the interval [ 1;1]). Provided the constraint satisfaction theshold parameter
Chr Was set low enough, the algorithm (for = 1 and other parameter settings
as described in Figure 1) exhibited monotonic convergence. Figure 2 shows the
number of inner loop iterations corresponding to di erent settings of the constraint
satisfaction threshold parameter. We also implemernted the BBP algorithm and
empirically obsened that it often did not convergefor these graphs. Theseresults
are quite preliminary and far more validation experiments are required. However,
they provide a proof of conceptfor our approach.

6 Conclusion

We began with the MIME principle and showved the equivalence of the MIME-
basedfree energy to the Bethe free energy assuming constraint satisfaction to be
exact. Then, we derived new decompositions of the Bethe free energy inspired
by the MIME principle, and driven by our belief that certain decompositions may
be more e ectiv e than others. We then derived a convergert algorithm for eath
member in the family of MIME-based decompositions. It remainsto be seenif the
MIME-based algorithms are e cien t for a reasonableclassof problems. While the
MIME-based algorithms derived here use closed-form solutions in the constraint
satisfaction inner loop, it may turn out that the inner loop is better handled using
preconditioned gradient-based descen algorithms. And it is important to explore
the inter-relationships betweenthe convergernt MIME-based descen algorithms and
other recen related approacheswith interesting convergenceproperties [4, 5].
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Figure 1. MIME energy versus outer loop iteration: 50 node, local topology,
= 1. Constraint satisfaction threshold parameter ¢,y wassetto (a) 10 8 (b) 10 *
(c) 10 2
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Figure 2: Inner loop iterations versus outer loop: 50 node, local topology,
= 1. Constraint satisfaction threshold parameter ¢y, was set to (a) 10 8 (b)
10 4 (c) 10 2



