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Abstract. We extend an information metric from intermodality (2-
image) registration to multimo dality (multiple-image) registration so
that we can simultaneously register multiple images of di eren t modal-
ities. And we also provide the normalized version of the extensible in-
formation metric, which has better performance in high noise situations.
Compared to mutual information which can even becomenegative in the
multiple image case, our metric can be easily and naturally extended
to multiple images. After using a new technique to e cien tly compute
high dimensional histograms, the extensible information metric can be
e cien tly computed even for multiple images. To showvcasethe new mea-
sure, we compare the results of direct multimo dality registration using
high-dimensional histogramming with repeated intermodality registra-
tion. We nd that registering 3 images simultaneously with the new
metric is more accurate than pair-wise registration on 2D images ob-
tained from synthetic magnetic resonance (MR) proton density (PD),
MR T2 and MR T1 3D volumes from Brain Web. We perform the unbi-
asedregistration of 5 multimo dality imagesof anatomy, CT, MR PD, T1
and T2 from Visible Human Male Data with the normalized metric and
high-dimensional histogramming. Our results demonstrate the e cacy of
the metrics and high-dimensional histogramming in a ne, multimo dality
image registration.

1 Intro duction

An information metric was proposedand used for multimo dality image regis-
tration in our previous work [1]. Compared to mutual information [2,34], the
information metric canbe easilyand naturally extendedto multiple random vari-
ablesand hencecan be usedto register multiple imagessimultaneously. (There
is no easy and natural corresponding extension for mutual information.) Mu-
tual information of multiple random variables[5] is not necessarilynonnegative,
which rendersit inadequate as an image similarity measure.Others [6,7,8] have
proposeddi erent nonnegative de nitions, but they are not natural extensions
of the mutual information of two random variables and do not embody the true
(in our eyes) spirit of mutual information: sharedinformation betweenmultiple
images.Hence,using mutual information to simultaneously register multiple im-
agesis not appropriate despite the fact that mutual information is a very good



measure(though not a metric) for registering two images.Our goalsin the paper
are: rst, we wish to perform an unbiasedregistration of multimo dality images
and second,we hope to demonstrate that multimo dality (multiple images)reg-
istration can achieve better accuracythan repeated intermodality (two images)
registration.

In order to compute the information metric, we needto estimate the high
dimensional probability massfunction (PMF) so as to compute the Shannon
entropy of multiple random variables. Due to the curse of dimensionality, and
especially when derivativesof the PMF are required, it is di cult to accurately
estimate a high dimensional probabilit y distribution. The simplest PMF estima-
tion approad is histogramming and has beenusedin databasereseard suc as
multiple-attribute-data query [9]. In multimo dality image registration, despite
the fact that we only needto estimate the entropy (of the form p logp) from the
PMF, high dimensional histogramming is not prevalent and due to this, there
is almost no previous work on simultaneous, multimo dality image registration.
In this paper, we use an e cien t technique to compute high dimensional his-
tograms so as to e cien tly compute the Shannon entropy of multiple images.
The technigque can compute high dimensional histograms in O(N) time where
N is the number of samples(simultaneously drawn from all images). We also
show a relationship betweenthe maximum number of bins allowed along eat
axis of the high dimensional histogram such that the histogram will corvergeto
the true PMF in the high dimensionalspaceasN | 1 .

In the following sections, we describe the information metric and the high
dimensional histogramming technique.

2 Multimo dalit y Registration Using The Extensible

Metric
Beforewe moveto multimo dality registration, we brie y intro ducesomeconcepts
and the basicregistration framework using a metric (technically a pseudometric)
in intermodality (2-image) registration. More details about the new metric for
intermodality registration can be found in our previous work [1].

2.1 Intermo dalit y Registration Using a Metric

The image similarity metric  in the intermodality (2-image) caseis the sum of
two conditional ertropies. For two random variables X and Y,

(X5Y) = HXjY) + H(YjX) = 2H(X;Y) H(X) H(Y) @)

where H () is the entropy of a random variable [H (X) = Eflog(p(X)g], where
p(X) is the PMF of X, and Ef g denotesthe expectation of a random variable.
We also proposedtwo normalized versionsof the metric: The rst is

(X;Y) .

XY= Hxvy’

)

(X;Y) is alsoa pseudometric[10]. And O (X;Y) 1, (X;Y)=0ifX =Y,
(X;Y)=1if X andY areindependen. The secondnormalized version of the



metric (X;Y) is
xX5y) .
HOO+ AV )

And 0 X;Y) 1, (X5¥)=0if X =Y; (X;Y)=1if X andY are
independert. But (X;Y) doesnot satisfy the triangle inequality and henceit
is not a metric (or pseudometric).

From the de nition in (1), we seethat isvery similar to mutual information
(MI) (4) in the 2-image caseexceptthat the metric has one more joint entropy
term, which meansthe metric givesjoint entropy more weight than the marginal
entropy in comparisonto mutual information

(X;Y) =

MIOGY) = HEX)+ HEY) Ry = TOTRED BET, g,

And we have found that minimizing the normalized metric or is eguivalent
to maximizing the normalized mutual information (NMI) [11] (5) in the 2-image
case

H(X)+ H(Y) _

NMIOGY) = e

2 (X;Y) (5)
Consequetly, from our perspective, NMI is not ad hoc sinceit is inversely pro-
portional to a pseudometric.

Now we move to our main topic|m ultimo dality image registration.

2.2 Extension to the multimo dalit y case

From the de nition of the information metric for two random variables (1), we
can easily extend the metric to multiple random variablesin two di erent ways.
The rst extension,for n random variables X 1, X5, ::: X,

X0
(X1; X250 Xn) = HXijX 15005 X0 15 Xis15000 Xn) (6)
i=1
and the secondis,
X.] .
(X1;X25::1;Xp) = H(X 100X 15X 5000 XajXi): (7)

And after dividing, by either the joint entropy H (X 1; X2;:::; Xp) or by the sum
of the marginals i":l H (X;), we get their normalized counterparts.

If we want to simultaneously register three images|®, 1@ and 1®, we
obviously needto nd more transformations. We de ne the biased caseas one
where | @ s the referenceimage and xed in the registration and we seektwo
optimal ane transformations| T, for image | ® and T, for image | ® by
minimizing the metric (8).

fTiTsg= arg min ( 1@ (T2); 19 (T3)): 8)



We de ne the unbiased caseas one where there is no referenceimage and we
seekthree optimal ane transformations| T, for imagel®, T, for image|®
and T, for imagel ©® by minimizing the metric (9).

T Tag=arg _min — (19(T0); 1@ (T2);1 9 (Ta)) ©)

wherel @ (T;) is the transformed image of imagel @ usinga ne transformation
T1, | @ (T,) isthe transformed imageof imagel ® usinga ne transformation T»
and | @ (Ts) is the transformed image of image | @ using ane transformation
Ts. Equivalent minimizations can be carried out for the normalized counterparts
of and

3 Computing the entrop y of multiple random variables
The multimo dality image registration measures , and their normalized ver-
sions are all entropy-based measures.Consequetly, all these measuresrequire
the computation of the joint entropy of many random variables|henceforth
termed\m ulti-dimensional erntropy."

The approac in [12] used minimum spanning trees (MST) to estimate the

-entropy in imageregistration. The MST-basedapproach directly estimatesen-

tropy without estimating the high dimensional PMF. But computing an MST
for a graph with many edgesis very expensive [O(E logE)] where E is the
number of voxels and furthermore, the method cannot compute the normalized
versionsof the information measure.(Also the method computesthe Renyi en-
tropy instead of the Shannon entropy.) Indirect methods compute entropy by
rst estimating the high dimensional PMF. While histogramming is a popular
approad for estimating the PMF, it has not beenusedfor computing the high
dimensional entropy in image registration, mainly becausenaive implementa-
tions are exmpnential in complexity in the dimensionality of random variables.
Our technique for computing high dimensional histograms (to be explained be-
low) overcomesthe aforemenioned dimensionality problem. Its computational
complexity is O(N) whereN is the number of samplesdrawn from (correspond-
ing) pixel locations over a set of images. The O(N) computational complexity
is much smaller than somepopular high dimensional PMF estimation methods
sudh as Parzen windows O(N ?), Gaussianmixture models O(NK) whereK is
the number of clusters, etc. An approximation to the Parzen window ertropy
can be computedin O(NM), M < N using fast Gausstransforms [13], but you
haveto rst cluster the samples.To our knowledge,this approach has not been
explored in medical image registration. Its advantage over the high dimensional
histogramming technique is that it is analytically dierentiable.

We now describe the high dimensional histogramming approach. Assumewe

m®™ imagel (M isK (M) m 2 f1;:::; M.g. The total number of bins in the multi-
dimensionalhistogram of M imagesis mzl K (M) which will be very largeif M
or K (M jslarge. But in the spaceof the joint histogram of M images,most of the
bins of the joint histogram are empty. Empty bins do not contribute anything

when we compute the high dimensional Shannonertropy (sincep logp! 0 as
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p! 0.) Hence,using ~ -, K(™ binsin the spaceof the joint histogram of M
imagesis impractical and furthermore is unnecessarysince we only need know
the non-empty bins.

Assumea boundedrange[l (™) ;1) ] for imagel (m): Let B{™ bethe binned

min
intensity value of image | (™ at locationi, i 2 f1;:::;Ng:
" #
(m) ; (m)
I miny j nfl;
M= (KM 1) CRELLL +1 :8m: (10)

max; | I( )g ming Nflj(m)g

From (10), we seethat the binned intensity values of image | (™) are integers
in f1;:::;K(Mg. Let L(™ be the minimum length of digital bits which can
represem KM m2f1;:::;Mg. ThenwegetanewcodeC, = B®B® BM)
with length mzl L(m), which is a concatenation of the binned intensity values
of all imagesat location i, i 2 f1;:::;Ng. The number of dierent elemerns
of the setfC;;i 2 f1;:::;Ngg s the number of non-empty bins of the joint
histogram of M images. Hencewe canusefCj;i 2 f1;:::;Nggto generatethe
joint histogram of M imagesby counting the number of |dent|cal Cisin the code
set. That this is valid is guaranteed by the following theorem.

Theorem 1: C; = G if and only if B{™ = B(m) 8m2f1;:::;Mg, 8i;j 2
f1;:::;Ng. [Proof omitted due to lack of space]

The number of bins K (™ is the only free parameter in our method but it
is alsovery important. Below, following [14], we proposea criterion for limiting
the maximum number of bins in the histogram.

Theorem 2: Let Up;Us;:::: Uy bei.i.d. random variablesin <M with PMF
f. Let P be a partition of <M into cubes of size h, and de ne the histogram
PMF estimator by

1 X
fn(u) = Gpw T1uizag (11)
i=1
where A(u) is the setin P that cortains u and | is the indicator function of a
set. Then the estimate is universally consistent in L1 if h'! rO and NAM 1 1
asN ! 1, that is, for any f the L; error of the estimate jfy(u) f(u)jdu
convergesto zeroin probability, or equivalertly, for any > 0,
Z

Nlign Pr jffn(u)  f(u)jdu =0 (12)

For our case the domain of PMF is a boundedsubsetof <M | namely [0; 1]"
If we use the same number K (™ = K bins for each image in the set, then
h = Ki Thush! Oisequivalent to K ! 1 and NhM | 1 is equivalert to

KNM I 1, for which K < N# is necessarylLet K = N M+, thenasK ! 1,

% N_ = N"= 1 1 for any > 0asN ! 1, which satis es the condition of

the theorem. Hencewe useK = N 7+ for some > O as a criterion in our
high dimensional histogram. In plain English, Theorem 2 essetially says that
if you have more samples,then usemore bins for the histogram but the rate of



increaseof the number of bins should be slower than the rate of increaseof the
number of samples.(The simpli cation of K (™) = K hasbeenusedfor the sake
of exposition. An extensionto dierent K (™ s straightforward.)

From Theorem 1, we know that to compute the high dimensional histogram,

ing N samplesonce. Thus the time complexity of computing high dimensional
histogramsis O(N).

4 Exp erimen tal Results

4.1 Multimo dality vs. intermo dality: Simultane ous registr ation of 3
images and pair-wise registr ation on synthetic PD, T2 and T1
MR images

In the registration experiments of this section, we use the powerful Brainweb
simulated MRI volumes for a normal brain [15]. The main advantage of using
simulated MR data is that the ground truth is known. The sizeof eat imageis
256mm 256mm.

We decompose an ane transforgation matrix into a product of shear,

abo
scale and rotations. Let T = 4cd 0% be an ane transformation. id
ef 1
20 260

0 25 R() 02t R( ), wheres and t are scaleand shear parameters,and
_ cos() sin() _ cog ) sin()
ROI= gin() cog) ROV gin() cog )
In our experimernts, the range of shearand scaleparametersis [-1 1], the range
of rotation parametersare [-45 45] degreesand the range of translations is [-10
10] mm. In this decomposition of an a ne transformation, re ections are not
allowed.
In the experimernts, we use the following ten measuresto register 3 triplets
of 2D slicesof 3D PD, T2 and T1 MR brain volume images.

are two rotation matrices.

(X;Y;Z) = H(XjY; Z) + H(Y]jX;Z) + H(Z]jX;Y)
(X5Y;Z) = H(X;YjZ) + H(Y; ZjX) + H(Z; X]Y)

VA — _(X3Y;Z)
(X3Yi2) = Hixva)

.- - (X3Y;Z)
(X3Yi2) = Ay Avr Ay

(X:Y:2) = 55%vey
(X;Y;2) = H(X)+_(I)—|( '(\\(/)Z+)'H(Z)
modi ed mutual information: mM I (X;Y;Z) = H(X) + H(Y) + H(Y)
H(X;Y;Z)
8. sumof pair-wise mutual information: pM 1 (X;Y;Z) = MI(X;Y)+MI(Y;Z)+
M1 (Z;X)
9. modi ed normalized information: mMNM I (X;Y;Z) =

No ok~ e

H(X)+ H(Y)*+ H(Y)
H(XY;Z)




10. sumof pair-wise normalized mutual information: pNM | (X;Y;Z) = NMI(X;Y)+
NMI(Y;Z)+ NMI(Z;X)

The slices are chosenin the axial direction. We then transf@gm the MR T2
1:2496 0:396660

imagewith anane transformation T; = 4 0:39666 0:93006 05, with s; = 0:2,
4 4 1
ty = 02, 1 =10, ;= 10,6 = 4and fp = 4. We also transfgrm the MR T1
1:4205 0:880970
imagewith anane transformation T, = 4 0:88097 0:67935 09, with s, = 0:4,
8 8 1
t, =04, , =20, ,=20,e = 8andf, = 8. We have done two experimerts
with these data. Each experiment is repeated 30 times with di erent Gaussian
noise. We add Gaussian noise with zero mean and standard deviation 0.1 in
the rst experiment and zero mean and standard deviation 0.2 in the second
experimert. (The intensity range of all imagesis normalizedto the [0,1]interval.)
We use a coarse-to- ne brute force seard strategy to nd the optimal T, and
T,. The nest seart resolution of scaleand shearis 0.05. The nest seard
resolution of rotation is 0.5 degreesin the rst experiment and 1 degreein the
second experiment. The nest seard resolution of translation is 1 mm. The
registration measuresare computed only in the overlap area of the three images
with bilinear interpolation usedfor transforming the image intensities.

To compare eath measureand validate the registration results, we compute
the mean error of ead parameter of two a ne transformations recoveredby ten

measuresand the sumof Ty T, + T, T, of 30experiments.

Figure 1 depictsthe sumof T; T, + T, T, of 30noisetrials in the

rst setof experiments. From the results, we seethat multimo dality registration
is more accurate than repeated pair-wise (intermodality) registration. And the
normalized metric hasbest performance.Table 1 shovs the meanerror of eat
parameter of two a ne transformations recovered with the ten measuresof 30

noisetrials in the secondexperiment. Figure 2 shows the sum of T T, +

1, T, of 30 noisetrials in the secondexperiment. From the results, we see

that the two non-normalized metrics and failed in recovering scalebecause
of high noise. But the normalized metric  (which is basedon ) still has best
performance. And multimo dality registration is more accurate than repeated
pair-wise registration.

With these experiments on synthetic PD, T2 and T1 MR 2D images, we
seethat theseten measureshave similar performancein low noise experiments.
Generally, they cancorrectly recover scaleand shearparametersbut haveerror in
recovering rotation and translation. And we seethat multimo dality registration
is more accurate than repeated pair-wise registration. In the high noise case,
the two non-normalized metrics failed to recover scalebecausethey prefer small
overlaps of images. The normalized metric ~ still has best performance. And



these experimental results also show that minimizing the normalized metric
or is equivalent to maximizing the modi ed normalized mutual information.
In our following experimerts, we will only usethe normalized measure .

4.2 Unbiase d multiple image registr ation of Visible Human Data

Algorithm 1 lterated sequettial seardh
1. sequertially seard ten translations which minimize corresponding to 5 images;
2. sequerially seard ten scaling and shearparameters which minimize for 5images;
3. sequertially seard ten rotations which minimize  for 5 images;
4. if decreasedn this iteration then goto 1; elseend.

In this section, we register pentads of imagesof head slice from Visible Human
Male Data. For the pertad, the rst imageis the photograph of anatomical slice,
the secondis the CT image, the third is an MR PD image, the fourth is an MR
T1 image and the fth is an MR T2 image. The slice number of the pentads
in the Visible Human Male Data is 1165.Becauseground truth is unknown, we
register 5 imagessimultaneously without bias. That meansthat ead image gets
an ane transformation and we minimize the normalized metric on veane
transformations:

11T, Tai Tas Tsg = argmin (19 (T0);1@ (T2);1 ) (T3); 19 (Ta); 190 (Ts))

(13)
whereT = fTq;Ty; T3; Ts; Tsg and Ty, T, T3, T4 and Ts are v e ane transfor-
mations. | (M)(T,,) is the transformed image of image | (™) using a ne transfor-
mation Try; m 2 f1;:::; 59. Sincethe time complexity of searding for 30 param-
etersof 5 a ne transformations is high, we usediterated sequetial seard using
algorithm 1 for eadh parameteruntil the normalized measure achievesthe min-
imum. The color imagesof the anatomical slice are converted to grayscaleand
the intensity of imagesis normalized to the interval [0; 1] prior to registration.
The normalized measure is computed only in the overlap area of the three im-
ageswith bilinear interpolation usedfor transforming the image intensities. The
image sizeis 256 by 256. (The pixel sizeis 0.32mm squarefor a photograph of
anatomical sliceand 1mm for MR and CT images.) The histogram of eac image
used 8 bins. High dimensional histograms are computed using the technique in
section 3.

In Figure 3, we show the imagesbefore and after registration. In order for
human perception to gaugethe results of registration, we add a grid to the im-
ages.A careful examination of the imagesbefore and after registration reveals
that the imagesare indeed better aligned. For a quartitativ e evaluation of the
registration, we coarsely segmen these imagesby basically segmeting the ob-
ject from the background in the images. Then we represern these segmerted
imagesas binary imagesas shown in Figure 4. (Object is with intensity value 1
and badkground is with intensity value 0.) We evaluate the quality of the regis-
tration by comparing the number of pixels in the nonoverlap region of pairwise
segmeted imagesbefore and after registration. From theseresults in Table 3,



we seethat the number of pixels in the nonoverlap region of segmened pairwise
images after registration is much less prior to registration. Provided that the
segmetation errors are not signi cant and these can also be gaugedby human
perception, we seethe imagesare better aligned after registration. Also, from
the segmened imagesin Figure 4, we seethat theseimagesare better aligned
after registration.

From the ane transformations achieved in the registration as shown in
Table 2, we seethat the ane transformations of all three imagesinclude a
certain amount of shear.This servesasa very preliminary justi cation for using
an ane mapping.

From theseanecdotal evaluation results, we seethat minimizing the normal-
ized measure and computing high dimensional histograms works well for the
simultaneous (and unbiased) registration of multimo dality images.

5 Conclusions

We have preserted an information metric for intermodality image registration,
which can be easily extendedto the multimo dality caseas opposedto mutual
information which is not so easily extended. The information metric is a lin-
ear combination of conditional entropies and has the properties of symmetry,
non-negativity and triangle inequality. Normalized versions of this extensible
information metric are also proposedand usedfor multimo dality imageregistra-
tion. We derive and usea new e cien t technique for computing high dimensional
histograms soasto e cien tly compute the joint entropy of multiple images.We
then demonstrate how the high dimensional histogramming technique can be
used to simultaneously register many images without being biased to a refer-
enceimage. The high dimensional histogramming technique can also be used
for feature-basedmultimo dality image registration (where a vector of features
is available at ead voxel) and for non-rigid multimo dality image registration.
Theserepresert attractiv e topics for further researd.
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Fig. 2. Plots of sumof T1 T, + T, T, of30trials recovered by ten measures
in the secondexperiment with noise 0.2. Numbers 1 to 10 represen
mMI, pMI, mNMI and pNMljthe ten registration measures.

(a) anatomical (b) CT () MRPD (d)MRT1 (e) MR T2 (f) overlap ‘

Fig. 3. The rst row is the set of images before registration; the secondrow is the set
after registration. [Dataset index: VHD #1165.]
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registration. upper triangle is beforeregistration and lower triangle is after registration.
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MR T2 3390 (1700 1434 | 800 0




(a) anatomical (b) CT () MRPD (d)MRT1 (e) MR T2 (f) overlap »

Fig. 4. Segmerted images before (1st row) and after (2nd row) registration. [Dataset
index: VHD #1165.]
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