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A Method for Compact Image Representation usin:
Sparse Matrix and Tensor Projections onto
Exemplar Orthonormal Bases

Karthik S. Gurumoorthy, Ajit Rajwade, Arunava Banerjee amhnd Rangarajan

Abstract—We present a new method for compact representa- allows for the low-error reconstruction of the image by low-
tion of large image datasets. Our method is based on treating rank approximations. This property of SVD, coupled with the
small patches from a 2D image as matrices as opposed to thegy et that it provides the best possible lower-rank appragion
conventional vectorial representation, and encoding thespatches . . . L . .
as sparse projections onto a set of exemplar orthonormal bas, Fo a matrix, has motivated its application to image compoess
which are learned a priori from a training set. The end result in the work of Andrews and Patterson [5], and Yang and Lu
is a low-error, highly compact image/patch representationthat  [8]. In [8], the SVD technique is further combined with veccto
has significant theoretical merits and compares favorably Wh  quantization for compression applications.
existing techniques (including JPEG) on experiments inveing To the best of our knowledge, the earliest technique on

the compression of ORL and Yale face databases, as well as .. . .
a database of miscellaneous natural images. In the context o obtaining acommonmatrix-based representation for a set of

learning multiple orthonormal bases, we show the easy tundlity — images was developed by Rangarajan in [1]. In [1kirgle
of our method to efficiently represent patches of different om-  pair of orthonormal basg#/, V) is learned from a set of some
plexities. Furthermore, we show that our method is extensileina N images, and each image,1 < j < N is represented
theoretically sound manner to higher-order matrices (‘tersors’). by means of a projectiors; onto these bases, i.e. in the

We demonstrate applications of this theory to compression fo 7 T ai: . .
well-known color image datasets such as the GaTech and CMU- form I; = US;V". Similar ideas are developed by Ye in

PIE face databases and show performance competitive with [2] in terms of optimal lower-rank image approximations.
JPEG. Lastly, we also analyze the effect of image noise on theln [3], Yang et al. develop a technique named 2D-PCA,

performance of our compression schemes. which computes principal components of a column-column
Index Terms—compression, compact representation, sparse covariance matrix of a set of images. In [9], Diagal. present
projections, singular value decomposition (SVD), higheerder a generalization of 2D-PCA, named as 2D-SVD, and some
singular value decomposition (HOSVD), greedy algorithm,énsor  gptimality properties of 2D-SVD are investigated. The work
decompositions. in [9] also unifies the approaches in [3] and [2], and provides
a non-iterative approximate solution with bounded errahe®
problem of finding the single pair of common bases. In [4], He
et al. develop a clustering application, in which a single set of
Most conventional technigues of image analysis treat irmagerthonormal bases is learned in such a way that projectibns o
as elements of a vector space. Lately, there has been a stemdgt of images on these bases are neighborhood-preserving.
growth of literature which regards images as matrices, e.g.lt is quite intuitive to observe that, as compared to an entir
[1], [2], [3], [4]. As compared to a vectorial method, theémage, a small image patch is a simpler, more local entity,
matrix-based representation helps to better exploit tlatialp and hence can be more accurately represented by means of a
relationships between image pixels, as an image is eskgatia smaller number of bases. Following this intuition, we cl®os
two-dimensional function. In the image processing comryynito regard an image as a set of matrices (one per image patch)
this notion of an image has been considered by Andrews andtead of using a single matrix for the entire image as in
Patterson in [5], in the context of image coding by usinfi], [2]. Furthermore, there usually exists a great deal of
singular value decomposition (SVD). Given any matrix, sagimilarity between a large number of patches in one image
J € RMixM: the SVD of the matrix expresses it as a productr across several images of a similar kind. We exploit this
of a diagonal matrixS € RM1*Mz of singular values, with fact to learn a small number of full-sized orthonormal bases
two orthonormal matrice® € RM:*Mi gndV € RM2*M2 (as opposed to a single set of low-rank bases learned in [1],
This decomposition is unique upto a sign factor on the vectd2] and [9], or a single set of low-rank projection vectors
of U andV if the singular values are all distinct [6]. For thelearned in [3]) to reconstruct a set of patches from a trginin
specific case of natural images, it has been observed that shé by means o$parseprojections with least possible error.
values along the diagonal &f are rapidly decreasifngwhich As we shall demonstrate later, this change of focus from
learning lower-rank bases to learning full-rank bases hth w
The authors are with the Department of Computer and InfaomeBcience sparse projection matrices, brings with itself severaiiﬁigant
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1A related empirical observation is the rapid decrease irpthveer spectra easier to adijSt the sparsif[y of a projeCtion matrix in On_der
of natural images with increase in spatial frequency [7]. meet a certain reconstruction error threshold than to afijus
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its rank [see Section II-A and Section Il1]. rank of a tensdris known to be an NP-complete problem [19].
There exists a large body of work in the field of sparskloreover, while the SVD is known to yield the best lower-
image representation. Coding methods which express imagask approximation of a matrix in the 2D case, its higher-
as sparse combinations of bases using techniques suctdiagensional analog (known as higher-order SVD or HOSVD)
the discrete cosine transform (DCT) or Gabor-filter basees not necessarily produce the best lower-rank approxi-
have been quite popular for a long period. The DCT isation of a tensor (see the work of Lathauwer in [20] and

also an essential ingredient of the widely used JPEG imabathauweret al. in [18] for an extensive development of the
compression standard [10]. These developments have alseory of HOSVD and several of its properties). Nevertheles
spurred interest in methods thigiarn a set of bases from afor the sake of simplicity, HOSVD has been used to produce
set of natural images as well assparseset of coefficients lower-rank approximations of datasets (albeit a theoa#yic
to represent images in terms of those bases. Pioneering wsuk-optimal one [18]) which work well in the context of
in this area has been done by Olshausen and Field [11], wéthplications ranging from face recognition under change in
a special emphasis on learning an over-complete set of bagese, illumination and facial expression as in [21] by \@siu
and their sparse combinations, and also by Lewatkdl [12]. and Terzopoulos (though in that particular paper, each émag
Some recent noteworthy contributions in the field of overs still represented as a vector) to dynamic texture symhes
complete representations include the highly interestimgkw from gray-scale and color videos in [22] by Costantéti
in [13] by Aharonet al, which encodes image patches aal. In these applications, the authors demonstrate the efficac
a sparse linear combination of a set of dictionary vectood the multilinear representation in accounting for vailigh
(learned from a training set). There also exist other tegqinedg  over several different modes (such as pose, illuminatich an
such as sparsified non-negative matrix factorization (NMExpression in [21], or spatial, chromatic and temporal &])2
[14] by Hoyer, which represent image datasets as a productasf opposed to simple vector-based image representations.
two large sparse non-negative matrices. An important featu An iterative scheme for a lower-rank tensor approximation
of all such learning-based approaches (as opposed to thissdeveloped in [20], but the corresponding energy function
that use a fixed set of bases such as DCT) is their tunabilityitosusceptible to the problem of local minima. In [17], two
datasets containingspecifictype of images. In this paper, wenew lower-rank approximation schemes are designed: adtlose
develop such a learning technique, but with the key diffeeenform solution under the assumption that the actual tensde ra
that our technique is matrix-based, unlike the aforemeetio equals the number of images (which usually may not be true
vector-based learning algorithms. The main advantage of oo practice), or else an iterative approximation in othesesa
technique is as follows: we learn a small number of pairs éithough the latter iterative algorithm is proved to be cenv
orthonormal bases to represent ensembles of image patclgest, it is not guaranteed to yield a global minimum. Wang and
Given any such pair, the computation of a sparse projectiéiuja [23] also develop a new iterative rank-R approxinmatio
for any image patch (matrix) with least possible reconsiomc scheme using an alternating least-squares formulatiod, an
error, can be accomplished by means of a very simple aal$o present another iterative method that is speciallgdun
optimal greedy algorithm. On the other hand, the compuiatifor the case of third-order tensors. Very recently, Dieg
of the optimal sparse linear combination of an over-conepleal. [24] have derived upper and lower bounds for the error
set of basis vectors to represent another vector is a welivkn due to low-rank truncation of the core tensor obtained in
NP-hard problem [15]. We demonstrate the applicability diOSVD (which is a closed-form decomposition), and use this
our algorithm to the compression of databases of face imagtsory to find asingle common triple of orthonormal bases
with favorable results in comparison to existing approachdo represent a database of color images (represented as 3D
Our main algorithm on ensembles of 2D images or imagarays) with minimal error in thé, sense. Nevertheless, there
patches, was presented earlier by us in [16]. In this paper, 8 still no method of directly obtaining theptimal lower-
present more detailed comparisons, including with JPE@, arank tensor approximation which is non-iterative in nature
also study the effect of various parameters on our methdelrthermore, the error bounds in [24] are applicable onlgrvh
besides showing more detailed derivations of the theory. the entire set of images is coded using a single common triple
In the current work, we bring out another significanof orthonormal bases. Likewise, the algorithms presented i
extension of our previous algorithm - namely its elegaf23] and [17] also seek to find singlecommon basis.
applicability to higher-order matrices (commonly and dlsua The algorithm we present here differs from the aforemen-
mistakenly termed tensors), with sound theoretical foundi@oned ones in the following ways: (1) All the aforementidne
tions. In this paper, we represent patches from color imageethods learn a common basis, which may not be sufficient
as tensors (third-order matrices). Next, we learn a sméil account for the variability in the images. We do not learn a
number of orthonormal matrices and represent these patchimgle common basis-tuple, butsatof someK orthonormal
as sparse tensor projections onto these orthonormal mstribases to represent some patches in the database of images,
The tensor-representation for image datasets, as suclot is with each image and each patch being represented as a higher-
new. Shashua and Levin [17] regard an ensemble of gray-scalder matrix. Note thak is much less tha@v. (2) We do not
(face) images, or a video sequence, as a single third-ordeek to obtain lower-rank approximations to a tensor. Rathe

tensor, and achieve compact representation by means af-lowe
P P y 2The rank of a tensor is defined as the smallest number of raeksors

rank appr_OX|mat|ons of the tensor-_ However, quite _un"k'e thuhose linear combination gives back the tensor, with a tebsimg of rank-1
computation of the rank of a matrix, the computation of thieit is equal to the outer product of several vectors [18].
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we represent the tensor as a sparse projection onto a chaggtimal sparse projection matri¥ with ||[W|o = T is
tuple of orthonormal bases. This sparse projection, as ai# stobtained by setting to zerm;mo — T elements of the matrix
later on show, turns out to be optimal and can be obtainéd= U7 PV having least absolute value.

by a very simple greedy algorithm. We use our extension f@roof: We have P = USV”. The error in reconstructing
the purpose of compression of a database of color imagaspatch P using some other matrif¥ is e = ||U(S —
with promising results. Note that this sparsity based aagho W)V7||? = ||S — W||? asU and V are orthonormal. Let
has advantages in terms of coding efficiency as comparedlifo= {(i,j)|W;; = 0} and I, = {(i,j)|W;; # 0}. Then
methods that look for lower-rank approximations, just as in= 3", ., S +2 i yen (Si — W;;)2. This error will be

the 2D case mentioned before. minimized whenS;; = W;; in all locations whereV;; # 0
Our paper is organized as follows. We describe the theampd W;; = 0 at those indices where the corresponding values
and the main algorithm for 2D datasets in Section Il. Sectian S are as small as possible. Thus if we Wit ||o = T', then

[l presents experimental results and comparisons witktiexg 1/ is the matrix obtained by nullifyingn,mo—T' entries from
technigues. Section IV presents our extension to highéeror S that have the least absolute value and leaving the remaining
matrices, with experimental results and comparisons iti@ec elements intadil

V. We conclude in Section VI. Hence, the problem of finding an optimal sparse projection
of a matrix (image patch) onto a pair of orthonormal bases,
. THEORY: 2D IMAGES is solvable inO(mima(m1 + ms)) time as it requires just

two matrix multiplications § = U7 PV). On the other hand,

Consider a set of images, each of siz& x M. We L . . o
- : . . . the problem of finding the optimal sparse linear combination
divide each image into non-overlapping patches of sigex . :
f an over-complete set of basis vectors in order to reptesen

ma, my < My, my < My, and treat each patch as a SEp"’lra(fazanother vector (i.e. the vectorized form of an image patch)
matrix. Exploiting the similarity inherent in these patsheve

effectively represent them by means of sparse projectiatts o a well-known NP-hard problem [15]. In actual application

; : 13], approximate solutions to these problems are sought, b
(appropriately created) orthonormal bases, which we call . .
) ) o means of pursuit algorithms such as OMP [26]. Unfortunately
exemplar bases’. We learn these exemplargriori from a

L o .the quality of the approximation in OMP is dependention
set of training image patches. Before describing the legrni_ . h bound h hat is directl |
rocedure, we first explain the mathematical structure ef twlt an upper bound on the error that is |rect_y propo_r'F ona
P ' to /1 + 67 [see [27], Theorem (C)] under certain conditions.
exemplars. e ! ; . C
Similar problems exist with other pursuit approximation al
gorithms such as Basis Pursuit (BP) as well [27]. For large

A. Exemplar Bases and Sparse Projections values ofT’, there can be difficulties related to convergence,

Let P € R™*™2 be an image patch. Using singular valudvhen pursuit algorithms are put inside an iterative optatian
decomposition (SVD), we can represdftas a combination 100p. Our technique avoids any such dependencies.
of orthonormal base®/ € R™*™ andV € R™2*™2 in
the form P = USVT, where S € R™*™2 s a diagonal B. Learning the Bases

matrix of Singular values. Howevd? can also be [epresgnted The essence of this paper lies in a |earning method to pro-
as a combination ony set of orthonormal basds andV, duce K exemplar orthonormal basésl,,V,)}, 1 < a < K,
different from those_ Ot}taiHEd from the SVD @ . In this to encode a training set of image patche?i € RmMmixma
case, we have® = USV" where S turns out to be @on- (1 < ; < N) with least possible error (in the sense of the
diagonal matrix 3. Contemporary SVD-based compressioRorm of the difference between the original and reconssdict
methods leverage the fact that the SVD provides the lbest patches). Note thak < N. In addition, we impose a sparsity
rank approximation to a matrix [8], [25]. We choose to depagonstraint that everys;, (the matrix used to reconstrud,

from this notion, and instead answer the fO”OWiﬂg queStiOIﬂ’om (Ua;Va)) has at mostl’ non-zero elements. The main
What Sparsematl’ix W e R"Lix’mQ Wl” reconstruct P from Obiective function to be minimized is:
a pair of orthonormal base§ and V' with the least error
|P—UWVT|?? Sparsity is quantified by an upper boufid
on theLy norm of W, i.e. on the number of non-zero elements
in W (denoted a1 ||o)*. We prove that theptimal W with
this sparsity constraint is obtained by nullifying the leéa
absolute valuey,m,—T elements of the estimated projection (1) 7y, = V'V, = I,Va. (2) ||Siallo < T, (i, a).
matrix S = U7 PV. Due to the ortho-normality of/ and V/, ) ]
this simple greedy algorithm turns out to be optinzs we (3) ZMW =1,¥i and M;, € {0,1},¥i,a.  (2)
prove below:. “
Theorem 1: Given a pair of orthonormal basé#&, V), the Here M;, is a binary matrix of sizeV x K which indicates
whether the'*" patch belongs to the space defined by, V).

3The decomposition® = USVT exists for anyP even if U and V'  Notice that we are not trying to use a mixture of orthonormal
are not o_rthonocimald_We étill folloi/_v orltlhg-nordmleltllité/ corahts to facilitate bases for the projection, but just project onto a singlealst
Opgzation and coding, See section Il and -8 basis pair instead. The optimization of the above energy

4See section Il for the merits of our sparsity-based approager the > . >t : - X
low-rank approach. function is difficult, as M;, is binary. A simple K-means

N K
E({Ua, Va, Sias Mia}) = > > Mial [P = UaSia Vi 1* (1)

=1 a=1

subject to the following constraints:
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will lead to local minima issues, and so we relax the binan SVD of Z;, will give us Z;, = I'1,¥Y? wherel';,
membership constraint so that nod,;, € (0,1),V(i,a), andY;, are orthonormal matrices anldis a diagonal matrix.
subject ttole M,, = 1,Vi. The naive mean field theory Using this, we can re-writé&/, as follows:

line of development starting with [28] and culminating ir9]2

(with much of the theory developed already in [30]) leads to Ua = (10 Y 1)(C1a Y ,) " (M1 WY, )72

the following deterministic annealing energy function: = 19T (11, 9T, 1, 0 YT, )2

N K = (T1a0YT))(T1,02YT )2

E({Ua, Va: Siay Mia}) = D Y Mial|Pi = UaSia Vi |I*+ = (T UYL ) (T1, 07T
i=1 a=1

= Fla,rr,{a . (8)

1
—» MiglogMia+ Y pi(y Mia—1
B Z Z Z Notice that the steps above followed only owing to the fact
traceA 1 UT ~ 1) tracdA, VTV that U, and hencd';, and Y, were fu.II-r.ank matrices. This
Z & I+ Z &z Dl gives us an update rule férf,. A very similar update rule for
(3) V. follows along the same lines:

Note that in the above equatiody;} are the Lagrange - . . T
parameters{A;,, A2, } are symmetric Lagrange matrices, and2a = Z Mia P} UaSia; Va = Z2a(Z3%24) "2 = T2a V5. (9)
3 a temperature parameter. =1

whereI'y, and Y5, are obtained from the SVD aof,,. The

We first initialize {U, } and {V.} to random orthonormal membership values are obtained by the following update:

matricesVa, and M;, = K, Y(i,a). As {U,} and{V,} are o—BIPi—UaSia V|2
orthonormal, the projection matri$,, is computed by the Mia = SR 51 —tosmvi 2 (10)
. . Z s e i bOib Vy
following rule: b=1
S, = UaTPiVa- ) The matrices{S;., U, V., } and M are then updated sequen-

tially following one another for a fixed value, until conver-
Note that this is the solution to the least squares energgnce. The value of is then increased and the sequential
function || P; — U,S;.V.T||2. Thenm;m, — T elements inS;, updates are repeated. The entire process is repeated mintil a
with least absolute value are nullified to get the best sparséegrality condition is met.
projection matrix. The updates 1, andV, are obtained as Our algorithm could be modified to learn a set of orthonormal
follows. Denoting the sum of the terms of the cost functiohases (single matrices and not a pair) for sparse represen-
in Egn. (1) that are independent bf, as C, we rewrite the tation of vectorized images, as well. Note that even then,
cost function as follows: our technique should not be confused with the ‘mixtures of
PCA' approach [31]. The emphasis of the latter is again on
E({Ua, Va, Sia, Mia}) = ZZMiaHPi — UaSia VP + low-rank approximations and not on sparsity. Furthermore,
=1 a1 in our algorithm we do not compute an actual probabilistic
ZtraCE{Am(UaTUa _n+C mixture (glso see _Sections II-C and II!-E). .However, we have
not considered this vector-based variant in our experiment
N K because it does not exploit the fact that image patches are
= Z Z Mig[tracd P, — U, S;a V)T (P — U,SiaVT))]+  two-dimensional entities.
1=1 a=1

Ztrace{Ala(UaTUa —I)]+C C. Application to Compact Image Representation

Our framework is geared towards compact bow-error
patch reconstruction. We are not concerned withdiserim-
inating assignment of @pecific kindof patches to apecific
T g e exemplar, quite unlike in a clustering or classification lapp

+Htrace S Sia +Ztrace(A1a(Ua Us=1)+C. cation. In our method, after the optimization, each tragnin
@ ) patch P, (1 < i < N) gets represented as a projection
onto one out of theK' exemplar orthonormal bases, which
Now taking derivatives w.r.tU,, we get: produces the least reconstruction error, i.e. tHe exemplar
is chosen if|| P, — UpSiu VI ||? < || — UaSiaV.E||?,Va €
:fQZMm PVST 4+ 2U,A1, = 0. 6) {1,2,..,K},1 < k < K. For patchP;, we denote the
corresponding ‘optimal’ projection matrix a$ = S;;, and
Re-arranging the terms and eliminating the Lagrange nearicth® corresponding exemplar 887, V;*) = (U, Vi). Thus
we obtain the following update rule fdr,: the entire training set is approximated by (1) teemmonset
) of basis-pairs{(U,, V,)},1 < a < K (K < N), and (2) the
AP Z Mo PV SE:U, = Z1o(ZLE Z,0)7" 2. (7) optimal sparse projection matric€S;} for each patch, with at
mostT non-zero elements each. The overall storage per image

K
Z M, [tracd P! P,) — 2tracd P} U, SioV.F)

a=1

I
.MZ

I
—

K2
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is thus greatly reduced (see also section I1I-B). Furtheemolie in the rangel—m, m| for m x m patches, if the values of
these base$(U,,V,)} can now be used to encode patcheB, lie in [0, 1]. This can be proved as follows: We know that
from a new set of images that are somewhat similar to the ongs= U7 P;V;*. Hence we write the element 8f in the a*"
existing in the training set. However, a practical applmat row andb'” column as follows:

demands that the reconstruction meet a specific error thicesh . T . 1 1

on unseen patches, and hence thenorm of the projection Siab = ZUi ak Pkt Vi < Z ﬁpiklﬁ

matrix of the patch is adjusted dynamically in order to mhet t ot Kl

error. Experimental results using such a scheme are dedcrib _ 1 Zpikl —m. (11)
in the next section. m -

The first step follows because the maximum valueSpt,
1. EXPERIMENTS: 2D IMAGES is obtained when all values df*”, are equal toy/m. The
In this section, we first describe the overall methodologsecond step follows becausg , will meet its upper bound
for the training and testing phases of our algorithm based wen all them? values in the patch are equal to 1. We can
our earlier work in [16]. As we are working on a compressiosimilarly prove that the lower bound aofif , is —m. As in
application, we then describe the details of our image apdiour case;n = 12, the upper and lower bounds a#el2 and
and quantization scheme. This is followed by a discussion efl2 respectively.
the comparisons between our technique and other compétiour experiment, we Huffman-encoded [34] the integergart
tive techniques (including JPEG), and an enumeration of thé the values in the{Sy} matrices over the whole image
experimental results. (giving us an average of sondg bits per entry) and quantized
the fractional parts withQ- bits per entry. Thus, we needed
to store the following information per test-patch to creie

compressed image: (1) the index of the best exemplar, using

We tested our algorithm for compression of the entire ORL. pits (2) the location and value of each non-zero element
_databas_e [32] and the entlr_e Yale database _[33]. We divived {, its S* matrix, usingas bits per location and); + Q» bits
images in each database into patches of fixed si2e<(12),  for the value, and (3) the number of non-zero elements per

and these sets of patches were segregated into training 88¢tn encoded usings bits. Hence the total number of bits
test sets. The test set consisted of many more images thanﬂ@repixel for the whole image is given by:

training set, in the case of either database. For the purpose

of training, we learned a total &k = 50 orthonormal bases ~ ppp _ V(a1 +as) + T 0z + Q1 + Qo) (12)
using a fixed value of to control the sparsity. For testing, we M1 M,

projected each patcl; onto that exemplatU}, V;*) which

i1 Vi whereTwhole — Y™V |16%||o The values ofay, as and as
. . . * . i=1 [ !
produced thesparsestprojection matrix S} that yielded an were obtained by Huffman encoding.

; ; bR =Ur STVt ) o "
average per-pixel reconstruction errér—— of N0 After performing quantization on the values of the coeffitse

i 1m2
more than some choseh Note that different test patchesin 5* we obtained new quantized projection matrices, denoted

required differentl” values, depending upon their inherenjs g+ Following this, the PSNR for each image was measured
‘com_plexny'_ Hen_ce, we v_arleq the sparsity of the projenti as101log;, =x ||1£’YT(7*”§2*V*T||2’ and then averaged over the
matrix (but keeping its size fixed 102 x 12), by greedily o0 tost 'S8T’ The average number of bits per pixel (RPP)
nullifying the smallest elements in the matrix, withouttileg

. . -2 was calculated as in Egn. (12) for each image, and then
the reconstruction error go abo¥eThis gave us the flexibility averaged over the whole test set. We repeated this procedure
to adjust to patches of different complexities, withouegtig

o for different§ values from8 x 107° to 8 x 10~ (range of
the rank of the exemplar based/?, V). As any paich ;,,qe intensity values wa, 1)) and plotted an ROC curve
P; is projected onto exemplar orthonormal bases that f"average PSNR vs. average RPP.
different from those produced by its own SVD, the projection
matrices turn out to be non-diagonal. Hence, there is no
such thing as a hierarchy of ‘singular values’ as in ordinary
SVD. As a result, we cannot resort to restricting the rank @. Comparison with other techniques:
the_= projection matrix (gnd thereby the_rank @y, vir)) to We pitted our method against four existing approaches, each
adjust for patches of different complexity (unless we learn

; of which are both competitive and recent:
separate set ok bases, each set for a different rankvhere ) )
1 < r < min(my, msy), which would make the training and 1) The KSVD algorithm from [13], for which we used
even the image coding [see Section I11-B] very cumbersome). 441 unit norm dictionary vectors of size 144. In this
This highlights an advantage of our approach over that of ~ Method, each patch is vectorized and represented as

algorithms that adjust the rank of the projection matrices. a sparse linear combination of the dictionary vectors.
During training, the value df" is kept fixed, and during

_ _ o testing it is dynamically adjusted depending upon the
B. Details of Image Coding and Quantization patch so as to meet the appropriate set of error thresholds
We obtainS} by sparsifyingUZ—*TPiVi*. As U} andV}* are represented by € [8x 1075, 8 x 10~3]. For the purpose
orthonormal, we can show that the valuesSh will always of comparison between our method and KSVD, we used

A. Training and Testing Phases
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the exact same values @fandé as in our algorithm, to
facilitate a fair comparison. The method used to find the
sparse projection onto the dictionary was the orthogonal s
matching pursuit (OMP) algorithm [27]. 0
2) The over-complete DCT dictionary with 441 unit norm
vectors of size 144 created by sampling cosine waves of z
various frequencies, again with the saffievalue, and =
using the OMP technique for sparse projection. 2 L arsometete BCT 5 e
3) The SSVD method from [25], which is not a learning ;e ! L Baal b
based technique. It is based on the creation of sub- RPP RPP
sampled versions of the image by traversing the image
in a manner different from usual raster-scanning.
4) The JPEG standard (for which we used the implementa- T
tion provided in MATLAB®), for which we measured
the RPP from the number of bytes for storage of the file.

For KSVD and over-complete DCT, there exist bounds on
the values of the coefficients that are very similar to those
for our technique, as presented in Eqn. (11). For both these
methods, the RPP value was computed using the formula in
[13], Egn. (27), with the modification that the integer parts
of the coefficients of the linear combination were Huffman-
encoded and the fractional parts separately quantizedt (as i
gave a better ROC curves for these methods). For the SSVD
method, the RPP was calculated as in [25], section (5).

ORL: PSNRVs RPP ; T=10 Yale: PSNRvs RPP ; T=3

——(1) OurMethod
——(2) KSVD
(3) OverComplete DCT|

——(1) OurMethod
——(2) KSVD

®

© ()

Fig. 1. ROC curves on (a) ORL and (b) Yale Databases. Legerd-(R):
Our Method, Blue (2): KSVD, Green (3): Over-complete DCTa& (4):
D. Results SSVD and (5): JPEG (Magenta). (c) Variance in RPP versus|pagtization

L error for ORL. (d) Original image from ORL database. Sampl®nstructions
For the ORL database, we created a training set of patch@g s — 3 x 10—+ of (d) by using () Our Method [RPP: 1.785, PSNR:

of size 12 x 12 from images of 10 different people, with35.44], (f) KSVD [RPP: 2.112, PSNR: 35.37], (g) Over-com@l®CT [RPP:
10 images per person. Patches from images of the remainfft Z’deSeI;ItRi:nSfc;lzoer]’ (h) SSVD [RPP: 2.69, PSNR: 34.57Bse plots are
30 people (10 images per person) were treated as the test
set. From the training set, a total of 50 pairs of orthonormal
bases were learned using the algorithm described in Section
II-B. The T value for sparsity of the projection matrices
was set to 10 during training. As shown in Figure IlI-D(c),
we also computed the variance in the RPP values for eve
different pre-quantization error value, for each imagetia t
ORL database. Note that the variance in RPP decreases \
increase in specified error. This is because at very low grra
different images require different number of coefficients i
order to meet the error.

The same experiment was run on the Yale database witl
value of ' = 3 on patches of sizé2 x 12. The training set
consisted of a total of 64 images of one and the same per:
under different illumination conditions, whereas the itegt Error 0.0005 Error 0.0003 Error 0.0001
set consisted of 65 images each of the remaining 38 peo
from the database (i.e. 2470 images in all), under differe
illumination conditions. The ROC curves for our method wer
superior to those of other methods over a significant ran
of ¢, for the ORL as well as the Yale database, as seen
Figures 1(a) and 1(b). Sample reconstructions for an ima
from the ORL database are shown in Figures 1(d), 1(f), 1(
and 1(h) for6 = 3 x 10~*. For this image, our method
produced a better PSNR to RPP ratio than others. Also Figure )

2 shows reconstructed versions of another image from tLE' iffere
ORL database using our method with different values).of corner.
For experiments on the ORL database, the number of bits
used to code the fractional parts of the coefficients of the

Original Error 0.003 Error 0.001

Reconstructed versions of an image from the ORL datahusing
nt error values. The original image is on the exeeleft and top
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Method Dictionary Size (number of scalars)
Our Method 50 x 2 x 12 x 12 = 14400
KSVD 441 x 12 x 12 = 63504
Overcomplete DCT| 441 x 12 x 12 = 63504
SSVD -
JPEG -
TABLE |
COMPARISON OF DICTIONARY SIZE FOR VARIOUS METHODS FOR 2)
EXPERIMENTS ON THEORL AND YALE DATABASES.
ORL: PSNR vs. RPP, Diff. Patch Size ORL: PSNR vs RPP; Diff. Values of T
40 40
35 35
@ @
Z 30 Z 30
& —8XgWith T=5 o 75
e Themr s S
20X20 with T = 20 T =50
20 1 2 3 4 200 1 2 3 4 5
RPP RPP
CY (b)
Fig. 3. ROC curves for the ORL database using our techniquk (@) 3
different patch size and (b) different value @f for a fixed patch size of )

12 x 12. These plots are viewed best in color

projection matrices [i.eQ)2 in Eqn. (12)] was set to 5. For
the Yale database, we often obtained pre-quantizationmrserro
significantly less than the chosénand hence using a value
of @2 less than 5 bits often did not raise the post-quantization
error aboves. Keeping this in mind, we varied the value of
Q> dynamically, for each pre-quantization error value. The
same variation was applied to the KSVD and over-complete
DCT techniques as well. For the experiments on these two
databases, we also summarize the dictionary size of all the
relevant methods being compared in Table I.

E. Effect of Different Parameters on the Performance of our
Method:

The different parameters in our method include: (1) the size
of the patches for training and testing, (2) the number ofspai
of orthonormal bases, i.&, and (3) the sparsity of each patch
during training, i.eT". In the following, we describe the effect
of varying these parameters:

1) Patch Size: If the size of the patch is too large, it
becomes more and more unlikely that a fixed number 6t

tested the performance of our algorithm with = 50
pairs of orthonormal bases on the ORL database, using
patches of size8 x 8, 12 x 12, 15 x 15 and 20 x 20,

with appropriately different values df'. As shown in
Figure 3(a), the patch size d2 x 12 usingT = 10
yielded the best performance, though other patch sizes
also performed quite well.

The number of orthonormal basé$: The choice of
this number is not critical, and can be set to as high
a value as desired without affecting the accuracy of
the results. This parameter should not be confused with
the number of mixture components in standard mixture-
model based density estimation, because in our method
each patch gets projected only ontosingle set of
orthonormal bases, i.e. we do not compute a combination
of projections onto all thé( different orthonormal basis
pairs. The only down-side of a higher value fgfis the
added computational cost during training. Again note
that this parameter will be part of any learning-based
algorithm for compression that uses a set of bases to
express image patches.

The value ofT during training: The value ofl" is
fixed only during training, and is varied for each patch
during the testing phase so as to meet the required
error threshold. A very high value @ during training

can cause the orthonormal basis pairs to overfit to the
training data (variance), whereas a very low value could
cause a large bias error. This is an instance of the
well-known bias-variance tradeoff common in machine
learning algorithms [35]. Our choice @f was empirical,
though the value ofl 10 performed very well

on nearly all the datasets we ran our experiments on.
The effect of different values of’ on the compression
performance for the ORL database is shown in Figure
3(b). We again emphasize that the issue with the choice
of an ‘optimal’ T' is not an artifact of our algorithm
per se For instance, this issue of a choice Bf will

also be encountered in pursuit algorithms to find the
approximately optimal linear combination of unit vectors
from a dictionary. In the latter case, however, there will
also be the problem of poorer and poorer approximation
errors asT' increases, under certain conditions on the
dictionary of overcomplete basis vectors.

Performance on Random Collections of Images

orthonormal matrices will serve as adequate bases foWe performed additional experiments to study the behavior
these patches in terms of a low-error sparse represergh-our algorithm when the training and test sets were very
tion, owing to the curse of dimensionality. Furthermorea]ifferent from one another. To this end, we used the database
if the patch size is too large, any algorithm will lose outf 155 natural images (in uncompressed format) from the
on the advantages of locality and simplicity. HoweveComputer Vision Group at the University of Granada [36].

if the patch size is too small (sa¥ x 2), there is The database consists of images of faces, houses, natural
very little a compression algorithm can do in termscenery, inanimate objects and wildlife. We converted all
of lowering the number of bits required to store thesthe given images to grayscale. Our training set consisted of
patches. We stress that the patch size as a free parampédches (of sized2 x 12) from 11 images. Patches from the

is something common tall algorithms to which we remaining images were part of the test set. Though the images
are comparing our technique (including JPEG). Alsan the training and test sets were very different, our atyani

the choice of this parameter is mainly empirical. Weroduced excellent results superior to JPEG upto an RPR valu
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CVG:RPPVsPSNR, T =10

40

‘=»-OurMethod

——-JPEG

35

251

20
0

0.5 1 15 2 25 3 35

@

UCID : RPP vs PSNR
T T

40

35

_._Our Method T0=5
——JPEG

25

20
0
RPP

(b)

Fig. 4. PSNR vs. RPP curve for our method and JPEG on (a) the CVG

Granada database and (b) the UCID database. ) L
®) Fig. 5. (@) to (c): Training images from the CVG Granada dasab (d) to
(): Reconstructed versions of three test images for eradnes of 0.0002,
0.0006 and 0.002 respectively.

of 3.1 bits, as shown in Figure 4(a). Three training imagek an

reconstructed versions of three different test images fiare

values of 0.0002, 0.0006 and 0.002 respectively, are shown

in Figure IlI-F. To test the effect of minute noise on thavorse than JPEG), with one of its major problems being that
performance of our algorithm, a similar experiment was rufere are no bounds that can be imposed on the value of the
on the UCID database [37] with a training set of 10 imagé/gavelet coefficients in terms of the image intensity range or
and the remaining 234 test images from the database. THch size. In our experiments, the typical range of coeffici
test images were significantly different from the ones used fvalues turned out to be arouri@*. As opposed to this, the
training. The images were scaled down by a factor of twélues of the coefficients of the projected matrices in our
(i.e. 10320 x 240 instead of640 x 480) for faster training and technique are (provably) bounded betweem and +m for
subjected to zero mean Gaussian noise of variance 0.001 Pg#ch sizes ofn x m (as shown in Section (3B)).

a scale from 0 to 1). Our algorithm was yet again competiti@ our wavelet coding strategy, we performed a decompasitio
with JPEG as shown in Figure 4(b). of upto four levels (level 1 giving us higher RPP and higher

PSNR, and level 4 giving us low RPP and low PSNR).
) ) ) For any decomposition, the LL sub-band coefficients (also
G. Comparison with Wavelet Coding called the approximation coefficients) of the final level ever
In this section, we present experiments comparing tmever thresholded. The integer parts of these coefficients
performance of our method with JPEG2000 and also withveere Huffman encoded (just as in our technique) and 4 bits
wavelet-based compression method involving a very simphere allocated for the fractional part. Having more bits for
guantization scheme that employs Huffman encoding, simitdne fractional part did not improve the ROC curves in our
to the quantization scheme we employed for our technique. \Weperiments. The coefficients of the other sub-bands (HH,
would like to emphasize that JPEG2000 is an industry stahda&iL, LH) at every level were thresholded using the commonly
that was developed by several researchers for over a decaged Birge-Massart strategy (which is used in the MATLAB
Its strongest point is its superlative quantization andodimgy  wavelet toolbox for several applications including congsre
scheme, rather than the mere fact that it uses wavelet basies). Different thresholds were used for each subbanddit ea
[38]. On the other hand, a wavelet-coding method employitgvel. Again, the thresholded values were coded using Harffm
a much simpler quantization scheme (similar to the one veamcoding on the integer part followed by 4 bits for the flogtin
used in our technique) performs quite poorly in practice¢mu point. The specific type of wavelet that we used was ‘sym4’
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WAVELET BIORS.

05 1 15 2 25 3 a5 4 45 02 o0& 06 08

@ (b) @ (b)

—Our Method
— JASPER
JPEG
— Wavelet SYM4
a5

0s 1 15 2 25 3 35 4

©) (©

Fig. 7. PSNR vs. RPP curve for our method, JPEG, JPEG2000PER$
and wavelet coding with ‘sym4’ wavelets on (a) ORL Databg#, Yale
Database and (c) CVG Database, with the images subjected @aussian
noise of mean zero and variangex 104,

Fig. 6. PSNR vs. RPP curve for our method, JPEG, JPEG2000PER}
and wavelet coding with ‘sym4’ wavelets on (a) ORL Databg#, Yale
Database and (c¢) CVG Database.

as it gave better performance than other wavelets that e tri o
(such as ‘db7’, biorthogonal wavelets etc). “
We performed experiments comparing the compression perfor
mance of the following four techniques: our method, JPEG, .
JPEG2000 (the specific implementation being the commonly =
available Jasper package [39]), wavelet methods using4sym
followed by a simple quantizer (as decribed earlier). InuFéy

6, we show results on ORL, Yale and CVG databases. For
the ORL database, we also present results with db7 and
biorthogonal wavelets. As these performed much worse than
sym4, we do not show results with them on other databases. As
is evident from Figure 6, our method as well as JPEG (using
DCT) far outperformed the simple wavelet based techniques,
though they did not outperform JPEG2000. Note that there are
other reports in the literature (such as [40]) that indicafar
superior performance of JPEG over wavelet-based methods
that did not use sophisticated quantizers, in particular fo (c)

higher bit rates. o Fig. 8. PSNR vs. RPP curve for our method, JPEG, JPEG2000PERS
Thus we believe that our results will improve further ifand wavelet coding with ‘sym4’ wavelets on (a) ORL Databa®g, Yale

a more sophisticated quantizer/coder is used in conjumctigatabase and (c) CVG Database, with the images subjectdd @aussian
. . oise of mean zero and varianté—°.

with bases learned by our method. The improvement of the

guantization scheme for our technique is well beyond the

scope of the current paper, and is an avenue for future {gavelets are shown in Figures 7 and 8 for two levels of noise

search. Nevertheless, we observed that the performanae of gn the ORL, Yale and CVG databases.

technique was competitive with JPEG2000 for low bit rates,

when negligible amounts of noise (i.i.d. zero-mean Gaussia

noise of variance8 x 10~* or variancel0~3) were added

to the images. It should be noted that the visual effect of We now consider a set of images represented as third-order

such small amounts of noise is not obvious to the human eyeatrices (say RGB face images), each of sizex Ms x Ms.

At lower bit rates, we observed that our method sometimi&¢e divide each image into non-overlapping patches of size

beat JPEG2000. This is despite the fact thattméned our m; x mo X msg,m; K€ Mj,ms <€ My,ms < Ms, and

method on noiseless images, and tested on noisy imatges. treat each patch as a separate tensor. Just as before, we star

in all our experiments, the size of the test size wgaseral by exploiting the similarity inherent in these patches, and

times larger than the size of the training sd@he results of represent them by means of sparse projections onto a triiple o

our method, JPEG, JPEG2000 and wavelet coding with syrademplar orthonormal bases. Again, we learn these exesplar

IV. THEORY: 3D (OR HIGHER-D) IMAGES
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a priori from a set of training image patches. We would likd” and W, and hencd/ @ W are orthonormal matrices. Let

to point out that our extension to higher dimensions is nodi: = {(7,4,k)|Qi;x = 0} and I, = {(i,4,k)|Qsx # 0}.
trivial, especially when considering that a key properttie Thene = >, ./, Sik + Pigmen (Sik — Qijr)?. This
SVD in 2D (namely that SVD provides the optimal lower-ranlerror will be minimized whenS;;, = Q;;, in all locations
reconstruction by simple nullification of the lowest sirgul where Q;;, # 0 and Q;;, = 0 at those indices where the
values) does not extend into higher-dimensional analogs sicorresponding values i are as small as possible. Thus if we
as HOSVD [18]. In the following, we now describe thewant|Q|o = 7', then@ is the tensor obtained by nullifying
mathematical structure of the exemplars. We would like ta;moms—T entries fromS that have the least absolute value
emphasize that though the derivations presented in thisrpapnd leaving the remaining elements intatt.

are for 3D matrices, a very similar treatment is applicable ¥We wish to re-emphasize that a key feature of our approach is
learningn-tuples of exemplar orthonormal bases to represethie fact that the same technique used for 2D images scales to

patches frorm-D matrices (wherew > 4). higher dimensions. Tensor decompositions such as HOSVD
do not share this feature, because the optimal low-rank re-
A. Exemplar Bases and Sparse Projections construction property for SVD does not extend to HOSVD.

Furthermore, though the upper and lower error bounds for
core-tensor truncation in HOSVD derived in [24] are very
ﬁﬁteresting, they are applicable only when the entire set of
images has a common basis (i.e. a comnignV and W
matrix), which may not be sufficient to compactly account for
the large variability in real-world datasets.

Let P € R™M>*m2xms ha an image patch. Using HOSVD,
we can represenP as a combination of orthonormal base
U e Rm>*m_ 'V e R™*™2 gagnd W € R™3*™3 in the
form P = S x; U x92V x3 W, whereS € R™i*xm2xXms g
termed the core-tensor. The operatarsrefer to tensor-matrix
multiplication over different axes. The core-tensor hascél
properties such as all-orthogonality and ordering. Fothier
details of the core tensor and other aspects of multilinear
algebra, the reader is referred to [18]. Naf¥,can also be
represented as a combinationafy set of orthonormal bases
U, V andW, different from those obtained from the HOSVD
of P. In this case, we hav® = S x; U x5 V x5 W where
S is not guaranteed to be an all-orthogonal tensor, nor is it )
guaranteed to obey the ordering property. B. Learning the Bases

As the HOSVD does not necessarily provide the best
rank approximation to a tensor [18], we choose to depart
from this notion (instead of settling for a sub-optimal appr
imation), and instead answer the following question: Wh
sparsetensor@ € R™ *™2x™3 will reconstructP from a
triple of orthonormal base$U,V,W) with the least error
|P—Q x1 U xo V x3 W|?? Sparsity is again quantified
by an upper bound’ on the Ly norm of @ (denoted as
|Qllo).- We now prove that theptimal @ with this sparsity
constraint is obtained by nullifying the least (in absokdagie)
mimems — T elements of the estimated projection tens
S =P x,U" xo VT x5 WT. Due to the ortho-normality

We now describe a method to leakhexemplar orthonormal
%tases{(Ua,Va,Wa)}, 1 < a < K, to encode a training
set of N image patches?;, € R™*m2xms (1 < 4 < N)
with least possible error (in the sense of the norm of the
difference between the original and reconstructed pajches
Note that KX <« N. In addition, we impose a sparsity
constraint that every;, (the tensor used to reconstrub}
from (U,,V,,W,)) has at mostI’ non-zero elements. The
Yhain objective function to be minimized is:

of U, V andW, this simple greedy algorithm turns out to be E({Uq, Vi, Wa, Sia, Mia}) =

optimal (see Theorem 2). N K

Theorem 2: Given a triple of orthonormal basé#/, V, W), Z Z M;a||Pi — Sia x1 Uy X2V x3 W, ||? (13)
the optimal sparse projection tens@r with ||Qo = T is i=1 a=1

obtained by setting to zerovwymyms — T elements of the gypject to the following constraints:
tensorS = P x; UT x5, VT x5 WT having least absolute

value. WU Ua =V, Vo = Wi Wa = IVa. (2) ||Siallo < T,(i,a).
Proof: We have P = S x; U x» V x3 W. The error (3)>" My, = 1,Vi, and M, € {0,1}, Vi, a.
in reconstructing a patcl#” using some other matrix) is -

e = [[(S— Q) x1 U xy V x3 W|?%. For any tensorX, we (14)

9 5 ;
have |.X||* = [ X(,)|” (i.e. the Frobenius norm of the tensorI-|ere M;, is a binary matrix of sizeN x K which indi-

and itsn'* gnfolding are the same [18]). Also, by_the_msatrb%ates whether thé" patch belongs to the space defined by
representation of HOSVD, we havg;,) = q'S(")'(;/?W)_' (Ua, Va, W,). Just as for the 2D case, we relax the binary
Hence, it follows that = ||U"- (S — Q)q) - (V & W) ||". This membership constraint so that noi;, € (0,1),V(3,a),

i — _ 2
gives use = [|S' — Q||. The last step follows becaugé, subject ttolem = 1,Vi. Using Lagrange parameters

SHere A® B refers to the Kronecker product of matricdse RE1*E2 and 1A}, Symmetric Lagrange matricgs\1, }, {A2a} and{A3a_}v
B € RM1*F2, which is given asA ® B = (Ac e, B)1<e, <By,1<es<E,- aNd a temperature paramet@f we obtain the following
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deterministic annealing objective function:

E({Um Vas Wa, Sias MML}) =

N K
ZZMiaHPi — Sia X1 Uq X2 Vg X3 Wa||2+

i=1 a=1
% Z M, log M, + Z/M(Z Miq — 1)+
> tracg Ay, (U Uy — 1))+

> tracd Ao (V, Ve — 1)) + Y _ tracg As (W, W, — ).

(15)
We first initialize {U, }, {V,} and{W,} to random orthonor-

12

Further simplification gives:
E({Uaa Va; Wa7 Situ Mza}) -
Z MiatraCQ(Pi(l) —Us - Sia(l) : (Va ® Wa)T)T

(Py1y = Ua  Siaq1) - (Va ® Wa)")]
+ > tracd Ao (U) U, — 1)) + C
- Z M [trace P;( Py(1))—

2trace Py(,) U - Sia(1) - (Va @ Wa) ")+
trace S}, 1) Sia(1))] + Y _ tracgA1o (U Uy — 1)) + C. (19)

mal tensorsva, and M, = -, V(i,a). Secondly, using the Taking the partial derivative of2 w.r.t. U, and setting it to
fact that{U, }, {V, } and{ W, } are orthonormal, the projectionZ€ro, we have:

matrix S;, is computed by the rule:
Sia = Py x1 UL xa VI x3 WI,V(i,a).

This is the minimum of the energy functiohP; — S;, x;
U, x2 Vo x3 W,|[2. Thenmimams — T elements inS;, with
least absolute value are nullified. Thereaftéy, V, and W,

are updated as follows. Let us denote the sum of the terms in
the previous energy function that are independent/gf as

C. Then we can write the energy function as:
E({Uav Vaa Wa; Sia; Mia}) =
ZMMHPZ- — (Sia X1 Us X2V x3 Wo)|I?+

> tracg Ay, (US Uy — 1)) + C
= ZML(LHP’L(I) - (Sza X1 Ua X2 Va X3 Wa)(1)||2+

> tracd Ay, (U U, — 1)) + C. (17)

Note that hereP;,, refers to thent” unfolding of the tensor

(16)

o8
U,

.

> —2M;a Pty (Vo @ Wa) S5 4y + 2Uah 10 = 0.

(20)
After a series of manipulations to eliminate the Lagrange
matrices, we arrive at the following update rule 16y:

Zva = ZMmPi(l)(Va ® Wa)SiTa(l)5

Us = ZualZE, Zua) "7 =T1,YT,. (21)

HereI';, and Y;, are orthonormal matrices obtained from
the SVD of Zy,. The updates foi, and W, are obtained
similarly and are mentioned below:

Tyva = Z Mo Pioy(Wa @ Ua)S’t‘Ta@);

Vo = Zva(ZEaZva) "% = T2 T, (22)
Zwa = Z MiaPi3)(Ua @ Va)Spoa);
Wo = Zwa(ZE o Zwa) "7 = s TE . (23)

P; (refer to [18] for exact details). Also note that the abovElere againI's, and T, refer to the orthonormal matrices

step uses the fact that for any tensér we have|| X||? =

obtained from the SVD ofy,, andI's, and Y3, refer to the

| X [|I. Now, the objective function can be further expressastthonormal matrices obtained from the SVD Bfy,. The

as follows:
E({Ua7 V(u Wa; S’ia; ML(L}) =
> Mia| Pty = Ua - Siar) - (Va ® Wa) " [P+
> tracd Ay (U Uy — 1)) + C

(18)

membership values are obtained by the following update:

e~ BlIIPi—Sia X1Uqa X2 Vy x3 W, ||?

Mo = (24)

Zi(zl e—BIIPi—Sip x1Up X2V X3 Wy ||2 '
The core tensor§S;, } and the matrice$U,, V,, W, }, M are
then updated sequentially following one another for a fixed
0 value, until convergence. The value gfis then increased
and the sequential updates are repeated. The entire pliscess
repeated until an integrality condition is met.

C. Application to Compact Image Representation

Quite similar to the 2D case, after the optimization during
the training phase, each training pateh(1 < i < N) gets
represented as a projection onto one out of fheexemplar
orthonormal bases, which produces the least reconstructio
error, i.e. thek!” exemplar is chosen if P — S; x1 Uy, X2
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Vi x3 Wi|? < ||P — Sia X1 Uy X2 Vu x3 Wo||%,Va € to train a dictionary of 1340 vectors using a value of
{1,2,..,K},1 < k < K. For patch trainingP;, we denote T = 30.

the corresponding ‘optimal’ projection tensorgs= S;;, and 2) Our algorithm for 2D images from Section Il with an
the corresponding exemplar €8, V,*, W) = (U, Vi, W). independent (separate) encoding of each of the three
Thus the entire set of patches can be closely approximated by channels. As an independent coding of the R, G and B
(1) thecommonset of basis-pair$(U,, V., W,)}, 1 <a < K slices would fail to account for the inherent correlation
(K < N), and (2) the optimal sparse projection tensp$s } between the channels (and hence give inferior com-
for each patch, with at mosf non-zero elements each. The pression performance), we used principal components
overall storage per image is thus greatly reduced. Furthexm analysis (PCA) to find the three principal components

these base§U,, V., W,)} can now be used to encode patches of the R, G, B values of each pixel from the training
from a new set of images that are similar to the ones existing set. The R, G, B pixel values from the test images were

in the training set, though just as in the 2D case, the sparbit then projected onto these principal components to give
the patch will be adjusted dynamically in order to meet amgive a transformed image in which the values in each of the
error threshold. Experimental results for this are prodidte different channels are decorrelated. A similar approach
the next section. has been taken earlier in [42] for compression of color
images of faces using vector quantization, where the

V. EXPERIMENTS COLOR IMAGES PCA method is empirically shown to produce channels

. ] ) ) that are even more decorrelated than those from the Y-
In this section, we describe the experiments we performed  cp-cr color model. The orthonormal bases were learned
on color images represented in the RGB color scheme. Each 4 each of the three (decorrelated) channels of the PCA

image of sizelM, x M, x 3 was treated as a third-order matrix. image. This was followed by the quantization and coding
Our compression algorithm was tested on the GaTech Face step similar to that described in Section I11-B. However

Database [41], which consists of RGB color images with 15 i the color image case, the Huffman encoding step for
images each of 50 different people. The images in the databas  finging the optimal values af;, a» andas in Eqn. (12)

are already cropped to include just the face, but some of them  \ya5 performed using projection matrices from all three
contain small portions of a distinctly cluttered backgrdun channels together. This was done to improve the coding
The average image size 150 x 150 pixels, and all the images efficiency.

are in the JPEG format. For our experiments, we divided this3) The JPEG standard (its MATLAB implementation),
database into a training set of one image each of 40 different oy which we calculated RPP from the number of bytes
people, and a test set of the remaining 14 images each of these ot file storage on the disk. See Section V-B for more
40 people, and all 15 images each of the remaining 10 people. getails.

Thus, the size of the test set was 710 images. The patch-
we chose for the training and test sets wasx 12 x 3 and
we experimented with' = 100 different orthonormal bases
learned during training. The value @fduring training was set
to 10. At the time of testing, for our method, each patch w
projected onto that triple of orthonormal baség®, V;*, W*)

y Vg 2 VVg

K€ would like to mention here that we did not compare our
technique with [42]. The latter technique uses patches from
color face images and encodes them using vector quantizatio
The patches from more complex regions of the face (such
% the eyes, nose and mouth) are encoded using a separate
; S vector quantization step for better reconstruction. Théhogk
Wh'Ch_ gave the spa_rsest Z[gjfgt'fl%tf?ﬁifxcm that the in [42] requires prior demarcation of such regions, which in
per-pixel reconstruction errc: mma . WasSNO jiself js a highly difficult task to automate, especially end
greater than a chosefi Note that, in calculating the per-qpying illumination and pose. Our method does not require
pixel reconstruction error, we did not divide by the numbier %ny such prior segmentation, as we manually tune the number

channels, i.e. 3, because at each pixel, there are threesvalyf coefficients to meet the pre-specified reconstructioarerr
defined. We experimented with different reconstructioroerr

valuesd ranging from8 x 10~° to 8 x 10~3. Following the
reconstruction, the PSNR for the entire image was measurBd, Results
and averaged over the entire test test. The total number ofAs can be seen from Figure 9(a), all three methods perform
bits per pixel, i.e. RPP, was also calculated for each imagell, though the higher-order method produced the bestteesu
and averaged over the test set. The details of the trainiafier a bit-rate of around 2 per pixel. For the GaTech datbas
and testing methodology, and also the actual quantizatidn ave did not compare our algorithm directly with JPEG because
coding step are the same as presented previously in Sectig® images in the database are already in the JPEG format.
[1-A and Ill-B. However, to facilitate comparison with JPEG, we used a dubse
of 54 images from the CMU-PIE database [43]. The CMU-PIE
database contains images of several people against elitter
backgrounds with a large variation in pose, illuminatiaciél
The results obtained by our method were compared to thqsgyression and occlusions created by spectacles. All the im
obtained by the following techniques: ages are available in an uncompressed (.ppm) format, aird the
1) KSVD, for which we used patches of siz@ x 12 x 3  size is631 x 467 pixels. We chose 54 images belonging to one
reshaped to give vectors of size 432, and used themed the same person, and used exactly one image for training,

A. Comparisons with Other Methods
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PSNR vs RPP: Training and testing on clean images PSNR vs RPP: Clean Training, Noisy Testing
3

45 i
Training Image

Original Test Image Error 0.003
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PSNR vs RPP: Noisy Training Noisy Testing
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18 5 10 15
RPP
(c) Fig. 10. Sample reconstructions of an image from the CMU-@Ebase

with different error values using our higher order methobe Briginal image
Fig. 9. ROC curves for the GaTech database: (a) when trammytesting is on the top-left. These images are viewed best in color
were done on the clean original images, (b) when training deae on clean

images, but testing was done with additive zero mean Gaussise of PSNR vs RPP: CMU-PIE
variance8 x 104 added to the test images, and (c) when training and testing 40
were both done with zero mean Gaussian noise of varidned 0~* added
to the respective images. The methods tested were our kigtier method, 35
our method in 2D, KSVD and JPEG. Parameters for our methads: 100 x
and T’ = 10 during training.These plots are viewed best in color Gaorf/
o f ——Our Method (3D)
P Our Method (2D;
_ _ . ——KSVD
Method Dictionary Size (number of scalar$) e
20
Our Method (3D) 100 x 3 x 12 x 12 = 43200 ° 7 tppp® P M
Our Method (2D) 100 x 2 x 3 x 12 x 12 = 86400
— Fig. 11. ROC curves for the CMU-PIE database using our meii&®, our
X X X 3= . g
KSVD 1340 x 12 x 12 x 3 = 578880 method in 2D, KSVD and JPEG. Parameters for our methods: &its 100
JPEG " andT" = 10 during trainingThese plots are viewed best in color
TABLE Il

COMPARISON OF DICTIONARY SIZE FOR VARIOUS METHODS FOR

EXPERIMENTS ON THEGATECH AND CMU-PIE DATABASES. C. Comparisons with JPEG on NOisy Datasets

As mentioned before, we did not directly compare our
results to the JPEG technique for the GaTech Face Database,
because the images in the database are already in the JPEG

and all the remaining for testing. Experiments with our leigh format. Instead, we added zero-mean Gaussian noise of vari-
order method, our method involving separate channels aadce8 x 10~* (on a color scale of0, 1]) to the images of
also KSVD, revealed performance that is competitive witthe GaTech database and converted them to a raw format.
JPEG. For a bit rate of greater than 1.5 per pixel, our methoégllowing this, we converted these raw images back to JPEG
produced performance that was superior to that of JPEG (ising MATLAB®) and measured the RPP and PSNR. These
terms of the PSNR for a given RPP, as seen in Figure V-B. Tfigures were pitted against those obtained by our highesford
parameters for this experiment welke= 100 and7" = 10 for method, our method on separate channels, as well as KSVD,
training. Sample reconstructions of an image from the CMU&s shown in Figures 9(b) and 9(c). The performance of JPEG
PIE database using our higher-order method for differenatrer was distinctly inferior despite the fact that the noise abde
values are shown in Figure V-B. This is quite interestingesi did not have a very high variance. The reason for this is
there is considerable variation between the training imeagk that the algorithms used by JPEG cash in on the fact that
the test images, as is clear from Figure V-B. We would like tvhile representing most natural images, the lower freqgesnc
emphasize that the experiments were carried out on unctiopgtrongly dominate. This assumption can fall apart in case of
images of the full size with the complete cluttered backgrhu sensor noise. As a result, the coefficients produced by the DC
Also, the dictionary sizes for the experiments on each afehestep of JPEG on noisy images will possess prominently higher
databases are summarized in Table II. For color-image patchalues, giving rise to higher bit rates for the same PSNR. For
of sizem x mo x 3 using K sets of bases, our method in 3Dthe purposes of comparison, we ran two experiments using our
requires a dictionary of siz&K'm1m-, whereas our method in higher-order method, our separate channel method and KSVD
2D requires a dictionary of siz2K'm,ms per channel, which as well. In the first experiment, noise was added only to the
is 6 Kmimo in total. test set, though the orthonormal bases or the dictionarg wer
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